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Preface to the Third Edition

The concept of fractional derivative dates back to a famous correspondence between
G.A. de L’Hospital and G.W. Leibniz, in 1695. Many mathematicians contributed to
the development of this branch of mathematical analysis with the pioneer work ow-
ing to L. Euler, J.L. Lagrange, P.S. Laplace, J.B.J. Fourier, N.H. Abel, J. Liouville,
B. Riemann, H.L. Greer, H. Holmgren, A.K. Griinwald, A.V. Letnikov, N.Ya. Sonin,
H. Laurent, P.A. Nekrassov, A. Krug, J. Hadamard, O. Heaviside, S. Pincherle,
G.H. Hardy, J.E. Littlewood, H. Weyl, P. Lévy, A. Marchaud, H.T. Davis, A. Zyg-
mund, E.R. Love, A. Erdélyi, H. Kober, D.V. Widder, M. Riesz and W. Feller. In
the past sixty years, fractional calculus had played a very important role in various
fields such as physics, chemistry, mechanics, electricity, biology, economics, control
theory, signal and image processing, biophysics, blood flow phenomena, aerodynam-
ics and fitting of experimental data.

In the last decade, fractional calculus has been recognized as one of the best tools
to describe long-memory processes. Such models are interesting for engineers and
physicists but also for pure mathematicians. The most important among such mod-
els are those described by differential equations containing fractional-order deriva-
tives. Their evolutions behave in a much more complex way than in the classical
integer-order case and the study of the corresponding theory is a hugely demand-
ing task. Although some results of qualitative analysis for fractional differential
equations can be similarly obtained, many classical methods are hardly applicable
directly to fractional differential equations. New theories and methods are thus re-
quired to be specifically developed, whose investigation becomes more challenging.
Comparing with classical theory of differential equations, the researches on the the-
ory of fractional differential equations are only on their initial stage of development.

This monograph is devoted to a rapidly developing area of the research for
the qualitative theory of fractional differential equations. In particular, we are
interested in the basic theory of fractional differential equations. The development
of such basic theory should be the starting point for further research concerning
the dynamics, control, numerical analysis and applications of fractional differential
equations.
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vi Basic Theory of Fractional Differential Equations

The third edition of this book is divided into eight chapters. Chapter 1 in-
troduces preliminary facts from fractional calculus, nonlinear analysis and semi-
group theory. In Chapter 2, we present a unified framework to investigate the
basic existence theory for discontinuous fractional functional differential equations
with bounded delay, unbounded delay and infinite delay, respectively. Chapter 3 is
devoted to the study of fractional differential equations in Banach spaces via mea-
sure of noncompactness method, topological degree method and Picard operator
technique. In Chapter 4, we discuss fractional evolution equations with Riemann-
Liouville fractional derivative, Caputo fractional derivative and Hilfer fractional
derivative, respectively. Chapter 5 deals with initial boundary value problems of
fractional impulsive differential equations including Langevin equations and evolu-
tion equations. In Chapter 6, by using critical point theory, we study existence
and multiplicity of solutions for boundary value problems to fractional differential
equations. In Chapter 7, we investigate the existence and multiplicity of homo-
clinic solutions for fractional Hamiltonian systems via variational methods. And
in the last Chapter, we introduce the recent works on fractional partial differential
equations including fractional Navier-Stokes equations, fractional Rayleigh-Stokes
equations, fractional Euler-Lagrange equations, fractional diffusion equations and
wave equations.

The book is self-contained and unified in presentation, and it provides the nec-
essary background material required to go further into the subject and explore the
rich research literature. Each chapter concludes with a section devoted to notes and
bibliographical remarks and all abstract results are illustrated by examples. The
tools used include many classical and modern nonlinear analysis methods. This
book is useful for researchers working in the areas of pure and applied mathemat-
ics, and related disciplines. It may also be used as a valuable source for graduate
level advanced courses on fractional differential equations.

I wish to express my appreciation to Professors B. Ahmad, D. Baleanu, M. Ben-
chohra, L. Bourdin, M. Feckan, V. Kiryakova, J.J. Nieto, H.R. Sun, J.J. Trujillo,
J.R. Wang, M. Yamamoto and X.F. Zhou for their support. I also thank the edi-
torial assistance of World Scientific Publishing Co., especially Ms. L.F. Kwong and
Dr. S.C. Lim.

This monograph was first published in 2014. I acknowledge with gratitude the
support of National Natural Science Foundation of China (12071396, 11671339,
11271309, 10971173, 10371103) and the Macau Science and Technology Develop-
ment Fund (Grant No. 0092/2022/A).

Yong Zhou
Macau University of Science and Technology
Xiangtan University
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Chapter 1

Preliminaries

1.1 Introduction

In this chapter, we introduce some notations and basic facts on fractional calculus,
special functions, semigroups, Laplace and Fourier transforms, measure of non-
compactness, fixed point theorems and critical point theorems which are needed
throughout this book.

1.2 Some Notations, Concepts and Lemmas

As usual N denotes the set of positive integer numbers and Ny the set of nonnegative
integer numbers. R denotes the real numbers, R, denotes the set of nonnegative
reals and R™ the set of positive reals. Let C be the set of complex numbers.

We recall that a vector space X equipped with a norm | - | is called a normed
vector space. A subset E of a normed vector space X is said to be bounded if there
exists a number K such that |z| < K for all z € E. A subset E of a normed vector
space X is called convex if for any z,y € E, ax + (1 —a)y € E for all a € [0, 1].

A sequence {z,} in a normed vector space X is said to converge to the vector z
in X if and only if the sequence {|z,, — x|} converges to zero as n — oo. A sequence
{z,} in a normed vector space X is called a Cauchy sequence if for every ¢ > 0
there exists an N = N(g) such that for all n,m > N(e), |2, — x| < &. Clearly a
convergent sequence is also a Cauchy sequence, but the converse may not be true.
A space X where every Cauchy sequence of elements of X converges to an element
of X is called a complete space. A complete normed vector space is said to be a
Banach space.

Let E be a subset of a Banach space X. A point z € X is said to be a limit
point of F if there exists a sequence of vectors in F which converges to . We say a
subset F is closed if E contains all of its limit points. The union of F and its limit
points is called the closure of E and will be denoted by E. Let E, F' be normed
vector spaces, and E be a subset of X. An operator 7 : E — F is continuous at a
point x € E if and only if for any € > 0 there is a 6 > 0 such that | Tz — Ty| < e
for all y € F with |z —y| < §. Further, 7 is continuous on E, or simply continuous,
if it is continuous at all points of E.
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We say that a subset E of a Banach space X is compact if every sequence of
vectors in F contains a subsequence which converges to a vector in . We say that
F is relatively compact in X if every sequence of vectors in F contains a subsequence
which converges to a vector in X, i.e., E is relatively compact in X if F is compact.

Let J = [a,b] (—00 < a < b < 00) be a finite interval of R. We assume that X
is a Banach space with the norm |- |. Denote C(J, X) be the Banach space of all
continuous functions from J into X with the norm

[l]| = sup |z(£)],
teJ

where z € C(J,X). C"(J,X) (n € Ny) denotes the set of mappings, which have
continuous derivatives up to order n on J, AC(J, X) is the space of functions which
are absolutely continuous on J and AC™(J,X) (n € N) is the space of functions
f such that f € C"~'(J,X) and f»~Y € AC(J,X). In particular, AC*(J, X) =
AC(J,X). We also introduce the set of functions PC(J,X) = {z : J — X |z is
continuous at ¢t € J\{t1, t2,...,ts}, and x is continuous from left and has right hand
limits at ¢ € {t1, t2, ..., t(;}} endowed with the norm

lellpc = max {sup 2t +0), supla(t — o>|} ,
teJ teJ

it is easy to see (PC(J,X),| - |lpc) is a Banach space. Denote PC'(J,R) = {x €
PC(J,R) | 2" € PC(J,R)}. Set ||z||pcr = l|z|lpc + ||#']|pc. It can be seen that
endowed with the norm || - || pc1, PC'(J,R) is also a Banach space.

Let 1 <p < oo. LP(J, X) denotes the Banach space of all measurable functions
f:J—X. LP(J,X) is normed by

(/|f<t>|pdt)”, | <p<oo,
I fllzes = 7

inf { supjf(t)|}7 p = oo.
w(J)=0 L te\J

In particular, L(J, X) is the Banach space of measurable functions f : J — X with
the norm

1lles = /J F(1)]dt,

and L*°(J, X) is the Banach space of measurable functions f : J — X which are
bounded, equipped with the norm

|fllLees = inf{c > 0| |f(t)| < ¢, ae. t € J}.

Lemma 1.1. (Hélder inequality) Assume that p,q > 1, and % —&—% =1 Iff e
LP(J,X),g € LUJ, X), then for 1 <p < oo, fg € L*(J,X) and

Ifalles < flleesllgllzas-
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A family F in C(J, X) is called uniformly bounded if there exists a positive
constant K such that |f(¢)] < K for all ¢ € J and all f € F. Further, F is
called equicontinuous, if for every € > 0 there exists a 6 = d(¢) > 0 such that
|f(t1) — f(t2)| < g for all ti,t9 € J with |t1 — tQ‘ < ¢ and all f e F.

Lemma 1.2. (Arzela-Ascoli theorem) If a family F = {f(t)} in C(J,R) is uni-
formly bounded and equicontinuous on J, then F' has a uniformly convergent sub-
sequence {fn(t)}S2. If a family F = {f(t)} in C(J, X) is uniformly bounded and
equicontinuous on J, and for any t* € J, {f(t*)} is relatively compact, then F has
a uniformly convergent subsequence {f,, ()} ;.

Arzela-Ascoli theorem is the key to the following result: a subset F'in C'(J,R) is
relatively compact if and only if it is uniformly bounded and equicontinuous on J.

Lemma 1.3. (PC-type Arzela-Ascoli theorem) Let X be a Banach space and W C
PC(J,X). If the following conditions are satisfied:

(1) W is an equicontinuous function subset of PC(J, X);

(il) W is equicontinuous in (tx,tk+1), k=0,1,2,...,m, where to =0, t;y1 =T

(i) W) = {u@®) | u € Wyt € I\{t1,....tm}}, WE)) = {u(t{) | u € W} and
W(t, ) = {ult,) | v € W} is a relatively compact subsets of X.

Then W is a relatively compact subset of PC(J, X).

Lemma 1.4. (The generalized Arzela-Ascoli theorem) The set A C C*(]0,00), X)
1s relatively compact if and only if the following conditions hold:

(a) for any h > 0, the set V. ={v: v(t) = x(t)/(1 +t),x € A} is equicontinuous
on [0, h];

(b) limyyeo |2(t)]/(1 4+ t) = 0 uniformly for x € A;

(c) for any t € [0,00), V(t) = {v(t) : v(t) = z(t)/(1 + t),x € A} is relatively
compact in X.

Lemma 1.5. (Lebesgue dominated convergence theorem) Let E be a measurable
set and let {f,} be a sequence of measurable functions such that lim, o fn(z) =
f(z) a.e. in E, and for every n € N, |f,(2)| < g(z) a.e. in E, where g is integrable
on E. Then

nh_)rr;O Efn(x)dx:/Ef(x)dx.

Finally, we state Bochner theorem.

Lemma 1.6. (Bochner theorem) A measurable function f : (a,b) — X is Bochner
integrable if | f| is Lebesgue integrable.
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1.3 Fractional Calculus

The gamma function T'(z) is defined by
I'(2) :/ t*"te7tdt (Re(z) > 0),
0

where t*~1 = e(*~11og(t)  This integral is convergent for all complex z € C
(Re(z) > 0).
For this function the reduction formula

I(z+1)=2T'(z) (Re(z) >0)
holds. In particular, if 2 =n € Ny, then
I'n+1)=n! (neNy)

with (as usual) 0! = 1.

Let us consider some of the starting points for a discussion of fractional calculus.
One development begins with a generalization of repeated integration. Thus if f is
locally integrable on (¢, 00), then the n-fold iterated integral is given by

t S1 Sn—1
D0 = [ [ s [ fsds,
C 1 C t C

= — )" L £(s)ds
—<n_1>!/c“ 1 f(s)d

for almost all ¢ with —oo < ¢ < t < co and n € N. Writing (n — 1)! = T'(n), an
immediate generalization is the integral of f of fractional order a > 0,

D7Of(t) = 1>/(t5)“1f(s)d5 (left hand)

)

and similarly for —co <t < d < 0

d
DTf(t) = ﬁ /t (s—1)°=1f(s)ds (right hand)

both being defined for suitable f.

A number of definitions for the fractional derivative have emerged over the years,
we refer the reader to Diethelm, 2010; Hilfer, 2006; Kilbas, Srivastava and Trujillo,
2006; Miller and Ross, 1993; Podlubny, 1999. In this book, we restrict our attention
to the use of the Riemann-Liouville, Caputo and Hilfer fractional derivatives. In this
section, we introduce some basic definitions and properties of the fractional integrals
and fractional derivatives which are used further in this book. The materials in this
section are taken from Kilbas, Srivastava and Trujillo, 2006.
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1.3.1 Definitions

Definition 1.1. (Left and right Riemann-Liouville fractional integrals) Let J =
[a,b] (—o00 < a < b < o) be a finite interval of R. The left and right Riemann-
Liouville fractional integrals ,D; @ f(t) and ;D, “ f(t) of order o € RT, are defined
by

oDy Cf(t) = ﬁ/ (t—s)* "1 f(s)ds, t>a, a>0 (1.1)
and
b
Dy f(t) = ﬁ/t (s —t)* ' f(s)ds, t<b, a>0, (1.2)

respectively, provided the right-hand sides are pointwise defined on [a,b]. When
a = n € N, the definitions (1.1) and (1.2) coincide with the n-th integrals of the
form

eI AGCARCL

oDy f(t) = mo1)

and

b
D10 = oy [ =0 )

(n—1
Definition 1.2. (Left and right Riemann-Liouville fractional derivatives) The left
and right Riemann-Liouville fractional derivatives ,Dyf f(t) and Dy f(t) of order
o € R4, are defined by

dr —(n—«
WDf(1) = Za D"V f (1)

_ F(;_a)c‘;;(/:(t - s)"o‘lf(s)ds>, t>a

an
din’

— o 0 (] (s 0 ds) <,

respectively, where n = [o] 4+ 1, [@] means the integer part of «. In particular, when
a =n € Ny, then

and

D F(t) = (1)~ Dy "V f (1)

oD () =Dy f(t) = f(1),

oDPf(t) = f(t) and Dy f(t) = (=1)" f™) (1),
where f(™(t) is the usual derivative of f(t) of order n. If 0 < a < 1, then

D0 = e ([0 sas). 1

and

D) = —F(lj( / (o t)‘af(S)dS) t<b,
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Remark 1.1. If f € C([a,b],RY), it is obvious that Riemann-Liouville fractional
integral of order a > 0 exists on [a,b]. On the other hand, following Lemma
2.2 in Kilbas, Srivastava and Trujillo, 2006, we know that the Riemann-Liouville

fractional derivative of order a@ € [n — 1,n) exists almost everywhere on [a,b] if
f € AC"([a,b], RY).

The left and right Caputo fractional derivatives are defined via above Riemann-
Liouville fractional derivatives.

Definition 1.3. (Left and right Caputo fractional derivatives) The left and right
Caputo fractional derivatives (D f(t) and CD‘;‘ f(t ) of order a € R are defined by

o0 =z (110 Z ol (t-a)

and

Cra « f(k) k
i Dy f(t) =Dy Z ;
respectively, where
n=[a]+ 1 for @ € Ng; n =« for a € N. (1.3)
In particular, when 0 < o < 1, then
<Dy f(t) = oD (f(1) = f(a))
and
£Dy f(t) = Dy (f(t) — f (D))

The Riemann-Liouville fractional derivative and the Caputo fractional derivative
are connected with each other by the following relations.

Proposition 1.1.

(i) If @ € Ng and f(t) is a function for which the Caputo fractional derivatives
D f(t) and $DEf(t) of order a € RY exist together with the Riemann-
Liowville fractional derivatives o Dg f(t) and Dg' f(t), then

el e
DR = uDEFO) - Y iyt - )
k=0
and
Cha = f(k) k—a
¢ Dy f(t) =Dy f(t) Zl" (b*t) ;

where n = [a] + 1. In particular, when 0 < o<1, we have
Cnha _ « . f(a‘) o
aDt f(t)*aDt f(t) F(l—a)(t a)
and

Dy f(t) = Dy f(t) — Ti—a)
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(ii) If « = n € Ny and the usual derivative f)(t) of order n exists, then SD} f(t)
and $DPf(t) are represented by

SDRf(t) = 1" (8) and FDyf() = (=1)"f™) (1), (1.4)

Proposition 1.2. Let o € Ry and let n be given by (1.3). If f € AC"([a,b],RY),
then the Caputo fractional derivatives (D f(t) and CDg f(t) exist almost everywhere
on [a,b].

(i) If a € No, $D f(t) and $Dg f(t) are represented by

CDg f(t) = F(nl—a)< / t(t —s)net f(”)(s)ds)

and

D f(t) = Fggl_)a)( / (o t)"—a*ﬂ")(s)ds),

respectively, where n = [a] + 1. In particular, when 0 < o < 1 and f €
AC([a, 0], RY),

CDE ) =t ( / e 8)‘af’(s)ds> (15)

and

0310 = e ( (s 07ef(5)is). (16)

(ii) If « =n € Ny then {D¢ f(t) and D@ f(t) are represented by (1.4). In partic-
ular,

SDYf(t) = FDRf(t) = f(1).

Remark 1.2. If f is an abstract function with values in Banach space X, then
integrals which appear in above definitions are taken in Bochner’s sense.

Definition 1.4. (Hilfer fractional derivative) The Hilfer fractional derivative
HD1"Y f(t) of order n — 1 < p < n and 0 < v < 1 is defined by

n—p) "
dtm®
provided the right-hand side is pointwise defined on [a, b].

Hppr f(t) = ,D; " Dy I gy,

Remark 1.3.

(i) When v =0 and n — 1 < p < n, the Hilfer fractional derivative corresponds to
the classical Riemann-Liouville fractional derivative:

dm - .
ZDFOf() = Dy T R0 = WDY £ (R).
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(ii) When v =1, n—1 < p < n, the Hilfer fractional derivative corresponds to the
classical Caputo fractional derivative:
Hpptf(t) = oDy "M dtﬁf( ) =Dy f ().
The fractional integrals and derivatives, defined on a finite interval [a, ] of R,
are naturally extended to whole axis R.

Definition 1.5. (Left and right Liouville-Weyl fractional integrals on the real axis)
The left and right Liouville-Weyl fractional integrals .. D; * f(t) and (DTS f(t) of
order o« > 0 on the whole axis R are defined by
o Lo e
D7) = oy / (=) (s)ds (1.7)
and

D) = =2 [ (s — 0 f(s)ds
F(a) t

respectively, where t € R and a > 0.

Definition 1.6. (Left and right Liouville-Weyl fractional derivatives on the real
axis) The left and right Liouville-Weyl fractional derivatives _.oDf f(¢) and
tD o f(t) of order o on the whole axis R are defined by

DY) = (D] (1)

dn —(n—a
DY f (1) = (~)" o (DILT f(1)

o O ([ s,

respectively, where n = [a] + 1, « > 0 and ¢ € R.
In particular, when o = n € Ny, then

DY f(t) = (1) and DL f(t) = (-1)"F ),
where f(™)(t) is the usual derivative of f(t) of order n. If 0 < a < 1 and t € R, then

D0 = ([ ;@ — ) e)ds)
o[-t

:F(l—a sotl

and

and

D30 =~ [ =07 0as)

o [ ROt
r1l—a) /o sotl ds
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Formulas (1.5) and (1.6) can be used for the definition of the Caputo fractional
derivatives on the whole axis R.

Definition 1.7. (Left and right Caputo fractional derivatives on the real axis) The
left and right Caputo fractional derivatives D¢ f(t) and ¢D%_ f(t) of order a
(with @ > 0 and « & N) on the whole axis R are defined by

¢

D) = g [ (= s s (1)
and

ED2 () = pttay [ 50 s, (19)
respectively.

When 0 < a < 1, the relations (1.8) and (1.9) take the following forms

D) = ey [ (¢= 9 (s

and
1

DYt () =~y [ (=07 ().
1.3.2 Properties

We present here some properties of the fractional integral and fractional derivative
operators that will be useful throughout this book.

Proposition 1.3. If a > 0 and 8 > 0, then

—« -1 _ F(ﬂ) —a a—1 a
oDyt —a)’ ! = m(t ) (a>0),
At -1 _ F(,B) —a B—a—1 a

oD (t —a) (B — o) (t—a) (a >0)

and
- - I'(8) -
Db —t)P"t = 2L (b — )Pt 0
Dy 0= = s b= (> 0)
- 1§6)) -
Dy(b—t)P"t = L _(b—-t)f~>71 (a>0).
DEb =177 = 5 s b= (@2 0)
In particular, if B =1 and o > 0, then the Riemann-Liouville fractional deriva-
tives of a constant are, in general, not equal to zero:
(t—a)~® (b—t)
r'l—a) rl—a)
On the other hand, for j =1,2,...,[a] + 1,

oD (t—a)*7 =0, Dyb—t)*7 =0.

oDl = , Dpl=
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The semigroup properties of the fractional integral operators ,D; “ and D, *
are given by the following result.

Proposition 1.4. If a > 0 and 8 > 0, then the equations
D7 (oD F) =D PE) and oDy (D, F(0) =Dy (1) (110)

are satisfied at almost every point t € [a,b] for f € LP([a,b],RY) (1 < p < ). If
a+ B > 1, then the relations in (1.10) hold at any point of [a,b).

Proposition 1.5.
(i) Ifa>0 and f € LP([a,b],RN) (1 < p < 00), then the following equalities
oDF («D7f(1) = £(&) and DR (:DFF(®) = £() (a>0)

hold almost everywhere on [a,b].
(ii) If a > B >0, then, for f € LP([a,b],RY) (1 < p < 00), the relations

oD (D7 F(0) = oD F(t) and (DY (D72 F(0)) = Dy £(1)
hold almost everywhere on [a,b].

In particular, when =k € N and a > k, then
oDF (aD7F() = D7 () and (DF(D7° (1) = (~1)5, D7 E £ (1),

To present the next property, we use the spaces of functions ,D; “(L?) and
¢D, *(LP) defined for o > 0 and 1 < p < oo by

oDy (LP) ={f: f=aD; %, ¢ € LP([a,b],RY)}
and
Dy (L) ={f: f=1+Dy %0, ¢ € LP([a,b],RY)},

respectively. The composition of the fractional integral operator ,D; * with the
fractional derivative operator D¢ is given by the following result.

Proposition 1.6. Let a > 0, n = [a] + 1 and let fi,_o(t) = aDt_("_o‘)f(t) be the
fractional integral (1.1) of order n — «.

(1) If1 <p<ooand f € D, *(LP), then
oD7 (uDFF)) = F(0).
(ii) If f € L*([a,b],RY) and f,—o € AC"([a,b], RN) then the equality
) (a) '
a a—j
D7 (Df) Zr _tha)

holds almost everywhere on [a,b].
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Proposition 1.7. Let o > 0 and n = [a] + 1. Also let gp—o(t) = tDbf(nfa)g(t) be
the fractional integral (1.2) of order n — c.

(i) If1<p<ooandgec D, *LP), then

Dy @ (Dbg )—g
R

(ii) If g € L*([a,b],RY) and g,—o € AC™([a,b],RY), then the equality
n _1\n—J (n—j) a )
;" (iDole)) = olt) - 3 e (D e

Jj=1

holds almost everywhere on [a,b].

In particular, if 0 < a < 1, then

Dy (Do) = alt) - Ao - )

where g1—q(t) = Dy g(t) while for « = n € N, the following equality holds:

n—1 _1\k (k) a
D (Dio(0) = g~ 3 T e

k=0

Proposition 1.8. Let a > 0 and let y € L>=([a,b],RY) or y € C([a,b],RY). Then
g (D7 y(1) = () and D7 (D5 (1)) = y(0).

Proposition 1.9. Let a > 0 and let n be given by (1.3). If y € AC™([a,b],RN) or
y € C™([a,b],RYN), then

oDy (CDtay ) Z t —a) k
k=0
and
Dy (CDby ) 5 000 (b—t)~.
In particular, if 0 < a <1 and y € AC’(_ b],RY) ory € C([a,b],RY), then

oDy (fD?y(t)) =y(t) —y(a) and D, (fpgy(t)) =y(t) —yb). (1.11)
On the other hand, we have the following properties of fractional integration.

Proposition 1.10. Leta >0, p>1, ¢ > 1, and%—i—%gl—}—a(p;él and g # 1
in the case when%+%:1+a).

(i) If ¢ € LP([a,b],RY) and ¥ € LY([a,b],RY), then

b b
/ o(t) oDy (1)t = / (1) Dy p(t)dt. (1.12)
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(ii) If f € Dy “(LP) and g € ,D;“(L9), then
b b
/ F(8) D2 g(t)dt = / ot) D§F(1)dt. (1.13)

Then applying Proposition 1.1, we can derive the integration by parts formula
for the left and right Riemann-Liouville fractional derivatives looks as follows.

Proposition 1.11.

b b
/ oDY f(t) - g(t)dt =/ Dgg(t)- f(H)dt, 0<a<l,
provided the bojmdary conditions ’
fl@)=f(®) =0, f eL>(a,b],RY), g€ L'([a,b],R"),
g(a) = g(b) =0, g/ € Lw([avb]vRN)a VS Ll([aab]vRN)
are fulfilled.

Remark 1.4. If f, g are abstract functions with values in Banach space X, then
integrals which appear in above properties are taken in Bochner’s sense.

1.3.3 Mittag-Leffler Functions

Definition 1.8. (Miller and Ross, 1993; Podlubny, 1999) The generalized Mittag-
LefHler function E, g is defined by
= P 1 Ao BeA

Bop@) =2 g1 ) ~ami Jy e s @ P 02€C

where Y is a contour which starts and ends as —oo and encircles the disc |A| < |z|}/@
counter-clockwise.

If 0 <a<1, >0, then the asymptotic expansion of E, g as z — oo is given

1 1
e aZ(l—ﬁ)/a exp(2Y/) 4+ €4 5(2), largz| < Plect 1)
o,plZ) = .
%), jarg(~2)| < (1~ L)
where
Nl
cap(2) == D Fp gy TOUTY) s 2o oo

n=1

For short, set
Ey(z) = Ea1(2), ea(2):= Eqya(z).
Then Mittag-Lefler functions have the following properties.

Proposition 1.12. For a € (0,1) and t € R,
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(1) Eu.(t), ealt) > 0;
(ii) (Ea(t))' = Sealt);
(iii) t_l>ir_noo E,(t) = t_l)ir_noo eq(t) = 0;

(iv) §DFEq(wt®) = wEy(wt®), oDt Ty (wt®)) = Eu(wt®), w e C.

Definition 1.9. (Mainardi, Paraddisi and Forenflo, 2000) The Wright function M,
is defined by

Mo (2) = nz:% nIT(—an+1— a)
S (n— 1)!F(n04)51n(”7f‘)‘)’ 2€C

with 0 < o < 1.

For —1 <7 < 0o, A > 0, the following results hold.
Proposition 1.13.
(W1) M,(t) >0, t>0;

wa) [ O (R e =
(W2) TSy a(fa)e t=e " ;
L(l+r)

(W3) /000 M, (t)t"dt = T tar)

(W4) /OO My (t)e #'dt = En(—2), 2z €C;
0

(W5) /OO atM,(t)e *'dt = eo(—2), z€C.
0

1.4 Some Results from Nonlinear Analysis

1.4.1 Laplace and Fourier Transforms

In this subsection we present definitions and some properties of Laplace and Fourier
transforms.

Definition 1.10. The Laplace transform of a function f(¢) of a real variable t € R
is defined by

(L)(s) = LIF®))(s) = f(s) = / e "' f(t)dt (s € C). (1.15)
0
The inverse Laplace transform is given for x € RT by the formula

1 y+too
(L7 g)(x) = L7 g(s)](@) := *./ e*"g(s)ds (v = Re(s)). (1.16)

T —100
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Proposition 1.14. Let f(t) be defined on (0,00) and 0 < o < 1. Then Laplace
transform of fractional integral and fractional differential operator satisfies

(i) oDy f(s) = s~ f(s);

(i) oD f(s) = s*f(s) — (DF " )(0);

(iii) §D; *f(s) = s“f(s) —s*L£(0).

Definition 1.11. The Fourier transform of a function f(¢) of a real variable t € R
is defined by

(Ff)(w) = FfO)w) = f(w) := /O; e f(t)dt  (w € R). (1.17)
The inverse Fourier transform is given by the formula

F)) = 7 o) = 5a(-s) = o [ gl (e R). (119
The integrals in (1.17) and (1.18) converge absolutely for functions f,g € L'(R)
and in the norm of the space L*(R) for f,g € L*(R).

Proposition 1.15. Let f(t) be defined on (—o0,00) and 0 < a < 1. Then Fourier
transform of Liouville-Weyl fractional integral and fractional differential operator
satisfies

(1) oDy “f(w) = (iw) ™ f(w);

(i) D= f(w) = (—iw)~® f(w);
(iii) _ooDf f(w) = (iw)* f(w);
(iv) DL f(w) = (—iw)* f(w).

1.4.2 Sobolev Spaces

We refer to Cazenave and Haraux, 1998, for the definitions and results given below.

Consider an open subset © of RY. D(Q) is the space of C°°(real-valued or
complex valued) functions with compact support in Q and D’(Q2) is the space of
distributions on 2. A distribution T' € D’(Q) is said to belong to L ()(1 < p < o0)
if there exists a function f € LP(£2) such that

(T, o) = /Q f(@)p(x)dz,

for all ¢ € D(Q2). In that case, it is well known that f is unique. Let m € N and
let p € [1, 00]. Define

W™P(Q) ={f € LP(Q)| D*f € LP(Q) for all & € NV such that |a| < m}.
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Wm™P(Q) is a Banach space which equipped with the norm
Ifllwmey = > IDfllws,

|| <m
for all f € W™P(Q). For all m, p as above, we denote by Wi""?(€2) the closure of
D(Q) in W™P(Q). If p = 2, one sets W™2(Q) = H™(Q), WJ"*(Q) = HJ*(R2) and
one equips H™ () with the following equivalent norm:

2

1l = | D 11Dz

lal<m

Then H™() is a Hilbert space with the scalar product

(u,v)gm = / D%u - D%vdx.
2 s

la|<m
If © is bounded, there exists a constant C(Q2) such that
[ull e < C(Q)|VullL2,
for all uw € H}(Q) (this is Poincaré inequality). It may be more convenient to equip
HL(Q) with the following scalar product

(u,v) = / Vu - Vodz,
Q

which defines an equivalent norm to || - || g1 on the closed space H{ ().

1.4.3 Measure of Noncompactness

We recall here some definitions and properties of measure of noncompactness.
Assume that X is a Banach space with the norm |- |. The measure of noncom-
pactness « is said to be:

(i) Monotone if for all bounded subsets By, By of X, By C By implies a(B;) <
CY(BQ).

(ii) Nonsingular if a({x}UB) = a(B) for every x € X and every nonempty subset
B CX.

(iii) Regular a(B) = 0 if and only if B is relatively compact in X.

One of the most important examples of measure of noncompactness is the Haus-
dorff measure of noncompactness « defined on each bounded subset B of X by

m
a(B)=inf{e >0: BC U B.(xj) where z; € X},
j=1
where B.(x;) is a ball of radius < ¢ centered at z;, j = 1,2,...,m, m is a positive
integer number. Without confusion, Kuratowski measure of noncompactness oy
defined on each bounded subset B of X by

a1(B) =inf{e >0: B C U M; and diam(M;) < e},

Jj=1
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where the diameter of M; is defined by diam(M;) = sup{|lx — y| : z,y € M;},
i=1,2,...,m

It is well known that Hausdorff measure of noncompactness a and Kuratowski
measure of noncompactness a; enjoy the above properties (i)-(iii) and other prop-
erties. We refer the reader to Banas and Goebel, 1980; Deimling, 1985; Heinz, 1983;
Lakshmikantham and Leela, 1969.

(iv) a(By + Bs) < a(B1) + a(Bsy), where By + By ={x+y:2 € By, y € Ba};
(v) a(B1 U By) <max{a(B),a(B2)};

(vi) a(AB) < |A|a(B) for any A € R.

In particular, the relationship of Hausdorff measure of noncompactness o and
Kuratowski measure of noncompactness oy is given by

(vii) a(B) < aq(B) <2a(B).

Let J =[0,a],a € RT. For any W C C(J, X), we define

/W ds-{/ (s)ds:uGW}7f0rt€[0,a],

where W(s) = {u(s) € X : u e W}.
We present here some useful properties.

Proposition 1.16. If W C C(J, X) is bounded and equicontinuous, then coW C
C(J,X) is also bounded and equicontinuous.

Proposition 1.17. (Guo, Lakshmikantham and Liu, 1996) If W C C(J,X) is
bounded and equicontinuous, then t — a(W(t)) is continuous on J, and

a(W) =maxa(W(t)), o </Ot W(s)ds) < /Ot a(W(s))ds, fort e [0,a].

teJ

Proposition 1.18. (Mdnch, 1980) Let {u,}52; be a sequence of Bochner integrable
functions from J into X with |u,(t)| < m(t) for almost all t € J and every n > 1,
where m € L(J,RT), then the function ¥ (t) = a({u,(t)}32,) belongs to L(J,R™)

and satisfies
a({/o unp(s)ds : n > 1}) < 2/0 P(s)ds

Proposition 1.19. (Liu, 2008) Let {u,(t)};>, : [0,00) — X be a continuous
function family. If there exists p € L'[0,00) such that

lun(t)] < p(t), te€[0,00), n=1,2,....

Then oy ({un()}52,) is integrable on [0,00), and
t

al({/otun(s)ds: nzl,?,...}) §2/O a1({un(s): n=1,2,...})ds.
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Proposition 1.20. (Bothe, 1998) If W is bounded, then for each £ > 0, there is a
sequence {u, 15, C W, such that

a(W) <2a({un}pl,) +e

1.4.4 Topological Degree

For a minute description of the following notions we refer the reader to Banas and
Goebel, 1980; Deimling, 1985; Heinz, 1983; Lakshmikantham and Leela, 1969.

Definition 1.12. Consider 2 C X and .% : Q — X a continuous bounded mapping.
We say that .# is a-Lipschitz if there exists & > 0 such that

a(Z(B)) < ka(B), ¥V B C Q bounded.

If, in addition, k < 1, then we say that % is a strict a-contraction.
We say that .# is a-condensing if

a(ZF(B)) < a(B), V B C Q bounded with a(B) > 0.
In other words, «(%(B)) > «(B) implies a(B) = 0. The class of all strict a-

contractions .# : ) — X is denoted by SC,(€) and the class of all a-condensing
mappings .Z : Q@ — X is denoted by C, ().

We remark that SC,(Q) C Co(R2) and every F € C,(Q) is a-Lipschitz with
constant kK = 1. We also recall that % : Q — X is Lipschitz if there exists k > 0
such that

|33’33—32y\§k|x—y|, Vma?JEQ
and that % is a strict contraction if & < 1.
Next, we collect some properties of the applications defined above.

Proposition 1.21. If #,9 : Q — X are a-Lipschitz mappings with constants k,
k', respectively, then F + 94 : Q — X is a-Lipschitz with constant k + k'.

Proposition 1.22. If % : Q — X is compact, then F is a-Lipschitz with constant
k=0.

Proposition 1.23. If F : Q — X s Lipschitz with constant k, then F is «-
Lipschitz with the same constant k.

The theorem below asserts the existence and the basic properties of the topo-
logical degree for a-condensing perturbations of the identity. For more details, see
Isaia, 2006.

Let
T={(I-%,9y):QC X open and bounded, # € C,,(Q),y € X \ (I — .F)(00)}

be the family of the admissible triplets.

Theorem 1.1. There exists one degree function D : T — Ng which satisfies the
properties:
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(i) Normalization D(I,Q,y) =1 for every y € Q.
(il) Additivity on domain For every disjoint, open sets Qq,Qs C Q and every y
does not belong to (I — .F)(Q\(Q1 UQs)), we have
D(I—ﬁ?,QMy) = D(I_y7917y) +D(I_y5927y>
(iii) Invariance under homotopy D(I — H(t,-),,y(t)) is independent of t € [0, 1]
for every continuous, bounded mapping H : [0,1] x Q — X which satisfies
a(H([0,1] x B)) < a(B), V B C Q with a(B) >0
and every continuous function y : [0,1] — = which satisfies
y(t) #x— H(t,z), Vtel0,1], Vzeodn.
(iv) Emistence D(I — .%,Q,y) # 0 implies y € (I — F)(Q).
(v) Ezxcision D(I — #,Q,y) = D(I — F#,Q1,y) for every open set Q1 C Q and
every y does not belong to (I —.F)(Q\Q).

Having in hand a degree function defined on 7, we collect the usability of the a
priori estimate method by means of this degree.

Theorem 1.2. Let % : X — X be a-condensing and
S={reX: INe[0,1] suchthat x=AI\Fz}.
If S is a bounded set in X, so there exists r > 0 such that S C B,.(0), then
D(I - X\#,B,(0),0) =1, VXe][0,1].

Consequently, F has at least one fixed point and the set of the fized points of F
lies in By (0).

1.4.5 Picard Operator

Let (X, d) be a metric space and A : X — X an operator. We shall use the following
notations:

PX)={Y CX|Y #@}; Fa={x € X | A(x) = 2} —the fixed point set of A;
1(4) = {Y € P(X) | A(Y) C Y}
Oa(z) = {z, A(x), A*(z), ..., A"(x), ...} —the A-orbit of z € X;
H:P(X)x P(X)—RyU{+0};
H(Y,Z) = max{sup,cy infpez d(a,b), sup,cy,infqcy d(a,b)}
—the Pompeiu-Hausdorff functional on P(X).

Definition 1.13. (Rus, 1987) Let (X, d) be a metric space. An operator A : X — X
is a Picard operator if there exists z* € X such that Fy = {z*} and the sequence
{A"(z0) }nen converges to z* for all zg € X.

Definition 1.14. (Rus, 1993) Let (X, d) be a metric space. An operator A : X — X
is a weak Picard operator if the sequence {A"(zg)}nen converges for all xyp € X
and its limit (which may depend on x¢) is a fixed point of A.
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If A is a weak Picard operator, then we consider the operator
A* X - X, A®(x)= lim A"(x).
n—oo
The following results are useful in what follows.

Definition 1.15. (Rus, 1979) Let (Y,d) be a complete metric space and A, B :
Y — Y two operators. Suppose that:

(i) A is a contraction with contraction constant p and Fa = {z%};
(ii) B has fixed points and 2% € Fp;
(iii) there exists 1 > 0 such that d(A(z), B(z)) <n, for all z € Y.

Then d(z7,2%) < 4.

Definition 1.16. (Rus and Muresan, 2000) Let (X, d) be a complete metric space
and A, B : X — X two orbitally continuous operators. Assume that:

(i) there exists p € [0,1) such that
d(A*(z), A(z)) < pd(z, A(2)), d(B*(2), B(z)) < pd(z, B(z)), for all 2 € X;
(ii) there exists n > 0 such that d(A(x), B(z)) <n for all z € X.

Then H(F4, Fp) < l%p, where H denotes the Pompeiu-Hausdorfl functional.

Theorem 1.3. (Rus, 1993) Let (X,d) be a metric space. Then A: X — X is a
weak Picard operator if and only if there exists a partition X = Jycp Xx of X such
that

(i) Xx € I(A);
(ii) A |x,: Xx = X\ is a Picard operator, for all A € A.

1.4.6 Fixed Point Theorems

In this subsection, we present some fixed point theorems which will be used in the
following chapters.

Theorem 1.4. (Banach contraction mapping principle) Let (X,d) be a complete
metric space, and let T : Q — Q be a contraction mapping:

d(Tx, Ty) < kd(z,y),
where 0 < k < 1, for each x,y € Q. Then, there exists a unique fized point x of T

inQ, e, Tr=u.

Theorem 1.5. (Schauder fized point theorem) Let X be a Banach space and Q@ C X
a convez and closed set. If 7 : QQ — Q is a continuous operator such that 7Q C X,
T Q is relatively compact, then Z has at least one fixed point in €.

Theorem 1.6. (Schaefer fized point theorem) Let X be a Banach space and let
F: X — X be a completely continuous mapping. Then either
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(1) the equation x = AFx has a solution for A\ =1, or
(ii) the set {x € X : & = AFz for some A € (0,1)} is unbounded.

Theorem 1.7. (Darbo-Sadovskii fized point theorem) If Q is bounded closed and
convex subset of Banach space X, the continuous mapping 7 : Q — Q is an a-
contraction, then the mapping 7 has at least one fized point in 2.

Theorem 1.8. (Krasnoselskii fized point theorem) Let X be a Banach space, let §)
be a bounded closed convex subset of X and let ., T be mappings of Q into X
such that Sz + Tw € Q for every pair z,w € Q. If % is a contraction and 7 is
completely continuous, then the equation Sz + T z = z has a solution on €.

Theorem 1.9. (Nonlinear alternative of Leray-Schauder type) Let C be a nonempty
convex subset of X. Let U be a nonempty open subset of C with0 € U and F : U — C
be a compact and continuous operator. Then either

(i) F has fized points, or
(ii) there exist y € OU and X\* € [0, 1] with y = A\*F(y).

Theorem 1.10. (O’Regan fixed point theorem) Let U be an open set in a closed,
conver set C of X. Assume 0 € U, T(U) is bounded and T : U — C is given by
T =T, + Ty, where T} : U — X is completely continuous, and Ty : U — X is a
nonlinear contraction. Then either

(i) T has a fived point in U, or
(ii) there is a point x € OU and X € (0,1) with x = XT'(z).

A non-empty closed set K in a Banach space X is called a cone if:

(i) K+ K CK;
(ii) AK C K for A€ R, A > 0;
(iii) {—K} N K = {0}, where 0 is the zero element of X.

We introduce an order relation “ < ” in X as follows. Let z,y € X. Then
z < yif and only if y — 2z € K. A cone K is called normal if the norm | - ||x
is semi-monotone increasing on K, that is, there is a constant N > 0 such that
lIzlx < Nly||x for all z,y € K with z < y. It is known that if the cone K is
normal in X, then every order-bounded set in X is norm-bounded. Similarly, the
cone K in X is called regular if every monotone increasing (resp. decreasing) order
bounded sequence in X converges in norm.

For any a,b € X,a < b, the order interval [a, )] is a set in X given by

[a,b) ={z € X : a <z <b}

Let X and Y be two ordered Banach spaces. A mapping .7 : X — Y is said
to be nondecreasing or monotone increasing if z < y implies Tz < Jy for all
2,y € la, b].
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Theorem 1.11. (Hybrid fized point theorem) (Dhage, 2006) Let X be a Banach
space and A, B,C : X — X be three monotone increasing operators such that

(i) A is a contraction with contraction constant k < 1;

(ii) B is completely continuous;

(iii) C is totally bounded;

(iv) there exist elements a and b in X such that a < Aa + Ba + Ca and b >
Ab+ Bb+ Cb with a < b.

Further if the cone K in X is normal, then the operator equation Az+Bz+Cz =
z has a least and a greatest solution in [a,b].

1.4.7 Cwritical Point Theorems

Let H be a real Banach space and C'(H,R") denotes the set of functionals that
are Fréchet differentiable and their Fréchet derivatives are continuous on H.

We need to use the critical point theorems to consider the fractional boundary
value problems. For the reader’s convenience, we state some necessary definitions
and theorems and skip the proofs.

Definition 1.17. (Rabinowitz, 1986) Let ¢p € CY(H,RY). If any sequence
{ux} € H for which {¢(uy)} is bounded and ¢'(ur) — 0 as k — oo possesses
a convergent subsequence, then we say v satisfies Palais-Smale condition (denoted
by (PS) condition for short).

Definition 1.18. (Mawhin and Willem, 1989) Let H be a real Banach space,
¥ : H — R is differentiable and ¢ € R. We say that 1 satisfies the (PS). condition
if the existence of a sequence {uy} in H such that

Y(ug) = ¢, ¢ (ug) =0,

as k — oo, implies that ¢ is a critical value of .

Theorem 1.12. (Mawhin and Willem, 1989) Let H be a real Banach space and
I € CY(H,R) satisfies Palais-Smale condition. If I is bounded from below, then
c=infy I is a critical value of I.

Theorem 1.13. (Rabinowitz, 1986) Let H be a real Banach space and I € C*(H,R)
with I even, bounded from below, and satisfy Palais-Smale condition. Suppose that
I(0) = 0, there is a set K C H such that K is homeomorphic to S~ (unit sphere)
by an odd map, and supg I < 0. Then I possesses at least d distinct pairs of critical
points.

Theorem 1.14. (Mawhin and Willem, 1989) Let H be a real reflexive Banach
space. If the functional 1 : H — RN is weakly lower semi-continuous and coercive,
i.e., lim);| o0 ¥(2) = 400, then there erists zo € H such that ¢¥(20) = inf.cy Y(2).
Moreover, if 1 is also Fréchet differentiable on H, then ¢'(z) = 0.
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Let B, be the open ball in H with the radius r and centered at 0 and 9B, denote
its boundary.

Theorem 1.15. (Mountain pass theorem) (Rabinowitz, 1986) Let H be a real Ba-
nach space and I € C*(H,R) satisfies (PS) condition. Suppose that I satisfies the
following conditions:

(i) 1(0) = 0;
(ii) there exist constants p, 3 > 0 such that I|sp,0) > B;
(iii) there exists e € H \ B,(0) such that I(e) < 0.

Then I possesses a critical value ¢ > 3 given by

= inf I
¢= nf max (9(s)),

where B,(0) is an open ball in H of radius p centered at 0, and
r={geC(0,1],H): ¢g(0)=0, g(1)=e}.

Theorem 1.16. (Rabinowitz, 1986) Let H be a real Banach space and I € C1(H,R)
with I even. Suppose that I satisfies Palais-Smale condition, (i), (ii) of Theo-
rem 1.15 and the following condition:

(iv) for each finite-dimensional subspace H' C H, there is r = r(H') > 0 such that
I(u) <0 foru e H' \ B,(0), where B.(0) is an open ball in H of radius r
centered at 0.

Then I possesses an unbounded sequence of critical values.

Let X be a reflexive and separable Banach space, then there are e; € X and
e; € X* such that

X =span{e; : j=1,2,..} and X" =span{e}:j=1,2,..},
and
. 1, i=y,
<ei7€j> = . .
0, i#j.

For convenience, we write

k 0o
Xj :=span{e;}, Y := @X]‘, Zy = @Xj. (1.19)
j=1 j=k
And let
B = {U €Yy : |7.L| < pk}, Ny, = {U € Zy : \u| = ’yk}.

Theorem 1.17. (Fountain theorem) (Bartsch, 1993) Suppose:
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(H1) X is a Banach space, ¢ € C1(X,R) is an even functional, the subspace Xy, Yy

and Zy, are defined by (1.19).
If for every k € N, there exist px, > ri > 0 such that

(H2) ay := max ¢(u) <0;
ueyy
[ul=pk
(H3) b := inf p(u) = oo, as k — oo;
uezy,
[u|=r%

(H4) ¢ satisfies the (PS). condition for every ¢ > 0.

Then ¢ has an unbounded sequence of critical values.

Theorem 1.18. (Dual Fountain theorem) (Bartsch, 1993) Assume (H1) is satis-
fied, and there is a kg > 0 so as to for each k > kg, there exist pr > i, > 0 such

that

(H5) dj = mf o(u) =0, as k — oo;
|“\<Pk

(H6) i) := max ¢(u) < 0;
‘u|€Yk
u|=rr

(HT) inf o(u) > 0;
uEZy,

[ul=pr

(HB8) ¢ satisfies the (PS)% condition for every c € [dy,,0).

Then ¢ has a sequence of negative critical values converging to 0.

Remark 1.5. ¢ satisfies the (PS)} condition means that: if any sequence {u,,} C
X such that n; — 00,un; € Yn,,@(un;) = ¢ and (¢ly, ) (un;) — 0, then {un, }
contains a subsequence converging to a critical point of ¢. It is obvious that if ¢
satisfies the (PS)} condition, then ¢ satisfies the (PS). condition.

Let X be a nonempty set and P, ¥ : X — R be two functionals. For r, 71,72,73 €
R with r; <supyx @, ro > infx ®, ro > 71, and r3 > 0, we define

SUPyeco- 1( 00,T) (u) \i’( )

r) = inf , 1.20
)= o R e o) 120
U(v) — ¥(u
= f 1.21
Blrira):= }? Oorl)veq)s?glm () B(a)’ (1.21)
su (oot T (u
(rg,r3) = PuEP T (oora+o) ( ), (1.22)
3
O((’I"l, T2, 7’3) = max{gp(rl), 410(7‘2)”7(71277"3)} . (123)

Theorem 1.19. (Averna and Bonanno, 2009; Bonanno and Candito, 2008) Let X
be a reflexive real Banach space, ® : X — R be a convex, coercive, and continuously
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Gateauz differentiable functional whose Gateaur derivative admits a continuous in-
verse on X*, ¥ : X — R be a continuously Gateaux differentiable functional whose
Gateaux derivative is compact, such that

(i) infx ® = ®(0) = ¥(0) = 0;

(ii) for every ui, us satisfying W(uy) >0 and ¥(ug) > 0, one has
inf W (¢
g ( + (1= tuz) >

Assume further that there exist three positive constants r1, ro and r3, with r1 < 1o,
such that

(iii) 04(7”1,7‘2,’/’3)) < ﬁ(’l"l,’r‘g).
Then, for each \ € (1/6(T1,7“2), 1/04(7“1,7“2,7“3)), the functional ® — AU has three

distinct critical points uy, ug and ug such that u; € ®~1(—o0,r1), uz € ®~1[ry,72)
and uz € ®~1(—00, 1y + 13).

1.5 Semigroups

1.5.1 Cp-Semigroup

Let X be a Banach space and B(X) be the Banach space of linear bounded opera-
tors.

Definition 1.19. A semigroup is a one parameter family {T'(¢)};>9 C B(X) satis-
fying the conditions:

(i) TW)T(s)=T(t+s), for t,s > 0;
(if) T(0) = I.

Here I denotes the identity operator in X.

Definition 1.20. A semigroup {7T'(¢)};>0 is uniformly continuous if
Jim (|1 T(@) = T(0)|[zx) =0,

that is if
lim [|7(¢) = T(s)|Bx) = 0.

[t—s|—0
Definition 1.21. We say that the semigroup {T'(¢)}+>0 is a Co-semigroup if the

map t — T'(t)x is strongly continuous, for each z € X, i.e.

lim T(t)x =2z, VaeX.
t—0+

Definition 1.22. Let T'(t) be a Cp-semigroup defined on X. The infinitesimal
generator A of T'(t) is the linear operator defined by

A(z) = lim M, for = € D(A),
t—0+ t

where D(A) = {z € X : lims—, 0+ % exists in X }.
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1.5.2 Almost Sectorial Operators

We firstly introduce some special functions and classes of functions which will be
used in the following, for more details, we refer to Markus, 2006; Periago and Straub,
2002.

Let Sg with 0 < u < 7 be the open sector

{z € C\{0} : Jarg 2 <}
and S, be its closure, that is
S, ={z € C\[0} : Jarg2| < u} U{0}.

Denote by D(A) the domain of A, by o(A) its spectrum, while p(A4) := C—o(A)
is the resolvent set of A. We state the concept of almost sectorial operators as
follows.

Definition 1.23. (Periago and Straub, 2002) Let —1 < v < 0 and 0 < w < 7/2.
By ©7(X) we denote the family of all linear closed operators A: D(A) C X — X
which satisfy:

(i) o(A) C Su;
(ii) for every w < p < 7 there exists a constant C}, such that
|R(z; A)||B(x) < Culz|?, forall ze C\S,,
where R(z; A) = (21 — A)~!, z € p(A), which are bounded linear operators

the resolvent of A. A linear operator A will be called an almost sectorial
operator on X if A € O7(X).

Remark 1.6. Let A € ©7(X). Then the definition implies that 0 € p(A).

Set
Fo(Sp) = J wi(sp) v wo(Sp),
s<0
.F(Sg) ={fe H(Sg)| there exist k,n € N such that fyF e fg(SB)},
where
’H(SB) ={f: SB — C| f is holomorphic},
’HOO(SS) ={fe 7—[(52)| f is bounded},

o) = T () = oo 2 €CM-1hneNu{o)
wsty= el sp £ <oc}

and for each s < 0,
I(Sp) = {f € H(Sp)| sup [ (2) f(2)] < OO},
zZE€ES5,

where n is the smallest integer such that n > 2 and v+ 1 < —(n — 1)s.
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Observe that the classes of functions introduced above satisfy the inclusions
Fo(Sp) € H>™(S)) € F(S)) C H(Sy).

Moreover, taking k,n € NU {0} with n > k, one easily sees that 1} € Fj(S}).
Assume that A € ©2(X) with —1 <y < 0 and 0 < w < 7/2. Following Periago
and Straub, 2002 (see also McIntosh, 1986; Cowling, Doust, McIntosh et al., 1996),
a closed linear operator f — f(A) can be constructed for every f € F(Sy) via
a extended functional calculus. In the following we give a short overview to this
construction.
For f € FJ(S}), via Dunford-Riesz integral, the operator f(A) is defined by

FA) = 2 [ Fe)R(: AV, (1.24)

" 2mi ),
where the integral contour Ty := {R e} U{R e~} is oriented counter-clockwise
and w < 0 < p < 7. It follows that the integral is absolutely convergent and defines
a bounded linear operator on X, and its value does not depend on the choice of 6.
Notice in particular that for k,n € NU {0} with n > k,

Up(A) = AMA+ 1)

and the operator ¥ (A) is injective. Notice also that if f € F (S), then there exist
k,n € N such that fif € 7 (S)). Hence, for f € F(S)), one can define a closed
linear operator, still denoted by f(A),

D(f(A)) = {z € X| (fyp)(A)x € D(A"DF)},

F(A) = (¢n(A) T (fYn)(A),
and the definition of f(A) does not depend on the choice of k and n. We emphasize
that f(A) is indeed an extension of the original and the triple (3 (S}), F(S}), f(A))
is called an abstract functional calculus on X (see Markus, 2006).
With respect to this construction we collect some basic properties. For more
details, we refer to Periago and Straub, 2002.

Proposition 1.24. The following assertions hold.

(i) af(A) + Bg(A) = (af + Bg)(A), (fo)(A) = f(A)g(A) for ¥ f,g € FJ(Sp),
a,B € C;

(ii) f(A)g(A) C (f9)(A) for¥ f.g € F(Sp), and

(iii) f(A)g(A) = (fg)(A), provided that g(A) is bounded or D((fg)(4)) C
D(g(A)).

Since for each g € C, 2% € F(S)) (z € C\ (—00,0], 0 < pu < 7), one can define,
via the triple (Fg (S})), F(S}), f(A)), the complex powers of A which are closed by

AP =2P(4), peC.
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However, in difference to the case of sectorial operators, having 0 € p(A4) does not
imply that the complex powers A~# with Re(3) > 0, are bounded. The operator
A=F belongs to .Z(X) whenever Re(3) > 1+7. So, in this situation, the linear space
XP = D(AP), B > 1+, endowed with the graph norm |z|s = |A%z|, 2 € X7,
is a Banach space.

Next, we turn our attention to the semigroup associated with A. Since given

t e S%fw, e”"* € H>(S}) satisfies the conditions (a) and (b) of Lemma 2.13 of
Periago and Straub, 2002, the family
1
T(t) =e *(A) = —/ e P R(zA)dz, te S (1.25)
27 Jr, 2

here w < 6 < pu < § — |argt|, forms an analytic semigroup of growth order 14 ~.

Remark 1.7. From Periago and Straub, 2002, note that if A € ©Y(X), then A
generates a semigroup T'(¢) with a singular behavior at ¢ = 0 in a sense, called
semigroup of growth 1 4 v. Moreover, the semigroup T'(t) is analytic in an open
sector of the complex plane C, but the strong continuity fails at ¢ = 0 for data
which are not sufficiently smooth.

For more properties on T'(t), please see the following proposition.

Proposition 1.25. (Periago and Straub, 2002) Let A € ©Y(X) with —1 <y <0
and 0 < w < /2. Then the following properties remain true.

(i) T(t) is analytic in S%_w and
a
dtn

ii) The functional equation T(s +t) = T(s)T(t) for all s, t € S __ holds.

(ii) q T

(iii) There exists a constant Cy = Co(7y) > 0 such that

w-*

T(t) = (~A)"T(t), forallte 5%

IT(t)|px) < Cot™ 7", for all t > 0.
(iv) The range R(T(t)) of T(t), t € S%fw is contained in D(A®). Particularly,
R(T(t)) € D(AP) for all B € C with Re(B) > 0,

1
APT () = — 2Pe"*R(z; A)xdz, for all z € X,
21 Ty

and hence there ezists a constant C' = C'(v, 5) > 0 such that
HABT(t)”B(X) < Ot ReB)T for all ¢ > 0.
(v) If B> 1+, then D(AP) C S1, where St is the continuity set of the semigroup
{T<t)}t20; that is,

Yr = {a: € X| lim T(t)z = x} :

t—0+4
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Remark 1.8. We note that the condition (ii) of the proposition does not satisfy
fort=0or s =0.

Recall that semigroups of growth 1+ were investigated earlier in deLaubenfels,
1994 and Toropova, 2003.

The relation between the resolvent operators of A and the semigroup 7'(t) is
characterized by

Proposition 1.26. (Periago and Straub, 2002) Let A € ©Y(X) with —1 <y <0
and 0 < w < /2. Then for every A € C with Re(\) > 0, one has

R(\;—A) = /0 h e MT(t)dt.



Chapter 2

Fractional Functional Differential
Equations

2.1 Introduction

The main objective of this chapter is to present a unified framework to investi-
gate the basic existence theory for a variety of fractional functional differential
equations with applications. As far as we know, many complex processes in na-
ture and technology are described by functional differential equations which are
dominant nowadays because the functional components in equations allow one to
consider prehistory or after-effect influence. Various classes of functional differential
equations are of fundamental importance in many problems arising in bionomics,
epidemiology, electronics, theory of neural networks, automatic control, etc. Quite
long ago delay differential equations had shown their efficiency in the study of the
behavior of real populations. One can show that even though the delay terms oc-
curring in the equations are unbounded, the domain of the initial data (past history
or memory) may be finite or infinite. Consequently, those two cases need to be
discussed independently. Moreover, one can consider functional differential equa-
tions so that the delay terms also occur in the derivative of the unknown solution.
Since the general formulation of such a problem is difficult to state, a special kind
of equations called neutral functional differential equations has been introduced.

On the other hand, fractional calculus is one of the best tools to characterize
long-memory processes and materials, anomalous diffusion, long-range interactions,
long-term behaviors, power laws, allometric scaling laws, and so on. So the cor-
responding mathematical models are fractional differential equations. Their evo-
lutions behave in a much more complicated way so to study the corresponding
dynamics is much more difficult. Although the existence theorems for the frac-
tional differential equations can be similarly obtained, not all the classical theory of
differential equation can be directly applied to the fractional differential equations.
Hence, a somewhat theoretical frame needs to be established.

In Section 2.2, we discuss the existence and uniqueness of solutions and the
existence of extremal solutions of initial value problem for the fractional neutral
differential equations with bounded delay. Section 2.3 is devoted to study of
the basic existence theory for fractional p-type neutral differential equations with

29
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unbounded delay but finite memory. In Section 2.4, we present a unified treatment
of fundamental existence theory of fractional neutral differential equations with in-
finite memory. In Section 2.5, we consider a fractional iterative functional differen-
tial equation with parameter. Some theorems to prove the existence of the iterative
series solutions are presented under some natural conditions. In Section 2.6, we
discuss oscillation and existence of nonoscillatory solutions of fractional functional
differential equations.

2.2 Neutral Equations with Bounded Delay

2.2.1 Introduction

Let Iy = [-7,0], 7 > 0, tg > 0 and I = [tg, tg+0],c > 0 be two closed and bounded
intervals in R. Denote J = [ty — 7,10 + o].

Let C = C(Iy,R™) be the space of continuous functions on Iy. For any element
@ € C, define the norm

llls = sup [p(6)].
6ely
If z € C(J,R™), then for any ¢ € I define z; € C by
z2(0) = z(t +0), 0¢€[-7,0]

Consider the initial value problems (fractional IVP for short) of fractional neutral
functional differential equations with bounded delay of the form

DY (x(t) — k(t, ) = F(t,z¢), ae. t€ (to,to+ 0],
Tty = ¥,

where D¢ is Caputo fractional derivative of order 0 < <1, F: I x C = R" is a
given function satisfying some assumptions that will be specified later, and ¢ € C.

(2.1)

In Subsection 2.2.2, we establish the existence and uniqueness theorems of frac-
tional IVP (2.1). In Subsection 2.2.3, we discuss the existence of extremal solutions
for fractional IVP (2.1). We firstly give the definitions of L%—Caurauthéodory7 Lo-
Chandrabhan and L%-Lipschitz7 where (3,7, are some given numbers. Next, we
apply Hybrid fixed point theorem to prove the existence results of extremal solu-
tions for fractional IVP (2.1) under L%—Carathéodory, L~-Chandrabhan and L3-
Lipschitz conditions. We do not require the continuity of the nonlinearity involved
in the equation (2.1). In the end, we will present an example to illustrate our main
results.

2.2.2 Existence and Uniqueness

Let A(o,7) = {z € C([to—7,to+0],R™) : @4, =, SUP;, <i<yy 40 12(t) —0(0)] <7},
where o,y are positive constants.

Before stating and proving the main results, we introduce the following hypothe-
ses:
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(H1) F(t,¢) is measurable with respect to ¢t on I;

(H2) F(t,¢) is continuous with respect to ¢ on C(Iy, R™);

(H3) there exist ay € (0, «) and a real-valued function m(t) € L#1 1 such that for
any x € A(o,v), |F(t,z¢)| < m(t), for t € I;

(H4) for any x € A(o,7), k(t,x:) = k1(t,x¢) + ka(t, x4);

(H5) ky is continuous and for any o', 2" € A(o,v), t € I

|ky(t,z}) — ki (t,2))| <I||2" —2"||, where [ € (0,1);

(H6) ko is completely continuous and for any bounded set A in A(o,7), the set
{t = ka(t,z;) : x € A} is equicontinuous in C(I,R™).

Lemma 2.1. If there exist o € (0,a) and v € (0,00) such that (H1)-(H3) are
satisfied, then for t € (tg,to + o], fractional IVP (2.1) is equivalent to the following
equation

z(t) = ¢(0) — k(to, ) + k(t, z¢) + / (t =)' F(s,z,)ds, t€ (to,to+ 0],

1
L(a) Jy,
l’to = QD

(2.2)

Proof. First, it is easy to obtain that F(t, ;) is Lebesgue measurable on I ac-
cording to conditions (H1) and (H2). A direct calculation gives that (t — s)*~1 €

1

L7==1 ([to,t],R), for ¢ € I. In the light of Holder inequality and (H3), we obtain
that (t — s)*~1F(s,z5) is Lebesgue integrable with respect to s € [to,t] for all t € T
and x € A(o,7v), and

t

_ g)a—1 _ Na—1
B L [ RS Y P

According to Definitions 1.1 and 1.3, it is easy to see that if x is a solution of the
fractional IVP (2.1), then x is a solution of the equation (2.2).
On the other hand, if (2.2) is satisfied, then for every t € (tg, to + o], we have

D (a(t) — k(t, 1)) = EDF <30(0) ~ o)+ iy [ 0 s>a—1F<s,xs>ds)

1 t
_Cpa | _~ _ a—1
= .D; <F(a) /to(t s) F(s,xs)ds)
= D7 (1D F(t,20))

a —a —a (t — to)ia
= 4, Dy (tth F(t, It)> — D¢ F(t, xt)’t:tom
)| (t - to)_a

t=to P(1 —a) ~
According to (2.3), we know that D, *F(t, xt)|t:t0
D¢ (x(t) — k(t, 1)) = F(t,x1), t € (to,to + 0], and this completes the proof. [

= F(t,.’L't) — tUD;aF(t7$t

= 0, which means that
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Theorem 2.1. Assume that there exist o € (0,a) and v € (0,00) such that (HI1)-
(H6) are satisfied. Then the fractional IVP (2.1) has at least one solution on [to, to+
n] for some positive number 1.

Proof. According to (H4), the equation (2.2) is equivalent to the following equation

z(t) = ¢(0) — k1(to, ) — ka(to, @) + kr(t, x1) + ka(t, z¢)
1 /t o
+—— [ (t—5)"" F(s,xs5)ds, tel,
F(a> to

Tty = P
Let ¢ € A(o,7) be defined as ¢, = ¢, @(to +t) = ¢(0) for all t € [0,0]. If z is a
solution of the fractional IVP (2.1), let (to +t) = @(to +t) +y(t), t € [-7,0], then
we have x4+ = @ro+t + Ui, t € [0,0]. Thus y satisfies the equation

y(t) = — k1(to, ) — ka(to, ) + k1(to +t,yt + Prore) + ka(to +1, vt + Prost)

1 t
— | (t—=9)"tF(t s + Brors)ds, te0,0].
+F(Ot)/0( S) (0+87y +(pto+) &) E[ 0]

(2.4)

Since ki, ko are continuous and z; is continuous in ¢, there exists ¢/ > 0, when
0<t<d,

[kt + tye + Brg) = halo )] < 5. (2:5)
and

|ka(to +t, Yyt + Prort) — Kkalto, )| < % (2.6)
Choose

T(a)(1 + B)i— \ TFeti—an
1 = min {0, o', (’Y (a)(S]\—;B) ) ' } (2.7)
_ a—1 _ _

where f = == € (—1,0) and M ||m||L(%1[.

Define E(n,7) as follows
E(n,7) ={y € C([=7.n,R") : y(s) =0 for s € [-7,0] and [y[| <~}

Then E(n,7) is a closed bounded and convex subset of C([—7,c],R™). On E(n,7)
we define the operators S and U as follows

07 te [—7', 0],
(Sy)(t) = _
— k1(to, @) + k1(to + t,ye + Pro4e)s € [0,7],
07 t e [—T, OL
— ka(to, @) + ka(to +t,ys + Pott)

Uy)(t) =
1

t
e [ =9 st G s, 1 01
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It is easy to see that the operator equation

y=Sy+Uy (2.8)
has a solution y € E(n,~) if and only if y is a solution of the equation (2.4). Thus
z(to+t) = y(t) + p(to + t) is a solution of the equation (2.1) on [0,7]. Therefore,

the existence of a solution of the fractional IVP (2.1) is equivalent that (2.8) has a
fixed point in E(n, ).

Now we show that S+ U has a fixed point in E(7,). The proof is divided into
three steps.

Claim I. Sz 4+ Uy € E(n,) for every pair z,y € E(n,7).
In fact, for every pair z,y € E(n,v), Sz + Uy € C([-7,7n],R™). Also, it is
obvious that (Sz + Uy)(t) =0, t € [—7,0].
Moreover, for t € [0,7], by (2.5)-(2.7) and the condition (H3), we have
(52)(t) + (Uy)(¢)]

<|=ki(to, ) + ki(to +t, 20 + Prore)| + | — ka(to, 0) + ka(to + 1yt + Prott)]

1 t
— t—s)* Pt s+ @ d
ey [ =9 o s+ Gl

to

(L) ([ )’

2y Mpt+p)(1—a1)
RO
<.

Therefore,

1Sz 4+ Uyl = sup |(Sz)(t) + (Uy)(t)] <,
te[0,n]
which means that Sz + Uy € E(n,~) for any z,y € E(n,7).
Claim II. S is a contraction on E(n, 7).
For any y',y" € E(1,7), yi + Pto+1: Yt + Pro++ € A(6,7). So by (H5), we get
that
[(SY)(t) = (Sy") ()] = [k1(to + t,y; + Prote) — k(o + 1,y + Brore)
<y ="l
which implies that
1S5y" = Sy"ll < tlly" = "]
In view of 0 <[ < 1, S is a contraction on E(n,~).
Claim III. U is a completely continuous operator.
Let
0, te[-,0],

(Ury)(t) = { — ka(to, ) + ka(to + t,yt + Pro+t), t € [0,7)]
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and
07 te [_Tv 0}7
Uay)(t) =9 1 [ _ -
g [ =9 P+ s+ B)ds, e 0
Clearly, U = Uy + Us.
Since ks is completely continuous, U is continuous and {Uyy : y € E(n,7)}
is uniformly bounded. From the condition that the set {t — kao(t,z;) : © € A}
is equicontinuous for any bounded set A in A(o,7), we can conclude that U; is a
completely continuous operator.
On the other hand, for any ¢ € [0, 7], we have

1/ o _
mé (t—S) 1|F(t0+3;ys+§0t0+s)|d8

S (fos7) ([t

Mn(l'i'ﬁ)(l_al)
I(a)(1+p)t-o

Hence, {Uzy : y € E(n,v)} is uniformly bounded.
Now, we will prove that {Usy : y € E(n,7)} is equicontinuous. For any 0 <
t1 <ty <nandye€ En,v), we get that

|(U2y)(t2) — (Ua2y)(t1)]

[(U2y)(t)] <
<

<

1 t o o N
0
1 2 a—1 ~
+ I'(a / (t2 —8)" "F(to+ 8,ys + Ptots)ds
ty
71 " a—1 a—1 ~
< F(a) ((tl _3) - (t2 _S) )IF(to—Fs’ys +§0t0+s)|d8
0
1 t2 1
Ty | (=8 P s+ Btors)ld
+F(oz) ” (t2 =)™ "[F(to + 5,45 + Pro4s)|ds
M t1 = 1—ay
=T /0 ((tl —8)* = (ta — s)“*1> e d5>
M to N\ T l1—ay
i to — )% d
" T (/t ((t2=97") )

M t1 8 p 1—aq ts 5 1—ay
< = t1 —s)” — (ty — 5) ds +(/ to — s ds>
g, o =) e (f e

M 1+8 148 148 1—aq
= T)(1+ By (57 =57+ (2= 1))
" M (ty — t;)A+A)(1—a)
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< 2M

~ Do)+ p)t
which means that {Usy : y € E(n,7)} is equicontinuous. Moreover, it is clear that
U, is continuous. So U, is a completely continuous operator. Then U = Uy + Us is

(ty — tl)(l-i-ﬁ)(l—m)7

a completely continuous operator.

Therefore, Krasnoselskii fixed point theorem shows that S+ U has a fixed point
on E(n,7), and hence the fractional IVP (2.1) has a solution x(t) = ¢(0) +y(t —to)
for all t € [to,to—Fﬁ]. O

In the case where ky = 0, we get the following result.

Corollary 2.1. Assume that there exist o € (0,a) and v € (0,00) such that (H1)-
(H3) hold and

(H5) k is continuous and for any x’, 2" € A(o,7), t €I
|k(t,xy) — k(t,z)| < ||z’ — 2"|], where 1€ (0,1).

Then fractional IVP (2.1) has at least one solution on [to,to + 1] for some positive
number 7.

In the case where ko = 0, we have the following result.

Corollary 2.2. Assume that there exist o € (0,a) and v € (0,00) such that (H1)-
(H3) hold and

(H6)' k is completely continuous and for any bounded set A in A(o,7), the set
{t = k(t,x:) : x € A} is equicontinuous on C(I,R™).

Then fractional IVP (2.1) has at least one solution on [to,to +n)] for some positive
number 7.

2.2.3 Extremal Solutions

Define the order relation “ < ” by the cone K in C(J,R™), given by
K={ze€C(J,R") | 2(t) >0 forall teJ}.

Clearly, the cone K is normal in C(J,R™). Note that the order relation “ <”
in C(J,R™) also induces the order relation in the space C which we also denote by
“ <7 jtself when there is no confusion.

We give the following definitions in the sequel.

Definition 2.1. A mapping f: I x C — R" is called L%—Lipschitz if

(i) t+— f(t,z) is Lebesgue measurable for each z € C;
(ii) there exist a constant § € [0, ) and a function [ € L3 (I, R,.) such that

1f(t,2) = f(t, ) <UDz —ylls, ae tel
for all z,y € C.
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Definition 2.2. A mapping ¢g: I x C — R" is said to be Carathéodory if
(i) t— g(t, 2) is Lebesgue measurable for each z € C;
(ii) z+— g(t,2) is continuous almost everywhere for t € I.
Furthermore, a Carathéodory function g(¢, z) is called L%—Carathéodory if
(iii) for each real number r > 0, there exist a constant § € [0, «) and a function
1
m, € L7 (I,R,) such that
lg(t, 2)| <m,(t), ae tel
for all z € C with ||z][« <r.

Definition 2.3. A mapping h: I x C — R"” is said to be Chandrabhan if

(i) t+— h(t,z) is Lebesgue measurable for each z € C;
(ii) z — h(t, z) is nondecreasing almost everywhere for ¢ € I.

Furthermore, a Chandrabhan function h(t, z) is called L7-Chandrabhan if

(iii) for each real number r > 0, there exist a constant v € [0,«) and a function
1
wy, € L7 (I,R) such that
|h(t, 2)| < w.(t), ae. tel
for all z € C with [|z][. < r.

Definition 2.4. A function x € C(J,R") is called a solution of fractional IVP (2.1)
on J if

(i) the function [z(t) — k(t, z;)] is absolutely continuous on I;
(ii) Ly = ¥, and
(iii) « satisfies the equation in (2.1).
Definition 2.5. A function a € C(J,R") is called a lower solution of fractional
IVP (2.1) on J if the function [a(t) — k(t, ;)] is absolutely continuous on I, and
ng‘(a(t) —k(t,ap)) < F(t,a¢), a.e. te€ (to,tg+ o]
ato S (%28
Again, a function b € C(J,R"™) is called an upper solution of fractional IVP (2.1)
on J if the function [b(t) — k(t,b;)] is absolutely continuous on I, and
DY (b(t) — k(t, b)) > F(t,by), ae. t€ (to,to+ 0]
bto 2 QD

Finally, a function € C(J,R™) is a solution of fractional IVP (2.1) on J if it is
a lower as well as a upper solution of fractional IVP (2.1) on J.

Definition 2.6. A solution zjs of fractional IVP (2.1) is said to be maximal if for
any other solution z to fractional IVP (2.1), one has z(t) < xp(¢) for all t € J.
Again, a solution z,, of fractional IVP (2.1) is said to be minimal if z,,(t) < z(t)
for all ¢ € J, where x is any solution for fractional IVP (2.1) on J.
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We need the following hypotheses in the sequel.

(F1) F(t,zt) = f(t,zt) + g(t, z¢) + h(t, 2t), where f,g,h: [ x C = R™;

(F2) fractional IVP (2.1) has a lower solution a and an upper solution b with a < b;
(k0) k(t,z) is continuous with respect to ¢ on I for any z € C;

(k1) |k(t,2) — k(t,y)| < kollz — yl|«, for z,y € C, t € I, where kg > 0;

(k2) k(t, z) is nondecreasing with respect to z for any z € C and almost all ¢ € T;
(f1) f is L3-Lipschitz, and there exists 1 € [0, ) such that |f(t,0)| € L%(I, Ry);

(£2) f(t,2) is nondecreasing with respect to z for any z € C and almost all ¢ € I;

(gl) gis L%—Carathéodory;

(g2) g(t, z) is nondecreasing with respect to z for any z € C and almost all ¢t € I;

(h1) his L7-Chandrabhan.

For any positive constant r, let B, = {z € C(J,R"™) : ||z|| < r}. Set

a—1
q1 = 1_56(_150)7 L:||l||L?1§I
and
_ole o, M=
QQ_l—ﬁ ( ) )a T_HmT”L%I.

In order to prove our main results, we need the following lemma.

Lemma 2.2. Assume that the hypotheses (F1), (f1), (¢1) and (h1) hold. z €
C(J,R™) is a solution for fractional IVP (2.1) on J if and only if x satisfies the
following relation

x(t) = @(0) + k(t,z¢) — k(to, ) + / (t—s)* 'F(s,x5)ds, fortel,

1
() to
z(to +0) = (), for 0 € I.
(2.9)

Proof. For any positive constant r and x € B,., since z; is continuous in ¢, according

o (g1) and Definition 2.2(i)-(ii), g(t,2;) is a measurable function on I. Direct
calculation gives that (t — s)*~! € Lﬁ[to,t], for t € I and 8 € [0,«). By using
Lemma 1.1 (H8lder inequality) and Definition 2.2(iii), for ¢ € I, we obtain that

t

t 1-5
e - Y=
(6= g(sids < ([ = 0Fhds) el

t 1-8
- t— 5)2d Al
([e=smas) el

< M,
T (14 g8

which means that (t —s)*1g(s, z) is Lebesgue integrable with respect to s € [to, ]
forallt €I and x € B,.

to

o (1+a)(1-5).
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According to (1), for t € I and x € B,., we get that
| (& @) | < U@ el + £ 0)] < 1)+ |f(2,0)].

Using the similar argument and noting that (f1) and (hl), we can get that (¢ —
5)*"1f(s,25) and (t—s)*"Lh(s, x,) are Lebesgue integrable with respect to s € [to, t]
for all ¢t € I and x € B,. Thus, according to (F1), we get that (t — s)* 1 F(s,x) is
Lebesgue integrable with respect to s € [to,t] for all t € T and = € B,.

Let G(0,s) = (t —0)~%|0 — s|*"'m,(s). Since G(0, s) is a nonnegative, measur-
able function on D = [tg,t] X [to,t] for t € I, we have

/t:(/t:G(G,s)ds)dﬁ_/DG(G,s)dsch_/t:</t:G(6,s)d9)ds
/Gﬂsdsdﬁ—/ (/G&sds)d@

10— s|*"'m (s)ds> de

(],
( T(s)ds)d@
+/t0(t—9) “(/9 (s—e)a—lmr(s)ds>d9

and

t
< M Gre)a-s) / (t—0)~>do
- (]' + qz)liﬁ to
< 2M, o(1+a)(1-B)+1-a

T (I—a)(d+g)r

Therefore, G1(0,s) = (t — 0)~“(0 — s)*"1g(s,x,) is a Lebesgue integrable function
on D = (tg,t) x (to,t), then we have

t 0 t t
/ dé Gl(ﬂ,s)ds:/ ds/ G1(0,s)do
to to to s

‘We now prove that
toD? (tOD;aF(t,.’L't)) = F(t7:ct)7 fOI‘ t (S (to,to + O'].

Indeed, we have

WD (WD gt 21)) = m—lcy)r@j /t(t _ 0)@(/:(9 _ s)o‘lg(s,xs)ds> i
_ F(l—a di/ d&/:Gl(H,s)ds
- di/d/ l0:)d
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d t
== 5
=g(t,x¢), fort € (to,to+ o]

g(s,zs)ds

Similarly, we can get
tOD? (tODt_af(t?xt)) = f(tvxt)a ttha (tth_ah(t,xt)) = h(t,.’I)t), fOI‘ t S (t07t0+0]5
which implies
DY (tOD[O‘F(t,xt)) = F(t,x;), fort € (to,to+ o]

If x satisfies the relation (2.9), then we get that xz(t) — k(t,z,) is absolutely
continuous on I. In fact, for any disjoint family of open intervals {(a;, b;) }1<i<n 0n
I with Y | (b; — a;) — 0, we have

/ " (b= ) g, ) - [ (o= 9 gts,2.0

to tO

n b;
SZ%@) / (bi = 5)*"'g(s,zs)ds
3 | [ttt mas — [ ot g
- 1 bi a—1
< ; () /al (b; — )" my(s)ds
ni aiafsaflf — 8)* Vm,.(s)ds
+;F(oz)/to ozl e e

"L (b — a;)(1Ha2)(1=8)
<
<2 T@ararr ™l

n (azl-‘ré‘m _ bzl-i-qz + (b — ai)lJrqz)lfB
z:: L(a)(1+g2)'="
n ;) (I+a2)(1-5)
<2} (b — a) M,
P(@)(1+g2)! 7
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Using the similar method, as Y ;- (b; — a;) — 0, we can get that

n b; .
; ﬁ /to (b = )™ f (s, 25)ds = /to (a; —8)* 1 f(s,x5)ds| — 0
and
n b; y
; F(la) /to (bi - S)a—lh(S,xs)ds - /to (ai _ S)Cklh(s,xs)ds 50

Hence, Y i, |(b;) — k(bi, zp,) — x(a;) + k(ai, zq,)|| — 0, as Yoo (bi — a;) — 0.
Therefore, x(t) — k(t,z:) is absolutely continuous on I which implies that x(t) —
k(t,x¢) is differentiable for almost all ¢ € I. According to the argument above, for
almost all ¢t € (o, to + o], we have

DX (a(t) — klt,a)) = CDE <90(0) ~ Ko+ iy [ 0 s>“1F<s,xS>ds)

1 t
_Cpa | _~ _ a—1
=l (F(a) /t =2 F(S’%)ds)
= tC(;Lta(toLt_a} (t’$t)>

o - - (t —t )7a

= tODt (tth F(taxt)> - tODt F(t’xt)’t:tor(li_oa)
o (t —to)™
= Ft,20) = oD “F (bl i, Fy— gy

Since (t—s)*~1F(s, ) is Lebesgue integrable with respect to s € [to,t] forallt € I,
we know that ;,D; “F(t, x+) —ty = 0, which means that tCODfx(t) = F(t,x;), ae. t €
(to,to + o]. Hence, z € C(J,R™) is a solution of fractional IVP (2.1). On the other
hand, it is obvious that if x € C(J,R") is a solution of fractional IVP (2.1), then z
satisfies the relation (2.9), and this completes the proof. O

Theorem 2.2. Assume that the hypotheses (F1), (F2), (k0)-(k2), (f1), (f2), (91),
(92) and (h1) hold. Then fractional IVP (2.1) has a minimal and a mazimal solution
in [a,b] defined on J provided that

[ o(+a)(1-9)

Proof. Define three operators A, B and C on C(J,R™) as follows

(Az)(t) = k(t,z¢) — k(to, ) + / (t—8)*"1f(s,x5)ds, fortel,

T(a) Jy,
(Az)(to +0) =0, for 6 € Iy,
1 ‘ a—1
(Ba)(t) = 2(0) + 7 /t (t — 5)°Lg(s,zs)ds, fort e,

(Bx)(to + 0) = p(6), for 0 € Iy,
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and

(Ca)(t) = ﬁ/t (t — $)°'h(s, zs)ds, fortel,

(Cx)(to+06) =0, for 6 € Iy,

where x € C(J,R™).

Obviously, Az 4+ Bx + Cx € C(J,R") for every x € C(J,R™). From Lemma 2.2,
we get that fractional IVP (2.1) is equivalent to the operator equation (Ax)(t) +
(Bx)(t) + (Cz)(t) = z(t) for t € J. Now we show that the operator equation
Az + Bx+ Cx = x has a least and a greatest solution in [a, b]. The proof is divided
into three steps.

Claim I. A is a contraction in C(J,R").

For any z,y € C(J,R"™) and ¢ € I, according to (k1) and (f1), we have

|(Az)(8) = (Ay)(B)] < [k(t,20) = Kt ye)| + / (t =) 7 f(s,25) = f(5,95)lds

I(a) Ji,
t
< - * N - a-l s Ysl|lx
< oller =il + gy [ = 97 e =l s

1 t oot 1-6
<tolle =l + g ([ €=Fas) el

L Lo(1+a1)(1-9)
<kllr-—y|l+s———lr—
= OH yH F(Ol)(].‘i’(h)li(s” y”

L Lo(tm0=D
= 4+ - xr — R
( o+ ql>1_5> e -yl

Lo(+a1)(1—-9)

which implies that ||[Az — Ay|| < (ko + T
contraction in C'(J,R™) according to (2.10).

Claim II. B is a completely continuous operator and C' is a totally bounded
operator.

For any = € C(J,R™), we can choose a positive constant r such that [|z|| < r.
Firstly, we will prove that B is continuous on B,.. For 2",z € B,,n = 1,2, ... with
lim,, o [|2™ — x| = 0, we get

)Hx — y|. Therefore, A is a

lim z} =x,, for sel.
n—oQ

Thus, by (gl) and Definition 2.2(ii), and noting that z, is continuous with respect
to s on I, we have

lim g(s,z7) = g(s,xs), a.esel.

n—oo

On the other hand, noting that |g(s,z}) — g(s,zs)] < 2m,(s), by Lebesgue
dominated convergence theorem, we have

|(Ba")(t) — (Bz)(t)] < / (t =) Hg(s,2}) — g(s,z5)lds — 0, asn — oo,

(o) Ji,
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which implies
|B2™ — Bz|| = 0 as n — oo.
This means that B is continuous.
Next, we will show that for any positive constant r, {Bx : x € B,} is relatively
compact. It suffices to show that the family of functions {Bz : x € B, } is uniformly

bounded and equicontinuous.
For any x € B, and t € I, we have

|(B2)(1)] < |(0)] + ﬁ / (t — )% g(s, 2.)|ds

< (0 )|+F(100</0t(t—s)mds)1Bllmrllmt .

t 1-p
< 1o+ g ([ € omas)
o (1442)(1-5)
< Jo(0)] + ko

F(a)(14g2)' 8"
For 6 € Iy, we have |(Bz)(tg + 0)| = |¢(0)|. Thus {Bz : x € B} is uniformly
bounded. In the following, we will show that {Bx : x € B,} is a family of
equicontinuous functions.

For anymEB and tg <t <ty <tg+ o, we get

|(Bz) (B )(t1)]
_ ; — (1 — 3)‘1*1) g(s,z5)ds + /: (ta = 5)" " g(s,w5)ds
) /t t2 — )ty — s)“il) g(s, )| ds

b F(a) 5 |(t2 — ) g(s, w,)|ds
e ([ 1) P

1 to L 1 1-8
_ a— -8
+F(a)(/t1 ((ta —5)*7) ds> el

M. t1 1-8 M. to 1-8

< r _ g)92 _ _ 522 r _ )22

S Ty /to (t1 — ) (ta — ) ds) + Ta) (/t1 (ta — s) ds>

M, 1+q l+q 14g2)1-6
< W((h*to) 2= (2 —t0) T 4 (2 — 1))
M,
T (ty—t (14+42)(1-p)
@)+ a8 2"
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2M,

< to — ¢ (1"!“12)(1_ﬂ).
*r(a)(1+q2)1—5(2 2

As ty — t; — 0, the right-hand side of the above inequality tends to zero indepen-
dently of z € B,.. In view of the continuity of ¢, we can get that {Bx: = € B,.}isa
family of equicontinuous functions. Therefore, {Bx : x € B,.} is relatively compact
by Arzela-Ascoli theorem.

Using the similar argument, we can get that {Cz : = € B,} is also relatively
compact, which means that C is totally bounded.

Claim III. A, B and C are three monotone increasing operators.

Since z,y € C(J,R™) with < y implies that x; < y; for ¢ € I, according to
(k2) and (f2), we have

(Az)(t) = k(t, z¢) — k(to, @) + ﬁ/t (t—s)* "1 f(s,zs)ds

/ (= 57 (s )

< Kt ) —k(to,wﬁ t

= (Ay)(®).

Hence A is a monotone increasing operator. Similarly, we can conclude that B and C
are also monotone increasing operators according to (g2), (hl) and Definition 2.3(ii).

Clearly, K is a normal cone. From (F2) and Definition 2.5, we have that a <
Aa + Ba+ Ca and b > Ab+ Bb+ Cb with a < b. Thus the operators A, B
and C' satisfy all the conditions of Theorem 1.11 and hence the operator equation
Az + Bz + Cx = x has a least and a greatest solution in [a, b]. Therefore, fractional
IVP (2.1) has a minimal and a maximal solution on J. O

Example 2.1. Consider the following IVP of scalar discontinuous fractional func-
tional differential equation

CDEax(t) = F(t,z,)
= [(t) + C(O)x(t) + Fdma(t —1) + COh(x(t)), ae te(0,0],

z(0) =0, 6 €[-1,0],
(2.11)
where 0 < o < (mﬁ = 1 and we take functions f(t), ((t) and h(z(t)) as follows
to<t<Z 0, 0<t<?Z,
=3 . P ow=9 5 7
0, §<t§0, 1, §<t§0,

and
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Evidently, the function
F(t,p) = f(t,¢) +9(t, @) + h(t, ¢), ¢ € C([~1,0],R),

where

F(t,9) = F() +C0p(0), 9(t,9) = sz0(-1) and it ) = C(A(o(0)).

One can easily check that a(t) = 0 is a lower solution of fractional IVP (2.11).
On the other hand, let
t, tel0,0],
b(t) = { [0, 0]

0, te[-1,0].

Then, b € C([—1,0],R) is a upper solution of fractional IVP (2.11). In fact, direct
calculation gives that

N|=

t
I

CpEy(t) = > 2t > F(t,by) =

for ¢t € (0, 0.
) %1,

[SJ[°]

Moreover, noting that I'(2) = @, it is easy to verify that conditions (k0)-(k2),
(f1)-(f2), (g1)-(g2), (h1) and (2.10) are satisfied. Therefore, Theorem 2.2 allows us
to conclude that fractional IVP (2.11) has a minimal and a maximal solution in
[0, 0] defined on [—1,0].

2.3 p-Type Neutral Equations

2.3.1 Introduction

Let C = C([-1,0],R™) denote the space of continuous functions on [—1,0]. For any
element ¢ € C, define the norm |[¢|l. = supge(_1 g [(0)]-

Consider the IVP of fractional p-type neutral functional differential equations
of the form

DIg(t ) = f(t,x0), (2.12)
— (to, ) € O, (2.13)
where ng is Caputo fractional derivative of order 0 < g < 1, {2 is an open subset of
[0,00) xC and g, f :  — R™ are given functionals satisfying some assumptions that

will be specified later. z; € C is defined by x¢(0) = x(p(t,0)), where —1 < 6 < 0,
p(t,0) is a p-function.

Definition 2.7. (Lakshmikantham, Wen and Zhang, 1994) A function p € C(J x
[-1,0],R) is called a p-function if it has the following properties:

(i) p(tv 0) =t

(ii) p(t,—1) is a nondecreasing function of ¢;

(iii) there exists a 0 > —oo such that p(t, 6) is an increasing function for 6 for each
t € (0,00);
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(iv) p(t,0) — p(t,—1) > 0 for ¢t € (0, 00).
In the following, we suppose t € (0, 0).

Definition 2.8. (Lakshmikantham, Wen and Zhang, 1994) Let tg > 0, A > 0 and
x € C([p(to, —1),t0 + A],R™). For any t € [to,to + A], we define x; by

z(0) = 2(p(t,0)), —1<6<0,
so that z; € C = C([-1,0],R"™).

Note that the frequently used symbol “x;” (in Hale, 1977; Lakshmikantham,
2008; Lakshmikantham, Wen and Zhang, 1994, x:(0) = z(t + ), where —r < 6§ <
0,7 > 0,r = const) in the theory of functional differential equations with bounded

delay is a partial case of the above definition. Indeed, in this case we can put
p(t,0) =t+r0, 0 €[-1,0].

Definition 2.9. A function x is said to be a solution of fractional IVP (2.12)-(2.13)
on [p(to, —1),t0 + ], if there are tg > 0, > 0, such that

(i) = € C([p(to, —1),to + a],R") and (¢, ;) € Q, for t € [to,to + al;
(i) 24, = ¢;
(iii) g¢(¢, ) is differentiable and (2.12) holds almost everywhere on [to, o + .

We need the following lemma relative to p-function before we proceed further,
which is taken from Lakshmikantham, Wen and Zhang, 1994.

Lemma 2.3. (Lakshmikantham, Wen and Zhang, 1994) Suppose that p(t,0) is a
p-function. For A >0, 7 € (0,00) (T may be o if o > —0), let x € C([p(T,—1), 7+
AlLR™) and ¢ € C([-1,0],R™). Then we have

(1) =z is continuous int on [T, 7+ A] and p(t,0) = p(t+t,0)—7 is also a p-function;
(i) of p(t +t,—1) < 7 fort > 0, then there exists —1 < s(r,t) < 0 such that
p(t+1t,s(1,t)) =7 and

p(r+t,—1) <p(r+t0) <7, for —1<0<s(rt),
T<p(r+1t,0) <7+t for s(,t) < 6 <0.

Moreover, s — 0 uniformly in 7 ast — 0;
(iii) there exists a function n € C([p(r, —1),7],R™) such that

n(p(r,0)) = p(0) for —1<6<0.

It is well known that a neutral functional differential equation (NFDE for short)
is one in which the derivatives of the past history or derivatives of functionals of
the past history are involved as well as the present state of the system. In other
words, in order to guarantee that the equation (2.12) is NFDE, the coefficient of
x(t) that is contained in g(¢, ;) can not be equal to zero. Then we need introduce
the concept of atomic.
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Let g € C(RT x C,R™) and g(t,¢) be linear in ¢. Then Riesz representation
theorem shows that there exists a n x n matrix function 7(t, 6) of bounded variation
such that

0
g@w%:/[@MLWMW)

-
For ¢ty > 0 and 6y € (—~,0), if

det[ (t079+) (t07 )} 7é 07

then we say that g(¢, ) is atomic at 6y for ty. Similarly, one can define g(¢, ) to
be atomic at the endpoints —r and 0 for ¢y. If for every ¢ > 0, g(t, @) is atomic at
6o for t, then we say that g(t, ) is atomic at 8y for RT. If g(¢, ¢) is not linear in ¢,
suppose that g(t, ) has a Fréchet derivative with respect to ¢, then g;,(t, )y € R"
for (t,) € RT x C and ¢ € C, where g/, denote the Fréchet derivative of g with
respect to . Then g;,(¢,¢) is a linear mapping from C into R™ and therefore

0
’t@w=KJ%Mt%®WWL

where u(t,,0) is a matrix function of bounded variation. As before, if
det[p(to, o, 0 ) — p(to, 0,0y )] # 0, for tg > 0, then we say that, the nonlin-
ear g(t, ) is atomic at for (to,0)- If g(t, o) is atomic at 6y, for every (¢, ),
then we say that g(t, ¢) is atomic at 6y for RT x C.

For a detailed discussion on atomic concept we refer the reader to the books
Hale, 1977; Lakshmikantham, Wen and Zhang, 1994.

Lemma 2.4. (Hale, 1977; Lakshmikantham, Wen and Zhang, 1994) Suppose that
g(t, ) is atomic at zero on Q. Then there are a continuous n X n matriz function

A(t, o) with detA(t,o) # 0 on Q and a functional L(t,p,v) which is linear in 1)
such that

9o (t, @) = A(t,0)1p(0) + L(t, ,4).
Moreover, there exists a continuous function v : Q x [0,1] = RT with (¢, »,0) =0
such that for every s € [0,1] and ¢ with (t,v) € Q, ¥(0) =0 for —1 <0 < —s,

|L(t7 (P>1/1)| < 7(t7 2 S)”'@[JH*

In Subsection 2.3.2, we discuss various criteria on existence and uniqueness of
solutions for fractional IVP (2.12)-(2.12). Subsection 2.3.3 is devoted to the con-
tinuous dependence on data for solutions.

2.3.2 Existence and Uniqueness

Assume that the functional f : Q — R"™ satisfies the following conditions.

(H1) f(t,¢) is Lebesgue measurable with respect to t for any (¢, ¢) € €;
(H2) f(t,¢) is continuous with respect to ¢ for any (¢, ) € Q;



Fractional Functional Differential Equations 47

(H3) there exist a constant ¢; € (0,¢q) and a Lﬁ—integrable function m such that
£ (t, )| < m(t) for any (t,¢) € Q.

For each (to,p) € Q, let p(t,0) = p(to + t,0) — to. Define the function n €
C([ﬁ(o, _1)7 00)7 Rn) by
n(p(0,0)) = ¢(6), for 6 c [-1,0],
{n(t) = (0), for ¢t € [0, 00).
Let z € C([p(to, —1),to + o, R™
z(to +1t) =

, < A and let
t)+ z(t) for p(0,—1) <t <. (2.14)

Lemma 2.5. x(t) is a solution of fractional IVP (2.12)-(2.13) on [p(to, —1),t0 + ]
if and only if z(t) satisfies the relation

1 t
g(to +t,7 + Z) — g(to, @) = @/ (t —s)T f(to + 5,75 + Z5)ds, t € [0,al,
0

% =0,
' (2.15)
where 7,(6) = n(p(t, 6)), %(6) = 2(3(t,6)), for —1 < 6 <0,

Proof. Since x; is continuous in ¢, z; is a measurable function, therefore according
to conditions (H1) and (H2), f(¢, ) is Lebesgue measurable on [tg, o + a]. Direct
calculation gives that (t — )97 € LTa [to, t], for ¢ € [to,to + @] and ¢1 € (0,¢). In
light of Holder inequality, we obtain that (t — s)971 f(s, ) is Lebesgue integrable

with respect to s € [to,t] for all ¢ € [tg, to + «], and
t
[(t = 8)7 1 f(s,25)|ds < [|(t = )71 [[ml

to LT [0, LA [to.to+a]
Hence x(t) is the solution of fractional IVP (2.12)-(2.13) if and only if it satisfies
the relation

g(@m)—g(to,x%):ﬁ / (t— w)T L f(u,z)du, for t € [fo, to + o,

to

Tty = P,
or setting u = tg + s,

1 t
g(t() + t,$t0+t) — g(t(),fto) = @ / (t — S)q_lf(t() + S, xt0+8)d8, for t € [07 Oé]7
0

Tty = P.
(2.16)

In view of (2.14), we have
Tyo41(0) = z(p(to +t,0)) = x(p(t,0) + to)
=n(B(t,0)) + 2(p(t, 0))
=(0) + 2(6), forte0,al.
In particular ¢, (0) = 70(0) + 20(0). Hence x, = ¢ if and only if Zy = 0 according
to 77 = . It is clear that x(t) satisfies (2.16) if and only if z(t) satisfies (2.15). O
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For any 0,& > 0, let
E(0,8) ={z € C([p(0, -1),0,R") : Zg =0, |2« <& fort €[0,0]},

which is a bounded closed convex subset of the Banach space C([p(0,—1),0],R")
endowed with supremum norm || - ||.

Lemma 2.6. Suppose Q0 C R x C is open, W C Q is compact. For any a neigh-
borhood V' C Q of W, there is a neighborhood V"' C V' of W and there exist
positive numbers o and & such that (to + ¢, 7 + AZ) € V' with 0 < X\ < 1 for any
(to,) € V"t €]0,0] and z € E(0,§).

The proof of Lemma 2.6 is similar to that of (iii) of Lemma 2.1.8 in Lakshmikan-
tham, Wen and Zhang, 1994, thus it is omitted.

Suppose g is atomic at 0 on . Define two operators S and T on E(a, ) as
follows

(Sz)(t) =0, for t € [p(0,-1),0],
A(to +1,7:)(S2)(t) = g(to, p) — g(to + &, 7 + Z) (217)
+ gl (to +t, )2 — L(to +t, 7, Zt), for ¢t € [0, o
and
(Tz)(t) =0, for ¢t € [p(0,—1),0],
Alto + 1, ﬁt)(TZt)(t) (2.18)
1 / . .
= TN (tis)q f(tOJrS»UerZs)dSa fort e [0,0[],
I'(q) Jo
where A(tg +t,7:), L(to + t, 7, 2;) are functions described in Lemma 2.4.
It is clear that the operator equation
z2=982+Tz (2.19)

has a solution z € E(«, ) if and only if z is a solution of (2.15). Therefore the
existence of a solution of fractional IVP (2.12)-(2.13) is equivalent to determining
a, > 0 such that S + T has a fixed point on E(a, ).

We are now in a position to prove the following existence results, and the proof
is based on Krasnoselskii fixed point theorem.

Theorem 2.3. Suppose g : @ — R™ is continuous together with its first Fréchet
derivative with respect to the second argument, and g is atomic at 0 on Q. f:Q —
R™ satisfies conditions (H1)-(H3). W C Q is a compact set. Then there exist a
neighborhood V-.C Q of W and a constant o > 0 such that for any (to,¢) € V,
fractional IVP (2.12)-(2.13) has a solution which exists on [p(to, —1),to + a].

Proof. As we have mentioned above, we only need to discuss operator equation
(2.19). For any (t,p) € €, the property of the matrix function A(¢, ) which is
nonsingular and continuous on 2 implies that its inverse matrix A=1(¢, o) exists
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and is continuous on 2. Let Vi C Q be the neighborhood of W, suppose that there
is an M > 0 such that

A7 (2, )| < M, for every (°,¢) € Vi. (2.20)

1
Note the complete continuity of the function (m(t))ar, hence, for a given positive
number N, there must exist a number ag > 0 satisfying

(/tomo(m(s))qﬂds) ! < N. (2.21)

to
Due to the continuity of functions v and g;, described in Lemma 2.4, there exist
a neighborhood Vi C Q of W and constants hy > 0, hy € (0,1] such that

Y (to + 8,70, —s)| = |y(to + £, 71, =) — (to + £, 77, 0)] < (2.22)

aM’

- . 1
|90, (to + 77 + ) — gl (to +t,7:)] < T (2.23)
whenever (tO + tvﬁt)7 (tO + taﬁt + ¢) € ‘/1 and WJH* < hl? —Ss € [07h2]
Let Vo = Vo N V;. According to Lemma 2.6, we can find a neighborhood V' C
V5 of W and positive numbers a7 and S with a; < ag and 8 < hy such that
(to+t, e +A2) € Vo with 0 < A < 1 for any (to,¢) € V,t € [0,1] and z € E(ay, ).
Let

h(to +t, 7, 2e) = glto + ¢, + Z¢) — g(to +t, ) — g5, (to + ¢, 7e) 2.

Then we have

1
|h(to +t, 7, Z¢)| = ’(/ 9o, (to + 1,7 + Az )d\ — gi,(to + t, ﬁt)) Zt
0

(2.24)

[1Z¢]]+-

< ’ /01 9o (to + 7 + AZt) — giy(to + L, 7 )
According to (2.20), (2.23) and (2.24), for any (tg, ¢) € V, we have
|A™ (to + t,73¢) h(to + 1,7, Z¢)| < g. (2.25)
On the other hand, for any z,w € E(ay, ) and t € [0, aq]
AZ 4+ (1 = Mg« < [IAZ¢[ + [[(1 = Naelle <AL+ (1= N5 =5,
thus, (to + ¢, 7 + A2 + (1 — N)wy) € Va, and
|h(to +t,71t, Z) — h(to + ¢, 7}, we)|

= [g(to +t, 7 + Z:) — g(to + t, 7 + Ws) — g, (to + 1,77 ) (2 — y)|

1
_ ‘ ( [ttt MG = 00— gl 1o+ m)) Go—w)| (220
0

1
< ‘ / (95 (to + 1,71 + N2 4+ (1 — N)wy) — gi,(to +t, 7)) d)\‘ 1Ze — e |-
0
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From (2.20), (2.23) and (2.26), we have
_ L _ .. .
|A_1(t0 + t7 Wt)[h(to + tanh Zt) - h(to + t7 ntawt)]l S g”zt - U}tll* (227)

By (ii) of Lemma 2.3, we can also choose ag < a1 such that for ¢ € [0, ], —s(0,¢t) €
[0, ho]. From (2.20) and (2.22), we have

| A7 (to + ¢, 1) || L(to + t, ¢, 2 )|

A7 o+ L)t + 2. —5(0. )] (2.25)

IN

N

1.
< {1l

whenever t € [0, as] and z € E(ag, ).

Now consider the expression g(to, ) — g(to + ¢, 7). Since g is continuous in 2
and noting the facts that 7, is continuous in ¢ and 79 = ¢, there exists a constant
a3 < ag such that

. B
|9(to, ) — g(to +t,7:)| < R (2:29)
whenever ¢ € [0, as).
Set
1
T T=a)(1T5)
a = min {a3, 1+ b)ﬁ (;&6) ' } , (2.30)

where b = {== € (~1,0).
Now we show that for any (tg, ) € V, S+T has a fixed point on E(«, 3), where
S and T are defined as in (2.17) and (2.18) respectively. The proof is divided into
three steps.
Claim I. Sz + Tw € E(a, 8) whenever z,w € E(a, ).
Obviously, for every pair z,w € E(a, ), (Sz)(t) and (Tw)(t) are continuous in
t € [0,«]. From (2.25), (2.28) and (2.29), for ¢ € [0, ], we have
(S2)0)1 < A7 (o + 7] {loo #) — gt + £,7)] + |LGo + .7, %)
+1g(to +t,7:) — g(to +t, 7 + Zt) + gl (to +,77:) 24| }
B

< —.
-2

For ¢ € [0, o], by using (2.20), (2.21), (2.30) and Hélder inequality, we have

(Tw)(8)] < |4~ (to + 1, 7)] ﬁ \ / (t— $)T1f(to + 5. 7 + B )ds

1—q1
<MN< 1 a1+b> ‘

T T(g \1+b

IA

N
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Thus [(Sz)(t) + (Tw)(t)| < fie. Sz 4+ Tw € E(a, ), whenever z,w € E(a, 3).
Claim II. S is a contraction mapping from F(«, §) into itself whose contraction
constant is independent of (¢g, ) € V.
For any z,w € E(«a,8), wo — 29 = 0. Hence (ii) of Lemma 2.3 and Lemma 2.4
are applicable to w; — Z;. For every pair z,w € F(«, ), from (2.27), (2.28) and
noting the fact that

sup ||z — @« = sup  sup [2(p(t,0) —w(p(t,0))]
0<t<a 0<t<a —1<6<0

= sup sup  |z(s) — w(s)|
0<t<a p(t,—1)<s<t

= sup [z(s) —w(s)
ﬁ(o»fl)SSSO‘

[z —wl,
we have

152 = Sw|| = sup  [(S2)(t) — (Sw)(t)|

p(0,~1)<t<a

= sup [(52)(t) — (Sw)(?)]

0<t<la

< sup {|A (to + ¢, ﬂt)|(|L(to+t’ﬁt,@t*5t)|
0<t<a

+ |hlto + t, 7, 20) — h(to + t, 7, 0¢)]) }

<(i4d 12 — el
—+ =] su Zp — Well«
=13 1 ogtlg)a t t

z w|.
8

Therefore S is a contraction mapping from E(a, ) into itself whose contraction
constant is independent of (o, ) € V.

Claim III. Now we show that T is a completely continuous operator.

For any z € E(a, 8) and 0 < t1 < t2 < «, we get

(T2)(t2) = (T2)(t1)]

1 [
= ’A_l(to—‘rtg,ﬁtz)/ (t2 —S)q_lf(to—l—s,ﬁs + Zs)ds
I'(q) Jo

1 t L
— A Nto +t1, 7, ) =— ( /(tl—s)q_lf(to—i—s,ns—i—zs)ds

I'(q)
1
= A7 (to + t2, 7] —/ (ta — )T  f(to + 5,015 + Z5)ds
’ tz F(Q) ty
+ A7 (to + ta, Tiry) / ty — 8)T f(to + s,7is + Z5)ds
I‘(q 0
1

— A7 (to + ta, Tty / (t1 — 8)T  f(to + 5,715 + Z5)ds

F(q 0
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1
+A—1(t0+t2,7’]t2 F( / tl —3 q 1f(t0+8 775 +Zs)d
1 = 1
— A7 (to + t1, 7, Q) /, tl*S fto+s,7s + Zs)ds

A (tg+t b2
S‘ (0+2’nt2 ‘/ tz—sqlf(toJrsn;Jrz)d

A1l t t
+\ 0+ 2, 7)) | ‘ [(ta — 8)97 1 — (t; — 8)97 Y f(to + 5,75 + Z5)ds
A7t t A~ t t
N (0+ 2,77t2)r() (to + 1777t1|‘/ )11 f(to + 8,715 + Zs)ds
|A= (to + t2,71,)| |A= (b0 + t2,7e,) — A (to + 1,71, )|
- I+ ) + I3,
F(q) ( 1 2) F(q) 3
where

12
Il = / (tQ — S)q_lf(to + S,ﬁs + 25)d8

ty

I, = /01((1?2—8)‘1 Lty — )1 )f(t0+s s + Z5)ds|,

i1
I — / (ty = )71 fto + 5,71 + ,)ds
0

By using analogous argument performed in (2.31), we can conclude that

R )
N A
I e 1)

ty 1 1—q1 to+t1 1 q1
I, < </ |(f2 — 3)‘1—1 _ (tl _ S)q—l‘ T—q1 dS) (/ |f(S,.’L‘S)|‘11dS>
0 to
N

11 1-q1
< </ (t1 — )" — (to — s)bds>
0
N 1—q1
_ m(tll—i_b _ t21+b + (tg _ t1)1+b) q
N
< gyt -0,

where b = % € (—1,0). Therefore

[(T2)(t2) = (T2) ()]

AT o+ ta, i)l 2N (ts — 1) (1D (1-a)
B I'(q) (I4b)t-a
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I |A™ (to + t2,7e,) — A (to + 1,7, )| N ( 11+b)1*Q1

I'(q) (1+0)ima '
Since A=Y (to+t,7) is continuous in ¢ € [0, a], then {T'z; 2 € E(a, 8)} is equicontin-
uous. In addition, T is continuous from the condition (H2) and {T'z;z € E(a, §)}
is uniformly bounded from (2.31), thus 7" is a completely continuous operator by

Arzela-Ascoli theorem.

Therefore, by Theorem 1.7, for every (t9,9) € V, S + T has a fixed point on
E(a, B). Hence, fractional IVP (2.12)-(2.13) has a solution defined on [p(tg, —1), to+
al. O

Corollary 2.3. Suppose that (to, ) € Q is given, g, f are defined as in Theorem
2.3. Then there exists a solution of fractional IVP (2.12)-(2.13).

Corollary 2.4. Suppose that ), f are defined as in Theorem 2.3. If (to,p) € Q
s given, then the fractional IVP relative to fractional p-type retarded differential
equations of the form

ngl'(t) = f(t7xt)7
Lty = @
has a solution.

The following existence and uniqueness result for fractional IVP (2.12)-(2.13) is
based on Banach contraction mapping principle.

Theorem 2.4. Suppose (to, ) € Q is given, g is defined as in Theorem 2.3. f :
Q — R" satisfies the condition (H3) and

(H4) f(t,z¢) is measurable for every (t,z;) € Q;
(H5) let A > 0, there exists a nonnegative function £ : [0, A] — [0,00) continuous
at t =0 and £(0) = 0 such that for any (t,z;), (t,y:) € Q, t € [to,to + 4],

we have
t
/ (t— )1 (F(5,25) — F(s,95))ds| < £t —to) sup [\zs — ysl]s.
to toSsSt

Then fractional IVP (2.12)-(2.13) has a unique solution.

Proof. According to the argument of Theorem 2.3, it suffices to prove that S + T
has a unique fixed point on E(a, ), where «, 5 > 0 sufficiently small. Now, choose
a € (0, A] such that (2.30) holds and

A1 M
c=—+ sup | (to +Sa77&)‘ |€(5)|

< 1.
8 0<s<a F(q)

Obviously, S + T is a mapping from E(«, ) into itself. Using the same argument
as that of Theorem 2.3, for any z,w € E(a, 8),t € [0, a], we get

(52)(t) = (Sw)(#)] < gllz — wl],
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and
(T2)(t) — (Tw)(p)| < Ao £ t7)] to” t)| ’/ YL (0 + 5,77, + 25)ds
/ (t— $)7 flto + 5.7 + 04)ds
0
|A= (to + t, 7)) _
— 7|t su Zs — W ||+
< () £(t)] OSSI;II [
SupOSsS(x |A_1(t0 + 57ﬁ8)| |£(8)|
< T |2 — wl.
(q)
Therefore

[(S+T)z(t) — (S+THw(t)] < (: + Oilslga 47 (o —;Z?SN E(s)|> Iz — w]|

=c||z —w]|.
Hence, we have
[(S+T)z— (S +T)wl| < cflz —wl],

where ¢ < 1. By applying Theorem 1.4, we know that S + T has a unique fixed
point on E(a, #). The proof is completed. O

Corollary 2.5. Suppose the condition (H5) of Theorem 2.4 is replaced by the fol-
lowing condition:

(H5) let A > 0, there exist g2 € (0,q) and a real-valued function £y € L [to, to+A4]
such that for any (t,xz:), (t,yr) € Q, ¢ € [to,to + A], we have

[f(t,2e) = f(t,ye)| < Gu(t) sup los — ysll.

to<s<t
Then the result of Theorem 2.4 holds.

Proof. It suffices to prove that the condition (H5) of Theorem 2.4 holds. Note that

l € Lz [to, to + A], let K = H€1||Lq2 o to Al Then for any (¢, ), (t,y:) € Q we
0, Lo

have

’ /t:(t = 8)17 N (f(s,25) = f(s,ys))ds

< / (t— )7 f(s,22) — £(5,5)|ds

to
t

< [t= ) ds s el
to to<s<t

K
< ()10 qup |2y — s,
= (1_’_b1)1,q2 ( 0) t0§5p§t|| Y ||
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where b = % € (—1,0). Let

K
Ut —to) = ———— (t — to)(IFE1)(1=a2),
( 0) (1 ¥ bl)l_q2 ( 0)
Obviously, £ : [0, A] — [0, 00) continuous at t = 0 and £(0) = 0. Then the condition
(H5) of Theorem 2.4 holds. O

The next result is concerned with the uniqueness of solutions.

Theorem 2.5. Suppose that g is defined as in Theorem 2.8 and the condition (H5)'
of Corollary 2.5 holds. If x is a solution of fractional IVP (2.12)-(2.13), then x is
unique.

Proof. Suppose (for contradiction) z and y are the solutions of fractional IVP
(2.12)-(2.13) on [p(to, —1),to + A] with = # y, let

ty = inf{t € [to,to + A] : x(t) # y(t)}.
Then tg < t; <tg+ A and
x(t) =y(t) for p(to, —1) <t < t1,
which implies that
ze(0) = 2(p(t,0)) = y(p(t,0)) = y:(0), to <t <t;, —1<6<0. (2.32)

Choose a > 0 such that ¢; + o < ¢t + A. According to (i) of Definition 2.9, we
have

{(tzy), i <t <ti+a}( J{(tw), b <t<ti+a}CQ.
On the one hand, = and y satisfy (2.12)-(2.13) on [to, to + A], thus from (2.32)
and the condition (H5)', for t € [to, t1 + ], we have

1 ! g1
l9(t21) — g(t,y0)] < 1“((1)‘ / (e ) ) = Fls )

_ 1 ‘
['(q)
1 ¢ L
< — t—38)1"l1(s) ds sup ||zs — ys||«
G /h( () ds s e~ il

K
0 4h)(-q2) _
> «Q sup Ts — Ys|l«
F<q)(1 + bl)l_q2 t1<s<ti1+a H ’ SH ’
here by = 4=L ¢ (—1,0), K = ||¢ .
where by = {=- € (~1,0), [ 1HL$[t07 o]
On the other hand, since g(t, ¢) is continuously differentiable in ¢, we have

g(t,xe) — g(t, ye) = g, (t ye) (e — ye) + Ellze — yell (2.34)

with & — 0 as ||z — y¢||« — 0.

/t (t— )7 (F(s,0) — f(s,9s))ds

(2.33)
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By the hypothesis that g(¢, ) is atomic at 0 on €2, there exist a nonsingular
continuous matrix function A(t,y:) and a function L(t,y, ) which is linear in 4
such that

9ot ye)tp = At yr)y(0) + L(t, g1, ). (2.35)

Moreover, there is a positive real-valued continuous function (¢, y;, —s) such that
for every s € [-1,0],

|L(t, ye, )] < (L ye, —s) ||l (2.36)

if () =0 for =1 <6 < s.
Hence for every t € [t1,t1 +a], by (ii) of Lemma 2.3, there is s(t1,t—t1) € [—1, 0]
with s(t1,t —t1) — 0 as t — t; such that

|L(t>ytaxt - yt)| < V(tvyh _S(tht - tl))”xt - ytH*
From (2.34)-(2.36), it follows that
g(t ) — g(t,ye) = At ye) (2(t) — y(t)) + Lt ye, o0 — ye) + Kl|ze — yell,
therefore
l2(t) — y(t)] < A7 (@t yo)lllg(t, ze) — g(t, ve)|
+ (v, —s(tr, t —t) e — yells + Kllze — yell«]-

Let My = max{|]A='(t,y,)| : t1 < t < t; + a}. Then by relation (2.33), for
t € [t1,t1 + @], we have

lz(t) —y()| < v sup  los =yl
t1<s<t1+a

where ¢; = M, (W a1+b1)(1—g2) v(t, ye, —s(t1,t —t1)) + k;)
Noting that

sup  [|zs —ysll = sup sup [z(p(s,0)) —y(p(s,0))|
t1<s<t1+a t1<s<ti1+a —1<6<0

= sup sup  |z(p) — y(p)|
ti<s<ti+a p(s,—1)<p<s

= sup [z(s) —y(s)l,
p(t1,—1)<s<t1+a

we have
sup lz(s) —y(s)| < a1 sup lz(s) —y(s)|.
p(t1,—1)<s<t1+a p(t1,—1)<s<t1+a

Choose « so small that ¢; < 1. Thus

sup |z(s) —y(s)| =0, ie z(t)=yt), fortg <t<t +a,
p(t1,—1)<s<t1+a

contradicting the definition of ¢;. O
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2.3.3 Continuous Dependence

The following lemma is introduced in Lakshmikantham, Wen and Zhang, 1994.
However, for the sake of completeness, we outline its proof here.

Lemma 2.7. Assume x € C([p(0,—1), A],R™). Then for every t € [0, A]

[ze]] < sup [x(s)| + [lzol-
0<s<t

Proof. By definition, ||zo|| = sup_;<p<q [#(p(0,0))[. If p(t, —1) > 0, then
0<pt0 <t, for —1<6<0.
Thus,

sup |z(p(t,0))| < sup |z(s)| < sup |z(s)] + [|zo]-
—1<6<0 0<s<t 0<s<t

If p(t,—1) < 0, then by Lemma 2.3, there exists an s € [—1,0] such that
p(tv _]-) < p(tva) < p(oaa)v for —1 < 0 < 5,

while
0<p(0) <t, for s<6<0.
Hence
sup [z(p(t,0))| < sup |a(p(t,0))]+ sup |z(p(t,0))]
—1<6<0 —1<6<s s<6<0
< sup |z(p(0,0))]+ sup [z(p(t,0))]
—1<6<0 s<6<0
= [|zoll + sup [z(s)],
0<s<t
completing the proof. O

We can now prove the following result on continuous dependence.

Theorem 2.6. Let (tg, ) € Q be given. Suppose that the solution x = x(tg, ) of
(2.12) through (to, ) defined on [to, A] is unique. Then for every e > 0, there exists
a 0(e) > 0 such that (s,v) € Q, |s —to] < I and || — || < ¢ imply

||33t(57¢) - xt(t()v@)H < €, fO’I" a‘ll te [U? A]a
where (s, 1) is the solution of (2.12) through (s,v) and o = max{s,to}.

Proof. In order to prove the theorem, it is enough to show that if {(tx, ¢*)} C €,
with ¢, — to and ¢¥ — ¢ as k — oo, then there is a natural number N such
that each solution ¥ = z(t*, ) with k > N of (2.12) through (t*, p*) exists on
[p(tr, —1), A] and x*(t) — x(t) uniformly on [p(c, —1), A], where o = sup{to,t* :
k> N}.

Since z+(to, @) is continuous in t € [tg, A], the set W = {(¢, z+(to, ¢)) : t € [to, A}
is compact in 2. By Theorem 2.3, there exist a neighborhood V of W and number
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a > 0 such that for any (s,1) € V, there is a solution z(s, ¢) of (2.12) through (s, )
which exists at least on [s, s + «]. Without loss of generality, we let V = V (W, r),
choose N so large that [ty —to| < § and [|¢* — ¢|| < %, so that (tx, ") € V for
k> N. Thus ¥ = x(t;, o*) exists at least on [ty, t; + «a]. For convenience, we shall
denote p = ¢¥, x = 2 and 2¥ = z(t, ¢*), k=0,1,... .

Let pi(t,0) = p(ty +t,0) — tg. Define n*, 3* the same way as in Lemma 2.5.
Recalling the proof of Lemma 2.5, we see that 3* satisfies:

1 [t _
g(tu+t, nF+yF) —g(tr, %) = @/ (t—8)T"  f(tp+s,nF+yF)ds, t€[0,0] (2.37)
0

if and only if ¥ is the solution of (2.12) on [p(t, —1), tx+a], where nF = n*(pi.(t,0)),
yt = y"(px(t,0)).

Set 7% = yk|[07a], the restriction of y* to [0,a]. Let A = {gy* : k = 0,1,2,...}.
For every zj, = (t1, "), define operators S(z) : A — C([0,a],R™) and T'(z;) : A —
C([0, o], R™) as follows:

S(z)z(t) = A7ty + t,0))[g(te, @) — gt + t,0f + 20)

and
1 t
T(z1)2(t) = A=ty + ¢, nf)m/ (t—s)T" f(ty +s,mF +2)ds, 0<t<a,
q) Jo
where z;(0) = z(px (¢, 0)) with zg = 0.
It is easy to see that {T'(z;)7*} is compact in C([0,a], R"). Recalling the The-
orem 2.3, we see that there exists a constant v € [0,1) which is independent to z
such that

Sz — Syl| <v|lz—y|| forany zyeA. (2.38)

Let {zx : k = 0,1,2,...} = A. Denote the Kuratowskii noncompact measure of
A C C([0,a],R™) by a(A). Then (2.38) implies that

o U 560w) < e,

zkef\

Let R =S +T. Thus 4* = R(z,)¥s. By the well-known properties of Kuratowskii
noncompact measure «, we immediately obtain that

a(A) = a({R(zr)gk}) < a({S(z)5"}) + a({T(2)7"})
= a({S(z)7"}) < a( | S(r)(1)) < vad).
szA

This means that a(A) = 0 which implies A is relatively compact in C([0,a], R™).
Hence there exists a subsequence of A, say {y*'}, which converges uniformly on
[0, @]. Assume that

g™ (t) — g*(t) uniformly on [0, al.
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Define a function y* : [po(0, —1),a] — R"™ by
{y*(t) =y'(t), for0<t<a,

where pg is such a p-function that po(t,8) = p(t +to,0) —to. Let 6 = inf{py(0,-1) :
k=0,1,2,..} and §* denote the extension of y* to [§, a] which is defined by
gri(t) = yFi(t), for0<t<a,
gri(t) =0, for 6 <t <0.
Obviously, {§*(t)} converges uniformly on [, a] as k; — co. Consequently, {7*:}
is a relatively compact set.
We claim that yf* — y uniformly in ¢ € [0, a]. In fact,
Pk: (8:0) = po(t,0) = |(p(tr, +1,0) — tr,) — (p(to +1,0) — to)]
< |p(te, +1,0) — pto +t,0) + [to — tk,

Hence, for every p > 0 there exists a number L such that
Ipk; (t,0) — po(t,0)] < u, whenever k; > L.

We have the inequality

vt — v = _sup 15" (pr, (£,0)) — y* (po(t, 0))]
= suwp 19" (pr, (£, 0)) — 9" (po(t, 0)) + 5" (po(t,0)) — y* (po(t, 0))|
< sup 19" (pr: (t,0)) — 9" (po(t,0)))|
+_sup 9" (po(t,0)) — y*(po(t,6))] -

By Lemma 2.7, we get

sup |9 (po(t. 0)) — y* (po(t,0))] < sup |y*(t) —y*(0)| + ||95° — wi)|
~1<6<0 0<6<a

= sup [y*(t) —y*(t)].
0<h<a

For every € > 0 there exists a number L; such that

. . €
sup ’yk’(t) -y (t)| < 2 for k; > L1,
0<6<a

by the definition of y*. On the other hand, since {§*'} is an equi-continuous set,
for the given €, there exists a p > 0 such that

i

(t) — g% ()] < g for |t—7| < p. (2.39)

We can choose L > L; so that |pg, (t,0) — po(t,6)] < p. Thus (2.39) holds as long
as k; > L. Furthermore,

|y)* = we|| <e, whenever k; > L,
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which is just our claim. A similar argument shows that 77,{“‘ — 1y uniformly in
t € [0,a]. The limiting process upon (2.37) yields

1 t
g(to-ﬁ-t,m-l-yf)—g(to,sﬁ):@/(t—s)q_lf(to-i-sms-i-y:)ds» 0<t<a,
0

Yo =0,
which demonstrates that y* as well as y° is a solution of the fractional IVP

. e -
g(t0+tant+yt)_g(t07(p):@/(t_s)q 1f(t0+8a775+ys)d57 Ogtgaa
0

Yo = 0.
The hypothesis that x(t, ) is unique, that is, y° is unique implies that y* = 3°.
Thus y*i(t) — y°(¢) uniformly on [0,a] as k; — oo. The verified fact that every
subsequence of sequence {y*} has a convergent subsequence with a same limit 3°
implies that the entire sequence {y*} converges to y°. Translating these remarks
back into z*, we have indeed obtained the result stated in this theorem for the
interval [p(o, —1),0 + a].

Let b = o +a. Ifb < A, (byxp) € W, we can choose Ny > N such that
(b,2f) € V as long as k > Ny. By Theorem 2.3, for every point (b, z¥) the solution
z¥ (b, 2F) exists at least on [p(b, —1),b+ a]. The above argument can be adapted to
this interval which yields the assertion that z* (b, 2)(t) — 2°(to, ¢)(t) uniformly on
the same interval. The conclusion stated in theorem can be verified by successive
steps of finite intervals of length «. Hence the proof is completed. O

2.4 Neutral Equations with Infinite Delay

2.4.1 Introduction

In Section 2.4, we consider the initial value problem of fractional neutral functional
differential equations with infinite delay of the form
WDig(t,we) = f(t, ), t € [to, 00), (2.40)
Tty = @, (to, ) € [0,00) x Q, (2.41)
where tCODf is Caputo fractional derivative of order 0 < ¢ < 1, € is an open subset
of B and g, f : [tg,00) X @ — R™ are given functionals satisfying some assumptions
that will be specified later. B is called a phase space that will be defined later.

If 2 : (—o0,A) = R", A € (0,00), then for any ¢ € [0, A) define z; by z:(0) =
x(t+0), for § € (—o0,0].

Denote by BC(J,R™) the Banach space of all continuous and bounded functions
from J into R™ with the norm || - ||.

To describe fractional neutral functional differential equations with infinite de-
lay, we need to discuss a phase space B in a convenient way. We shall provide
a general description of phase spaces of neutral differential equations with infinite
delay which is taken from Lakshmikantham, Wen and Zhang, 1994.

Let B be a real vector space either
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(i) of continuous functions that map (—oo,0] to R™ with ¢ = 9 if ¢(s) = ¥(s) on
(—00,0] or

(i) of measurable functions that map (—oo, 0] to R™ with ¢ = 9 (or ¢ is equivalent
to ©) in B if ¢(s) = 1(s) almost everywhere on (—o0,0], and ¢(0) = (0).

Let B be endowed with a norm || - |5 such that B is complete with respect to
|| - [|5. Thus B equipped with norm || - || g is a Banach space. We denote this space
by (B, | - ||g) or simply by B, whenever no confusion arises.

Let 0 <a< A. Ifx: (—o0, A) — R™ is given such that z, € Band = € [a, A) —
R™ is continuous, then z; € B for all ¢ € [a, A).

This is a very weak condition that the common admissible phase spaces and BC
satisfy. For more details of the phase spaces, we refer the reader to Hino, Murakami
and Naito, 1991; Lakshmikantham, Wen and Zhang, 1994.

Definition 2.10. A function x : (—00,%y + o) = R"(¢y € [0,00),0 > 0) is said to
be a solution of fractional IVP (2.40)-(2.41) through (o, ¢) on [to,to + o), if

(i) Lo = F;

(ii) z is continuous on [tg,to + 0);

(iii) g(¢,z) is absolutely continuous on [tg,tg + 0);
(iv) (2.40) holds almost everywhere on [tg,tg + o).

Let © C B be an open set such that for any (fg,¢) € [0,00) x Q, there exist
constants 01,71 > 0 so that z; € Q provided that = € A(tg,¢,01,71) and t €
[to, to + 01], where A(tog, ¢, 01,71) is defined as

A(t()v @, 0—1771) = {1’ : (_OO,tO + Jl] — Rna Ty = P, sup ‘.’E(t) - 90(0)| S 71} .
to<t<to+o1

In order to guarantee that equation (2.40) is NFDE, the coefficient of z(t) that
is contained in ¢(t,z;) cannot be equal to zero. Then we need to introduce the
generalized atomic concept.

Definition 2.11. (Lakshmikantham, Wen and Zhang, 1994) The functional ¢ :
[0,00) x @ — R™ is said to be generalized atomic on €2, if

9(t, @) — g(t,¥) = K(t, ¢, 9)(0(0) — ¥(0)) + L(t, ¢, 1)
where (¢, ¢, 9) € [0,00) xQ2xQ, K :[0,00)xQ2xQ — R" ™ and L : [0,00) xQxQ —
R™ satisfy

(1) detK(t,p,p) # 0 for all (¢,p) € [0,00) x Q;

(ii) for any (to,%) € [0,00) x Q, there exist constants d1,v; > 0, and ki, ks > 0,
with 2ko + k1 < 1 such that for all z,y € A(to, v, 01,71), 9(t,xt), K(t, ¢, yt)
and L(t, x¢,y:) are continuous in ¢ € [to,tg + 1], and

| K (to, 0, 0)L(t,ze,y:)| < k1 sup |z(s) — y(s)],

toSSSt
|K_1(t07 @, SD)K(t) T, yt) - I| S k:2a
where [ is the n X n unit matrix.
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For a detailed discussion on the atomic concept we refer the reader to the books
Hale, 1977; Lakshmikantham, Wen and Zhang, 1994.

In Subsection 2.4.2; we shall discuss existence and uniqueness of solutions for
fractional IVP (2.40)-(2.41) on a class of comparatively comprehensive phase spaces.
We establish various criteria on existence and uniqueness of solutions for fractional
IVP (2.40)-(2.41). In Subsection 2.4.3, we proceed to consider the continuation of
solutions.

2.4.2 Existence and Uniqueness

The following existence result for fractional IVP (2.40)-(2.41) is based on Krasnosel-
skii fixed point theorem.

Theorem 2.7. Assume that g is generalized atomic on , and that for any (to, p) €
[0,00)x €, there exist constants 01,71 € (0,00),q1 € (0,q) and a real-valued function

m(t) € Lﬁ[to,to + o1] such that

(H1) for any x € A(to,,01,7), f(t,x+) is measurable;
(H2) fOT any x € A(t07¢701a71>7 |f(t7xt>| S m<t)) fO’f’t € [t(),t() + 0-1};
(H3) f(t,¢) is continuous with respect to ¢ on .

Then fractional IVP (2.40)-(2.41) has a solution.

Proof. We know that f(¢,z:) is Lebesgue measurable in [tg,to + o1] according
to condition (H1). Direct calculation gives that (t — s)9! € Lﬁ[to,t], for t €
[to, to + o1]. In light of Holder inequality and the condition (H2), we obtain that
(t—s)971 f(s,z5) is Lebesgue integrable with respect to s € [to,t] for all t € [to, to+
o1], and

t
(¢ = )T f(s,20)lds < | (t =) ([l

to L1191 [to,t]

(2.42)

R .
L 91 [to,to+o1]

According to Definition 2.10, fractional IVP (2.40)-(2.41) is equivalent to the
following equation

t
g(t,xe) = g(to, ) + / (t —s)17  f(s,25)ds for t € [to,to +o1].  (2.43)

L(q) Ju,

Let ¢ € A(to, p,01,71) be defined as ¢r, = ¢, @(to +t) = ¢(0) for all ¢t € [0,04]. If
x is a solution of fractional IVP (2.40)-(2.41), let x(tg +t) = @(to +t) + 2(t), t €
(—00,01], then we have xy 1+ = Pto4t + 2¢, t € [0,01]. Thus (2.43) implies that z
satisfies the equation

. 1 ¢ _ .
g(to +t, Qo+t + Zt) = g(to, QD) + @ / (t — 5)‘1 1f(t0 + S, Ptg+s T Zs)ds, (244)
0

for 0 <t <oy.
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Since g is generalized atomic on €2, there exist positive constant o > 1 and
a positive function oz(7) defined in (0,7], such that for any v € (0,v1], when
0 <t < os(7v), we have

Oé(2k‘2 + k‘1) <1, (245)

|K_1(t07 2 @)K(to +t, Tio+ts yto+t) - I| < k27 (246)

|I - Kﬁl(to +1, ¢t0+t7 ¢t0+t)K(th P 90)| < min{ak?a Q= 1}7 (247)
1-— Ot(QkQ + ]{31)

[K M (to +t, @rovt, Pro+e)|9(to + £, @rore) — glto, 0)] < 5 v. (2.48)

1
Note the completely continuity of the function (m(t)) e . Hence, for a given positive
number M, there must exist a number h > 0, satisfying

to+h )
/ (m(s))ards < M.

to

For a given v € (0,71], choose

(1— a(2ky + kl))F(qh) (”*‘”} . (2.49)

o ho(1 47
o mln{Cfl,Uz(’Y)a (14 5) <2a|K_1(to,%‘P)|MQ1

where = % € (-1,0).

For any (to, ) € [0,00) x €, define E(o,~) as follows:
E(o,v) ={z: (—00,0) = R" is continuous; z(s) =0 for s € (—o0,0] and ||z|| < ~}
where [|z]| = supg<s<, |2(t)|. Then E(c,7) is a closed bounded and convex subset
of Banach space BC((—o0,01],R™).

Now, on E(c,~) define two operators S and U as follows:

0, t € (—o0,0],
(S2)(t) = § K (to +t, Grort, Pro+e) [=9(to + 1, Prore + 2)
+9(to, ) + K(to + £, Prore, Pro+e)2(t)], L €0,0],

and
0, t € (—00,0],
(UZ)(t) _ Kﬁl(tO + t7 @to-&-ta @tu-ﬁ-t)
1 t
— t— ) (¢ Dy s+ 25)ds, t
Rl A A (CE AN A O]

where z € E(o,7).
It is easy to see that the operator equation

z=82+4Uz (2.50)

has a solution z € FE(o,~) if and only if z is a solution of the equation (2.44). Thus,
Tttty = Pro+t + 2t 1S a solution of the equation (2.40) on [0,0]. Therefore, the
existence of a solution of fractional IVP (2.40)-(2.41) is equivalent to determining
o, > 0 such that (2.50) has a fixed point in E(o, 7).
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Now we show that S+ U has a fixed point in E(o,v). The proof is divided into
three steps.

Claim I. Sz + Uw € E(o,7) for every pair z,w € E(o,7).

Obviously, for every pair z,w € FE(0,7), (S2)(t) and (Uw)(t) are continuous in
t € [0,0], and for ¢t € [0, 0], by using the Hélder inequality and (2.47), we have

|(Uw)(t)| < |K71(t0 + ta ¢t0+t7 @to-‘rt) K(to, P, 90) Kﬁl(t07 ®, 90)‘

t
X / (t_s)qilf(t0+sa¢to+s +ws)d5
0

I'(q)

alt o0l g (f - yeas)
X (/tﬁo(m(s))éds)]ql (2.51)

to

_ Ma 1 1-q
< alK  (to, ¢, )| T (HﬁUHﬁ)

< 1— Oz(2]€2 + kl)'y,
- 2
where 3 = % € (—1,0), and

[(S2)(t)| = | K™ (to + t, Pro+t Pro+t)[—9(to + &, Prowe + 2¢) + glto + t, Prott)
— g(to + t, Pro+t) + glto, ©) + K(to + t, Grgrt, Prott)2(1)]]
= |K 7 (to + t, Gttt Prort) [— K (to + t, Prort + 2ts Prott) 2(t)
— L(to +t, $tort + 2t, Prort) — gto + 1, Pto1t) + g(to, ¢)
+ K(to + t, Progts Prort)2(1)]]
= |K (o +t, Gttt Prore) [K (to + t, Protts Pro+t)
— K(to +t, Qro+t + 2t Pro+t)]2(8) + K~ (to + 1, Grore, Prott)
X [=L(to +t, Ptort + 26, Prort) — 9(to + 1, Pry4e) + g(tos %0)”
= |K " (to +t, ro+t: Pro+t) K (to, 0, ¢)
x [K (to, 0, 0) K (to + t, Pro+t, Pro+t) — 1)2(t)
— K (to +t, Prort, Pro+t) K (to, @, )
X [K " (to, 0, ) K (to + t, Gro 1 + 26, Prore) — 1]2(1)
+ K7 (to + t, Protts Pro+e) [—L(to + t, Prott + 2t, Pro+t)
— g(to +t, @rore) + g(to, ©)]
<K (o + 1, @rotts Prort) K (to, 0, )
< [(| K~ (to, ¢, ) K (to + t, rort, Prost) — 1|
+ [ K" (to, 0, 0) K (to + t, Grore + 2, Prore) — 1])]2(1)]
+ [K " (to, , @) L{to + t, ot + 265 Prote)| ]
+ K7 (o + t, Grotts Prore)||g(to + 5 Prott) — g(to, #)I-
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According to (2.45)-(2.48), we have
Oé(2k'2 +/<31) 1+OZ(2]€2+I€1)
2 T 2
Therefore, |(Sz)(t)+ (Uw)(t)| < v for t € [0, 0]. This means that Sz+Uw € E(0,7)
whenever z,w € E(0,7).

[(S2)()] < a(2ke + K1)y + !

Claim II. S is a contraction mapping on E(o,7).
For any z,w € E(0,7), we obtain

[(52)(t) = (Sw)(?)]
<K o + 5 Prorts Prot ) || (o + t, Provts Prott)
— K(to + 1, @ro+t + 2t, Pro+t + we)||2(t) — w(t)]
+ K7 (to + b, Grorts Prore) Lo +t, Pt + 2t Prote + we)|
< | = K7 (to + t, @rots Prort) K (to, 0, 0)]
— [K (to + t, Brott, Prort) K (to, 0, 0)]
X [K ™ (to, 0, 0) K (to +t, Pro 4t + 26, ot + wi) — 1| |2(
+ K (to + t, Grott, Prore) K (o, 0, 0) K~ (to, ¢, )
X L(to +t, Qto+t + 2ts Pro+t + wi)]
< (ke 4+ aks)|z(t) — w(t)| + aky sup |z(s) — w(s)|
0<s<t
a(2ke + k1) sup |z(s) — w(s)],

0<s<t

where «(2ks + k1) < 1, and therefore S is a contraction mapping on E(a, 7).
Claim ITI. Now we show that U is a completely continuous operator.
For any z € E(0,7),0 <7 <t <o, we get

|(U2)(t) — (Uz)(7)]
= |K '(to + 1, ¢t0+t7¢to+t / (t—8)T f(to+ 8, Prors + 2s)ds

T

1
— K (to + 7, Ptotrs SOto+T)F7 (1= 8)T f(to + 8, Prots + 25)ds

= [K " (to + t, Protts Prott) t —8)T f(to+ 8, Pro+s + 2s)ds

v\

INQ
+ K7 (to +t, Grotes Prott) ) / VI f(to + 8, Proys + 25)ds
— K7 (to +t, Prorts Prott F(lq / $)T 1 f(to + 8, Prots + 25)ds
+ K™ to + t, Protts Pro+t F(lq / I fto + 5, Prors + 25)ds
1

_K_l(t0+T7 @to-‘rT)@to-l-T T—S tO +8 Spto-l-s_"zs)d

\

I'(q)
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K~ to +t, Prysrt ¢ ! - 5
o Bttt Pt Puastl | [y o2 ity +. 1+ 200

|K L (to + t, Protts Prott)|
I'(q)

/OT[(t = 8)17 = (7= 8) ' f(to + 5, Prots + 25)ds

. [K~ ' (to +t, @ro4t, Prort) — K to + 7, Protr, Protr)]
['(q)

/ (T - S)q_1f<t0 + 8, Ptots T Zs)ds
0

_ KT o+t Prort, Proe)|

X

X

|K 1 (to 4+ t, Prort, Port) — K Hto + 7, Protr Protr)|
* () s

where

)

t
I = /(t—S)q_lf(to+8,¢to+s+zs)d8

)

Iy = /OT (t=8)1"" = (1= 8)T7") fto+ s, Prots + 2s)ds

Is = / (1= 8)T " f(to + 8, Pro4s + 25)ds
0

By using an analogous argument presented in (2.51), we can conclude that

M 148\1—a
Il < (1 +ﬁ)liq1 ((t_T) ) )
Mn 148\ -
b rama )

< Mo (/OT(T — )P —(t— S)Bd5> o
M@

= RO
Ma —a
< gy (-7

where 3 = % € (—1,0). Therefore

! p p “ 1-q1
|(UZ)(t) o (UZ)(T)| S |K (tO + ?(S:;othv Soto+t)| (1 ij\g)l_ql ((t o 7_)1+ﬂ)
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|K ' (to +t, Provt, Prort) = K (to + 7, Protr, Protr)| M® 148\ 1-a1
. ()
I'(q) (1+p)t-a
Since the property of the matrix function K (to+t, Pty+t, Pt+¢) which is nonsingular
and continuous in ¢ € [0, o] implies that its inverse matrix K ~1(¢o + ¢, P+t Pro+t)
exists and is continuous in ¢ € [0, 0], then {Uz : z € E(0,7v)} is equicontinuous.
On the other hand, U is continuous from condition (H3) and {Uz : z € E(o,7v)}
is uniformly bounded from (2.51), thus U is a completely continuous operator by
Arzela-Ascoli theorem.
Therefore, Krasnoselskii fixed point theorem shows that S+ U has a fixed point
on E(o,7), and hence fractional IVP (2.40)-(2.41) has a solution x(t) = ¢(0)+z(t—
to) for all t € [to,t0+0]. O

Remark 2.1. If we replace condition (H1) by
(H1)" f(¢, &) is measurable with respect to ¢ on [tg,to + o1].

Then we can also conclude that the result of Theorem 2.7 holds. In fact, for any
x € Alto, v, 01,71), SUPPOSE iyt = P4t + 2t, t € [0,01], then, according to the
definition of ¢y, 4+ and z;, we know that x;,4, is a measurable function. It follows
that from (H1)" and (H3), f(t, ;) is measurable in ¢, where x € A(to, p,01,71) and
satisfies @y, 41 = Pro4t + 21, t € [0, 01].

Remark 2.2. If we replace condition (H3) by a weaker condition:

(H3)' for any x,y € A(to,¢,0,7) with  sup  |z(s) — y(s)| = 0,
to<s<to+o

\ [ (=9 ) = s, )is| 0. 1€ st

where o satisfy (2.48), then we can also conclude that the result of Theo-
rem 2.7 holds.

The following existence and uniqueness result for fractional IVP (2.40)-(2.41) is
based on Banach contraction mapping principle.

Theorem 2.8. Assume that g is generalized atomic on 0, and that for any (to, p) €
[0,00)xQ, there exist constants 01,71 € (0,00),q1 € (0,q) and a real-valued function
m(t) € Lﬁ[to,t(ﬂral] such that conditions (H1)-(H2) of Theorem 2.7 hold. Further
assume that:

(H4) there exists a nonnegative function £ : [0,01] — [0,00) continuous at t = 0
and £(0) = 0 such that for any x,y € A(to, ,01,71), we have

\ [ = s lds| < =t sup fa(s)-(s)e € o toon

to<s<t

then fractional IVP (2.40)-(2.41) has a unique solution.
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Proof. According to the argument of Theorem 2.7, it suffices to prove that S+ U
has a unique fixed point on E(o,7v), where o,v > 0 are sufficiently small. Now,
choose o € (0,01), v € (0,71], such that (2.49) holds and that

c=a(2ky + k1) + sup [K ™ (to + 8, Prots: Grots ) 1E(5)]

< 1.
0<s<o I'(q)

Obviously, S 4+ U is a mapping from FE(o,) into itself. Using the same argument
as that of Theorem 2.7, for any z,w € F(o,7), we get

[(S2)(t) = (Sw)(t)] < a(2ky + k1) sup |z(s) —w(s)],

0<s<o
and
|(Uz)(t) — (Uw)(t)]
Kty +1t,¢ 5 ¢
< ‘ (0+ 790t0+ta50t0+t)| ‘/ (t—s)qilf(to—FS,(ﬁt[H_s+Zs)d5
I'(q) 0
t
= [ = 0+ 5+ )i
0
K (tg+1t,¢ 5
< ‘ (to + 1, Prott, Pro+t)| 10(8)] sup |2(s) — w(s)|
I'(q) 0<s<t
JSup |K~(to + 5, Pro+s5 Prots)|[(5)]
< =527 su z(s) —wi(s)|.
< o S 2(s) (o)
Therefore

|(S+U)z(t) — (S + U)w(t)]

K1t % Dio+s)| [€
< |a(2ky + k1) + sup | (o + 5 Ptors, Pro+s)| 15)] sup |z(s) —w(s)]
0<s<o I'(q) 0<s<o

=c sup |z(s) —w(s)]|.
0<s<o

Hence, we have
[(S+U)z—(S+U)w| < clz —wl,
where ¢ < 1. By applying Banach contraction mapping principle, we know that

S + U has a unique fixed point on E(a, 7). O

Corollary 2.6. If the condition (H4) of Theorem 2.8 is replaced by the following
condition:

(H4)' there exist g2 € (0,q) and a function ¢; € Lé[to,to + 01], such that for any
x,y € A(to, ,01,71) we have

[f(t,2e) — f(t,ye)| < la(t) sup |z(s) —y(s)|, t € [to,to+ o1],
to<s<t

then the result of Theorem 2.8 holds.
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Proof. It suffices to prove that the condition (H4) of Theorem 2.8 holds. Note
1
that ¢1 € L3 [tg,to + o1], hence, there must exist a positive number N, such that

N = ”El”Lé[to, sl Then for any x,y € A(tg, ¢, 01,71) we have

/ (t— 871 (f(5,5) — £(5,9:))ds

to

< / (t— )71 f(s,24) — F(5.12)|ds

to

< / (t—s) u(s) ds sup |u(s) - y(s)

to to<s<t
S e (= )00 sup fa(s) — y(s)
T (@+p)te to<s<t ’
where 8’ = % € (—1,0). Let
Lt —tg) = % (t— to)(l-&-ﬂ/)(l—qz)’ t € [to, to + o1].
Obviously, £ : [0,01] — [0, 00) continuous at ¢t = 0 and £(0) = 0. Then the condition
(H4) of Theorem 2.8 holds. O

2.4.3 Continuation of Solutions

For any tg,¢ € [0,00) X Q, w C Q and positive constants o,v > 0, define
B, (to,p,0,7) as the set of all maps z : (—o0,ty + o) — R™ such that z;, = ¢,
x : [to,to + o) — R™ is continuous with |x(¢) — ¢(0)] < v and z; € w for all
t € [to,to+0). In the following theorem, W is a set of all subsets of 2 such that for
any (tg, ) € [0,00) X £, constants o,v > 0 and a set w € W, if x € B, (tg, ¢, 0,7)

and if z(tg 4+ o) = t_)(ltirf - x(t) exists, then 4,4, € .
0oT0o

Theorem 2.9. Let all conditions of Theorem 2.7 hold. Besides, suppose that o €

(0,01],7 € (0,v] and for any x € B, (to, v, 0,7),

(H5) thez’e exist constants g, € (0,q) and a real-valued function my(t) €
L [tg,to + o] such that f(t,x;) is measurable and |f(t,z)| < my(t) for
t € [to,to+0);

(H6) Tlirng lg(t,x4—7) — g(t — T, 24—+)] = 0 uniformly for t € [to + 7,10 + 0);

(H7) K(t,xt,2) — K(t,2¢,2¢—7) = 0 uniformly for t € [to + 7,t0 + o) as 7 — 0

and as sup |z(s) —x(s—71)| = 0;
to+7<s<t

(H8) there exists a constant H such that |K =1 (t,x¢,2,)| < H for allt € [to,to+0);
(H9) there exists a continuous function £, : [0,00) — [0,00) with £,(0) = 0 such
that

Lt e wer) = Li(t we,2e—r)| < €(b) sup |e(t+6) —a(t — 7 +6)]
—b<6<0

where for a given b > 0, lim+ Li(t,z, x—7) = 0 uniformly for t € [to +
T7—0

T,to + 0).
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Then for anyw € W and any v > 0, if x(t) is a noncontinuable solution of fractional
IVP (2.40)-(2.41) defined on [to,to + o), there exists a t* € [to,to + o) such that

|z(t*) — p(0)] > or z4- ¢ w.

Proof. By way of contradiction, if there exists a noncontinuable solution z(t) of
fractional IVP (2.40)-(2.41) on [tg,to + o) such that |z(t) — ¢(0)] <y and 2 € w
for all ¢t € [to,to + o), that is, x € By (to,,0,7), then first, z(t) is not uniformly

continuous on [tg,tgp + o). Otherwise, z(tg + o) = lim  x(t) exists and thus
t—(to+o)~

Ttgto € Q. By Theorem 2.7, z(t) can be continued beyond tg + o.
Therefore, there exist a sufficiently small constant e > 0, and sequences {t;} C
[to,to + 0), {Ar} with Ax — 0" as k — oo, such that

|x(ty) — x(t, — A)| > ¢, forallk=1,2,....
Now choose a constant H > 0 so that
| K~ (t, 2, 20)| < H, forall t € [tg,to + o).

For given H and € > 0, by (H5)-(H7) and (H9), we can find positive constants b
and o( so that

QHMw 1+B )1_[1‘“ £
. L
T(q)(1 + B,) 1~ (”0 5

where (3, = =L e (=1,0), M, = (fto+a(mw(3))$d5> " )

1—qu to

1
H|K(t,zy,x) — K(t, o, 2—7)| < =, as  sup |z(s) —z(s —7)] <e¢,
o to+r<s<t
and
€
H|g(t7xt—‘f') - g(t - T,J)t_-,-)| < 37
1 5—0’0
H{, (b -, b ,
(b) <z b<—5

% 3
H‘Lb (t,mt,xt_T)| < g,

for all t € [to + 7,t0+ o) and 0 < T < 0y.

Since z(¢) is uniformly continuous on [tg,to + o — b], we can find a constant
H; > 0 so that for all kK > Hy, we have Ay, < 0p and |z(t) — z(t — Ay)| < € for all
t € [to+ ok, to + o —b]. Now for all k& > H;, define a sequence {s;} in the following
pattern

sp=inf{t € (to+0 —b, tg+0) : |z(t) —x(t — Ag)| > €}
Then
|z(sk) — x(sk, — Ag)| = €.

Thus we get

QHMW <A1+Bw>1—Qw - E
D(g)(1+ fu)t—aw \7F 5’
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H|K(Sk7x3k7xsk) - K(Skv‘rskvxsk—Ak” <

7

(S NONS

H‘g(skvxsk—ﬂk) - g(sk - Ak"rsk—Ak” <

and
H|L(5ka x5k7m5k—Ak) - LZ(Ska xSk?xsk_Ak”

1
< - sup |x(sk+9)—x(sk—Ak+9)|§E.
—b<6<0 5

On the other hand, we see that
9(sk,Ts,) = 9(sk = D, Ts—a,.)
= g(sk7x5k) - 9(5k7$8k—Ak) + g(sk7x5k—Ak) - g(sk - Ak7x5k—Ak)
= (K(sk, Tsp, Top—n,) = K(sk, Top @s,.)) (2(s) — z(sk — A))
+ K (sk, sy, Ts, ) (x(sk) — x(sp — Ak)) + L(Sk, Tsyr Tsi—A,)
= Ly (8, Ty Tsy— ) + Ly (Sky Ty, Ty — )
+ 9(sk, Tsy—a,,) — 9(Sk — Di, T —a,)-

By using the same argument as that of Claim III in Theorem 2.7, we have

|g(sk7xsk) - g(sk - Ak7xsk—Ak)|

R et
= I'(q) /kAk(Sk 8)* [ (s, 5)ds
1 e q— g
+ T ‘/to [(sp — 8)T7" — (s — A — )77 f(s, 5 )ds

)
oM, e\
Sf(q)(1+ﬂw)1‘qW(A’“ ) '

Therefore
|2(sk) — z(sk — Ay
<K (s sy, T )9 (sk, 0s,) — 9(sk — Ak, Tor— )|
+ K (Sky Tsyy Tsp—ng) — K(Sk, sy, Tsy, )||2(s8) — (88, — Ag)|
+ |L(Sk, Tspy Tsp—ny, ) — L (Sky Ty, Ts— g )|
1L (Sks sy Toy—a, )|+ 19(8k: Tsy— ) — 9(sk — Ak, s, - a,) ]
< E.

This is contrary to |z(sg) — x(sx — Ag)| = €. The proof is completed. O

Remark 2.3. If we replace conditions of Theorem 2.7 by conditions of Remark 2.1,
the result of Theorem 2.9 holds.

Remark 2.4. If we replace the condition (H3) of Theorem 2.7 by a weaker condi-

tion:
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(H3)"” for any x,y € A(tg, p,0,7) with  sup  |z(s) —y(s)| = 0,
to<s<to+o

t
’/ (t —8)T 1 [f(s,24) — f(5,ys)]ds| = 0, t € [ty,to+ 0],
to
where o € (0,01],v € (0,71].
Then we can also conclude that the result of Theorem 2.9 holds.

In the following, for any (tg,¢) € [0,00) x  and any constants €,0,v7 > 0,
C.(to, p,d,v) denotes the set of all functions z : (—oo, ¢y + o] — R™ so that ||z, —
vlls <e, x:[to,to + o] — R™ is continuous and |z(t) — p(0)| < 7.

Theorem 2.10. Suppose that for any (to, ) € [0,00) X Q, the solution of fractional
IVP (2.40)-(2.41) is unique. Besides, suppose that o € (0,01],v € (0,v1] and for
any r € OE(th ¥, 0, FY)) (H5)_(H9) hold and

(H].O) fO’I" any x,y € CE(tO,QO,O','Y), Zf tho - ytoHB — 0 and sup |.’L'(S) -
to<s<to+o

y(s)| = 0, then g(t,w1) — g(t,y) and | [, (t—5)T1[f(s,25) = f(s,s)]ds| =
0 fort € [to,to + o).

If © is a noncontinuable solution of fractional IVP(2.40)-(2.41) defined on
[to,to + 1), then for any ¢ > 0 and o € (0,01), we can find a o > 0 so that
if lo —¥lls < o, then |x(t) — y(t)| < e fort € [to,to + o], where y(t) is a solution
of (2.40) through (to, ).

Proof. By way of contradiction, if the conclusion above is not true, then there exist
e > 0, sequences {t;} C [to,to + o] and {¢*} C Q such that

Ik = ¢l < 7.
ly"(tk) — 2 (te)| = ¢
and
[y (t) —x(t)] < e, for t€ [to,tr),
where y*(¢) is a solution of following fractional IVP

g)D?g(t7yt) = f(ta yt)7 Yty = on (252)
Without loss of generality, we may assume ¢, — t € [to,to + o] as k — oo. Now
define a sequence of functions {2*} as follows:
zk(t) _ yk(t), for t € [to,{k], )
y*(ty), forte [ty,t], if ty <t

Using the same argument as that of Theorem 2.7, we can assume that {z*} is
equicontinuous in t € [tg,t ]. By Arzela-Ascoli theorem, without loss of generality,
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we can find a function y : (—oo,f | — R” such that lim sup |zF(s) —y(s)] =0
k—o0 toSSSZ

and y(s) = (s) for s < ¢.
Now considering the equation (2.52), we get

gt yf) — glto, ©*) = / (t—s)"" f(s,yk)ds, forte[to,T].

1
I'(q) to

By (H10) and Lebesgue dominated convergence theorem and let k — oo, we obtain

9(t,y:) — glto, ) = ﬁ/ (t— )17 f(s,ys)ds, fort € [to,T].

to

This means that y(t) = x(¢) for ¢ € [tp,t ] by the uniqueness assumption of the
solutions of fractional IVP (2.40)-(2.41). This is contrary to

9" (t) — x(t)] = &
and

lim sup |2"(s) —y(s)| = 0.
k—o0 tofsgf

The proof is completed. U

2.5 Iterative Functional Differential Equations

2.5.1 Introduction

In Section 2.5, we consider the following fractional iterative functional differential
equations with parameter

EDix(t) = f(t,x(t),z(z"(t)) + N, t€a,b], veR\{0}, ¢€(0,1), A €R,
z(t) = (1), t € [a,al,
a(t) = (1), t € [bb],
(2.53)
where €Dy is Caputo fractional derivative of order ¢ and
(C1) a1 <a<b<by,a; <al and bY < by;
(C2) f € C([a,b] x a1, b1]*, R);
(C3) p e C(la1,al,[ar,b1]) and ¥ € C([b, b1], [a1,b1])-

Definition 2.12. A function = € C([a1, b1], [a1,b1]) is said to be a solution of the
problem (2.53) if z satisfies the equation $D{x(t) = f(t,z(t), x(x"(t))) + A on [a, b],
and the conditions z(t) = ¢(t),t € [a1,a], z(t) = ¥(t),t € [b, b1].

The purpose of this section is to determine the pair (x, \), © € C([a1, b1], [a1, b1])
(or Ci([a1,b1],[a1,b1])), A € R, which satisfies the problem (2.53). In Subsec-
tion 2.5.2, by using Schauder fixed point theorem, we establish existence theorems in
C(la1,b1],a1,b1]) and C([a1,b1],[a1,b1]) respectively. Unfortunately, uniqueness
results can not be obtained since the solution operator is not Lipschitz continuous
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but only Hoélder continuous. Meanwhile, data dependence results of solutions and
parameters provide possible way to describe the error estimates between explicit
and approximative solutions for such problems. In Subsection 2.5.4, We make some
examples to illustrate our results and conclude some possible extensions to general
parametrized fractional iterative functional differential equations.

2.5.2 Existence

We first give existence result in C([ay, b1], [a1,1]). Let (x, A) be a solution of the
problem (2.53). Then this problem is equivalent to the following fixed point equation

(), for ¢ € [a1,al,
1 t
pla) + = [ (t= )T f(s,2(s),2(2"(5)))ds
2(t) = F(q))\/a (2.54)
+ r(q+1)(t—a)q, for ¢ € [a, ],
¥(1), for ¢ € [b, by].
From the condition of continuity of = in ¢ = b, we have that
T D@ @) a
R T T [ =9 () ().

Now we consider the operator
A: C([al, b1]7 [al, bl]) — C([al, bl]7 R),
where
o(t), for ¢ € [ay,al,

(t=a) o (t—a)
Pl0) + (g (0(8) — 9l0)) — oo

b
(Az)(t) := X / (b—5)1"1f(s,2(s), 2(x°(s)))ds

1t . )
+ F(q)/a (t—98)T " f(s,z(s),z(z"(s)))ds, fort € [a,b],

»(t), for ¢ € [b, by].
(2.55)
It is clear that (z, ) is a solution of the problem (2.53) if and only if x is a fixed
point of the operator A and A is given by (2.54). So, the problem is to study the
fixed point equation

x = A(x).
Now, we are ready to state our first result in this section.

Theorem 2.11. We suppose that

(i) conditions (C1)-(C3) are satisfied;
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(ii) there are my, M; € R such that
my < f(t,u,w) < My, ¥Vt € [a,bl,u,w € [a1,b],

along with
: My¢(b—a)? _ my(b—a)?
a1 < min{y(a),?(b)} — max {0, F(Q“‘l)} + min {0, F(‘I"‘l)} ,
and
. my(b—a)? Mg (b—a)d
max{¢(a), ¥ (b)} — min {0, F(qul)} + max {0, F(Q+1)} < by.

Then problem (2.53) has a solution in C([a,b1], a1, b1]).

Proof. In what follow we consider on C([ay, b1], R) with the Chebyshev norm ||-||¢.
Condition (ii) assures that the set C'([a1,b1],[a1,b1]) is an invariant subset for
the operator A, that is, we have

A(C([a1, 1], [a1,01])) € C(las, ba], [a1, ba])-
Indeed, for t € [a1,a] U [b,b1], we have A(x)(¢) € [a1,b1]. Furthermore, we obtain
a1 < A(z)(t) < by, Vi€ la,b],
if and only if

a1 < min A()(1) (2.56)
and
max A(z)(t) < by (2.57)
hold.
Since
: : My (b— a)? ind o b —a)
i A(a)(0) > wingip(a). v}~ max {0, L= i fo, B0
and
o mylb—a) My(b—a)?
s AGa)(0) < max{ip(a), o)} - min {0, ST fo, L

respectively, the requirements (2.56) and (2.57) are satisfied with the conditions
appearing in (ii).
So, in the above conditions we have a self-mapping operator
A: C([al, bﬂ, [al, bl]) — C([al, bl], [al, bl])
Further, we check A is a completely continuous operator.
Let {x,} be a sequence such that x,, — z in C([a1,b1],[a1,b1]). Then for each
t € [a1,b1], we have that

0. for t € [a,al,
20 =) (@) = Fa@ (Do, for t € fo,],

|(Azy)(t) — (Az)(8)| < v
0, for t € [b,b1].

L(g+1)
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Since f € C([a,b] X [a1,b1]?,R), we have that
| Az, — Az||c — 0, asn — occ.

Now, consider a; < t; <ty < a. Then,

|(Az)(t2) — (Az)(t1)| = |o(t2) — o(t1)].
Similarly, for b < t1 <ty < by,

[(Az)(t2) — (Az)(t1)] = [¢(t2) — ¥ (t1)]-
On the other hand, for a < t; <ty < b,

— )
((4o)(t2) = (Aa)(e)] < L=V 0b) - o)

Aty — t1) T max{|my|, | M|}
I(g+1) '
Together with Arzela-Ascoli theorem and A is a continuous operator, we can con-

clude that A is a completely continuous operator.
It is obvious that the set C([a1,b1], [a1,1]) € C([a1, b1],R) is a bounded convex
closed subset of the Banach space C([a1,b1],R). Thus, the operator A has a fixed
point due to Schauder fixed point theorem. This completes the proof. O

(2.58)

In the following, we present the existence and estimate results in
Ci(la1,b1],]a1,b1]). Let L > 0 and I C R be a compact interval, and introduce the
following notation:

CULR) = {o € C(LR)| [a(h) — (ta)| < Ll — o]}

for all t1,to € I. Remark that C}(I,R) C C(I,R) is a complete metric space. Then
(2.58) implies that under assumptions of Theorem 2.11 any solution of problem
(2.53) belongs to C} ([a,b],R) for

_[90) — p(@)] | Amax{my], |M;]}
(b= a) Dg+1)

Now we present our second result in this section.

L, (2.59)

Theorem 2.12. We suppose that

(i) conditions of Theorem 2.11 hold and ¢ € C’%v([al,a],[al,bl]), Vo€
C1,(1b, b1, la1, b1]) for some Ly, Ly > 0.

Then problem (2.53) has a solution in X = C([a1,b1], [a1,b1]) and all its solution
belongs to X for

1—q

where L, is defined by (2.59).
Assume in addition
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(ii) there exist L, > 0 and L., > 0 such that
‘f(taulawl) - f(t7u27w2)| S Lu|u1 - u2| +Lw|w1 — Wwa|,
for¥ t € [a,b], u;,w; € [a1,b1], i =1,2.

Then two solutions x1 and x2 of problem (2.53) satisfy

o1 — 2l < LT (2.60)
for
La:= M (Lo + Lol ™0 a1, 0rppd ™00 L, L) (2.61)
If in addition
[(g+1)>2(b—a)?L,, (2.62)
then
|1 — z2|c

}
2(b — )Ly, (b}‘q““““’”} + max{1,v7}b? ma"{”‘l’O}L) et (9.63)

= T(g+1) —2(b—a)iL,

Proof. Consider the operator A given by (2.55). From Theorem 2.11, we have
A: C([a1,b1], a1, b1]) — C([a1, b1], [a1, b1])

and A has a fixed point in C([a1, b1], [a1, b1]).
Now, consider a7 < t; <ty < a. Then,

[(Az)(t2) = (Az)(t1)] = [(t2) = p(t1)] < Lolts = t2]? < Lufts — |1

as ¢ € C] ([a1,a],[a1,b1]), due to (i).
Similarly, for b < t; <ty < by,

|(Az)(t2) — (Az)(t1)| = [Y(ta) — Y(t1)| < Lylts — ta|? < Lty —t2|?

that follows from (i), too.
On the other hand, for a < t; <ty < b, we already know (see (2.58))

[(Az)(t2) — (Az)(t1)] < Lafts — ta] .
Next, if a; < t; < a <ty < b, then by Holder inequality with ¢’ = % and p’ = 1T1q
(note ¢, p’ > 1),
|(Az)(t2) — (Az)(t1)| < |(Az)(a) — (Az)(t1)] + [(Az)(t2) — (Az)(a)|
< LLP<(1 - tl)q + L*<t2 — a)q

< ALY 4 L {f(a—t)a7 + (12 — a)ov

< LIt — to].
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Furthermore, if a; < t; < a < b < ts < by, then again by the Holder inequality

: _ 1 _ 1
with q’—aandp’—l—_q,

|(Az)(t2) — (Az)(t1)]
< [(Az)(a) — (Az)(t1)] + |(Az)(b) — (Az)(a)| + [(Az)(t2) — (Az)(D)]
< Ly(a—1t1)74+ Ly(b—a)? + Ly(ta — b)?
< P\’/sz' + LY + L q\’/(a —£1)99 + (b — a)99’ + (ty — b)a?’
= L|t, — to]1.

Therefore, the function A(z)(t) belongs to X. This proves the first statement.
Take x1,22 € X. Then for all t € [ay,a] U [b, b1], we have

|A(z1)(t) — A(22)(t)] = 0.
Moreover, for t € [a,b], from our conditions, we get

[A(z1)(1) = A(z2) (1))

—a)d b
< <(t><b)>/ (b= 51 |(5,01(8)s 21 (0 (5))) — (5. (), a3 (5))) ds

( )/ (t—8)" " [f(s,21(5), 21(27(5))) — f (s, 22(5), w2(25(s)))| ds

)7 (Lulzi(s) = 22(5)] + Lu [21(27 (5)) — 22(23(s))]) ds

a

(t—S)q " (Lulz1(s) = 22(s)] + Lo |21(27 (5)) — 2(25(s))]) ds

+

F(q) a

I 1 . )
< ml (b—s) (Lulm(s) — 29(8)| + Ly |21 (2 (5)) — 21(25(s))|

+ Ly |z1(25(s)) — za(23(s))] )ds

1t "t ) v
+ @/a (t—s) (Lulm(s) — 29(8)| + Ly [21(23(5)) — 21 (25(5))|
+ Ly |1 (25(s)) = wa(a3(s)] )ds

—~

1 b
< i [ =9 (Lut Lalles — zallo + LuL faf(s) ~ ()| ) ds

['(q)
1 t - ) ) q
+ @ /a (t—s) ((Lu + Ly)||z1 — x2l|lc + Lo L |27 (s) — z5(s)] )ds
1 b

<

= [ = (o L)l = ol

I
+ max{1, Uq}qudx{v L O}Lu,LHml — 9 ||qmm{1 U})ds

—

T /at(ts)ql((LquLw)Hfl - aslle

T(q)
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+max{1 Uq}quax{v IO}L L||:clfx ||qm1n{1 v}) s
2(b— )1
~ I(g+1)
+max{1 Uq}quax{v IO}L L”xl*I ||qm1n{1 v})7

(L + L)z = @]l

where we use the inequality

rv— st < maX{L’U}TmaX{v_l’O} (7“ _ S)min{l,v}
for any r > s > 0 and v > 0. From ||z1 — z2||c < b1 we get
2(b—a)?
I(g+1)
a1, o b O L L g — ) (264

|A(z1) — A(z2)|lc < ((L + Ly, )bl gmin{1,v}

_ LA”xl . quln{l v}

So A is Holder continuous but not Lipschitz continuous, since ¢ min{1,v} < ¢ < 1.
If 1 and x5 are fixed points of A then

oy = 23lle = [A@1) = A(@) ]l < Lallay — o &)
which implies (2.60). In general, we have

2(b—a)?
T — T < ——Ly||lxz1 — =
21— z2][c < Tt 1) 21 — z2llc

2(b B a)qu (bl—q min{1,v}
D(g+1) \!

+ max{l Uq}quax{v 1, O}L) ||£E1 — 2 ||qm1n{1 v}
which implies (2.63) under (2.62). The proof is completed. O

We do not know about uniqueness. But this is not so surprising, since A is
not Lipschitzian in general. So we cannot apply metric fixed point theorems, only
topological one. This can be simply illustrated on a simpler problem

CDEa(t) = x(\/2(1), «(0)=0, e ]0,1]. (2.65)
Rewriting (2.65) as

#(t) = B@)(t) = /Otx z(s)

S

(1
§
it follows that B : C1([0,1],[0,1]) — C1([0, 1], R) satisfies

ﬁ
1B(e1) - Blas)lle < — ( o+ 51 )
xr1) — 332 c < — T — T2||Cc 1 — T2||c )
f
6

so it is not Lipschitzian. Hence (2 should have a nonzero solution, and it does

have z(t) = 2¢.
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2.5.3 Data Dependence

Consider the following two problems
cDa(t) = fi(t, (), z(a" (1)) + Ai, ¢ € [a,0], v e (0,1], g € (0,1),
x(t) = @4(t), t € [a,al, (2.66)
z(t) = (1), t € [b,b],

where f;, \;, ¢; and ¥;, i = 1,2 be as in the Theorem 2.12.
Consider the operators

Ai : C([al,bl], [al,bl]) — C([al,bl], [al,bl])

given by (2.55) when ¢, ¥, f and A are replaced by ¢;, ¥;, f; and \;, respectively.
We are ready to state the third result in this section.

Theorem 2.13. Suppose the conditions of the Theorem 2.12 hold, and, moreover
(1) there exists m1 > 0 such that

‘(pl(t) - ¢2(t)| < m, Vite [alva]’

and
[1(t) — P2 (t)| < i, YV E € b b
(ii) there exists 2 > 0 such that
[f1(t, u,w) — folt,u,w)| < mne, VtEla,b], u,w € [ay,b].

Let r, be a positive root of equation

- 2(b—a)?
L, = Lrpdmintloy a3 L 29T 2.67
r r U Pyl (2.67)
where L* = min{La,, La,} (see (2.61)). Then
|21 — 25]lc < s, (2.68)
and
F(q + 1) Lx min{1,v}
N < T (g 2 pamingl, , 2.69
-5l < e (2 S o (2.69)

where (zF,A}), i = 1,2 are solutions of the corresponding problems (2.66). Note 1,

s uniquely defined.

Proof. Using the condition (i), it is easy to see that for z € C([ay, b1], [a1,b1]) and
t € [a1,a] U [b,b1], we have

[A1(z) — A2(@)llc < m.
On the other hand, for ¢ € [a, b], using the condition (ii), we obtain
|A1(z)(t) — A2(2)(2)]
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< o1(0) = @) + 5= (110) = 620 + [ola) — ()]
—a)d b
i [0 97 A 09,20 (6) ~ fls (o) a(a ()
1 t —5)771 s,x(s),z(x?(s))) — fa(s,x(s), x(z" (s s
i [ (60 (9) = falsals)ala ()] d
< 3m + m]m-
So, we have
2(b—a)?
[A1(z) — Az2(@)llc < 3m + mﬂ2~

Next, (2.64) holds for both A; with Ly,. Without loss of generality, we may suppose
that L* = La, = min{L4,, L4, }. Consequently, we obtain
21 — 23]lc = [|A1(2]) — Az(a3)lle

<l Ax(er) — Au(az)lle + [[Ar(2z) — Az(2s)lle

~ 2(b—a)?
< LH||at — gy amintiod gy 2070,
= H 1 2Hc Uit T(g+1) 2

which implies (2.68). Moreover, we get
AT — A
< Dla+ D([#1(0) = 92 (b)| + |p1(a) — p2(a)])
- (b—a)

b
d — )TN (s, 2t (s), 2¥(250(8))) — f1(s, 2E5(s), xi (X (s s
+ it [ 0= i) e () = Ails.ais). 235 ()] d

q b
T o=y /a (b—8)" [ fi(s, 23 (s), 25(3" () — fals, 23 (s), 25(3" (5)))| ds

F(q + 1) L~ gmin{l,v}
< 2 — T ’ .
_(b—a)q(m—i_ 5" + M2

The proof is completed. O

2.5.4 Examples and General Cases
Example 2.2. Consider the following problem:

Dz a(t) = pa(a(t) + A, t€[0,1], p>0, AR,
z(t) =0, t € [~h,0], h >0, (2.70)
z(t) =1, t€[1,1+h],

where x € C([—h,1+ h],[—h,1+ h]).
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Proposition 2.1. Suppose that

2
T 142h
Then the problem (2.70) has a solution in C([—h,1+ h],[—h, 1+ h]).

- L(2)h

Proof. First of all notice that accordingly to the Theorem 2.11 we have v = 1,
q= %, a=0,b=1,9(0) =1, p(a) =0 and f(t,ur,us) = puy. Moreover, a; = —h
and by = 1 + h can be taken. Therefore, from the relation

my < f(t,ur,ug) < My, YVt €[0,1], ur,ug € [=h,1+hl,

we can choose my = —hp and My = (1 + h)u. For these data it can be easily
verified that the condition (ii) from the Theorem 2.11 is equivalent to the relation

L(3)h
~ 14+2h°

consequently we complete the proof. O

Example 2.3. Consider the following problem:
CDZa(t) = pa(x(t)) + A, t € [2h,3h], u>0, AER,
z(t) = =, t € [h,2h], (2.71)
11
t € [3h,4h], he |-, =
; € [3h, 4n], 6[8’2]’
where z € C([h, 4R], [h, 4h]). Note 3 € [h,4h] for h € [%, 3].

Proposition 2.2. We suppose that

(=1 +8h)/7 11
O<MSW7 for h € g,g ;
(1 - 2h)/7 11
<= VT i
0<pu< TIEER for h € 55
Then the problem (2.71) has a solution in C’L%([h, 4h], [h,4h]) with L = 123’?2.

Note 0 < p < 156# = 0.928905. Furthermore, any two solutions xyi,rs €
O ([h,4h), [h, 4R)) of (2.71) satisfy

2
409614 12 (64h%u + ﬁ)

|z — 22lc < 5

- (2.72)

Proof. First of all notice that accordingly to the Theorem 2.12 we have v = 1,
q = %, a = 2h, b = 3h, P(b) = %, o(a) = %, a1 = h, by = 4h. Observe that
|f(t, ur,u2) — f(t, w1, w2)| = plug + wallue — wa| < 8hplug — wa|, ug,ws € [h,4h].
So L, = 0 and L, = 8hu. Next, we choose m; = uh? and My = 16puh%. By a
common check in the conditions of Theorem 2.12 we can make sure that

a1 < min{p(a), ¥ (b)} — max {0’ W} - min {07 W}
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16phs 1
<~ h+ < -,
rE) -2
) mys(b—a)? M —a)t
_ _ — 3 <

max{y(a),y(b)} — min {0, T+ 1) + max 4 0, Tqr1) S S b
1 16uh2
= - <4h - 6“?
2 I'(3)

These inequalities are equivalent to

(1—2h)/7 (—1+8h)ﬁ}
64hs = 64h3 '

0<u<min{

The function x(h) = min{—(71+2h§)ﬁ, (71+8h§)ﬁ} is increasing from 0 to
64h> 64h3
% = 0.928905 on [g,+] and then it is decreasing to 0 on [$,1]. Next, we
derive L, = Ly = 0 and
_[6b) — pla)] | dmax{imyl,[My[} _ 64uh® _ 1282
(b—a)1 I(g+1) L(3) VTl

so L = L. By (2.61) we derive

2 3
= \{ (Shm/4h+ 8hj—n ) -
I'(3) VT m

This gives (2.72) by (2.60). Therefore, by Theorem 2.12 the proof is completed. O

L.

Ly

Example 2.4. Now take the following problems

gth%x(t) = puz?(z(t)) + Ni, t € [2h,3h], wi = p, N\ €R,
z(t) = ¥, t e [h,2h], h >0, (2.73)
z(t) = s, t € [3h,4h)

for 4 = 1,2. Suppose the following assumptions.

(H1) ¢; € CE_([h,2h], [h,48]), v; € CZ_([3h, 4], [h,4R]) such that o;(2h) = L,
$i(3h) = 3, i=1,2 and L, = 12%’12;

(H2) we are in the conditions of Proposition 2.2 for both of the problems (2.73).

Let (zf, A¥) be solutions of the problems (2.73). We are looking for an estimation
for ||z — z3||c and |Af — A3
Then, build upon Theorem 2.13, by a common substitution one can make sure

that we have

Proposition 2.3. Consider the problems (2.73) and suppose the requirements (H1)-
(H2) hold. Additionally, there exists my > 0 such that

lp1(t) — p2(t)| < mi, Yt € [h,2h],
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and
1 (t) — o (t)| < i, Yt € [3h,4h].
Then
|27 — 23lle < 7
and

2 L*
AN < = (2m + = /),
|A] 5 = < m B )
where L* and r. are given by (2.74) and (2.75), respectively.

Proof. Results f01210vv from Theorem 2.13 as follows. By Proposition 2.2, we have
L =/3L, = 2322V3 and then (see (2.61))
4h2 (64+/3h3/2
L= Ly, = L, = 470(6 ‘/i nt VT (2.74)
Realizing that now ne = 0, equation (2.67) has the form

Ty = L*\/E"_ 37717

which has the positive solution

1 3
re=— (25165824h7u4 + 64h2pure +

+ 8\@\/ 4947802324992h14 8 + 25165824h9 152 + 393216h7 by 72 | .

(2.75)
The estimate for |\ — A3| follows directly from (2.69). The proof is finished. O

We conclude this section by considering a general fractional order iterative func-
tional differential equations with parameter given by

CDix(t) = f(t,x(t), x(z"(t)),N), t€la,b], ve (0,1], g€ (0,1), X J,
x(t) = ¢(t), t € la1,al, (2.76)
z(t) = (1), t € [b,b1],

when J C R is an open interval, conditions (C1), (C3) are supposed and (C2) is
extended to

(C4) f e C(ja,b] x [a1,by]? x J,R).

Then by (2.55) we have an operator A(\ z). It is easy to see that A(\,z) =
A(x) for the problem (2.53). Supposing the assumptions of Theorem 2.11 for the
problem (2.76) uniformly with respect to A € J, we can find its fixed point x* (), -) €
C([a1,b1], [a1, b1]). In order to get a solution of the problem (2.76), we need to solve

b
T(A) =L(q)(¥(b) — »(a)) — / (b— )" f(s, 2" (N, 8), 2" (A, 2" (A, 8)"))ds = 0.
‘ (2.77)
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If there is an A € J solving (2.77) then z*(Ag, t) is a solution of the problem (2.76).
Since z*(A, ) is not unique in general, function T (A) is multivalued. Consequently
this way is not very useful. We propose another approach. The problem (2.76) is
equivalent to the following fixed point equation

o(t), for t € [ay,al,
z(t) = ¢ o(a) + ﬁ/ (t—s)T 1 f(s,2(s), z(z"(s)), \)ds, fort € [a,b],
¥(t), for ¢ € [b, by].

From the condition of continuity of x in ¢ = b, we have that

b
$(B) = pla) + ﬁ / (b— )17 f (5, 2(s), 2" (5)), \)ds.

Now we consider the operator

A: Cb([al,bﬂ, [al,bﬂ) X J — C’b([al,bl],R)

where
CHla b fan, ) = {o € Clla B lan i) N (Bt for,bal) 3 Tp (),
C*([a1,01],R) = {x € C([a1,b],R) N C*((b,b1],R) : 3 513?+ x(s)}

and

o(t), for t € [ay,al,
1 ! -1 v

Az, N)(t) :== { ¢(a) + @/ (t—8)"f(s,z(s),z(z"(s)),N)ds, fort € [a,b],

P(t), for t € (b, by].

Now, we are ready to state the following result.
Theorem 2.14. Suppose that

(1) conditions (C1), (C3) and (C4) are satisfied;
(ii) there are my, My € R such that

mf § f(tauawaA) SMfa vte [a7b]7u7w€ [alabl]a)‘e J

along with

a1 < ¢(a) + min {0, W} ,

and

»(a) + max {O, W} < by.

Then operator A(z, \) has a fived point in C®([a1,bi], [a1,b1]) for any X € J.
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Proof. Like in the proof of Theorem 2.11, condition (ii) assures that the set
C*(lay,b1],[a1,b1]) is an invariant subset for the operator A, that is, we have

A(Cb([al,bl], [al,bl]) X J) C Cb([al,bl], [al,bl]). (278)

Similarly, A is a completely continuous operator. It is obvious that the set
C*(lay,b1],[a1,b1]) € Cb(Jai,b1],R) is a bounded convex closed subset of the Ba-
nach space C®([as,b1],R). Thus, the operator A(x,)\) has a fixed point due to
Schauder fixed point theorem. This completes the proof. O

We still do not have uniqueness result. For this purpose, we suppose

(C5) f is nonnegative and nondecreasing, i.e. my > 0 and 0 < f(s1,u1,v1,A) <
f(s2,u2,v9, A) for any s1 < s9 € [a,b], u1 < ug,v; < vy € [ag,b1] and A € J.

We introduce the Banach space
CP ([a1,b1], [a1,b1]) = {x € C*([a1,b1], [a1, b1]) | = is nondecreasing on [a1,b1]} .
Now, we have the next result.

Theorem 2.15. We suppose conditions (i), (ii) of Theorem 2.14, (C5) as well
©(t), ¥(t) are nondecreasing with p(a) < (b). Then operator A(x,\) is monotone
nondecreasing in © on CP (la1, b1, [a1,b1]) for any A € J. Consequently it has a
unique smallest and largest fized points T, (), xar(N) in C2 ([a1,b1], [a1,b1]). More-
over, a nondecreasing sequence {A¥(a1,\)(t)}x>1 and a nonincreasing sequence
{A*(b1, N)(t)}r>1 satisfy

ar < Af(ap, N)(t) < 2y (N)() < 2y (V) (8) < AR, N)(8) < by, ted

for any k > 1 and limg_,oo A*(a1,A\)(t) = 2, (A)(t) and limy_,o AF(by, \)(t) =
xpr (N)(t) uniformly on [a1,b1].

Proof. We already know (2.78). Let # € C2/(la1,bi1],[a1,b1]) then clearly
Az, A)(t1) < A(m,\)(t2) for t1 < to € [a1,a] and t1 < to € (b,b1]. Next for
s1 < 89 € [a,b], we have x(s1) < x(s2), (s1) < 2¥(s2) and x(z"(s1)) < x(z(s2)),
which imply

f(s1,2(s1),2(2"(51)), A) < f(s2,2(s2), 2(2"(52)), A). (2.79)
Furthermore, for t; < ty € [a, b], following El-Sayed, 1995 and Darwish, 2008, and
using (2.79), we derive
Az, A)(t2) — Az, A)(t1)
I

=T /. (ta — 5)17 L f (s, 2(s), z(xV(s)), N)ds
1

_ F(q)/a (tl - 3)‘1* f(S,x(s),x(x“(s))v)\)ds
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5 " ((ta = 97 = (1 — )71 f(s,0s), 0l (5)), Nl
v | (ts — )7 (s, 2(s), 2(a" (5)), )ds

> Fs (b (). a(a” (1))
X < atl(t2 —8) 7t —(t; — 8)9 7 ds + /: (ta — s) ds)

= Frry ). 2(e (0). ) (12 = )" = (5 = ))

Consequently, we obtain
A(Cp,([a1,b1], [a1, 1)), ) € Cp([a1, ], [ar, ba])
for any \ € J.

Next, if z1, 29 € C ([a1,b1], [a1,b1]) with z1(t) < 22(t), t € [as, b1] then clearly
we have A(x1,\)(t) < A(x2,\)(t) for t € [a1,a] U (b,b1]. For s € [a,b], we have
x1(8) < wa(s), 2¥(s) < 24(s) and z1 (2 (s)) < z2(x4(s)), which imply

f(s,21(s), 21(21(5)), A) < f(s,22(s), z2(25(5)), A).
Then for ¢ € [a,b], we have
1

Al (1) = Al M) = 5 / (t— )71 (Fls,2(5), w2(25(5)), V)

~ fs,21(5),@1(1(5)), \) ) ds = 0.
This means that operator A(xz,\) is monotone nondecreasing in z on
C? ([a1,b1], [a1,b1]) for any A € J. We also know that A is a completely continuous

operator. Then results follow from the general theory of nondecreasing compact
operators in Banach spaces (see, e.g., Deimling, 1985). The proof is completed. [

To get continuous solution, we need to solve either

I -1 v
! — m/ﬂ (b—1s) f(s,zm(A)(s), xm(/\)(l‘m()\)(S)), A)ds =0

b
Tar(\) = w(b)fso(a)fﬁ [ -5 s as O, 2as W )5, A =0
We can use to handle thege equations also an analytical-numerical method like
in Ronto, 2009. This means that first successive approximation is used
Tpt1 (A1) = Az (A ), N)
for up to some order j with either zo(\,t) = a1 or xg(\,t) = b;. Then approxima-
tions

1 b
T;(A) = () - ¢la) - @/ (b= 8)T" f(s,2(A, 5), 25N, 25 (A, 9)), )ds

of T,, and Y ), are numerically drawn to check if they change the sign over J.
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2.6 Oscillations and Nonoscillations

2.6.1 Introduction

The objective of oscillation theory is to acquire as much information as possible
about the qualitative properties of solutions of differential equations. Oscillation
theory of functional differential equations with integer derivative has been developed
in the past thirty years (see, Gyori and Ladas, 1991). However, to the best of our
knowledge, there are few results on oscillation for fractional differential equations.
In this section, we discuss oscillation and existence of nonoscillatory solutions of
fractional functional differential equations.

2.6.2 Preliminaries

In this subsection, we introduce preliminary facts which are used throughout this
section.

Definition 2.13. (Kilbas, Srivastava and Trujillo, 2006) Let [a,b](—0c0 < a < b <
00) be a finite interval and let AC[a,b] be the space of functions f which are
absolutely continuous on [a,b]. It is known that AC]a,b] coincides with the space
of primitives of Lebesgue summable functions:

f(z) € AC[a,b] = f(z)=c+ /JE Y(t)dt (¢(t) € L(a,b)).

Firstly, we consider the fractional delay differential systems

i=1
where x(t) = [21(t),22(t),...,2m(®)]T, oDfx(t) = [oD{x1(t), 0D xa(t), ...,

0D 2, (t)]T is Riemann-Liouville fractional derivative of order 0 < «,a; < 1,
a; = p;/q;, pj,q; are odd numbers, for j =1,2,...,m, and P; € R™*™ 7, € [0, 00)
fori=1,2,...,n.

Without loss of generality, we will assume the coefficients P; of (2.80) are all
nonzero and that 71 = max{7y, ..., 7 }.

Definition 2.14. By a solution of (2.80) in [0,00) with initial function ¢
AC[-11,0], we mean a function x € AC[—71,00) such that x(t) = (), ¢
[—71,0], oDfa(t) exists and x(t) satisfies (2.80) in [0,00). A solution z(t) =
[21(), ..., T ()] of system (2.80) is said to oscillate if every component x;(t) of the
solution has arbitrarily large zeros. Otherwise the solution is called non-oscillatory.

S
S

We recall some facts about Laplace transforms. If X (s) is the Laplace transform
of z(t),

X(s) = (Lx)(s) = /OOO e Stz (t)dt,
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then the abscissa of convergence of X (s) is defined by
b=1inf{d € R: X(0) exists}.

Then X (s) is analytic for Re(s) > b.

We call a function z(t) to be eventually positive if there exists a ¢ > 0 such that
xc(t) > 0 for all ¢ > 0, where z.(t) = x(t + ¢).

For any m-dimensional vector z = (x1,Z2,...,2,,)7 € R™, ||z|| denotes its
norm. For any m X m real matrix A, the associated matrix norm is then de-
fined by [|A] = max), =1 [[Az||. Denote u(P;) is the logarithmic norm with
p(P;) = max =1 (Pu, u).

Lemma 2.8. (Kilbas, Srivastava and Trugillo, 2006) Let (LoDgx)(s) is the Laplace
transform of the Riemann-Liouville fractional derivative of order a with the lower
limit O for a function x, and X (s) is the Laplace transform of x(t) € AC[0,b], for
any b > 0, and the following estimate

lz(t)] < AePot (t > b > 0)
holds for constants A > 0 and py > 0. Then the relation
(LoDfa)(s) = s“BX(s) — oDy ™ 2(0), 0<a <1
is valid for Re(s) > po, where

X(s) = [X1(s), Xa(5), ..., Xpn(s)]T, 5% = [s7,5%2, ..., s%m],

T
oD; 1M a(0) = <0Dt_(1_a1)x1(0),ODt_(l_aQ)xg(O), ...,OD;<1—“m>xm(0)) :

L, 1=y,
0, i#j.
Lemma 2.9. (Viadimirov, 1981) If X (s) is the Laplace transform of a non-negative

function x(t) and has abscissa of convergence b > —oo, then X (s) has a singularity
at the point s = b.

B =[Bi,Ba, ..., Bu)", Bi = (bij)mxm, bij = {

Lemma 2.10. (Henry, 1981) Let v,w : [0,00) — [0,00) be continuous functions.
If w(-) is nondecreasing and there are constants a > 0 and 0 < 8 < 1 such that

v(t) <w(t) + a/o v(s) ds,

(t—s)f
then there exists a constant k = k() such that

v(t) <w(t) + ka/o (tw—(i))ﬁds

for every t € [0,00).
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2.6.3 Oscillation of Neutral Differential Systems

In this subsection, we discuss the linear autonomous system of neutral delay differ-
ential equations with Riemann-Liouville fractional derivative

l n
oD {x(t) +) Pt - Tj)] +) Qia(t—6,) =0
j=1 i=1

where o(D&z(t) = [oD{" z1(t),0D{?z2(t), ..., 0Dy 2, (t)]T is Riemann-Liouville
fractional derivative, the coefficients P;j(j = 1,2,...,1) and Q;(i = 1,2,...,n) are
real m x m matrices and the delays 7;(j = 1,2, ...,1) and §;(¢ = 1,2, ...,n) are non-
negative real numbers. Sufficient conditions for all solutions of the given equation
to be oscillatory are obtained by using fractional calculus and Laplace transform.

Lemma 2.11. For any ¢ € R, the Laplace transform X.(s) of x.(t) exists and has
the same abscissa of convergence as X (s).

Proof. Given that
Xc(s) :/ e Sta (t)dt :/ e Sta(t 4 c)dt = esc/ e St (t)dt
0 0 c
=e* [X(s) - / e“m(t)dt} .
0

Since the last integral defines an entire function of the complex variable s, there-
fore X (s) and X.(s) converge or diverge for the same values of s, and have their
singularities at the same points. This completes the proof. O

Lemma 2.12. The solution of equation (2.80) has an exponent estimate
z(t) = o(e®) (t>b>0)

for constant qg > 0.

Proof. Taking Riemann-Liouville integral of equation (2.80), we get

*E o — ; ; ti —5)* 1Bx(s — 7;)ds
o0 = gy B = 2P |yt = o et = -

ta—l n

= meo - ;HE“%

where

o = oD;(lia)J}(O),

ta—l tozl—l tag—l tam—l

t 1 a—1 =
Fi(t) = /0 m(t - 3) Bac(s - Ti)ds’ P(OZ) - ]_"(Cyl)7 1—‘(0[2) T F(am) .
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As AC[-7,0] is the Banach space with the norm |¢|lac = [ll¢1llac,

le2llac, - llomllac]”
Then we have

(@)l S/O ﬁ(t—S)“’lBllx(s—n)llds

1 a—1

< fay | (=97 B e ot
1 t L

< fay L (=" B max_ fla(o)ds

or
1 t L
) < —5)~ . .
1RO < iy [ =927 B(_max ll + lelac)as. (282

From (2.82), it follows that

BT e o i
oo < fray Blanl + Y- 4 | [ 0= B (| max el + lellac )as]

i=1 T
< ¥ Blag+ 22 L Bl ac + 2 /t(t —5)*'B max_ |a(n)|lds
= T(a) " T Ta) o M T Doy o ITVDNIES,
where p = max{||P;||}, for i = 1,2,...,n.
Next we introduce a nondecreasing function m(t) as
a—1 np $o
t)= B ——B .
m(®) = Fray Blool + Fy o Ellielac
By Lemma 2.10, there exists a number o in {«;} such that
<
o)l < max_ )]
<m(t) + knp /t(t —8)* " Im(s)ds
=" Fag) Jy (2:83)
knp )
<m(t)| 1+ ——=t*° ).
( )< aol'(ao)

Obviously, from (2.83) we infer that z(¢) has an exponent estimate. The proof is
completed. O

Theorem 2.16. If the characteristic equation

det ()\O‘B +) R-e’\“> =0 (2.84)

i=1

has no real rToots, then every solution of (2.80) is oscillatory, where \* =
[A¥ ¥ @m].
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Proof. For the sake of contradiction, let us assume that (2.84) has no real roots
and that (2.80) has a non-oscillatory solution x(t) = [z1(t), ..., 2, (t)]T. This means
that one of the components of x(t) is non-oscillatory. Without loss of generality we
assume that the component x1(t) is eventually positive, such that for some ¢ > 0,
x(t) > 0 for t > 0. As (2.80) is autonomous, it follows by Lemma 2.11 that X;(s)
and X, (s) have the same convergence. Then we assume that x(¢) > 0 for t > —7y.
Taking Laplace transform of both sides of (2.80), we obtain

s*BX(s) — oD; ' +ZP/ “ste(t —7;)dt = 0,
i.e.

s*BX(s) — OD;(lfa) )+ Z Pie T X (s) + Z Pie™ 5T / e "z (t)dt = 0.
i=1 T

Hence
n
(saB—f—ZPie_S”)X(s):O ~(1-a)y ZPe_ST’ / e Sta(t)dt. (2.85)
i=1 —Ti
Let

F(s)=s*B+ Zﬂe*”i, xo = ODt_(l_a)x(O),

i=1

0

n
s) =xo — Z Pie T / e Sta(t)dt.
i=1

Then, from (2.85) we get
F(s)X(s) = ®(s), Re(s) > b. (2.86)

Since det[F(s)] = 0 has no real roots, det[F'(s)] > 0, s € R. By Cramer’s rule, we
have
det[D(s)]

X0) = GG

Re(s) > b, (2.87)

where

®1(s) Fia(s) -+ Fim(s)

D(s) = : : : )

D, (8) Frna(s) -+ Fum(s)
®,(s) is the ith component of the vector ®(s) and Fj;(s) is the (7, j)th component
of the matrix F(s). Clearly, for all 4,5 = 1,2,...,m the functions ®;(s) and Fj;(s)
are entire and hence det[D(s)] and det[F(s)] are also entire functions.

Since det[F(s)] > 0 for s € R, so det[D(s)]/det[F(s)] holds for s € R and thus

(2.87) becomes
det[D(s)]

Xus) = GF )

scR. (2.88)



Fractional Functional Differential Equations 93

As x1(t) > 0, it follows that X1(s) > 0 for all s € R and, by det[F(s)] >0 s € R
and (2.88), det[D(s)] > 0, s € R. Now one can see from the definitions of D(s),
F(s) and ®(s) that there exist positive constants M, 8, and sg such that

det[D(s)] < Me™P%,  for s < —s0. (2.89)

ST1

Since det[F(s)] is a continuous function in the variables s,e™* ... e , and
det[F(s)] > 0, s € R, it follows that there exists a positive number mg such that

—S8Tn

det[F'(s)] > mo, for s € R. (2.90)
From (2.88), (2.89) and (2.90), it follows that
X,(s) = / e Stxy (t)dt > / e *tay (t)dt > e*sT/ x1(t)dt > 0
0 T T

and so
- M sr-p)
0< xz1(t)dt < —e —0, ass— —oo.
T mo
This implies that z1(t) = 0 for ¢ > T, which is a contradiction. The proof is
completed. O

In Theorem 2.16, the characteristic equation (2.84) plays an important role
in the investigation of the oscillation of equation (2.80). However, to determine
whether (2.84) has a real root, is quite an issue in itself. In the following we derive
some sufficient conditions for the oscillation of equation (2.80) which can easily be
applied.

Before proceeding for it, we need the following lemma which is interesting in its
own right.

Lemma 2.13. Assume that P; € R™*™ 7, >0 fori =1,2,...,n, and @ = min{c; },

for j =1,2,....m with

Zu(fPi)e*)‘” <0, for XeR (2.91)
i=1
and
: 1 - —AT;
§r<1f0 [/\a ;,u(—Pi)e } > 1. (2.92)

Then every solution of (2.80) oscillates.

Proof. Assume, for the sake of contraction, that (2.80) has a non-oscillatory solu-
tion. Then, by Theorem 2.16, the characteristic equation (2.84) has a real root \.
In consequence, there exists a vector u € R™ with |lu|| = 1 such that

(AgB +> R-e_’\”i>u =0,

=1



94 Basic Theory of Fractional Differential Equations

i.e.
n
AjBu= - Pe ™,
i=1
Hence

NS = (A§u,u) < (A§Bu,u) = (=) Pie ™u,u)
=1

= (- Z Pyu,u)e 207 < Z p(—P;)e Mo,
i=1 i=1

Then by (2.91), Ap < 0 such that

[}\13 iﬂ(_pi)e—*w] <1 or —X> {Z —u(=F;)

This contradicts (2.92) and completes the proof. O

3
| I
o=

—
no
©
w
=z

Theorem 2.17. Assume that for each i =1,2,....n,
P,eR™™ 1,>0 and p(—F) <0.

Then each of the following two conditions is sufficient for the oscillation of all
solutions of (2.80):

(i) éu(ﬂ)ﬂ: [gmm] T L
(i) [ﬁ(u(Pmr 3 | 3 u(ﬂ«)fa =
=1 =1 =1

Proof. We employ Lemma 2.13. As u(—F;) <0, (2.91) is satisfied and so it suffices
to establish (2.92). First, assume that (i) holds. Then, by using the inequality
e® > ex, we see that for all A < 0,

1< 1<
o ZN(_Pz)e AT > o ZN(_PZ)e(_ATZ)
=1 i=1
1 ¢ s
= _6ﬁ Z [L(—Pi)ﬁ)\a(—)\)l
1=1
>ed —p(—P)m [Z —u(—R)] :
i=1 =1

which, together with (i), implies that (2.92) holds. Next, assume that (ii) holds.
Then, by using the arithmetic mean—geometric mean inequality we find that for all
A <0,
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> —;n[iﬁl—u(—ﬂ) _”‘] )
= Alan[ﬁl M(H)} ' exp ( - Ai}ﬂ)

1 n = n
>~ [ TT-u-r) e -2 30n)
i=1 =1
n 1 n
= [TI-n-r)| el-n=230m
i=1 1=1
n L n n 1-a
> e[ TICu-r)| Son| X -ut-r)
i=1 i=1 Li=1
From this and (ii), it follows that (2.92) holds. The proof is completed. O

As a special case of the delay differential system with one delay,
oDz (t) + Px(t —71) =0, (2.94)
where
PcR™™ and 7>0,

the conditions (i) and (ii) coincide and each reduces to
1 1
[—pu(=P))oT > = (2.95)
Note that (2.95) is sharp in the sense that the lower bound 1/e cannot be improved.
Moreover, when P is a scalar, (2.95) is a sufficient condition for the oscillation of
all solutions to equation (2.94).
For the delay differential system (2.94), we also have the following explicit suf-
ficient condition for the oscillation of all solutions.

Theorem 2.18. Assume that
PeR™™ and 71>0.

If P has no real eigenvalues in the interval (—oo,1/(eT)®] (when T = 0, replace
1/(eT)® by +00), then every solution of (2.94) oscillates.

Proof. For 7 = 0, this result follows immediately from Theorem 2.16. So assume
7 > 0. Note that the characteristic equation det(A®B + Pe~*7) = 0 has a real root
Ao, that is, det(\§e o™ B + P) = 0 if and only if ug = —\ge o™ is a real eigenvalue
of P. For convenience, we take one element A\y* of A§:

pt = —AgietoT. (2.96)
Observe that (2.96) holds if A 4§ e~ T = 0, that is, the equation A% +pufie T =
0 has a real root. If pg < 1/er, then the eigenvalue pf of P should lie in the interval
(—o00,1/(er)?]. The proof is completed. O
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Definition 2.15. We say that (2.80) is oscillatory, globally in the delays, if for all
7; > 0 for i = 1,2, ...,n, every solution of (2.80) oscillates.

The following corollary is an immediate consequence of Theorem 2.18.

Corollary 2.7. Equation (2.94) is oscillatory globally in the delay T if P has no
real eigenvalues.

Next, we consider the linear autonomous system of neutral delay differential
equations

1 n
oD {x(t) + Z Pja(t — Tj)} + Z Qix(t — ;) =0, (2.97)

where the coefficients P; and @; are real m x m matrices and the delays 7; and §;
are non-negative real numbers. Associated with (2.97), the characteristic equation
is

l n
det (X’B FA) P4y Qie—*&i> =0. (2.98)
j=1 i=1

Lemma 2.14. If Ip < 1, then the solution of equation (2.97) has an exponent
estimate

lz(®)] < Agelot (t>b>0)
for constants Ag > 0 and by > 0.

PI‘OOf. Let (5 = maxlgign{éi}, 5 = maxlgjgl{Tj, (5}, q = maxlgign{HQiH}, and
take zg = oD tx(0) + Zé’:l PjoDy ‘o (—7;) with x(t) € AC[0,b]. Then there
exists a constant M such that ||z(¢)|| < M. Then, for t > b,

(@) < ellzoll + tplle(t = 7)1l + o / (t = )™ (s = 8,)|ds

t
ng _
< clanll+1p, max_ o)+ prs [ (6= max Ja(n)lds

< Ip(M
< cllaoll + (M + lglac + max, 2(s)])

+ g /b(t s)‘“o_1 max |lx(n)||ds
— X
['(ao) Jo N

t
nq _ ap—1
+ s /b (¢ = 5)70 max ()| ds

nqg t*°
< -
< cllall+ (1 + lllac) (104 5 0 ) 4t s ()

t
nq _ 040—1
+ s / (t = 5" max () ds:
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Set

o = claoll + (M + [llac) (1p+ L 2

which yields

1 t
ool < 1 (ot s [ (0= (ol ).

Consequently, by Lemma 2.12, we obtain

)| <
l2(t)] < e lo(s)]

a(t) 1 kng [* _ a0y ds
ST T g J, (e

a(t) 1 knq
1 @,
1lp< + 1flpcv0F(a0)t

The proof is completed. O

IN

A slight modification in the proof of Theorem 2.16 shows that the following
result is also true.

Theorem 2.19. Assume that for j =1,2,...;,l andi=1,2,...,n,
P;j,Q; e R™™  1;€(0,00) and & € [0,00).

If the characteristic equation (2.98) has no real roots, then every solution of (2.97)
oscillates.

Proof. If we modify the functions F'(s) and ®(s), defined in Theorem 2.16, as

l n
F(s)=s"B+s*B Z Pije™i 4 Z Qe %%,
j=1 i=1

0

D(s) =xo — Z Qe %% / e Stz (t)dt
i=1

—&;

l 0 !
—s*B Z Pje™%T / e Sta(t)dt + Z P; (OD;(lfa)x)(—Tj).
j=1 T Jj=1

J

Then, following the method of proof for Theorem 2.16, one can complete the proof.
O
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2.6.4 Existence of Nonoscillatory Solutions

In this subsection, we discuss the nonoscillatory characteristics of solutions for the
following fractional neutral functional differential equation
m
DY Ja(t) +ca(t— 1) + Y Pt Fi(z(t — 07)) =0, t > to, (2.99)
i=1
where ;D¢ is Liouville-Weyl fractional derivatives of order o > 0 on the half-axis,
ceR, 7,0, € RY, P, € C(ty,0),R), F; € C(R,R), i =1,2,...,m, m > 11is an
integer.

Let r = maxi<;<m{7,0;}. By a solution of equation (2.99), we mean a function
x € C([t; — r,00),R) for some t; > to such that ;D¢ [x(t) + cx(t — 7)] exists on
[t1,00) and that equation (2.99) is satisfied for ¢ > t;.

A nontrivial solution x of equation (2.99) is said to be oscillatory if it has an
arbitrarily large number of zeros. Otherwise, x is said to be nonoscillatory, that is,
x is nonoscillatory if there exists a T > ¢; such that z(t) # 0 for ¢ > T. In other
words, a nonoscillatory solution must be eventually positive or eventually negative.

We will consider the two cases: ¢ # +1 and ¢ = —1. Our main results are the
following theorems.

Theorem 2.20. Assume that ¢ # £1 and that

/ £ Py(#)|dt < 00, i = 1,2, ..,m. (2.100)

to

Then (2.99) has a bounded nonoscillatory solution.

Proof. Case I. —1 < ¢ < 0. By (2.100), we choose a T' > t, sufficiently large so
that

1 > “ l1+c¢
- a P M)d < ,
e A (g (5)100 ) ds < 1
where
= Fz 1< < .
2(1+C)I?:?§Xx§4/3{| @) sismi

Let C([to,00),R) be the set of all continuous functions with the norm ||z|| =
sup;>¢, [2(t)| < oco. Then C([tg,00),R) is a Banach space. We define a closed,
bounded and convex subset 2 of C([tg, ), R) by

) 2(1+4+¢)

Q = {2 = 2(t) € C([to, 0), R) : <a(t) < %,tzto}.

3 S
Define two maps A; and As : Q — C([to, 00), R) as follows:

fl4+c—cx(t—7), t=>T,
(Az)(t) = {(Alx)(:r), to<t<T.
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1 o0 s
(Agz)(t) = m/t (s—1t) (; P;i(s)F;(x(s — ai))>ds7 t>T,
(Az)(T), to<t<T.

(i) We shall show that Az + Agy € Q for any z,y € Q.
Indeed, for every xz,y € Q and t > T, we get

(A1z)(t) + (A29)(1)
§1+ccx(t7)+F(al+1)/ (s—1) (Z|p IE (s — 02))])ds
4 1 o -
4 1+c 4
§1+c—§c+ 3 —3
Furthermore, we have
(Arz)(t) + (A29)(t)

z1+ccx(t7)r(al+1)/oost (Z“’ )IFi(y i))\)ds

>1 Pi(s M)
Zlites a+1/ Zl 1My

I+c  2(14¢)

>1 — =
>l+ec 3 3
From the above two inequalities, it follows that
2(1+¢)

, for t>tg.

OO\»P

T2 < (A)(t) + (Aay) () <

Thus Ajx + Asy € Q for any z,y € Q.
(ii) We show that A; is a contraction mapping on (.
In fact, for z,y € Q and t > T', we have

[(Arz)(t) = (Ary)(B)] < —cla(t —7) —y(t = 7)| < —cl|lz — 9],
which implies that
A1z — Avyl] < —cllz =yl

Since 0 < —c¢ < 1, we conclude that A; is a contraction mapping on €.
(iii) Here we show that A is completely continuous.

First, we will show that A, is continuous. Let xp = zx(t) € Q be such that
xp(t) — z(t) as k — oo. Because  is closed, x = z(t) € Q. For t > T, we have

|(Agzi) () — (A2) ()]

< F(oz%/ (Z|P W Ei(zk(s —0;)) — Fi(x(s—ai))ods
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Sr(a%/ (Z|P ME(a(s — 02)) — Fia(s — o)) )ds.

Since |F;(xk(t — 04)) — Fi(x(t — 0;))| = 0 as k — oo for i = 1,2, ...,m, by applying
the Lebesgue dominated convergence theorem, we deduce that limg_,o ||(A2zs) () —
(A2z)(¢)|] = 0. This means that Ay is continuous.

Next, we show A5} is relatively compact. It suffices to show that the family
of functions {Azz : z € Q} is uniformly bounded and equicontinuous on [tg, 00).
The uniform boundedness is obvious. For the equicontinuity, according to Levitan’s
result, we only need to show that, for any given € > 0, [T, 00) can be decomposed
into finite subintervals in such a way that on each subinterval all functions of the
family have change of amplitude less than . By (2.100), for any € > 0, take T* > T
large enough so that

7F(041+1/ (M12|P )ds<g.

Then, for x € Q, ty > t; > T*, we have
|(«42$)(t2) — (Azz)(t1)]

a—|—1 /t Z'P )| Fi(z S—Ui))|>ds

i=1

+F(O[1+1/ (Z|P I Filo(s — o)) ds
<t ), ° (MlDP )ds

1 >~
—_— M Pi(s)|)d
trar ) = VIR as
<§+£—a
2 2

For x € Q and T < t; <ty < T*, we obtain
[(A2z)(t2) — (A2)(t1)]

gr(a%/ (Z|P ()IFi(a(s — o)) ds
AR L)

1 m
L a » —t1).
< iy o2 { (0 > IPi(s)]) }(t2 = 1)
Thus there exists a § > 0 such that
|(A2$)(t2) — (./4213)(151” <e¢g, if 0<ty—t; <.
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For any x € Q, tg <t; <ty <T, it is easy to see that
|(A22)(t2) — (A22)(t1)] =0 < e.

Therefore { Az : x € Q} is uniformly bounded and equicontinuous on [tg, o), and
hence A2 is relatively compact. Hence, the conclusion of Theorem 1.8 (Krasnosel-
skii fixed point theorem) applies and there exits o € 2 such that A;xo+.A220 = xo,
that is,

2o(t) =1+c—cxo(t —7)+ ﬁ /too(s - t)o‘(Z:Pv:(S)Fi(ZEO(S - Uz‘)))d&
which implies that
xo(t) =14+c—cao(t—7)+ —/ ds/ 3 R-(s)Fi(xo(s—oi)))du.

Hence

[zo(t) + cxo(t — 7)) = F(la)/ (s —t)*~ 1<ZP 3 (zo(s fcrz)))ds.

t

It is easy to see that zo(t) is a nonoscillatory solution of equation (2.99).
Case II. —c0 < ¢ < —1. By (2.100), we choose a T > t sufficiently large such that

1 c+1
- ToTD /T+T (Z|p )| ) ds < - -

where

My = Fi(z)|: 1 <4 <m).
2= amex L R@) L <ism)

Let C([to, ), R) be the set as in the proof of Theorem 2.20. We define a closed,
bounded and convex subset 2 of C([tg, 00),R) as follows:
c+1
2
Define two maps A; and As : Q@ — C([to, ), R) by

(Arz)(t) = {‘C‘ b %x““) =
(Arz)(T), to<t<T.

Q= {z=2z(t) € C([tp,©),R) : —

< a(t) < —2¢,t > 1o}

m

1 > o
(0 M/t+T(s—t—T) (3 P(s)ECa(s — 0)))ds, 1> T,

i=1

(A22)(T), to<t<T.

In the first step, let us show that Az + Asy € Q for any z,y € Q.
In fact, for every z,y € Q and t > T, we get

(Arz)(t) + (A2y)(t)
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1
<—c—1—-z(t+71)

C
11 o0 ol v
ety et (S IRGIAG o)
11 > “
< —c— R “ ‘
S—c—1+2 cF(Oz+1)/T+TS (;H(S”MQ)CZS
1
g—o—i—l—%ﬁ—%
and
(Aqz)(t) + (A2y)(t)
z—c—lflw(tJrT)
C
11 > o
- - — P(s)||Fi(y(s — o;
et [ (S s
11 R
>_ o - «
c + F(a—l—l/ s (;“Dz |M2)
c+1 c+1
> c—1 =-
c + 9 9

which imply that
c+1
2
Thus A1z + Asy € Q for any z,y € Q.
Next we show that A; is a contraction mapping on €.
For z,y € Q and t > T, we have

< (Arx)(t) + (Ay)(t) < —2¢, for t > to.

1 1
((Awz)(t) = (Auy) ()] < — ot +7) =yt + )] < ——[le —yl],
which implies that
1
Mz = Agll < == lz — .

In view of the condition 0 < —1/c¢ < 1, it follows that A; is a contraction mapping
on ().

As in the proof of Case I, we can obtain that the mapping A, is completely
continuous. Therefore, all the conditions of Theorem 1.8 are satisfied. Hence there
exists zg € Q such that A;xg+.Asxg = xg. Clearly, zo = z(t) is a bounded positive
solution of equation (2.99).

Case IIL. 0 < ¢ < 1. By (2.100), we choose a T' > to sufficiently large so that

F(a%/ (Z|P |M3)ds<1—c
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where

M3 = F; 1< < .
3 2(1513)&5%4{ i(x) 1 <i<m}

Let C([to, o), R) be the set defined in the proof of Theorem 2.20. We define a
closed, bounded and convex subset Q of C([tg,c0),R) as follows:

Q={zx=2(t) € C([tg, ), R) : 2(1 — ¢) < z(t) < 4,t > 1o},
and consider two maps A; and Ay : Q — C([tg, 00),R) defined by

_[34c—cx(t—T),t>T,
(Au)lt) = { (Ar2)(D), to<t<T,
and
1 oo I
=) T, (PRl —o0)Jds 2T,
(A2z)(T), to<t<T.

As before, for any z,y € Q and t > T, we have
(Arz)(t) + (A2y)(t)

<semanlt—r)+ oy [ 6= 00 (L IR - 0))ds

§3+c+%/ (Z|P )IM5) ds

<3+c+1—-c=4,
and

(Arz)(t) + (A29)(t)
>34 ecalt =)~ g [ (- (Z|P IFi(y(s = o2)])ds

m

23+c—4c—m%/ (Z |M3)ds

>34+c—4dc—(1—-¢)=2(1-¢).
In consequence, we get
2(1 —¢) < (A12)(t) + (A2w)(t) < 4, for t > to.

This shows that Az 4+ Aoy € €2 for any z,y € Q.

Proceeding as in the proof of Case I, we can establish that the mapping A; is
a contraction mapping on {2 and the mapping Ay is completely continuous. By
Theorem 1.8, there is xg €  such that A;xg + Asxg = xg. Clearly, xo = xo(t) is a
bounded positive solution of (2.99).
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Case IV. 1 < ¢ < co. Again, by (2.100), we can choose a T > ty sufficiently large

so that
1
S Pi(s M)ds<c—1
cr<a+1>/T+T (;' M

where

My = Fi(x):1=1,2,.. .
P e B i) = 12 m)

Let C([tg,00),R) be the set as considered in the proof of Theorem 2.20. Let Q
be a closed, bounded and convex subset of C([tg, o), R) defined by

Q={zx=2(t) € C([tg, ), R) : 2(c = 1) < z(t) < 4de,t > to}.
Define two maps A; and Az : Q — C([tg, 00),R) as follows:

1
1-—- >T
(Arz)(t) = {3c+ Cx(t—l-T) t>T,
(Alx)( )a tOStSTa
and
- /Oo (s—t— T)a(ia(s)m(x(s - Ui)))ds, t>T,
(Az)(t) = ¢ cl(a+1) Jipr —
(A2z)(T), to<t<T.
In order to show that Az + Asy € Q for any z,y € Q and t > T, we consider
(Arz)(t) + (A29)(?)

1
<3c+1——-a(t+7)
c

i [ et (S IROIRGLs - o))as
S —t—7) 3 —0;
cl(a+1) /iy P

11 oo o
<3et+1l+ s ( M)
- cT(a+1) /T+T ; o)IMa
<3c+1+(c—1)=d4c,
and

(Arz)(t) + (A21)(t)
>3c+1-— %x(t—l—T)

Jﬁ/ (s—1) (Z|P )IFily(s — o))l ) ds

1 1 o
>3c+1-4—-— o P;(s)| M.
3c C T 1)/ s (E [P (s)] 4)ds

i=1

>3c—3—(c—1)=2(c—1).
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Hence we obtain
2(c—1) < Ajz(t) + Ay(t) < 4e, for t>ty,

which implies that Ajx + Agy € Q for any x,y € .

As in the proof of Case I, it can be shown that the mapping A; is a contraction
mapping on §2 and the mapping As is completely continuous. In consequence, the
conclusion of Theorem 1.8 applies and there exists x¢ € € such that A;zg+ Asxg =
xo. It is easy to see that xyp = z((t) is a bounded positive solution of equation
(2.99). The proof is completed. O

Remark 2.5. Minor adjustments are only necessary to discuss the neutral func-
tional differential equation of the form

DY o[ (t) + C)x(t — 1) + F(t, 2(01(1), o 2(om (1)) = f(1), £ = to,

where 7 € RT = [0,00), 0;(t) = o0 (i = 1,2,...,m) as t = oo, m > 1 is an integer,
and F : [tg,00) x R x -+ x R = R is continuous and bounded, C, f € C([tg, o0), R).
So we omit the details.

Theorem 2.21. Assume that ¢ = —1 and that
Z/ | Py(t)|dt < o0, i =1,2,...,m. (2.101)
=0 to+jT

Then equation (2.99) has a bounded positive solution.

Proof. By the condition (2.101), we can choose a sufficiently large T' > tg so that
Py(s)| M: )d <1,
Z/W (S In i)

where M5 = maxo<z<1{Fi(z) : 1 <i<m}.
We consider a closed, bounded and convex subset © of C([tg, ), R) as follows:

Q={z=2(t) € C([tp,©),R) : 2 < z(t) < 4,t >t}
and define a mapping A : Q — C([tp, 00),R) as follow:

3—1i/OO (s—t—j7)°

Ia+1)

t+j7
Az)(t) =
(Az)(®) (ZP s—oz)))ds, t>T,
(Ax)( ); to<t<T.
We first show that AQ C Q. Indeed, for every x € Q and t > T, we get
1 00 00 m
Ax)(t) <34+ —— / s—t—jr)° P;(s)||F;(x(s — o ds
DO <3+ gy D )« )(; ()1 Fila(s — o)1)
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1 o0

<3+F(a+1)j§_:1/;p+ﬁ (;UD |M5)
<4,

and

(A2)(0) > 3~ s ;/+ (s —t = jr)° (Z\P( IFi (s — 01)) ) ds

23 Ol+1 ;/T+jr ;|P |M5)d5
> 2.

Hence AQ C Q.

We now show that A is continuous. Let xx = xi(t) € Q be such that zx(t) —
x(t) as k — oo. Since  is closed, z = z(t) € Q. For t > T, we have

|[(Az)(t) — (Az)(1)]
1 o0

< WZ/TW (Z|P WIE: (x(s — 07)) — Fi(x(s—ai))|)ds.

Noting that |F;(xg(t — 0;)) — Fi(z(t — 0;))] — 0 as k — oo for i = 1,2,...,m,
and applying the Lebesgue dominated convergence theorem, we conclude that
limy o0 ||(Azg)(t) — (Az)(t)|| = 0. This means that A is continuous.

In what follows, we show that AQ is relatively compact. By (2.101), for any
e > 0, take T > T large enough so that

1 > oo N
F(OHrD;/T*HTS (M5Z|P ))ds < 5

=1

Then, for x € Q, to > t; > T, we get

|(Az)(t2) — (Az)(t1)]|
1 o0
fmwnZLW(ZW'FS””W

1 o0

B T

< I‘(almio;/too, SQ(M5;|P1(S)|)d5

2+JjT
1 & o N m
) 2 gy (M PO

<E+€_
B 2—5.
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For T < t; <ty < T*, we choose a sufficiently large J € NT such that T'+ j7 >
T as 7 > J. For x € ), we obtain

[(Az)(t2) — (Az)(t1)]

1 ©  pletiT
gwjzl/tﬁrjr (Z|P JNE (= im)ds
1 I ptatgT m
S AP AR GO T
el to+jT m
+ Z /t 4 SQ(MSZ|P1(S)|)dS
j=J4+1Y/ i i1
1 N m
S F@TD [reree 3 {7 (M IR} = 1)

+Z/ M5Z\P )

Then there exists a § > 0 such that
[(Az)(t2) — (Az)(t1)] < e, if 0<ty—1t1 <.
For any x € Q, tg <t; <ty <T, it is easy to see that
|(Az)(t2) — (Az)(t)] = 0 <e.

Therefore {Az : z € Q} is uniformly bounded and equicontinuous on [¢g, 00), and
hence A2 is relatively compact. By Theorem 1.5 (Schauder fixed point theorem),
there exists xg € € such that Axy = zg, that is,

1 [ e
s DO I

*+]T

zo(t) = (i > T 5701))>d t>T,
xo(iZF:), to<t<T
Then we have
1 o0 -
wo(t) — zo(t —7) = m/ (s — t)a(ZR(s)Fi(xo(s - Ji)))ds, t>T,
t i=1

which implies that

[mo(t)—wo(t—T)]’:ﬁ/t (s —t)*~ 1(ZP HEn s—aﬁ))ds, t>T.

It follows that xg = xo(t) is a bounded positive solution of equation (2.99). This
completes the proof. O
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Remark 2.6. When Fi(z) = z,P;(t) = p; € R,i = 1,2,...,m, equation (2.99)
reduces to
DS [x(t) +ex(t — 7)) + > pia(t —01) =0, t>to. (2.102)
i=1
In this case, (2.100) and (2.101) cannot be satisfied. So, we provide an alternative

sufficient condition for existence of nonoscillatory solutions of equation (2.99).

Theorem 2.22. Assume that a > 0, ¢, 7, p;, 0; € R, i = 1,2,...,m. If the
characteristic equation of equation (2.102):

m
APHL XA =y " p e (2.103)
i=1
has a positive real root, then equation (2.102) has a bounded positive solution.

Proof. Let \g > 0 be a real root of (2.103). Set y(t) = e~*!. By using (2.103)
and (DY e M = A% M we get

DY [y(t) + ey(t = 7)) = =N + AT le Pom)e !

m
— ( ZpieAgo'i)ert
i=1
m
=- Zpiy(t - 0i).
i=1

Clearly, y(t) is a bounded positive solution of equation (2.102). The proof is com-
pleted. O
2.6.5 Fractional Partial Functional Differential Equations

In this subsection, we study the following fractional functional partial differential
equation involving Riemann-Liouville fractional derivative

u(xw,t S
Oulz,t) _ Ct)Au+ Y Pi(x)u(z,t — o) + R(w,t), (2.104)
ot pat
supplemented with the initial condition
0Dy Ve )|, = #le.1) for x € Q, where 0 = max{oy,i=1,2,...,n},
(2.105)
and boundary conditions:
0 t
ua(zxv ) —0 on (z,t) € 99 x [0, 00), (B1)
u(z,t) =0 on (z,t) € 9 x [0,00), (B2)
0 t
ulz, t) +vu=0 on (z,t) € 9N x [0, 00), (B3)

ON
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where 0 < a < 1, (z,t) € Q x (0,00) = G, Q is a bounded domain in Euclidean
n—dimensional space R™ with a piecewise smooth boundary 92, A is the Laplacian
in R", C € C((0,00),(—00,0]), P, € C(,[0,0)), R(x,t) € C(G,(—00,)), 0; €
[0,00),4 = 1,2,...,n, N is the unit exterior normal vector to 9 and v(x,t) is a
nonnegative continuous function on 99 x [0, c0).

For f:R™ x [0,00) — R™, Riemann-Liouville derivative with respect to time of
the function f can be written as

0% f(x,t) 1 o [t flx,t) d
ate r(y@&/o (t—s) ™

A function u(z,t) is said to be a solution of the problem (2.104) and (Bi)
(1 =1,2,3) if it satisfies (2.104) in the domain G and the boundary condition (B4)
(i=1,2,3).

The solution u(x,t) of problem (2.104) and (Bi) (i = 1,2,3) is said to be
oscillatory in the domain G if for any positive number p there exists a point
(1,t1) € Q X [, 00) such that u(z1,t1) = 0 holds.

In the following, we will give the sufficient criteria for the oscillation of all
solutions the equation (2.104) equipped with initial and Neumann, Dirichlet and
Robin boundary conditions.

O<a<l.

2.6.5.1 Oscillation of Fractional ODEs

To investigate oscillation of (2.104), let us study oscillation of the following frac-
tional delay differential equation with Riemann-Liouville fractional derivative

oDfx(t) + > pix(t—7) = f(t), t>0. (2.106)
i=1
Without loss of generality, we assume the coefficients p; of (2.106) are all nonzero
and that 7, = max{7y,..., 7 }.

Definition 2.16. By a solution of (2.106) in (0,00) with initial function ¢ €
AC[—71,0], we mean a function = : [-71,00) — R and = € ACJ0,b], for any
b > 0, such that z(t) = ¢(t), t € [-71,0], (oDfx)(t) exists and z(t) satisfies (2.106)
in (0,00). A solution z(t) of equation (2.106) is called oscillatory if it has arbitrarily
large number of zeros.

Lemma 2.15. The solution of equation (2.111) has an exponent estimate
z(t) = o(e®) (t>b>0)

for a constant qo > 0.

Proof. Taking Riemann-Liouville integral of equation (2.111), we have

z(t) = Fa(jzé)to‘_l — ; I‘(;) /0 (t—s)* ta(s —1;)ds

_ Po La-1 Di :
=t T LT

i=1

(2.107)
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where
¢
Fi(t) = / (t —8)* ta(s — 1;)ds, w9 =D tx(0).
0

As z(t) € AC|0,b], there exists a constant M > 0 such that |z(t)] < M and
AC[—11,0] is the Banach space with the norm || - ||. Let 7 = min{r;} for i €
{1,2,...,n}. Then, for t > b, we have

IR < [ =) lals = )lds
b t
—5)*! max | s —5)*! max | s
< a9t max femlds+ [ ¢-9) NEOIL

T, <n< s—1; <n<
t

b
< [t el + [ (=9 max la(o)l+ M+ el

e ‘
< (M _ a—1
ST+l + [ (=97 ma o),
(2.108)
which, together with (2. 107) yields

bafl |pz|
()] < o )I zo| + 2 T(a )II E @)l

-1

b pto‘ P t —$)%! max ||z s
Frag ool + s O+ el + gy [ (6= 9)°7" max (ol

where p = max{|p;|}, for i=1,2,...n
One can introduce nondecreasing function m(t) as
pe— 1 np te
m(t) = w0l + w7 — (M + [[e]).
T(a) I'(a) a

By Lemma 2.9, there exists k = k(«) such that

knp (" @=L (s)ds
Jofe)] < oo (o) < m(0) + s [ 6= 5)° Im(e)d

< m(t)(l + %t“(’)

O[or(ao

<

(2.109)

Obviously, from (2.109) we infer that x(¢) has an exponent estimate. The proof is
completed. O

Theorem 2.23. If the equation

n
PA) =X+ pie =0 (2.110)
i=1
has no real Toots, then every solution of

oDfa(t)+ Y pa(t—7)=0, t>0 (2.111)

1s oscillatory.
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Proof. On the contrary, let us assume that (2.111) has a positive solution z(t) with
Laplace transform X (s). Taking the Laplace transform of both sides of (2.111), we
have

(saX(s)—on‘_l )—i—Zpl/ “St(t —7;)dt = 0,

that is,
<s°‘X(s) — oDt >+Z pie " X (s +Z pie”*T / et (t)dt = 0.

Hence
(5™ + va —smi) =oD{ sz ST / e *tx(t)dt. (2.112)
Let
s) =s"+ Zpief‘m, xo = o D¢ 12(0),

0

s) =Y _ ¢i(s), where ¢;(s) = Pze_sﬂ/ etz (t)dt.
i=1

Then, from (2.112), we get
P(s)X(s) =z — ¢(s). (2.113)
Since P(s) = 0 has no real roots, therefore P(s) > 0. Hence we obtain that p;, the
coefficient corresponding to the largest delay 71, is positive. Take € > 0 be small
enough so that 71 —e > 7; for i = 2,...,n. By positivity of x(¢) in AC[—71,0], there
exists a constant m > 0 such that z(t) > m and that
efs(‘rlfs) efs(nfe)

P1(s)  pre—sm fETI e~stx(t)dt

S€

e
<

 pim fi)ﬁ e~stdt
s

es 11
plm P

1
T1esT1ese —gese (e5T1—1)
pim o2se
655
= — 0, ass— —oo.
pim(res™ —e(es — 1))

Thus we conclude that ¢;(s) > e *("17%) — o0 as s — —oc eventually. On the
other hand, as s —» —o0,

|9i(s)] = o(e™"™) = o(¢1(s))
for i = 2,...,n. But both P(s) and X (s) are positive while ¢(s) — co as s = —o0.
Hence (2.113) leads to a contradiction. The proof is completed. O



112 Basic Theory of Fractional Differential Equations

In Theorem 2.23, the characteristic equation (2.110) plays an important role in
investigating the oscillation of equation (2.111). However, it remains an issue to
determine whether (2.110) has a real root. In the following we derive some sufficient
conditions for the oscillation of equation (2.111) which can easily be applied.

Corollary 2.8. Assume that « = p/q, where p,q are co-prime (that is, (p,q) = 1),
and p;T; > 0 fori=1,2,...,n. Then each of the following two conditions is sufficient
for the oscillation of all solutions to equation (2.111).

o (1) (E)(E) 7

i=1

Proof. (i) As equation (2.110) has no positive real root. Assume, for the sake of
contradiction, that (2.110) has a negative real root A. Let A = —\ > 0. Then, from
(2.110) we have

i.e.

S
Y4
P
\‘M:
=
N
ol

By making use of the inequality e* > xe for z > 0, we get

n n
A = sz'e)‘n > Zpi/_\Tie
i=1 i=1

= < zn:pin) e\

=1

n n I?T"‘
Ze(ZPm)<ZPi> A%,
i=1 i=1

which implies that

n n ITTQ
<szﬂ>(zpz) < é
i=1 i—1

This is a contradiction. Hence, (2.110) has no negative real root and consequently
the result follows as a consequence of Theorem 2.23.
(ii) In view of the arithmetic mean-geometric mean inequality:

(Hl%) < *sz‘ .
i=1 n i=1
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we have

3=

(I) e (57) = (M) ()

which leads to a contradiction

(1) () ()~ <2

Hence (2.110) has no negative real root and the result follows as an immediate
application of Theorem 2.23. The proof is completed. O

We assume that f(t) = o(e®?) for some ag > 0. Then the Laplace transform F(s)
of f(t) exists.

Theorem 2.24. Let a € R and assume that

(H1) FEquation (2.110) has no roots in (0,00);
(H2) a is the abscissa of convergence of F(s), F(s) has a singularity on Re(s) = a,
but F(s) is analytic at s = a.

Then every solution of (2.106) is oscillatory.

Proof. Suppose that (2.106) possesses an eventually positive solution z(t) with
Laplace transform X (s) having abscissa of convergence bg. Then X(s) is analytic
in the half-plane Re(s) > by and by Lemma 2.8, it cannot be analytically continued
at s = bg. That is, there is no complex neighborhood of by on which we can find
an analytic function which agrees with X (s) for Re(s) > by. Taking the Laplace
transform of both sides of (2.106), we obtain

P(s)X(s) =xzo — ¢(s) + F(s). (2.114)

By analyticity, (2.114) holds for Re(s) > max{a, bo}, and ¢ is an entire function.
Now we can say a > by is impossible because (2.114) and (H1), (H2) would imply
a singularity of X(s) in Re(s) > by. On the other hand, a < by is impossible
because we could then use (H1), (H2), and (2.114) to analytically continue X (s) at
s = bg. Thus (2.106) cannot have an eventually positive solution. This contradiction
completes the proof. O

Lemma 2.16. For any ¢ € R, the Laplace transform X.(s) of x.(t) exists and has
the same abscissa of convergence as X (s).
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Proof. Obviously

(2.115)

— e [X(s) — /O " oSt (b)),

Since the last integral defines an entire function of the complex variable s, we can
see that both X (s) and X.(s) converge or diverge for the same values of s, and have
singularities at the same points. O

Theorem 2.25. Suppose that

(H3) FEquation (2.110) has no real roots;
(H4) the abscissa of convergence of F(s) is —oo and, for some € > 0, |F(s)| =
o(e=*7i=¢)) as s — —oco. Then every solution of (2.106) is oscillatory.

Proof. Let us claim that (2.106) has a solution z(t) such that for some ¢ > 0,
zc(t) > 0 for ¢ > 0. Let (2.106)" denote equation (2.106) with f replaced by f..
Then z.(t) is a positive solution of (2.106)’. It is easily checked by means of (2.115)
that F.(s) also satisfies (H4). Since we are seeking a contradiction, we may as well
assume that x(¢) > 0 for ¢t > —7. Then, in view of (2.114), and by Lemma 2.8,
it follows that the abscissa of convergence of X(s) is —oco. As in the proof of
Theorem 2.23, by (H3), (H4) and (2.114), we get Sgr_nooX(s) = —o00, which leads

to the contradiction and completes the proof. O
2.6.5.2 Boundary Value Problem (2.104) and (B1)

Lemma 2.17. Assume that

(H5) [, R(z,t)dx > 11t~ fort >0, where Iy > 0 is a constant.

If problem (2.104) and (B1) has an eventually positive solution, then the following
fractional delay differential equation involving Riemann-Liouville fractional deriva-
tive

oDfz(t) =Y pia(t—0i) =0, t>0 (2.116)
=1

has an eventually positive solution, where p; = min{P;(x) : x € Q}.

Proof. Without loss of generality, we assume that problem (2.104) and (B1) has
u(z,t) >0, and u(x,t — ;) > 01in Q x (0, 00) for some t; > 0.



Fractional Functional Differential Equations 115

Set
U(t):/u(x,t)dx, > 1,
Q

and note that U(t) > 0 for ¢ > ¢;.
Integrating (2.104) with respect to x over the domain Q, we get

g;[/ u(z, ) dm} - /QAudJH—Z/Q _gi)der/QR(x’t)dx.

(2.117)
Using the Green’s formula and boundary condition (B1), we obtain

ou(x,t)
Audx:/ ~-dS =0, t>t.
/Q oo ON '

Then (2.117) becomes

aata [/ u(z,t) dx] Z/ —Ui)dx-f-/QR(x,t)daz. (2.118)

Let r(t) = [, R(x,t)dz and from the definitions of U(t),p; as above, (2.118) reduces
to

oDCU (¢ Zp, (t —oy) + (1) (2.119)

Integrating the inequality (2.119) from 0 to t and applying condition (H5), we have

VO et 5 2 [0 o000 — st < [t — sy tr(s)ds
U(t)>1“(at +ZF(a)/o(t U Z>d+F(04)/o(t e

=1

)
U(O) a— 1 . p
= Ta)' ; T(a

)/O(ts)alU(sai)derF(l_a),

(2.120)

where U(0) = [, ¢(z,0)dz. On the other hand, there exists a constant ¢; > 0 such
that

O] 0r b
') “I(l-a)
for ¢ > t].
Let ¢; = max{ty, ¢} }. Then, for ¢ > #;, we get
n ] t
HOEDY (1 ] / (t — )7 U(s — 03)ds. (2.121)
° @) Jo
=1

Define a set W = {w(¢) : w(t) € C([t1 — 0,0),[0,1])} and a mapping S on W
by

1 n Di t 750471 s o Vw(s — o )ds _
(J(t)[z F(a)/o(t )*U( w( z)d],tZtl,
(Sw)(t) =

t—t;+0 _ t—t;+0 _ _
1L +0 g (1_1+ ) Lh—o<t<i.
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It easily follows from (2.121) that SW C W, and for any w € W, we have (Sw)(t) >
0fort; —o<t<t.

Define a sequence of functions {w,(¢)} in W by wo(t) = 1, and wp41(t) =
Swy(t), t > t; — 0. From (2.121), by induction, we have

0<wpi1(t) Swp,(t) <1, t>1t —o.

Then lim w,(t) = w(t), t > ¢ — o, exists, and 0 < w(¢) < 1. Further, in view of
n—oo

the Lebesgue dominated convergence theorem, we obtain

w(t) = %t) [i F<;) /Ot(t —8)* (s — o)w(s — m)ds], t>1,

and
7t7{1+0
o o

w(t)

Set z(t) = U(t)w(t). Then x(¢) is a nonnegative solution of the following equation

_ t—t _ _
w(t1)+<1—1+0) >0, —0o<t<t.
g

and z(t) > 0 for t; — o <t < t;. It is easy to infer that x(¢) > 0 for ¢ > #; since
p; > 0fori=1,2,...,n. Therefore, z(t) > 0 for t > t; — 0.

Note the integral equation (2.122) is equivalent to equation (2.116) with an initial
condition [OD;(lfa)x(t)]te[,g,O] =0 for t € [-0,0]. The proof is completed. O

Applying Theorem 2.23 and Lemma 2.17, we directly obtain the following results
of oscillation.

Theorem 2.26. Assume that condition (H5) holds, and if the equation
PA) =X =) pie ™ =0 (2.123)
i=1
has no real roots, then every solution of problem (2.104) and (B1) is oscillatory.

2.6.5.3 Boundary Value Problem (2.104) and (B2)

We firstly consider the following Dirichlet problem in the domain 2:

{Au—!—nu:O in (z,t) € Q x [0, 00),

u=0 on (z,t) € 90 x [0, 00), (2.124)

where 7 is a constant. It is well known (see Vladimirov, 1981) that the smallest
eigenvalue 77 of problem (2.124) is positive and corresponding eigenfunction ®(x)
is also positive on 2.

Lemma 2.18. Assume that

(H6) [, ®(x)R(x,t)dx > lot™* for t >0, where Iy > 0 is a constant.
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If problem (2.104) and (B2) has an eventually positive solution, then (2.116) has

an eventually positive solution.
Proof. Without loss of generality, we assume that problem (2.104) and (B2) has

u(z,t) > 0 and u(z,t —0;) > 0 in Q x (0, 00) for some ¢ > 0.

Define
V(t) = / u(z, t)®(x)dx, t > tq,
Q

and notice that V(¢) > 0 for t > t,.
Integrating (2.104) with respect to ¢, we have

u(z,t) = (pr(f(i;())) t* 4+ ﬁ/@ (t — 5)* 1O (s)Auds

n

+ Z ﬁ /0 (t — ) ' Pi(z)u(z,s — 0y)ds

1 ! a—1
+ m/o (t —s)* " R(x, s)ds.

Multiplying both sides of (2.125) by ®(z), and integrating both sides with respect

(2.125)

to x € (), we obtain
/ O (x)u(z, t)dx
Q

tt,v—l 1 " .
- m/ﬂ@(x)gp(x,o)dx—i—@/ﬂd)(x)/o (t —s)*""C(s)Audsdx

e t i ;)dsdx
+;F(OZ)/Q(I)(:E)/O (t_s) Pz(x)u((E,s Jl)d d
1 a—1
* F(a)/ B(x )/ (t —5)*  R(z,s)dsdr
ta 1 (I) g: 0 dx + ( )/(ts)alo(s)/@(I)AudIds
! (2.126)

(t— s)o‘*l/QQD(x)R(x,s)d:cds

ta—l 1 t w1
> O(z)p(x,0)dx + m/o (t—s) C(s)/ﬂ@(m)Audmds

- y4 t a1 o
+;I‘(a)/0(t—8) /Q(P(x)u(x,s o;)dwd

+1/Ot(t_5)0‘_1/Q<I>(x)R(x,s)dxds.

SN
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Using Green’s formula and boundary condition (B2), we have

O(x)Audz = @(x)a—;] - ua(b](\;c) dS+ | u(z,t)Ad(x)dx
Q 09 5} 0 0

= —m/ O(x)u(z, t)de, t>to.
Q
From (2.126), (2.127) and condition (H6), we obtain
to 1

(2.127)

V(o

V(0 jaur t—so‘_lsss
Vi = g = s [ - artevisd

= Pi ! a—1 — o)\dzds
+;F(Q)/O(t—s) V(s — 0;)dad

1 ! a—1
+ m/o (t—s) /Q<I>(x)R(a:,s)dxds

V(0) a1 i / 1 &
> 7ta (t—9)*"V dxd -
(a +Z s) (s — )ms+r(1_ )
where V(0) = [, ®(x)¢(z, O dgc Then (2.128) is similar to (2.120). The rest of the
proof is smular to that of Lemma 2.17, so we omit it. This completes the proof. [

(2.128)

Theorem 2.27. Assume that condition (H6) holds, and that equation (2.123) has
no real roots, then every solution of problem (2.104) and (B2) is oscillatory.

2.6.5.4 Boundary Value Problem (2.104) and (B3)

Lemma 2.19. Assume that condition (H5) holds. If problem (2.104) and (B3) has
an eventually positive solution, then (2.116) has an eventually positive solution.

Proof. Without loss of generality, we assume that problem (2.104) and (B3) has
u(z,t) > 0 and u(z,t —o;) > 0 in 2 x (0, 00) for some t3 > 0.
From the Green’s formula and boundary condition (B3), it follows that

Audxr = — vudS <0, (2.129)
Q o9
where dS is the surface element on 9. Combining (2.117) and (2.129), we get

gta [/ u(,1) dx] Z/ t_Uz)de—I—/QR(x,t)dx. (2.130)

Define
U(t) = / u(z, t)dz, t > ts,
Q
and observe that U(t) > 0 for t > ts. From (2.130) we have

oDfU sz (t — 03) + r(t). (2.131)

Integrating inequality (2.131) from 0 to t, we obtain (2.120). We omit the remaining
part of the proof as it is similar to that of Lemma 2.17. This completes the proof. [

Theorem 2.28. Assume that condition (H5) holds, and that equation (2.123) has
no real roots, then every solution of problem (2.104) and (B3) is oscillatory.
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2.6.5.5 Ezxample

In this subsection, we discuss an illustrative example.

Example 2.5. Consider the following fractional partial differential equation

0%u(x,t
% = —Au+ (22 + Du(x,t — 1)+t “sinz, (z,t) € (0,7) x (0,00),
(2.132)
with the boundary conditions
_9u0.) _ dulmt) sy, (2.133)

ox ox
Here 0 < a <1, Q= (0,7), R(z,t) =t *sinz, o = 1.

Obviously

/ R(z,t)dx = / t~“sinxdr = 2t ¢,
Q 0

and
1-a 1 1
P(x)>1=p, (po)p = =pr=1>-.

Thus all the conditions of Theorem 2.26 are satisfied. Therefore every solution of
problem (2.132) and (2.133) is oscillatory in (0,7) x (0, 00).

2.7 Notes and Remarks

The results in Section 2.2 are taken from Agarwal, Zhou and He, 2010. The main
results in Section 2.3 are adopted from Zhou, Jiao and Li, 2009a. The material in
Section 2.4 are due to Zhou, Jiao and Li, 2009b. The results in Section 2.5 are taken
from Wang, Feckan and Zhou, 2013c. The material in Section 2.6 are taken from
Zhou, Alsaedi and Ahmad, 2018; Zhou, Ahmad and Alsaedi, 2019a; Zhou, Ahmad,
Chen and Alsaedi, 2019.






Chapter 3

Fractional Ordinary Differential Equations
in Banach Spaces

3.1 Introduction

In this chapter, we discuss the Cauchy problem of fractional ordinary differen-
tial equations in Banach spaces under hypotheses based on Carathéodory condi-
tion. The tools used include some classical and modern nonlinear analysis methods
such as fixed point theory, measure of noncompactness method, topological degree
method and Picard operators technique, etc.

Firstly, we give an example which show that the criteria on existence of so-
lutions for the initial value problem of fractional differential equations in finite-
dimensional spaces may not be true in infinite-dimensional cases. It is well known
that Peano theorem of integer order ordinary differential equations is not true in
infinite-dimensional Banach spaces. The first result in this direction was obtained
by Dieudonne, 1950. Dieudonne, 1950, produced an example which showed that
Peano theorem is not true in the space ¢y of sequences which converge to zero. In
fact, Peano theorem of fractional differential equations is also not true in infinite-
dimensional Banach spaces. In the following, we shall show that the existence result
of nonlocal Cauchy problem for fractional abstract differential equations which has
been obtained by N’Guerekata in 2009 is not true in the space cg.

Example 3.1. Let E = ¢y = {z = (21,22,23,...) : 2o, — 0 asn — oo}
with the norm |[[z|| = sup,>q|zn| and f(2) = 2(y/|z1], /|22], /|23l ...) with
z = (21, 22, 23, ...) € ¢o. Consider the nonlocal Cauchy problem for fractional differ-
ential equations given by

6Djz(t) = f(x(t), 2(0)=¢&, t € (0,t] (3.1)

where §D? is Caputo fractional derivative of order 0 < ¢ < 1, ¢ =
1
(1,1/22,1/3%,...) € co, to < (FF2)a,

It is obvious that f : ¢ — c¢o is continuous. According to N’Guerekata, 2009,

%, such that IVP (3.1) possesses at least one
0]

continuous solution x € C([0, to)], co) and x(t) = (z1(t), z2(t), z3(t), ...) € co on [0, to]

with sup,eo 4, l2(t)[| < k*. According to the definition of the norm of cg, we can

there exists a constant k* =

121
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conclude that
§DIn(t) = 2/|za(t)], xn(0) =

where x,, satisfies that x,, € C([0,%o],R) with sup,c(o .,y [2n(t)] < E™.
Let us consider equation (3.2) which can be written as the following equivalent

1

3 t€(0t), n=123, .. (3.2)

form
1 Ly 1 2 t
() = — + 20D V()| = 5 + == 1V |zn(s)|ds, te0,t).
n n I'(q) Jo
(3.3)
Since (t — s)771 > 1 with s € [0,¢) for ¢ € (0,o], we have by (3.3)
1 2 [
W) > = 4 2 2(5)ds, te[0,to], n=1,2,3,... 3.4
2alt) 2 5+ 50 [ VI Glds, te 0t (3.4)

Assume that y,, € C(]0, to] R) is a solution of the following integral equation

1
yn(t) = e + / Vyn(s)lds, t€[0,t0], n=1,2,3,.... (3.5)
Then, we get
Zn(t) > yn(t), t€[0,t], n=1,2,3,... (3.6)

In fact, suppose (for contraction) that the conclusion (3.6) is not true. Then,
because of the continuity of x and y, and that x,(0) > y,(0), it follows that there
exists a t1 € (0, tg] such that

Tn(t1) = yn(t1), zn(t) >yn(t) t€[0,t1), n=1,2,3,.... (3.7
Then using (3.4) and (3.7), we get

ynlt)) = —5 + ﬁ / ' lon(s)]ds

4n2

<12 [ e
— 4+ — zn(s)|ds
2 1@ s

< wn(tl)a n= 172737 ceey

which is a contraction in view of (3.7). Hence the conclusion (3.6) is valid.
Since the integral (3.5) is equivalent to the following fractional IVP

l®) = 5 V0L 32(0) = 7.

and noting y,(t) > 0, t € [0,%], we can conclude that fractional IVP (3.8) has a
continuous solution

€[0,t), n=1,2,3,...., (3.8)

t 1\?
W) ==—<+—1, te]0,ty], =1,2,3,...,
)= (7 +37) » 1E0
which means that
2
t 1

Therefore, for t € (0,t], lim, 00 n(t) # 0 by (3.9), contracting z(t) € co.
Hence fractional IVP (3.1) has no nonlocal solution in c¢g.
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3.2 Cauchy Problems via Measure of Noncompactness Method

3.2.1 Introduction

In Section 3.2, we assume that X is a Banach space with the norm |-|. Let J C R.
Denote C(J, X) be the Banach space of continuous functions from J into X.

Let r > 0 and C = C([—r, 0], X) be the space of continuous functions from [—r, 0]
into X. For any element 2 € C, define the norm ||z, = supye|_, o) [2(0)]-

Consider the initial value problem (fractional IVP) for fractional functional dif-
ferential equation given by

{(?Dgx(t) :f(tazt)? te (Ova’)v (310)
To=@pE Ca
where §D{ is Caputo fractional derivative of order 0 < ¢ < 1, f: [0,a) x C — X is
a given function satisfying some assumptions and define x; by x+(0) = (¢t + 6), for
0 € [—r,0].

In this section, we shall discuss the existence of the solutions for fractional IVP
(3.10) under assumptions that f satisfies Carathéodory condition and the condi-
tion on measure of noncompactness. Then, we give an example to illustrate the
application of our abstract results.

Definition 3.1. A function z € C([—r, T}, X) is a solution for fractional IVP (3.10)
on [—r,T] for T € (0,a) if

(i) the function x(t) is absolutely continuous on [0, 77;
(ii) @o = o;
(iii) « satisfies the equation in (3.10).

3.2.2 FExistence

We are now ready to prove the existence of the solutions for fractional IVP (3.10)
under the following hypotheses:

(H1) for almost all ¢ € [0,a), the function f(¢,-) : C — X is continuous and for
each z € C, the function f(-,2): [0,a) — X is strongly measurable;

(H2) for each 7 > 0, there exist a constant ¢; € [0,¢) and m; € Lﬁ([O,a),Rﬂ
such that |f(t,2)] < mq(t) for all z € C with [|z]|. < 7 and almost all
t€0,a);

(H3) there exist a constant g2 € (0,q) and me € Lé([O,a),Rﬂ such that
a(f(t, B)) < ma(t)a(B) for almost all ¢ € [0,a) and B a bounded set in C.

In order to prove the existence theorem, we need the following lemma.

Lemma 3.1. Assume that the hypotheses (H1) and (H2) hold. x € C([—r,T],X)
is a solution for fractional IVP (3.10) on [—r,T) for T € (0,a) if and only if x
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satisfies the following relation

x(0) = ¢(0), for 6 € [—r,0],

1 t ot
@/0 (t—s)""" f(s,as)ds, forte[0,T].

Proof. Since z; is continuous in ¢t € [0,a), according to (H1), f(t,z:) is a mea-

2(t) = p(0) + (310

surable function in [0,a). Direct calculation gives that (¢t — s)7~! € Lﬁ[o,t] for
t € (0,a) and q; € [0,q). Let

q—1
e (-1,0), M= .
1l-q ( ) ||m1HLq1 [0,a)

by =

By using Hoélder inequality and (H2), for ¢t € (0, a), we obtain that

1—
/\ )11 (s, 2,)lds < /%—@ﬂ%@ il
0 qu [O t]

<M aveno-a),
=T

Thus, |(t — s)?71f(s,z5)| is Lebesgue integrable with respect to s € [0,t) for all
€ (0,a). From Lemma 1.6 (Bochner theorem), it follows that (t — s)?! f(s, ) is
Bochner integrable with respect to s € [0,t) for all t € (0, a).
Let L(7,s) = (t—7)79|7—s|9" m1(s). Since L(7, s) is a nonnegative, measurable
function on D = [0,¢] x [0, ], then we have

/Ot (/OtL(T, s)ds)dT:/DL(T,s)dsdT:/Ot (/OtL(T7S)dT>dS

/DL(T, s)dsdT—/t (/tL(T s)ds)dT

(t— 1) (/ I — s (s )ds)dT
) ( (r—s) ml(s)ds>d7'

+/O (t—7) q(/T (s — 7)1 1m1(s)d8>dT

¢
< M a<1+b1)(1*q1)/ (t—7)"%dr
T (L4t 0
< 2M a1+ (A—a)+1-g
T (=g +by)tme
Therefore, Li(7,s) = (t — 7)"%(7 — 5)? 1 f(s,25) is a Bochner integrable function
on D = [0,t] x [0,t], then we have

t T t t
/ dT/ Ll(T,S>dS:/ ds/ Ly(7, s)dr
0 0 0 5

and
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‘We now prove that
oD} (oD f(t,2)) = f(t ), for t € (0,7),

where oD{ is Riemann-Liouville fractional derivative.
Indeed, we have

oD (07 10.20) = e [ =7 ([ =9 ssmtsJar
:Fl—lq di/ /LlTS)dS
- ST di/ /ledT
- _1q di/ (5, 2.) ds/ (t—7)9(r — 5)1-1dr

- /fsws

= f(t,z;), for t€(0,T).
If x satisfies the relation (3.11), then we can get that 2(t) is absolutely continuous
n [0,7]. In fact, for any disjoint family of open intervals {(¢;,d;)}1<i<n in [0, T
with Y7, ( ; —¢;) — 0, we have

Z|x —x(c;)]

Fq)’/o z(di —8)17 f(s,5)ds — /OCi(Cz' —8)17 f(s,5)ds

e ) =1 (s, 2s)ds

5;@ (di = )" f(s,25)d
2 g [ [ e
n d;

< Z ﬁ A (di — )7 'my(s)ds

$)T1 = (d; — 8)47 ) my(s)ds

(-
=1
1 d; g1 1—qa
< i 4 T-ar
- ZF(q) </ (i =) ds) Imal 2 [0.7]

i=1

n 1 o1 1—q1
—_ 1 — — 1 1
+ z; O T — (d; — s)1-a ds) ”ml”m[O,T]

" (d, — c)<1+b1>1 @)

; T(q)(1 + b))

lmall o
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1+b1 d1+b1 —|—(d —Cz)l+b1)1 a1

z:: (@)1 + b))t ”mlHLﬁ[o,T]
n (di — ¢;) 1+b1)(1 q1)
Z: Y1 +b)la Hml”Lﬁ[O,T]

Therefore, z(t) is absolutely continuous on [0,7], which implies that z(t) is dif-
ferentiable a.e. on [0,T]. According to the argument above and Definition 1.3, for
€ (0,77, we have

EDix(t) = §D? 1 t — )17 (s, x5)ds
EDf (1) oa<¢m+H®[}t (5.0 )

( t—5ﬁlf@x9%)

Di(oD; “f(t, 1))
= DI S b)) ~ D5 St hea s
= f(t,x) — [0D; 1 f (2, xt)]tzor(%_qq) :

Since (t — s)?71f(s,xs) is Lebesgue integrable with respect to s € [0,t) for all
t € (0,7T], we know that [¢D; ?f(t,2¢)]t=o = 0, which means that Dz (t) =
f(t,x¢), for t € (0,T]. Hence, z € C([-r,T],X) is a solution of fractional IVP
(3.10). On the other hand, it is obvious that if x € C([-r,T], X) is a solution of
fractional IVP (3.10), then x satisfies the relation (3.11), and this completes the
proof. O

Theorem 3.1. Assume that hypotheses (H1)-(H3) hold. Then, for every ¢ € C,
there exists a solution v € C([—r,T],X) for fractional IVP (3.10) with some T €
0,a).

Proof. Let k > 0 be any number and we can choose T' € (0,a) such that

T(1+b1)(1—-q1)

B , < 12

@ oy M =* (312
and

T(1+b2)(1—g2)

S 1 .

T+ et 1™ <h (319
where b; = —6(10)2'*12

Consider the set By, defined as follows

By = {:1: € C([-r,T),X)| mo = ¢, sup |a(s) —¢(0)] < k}
s€[0,T]
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Define the operator F' on By, as follows
Fz(0) = ¢(0), for 6 € [—r,0],
1 t
Fx(t) = ¢(0) + —/ (t—s)1 1 f(t,z5)ds, forte[0,T],
I'(q) Jo

where z € By. We prove that the operator equation = Fz has a solution x« € By,
which means that z is a solution of fractional IVP (3.10).

Firstly, we observe that for every y € By, (F'y)(t) is continuous on ¢t € [—r, T
and for ¢ € [0,T], by (3.12) and Hélder inequality, we have

(FD O - o0 < 15 [ 1657 165,001

1 ¢ g—1 1=a
< —— t—s)i-ad
< (- Fe) gy

T(1+b1)(1—-q1)
< -
< fgarogra Ml e
S k;

where by = - qll (=1,0). Thus, supycpo, 77 |(Fy)(t) —(0)| < k, which implies that
F : By — Bg.

Further, we prove that F' is a continuous operator on By. Let {y"} C By, with
y™ — y on By. Then by (H1) and the fact that y* — y;, as n — oo, t € [0,T], we

have
f(s,yh) = f(s,ys), ae. s€]0,T], asn — oo.
Noting that (t—s)971|f(s,y7)—f(s,ys)| < (t—8)9712m4 (s), by Lebesgue dominated

convergence theorem, as n — oo, we have

(Fy™) (1) — (Fy)(t)] < ﬁ / (t = )T (s, 47) — F(,y2)lds = 0.

Therefore F'y™ — Fy as n — oo which implies that F' is continuous.
For each n > 1, we define a sequence {z™ : n > 1} in the following way

T
gpo(t), for t € [—r, g],

o0+ i [ s, forte (21,

I'(q
where ¢° € C([—7,a), X) denotes the function defined by
o(t), forte[-r0],
P'(t) =
©(0), forte[0,a).

Using the similar method as we did in (3.14), we get that 2™ € By for all n > 1.
Let A = {z" : n > 1}. It follows that the set A is uniformly bounded. Further,
we show that the set A is equicontinuous on [—r, T1.
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If —r < t; <ty < L then for each 2™ € A, we have limy, 4, [2"(t2) — 2" (t1)]
limy, ¢, [0°(t2) — ¢°(t1)| = 0 independently of 2" € A. Next, if —r < t; < L
to < T, then for each z" € A, by using Holder inequality, we have

| (t2) — =™(t1)]

< 1p(0) — P (t)| + \F(lq) [ o sanas

<

1 tz—% -1 1-q1
< s —_— — 5)I-a1
<o) = 0|+ g ([ = )l

(150 — )y
n
[[ma ||

_ 0
= p(0) — ()| + T(q)(1+by)t-a Lﬁ[o,T]'

<p(0) = " (t2)| + F(lq)/o 2—;@2 — )7 'my (s)ds

According to the definition of °, and using the last inequality, we obtain that

|z™(t2) — 2™ (t1)| — O independently of 2™ € A, as t; — to.
Finally, if % <t; <ty <T, then for each 2™ € A, by using Holder inequality,

we have
" (2) — 2" (t1)]
‘ ol o s | " - s
=|— -5 s,xy)ds — —— _ 5, 2")ds
M@)o 7 Moo
Lo 1 LoE 1
<l|ls5= to — )97 f(s,2D)ds Jr‘/ ty — )T f(s,2™)ds
gy G s g [ )
1 [
F<q>/o (11 = )" (s w0)ds
to—L
(q (ta — )1 'my (s)ds
t1—ZL
r<q>/ (=) =t = 97 ma(s)ds
0
1 % 1-q
<7 . 1
~ I'(q (/ (t2 =) ds> ”mlHLH[o,T]

)
1 tl—* 1-q1
_ 1 q1 — — 1 q
( ( (t; — 8)T7a1 — (tg — §)T-a1 ds) ||m1||Lq1 011

TN\14b yl+b\ 1m0
7«b7t+ﬂ+1fﬁ) ) -
- T(q)(1+by) - ML o
1—q1
(tﬁbl —(Tyib gl (gt + %)1+b1)

+ F(q)(1+b1)1_ql ”mlHLi[O,T]
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n
L(q)(1+by)tma
It is easy to see that the last inequality tends to zero independently of z" € A, as
t1 — to, which means that the set A is equicontinuous.

Set A(t) = {z"(t) : n > 1} and A; = {2} : n > 1} for any t € [0,T]. By the
properties (iv) and (vi) of the measure of noncompactness, for any fixed ¢ € (0,77,

a(A(t)) < a<{r(1q) / (= 81 (s ) ds > 1})

Jro‘({r(lq)/ttg;(t s)I 1 f(s,a™)ds i n > 1})

For V € > 0, we can find ¢ sufficiently small such that
§1+b1)(1—q1) €
F(q)(l + b1)1,q1 ||m1||

Therefore, for each t € (0,7T], we can choose N5 > 1 such that % < ¢ for n > Nj.
Then we obtain that

(e [ - (st > N}

n

2 t
< —— sup / (t— )7 my(s)ds
(Q) n>Ns Jt—L

(b2 =12+ Tyt — (2) )"
<2 2 |

1 .
La1[0,T]

we have

L5 [0,7] < 2

|

< €,

for each ¢t € (0,T]. Hence, by the properties (iii) and (v) of the measure of noncom-
pactness, it follows that

a({r(lq)/t::(t ) f (s, e ds > 1}) <

Then, we obtain that

a(A() < a({ulq) / (= 81 (s s > 1}) e

for t € (0,T]. By Proposition 1.18 and (H3), we have that

a(A(t)) < %/O (t— )T 2a(f(s, Ag))ds + €
2 [t -1
<t / (t — )7 Ima(s)a(Aq)ds + e,

where ¢ € (0,T]. Since z™(0) = ¢(0), 6 € [—r,0], we have a({z"(#) : n >1}) =0
for € [—r,0]. Moreover, by Proposition 1.17, for s € [0,¢] with ¢ € (0,7], we
deduce that

a(Ag) = gn[laxo]a({x?(G) :n>1}) < sup a({z"(s) :n>1}) = sup a(A(s)).
el-r, s€[0,t] s€[0,¢]
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Since € is arbitrary, we have that

n 9T (1+b2)(1—q2) A
t) < 1 )
Oé( ( )) = F(q)(1+b2)17q2 Hm2HL‘72 (0,7] Szl[tl?t]a( (3)>

where ¢ € (0,7] and by = {=- € (—1,0).

Since (3.13) and z§ = ¢, we must have that «(A(t)) = 0 for every t € [—r, T].
Then, by Proposition 1.17, we have that a(A) = sup,¢(_,, 7 @(A(t)) = 0. Therefore,
A is a relatively compact subset of By. Then, there exists a subsequence if necessary,
we may assume that the sequence {z"},>1 converges uniformly on [—r,T] to a
continuous function x € By, with z(0) = ¢(0), 0 € [-r,0].

Moreover, for ¢t € [0, %], we have

(Pa) )=o) € s [T = alas < g [T (s
and for ¢ € [L,T], we have
(Fam)(t) — 2" ()] = F(lq)] [ ptanas— [ @ peayas
_ F(lq)’/tT(t—s)q‘lf(t,x?)ds
< %q) /t—l(t —8)7  my (s)ds
Therefore, it follows that
sup [(Fa")(t) —z"(t)| = 0, as n — oo. (3.15)

te[0,T)

Since

sup |(Fa)(t) —z(t)| < sup [(Fz)(t) — (Fz")(t)]

te[0,T] te[0,T
+ sup [(Fa")(t) —a"(t)] + sup [a"(t) —z(t)],
te[0,T] te[0,T]

then, by (3.15) and the fact that F is a continuous operator, we obtain that
supieo,r] | (F2)(t) — x(t)| = 0. It follows that x(t) = (Fx)(t) for every ¢ € [0,T7.
Hence
(), for t € [—r,0],
z(t) = 1t

©(0) + —/ (t—s)T 1 f(t,z5)ds, forte[0,T]

I'(q) Jo
solve fractional IVP (3.10), and this completes the proof. O

Corollary 3.1. Assume that hypotheses (H1)-(H3) hold. Then, for every ¢ € C,
there exist T € (0,a) and a sequence of continuous function x™ : [—r,T] — X, such
that
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(1) z™(t) are absolutely continuous on [0,T);

(i) =y = ¢, for everyn > 1, and

(iii) extracting a subsequence which is labeled in the same way such that z™(t) —
x(t) uniformly on [—r,T] and © : [-r,T] — X is a solution for fractional
IVP (3.10).

We now give an example to illustrate the application of our abstract results.

Example 3.2. Consider the infinite system of fractional functional differential
equations

1 1
OCDt2 xn(t) = 2(t—r), forte(0,a),
(3.16)
xzn(0) = p(0) = —, for € [-r,0], n=1,2,3,....

Let E = ¢o = {z = (z1, %2, 23, ...) : &, — 0} with norm |z| = sup,,>; |zn|. Then the
infinite system (3.16) can be regarded as a fractional IVP of form (3.10) in E. In
this situation, ¢ = 3, = (@1, ..., T, ...), ;e = 2t —7) = (1 (t—=7), 0, T (E—7), ),
0 =0,2,..,2, ..) for 0 € [-r,0] and f = (f1,..., fn,...), in which

190y
1 2

fult,xy) = Wx”(t —r). (3.17)

It is obvious that conditions (H1) and (H2) are satisfied. Now, we check the con-
dition (H3) and the argument is similar to Section 2.4. Let ¢ € (0,a), R > 0 be

given and {w(™} be any sequence in f(t, B), where w(™) = (an)7 ey wi™, ...) and
B ={z€C:|z|« <R} is abounded set in C. By (3.17), we have
m o B
ngn S W, n,m= 1,2,3,... . (318)

So, {wgm)} is bounded and, by the diagonal method, we can choose a subsequence
{m;} C {m} such that

w™) — w,, asi—oo, n=123,.., (3.19)
which implies by virtue of (3.18) that

R2

Oﬁwn§m7

n=1,23,... (3.20)
Hence w = (w1, ..., Wy, ...) € ¢g. It is easy to see from (3.18)-(3.20) that

—wy| =0, asi— oo.

(™ — w] = sup ™)
n

Thus, we have proved that f(¢, B) is relatively compact in ¢o for ¢ € (0,a), which
means that f(¢, B) = 0 for almost all ¢ € [0,a) and B a bounded set in C. Hence,
the condition (H3) is satisfied. Finally, from Theorem 3.1, we can conclude that
the infinite system (3.16) has a continuous solution.
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3.3 Cauchy Problems via Topological Degree Method

3.3.1 Introduction

It is well known that the topological method is proved to be a powerful tool in
the study of various problems which appear in nonlinear analysis. Particularly, a
priori estimate method has been often used together with the Brouwer degree, the
Leray-Schauder degree or the coincidence degree in order to prove the existence of
solutions for some boundary value problems and bifurcation problems for nonlinear
differential equations or nonlinear partial differential equations. See, for example,
Feckan, 2008; Mawhin, 1979.

In Section 3.3, we consider the following nonlocal problem via a coincidence
degree for condensing mapping in a Banach space X

{ngu(t) = f(t,u(t)), teJ:=10,T],

u(0) + g(u) = uo, (3.21)

where §D{ is Caputo fractional derivative of order ¢ € (0,1), ug is an element of
X, f:JxX — X is continuous. The nonlocal term ¢ : C(J, X) — X is a given
function, here C'(J, X) is the Banach space of all continuous functions from J into
X with the norm |lu|| := sup,¢; |u(t)| for u € C(J, X).

3.3.2 Qualitative Analysis

This subsection deals with existence of solutions for the nonlocal problem (3.21).

Definition 3.2. A function u € C'(J, X) is said to be a solution of the nonlocal
problem (3.21) if u satisfies the equation §Dfu(t) = f(t,u(t)) a.e. on J, and the
condition u(0) + g(u) = uo.

Lemma 3.2. A functionu € C(J, X) is a solution of the fractional integral equation

=ug — g(u 1 t — )77 f(s,u(s))ds
) = o= 900 + 5 [ (=9 s, s, (322)

if and only if u is a solution of the nonlocal problem (3.21).
We make some following assumptions:

(H1) for arbitrary u,v € C(J,X), there exists a constant K, € [0,1) such that
lg(u) = g(v)| < Kgllu —vf;

(H2) for arbitrary u € C(J, X), there exist Cy, M, > 0, ¢1 € [0, 1) such that

lg(u)] < Collul|™ + My;

(H3) for arbitrary (t,u) € J x X, there exist Cy, My > 0, g2 € [0, 1) such that

[f(t, )] < Crlul®™ + My;
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(H4) for any r > 0, there exists a constant 5, > 0 such that

a(f(s, M)) < Bra(M),
forallte J, M C B, :={|lu]| <r:uvweC(J,X)}and
2793,
I'(g+1)
Under the assumptions (H1)-(H4), we show that fractional integral equation
(3.22) has at least one solution u € C(J, X).
Define operators
F:C(J,X)—C(J,X), (Fu)(t)=wuo—g(u), ted,

1

GO X) = CLLX), (Gu)(t) = @/O (t— )7 f(s,u(s))ds, teJ,

T:C(J,X) = C(J,X), Tu=Fu+Gu.

It is obvious that T is well defined. Then, fractional integral equation (3.22) can be
written as the following operator equation

u=Tu = Fu -+ Gu.

Thus, the existence of a solution for the nonlocal problem (3.21) is equivalent to
the existence of a fixed point for operator T.

Lemma 3.3. The operator F : C(J,X) — C(J,X) is Lipschitz with constant K.
Consequently F is o-Lipschitz with the same constant K,. Moreover, F satisfies
the following growth condition:

[Full < fuol + Collul[™ + M, (3.23)
for every u € C(J, X).

Proof. Using (H1), we have ||[Fu — Fv| < [g(u) — g(v)| < K4llu — v||, for every
u,v € C(J,X). By Proposition 1.23, F' is a-Lipschitz with constant K. Relation
(3.23) is a simple consequence of (H2). O

Lemma 3.4. The operator G : C(J,X) — C(J,X) is continuous. Moreover, G

satisfies the following growth condition:

T9(Cyllul|® + My)
I'(g+1) ’

|Gl < (3.24)

for every u € C(J, X).

Proof. For that, let {u,} be a sequence of a bounded set B C C(J, X) such that
Up, = u in B (K > 0). We have to show that ||Gu,, — Gul| — 0.

It is easy to see that f(s,u,(s)) = f(s,u(s)) as n — oo due to the continuity
of f. On the one hand, using (H3), we get for each t € J, (t — s)97|f(s, un(s)) —
f(s,u(s))] < (t—s)9712(Cy K% + My). On the other hand, using the fact that the
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function s — (¢ — s)7712(Cy K% + My) is integrable for s € [0,t], ¢ € J, Lebesgue
dominated convergence theorem yields fot(t —8)T7 Y f(s,un(s)) — f(s,u(s))|ds — 0
as n — oo. Then, for all t € J,

1 t a-1 — f(s,u(s))|ds n — 00
[(Gun)(t) — (Gu)(t) SF(q)/O(ts) | f(s,un(s)) = f(s,u(s))|ds = 0, n — oo.

Therefore, Gu,, = Gu as n — oo which implies that G is continuous. Relation
(3.24) is a simple consequence of (H3). O

Lemma 3.5. The operator G : C(J, X) = C(J, X) is compact. Consequently G is
a-Lipschitz with zero constant.

Proof. In order to prove the compactness of G, we consider a bounded set M C
C(J,X) and the key step is to show that G(M) is relatively compact in C(J, X).

Let {u,} be a sequence on M C B, for every u,, € M. By relation (3.24), we
have

|Guy, | < TUCL K™ + My) =7
T T+ ’

for every u, € M, so G(M) is bounded in B,.
Now we prove that {Gu,,} is equicontinuous. For 0 < ¢; <ty < T, we get

[(Gun)(tr) = (Gun)(t2)]

= ﬁ/o 1 ((tr = 8)7 ! = (t2 = 5)77 1) [ f(s,un(s))|ds
" ﬁ /t 2(t2 - 3)q71|f(37un(5))|d3
1 " q—1 q—1 q2
< (Q)/o ((t1—8) — (ta — 9) )(Cf|un(s)| + My)ds
’ ﬁ/t 2(t2 —5)7 1 (Cflun(s)|™ + My) ds
(CpK®= + My) (1] t5 (2 —t)?  (ta—t1)7
I'(q) (q dt T T )
Q(CfK‘” + Mf)(tg — )7
- I(g+1)

As ty — t1, the right-hand side of the above inequality tends to zero. Therefore
{Gu,} is equicontinuous.
Consider a bounded set

wM(t)i= untt) s onlt) = i [ (- (5,0 (s))ds b € B

(q
Applying Proposition 1.17, we know that the function ¢ — a(M(t)) is continuous
on J. Moreover,

(t—8)T7 Y f(s,0n(s))] < (t — s)q*l(C’frq2 + My) € LY(J,Ry), forsec[0,t], teJ
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Using (H4) and Proposition 1.18, we have

o) < ({5 [6= s m00a5})

2 [ —1
< 5 / (t— )17 0 (f(s, M(s))) ds

26,
=T

a(M) < (ﬁfq) / s s>q1ds> a(M)

2715,
T
< a(M),

/0 (t— )7 a(M(s))ds,

which implies that

M)

due to the condition
2713,

Lg+1
Then we can deduce that a(M) = 0. T)herefore, G(M) is a relatively compact
subset of C'(J, X), and so, there exists a subsequence v,, which converge uniformly
on J to some v, € C(J, X) together with Arzela-Ascoli theorem. By Proposition
1.22, G is a-Lipschitz with zero constant. O

Theorem 3.2. Assume that (H1)-(H/) hold, then the nonlocal problem (3.21) has
at least one solution uw € C(J,X) and the set of the solutions of system (3.21) is
bounded in C(J, X).

Proof. Let F,G,T: C(J,X) — C(J,X) be the operators defined in the beginning
of this subsection. They are continuous and bounded. Moreover, F' is a-Lipschitz
with constant K, € [0,1) and G is a-Lipschitz with zero constant (see Lemmas
3.3-3.5). Proposition 1.21 shows that T is a strict a-contraction with constant K.
Set
So={ueC(J,X): 3Xe€[0,1] such that u = ATu}.
Next, we prove that Sy is bounded in C(J, X). Consider u € Sy and A € [0, 1] such
that w = ATwu. It follows from (3.23) and (3.24) that
Jull = MTull < A(|Full + | Gul)
T9(Clul + My) (325)
T(g+1) '
This inequality (3.25), together with ¢; < 1 and g2 < 1, shows that Sy is bounded
in C'(J, X). If not, we suppose by contradiction, p := ||u|| — oo. Dividing both sides

< Juo| + Collul|™ + My +

of (3.25) by p, and taking p — oo, we have

TUCyp? + M
1< lim pt (|u0| + Cyp™ + M, + (Cyp™ + f)) —0.
p—>00 !

T(g+1)
This is a contradiction. Consequently, by Theorem 1.2 we deduce that T has at
least one fixed point and the set of the fixed points of T is bounded in C(J, X). O
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Remark 3.1.

(i) If the growth condition (H2) is formulated for ¢; = 1, then the conclusions of
Theorem 3.2 remain valid provided that Cy < 1;

(ii) if the growth condition (H3) is formulated for ¢o = 1, then the conclusions of
Theorem 3.2 remain valid provided that FT( f{) <1

(iii) if the growth conditions (H2) and (H3) are formulated for ¢ = 1 and g3 =
1, then the conclusions of Theorem 3.2 remain valid provided that Cy +
e <1
L(q+1)

3.4 Cauchy Problems via Picard Operators Technique

3.4.1 Introduction

Assume that (X,|-|) is a Banach space, and J := [0,T], T > 0. Let C(J,X)
be the Banach space of all continuous functions from J into X with the norm
|lz|| == sup{|z(t)| : t € J} for z € C(J, X).

Consider the following Cauchy problem of fractional differential equation

SDIx(t) = f(t,z(t)), ae. teJ,

z(0) =z € X,
where {D{ is Caputo fractional derivative of order ¢ € (0,1), the function f :
J x X — X satisfies some assumptions that will be specified later.

To our knowledge, Picard operators and weak Picard operators technique due
to Rus 1979, 1987, 1993, 2003; Rus and Muresan, 2000 have been used to study
the existence for the solutions of some integer differential equations (see, Muresan,
2004; Serban, Rus and Petrusel, 2010). In the present section we consider suitable
Bielecki norms in some convenient spaces and obtain existence, uniqueness and
data dependence results for the solutions of the fractional Cauchy problem (3.26)
via Picard operators and weak Picard operators technique.

(3.26)

Definition 3.3. A function z € C(J, X) is said to be a solution of the fractional
Cauchy problem (3.26) if = satisfies the equation {Djz(t) = f(¢,z(t)) a.e. on J,
and the condition z(0) = xo.

In Subsection 3.4.2, we give the existence, uniqueness and data dependence
results for the solutions of (3.26) via Picard operator by the successive approxima-
tion method. In Subsection 3.4.3, we obtain the existence results for the solutions
of (3.26) via weak Picard operator.

3.4.2 Results via Picard Operators

Consider a Banach space (X, |-|), let || -||g and || - ||c be the Bielecki and Chebyshev
norms on C(J, X) defined by

= t)|e~t 0 d = t
lallp = max|z(t)|e~"(r > 0) and [alc = max|z()|
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and denote by dp and d¢ their corresponding metrics. We consider the set
C (], X) = {x € O(J,X) : |a(ty) — x(ta] < Lity — ]9~ for all 1, € J}
where L > 0, ¢* € (0,q), and
CLH(J.X) = {z € C(J,X): |z(t) — x(tz)| < LIty — 5|7 for all t1,t5 € J}
where L > 0, and
C1(J,Br) = {x € C(J,Bg) : |a(t1) — x(t2)| < L|ty — to|? for all t1,t5 € J}

where Bg = {x € X : |z| < R} with R > 0.

It d € {do,dp}, then (C(J,X),d), (CL7(J,X),d), (CL(J,X),d) and
(C%(J, Br),d) are complete metric spaces.

Let ¢; € (0,q9), ¢ = 1,2,3 and the functions m(t) € L%(J,]RJF), n(t) €
L (J,Ry), u(t) € Lis (J,Ry) and I(t) € C(J,Ry).

For brevity, let

M=l 2 N=lnl o V=l o . Lo=max{i(t)},

g—1 q—1 g—1
= €(—1,0), v= €(—1,0), v= € (—1,0).
Bt e (10), v = e (-10) v = f— € (1,0)
Lemma 3.6. A function xz € C(J,X) is a solution of the fractional integral equation
1 t
z(t) = xo + —/ (t —5)T 1 f(s,2(s))ds, (3.27)
I'(q) Jo

if and only if x is a solution of the fractional Cauchy problem (3.26).
Theorem 3.3. Suppose the following conditions hold:

(Cl) feC(JxX,X);
1

(C2) there exist a constant ¢1 € (0,q) and function m(-) € Lo (J,R}) such that

[f(t,@)] < mft)

forallz € X and allt € J;
(C3) there exists a constant L > 0 such that
2M
L> ————;

(g +p)ta

(C4) there exists a function I(-) € C(J,Ry) such that

|f(tau1) - f(t7u2)| S l(t)|u1 — U2

forallu; e X (i=1,2) and allt € J;
(C5) there exist constants ¢1 and T such that

Lo T(1+8)(1—q1) ((Jl)ql <1

Tg) (1+ ) \r
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Then the fractional Cauchy problem (3.26) has a unique solution x* in C§~ " (J, X),
and this solution can be obtained by the successive approzimation method, starting
from any element of C{~"(J, X).

Proof. Consider the operator
A (CT(LX) - ) = (CL (1, X), - I s)
defined by

Az(t) = o + ﬁ /0 (t—s)T1f (s,2(s)) ds.

It is easy to see the operator A is well defined due to (C1).
Firstly, we check that Az € C(J,X) for every z € C} 7 (J, X).
For any ¢ > 0, every z € C{ 7 (J, X), by (C2) and Holder inequality,

|(Az)(t +0) — (Az)(t)]

! ' -1 _ — )1 s,x(s))|ds
gm/o(@_s) (t+8—5)"") |f(s,2(s))|d

1 [t -

+@/t (t+6—9)"|f(s,x(s))|ds
1t - - 1 t+s o

— [ (=) = (t+6—95"")m(s)ds+ O /f (t+d—9)"m(s)ds

s ([ o= ers—aryma) (i)
+ ﬁ (/ttH ((t+06— S)Q—l)ﬁ ds) o (/ttﬁ(m(s));lds) @
% (/Ot ((t —8)P —(t+6— S)ﬂ>ds)1_q1 + % (/tt+6(t 45— 8)5d5> o

- M
< Ty Oy L ) R e a—" (G DG
R+ s (7~ R gy
M sama-a M s+ (1—a)
T g+t [(g)(1+p) -
< M sa4m)-an).
T g+t
It is easy to see that the right-hand side of the above inequality tends to zero as
0 — 0. Therefore Az € C(J, X).
Secondly, we show that Az € C7 ' (J, X).
Without loss of generality, for any t1 < to, t1,t2 € J, applying (C2) and Holder
inequality, we have

|(Az)(t2) — (Az)(t))|

IN

~—

IN
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< F(lq)‘ / l(ta = 97— (0 — 571 (s, 2(5)) s + / (t2 = 8)" /(5 2(5))ds
=/ " (= 97 = (t2 = 97 | (s, (5) s
b [ = (o

< s [ = = = mos s [ mgas
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)
: % ( otl(t1 —s) = (t2 - S)ﬁd‘g)l ’ - % </: (ta — S)ﬁd‘g>1 m
< r(q)(lj\fﬁ)l,ql (tﬁﬁ _ t%*ﬁ 4ty — t1)1+5> o
i F(q)(lj‘\fﬁ)l_‘h (tp — ) A=)
= r(q)(ﬁ\%)l—qlltl g A=)
2M

S S P K
> F(q)(l—l—,@)l_ql' 1 2|

Similarly, for any ¢ > t, t1,t2 € J, we also have the above inequality. This implies
that Az is belong to C7~ % (J, X) due to (C3).

Thirdly, A is continuous.

For that, let {z,} be a sequence of Bg such that =, — = as n — oo in Bpg.
Then, f(s,zn(s)) = f(s,z(s)) as n — oo due to (C1). On the one hand, by using
(C2), we get for each s € [0,t], |f(s,2n(s)) — f(s,2(s))| < 2m(s). On the other
hand, using the fact that the function s — 2(t — s)9~1m(s) is integrable on [0,1],
Lebesgue dominated convergence theorem yields

/0 (t — )71 (s, 2n(5)) — F(s,2(5))|ds — 0, n — oo.

For all t € J, we have

1

|(Azn)(t) — (Az) ()] < F(q)/o (t =) [f(s,2n(s)) — f(s,2(s))[ds.

Thus, Az, — Az as n — oo which implies that A is continuous.
Moreover, for all z,z € C{ 7 (J, X), using (C4) and Holder inequality we have

— (Az L t — )7 f(s,2(s)) = f(s, z(s))|ds
|(Az)(t) — (A )(t)SF(q)/O(t )7 f (s, 2(s)) — f(s,2())|d
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1 t a-1 — z(s)|ds
< F | =9 les) = 2(a)ld
L t —5)97 max {I(s x(s) — z(s)|le”7%) eT%ds
< F (=9 ma (10} (12(s) = 2(0))e7) 7
LO T — 2 i _ s q—le‘rs s
< pslle=ls [ ¢=srera

1—

Lo ([(a—spas) ([ eFas)
< x—zB</ t—s ds> (/ eﬂds)
F(Q) 0 0
Lo TA+8)(1—q1) ((h

< a Tt
< Fg aepn (7)) le=ls

It follows that

(1+8)(1—q1) q

7
for all t € J. So we have

|Az — Az||p <

Lo TO+A0—a) g \a

T(q) (1+p)-o (%) llo =l

for all x, z € C}{""(J,X). The operator A is of Lipschitz type with constant
Ly TO+A0-a) g \a

L) A+ p)ta ( )

and 0 < Ly < 1 due to (C5). By applying Banach contraction mapping principle to
this operator we obtain that A is a Picard operator. This completes the proof. [

Ly= (3.28)

T

Example 3.3. Consider the fractional Cauchy problem
1
ngx(t) =z(t), ¢= 3

r(0)=0€ X
on [0,1]. Set Ly =1, T =1, q; = 3, then 8 = —2. Indeed

Lo TU+B0=a1) g\ a
— <1l <=
I(g) A+t ( )

1
3

Lo TO+8)(1-q1) @
qLo (fh) <1,

T Llg+1) 1+p)-a \r

1
1 1\ 3
which implies that we must choose a suitable 7o > 0 such that (QQ) (11)2 (%) ‘<
27z

3
3N(3)ting that I'(3) = ?, formp =14 > 3\1/% we have the condition (C5) in Theorem

Theorem 3.4. Suppose the following conditions hold:

(C1) feC(Jx X, X);
(C2)’ there exists a constant M > 0 such that |f(t,z)| < M for all x € X and all
teJ;
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(C3)’ there erists a constant L > 0 such that L > 1“(%;7]\31);
(C4)’ there exists a constant Lo > 0 such that |f(t,u1) — f(t,u2)| < Lolus — us|
forallu; € X (i=1,2) and allt € J;

(C5)’ there exist constants q; and T such that Lz =

Lo T+ A—a1) q1
i arpen (7)) <L
Then the fractional Cauchy problem (3.26) has a unique solution x* in C%(J,X),
and this solution can be obtained by the successive approrimation method, starting
from any element of C1(J, X).

Proof. Consider the following continuous operator
defined by

Az(t) = zo + %‘1)/0 (t—s)T f (s,2(s)) ds.

As the proof in Theorem 3.3, applying the given conditions one can verify that
Ly TU+A0-a1) g\ a

T(q) (1+B)—o (%) o=l

for all z, z € C4(J, X). So, the operator A is a Picard operator. O

IA() = A(2)|ls <

T

Similarly, we can prove the following theorem.

Theorem 3.5. Suppose the following conditions hold:

(C1) feC(J x B, X);
(C2)" there exists a constant M(R) > 0 such that |f(t,z)| < M(R) for all x € Bp

. M(R)T?
andallterzthRZ[xo\—i— F((q_gl); i i
(C3)" there exists a constant L > 0 such that L > ?J(\;[ﬁ; ;

(C4)" there exists a constant Ly > 0 such that |f(t,u1) — f(t,ua)| < Lo|us — ua|
for allu; € Bg (i=1,2) and allt € J;
(C5)’ there exist constants q1 and T such that L 5 =

Lo TO+A0—a1) (ql)q1 <1

ORI

Then the fractional Cauchy problem (3.26) has a unique solution x* in C1(J, Br),
and this solution can be obtained by the successive approzimation method, starting
from any element of C1(J, Br).

Consider the following fractional Cauchy problem
SDIx(t) = g(t, x(t)), teJ,
z(0) = yo € X,
where g € C(J x X, X). By Lemma 3.6, a function z € C(J, X) is a solution of the
fractional integral equation

1 ¢ -1
z(t) = yo + @/0 (t—s)1""g(s,x(s))ds, (3.30)

if and only if z is a solution of the fractional Cauchy problem (3.29).

(3.29)
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Now, we consider both fractional integral equations (3.27) and (3.30).

Theorem 3.6. Suppose the following:

D1) all conditions in Theorem 3.3 are satisfied and z* € C1 % (J, X) is the unique
L

solution of the fractional integral equation (3.27);

(D2) with the same function m(-) as in Theorem 3.3, |g(t,z)| < m(t) for allz € X

and allt € J;

(D3) with the same function I(-) as in Theorem 3.3, |g(t,u1) — g(t, ua)| < 1(t)|us —

ug| for allu; € X (i=1,2) and all t € J;

2M .
(D4) L > soyvay=a

(D5) there exists a constant gz € (0,q) and function n(-) € Li(J, R, ) such that

|f(t, w) —g(t,u)] <n(t) for allu e X and allt € J.

If y* is the solution of the fractional integral equation (3.30), then

NTA+M (A —a2)
70 = 9ol + T ==

1—L,x ’
where L4 is given by (3.28) with 7 = 719 > 0 such that 0 < Ls < 1.

" —y*llB <

Proof. Consider the following two operators

A, B (C (L, X), |- Mls) = (CL " (LX), - )

(3.31)

defined by
Az(t) = 30 + ﬁ/g (t— 5)T=1f (s, 2(s)) ds,
Bxa>:y0+i%%]é<t—sw-w<ax@»ds
on J. We have
1/t .
|Az(t) — Bz(t)| < |zo — yo| + @/0 (t=s)""|f (s,2(s)) — g (s,2(s)) |ds
< oo =l + s [ (6= no)ds

NTO+7)(1—g2)

< |xog — +
=l =l pgy

for t € J. It follows that
NTA+7)(1—q2)

Az — Bzllp < |zg — S —
e = Belle < oo =l g e

So we can apply Theorem 1.15 to obtain (3.31) which completes the proof.

O

Remark 3.2. All the results obtained in Theorem 3.3 hold even if the condition

(C2) is replaced by the following:
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(C2-E) there exist a constant ¢; € [0, ¢) and function m(-) € Lﬁ(J, R ) such that
|f(t, )] <m(t) for all z € X and all t € J.

In fact, we only need extend the space LP(J,Ry) (1 < p < 00) to LP(J,Ry) (1 <
p < 00) where LP(J,Ry) (1 < p < o0) be the Banach space of all Lebesgue measur-
able functions ¢ : J — Ry with ||¢||Lrs < 0.

3.4.3 Results via Weakly Picard Operators

Now, we consider another fractional integral equation

z(t) = z(0) + ! ] /0 (t—s)T1f(s,2(s)) ds (3.32)

(g
on J, where f € C(J x X, X) is as in the fractional Cauchy problem (3.26).

Theorem 3.7. Suppose that for the fractional integral equation (3.32) the same
conditions as tn Theorem 3.3 are satisfied. Then this equation has solutions in
CI"M(J,X). If S C C{(J,X) is its solutions set, then card S = card X.

Proof. Consider the operator
A (CTH(LX), - Nls) = (CL (1, X), (| - I B)
defined by

1 t
Awz(t) =2(0) + =— / (t— )17 f (s,2(s)) ds.
I'(q) Jo
This is a continuous operator, but not a Lipschitz one. We can write
Cr(,X)=J Xa, Xa={z€Cl (] X):2(0)=a}.
acX

We have that X,, is an invariant set of A, and we apply Theorem 3.3 to A,|x,.. By
using Theorem 1.3 we obtain that A, is a weak Picard operator.
Consider the operator

AP CTTM(I,X) — CT (], X), APz = lim Alx.

n—oo
From A?*1(z) = A,(A%(z)) and the continuity of A., A%°(x) € F4,. Then
AX(CTTM(J, X)) =Fa, =S and S # 2.
So, card S = card X. O

Theorem 3.8. Suppose that for the fractional integral equation (3.32) the same
conditions as in Theorem 8.4 are satisfied. Then this equation has solutions in
CL(J,X). If § C CL(J, X) is its solutions set, then card S = card X.
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Proof. As the proof in Theorem 3.7, we need to consider the continuous operator
(but not a Lipschitz one)
A, (C

1 (LX) - 11B) = (CL(LX), [ - 1)

defined by

I -1
@/0 (t—8)17"f (s,2(s)) ds.

We can write C1(J, X) = Uyex Xar Xo = {2z € CL(J,X): 2(0) = a}. We have
that X, is an invariant set of A, and we apply Theorem 3.4 to A.|x,. By using
Theorem 1.3 we obtain that A, is a weak Picard operator. Consider the operator
AX:C1(J, X) — Ci(J,X), AX(x) = limy, o0 f}f(w) From A?+l(z) = A, (A" (z))
and the continuity of A, AX(z) € Fjz . Then AX(CI(J, X)) =Fz, =S and S #
. So, card S = card X. O

A, x(t) = 2(0) +

Similarly as above, we can prove the following result.

Theorem 3.9. Suppose that for the fractional integral equation (3.32) the same
conditions as in Theorem 3.5 are satisfied. Then this equation has solutions in
Ci(J,Bg). If S C CL(J, Br) is its solutions set, then card S = card Bpg.

In order to study data dependence for the solutions set of the fractional inte-
gral equation (3.32), we consider both (3.32) and the following fractional integral
equation

1

(1) = 2(0) + @/0 (t — 5)T1g (s, 3(s)) ds

on J where g € C(J x X, X). Let S; be the solutions set of this equation.
Theorem 3.10. Suppose the following conditions:

E1) there exists a function l(t) € C(J,Ry) such that
( +
|f(tur) = f(Eu2)| < U(@E)|ur —uz| and [g(t,ur) — g(t, uz)| < U(t)|ur — ug|
forallu; € X (i=1,2) and allt € J;
(E2) there exist 1,93 € (0,q) and functions m(t) € Lﬁ(J7 Ry), u(t) € Lé(tL Ry)
such that
[f(t,x)| <m(t) and [g(t,z)| < p(t)
forallz € X and ollt € J;
(E3) there exists a constant L > 0 such that
2max{M,V} _
I'(q) min {(1 4 B)'~o, (1 +v)l-e}’
there exist a constant g2 € (0,q) and function n € @ J R4
E4) th 0 d f L
forallue X and ollt € J;

L>
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(E5) T q+1) <1
Then

gNTA+7)(1=a2)
(T(g+1) = LoT)(1 + )t~

where by H|.| we denote the Pompeiu-Hausdorff functional with respect to || - ||c
on CI7"(J,X).

Hy(S,8) <

Proof. Consider the operator
B, (CL (1, X), |- II8) = (CLT " (L. X), | I 3)
defined by
1 t
B.a(t) = 2(0) + —/ (t— 5)71g (s, 2(s)) ds, for t € J.
I'(q) Jo

Because of (E1)-(E3), Ay, B, : (C{ " (J, X), |- l) = (C{ " (J,X), |- ||B) are two
orbitally continuous operators. Moreover, we have

L t
|Alz(t) — A.ax(t)] < 70/ (t — )17 Au(s) — a(s)|ds
I'(q) Jo
LoT?
<" |4 — 3o,
< rp g4 = alle
for all x € C7 %" (J, X). Similarly,
LoT"
2 —_—
B20(0) ~ Bus(t)] < (| B sl
for all x € C7 7 (J, X). It follows that
LoT®
A2 — Auzlle < T 1 1 14 —2lle,
I'(g+1)
LoT®
fofB*x 037 B.x — z||c.
| | Tt )|| |

Because of (E4),

1 [t o—1
@/0 (t—8)T""n(s)ds

NTA+1(1—g2)
< T/ N1 1 N—a5?
T T +y)tree

[A.z — Buzllo

IN

for all x € C7 7' (J, X).
By (E5) and applying Theorem 1.16, we obtain

gNT(+7)(1—a2)
(T(g+1) = LoT)(1 + )i—a

and the theorem is proved. O

Hy(Fa.,Fp,) <
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Theorem 3.11. Suppose the following conditions:

(E1)’ there exists a constant L, > 0 such that
|f(tur) = f(t uz)| < Lilus —ug| and |g(t,ur) — g(t, uz)| < Lilus —up
forallu; e X (i=1,2) and allt € J;
(E2)’ there exists a constant M, > 0 such that
forallz € X and ollt € J;
(E3)’ there exists a constant L > 0 such that
p> M
I'(q+1)
(E4)’ there exists a constant n, > 0 such that
forallue X and ollt € J;

L.T?
(E5) el <1,

Then we have

_ n*Tq
Hi (S.8) < — "t
110 (881 < Fr Ty T
where by Hy. .. we denote the Pompeiu-Hausdorff functional with respect to || - ||c

on C1(J, X).
Proof. Consider the operator
B.: (CL(J, X), 11 IB) = (CL(J, X), 11 - I )

defined by

_ 1 t

B.x(t) = 2(0) + — / (t— )1 g (s,2(s))ds, for t € J.

L'(q) Jo

Applying (E1)-(E3)’, A, B, : (CT " (J, X), |- |B) = (C£ " (J, X), || - || 5) are two
orbitally continuous operators. Moreover, we have
L, T1

[Aa(t) = A.a(t)] < s 1A 0) = e

|B2u(t) - Bua(t) < %H&(w) e,
for all z € C(J, X). It follows that

142(2) - A (@)]lc < %llﬁ*(m) e,

|B2(2) - Bu(a)c < %nfx(m) e
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Because of (E4)’, we obtain
_ _ 1 t 0T
A,(z) — B, (x Cg—/ t—s)1 ypds < —
[ A« () (@) ) 0( ) CE)
for all z € C1(J, X).
By (E5)" and applying Theorem 1.16, we obtain the result and the theorem is
proved. O

Similarly, we can prove the following theorem.
Theorem 3.12. Suppose the following:

1 there exists a constant L, > 0 such that
E1)" th L, > 0 such th
|f(tu1) = f(t ug)| < Lufur —uo| and |g(t,u1) — g(t,uz)| < Lufur —up
for allu; € B (i=1,2) and allt € J;
(E2)" there exists a constant M.(R) > 0 such that
|f(t, )| < M.(R) and |g(t,x)| < M.(R)
for all x € Bg and all t € J with
M. (R)T?
R > |z(0)] + ———;
there exists a constant L > 0 such that
E3)" th ) L > 0 such th
i 2M,(R) ;
“I'(g+1)
(E4)" there exists a constant 1. > 0 such that

for allu € Bg and allt € J;
(E5)" 2L <1,

T(q+1)
Then
_ n*Tq
Hjj,(88) &————
e (S:81) < L(q+1)— L, T4
where by H\ch we denote the Pompeiu-Hausdorff functional with respect to || - ||c

on CL(J, Br).

3.5 Notes and Remarks

The results in Sections 3.1 and 3.2 are taken from Zhou, Jiao and Pecari¢, 2013.
The material in Section 3.3 is due to Wang, Zhou and Medved, 2012. The main
results in Section 3.4 are adopted from Wang, Zhou and Wei, 2013.






Chapter 4

Fractional Abstract Evolution Equations

4.1 Introduction

The existence of mild solutions for the Cauchy problem of fractional evolution equa-
tions has been considered in several recent papers (see, e.g., Agarwal and Shmad,
2011; Belmekki and Benchohra, 2010; Chang, Kavitha and Mallika, 2009; Darwish,
Henderson and Ntouyas, 2009; Hernandez, O’Regan and Balachandran, 2010; Hu,
Ren and Sakthivel, 2009; Kumar and Sukavanam, 2012; Li, Peng and Jia, 2012;
Shu, Lai and Chen, 2011; Wang, Chen and Xiao, 2012; Wang and Zhou, 2011;
Wang, Feckan and Zhou, 2011; Zhou and Jiao, 2010), much less is known about the
fractional evolution equations with Riemann-Liouville fractional derivative.

In most of the existing articles, Schauder fixed point theorem, Krasnoselskii
fixed point theorem or Darbo fixed point theorem, Kuratowski measure of noncom-
pactness are employed to obtain the fixed points of the solution operator of the
Cauchy problems under some restrictive conditions. In order to show that the solu-
tion operator is compact, a very common approach is to use Arzela-Ascoli theorem.
However, it is difficult to check the relative compactness of the solution operator
and the equicontinuity of certain family of functions which is given by the solution
operator.

In this chapter, we discuss the existence of mild solutions of fractional abstract
evolution equations. The suitable mild solutions of fractional evolution equations
with Riemann-Liouville fractional derivative and Caputo fractional derivative are
introduced respectively.

In Sections 4.2 and 4.3, by using the theory of Hausdorff measure of noncom-
pactness, we investigate the existence of mild solutions for the Cauchy problems in
the cases Cy-semigroup is compact and noncompact, respectively. In Section 4.4,
the existence results of mild solutions of nonlocal problem of fractional evolution
equations are presented. Section 4.5 concerns the existence of mild solutions for
semilinear fractional evolution equations and optimal controls in the a-norm. Sec-
tion 4.6 is devoted to study of the evolution equations with almost sectorial oper-
ator. In Sections 4.7 and 4.8, we study fractional evolution equations with Hilfer
fractional derivative on a finite interval and an infinite interval respectively.

149
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4.2 Evolution Equations with Riemann-Liouville Derivative

4.2.1 Introduction

Assume that X is a Banach space with the norm |- |. Let a € R*,J = [0, a] and
J" = (0,a]. Denote C(J,X) as the Banach space of continuous functions from .J
into X with the norm
]l = sup [z(t)],
te[0,a]
where z € C(J, X), and B(X) be the space of all bounded linear operators from X
to X with the norm ||Q|| p(x) = sup{|Q(z)| | |z| = 1}, where Q@ € B(X) and z € X.
Consider the following nonlocal Cauchy problem of fractional evolution equation
with Riemann-Liouville fractional derivative

oDix(t) = Ax(t) + f(t,z(t)), ae. te€]0,al, i1
{onlxm) +g(x) =0, )
where DY is Riemann-Liouville fractional derivative of order ¢, D¢ ™" is Riemann-
Liouville fractional integral of order 1—¢, 0 < ¢ < 1, A is the infinitesimal generator
of a Cy-semigroup of bounded linear operators {Q(t)}:>o in Banach space X, f :
Jx X — X is a given function, g : C(J, X) — L(J, X) is a given operator satisfying
some assumptions and zq is an element of the Banach space X.

A strong motivation for investigating the nonlocal Cauchy problem (4.1) comes
from physics. For example, fractional diffusion equations are abstract partial dif-
ferential equations that involve fractional derivatives in space and time. They are
useful to model anomalous diffusion, where a plume of particles spreads in a dif-
ferent manner than the classical diffusion equation predicts. The time fractional
diffusion equation is obtained from the standard diffusion equation by replacing the
first-order time derivative with a fractional derivative of order ¢ € (0,1), namely

Ou(z,t) = Au(z,t), t>0, z€eR.

We can take A = 951, for 81 € (0,1], or A = 9, + 9% for By € (1,2], where
07,081, 0% are the fractional derivatives of order g, 3,32 respectively. We refer
the interested reader to Eidelman and Kochubei, 2004; Hanyga, 2002; Hayashi,
Kaikina and Naumkin, 2005; Meerschaert, Benson, Scheffler et al., 2002; Schneider
and Wayes, 1989; Zaslavsky, 1994 and the references therein for more details.

The nonlocal conditions ¢Df'#(0) + g(x) = 2 and z(0) + g(z) = xo can be
applied in physics with better effect than the classical initial conditions ¢ D{ 71.%‘(0) =
xo and x(0) = x( respectively. For example, g(x) may be given by

g(z) = Zcix(tiL
i=1

where ¢; (i = 1,2,...,n) are given constants and 0 < ¢; < to < -+ < t,, < a.
Nonlocal conditions were initiated by Byszewski, 1991, which he proved the exis-
tence and uniqueness of mild solutions and classical solutions for nonlocal Cauchy
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problems. As remarked by Byszewski and Lakshmikantham, 1991, the nonlocal
condition can be more useful than the standard initial condition to describe some
physical phenomena.

In this section, we study the nonlocal Cauchy problems of fractional evolution
equations with Riemann-Liouville fractional derivative by considering an integral
equation which is given in terms of probability density. By using the theory of
Hausdorff measure of noncompactness, we establish various existence theorems of
mild solutions for the Cauchy problem (4.1) in the cases Cp-semigroup is compact
and noncompact, respectively. Subsection 4.2.2 is devoted to obtain the appropriate
definition on the mild solutions of the problem (4.1) by considering an integral
equation which is given in terms of probability density. In Subsection 4.2.3, we give
some preliminary lemmas. Subsection 4.2.4 provides various existence theorems of
mild solutions for the Cauchy problem (4.1) in the case Cy-semigroup is compact.
In Subsection 4.2.5, we establish various existence theorems of mild solutions for
the Cauchy problem (4.1) in the case Cp-semigroup is noncompact.

4.2.2 Definition of Mild Solutions

The following lemma is the special case of Proposition 1.3.
Lemma 4.1. (Zain and Tazali, 1982)

(i) Let &,n € R such that n > —1. Ift > 0, then

t&+m )
t i€+ 4 —n

Opgfmz (1)“(€+n+1) | ) (n €N).
; f&+n=-n
(ii) Let & >0 and ¢ € L((0,a), X). Define
Ge(t) = oD; *, fort e (0,a),
then

oDy "Ge(t) = OD;(§+n)g0(t), n >0, almost all t €[0,al.
Lemma 4.2. The nonlocal Cauchy problem (4.1) is equivalent to the integral equa-
tion
!

= ——(xg— gz L t —8)1 7 Ax(s s,x(s))]ds, for a
o) = gy (o0 = @) + s [ (6=9) M%)+ﬂ,(md,ft€%£)

provided that the integral in (4.2) exists.

Proof. Suppose (4.2) is true, then

ODT%ﬁ%=MXA(?&%m—g@»+P;LA@—TV”@Mﬁ%+ﬂﬂﬂﬂDw>
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applying Lemma 4.1 we obtain that
¢
oD 2 (t) = 2o — g(x) —|—/ (Az(s) + f(s,2(s)))]ds, almost all ¢ € [0, a],
0

and this proves that (D¢ 'z(t) is absolutely continuous on [0, a]. Then we have

d

== oDI x(t) = Az(t) + f(t,(t)), almost all ¢ € [0, a

oD{x(t)
and

0D§_133<0) +g(z) = 0.

The proof of the converse is given as follows.
Suppose (4.1) is true, then

oD, (0 Dfx(t)) = oDy *(Ax(t) + f(t,2(1))).

Since
ta—1 1
oD, “(oDfx(t)) = x(t) — e Df x(0)
= 2(0) = fz7 (o0 —gla)). for £ € (0.0l

then we have

qg—1
(1) = £y (r0 ~ 9(x)) + oD (Ax(D) + F(t.2(1)

! I o—1

= @(Jco —g(z)) + m/o (t —8)7 " (Az(s) + f(s,z(s)))ds, fort € (0,al.

The proof is completed. O

Before giving the definition of mild solution of (4.1), we firstly prove the following
lemma.

Lemma 4.3. If
—)/ (t— )1 [Ax(s) + f(s,2(s))]ds, fort>0 (4.3)
0
holds, then we have
w(t) = 1771 Py(t) (w0 — g(x)) +/0 (t = )1 Py(t = 5)f(s,2(s))ds, fort >0,

where

R0 = [ a0,
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Proof. Let A > 0. Applying the Laplace transform

v(A) :/ e Mx(s)ds and w(\) :/ e M f(s,2(s))ds, for A >0
0 0
to (4.3), we have

V) = 3500 = 9(0) + 3, AV + 55 W)
= (NI — A) " Hao — g(z) + (NI — A) " w(N) (4.4)

= [T e - gleis + [ e Qs
0 0

provided that the integrals in (4.4) exist, where I is the identity operator defined
on X.

Set

T/Jq(o) = eq(i_l Mq(oiq)a

whose Laplace transform is given by
o0
/ e M, (0)dh = e, where ¢ € (0,1). (4.5)
0

Using (4.5), we get
/MQ*V%XQ@m—g@»w:i/mqﬂ”e4“VQ@%wo—Q@Dﬁ
0 0

:/m/mwmwaMQWﬁ““%‘“””Mt

/ / q¥q (¢ _AtQ<9q)t(;q1(ffo— g(x))dodt
/ {/ (0 (9q>tqu($o— (m))de}dt,

/OO e " Q(s)w(N)ds
0

- / /C: q_l —()\t)q g( q) —)\Sf(s’x( ))dsd
0 0 S t
/ / /C qu(é)e (AtQ)( )(1 2)e—)\s ,/_q f(S,fL‘(S))dedsd ( . )
0 0 0 t
q’lb

/OOC /ooo /ooo oM <94>t2q1f(8,x(s))d0dsdt
/0OO { / / Vall ( >(t _;1) 1f(8,x(8))d9ds}dt.

According to (4.6) and (4.7), we have

o= [T o [T a5 Gt st
+q// b(0 (t_s )(t_;q)q_lf(s,x(s))deds]dt.

(4.6)
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Now we can invert the last Laplace transform to get

z(t) = q/oOo gtqfqu(e)Q(tqg)(wo — g(x))do
+q/0 /O°° 0t — 5)T M, (0)Q((t — 5)%0) f (s, x(s))dOds

t
=t1 P, (t)(zo — g(x)) + / (t —8)T P, (t — 8) f(s,2(s))ds.
0
The proof is completed. O
Due to Lemma 4.3, we give the following definition of the mild solution of (4.1).

Definition 4.1. By the mild solution of the nonlocal Cauchy problem (4.1), we
mean that the function « € C'(J’, X) which satisfies

x(t) = tq_lpq(t)(xo —g(x)) + /0 (t— s)q_qu(t —8)f(s,2(s))ds, fort e (0,a.

Suppose that A is the infinitesimal generator of a Cy-semigroup {Q(¢)}¢>0 of
uniformly bounded linear operators on Banach space X. This means that there
exists M > 1 such that M = sup,¢jg o) |Q(t)| B(x) < oo

Proposition 4.1. (Zhou and Jiao, 2010a) For any fized t > 0, Py(t) is linear and
bounded operator, i.e., for any x € X

M
|Pq(t)x| < @|x|

Proposition 4.2. (Zhou and Jiao, 2010a) Operator {P,(t)}i>o is strongly contin-
uous, which means that, for Vo e X and 0 <t <t” < a, we have

|P,(t") e — Py(t)z| =0, as t" —t.

Proposition 4.3. (Zhou and Jiao, 2010a) Assume that {Q(t)}i>0 is compact op-
erator. Then {Py(t)}i>o0 is also compact operator.

Proposition 4.4. (Pazy, 1983) Assume that {Q(t)}+>0 is compact operator. Then

{Q(t) }r>0 is equicontinuous.

4.2.3 Preliminary Lemmas
Define
X(q)(J’) = {:c eC(J,X): th%l+ t1792(t) exists and is ﬁnite}.
—

For any = € X(@(J'), let the norm || - ||, defined by

lzlly = sup {t'~7|z(t)[}.
te(0,a]

Then (X(@(J'), | - |,) is a Banach space.
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For r > 0, define a closed subset BT(,q)(J’) C X@(J') as follows
BW(J") = {z € XD(J): ||zllq < r}.
Thus, Bﬁq)(J’) is a bounded closed and convex subset of X (9 (.J’).

Let B(J) be the closed ball of the space C(J, X) with radius r and center at 0,
that is

B(J)={y € C(J, X) : [lyll < r}-
Thus B(J) is a bounded closed and convex subset of C(J, X).
We introduce the following hypotheses:

(HO) Q(t)(t > 0) is equicontinuous, i.e., Q(t) is continuous in the uniform operator
topology for t > 0;

(H1) for each ¢t € J’, the function f(¢,-) : X — X is continuous and for each
x € X, the function f(-,z):J — X is strongly measurable;

(H2) there exists a function m € L(J',R") such that

oD; 'm € C(J',R"), tli%l+t1*qu;qm(t) =0,
and

|f(t,z)| < m(t) forall z € B (J') and almost all t € [0, al;

(H3) there exists a constant L € (0, %) such that the operator g : C'(J', X) —
L(J', X) satisfies

l9(1) = g(w2)| < Ly — 2llg, for w1,z € B (J);

(H4) there exists a constant r > 0 such that

Sz ool + a0 + s {or | (i (e ) <

(H3)' the operator g : C(J', X) — L(J', X) is a continuous and compact map, and
there exist positive constants Ly, Ly such that Ly € (0, M) and |g(z)| <

M
L|jz||q + Lo for all z € B£Q)(J’);
(H4)' there exists a constant r > 0 such that

M t
—————— | || + Lo+ sup {th/ t—3s) (s ds}) <r.
I'(q) — MLy ( o : t€(0,a 0 ( ) (#)

For any z € Bﬁq)(J’), define an operator T' as follows
(Tz)(t) = (Tyz)(t) + (Tox) (D),
where
(Tyx)(t) =t Py (t) (w0 — g(x)), for t € (0,al,

(Trz)(t) = /0 (t —s)1 1P, (t — 5)f(s,2(s))ds, fort e (0,a].
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It is easy to see that lim; oy t1=9(Tx)(t) = IOF(ggm) For any y € B(J), set

x(t) =t 1y(t), fort < (0,a].
Then, x € Bﬁq)(J’). Define .7 as follows

(Zy)(t) = (7)) + (Z2y)(1),
where

t1=9(Tyx)(t), fort € (0,al,
(Zy)(t) = 2o — g(z)

Tl for t =0,
1=a(Ty2)(t), for 0, al,
(Z)®) = {E) e for Z i (0 |

Obviously, z is a mild solution of (4.1) in BSI)(J') if and only if the operator
equation x = Tx has a solution = € BSQ)(J "). Before giving the main results, we
firstly prove the following lemmas.

Lemma 4.4. Assume that (HO)-(H4) hold, then {7y : y € B(J)} is equi-
continuous.

Proof. Claim I. {71y : y € B(J)} is equicontinuous.
For any y € B(J), let x(t) = t971y(t), t € (0,a]. Then z € Bﬁ(n(]’). For t; =0,
0 <ty <a, we get

(i) (ts) — (Zi)O)] < |y (k) (o — g(a)) — L0=9&)

IN

IA

INA
TN N T N
»;U
—
~
S
N
|
»1‘
|-
S~—

For 0 < t; <ty < a, we get

[(Z19)(t2) — (Z1y)(02)] < [Py(t2)(wo — g(2)) — Fy(ta)(zo — g())]
< [(Py(t2) = FPy(t1))(zo — g(2))]
< |(Py(t2) — Py(t)[(Jzol + Lilllq + 19(0)])
< [(Py(ta) = Py (t1))[ (o] + Lr + |g(0)])

— 0, asty — t1.

Hence, {Z1y : y € B(J)} is equicontinuous.
Claim II. { %y : y € B(J)} is equicontinuous.



Fractional Abstract Evolution Equations

157
For any y € B(J), let z(t) =t~ 1y(t), t € (0,a]. Then x € Bg-q)(J'). For t; =0,
0 <ty <a, we get

[(Z2y)(t2) — (F2y)(0)] =

[t = s Ryt = ) s s

M /t2 —1
< —t, 1 ty —s)7 tm(s)ds
—r(q)Q 0 (2 ) ()
— 0, asty — 0.

For 0 < t; < ty < a, we have

[(Z2y)(t2) — (F2y)(t1)]

<

/t Uty — 5)T Py (1 — ) f(s, 2(s))ds

+

/0 1 ty"(t2 — 8)17 Py(ta — 8)f (s, 2(s))ds

- /0 T 8)17 Py(ta — 5) f(s,2(s))ds

+

/0 1 t1 1t — 5)7 M Py(ta — 5)f(s,x(s))ds
- /0 1 t1 Ut — 5)7 M Py(ts — 5)f(s,%(s))ds
M - =4ty — 8)9 Im(s)ds
1“(97)‘/ 179t — ) \m(s)d

+ FJE/[q) /otl (tif"(tl =) =ty (te — S)qfl) m(s)ds

<

t1

| [T 0 = T (Pt = ) (5.2(5) = Pty = 9)f(5.2(9) ds
<L+ Ir + I3,

where
. M f2 1— q— hn 1— q—

B [ = msds— [T 9 (s
b= [ (7= = 7 =) m(s)as,

Ig =

/0 1 ty (b — 8)17! (Pylte — ) = Pyt — 5)) (s, 2(s))ds

One can reduce that lim¢, 4, I1 = 0, since oD, “m € C(J',R*"). Noting that

(tiiq(h —8)T7L 1y Tty — 8)q_1> m(s) <t Uty — 5)7" m(s),
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and ftl t17 Uty — s)97 m(s)ds exists (s € [0,1]), then by Lebesgue dominated
convergence theorem, we have

ty
/ (t}‘q(tl —5) I — 13ty — s)q*) m(s)ds — 0, asty — t1,
0

then one can deduce that limy, ¢, Io = 0.
For € > 0 be enough small, we have

t1—e
B [ AT = IR = 5) = Palts = 5o (s, (s))ds
[ AT - 9B~ 5) = Pty = 5w, |F(s.a(s)ds

t1
< tifq/ (t1 — )7 'm(s)ds sup | Py(ta — s) — Py(ts — s)|lB(x)
0 SE[O,tl—E]
oM /tl 1 1
+ = t; 1ty — )T 'm(s)ds
F(Q) t1—e !

< I3y + I30 + I3,

where

rI
Iy = ]\(;) sup  [|[Py(ta — s) — Pylts — 5)llB(x),
s€[0,t1—¢]

2M i hee
sy = ‘/ 7ty — 5)9 "m(s)ds —/ (i —e)!79(ts — e — 8)7 'm(s)ds|,
0

% /tl ) ((t )Tty — e — )T — (g — s)qfl) m(s)ds
) /o 1 1 1 (Bt .

By (HO0), it is easy to see that Is; — 0 as ty — t;. Similar to the proof that
I, I5 tend to zero, we get I3o — 0 and Is3 — 0 as ¢ — 0. Thus, I3 tends to zero
independently of y € B(J) as t3 — t1, ¢ — 0. Therefore, |(ay)(t2) — (F2y)(t1)|
tends to zero independently of y € B(J) as ty — t;, which means that {5y : y €
B(J)} is equicontinuous.

Therefore, { Ty : y € B(J)} is equicontinuous. O

I3z =

Lemma 4.5. Assume that (H1)-(H4) hold. Then .7 maps B(J) into B(J), and T
is continuous in B(J).

Proof. Claim I. .7 maps B(J) into B(J). For any y € B(J), let z(t) = t9~1y(t).
Then z € B (J').
For t € [0,a], by (H1)-(H4), we have

[(Ty)(1)] < |Py(t)(xo — g(x))] + 71

IN

/ (t— s)q_qu(t —35)f(s,z(s))ds

0

M Mtl—q t ot
sr(q)(lxo|+Lllx|q+lg<o)l)+F(q)/o (t — $)T 2 f(s, z(s))|ds
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< g (lol + 27+ 190001 + é}?ﬁ] {or | (i Sy

T.

IN

Hence, || Zy| < r, for any y € B(J).
Claim II. .7 is continuous in B(J). For any y,,,y € B(J), m = 1,2, ..., with
lim,;,— 00 Ym = ¥y, We have

W}me ym(t) = y(t) and mlgnoo t97 Yy, (8) = t97 Yy(t), for t € (0, al.
Then by (H1), we have
Ftsam(t)) = F(E 1 ym(1) = f(E1 Y() = f(t,2(t), asm — oo,
where x,,(t) = t9 1y, (t) and z(t) =t Ly(t).
On the one hand, using (H2), we get for each ¢t € J’,
(t—8)T [ (s, 2m(s)) — f(s,2(s))| < (t — 8)T '2m(s), a.e.in [0,1].

On the other hand, the function s — (£ — s)9712m(s) is integrable for s € [0,¢] and
t € J. By Lebesgue dominated convergence theorem, we get

/0 (t —8)7 1 f(s,2m(8)) — f(s,2(s))|ds — 0, as m — oo.
For t € [0, a]
(T ym) () = (Ty) ()] = [t~ (Twm(t) — Ta(t))|

< |Py(t)(g(zm) — g(x))] + ¢~ /O (t = 8)T Py(t = 8)(f(s,2m(5)) — f(s,2(s)))ds

MLH o+ Miti—a
ML e M
I'(q) 0 T(g)
ML Mitl=a

= _ _— t — )Y f (s, 2m(8)) — F(s,2(s S.
< F o =l e [ = s ma(9) = Fsa(a))

Therefore, Ty, — Ty pointwise on J as m — oo, by which Lemma 4.4 implies

<

/O (t— )Y (5, 2m(5)) — F(s,2(s))|ds

that Ty, — Jy uniformly on J as m — oo and so .7 is continuous. O

Lemma 4.6. Assume that (H0)-(H2), (H3) and (H4) hold. Then {JTy : y €
B(J)} is equicontinuous.

Proof. For any y € B(J), for t; =0, 0 < to < a, then, we get
[(Ty)(t2) — (Ty)(0)|

£ _g(x) 1—q 2 q—1

< [Pya)(a0 o) = 2|+ 70 [t = ) Byt = ) (s
£ —g(.]?) M 1—q t2 q—1

< Py (t2)(xo — g(x)) — OI‘(q) + e ts /0 (t2 — )7 m(s)ds

— 0, asty — 0.
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For any y € B(J) and 0 < t; < t3 < a, we get

(Ty)(t2) — (Ty) ()] < [(F1y)(t2) — (Fy) (t)| + [(F2y)(t2) — (Z2y)(t1)]
<|(Py(t2) = Py(t1))(wo — g(2))| + L1 + L2 + I3,
where I, I and I3 are defined as in the proof of Lemma 4.4. According to Proposi-

tion 4.2, we know that |(Ty)(t2)— (T y)(t1)| tends to zero independently of y € B(J)
as tg — t1, which means that {Jy : y € B(J)} is equicontinuous. O

Lemma 4.7. Assume that (H1), (H2), (H3) and (H}) hold. Then 7 maps B(J)
into B(J), and J is continuous in B(J).

Proof. For any y € B(J), we have

|zo| + Lir + Lo
Tyt < XL T2 < fort =0
(Ty)(t)] < () <

and
(Ty) ()| = '~ (Tx)(t)| < r, fort e (0,d].

Hence, | Zy||p < r, for any y € B(J). Using the similar argument as that we did
in the proof of Lemma 4.5, we know that .7 is continuous in B(J). O

4.2.4 Compact Semigroup Case

In the following, we suppose that the operator A generates a compact Cy-semigroup
{Q(t)}1>0 on X, that is, for any ¢ > 0, the operator Q(t) is compact.

Theorem 4.1. Assume that Q(t)(t > 0) is compact. Furthermore assume that
(H1)-(Hj) hold. Then the nonlocal Cauchy problem (4.1) has at least one mild
solution in B,(«Q)(J’).

1) in Bﬁq)(J’) if and only if y is a fixed

Proof. Obviously, z is a mild solution of (4.
= t971y(t). So, it is enough to prove that

point of y = Ty in B(J), where z(t)
y = Jy has a fixed point in B(J).
For any y1,y2 € B(J), according to (H3), we have
[Ty (t) — Tiga(t)] = 17 (Thz) (1) — (Trwa) (1)

M
< @lg(m) — g(w2)|

< 2 - 2lq
I'(q)
ML
= @Hyl — vl
which implies that || 71y1 — Fya| < %Hyl — 9y2||. Thus, we obtain that
ML
a(71(B(J))) < s~a(B(J)). (4.8)

~ I'(q)
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Next, we show that for any ¢ € [0,a], V() = {(Zy)(t),y € B(J)} is relatively
compact in X. Obviously, V(0) is relatively compact in X. Let ¢ € (0,a] be fixed.
For V e € (0,t) and V § > 0, define an operator .7, s on B(J) by the formula

(Zoay)(t) = gt~ / B / Y LM, (0)QU(t — 5)76) f(s, 2(s))d0ds

= qtl_qQ(aqé)/o h 6009(75 —8)T M (0)Q((t — 5)10 — £16) f (s, 2(s))dOds,

where z € B,(,Q)(J’)_ Then from the compactness of Q(£9§)(¢26 > 0), we obtain that
the set V; 5(t) = {(Zsv)(t), y € B(J)} is relatively compact in X for V ¢ € (0,1)
and V 6 > 0. Moreover, for every y € B(J), we have

[(Z2y)(t) — (Tz,59)(1)]

‘qtl ‘ / / 0(t — 5)1 M, (0)Q((t — )160) (s, 2(5))d0ds

ot / 5 / Y ML (B)QU(t — )96) (5, 2(s))dbds
ngth/O(t—s ds/ oM, (
+ qMti~e /t;(t—s ds/ oM, (
<o [ (1 — 5 m(s)ds O o0 >de+%t“’ /jg(t—s)“m@)ds

—0, ase—0, 6 = 0.

Therefore, there are relatively compact sets arbitrarily close to the set V(t),
t > 0. Hence the set V(t), t > 0 is also relatively compact in X. Therefore,
{(Zy)(t), y € B(J)} is relatively compact by Arzela-Ascoli theorem. Thus, we
have (% (BI?(J'))) = 0. By (4.8), we have
a(7(B(J]))) < a(Z(B(J]))) + a(ZA(B(J])))
ML
< ——a(B(J)).
Thus, the operator .7 is an a-contraction in B(J). By Lemma 4.5, we know that
 is continuous. Hence, Theorem 1.10 shows that .7 has a fixed point y* € B(.J).
Let 2*(t) = t7 'y*(t). Then x* is a mild solution of (4.1). O

Theorem 4.2. Assume that Q(t)(t > 0) is compact. Furthermore assume that
(H1), (H2), (H3) and (H4) hold. Then the nonlocal Cauchy problem (4.1) has at
least one mild solution in qu)(J').

Proof. Since Proposition 4.4, Q(t)(t > 0) is equicontinuous, which implies (HO) is
satisfied. Then, by Lemmas 4.4-4.5, we know that & : B(J) — B(J) is bounded,
continuous and { Ty : y € B(J)} is equicontinuous.
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According to the argument of Theorem 4.1, we only need prove that for any
t € J, the set V1(t) = {(Z1y)(t) : y € B(J)} is relatively compact in X. Obviously,
V1(0) is relatively compact in X. Let 0 < ¢t < a be fixed. For V § > 0, define an
operator .7;% on B(J) by the formula

(Tt = q /5 " 00,(0)Q(10) (0 — g(x))d0

— 4Q(t99) /5 T OM,(0)0(190 — 196 (o — g(x))db,

where x(t) = t971y(t), t € (0,a]. From the compactness of Q(t45) (t46 > 0), we
obtain that the set V(t) = {(Zy)(t), y € B(J)} is relatively compact in X for
¥V & > 0. Moreover, for any y € B(J), we have

8
(Ziy)(®) = (Zy)(B)] = ‘CI/O 0M, (0)Q(t76) (o —g(w))d("

5
0

Therefore, there are relatively compact sets arbitrarily close to the set Vi (t), ¢t > 0.
Hence the set Vi(t), ¢ > 0 is also relatively compact in X. Moreover, { Ty : y €
B(J)} is uniformly bounded by Lemma 4.7. Therefore, {(Ty)(t), y € B(J)} is
relatively compact by Arzela-Ascoli theorem. Hence, Theorem 1.10 shows that 7
has a fixed point y* € B(J). Let z*(t) = t2"'y*(¢). Then z* is a mild solution of
(4.1). O

Remark 4.1. If g is not a compact map, we use another method given in Zhu and
Li, 2008 to consider the following integral equations

¢
z(t) =t7"'P, <t + i) (o — g(x)) + / (t—8)T P, (t — s)f(s,2(s))ds, t€(0,a].
’ (4.9)
For any n € N, noticing that the operator Q(%) is compact, one can easily
derive the relative compactness of V(0) and V(t)(t > 0). Then, (4.9) has a solution
in Bﬁq)(.]’). By passing the limit, as n — oo, one obtains a mild solution of the
nonlocal Cauchy problem (4.1). However, because Q(t) is replaced by Q(2), one

n
needs a more restrictive condition than (H4)’, such as

(H4)" there exists a constant r > 0 such that

M. t
: (xo 4+ Lir+ Ly + sup {tl_q/ (t — s)q—lm(s)d5}> <r,
I'(q) t€(0,a) 0

where M. = sup,c(g,q4 |Q(?)[B(x), € is a small constant.

Remark 4.2. The condition (H2) of Theorems 4.1-4.2 can be replaced by the fol-
lowing condition.
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(H2)' There exist a constant ¢; € (0,¢) and m € Lﬁ(J7 R™) such that

|f(t,z)| < m(t) forall z € B (J') and almost all t € [0, a).

In fact, if (H2)’ holds, by using the Hélder inequality, for any ¢1,t2 € J' and
t1 < tg, we obtain

|0D m tg) — OD m(t1)|

‘/h @rwwwm@@+/ﬂm_wlm@@

t1

o) [ty

L@ (4.10)

I'(q) qa—q
1 1
Il 2 <1 ‘“) " ((t2 —tl)‘l’_Zi)l "
') \¢—a
2Amll + 1y
F(qul <q ;]1) (tQ_tl)q a —0 as tg—)tl,
-—q1
where
a q1
ol = ([ mtenae)
Furthermore,

tlfq/o (t —8)9  m(s)ds

glth(/ot(lt,s)fl—qllds)l_ql(/()t(m(S));ldS)q1 (4.11)

1-qu
1—
< (‘h) 0 )|
L1

q—q1
— 0, ast—0.

Thus, (4.10) and (4.11) mean that oD, “m € C(J',RY), and lim,_,o+ t' =% D, Im(t)
= 0. Hence, (H2) holds.
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Example 4.1. Let X = L*([0, 7], R). Consider the following fractional partial dif-
ferential equations.

Otu(t, z) = O%ul(t, z) + 0.G(t,u(t, 2)), z € 10,7, t € (0,al,
u(t,0) = u(t,m) =0, t € (0,al,

M (4.12)
u0,2)+ 3 [k ults vy = w(z), 2 € 0.7,
i=0 V0

where 9] is Riemann-Liouville fractional partial derivative of order 0 < ¢ < 1,
a > 0, G is a given function, n is a positive integer, 0 < to < t; < -+ < t, < a,
ug(2) € X = L?([0, 7], R), k(z,y) € L*([0, 7] x [0, 7], RY).

We define an operator A by Av = v” with the domain
D(A) ={v(-) € X : v,v" absolutly continuous, v" € X, v(0) = v(7) = 0}.

Then A generates a Co-semigroup {Q(¢)}+>0 which is compact, analytic and self-
adjoint. Clearly the nonlocal Cauchy problem (4.2) and (H1) are satisfied.
The system (4.12) can be reformulated as the following nonlocal Cauchy problem

in X

oDix(t) = Az(t) + f(t,z(t)), almost all t € [0,a],

oD a(0) + g(x) = o,
where z(t) = u(t,-), that is z(t)(z) = u(t,z), t € (0,a], z € [0,7]. The function
f:J xX — X is given by

[t x(t)(2) = 0.G(t, u(t, 2)),

and the operator g : C(J', X) — L(J', X) is given by

where Kgv(z) = [ k y)dy, for ve X = L*([0,7],R), z € [0, 7).
We can take ¢ = 1/3 and f(twfr( )) = t~/*sinx(t), and choose

m(t) =t~ L= (n+1) ( /07T /07T K (2, y)dde) %

and

_ M
I3 -ML
Then, (H1)-(H4) are satisfied (noting that K, : X — X is completely continu-

ous). According to Theorem 4.1, system (4.12) has a mild solution in BT(,I/?’)((O7 al)
provided that <1.

r
|zo| +9(0) +

F(1/3)
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4.2.5 Noncompact Semigroup Case

If Q(t) is noncompact, we give an assumption as follows.
(H5) There exists a constant £ > 0 such that for any bounded D C X,

a(f(t,D)) < La(D).

Theorem 4.3. Assume that (H0)-(H5) hold. Then the nonlocal Cauchy problem
(4.1) has at least one mild solution in Bﬁq)(J’).

Proof. By Lemmas 4.5-4.6, we know that %% : B(J) — B(J) is bounded, continu-
ous and {Zy : y € B(J)} is equicontinuous. Next, we show that % is compact in
a subset of B(J).

For each bounded subset By C B(J), set

gl(B()) = %(Bo), <7n(BO) = % (E(gn_l(BO))) , = 2737 EERI

Then, from Propositions 1.18-1.20, for any € > 0, there is a sequence {yy(ll)};l’ozl C
By such that

o( 7 (Bo(1))) = a( F5(Bo(1)
<20 (170 (=9 By = )7 1T D s )

t
<t [ (Fe s D @) ds ¢
I'(q) 0
t
< Tt [ s st () ds +
I'(q) 0
4Mla(By) 1— /t —1_g-1
< — t—5)1"" s ds+¢
R S
AMIT (q)t9a(By)
I'(2q)
Since € > 0 is arbitrary, we have
4MIT(q)t1
1 < g
o7 (Bo(t)) < gy (Bo).

From Propositions 1.18-1.20, for any € > 0, there is a sequence {yg)};’f’:l C
co(71(By)) such that

a(T*(Bo(t))) = a(F(eo(T (Bo(1)))))

<20 (th / (= 9 Byt — 5)f (s, {sq1y£f><s>}z°:1>ds) e

4Mt—a /t
< — t—8)T o (f(s, {sT P (s)}2,)) ds + e
R A CC CuT L OYE)

4M =1

t — S8 qilOé sq71 (2) s ooi s
T'(q) /O(t )T a({s7 Y (s) bty )ds + €
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%1/0 (t— s)‘I—lsq—la({%(’LQ)(s) Zozl)ds iy

(4M1)t1—a

< Q(BO)W
(4M0)°T(q)

T I(39) ta(Bo) +e.

It can be shown, by mathematical induction, that for every n € N,

n (4M£)ﬁF(Q)
a(T"(Bo(t))) < (7 + 1)q)

¢
/ (t—s)17 1% ds + ¢
0

tﬁqa(Bo).

Since
(M) T(g) _
(S

there exists a positive integer n such that

(AMO™T(q) 5g . (4MLa?)"T(g)
I((a+1)g) = T((n+1)q)

=k<1.

Then
a(T™(Bo(1)) < ka(Bo).

We know from Proposition 1.16, .7(By(t)) is bounded and equicontinuous.
Then, from Proposition 1.17, we have

a(T"(Bo)) = max (7" (Bo(t))).

te(0,a)

Hence
a(7"(By)) < ka(By).
Let
Dy = B(J), Dy =c(F"(D)),..., Dp =c0(T"(Dy_1)), n=2,3,... .
Then, we can get

(i) DooDD1 DDy D--DDyp1DDy D+
(ii) limp—oo @(Dy) = 0.

Then D = Moo Dy is a nonempty, compact and convex subset in B(J).
We prove Z5(D) C D. Firstly, we show

F5(Dy) C Dy, n=0,1,2,... . (4.13)
From 71 (Dg) = Z5(Dg) C Dy, we know ¢o(.71(Dy)) C Dg. Therefore
T*(Do) = Fa(co(T 1 (Dy))) C Fa(Do) = T (Dy),
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T (Do) = a(ea(T*(Do))) € F2(eo(T (Do) = T (Do),

T (Do) = Za(co(7"H(Do))) € Fa(eo(T"*(Dy))) = T (D).

Hence, D; = @(7"(Dy)) C e(7" 1(Dy)), so Z(D1) C T (co(T"Y(Dy))) =
T™Dg) C eo(T™(Dy)) = D;. Employing the same method, we can prove
Z(Dn) C Dp(n = 0,1,2,...). By (413), we get Z(D) c N2, %(Dn) C

Moo D = = D. Then Z(D) is compact. Hence, a(Z%(D)) = 0.
On the other hand, for any yi,y2 € Dandte (0, a], according to (H3), we have

|Z1y1(t) — Tiga(t)] = 179 (Ty1) (t) — (Tra) (8)]
M

= ﬁ|9($1) — g(z2)]
ML
L(q)
ML
L(q)

< =l — sl

||l/1 yz||7
)

which implies that || Z1y1 — Z1ye| < 5755 ||y1 y2||. Thus, we obtain that
a(yl(ﬁ)) < ——a(D). (4.14)

By (4.14), we have

Thus, the operator .7 is an a-contraction in D. By Lemma 4.5, we know that .7 is
continuous. Hence, Theorem 1.10 shows that 7 has a fixed point y* € B(J). Let
x*(t) = 97 y*(t). Then z* is a mild solution of (4.1). O

Theorem 4.4. Assume that (H0)-(H2), (H3)', (H4) and (H5) hold, then the non-
local Cauchy problem (4.1) has at least one mild solution in Bf«q)(J’).

Proof. Since g(x) is compact and P,(t) is bounded, for every ¢t > 0, {(Z1y)(t), y €
B(J)} is relatively compact. Thus, we have a(Z(B(J))) = 0.
By the proof of Theorem 4.3, we know that there exists a D c B(J) such that
T5(D) is relatively compact, i.e., a(Z(D)) = 0. Hence, we have

A7 (D)) £ a(Zi(D)) + a(%(D)) = 0.

Hence, Theorem 1.10 shows that J has a fixed point y* € B(J). Let z*(t) =
t4=1y*(t). Then z* is a mild solution of (4.1). O
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4.3 Evolution Equations with Caputo Derivative

4.3.1 Introduction

Consider the following nonlocal Cauchy problems of fractional evolution equation
with Caputo fractional derivative

{ng:E(t) = Az(t) + f(t,z(t)), ae.teJ:=]0,qa],
z(0) + g(z) = o,

where §D{ is Caputo fractional derivative of order ¢, 0 < ¢ < 1, A is the infinitesimal
generator of a Cp-semigroup of bounded linear operators {Q(¢) }+>o in Banach space
X, f:JxX —=>X,g9:C(J,X) = L(J,X) are given operators satisfying some
assumptions and zg is an element of the Banach space X.

(4.15)

In this section, by using the theory of Hausdorff measure of noncompactness
and fixed point theorems, we study the nonlocal Cauchy problem (4.15) in the
cases Q(t) is compact and noncompact, respectively. Subsection 4.3.2 is devoted
to obtaining the appropriate definition on the mild solutions of the problem (4.15)
by considering a integral equation which is given in terms of probability density.
In Subsection 4.3.3, we give some preliminary lemmas. Subsection 4.3.4 provides
various existence theorems of mild solutions for the Cauchy problem (4.15) in the
case Q(t) is compact. In Subsection 4.3.5, we establish various existence theorems
of mild solutions for the Cauchy problem (4.15) in the case Q(t) is noncompact.
4.3.2 Definition of Mild Solutions

Lemma 4.8. If
z(t) = x9 — g(x) + ﬁ/@ (t —8)17HAz(s) + f(s,z(s))]ds, fort>0 (4.16)
holds, then we have

2(t) = Sq(t) (w0 — g(2)) +/O (t—8)" Pyt — 5)f(s,2(s))ds, fort >0,

S = [ M0)QE0)0, Pyt = [ oM, 0)Q( 0.
0 0
Proof. Let A > 0. Applying the Laplace transform

v(\) = As ds and w(\) = As f ds, A
(A) /0 e Mx(s)ds and w()) /0 e (s,z(s))ds, A>0
to (4.16), we have

v(N) = 5 (70— 9(2)) + 37 AV(N) + 57 w(N)
=AY\ — A) (g — g(x)) + (NI — A)rw(N) (4.17)

—art [T e Q) an - glalds + [ e QeI

0
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provided that the integrals in (4.17) exist, where I is the identity operator defined
on X.
Using (4.5) and (4.17), we get
wt [ e ) (o))
0
=/ g(A)* e MQ(t) (x0 — g())dt
0
< 1d
- 2 em ) q _
| =5 (0) Qo - atwyae (418)
=[] o000 w0 — g(w))ava

/ ( / (0 ( )(a:o— (x))d@)dt

According to (4.7), (4.17) and (4.18), we have

o= [T ([T o0 ( 5 ) - st
wo [ [T 00052 0060 L dwas

Now we can invert the last Laplace transform to get

/ Wq (0 ( )(:vo— (x))do
+q/0 /0 w‘I(Q)QCt ;qS)q>f(Svff(8))a_9‘?qldads

-/ " ML (0)Q0) (2o — g(x))d0

+ q/o /O°° Ot — )1 M, (0)Q((t — 5)0) f(s,z(s))dbds
= 5,00 — @) + [ (6= 97 Pt = (s, a(s)) .

The proof is completed. U
Due to Lemma 4.8, we give the following definition of the mild solution of (4.15).

Definition 4.2. By the mild solution of the nonlocal Cauchy problem (4.15), we
mean that the function z € C(J, X) which satisfies

() = S, (8) (20 — g(x)) +/0’(t— )11, (t — 5) f(s, 2(s))ds, for ¢ € [0, al.

Suppose that A is the infinitesimal generator of a Cy-semigroup {Q(¢)}i>0 of
uniformly bounded linear operators on Banach space X. This means that there
exists M > 1 such that M = sup,¢(y o) Q) B(x) < 0.
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Proposition 4.5. (Zhou and Jiao, 2010a) For any fized t > 0, {S,(¢t)}i>0 and
{P;(t)}+>0 are linear and bounded operators, i.e., for any x € X

£| |
T(g) "

Proposition 4.6. (Zhou and Jiao, 2010a) Operators {Sq(t)}i>0 and {Py(t) >0
are strongly continuous, which means that, forV oz € X and 0 < t' <t < a, we

1Sq ()] < Mlxl|, |Py(t)x] <

have
1S, (t" ) — Sy(t")x| = 0, |P,(t")x — P,(t")x| =0, ast’ —t.

Proposition 4.7. (Zhou and Jiao, 2010a) Assume that {Q(t)}s>0 is compact op-
erator. Then {Sy(t)}i>0 and {Py(t)}i>0 are also compact operators.

Remark 4.3. Since S,(-) and P,(-) are associated with the g, there are no analogue
of the semigroup property, i.e., Sq(t + s) # Sq(t)S4(s), Py(t + s) # Py(t)P,(s) for
t,s > 0.

4.3.3 Preliminary Lemmas

For r > 0, let B,.(J) be the closed ball of the space C(J, X) with radius r and center
at 0, that is,

B.(J)={z e C(J,X): |z|| <r},
where ||z]| = sup |x(¢)].

te(0,a]

We introduce the following hypotheses:

(HO) Q(¢)(t > 0) is equicontinuous, i.e., Q(t) is continuous in the uniform operator
topology for t > 0;

(H1) for each t € J, the function f(¢,-) : X — X is continuous and for each z € X,
the function f(-,z): JJ — X is strongly measurable;

(H2) there exists a function m such that

oD; 'm € C(J,R"), tgrgl+0D;qm(t) =0
and
|f(t,z)| <m(t) for all x € B,(J) and almost all ¢ € [0, al;

(H3) there exists a constant L € (0, 77), the operator g : C(J,X) — L(J, X)
satisfies

19(z1) = g(x2)| < L|zy — o, for 21,25 € Br(J);

(H4) there exists a constant r > 0 such that

iz (ot 001w (o [ e} <
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(H3)' the operator g : C(J,X) — L(J, X) is a continuous and compact map, and
there exist positive constants L1, Lo such that |g(z)| < Li|jz|| + Lo for all
x € B.(J);

(H4)' there exists a constant 7 > 0 such that

M 1/t
xo| + Lo + sup {/ t—sq_lmsds}><r.
1 - ML, (' ol + L2 tef0.a) LT(q) A

For any = € B,.(J), we define an operator T as follows
(Tz)(t) = (Thr)(t) + (Tow)(1),
where
(Thz)(t) = Sq(t)(x0 — g(x)), for t € [0, a],
(Ty)(t) = /0 (t = )1 1P, (t — ) f(s, 2(s))ds, for ¢ € [0, a].

Obviously, = is a mild solution of (4.15) in B,(J) if and only if the operator
equation x = Tz has a solution z € B,.(.J).

Lemma 4.9. Assume that (H0)-(H3) hold. Then {ITyx : = € B,.(J)} is equi-

continuous.

Proof. For any x € B,.(J), for t; =0, 0 < t3 < a, by (H2), we get

|(Ty) (1) — (Ty2)(0)] = / (ty — )T P, (ta — ) (5, 2(s))ds

M o[*
< —/ (ty — 8)9 'm(s)ds — 0, asty — 0.
q4) Jo

I'(q)

For 0 < t; < ty < a, we have
[(T2x)(t2) — (Tax)(t1)|

/ 2(t2 —8)17 P, (ty — 5) f(s,2(s))ds — / 1(151 —8)17 P, (ty — ) f(s,x(s))ds
0 0

= / (1 — 57 Py (s — 5)f(s,2(5))ds
+ / (b2 — )7 Pyt — 5)f (s, 2(s))ds — / [ty — )T Py (t2 — ) f (5, 2(s))ds
+ / (= 8)7 Py (ta — 5)f (s, 2(s))ds — / [ty — 8)T P, (11 — ) f (5, 2(s))ds

M . — 5V m(s)ds M " —8)T L — (ty — 8) ) m(s)ds
< )/tl(t2 ) (s)ds + /O((tl ) (ta —s)7 ") m(s)d
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+ % /Ot1 ((t1 = 8)T7" = (ta — )7 ") m(s)ds
+ /Otl(fl = 8) 1| Py(t2 — 5) — Py(ty — 5) |l pxym(s)ds
=L + I+ Is,
Since oD, m € C(J,R"), thus I — 0 as to — 1.
For t1 < to,
I, < % /Otl (t; — 8)7 ' m(s)ds,

then by Lebesgue dominated convergence theorem, we have that I, — 0 as t; — ;.
For € > 0 be small enough, we have

tl—E
I < / (ty — )T [Pyt — 3) — Py(tr — 5) | 5x) mi(s)ds
0
ty
[ 9B = 5) = Pt = 5o mis)ds
t1—¢

t1
< / (t— ) m(s)ds sup |Py(ta — 5) — Palts — )] mox)
0

s€[0,t1—¢]
e
I'(q)

ty
< / (t1 — s)q_lm(s)ds sup || Py(ta — s) — Py(t1 — s)| B(x)
0 Se[o,tl—f:‘}

/ flgm — )™ lm(s)ds

M " — ) Ym(s)ds — n —e— )1 m(s)ds
#aos| [ =t [ -t
2M

— " —e—5)17  — (t; — 5)7 m(s)ds
i et (= s

=: I3y + I3o + I33.

By (HO), it is easy to see that I3; — 0 as t5 — t;. Similar to the proof that
I, I5 tend to zero, we get I3o — 0 and Is3 — 0 as € — 0. Thus, I3 tends to zero
independently of z € B,.(J) as ts — t;, € — 0. Therefore, |(T2z)(t1) — (Taz)(t2)|
tends to zero independently of © € B,.(J) as t3 — t1, which means that {Thx : x €
B, (J)} is equicontinuous. O

Lemma 4.10. Assume that (H1)-(H4) hold. Then T maps B,(J) into B.(J), and
T is continuous in B,(J).

Proof. Claim I. T maps B,(J) into B,.(J).
For any = € B,(J) and t € J, by using (H1)-(H4), we have

[(Tz) ()] = [(Tyz)(t) + (Tox)(t)]
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< 15,(t) a0 — g |+\ / Y LB (1~ 8) (s, x(s))ds
< M(Jzo] + Lz — 0] + |g(0)]) + % / (& - 5)171 (s, () ds
su L ' — 5)7 Ym(s)ds

<.

Hence, |[Tz|| < r for any = € B,(J).

Claim II. T is continuous in B, (J).

For any {zn}o°_; C B.(J),z € B,(J) with lim,_, ||zm — z|| = 0, by the
condition (H1), we have

lim f(S,l‘m(S)) = f(s,x(s))

m—r o0

On the one hand, using (H2), we get for each t € J, (t — 5)? Y f(s,2m(s)) —
f(s,2(8))| < (t—8)9712m(s). On the other hand, the function s — (t —s)?~12m(s)
is integrable for s € [0,t] and t € J. By Lebesgue dominated convergence theorem,
we get

/0 (t — )17 f(s,2m(s)) — f(s,2(s))|ds — 0, as m — oo.
Then, for t € J,
(T2 )(t) — (T) ()]

<180 (9(@m) — g(x))] + /O (t = 8)T Py (t = 5)[f (5, 2m(s)) — f(5,2(s))]ds

< M|y — 2] + =L / (t— )9V (5, 2 (5)) — F(s, 2(s))|ds.

I'(q)
Therefore, T'x,, — Tx pointwise on J as m — 0o, by which Lemma 4.9 implies that
Tx,, — Tx uniformly on J as m — oo and so T is continuous. O

Lemma 4.11. Assume that there exists a constant r > 0 such that the conditions
(HO0)-(H2) and (H3)' are satisfied. Then {Tx: x € B.(J)} is equicontinuous.

Proof. For any z € B,.(J) and 0 < t; < t2 < a, we get
[(Tz)(t2) — (Tz)(t1)] < [(Sq(t2) — Se(ta))(wo — g(x))| + I1 + I2 + I,

where Iy, I and I3 are defined as in the proof of Lemma 4.9. According to Proposi-
tion 4.6, we know that |(T'z)(t2)—(Tx)(t1)| tends to zero independently of x € B,.(J)
as ta — t1, which means that {Tz,z € B,.(J)} is equicontinuous. O

Lemma 4.12. Assume that there exists a constant r > 0 such that the conditions
(H1), (H2), (H3) and (H4) are satisfied. Then T maps B, (J) into B.(J), and T
is continuous in By(J).
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Proof. For any « € B,(J) and t € J, by using (H1), (H2), (H3)" and (H4)’, we
have
[(Tz) ()] = |[(Tr2)(t) + (Tox)(1)]

< [Sq(t) (w0 — g())] + ‘ /0 (t = 5)" Py(t — 5)f(s,2(s))ds

< M(jzo| + Lur + Lo) + % / (t— )77 f(s,2(s))|ds

¢
< M<|:Eo| + Lyr+ Lo+ sup {1/ (t— s)qlm(s)ds}>
tefo.a) LT(2) Jo

<r.

Hence, |[Tz| < r for any x € B,(J). Using the similar argument as that we did in
the proof of Lemma 4.10, we know that 7" is continuous in B,(J). O

4.3.4 Compact Semigroup Case

In the following, we suppose that the operator A generates a compact Cy-semigroup
{Q(t)}1>0 on X, that is, for any ¢ > 0, the operator Q(t) is compact.

Theorem 4.5. Assume that Q(t)(t > 0) is compact. Furthermore assume that
there exists a constant r > 0 such that the conditions (H1)-(H4) are satisfied. Then
the nonlocal Cauchy problem (4.15) has at least one mild solution in B, (J).

Proof. Since Proposition 4.4, Q(t)(t > 0) is equicontinuous, which implies (HO) is
satisfied.
For any x1,z2 € B,(J) and t € J, according to (H3), we have

[(Tha1)(t) — (Thz)(8)] < Mlg(a1) — g(x2)]

< ML|Jxy — o,
which implies that ||Tyz1 — Thae|| < M L||z1 — x2||. Thus, we obtain that
a(Ty By (J)) < MLo(By(J)). (4.19)

Next, we show that {Tex, © € B,(J)} is relatively compact, i.e., a(T2(B,(J))) =
0. It suffices to show that the family of functions {Tox : x € B,(J)} is uniformly
bounded and equicontinuous, and for any ¢t € J, {(Tex)(t) : x € B,.(J)} is relatively
compact in X.

By Lemma 4.10, we have ||Tez| < r, for any = € B,.(J), which means that
{Tox : = € B,(J)} is uniformly bounded. By Lemma 4.9, {Toz : x € B,.(J)} is
equicontinuous.

It remains to prove that for any ¢ € J, V(t) = {(Tzx)(t) : = € B.(J)} is
relatively compact in X.

Obviously, V(0) is relatively compact in X. Let 0 < t < a be fixed. For
Ve € (0,t) and V § > 0, define an operator T2 on B,.(J) by the formula

O = e _g) !t —3s)9 s.x(s s
(Tox)(t) = 4 / /5 6(t — ) My(B)Q((t — $)0) f (s, 2(s))dbd
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t—e e’}
— g Q(sqa)/ / 0t — 5)T M, (0)Q((¢ — )90 — 98 £ (s, 2(s))d0ds,
0 5
where x € B,.(J). Then from the compactness of Q(¢76)(¢?§ > 0), we obtain that

the set VI(t) = {(T92)(t) : = € B,(J)} is relatively compact in X for V e € (0,)
and V § > 0. Moreover, for any x € B,.(J), we have

t o
|(Toa)() — (T22)(t)] < q‘/ / 0(t — 5)17 My (0)Q((t — 5)70) f (s, 2(s))dfds

+q‘/t a/ Ot — 5)7 ' My(0)Q((t — 5)%0) f (s, x(s))dOds

<qM/ (t—s)T""m(s)ds /0 0M,(0)do
+@/ (t—s)7'm(s)ds - 0, ase =0, §—0.

Therefore, there are relatively compact sets arbitrarily close to the set V(¢), ¢ > 0.
Hence the set V(¢), t > 0 is also relatively compact in X.

Therefore, {(Tox)(t) : = € B,.(J)} is relatively compact by Arzela-Ascoli theo-
rem. Thus, we have a(T»(B.(J))) = 0. By (4.19), we have

a(T(B,(J))) < T1(Br(J))) + (T2(Br(J))) < MLa(B,(J])).

Thus, the operator T is an a-contraction in B,.(J). By Lemma 4.10, we know that
T is continuous. Hence, Theorem 1.10 shows that T has a fixed point in B, (J).
Therefore, the nonlocal Cauchy problem (4.15) has a mild solution in B,(J). O

Theorem 4.6. Assume that Q(t)(t > 0) is compact. Furthermore assume that
(H1), (H2), (H3) and (H4) hold. Then the nonlocal Cauchy problem (4.15) has at
least a mild solution in B,(J).

Proof. Since Proposition 4.4, Q(t)(t > 0) is equicontinuous, which implies (HO0) is
satisfied. By Lemma 4.12, we have ||Tz| < r, for any « € B,.(J), which means that
{Tz: x € B.(J)} is uniformly bounded. By Lemmas 4.11-4.12, we know that T
is continuous, {Tx : = € B,.(J)} is equicontinuous. It remains to prove that for
t € J, the set {(Tx)(t) : = € B.(J)} is relatively compact in X.

According to the argument of Theorem 4.5, we only need to prove that for any
t € J, the set V1(t) = {(T12)(t) : = € B,.(J)} is relatively compact in X.

Obviously, V4 (0) is relatively compact in X. Let 0 < ¢t < a be fixed. For V ¢ > 0,
define an operator T¢ on B,.(J) by the formula

(T%2) / M, (0)Q(40) (20 — g(x))do

— Q(17) /5 My(6)Q(t76 — 196) (o — g(x))db
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where x € B,.(J). From the compactness of Q(t45)(t%0 > 0), we obtain that the set
VP(t) = {(Tx)(

t):
for every x € B,.(J), we have

(T (o) — (T2)(0)
=| [" sora0) o - stonas - [ a0)0)an - ata)as

x € B,(J)} is relatively compact in X for V 6 > 0. Moreover,

‘/.M ﬁe@oﬂ@M4

S
gAﬂMd+Lﬂ+LQ/1MA®M.
0

Therefore, there are relatively compact sets arbitrarily close to the set Vi (t), ¢t > 0.
Hence the set Vi(t), t > 0 is also relatively compact in X. Moreover, {Tx : x €
B,.(J)} is uniformly bounded by Lemma 4.10. Therefore, {Tz : = € B,(J)} is
relatively compact by Arzela-Ascoli theorem. Therefore, a(T(B,(J))) = 0. Hence,
Theorem 1.10 shows that T' has a fixed point in B,(J), which means that the
nonlocal Cauchy problem (4.15) has a mild solution. O

Remark 4.4. If g is not a compact mapping, we consider the following integral
equations

z(t) = tq_qu <t + i) (xo — g(x)) —I—/O (t— s)q_qu(t —8)f(s,z(s))ds, te€(0,al.
(4.20)

For any n € N, noticing that the operator Q(%) is compact, one can easily derive
the relative compactness of V(0) and V' (¢)(¢t > 0). Then, (4.20) has a solution in
Bﬁq)(J’). By passing the limit, as n — oo, one obtains a mild solution of the
nonlocal Cauchy problem (4.15). However, because Q(t) is replaced by Q(1), one
needs a more restrictive condition than (H4)’, such as

(H4)"” there exists a constant r > 0 such that

1 t
M, <|$0| + Lyr + Lo + sup {/ (t—s)qlm(g)ds}) <r,
t€[0,a] I'(q) Jo

where M. = sup,¢jg o4 |Q(t)]B(x), € is a small constant.

Remark 4.5. The condition (H2) of Theorems 4.5-4.6 can be replaced by the fol-
lowing condition.

(H2)' There exist a constant ¢; € (0,¢) and m € Lﬁ(.]7 R™) such that

|f(t,z)] <m(t) for all z € B.(J) and almost all ¢ € [0, a].

We emphasize that (H2) is weaker than the condition (H2)'.
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4.3.5 Noncompact Semigroup Case

If Q(t) is noncompact, we give an assumption as follows.

(H5) There exists £ > 0 such that for any bounded D C X,
a(f(t, D)) < fa(D).

Theorem 4.7. Assume that (H0)-(H5) hold. Then the nonlocal Cauchy problem
(4.15) has at least one mild solution in B,(J).

Proof. By Lemmas 4.9-4.10, we know that T : B,.(J) — B,(J) is bounded, continu-
ous and {Toz : z € B,(J)} is equicontinuous. For each bounded subset By C B,.(.J),
set

T'(By) = To(By). T"(Bo) = T (ea(T""(Bo))) , n=2.3,....
Then for any € > 0, there is a sequence {xg)}ff:l such that

oI (Bolt))) = a(T>(Bo(1))
<2a ([ (-9 P = 9o NS o

aM [t
< a9 (fe e ) s+
4Mla(By) t -
< S, e
_ AMtita(By)
T(g+1)
Since € > 0 is arbitrary, we have
a(Tl(B()(t))) < %Q(Bo),

From Propositions 1.18-1.20, for any € > 0, there is a sequence {:cg)}?f:l C
co(T(By)) such that

a(T*(Bo(t))) = e T2(eo(T" (Bo(t))))

2 | (= sy Pyt - 5)F (s, ki) o

IN

AM [ . o
< i €= (e D @) ) ds 4
LW t s qfla x(2) 5)1® B
=T /0 (t—5)" a({ay’ (s)}nli)ds + ¢

(4M0)*a(Bo) (', L et e
< TG o), =9+

_ (AM0)*t*10(By)
7—F(2q+1) Y te.
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It can be shown, by mathematical induction, that for every n € N,
(4M )"t (By)
I(ng+1)

a(T™(Bo(t))) <
Since

(4Mla)™
im ————
n—oc I'(ng + 1)

there exists a positive integer n such that
(4Me)"tna < (4Mla®)™
I(ag+1) — T'(hg+1)

)

=k<1.

Then
o(T*(Bo(t))) < a(Bo).
We know from Proposition 1.16, T%(By(t)) is bounded and equicontinuous,
Then, from Proposition 1.17, we have

a(T™(By)) = e a(T™(Bo(t))).

Hence
a(T™(By)) < ka(By).
By using the similar method as in the proof of Theorem 4.3, we can prove that
there exists a D C B,(J) such that
a(T»(D)) = 0. (4.21)
On the other hand, for any 1,22 € D and t € J, according to (H3), we have
[(Tra1) () = (Thw2)(t)| < Mg(z1) — g(x2)]|

< ML||zy — x2l,
which implies that ||Ty21 — Tiaz|| < M L||x; — 22||. Thus, we obtain that
a(T1D) < MLa(D). (4.22)

By (4.21) and (4.22), we have
a(T(D)) < a(Ty(D)) + a(T2(D)) < M La(T(D)).
Thus, the operator T' is an a-contraction in D. By Lemma 4.10, we know that T

is continuous. Hence, Theorem 1.10 shows that T has a fixed point in D C B,.(J).
Therefore, the nonlocal Cauchy problem (4.15) has a mild solution in B,(J). O

Theorem 4.8. Assume that (H0)-(H2), (H3), (H4) and (H5) hold, then the non-
local Cauchy problem (4.15) has at least a mild solution in B, (J).

Proof. By the proof of Theorem 4.7, we know that there exists a D C B,.(J) such
that T5(D) is relatively compact, i.e., a(T2(D)) = 0. Clearly, a(T1 (D)) = 0, since
g(x) is compact and S, (t) is bounded. Hence, we have

a(T(D)) < Ty (D)) + (T2(D)) = 0.
Therefore, Theorem 1.10 shows that T has a fixed point in D C B,.(J). Therefore,
the nonlocal Cauchy problem (4.15) has a mild solution in B, (J). O
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4.4 Nonlocal Problems for Evolution Equations

4.4.1 Introduction

The nonlocal condition has a better effect on the solution and is more precise for
physical measurements than the classical condition alone. In this section, we discuss
the existence of mild solutions of Cauchy problem for fractional evolution equations
with nonlocal conditions
§Dfa(t) = Ax(t) + f (ta(t), a€(0,1), teJ=10,1],
m 4.23
z(0) = Zakx(tk), k=1,2,...,m, (423)
k=1

where A : D(A) C X — X is the generator of a Cyp-semigroup {Q(¢)};>0 on a
Banach space X, f: J x X — X is a given function and a;, (k = 1,2,...,m) are
real numbers with X" ;ar # 1 and t3, k = 1,2,...,m are given points satisfying
0<t; <ty <. <tn,<l.

In Subsection 4.4.2, a suitable definition of mild solution of the equation (4.23) is
introduced by defining a bounded operator B. Meanwhile, two sufficient conditions
are given to guarantee such B exists. In Subsection 4.4.3, we state two existence
result, the first one relies on a growth condition on J and the other one relies on a
growth condition involving two parts, one for [0, t,,], and the other for [t,,, 1].

4.4.2 Definition of Mzild Solutions

Assume that P,, S, are defined as in Subsection 4.3.2. Suppose that there exists a
bounded operator B : X — X given by

B = (I— iak&l(tk)> . (424)
k=1

We can give two sufficient conditions to guarantee such B exists and is bounded.

Lemma 4.13. The operator B defined in (4.24) exists and is bounded, if one of the
following two conditions holds:

(C1) there exist some real numbers ay, such that

MY ag] <1, (4.25)
k=1

where M = Sup,¢ (g o) Q) |Ix) < oo;
(C2) Q(t) is compact for each t > 0 and homogeneous linear nonlocal problems

SDea(t) = Ax(t), ac€(0,1), teJ,

#(0) = > mea(re), (420
k=1

has no non-trivial mild solutions.
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Proof. For (C1), it is easy to see

Z axSa(tr)
k=1

where Proposition 4.5 and (4.25) are used. Thus by Neumann theorem, B defined
by (4.24) exists and it is bounded.
For (C2), it is obvious that the mild solutions of the problem (4.26) is given by

<MY a] <1,
B(X) k=1

a(t) = Sa(t)z(0),

which implies that

m

x(0) = Z arx(ty) = ZakSa(tk)x(O).
k=1 k=1

By Proposition 4.7, S,(tx) is compact for each ¢, > 0, k = 1,2,....,m. Then
S, apSa(ty) is also compact. Since the problem (4.26) has no non-trivial mild
solutions, one can obtain the desired result via Fredholm alternative theorem. [

Now we introduce the following definition of mild solutions of the equation (4.23).

Definition 4.3. By a mild solution of the equation (4.23), we mean a function
x € C(J,X) satisfying

2(t) = Sa(t) iakB(g(tk)) +g(t), ted, (4.27)
where B
ot = | by — )7 Paltn — )15, 2(5))ds, (4.28)
and
g(t) = /Ot(t )P (¢ — ) f(s,x(s))ds, t € J. (4.29)

Remark 4.6. To explain the formula (4.27), we note that a mild solution of
the fractional evolution equation (4.23) with the initial condition is just z(t) =
Sa(t)x(0) + g(t), so taking into account also the nonlocal condition, we get

z(0) = Zaksa(tk)x(()) + Zakg(tk)-
k=1 k=1

So z(0) = Y1, arB(g(tx)) and hence z(t) = Sa(t) Yo, axB(g(tx)) + g(t) which
is just (4.27).
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4.4.3 FExistence

Our first existence result is based on the well-known Schaefer fixed point theorem.
In this subsection, we study our problem under the following assumptions:

(H1) f:J x X — X satisfies the Carathéodory conditions;

(H2) there exists a function h such that oD; “h(t) exists for all ¢ € J and
oD7*h(-) € C((0,1],R*") with lim;_,g+ ¢D; “h(t) = 0 and a nondecreasing
continuous function  : R — R* such that

£ (&, 2)] < h(t)2(|=])

forallz € X and all t € J;
(H3) the inequality

m ~1
limsup p | M?BQ(p) Z lakloDy “h(ti) + MQ(p) sup oDy “h(t) >1
p—>00 b1 teJ

hold,;
(H4) Q(¢) is compact for each ¢ > 0.

We begin to consider the following problem
SDa(t) = Az(t) + Af (t,z(t)), a€(0,1], At € J,

2(0) = 3 ara(ty). (4.30)
k=1

Define an operator F : C(J, X) — C(J, X) as follows
(Fx)(t) = (Fi2)(t) + (Fex)(t), t € J,
where F; : C(J, X) — C(J,X), i = 1,2 are given by the formulas

(Fiz)(t) = Sa(t) Y axBlg(tr)), (Fea)(t) = g(1),
k=1

where B is the operator defined in (4.24), g(tx) is defined in (4.28) and g¢(t) is
defined in (4.29).

Obviously, a mild solution of the equation (4.30) is a solution of the operator
equation

r=AFz (4.31)

and conversely. Thus, we can apply Schaefer fixed point theorem to derive the
existence results of solutions of the equation (4.23).

Lemma 4.14. Let x be any solution of the equation (4.31). Then, there exists
R* > 0 such that ||z||c < R* which is independent of the parameter X € J.
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Proof. Denote Ry := ||z|. Taking into accounts our conditions and Proposition
4.5 and Proposition 4.6, it follows from (4.27) that

[z(®)] < |(Faz) ()] + [(Fr2) (1))

<MY laal|Bllacolo(t)| + o0, ¢ € 7. 32
k=1
Note that
gl < [ (=" Palts = 5)l o | (s, 0l lds
0
M [t o
<ty | =9 mR(el)as W)
MO(Ro) [ g
<ol [ = e
= MQ(Ro)oD;cah(tk)7 k= 1,2, ey M,
and
MQ(RO) ‘ _s(x—l s)ds
9(0) < 5 | (6= hod o

= MQ(Ro)supoD; “h(t), t € J.
teJ

In view of (4.32)-(4.34), one can obtain

Ro = o] < M2B Lo ©Fo) 3 laxlo Dy h(ts) + MQ(ERo) supoD; “h(0), t € J
=1 te

which implies that

m -1

Ro <M2||B|B(X)Q(Ro) 3 larloDihlte) + MO(Ro) supo Dy *h(1) | <1
=1 te
(4.35)

However, it follows (H3) that there exists a R* > 0 such that for all R > R* we can
derive that

m —1
R <M2||BB(X)Q(R) > larloD; h(ty) + MQ(R) iugth_“h(t)> > 1. (4.36)
k=1 €
Now, comparing the equalities (4.35) and (4.36), we claim that Ry < R*. As a
result, we find that ||z|| < R* which independents the parameter A. This completes
the proof. O
Let
Bp ={xecC(J,X):|z]| <R}
Then B - is a bounded closed and convex subset in C(J, X).

By Lemma 4.14, we can derive the following result.

Lemma 4.15. The operator F' maps B g~ into itself.
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Lemma 4.16. The operator F : Bpr« — By~ is completely continuous.

Proof. For our purpose, we only need to check that F; : Br« — Bp«, i = 1,2
is completely continuous. Firstly, by repeating the same producers of Lemma 4.10
and Theorem 4.5, one can obtain F; : B i« — By« is completely continuous.
Secondly, one can check that Fy : Bp+ — Bp~ is continuous (by (H1), (H2) and
Proposition 4.5) and Fy : Brx — By« is compact in viewing of S, (f) is compact
for each ¢t > 0 (by (H4) and Proposition 4.7). The proof is completed. O

Now, we can state the main result of this section.

Theorem 4.9. Assume that (H1)-(H4) hold and the condition (C1) (or (C2)) is
satisfied. Then the equation (4.23) has at least one solution uw € C(J,X) and the
set of the solutions of the equation (4.23) is bounded in C(J, X).

Proof. Obviously, the set {x € C(J,X) : x = AFz,0 < XA < 1} is bounded due to
Lemma 4.15. Now we can apply Theorem 1.6 to derive that F' has a fixed point
in B+ which is just the mild solution of the equation (4.23). This completes the
proof. U

Our second existence result is based on O’Regan fixed point theorem.
In addition to (H1), (H4) and (C1) (or (C2)), motivated by Boucherif and Pre-
cup, 2003, 2007, we introduce the following two assumptions:

(H5) there exists a function h such that oD, *h(t) exists for all ¢ € [0,¢,,] and
oD=*h(-) € C((0,t,],RT) with lim;_,o+ oD; “h(t) = 0 and a nondecreasing
continuous function Q : R* — R* such that

£t x)| < h(t)Q(|z])

for all x € X, and for all ¢ € [ty,,1] there exists a function ! such that
1., Dy ¢l(t) exists and ¢, D7*I(-) € C([tm, 1],RT) such that

|f(t, )| < 1(t), (4.37)
for all x € X. Moreover, () has the property
r > MQ(r) (Z lar ||| Blls(x) + 1) sfup ]OD;ah(t) (4.38)
1 te[0,tm

for all » > R} > 0;

(H6) there exists a function ¢ such that , D, “q(t) exists for all ¢ € [t,,, 1] and
tn D)) € C([tm,1],R") with M supc, 170D, “q(t) < 1 and a non-
decreasing continuous function ¥ : R™ — R* with ¥(r) < r for r > 0 such
that

[f(t,2) = f(ty)l < q()¥(lz —yl)
for all ¢ € [t;,, 1] and z,y € X.
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Consider the equation (4.30) again and the equivalent equation
x =Tz (4.39)
where T': C(J, X) — C(J, X) is defined by
(Tz)(t) = (Thz)(t) + (Tox)(t), t € J,
where T; : C(J,X) — C(J,X), i = 1,2 given by

Sa(t) > arBlg(ts)) + g(t), te [0,tm),
k=1

T)®) = 520> axBlg(t)
k=1

+/m(t—8)“71Pa(t—s)f(s,x(s))ds, t € [tm,1],
0

and
0, t€10,tm),

TQ.T t) = ¢
(Tox)(2) /t (t —8)* 1P, (t — 8) f(s,2(s))ds, t€E [tm,1].

We first prove that any solutions of the equation (4.39) have a priori bound.

Lemma 4.17. Let x be any solution of the equation (4.39). Then, there exist
R > 01 = 1,2 such that ||x||cqos,.),x) < R and [|x|lcq,..1),x) < R3. In other
words, ||z|| < R* = max{ R}, R5} which is independent of the parameter A.

Proof. Case I. We prove that there exists R} > 0 such that ||z|c(o,.},x) < BRI
For t € [0,t,,] and A € J, denote Ryo,.1 := [|=]|c((o,t,.],x), We have

z(6)] < Al(Tv) ()] + [(To) (¢)]

<MY |awllIBlsx)la(te)] + g (t)
k=1

m M th -
<MY lalIBllacopy [ (=97 h(6)2ARios, )ds

e [(a)
M [t o
+ o /0 (t — 5)* L h(s)A Ry, 1)ds

< MQ(Ryoz,,)) (Z larll| Bllsx) + 1) sup oD “h(t),

k=1 t€[07tm]

which implies that

Riot,,) < MQ(Rjo4,.) (Z lar || Bl B(x) + 1) S[E)lp ]th_ah(t)-
Pt tE[0,tm
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From (4.38) we find that there exists R} > Ry, > 0 such that

||=’UHC([0,tm],X) < Rj.

Case II. We prove that there exists R > 0 such that ||z ¢, 1,x) < R3.
For t € [t;, 1] and A\ € J, keeping in mind our assumptions, we find that
m

()] < M lar|| Bl sx)

M b a—1 *
o /0 (tx — 5)°~h(s)2(RD)ds

k=1
M " —5)* " h(s T)ds M t —5)* 'h(s)ds
+ a3 / (t = )" BRUARD s + o /tmu ) h(s)d

< MQ(RY) (Z |lak || Bl 5(x) + 1) s[up oDy “h(t)
1 te[o,t

+ M sup , D;(),
tE[tm,1]

m]

which implies that
Iz lle (it 11.x) < R3,

where

Ry =M

Q(Ry) <ZlakIIBIIB<X>+1> sup oDy “h(t) + sup 4, DUt -
—1 te[0,tm] tE€[tm,1]

Let R* = max{Rj, R3}. Then we find that any possible solutions of the equation
(4.39) satisfy ||z|| < R* which are independent of the parameter A. This completes
the proof. O

Denote
D={zeC(J,X): ||z|| < R"+1}.
We can proceed as in the proof of Lemma 4.17 to derive the following result.
Lemma 4.18. T(D) is bounded.
One can proceed as in the proof of Lemma 4.16 to obtain the following result.
Lemma 4.19. The operator Ty : D — C(J, X) is completely continuous.
Next, we show the following result.

Lemma 4.20. The operator Ty : D — C(J, X) is nonlinear contraction.

Proof. It follows from the definition of T5 we only need to show Tp : D —
C([tm, 1], X) is a nonlinear contraction.
In fact, for any x,y € D and t € [t,,, 1], we have

(Taz)(t) = (T2y) ()] < /t (t =) 1Pa(t — s)[f (s, 2(s)) — f(s,y(s))]ll ds

m
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< %} / (t — 5)°Lg(s)®(|x(s) — y(s)])ds
< M\II(IJJ(‘Z() y“) /t (tfs)ailq(s)ds

m

< (M sup tth_aQ(t)> U(llz —yll),
tE [tm,1]
which implies that
[Tox — Tayll < ¥(|lz —yl).
This completes the proof. O

Now, we are ready to present the main result of this section.

Theorem 4.10. Assume that (H1), (H4), (H5) and (H6) hold and the condition
(C1) (or (C2)) is satisfied. Then the equation (4.23) has at least one solution
ue C(J, X).

Proof. By Lemma 4.17 we see that (ii) of Theorem 1.8 does not hold. Thus, there is
no solution of the equation (4.39) with & € 9D. Therefore, one can apply Theorem
1.8 to derive that T has a fixed point in D which is just the mild solution of the
equation (4.23). This completes the proof. O

Remark 4.7. Theorem 4.10 also holds even if (H5) and (H6) are replaced by the
following conditions:

(H5)’ condition (H5) is assumed without (4.37);
(H6)' denoting § := lim, 4 inf ( ) < 1, condition (H6) is assumed in addition
with

Mé sup 4, Dy “q(t) < 1.
tE[tm,1]

Indeed, we can modify Case II in the proof of Lemma 4.17 as follows

0] < 03 Bl s [ 61— 90"~ s

k=1

M tm o1 .
+ () /0 (t—s)*""h(s)QURT)ds

M t o1 M t ., o1 ) s )
gy 0 e 0ls s [ 9ol w(e(s)d

< MQ(RY) (Z lax|[| Bl B(x) + 1) sup ]tmD;ah(t)
k=1 t

N M supyeqy,, 4 |f(E0)[(1 — )"
MNa+1)

stm
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M [ 1
iy 0 )@l + o),
for some d; > 0.

Then we have

1
R; =

1 — Mésupyeqy,, 1)t Dy “a(t)

X

MQ(RY) (Z la|| Bl 5x) + 1) sup +,, Dy “h(t)
k=1 '
M su t,0)[(1 — )"
N Preft,,t |1 (6 0)I( m) + M6y sup o,
(o +1) tE€[tm 1]

sbm

Dy %q(t)].

4.5 Optimal Controls of Fractional Evolution Equations

4.5.1 Introduction

In this section, we consider the following fractional evolution equations
{OCDfx(t) = —Az(t) + f (t,z(t)), teJ=][0,T], g€ (0,1),
x(0) = o,
where {D{ is the Caputo fractional derivative of order 0 < ¢ < 1, —A : D(A) — X is
the infinitesimal generator of a compact analytic semigroup of uniformly bounded
linear operators {T (t),t > 0}, f : J x X, — X is specified later, where X, =
D(A*)(0 < a < 1) is a Banach space with the norm ||z||o = [|[A%z|| for z € X,,.
In the present section, we introduce a suitable a-mild solution for system (4.40).

(4.40)

The introduced ca-mild solution is associated with a probability density function
and semigroup operator. Then we give some properties of two new linear operators
associated with the probability density function and semigroup operator which are
used throughout this section. We prove the existence of a-mild solutions for system
(4.40) under some easy checked conditions. The main technique used here are
fractional calculus, singular version Gronwall inequality visa Leray-Schauder fixed
point theorem for compact maps. Further, we consider the Lagrange problem of
systems governed by (4.40) and an existence result of optimal controls is presented.

The rest of this section is organized as follows. In Subsection 4.5.2, we give some
preliminary results on the fractional powers of the generator of an analytic compact
semigroup and introduce the a-mild solution of system (4.40). In Subsection 4.5.3,
we study the existence and uniqueness of a-mild solutions for system (4.40). In
Subsection 4.5.4, we introduce a class of admissible controls and an existence result
of optimal controls for a Lagrange problem is proved. At last, an example is given
to demonstrate the applicability of the result.

4.5.2 Preliminaries

We denote by X a Banach space with the norm || - || and —A : D(A) — X is
the infinitesimal generator of a compact analytic semigroup of uniformly bounded
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linear operators {7 (¢),t > 0}. This means that there exists M > 1 such that
IT(t)]| < M. We assume without loss of generality that 0 € p(A). This allows us
to define the fractional power A% for 0 < o < 1, as a closed linear operator on its
domain D(A%) with inverse A~% (see Pazy, 1983).

We have the following basic properties on A%.

Theorem 4.11. (Pazy, 1983)

(1) Xo = D(A%) is a Banach space with the norm ||z||o = [|[A%z|| for z € X,,.

(if) T(t) : X — X, for each t > 0.

(iii) A*T(t)x =T (t)A%x for each x € X, and t > 0.

(iv) For every t > 0, A*T(t) is bounded on X and there exists No >0 and v > 0
such that

No No
jaer() < Neeve < Mo
A (A
(v) A™% is a bounded linear operator in X with X, = Im (A™%).
(vi) If0 < a < B <1, then D(AP) < D(A?).

Remark 4.8. Observe as in Liu and Chang, 2009 that by Theorem 4.11 (ii) and
(iii), the restriction T, () of T'(¢) to X, is exactly the part of T'(t) in X,. Let z € X,.
Since || T(t)x]la < AT ()] = |T(#)A%[| < [[T@)[|[|A%]| = [|T#)][|#]la; and as
t decreases to 0, ||T(t)x —z||o = [|[A*T (t)x — A%z|| = | T (t) A% — A%z|| — 0, for all
x € Xgq, it follows that {T'(¢),t > 0} is a family of strongly continuous semigroup
on X, and [|[T,(t)|| < || T(t)]| < M for all ¢t <O0.

In the sequel, we will also use ||f| »(s,r+) to denote the LP(J, RT) norm of
f whenever f € LP(J,R") for some p with 1 < p < oo. We will set a € (0,1)
and denote by C,, the Banach space C(J, X,) endowed with supnorm given by
|1Z|loo = supsey ||Z]la, for z € Cq.

Based on Subsection 4.3.2, we use the following definition of a-mild solution for
the problem below.

Definition 4.4. By the a-mild solution of system (4.40), we mean that the function
x € C, which satisfies

z(t) = S(t)zo + /Ot(t —8)T P(t —8)f (s,2(s))ds, t€J
where
S(t) = /OOO M,(0)T(t19)dg, P(t) = /0OC g M, (0)T(t70)d6.
The following results will be used throughout this section.

Lemma 4.21. The operators S and P have the following properties:
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(i) For any fized t > 0, S(t) and P(t) are linear and bounded operators, i.e., for
any x € X,

M
[S@)x|l < Mz, [|P(t)z] < e [l]].
(i) {S(t)}i>0 and {P(t)}i>0 are strongly continuous.
(iii) Assume that {T(t)}t>0 s compact operator. Then {S(t)}i>0 and {P(t)}+>0
are also compact operators.

(iv) For anyx € X, p € (0,1) and o € (0,1), we have
AP(t)yx = ALPP(t)APz, te ],
Nagl'(2 = @) ,_oq

STy
(v) For fited t > 0 and any x € X,,, we have

|AP ()| 0<t<T.

[1S@)zlla < Mlzlla; [[P()z]la < T )H o

(vi) Sa(t) and P,(t), t > 0 are uniformly continuous, that is for each fixed t > 0,
and € > 0, there exists h > 0 such that

[1Sa(t+€) = Sa(t)la <& for t+e>0 and el <h,

|1Pa(t +€) — Py(t)||a <e, for t+e>0 and || <h,

where
/ M, (0)Ta(t96)d8,  Pa(t) — / 4O M, (6)Ta (£99)d6.
0

Proof. We only check (v) and (vi) as follows.
(v) For fixed t > 0 and any x € X, using (iii) of Theorem 4.11,

S@wagAwMummwwwmwe
gAmMﬂmwvwwwww%

< [ M@ A°alas
0

= M|z
and

HHWMSAqMMMNﬂMMW
s/ 9OM,(0) (| T(190) | A do
0

gM/qmumwmw
0
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M
= ——zlla-

I'(q)
(vi) For each fixed ¢t > 0, and h > € > 0, one can obtain

1St +€) — Sa®)]la < / ML O)Ta(¢ + %6) — To(179) 06
<M [ MOITal(e+ 070~ 190) — T od,
0
|Palt+¢) — Pa(®)lla < / GOM,(0)|Ta((t + €)90) — T (196)]| 0

[ee]
< M/ qOM(0)|| T ((t + €)20 — t10) — T||,db.
0
By Lemma 3.3 of Liu and Chang, 2009, we know that the uniformly continuous of
To(t), t > 0. As a result,
ITo((t +€)10 —t70) — I||o — 0, as e— 0.

It comes from

o0 o0 1
M. (0)dd =1 d / OM,(0)d) = ———,
/0 A(0) and [ " oM, (0)08 =

that S, () and P,(t), t > 0 is uniformly continuous. O

Lemma 4.22. (Zeidler, 1990) For each v € LP(J, X) with 1 < p < 400,

T
lim l(t+ h) —(t)||Pdt =0
0

h—0

where Y (s) = 0 for s does not belong to J.

4.5.3 FExistence of a-Mild Solutions

In this subsection, we give the existence of the a-mild solutions for system (4.40).
We make the following assumptions.
[Hf]: f:J x X, — X satisfies:

(1) For each x € X,, t — f(t,x) is measurable.
(2) For arbitrary x1, o € X, satisfying [|z1]|a, ||[22]|a < p, there exists a constant
L¢(p) > 0 such that

[f(t,z1) = f(t,z2)|| < Le(p)l|v1 — 22lla, forall t € J.
3) There exists a constant as > 0 such that
f
It ) <ar(l+|z|la), forall z € X, and ¢t € J.

Now we are ready to state and prove the main result in this subsection.

Theorem 4.12. Assume that the condition [Hf] is satisfied. If g € Xo and ag < 5
for some % < g <1, then system (4.40) has an unique a-mild solution on J.
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Proof. Define the function F': C, — C, by

(Fx)(t) = S(t)xo + /0 (t —s)T1P(t — s)f (s,2(s)) ds.

It is not difficult to verify that Fa € C,. In fact, for 0 < t; < to < T, by Lemma
4.21, Holder inequality and agq < %, one can deduce the following inequality

[(Fz)(t1) — (Fz)(t2)lla
< |[[S(t1)zo — S(t2)zolla

+A%h—ﬁ“WHh—@ﬂ&ﬂm—P@—@f@ﬂ$wws
+AhWrﬂﬁ*—w—@“mP%—ﬁf@d@Mws
+lﬁm—$QWHw—@ﬂaMQmmS

< 118a(t2) — Salt)lalzolla
+Aﬂmﬁquwwgpm@muaagww
ﬁ[Mm—m*—m—@mewm—QW@@@mw
+Lﬁ@—ngwpm—@Mf@aﬂnw

< 118 (t1) = Sa(t)lallzolla

NoyiT(2—a h _ 4 —qa
O o) [ (01 =)t = )7 = (12 = 5)70%ds
0

al'(1+q(1 —a))
M " _g)at _g)a1 _g) s. xz(s s
et B [Tt =) = (= (02— 972 (s 2(o)

NaqF(Q_a) 2 _ J\g—ag—1 s.z(s S
F(l+q(loz))/tl (ta —s) 1f (s, 2(s)) ||d

< [1Sa(t1) = Sa(t2)llallzolla

aNoaT'(2 — o) ) —g)Tax _ — 5)92 s
OéF(l +C](1 — a)) Hf”C(J,X) (/O |(t2 ) (t1 ) | d >

(31 3
X </ (t1 — s)z(q_l)ds)
0

Nogl'(2 — ) n _ )1 _ 5)7 112 :

t1 %
x(/'uQ—@—h%u) et
0

Nl
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Noql'(2 — ) 1 B (1—a)
T+ a—a) g —a) 2~ " Wlleww

< |[[Salt1) = Sa(t2)llallzolla

[ 1 41 qNop1I'(2— )
t 2

T 2
y (/0 (b — )79 — (t1 — s)_q“2d3>
M ’ _ )1 — 5)7 1 2ds

1 1-2a 1-2aq) 2
—— (ty M —(ta—t W)
><\/1_2aq(2 (t2 — 1) I fllewx)

Noql'(2 — ) 1 _
« to — t;)2(1—a)
1—\(1 +q(1 _ Oé)) q(]. — 0[)( 2 1) ||f||C(J,X)7
which implies that Fx € C,.
Then we proceed in four steps.

[

Step I. F is a continuous operator on C,.

In fact, let x1, 29 € Cy and |21 — 22]loc < 1, then ||271||co < 1+ ||22]|
[(F2)(®) = (Fa2) ()]

< [(t= 9P = 9IS (s121(9) — f (5 22(5))] s
0

< [e= 9 APl = )1 (51 (9) — f (5 22(5) s
0

Nagl'(2 — ) ' q—1l—agq _
< L) s | (= 9 () = aa(o) s

< Lf<p>(;f_1;((21_a))) = 6) = )
(2

< Lf<p>r(1"fq((l e 1_ 10 =zl

Therefore, it can easily been shown that
Noql'(2 — @) 1
F(1+q(1—-a))q(l—

[Fz1 — Fralleo < Lg(p)

that is, F' is continuous.
Step II. F' is compact.

- =p, and

7909 |z — 29| o0,

Let B is bounded subset of C,, there exists a constant p such that ||z]|. < p for
all z € B. By [Hf](3), there exists a constant N such that || f(¢, z(¢))|| < ay(1+p) =
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N. Then FB is a bounded subset of C,. In fact, let x € B, using Lemma 4.21 (i)
and (iv), one can obtain

[(Ez) (@)l < [1S5(E)2ola +/0 (t=5)" | P(t = 9)f (s, ()], ds

< M|zol|a +/O (t =) AP (t = s)Il] f (s, 2(s))llds

NaqF(Q — a) ! qg—ag—1 S

R e J, ¢
Nogql'(2 — ) 1

Fl+¢1-0a) q1-a)

< Moo

< M|zolla + ta=a),

Thus,
Nogl'(2 — @) NTI(~2)

1Feloe < Mt 1 g1 a) a(1=a)”

which implies that F'B is bounded.

Define IT = FB and II(t) = {(Fz)(t) | € B} for t € J. Clearly, II(0) =
{(Fx)(0) | x € B} = {xo} is compact, and hence, it is only necessary to consider
t > 0. For each h € (0,t),t € (0,T], arbitrary 6 > 0, define

5(t) = (FreB)(t) = {(Fh,gw)(t) |z € B}
where
(Fr57)(t)

= T(h95) / h M, (0)T(t90 — h?8)xodh
5
+ T'(h46) /t ' (t —s) ( / OM,(0)T((t — s)70 — hqé)d9>f (s,x(s))ds
t—h
/ M, (6)T(t16) x0d0+q/ / VM (O)T((t — 5)0) f (s, 2(s)) dOds.

Then the sets {(F}sx)(t) | * € B} are relatively compact in X, since the
operator T'(h%0), h%5 > 0 is compact in X,. It comes from the following inequalities

[(Fz)(t) = (Fh,s2) (@)

H/ M, (0)T(t76 zodG

’ qH/ / O(t — )T My (0)T((t — 5)10) f (s, 2:(5)) dbds

[0}

+qH// O(t — )T My ()T ((t — 5)70) f (s,2(s)) dbds
_/Ot h /5 0(t — 5)" My (O)T((t — 5)%6) f (s, 2(s)) dbds

[
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/M IT(90)0 |

+q/ / Ot — )17 My(0)|[A*T((t — 5)70) | f (5, 2(s)) [|dOds

+q/tfh/6 Ot — )17 My ()| AT ((t — 5)70) || f (5, 2(s)) ||dBds
§M||x0|a/06 Mq(9)d9+NaNq/ot /Oée(t—s)q—qu(e)((t—s)qe)—adeds

+ NaNq/tth/oo Ot — s)7 M, (0)((t — 5)70)*dfds
<M||x0|\a/ M,(0)dd + N, Nq/ / 01~ (t — )99 M, (0)dOds

N, Nq/t h/ 610 (1 — 59~ M, (8)dBds

t 4
< Mlzolla / qu)dewaqu( [ e sreias) oo

0

t [e'e]
+NaNq( / (t—s)qwlds) 6=\, (6)d6
t—h 0
1 t §
< Mlaoll [ My(@)a8+ NNa( [ = symotas) [Coean o)
0 0

0

and

¢ 1 ¢ 1
t—s)0 1 1gs < 7#1(1_0‘)7 / t—s) s < = _pel-o)
G a0 —a) o) a0 —a)
that
[(Fz)(t) = (Frs)(t)]|a

<M\|x0||a/ M, (0)d9 + ](VNq pali-a / 0L, (

NoNql'(2 — ) 1
F1+¢(1—-a)) gl —a)
Therefore, II(t) = {(Fz)(t) | € B} is relatively compact in X, for all ¢t € (0,7
and since it is compact at ¢ = 0 we have the relatively compactness in X, for all
ted.
Next, let us prove that II = F'B is equicontinuous. For T' > h > 0,

[(F'z)(h) — (Fz)(0)[la < [[Sa(h) — Illallzolla
Noql'(2 — @) N 1
Fl+q(1-a) q1-0a)

pa(l—a)

hq(lfa),
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and for 0 < s <ty <ty <T,
[(Fz)(t) — (Fz)(t2)lla < 1+ 12+ I3 + 1a,
where

I = [[Sa(t1) = Sa(t2)llallzolla,

I 41 gNapiI'(2—a) /T _ g2
Io =N 2 _ qo _ qa
2 2q — 1t1 O[F(l I q(l — a)) 0 |(t2 S) (tl S) | ds )

I NW ( / s — 87 — 8y — S)q_1|2d8>

N|=

Nl

F'1+q¢(1—a)
1 (t1—2aq _ (tg _ t1)1—2aq)%
1—2ag \'? ’
Noql'(2 — «) 1

F1+q(1—-a))ql-a)
Now, we need to check that Iy, I, I3, I; tend to 0 independently of z € B when
to — t1. In fact, let © € B, one can deduce that lim;, 4, [1 = 0 and lim,_,;, Io =0
since by (iii) and (vi) of Lemma 4.21. Moreover, using the fact |(t; — s)?7! — (to —
8)471] — 0 as ty — t1, and Lemma 4.22, we can deduce

I,=N (ty —t1)707),

T
/ (b1 — 8)71 — (t — 5)T-12ds — 0, as ts — 1.
0

Thus, lim;, ¢, I3 = 0 since ag < % It is also easy to see lim¢, ¢, 14 = 0.

In summary, we have proven that FB is relatively compact, for ¢t € J, II =
{Fz | z € B} is a family of equicontinuous functions. Hence by the Arzela-Ascoli
theorem, F' is compact.

Step III. F has a fixed point in C,.

According to Schauder fixed point theorem, it is sufficient to show that the set
Y={relCy|x=0Fz,0€[0,1]} is a bounded subset of C,.

In fact, let x € X,

le@®)llo = llo(F2)(0) o
< 15()ola + / (t— 8| Pt — 8) (s, 2(5))]| ds

SMonHaJr/ (t = )" APt = s)[[[1 £ (5, 2(5))llds

< Mgl + SE= S [0 o)
afNoql'(2 — o) TI0=)
< Mjzolla + T+ q(l—a) g(—a)

afNagl'(2 — @)

_Jo x4 A\ ! —_s qg—ag—1 (s s
I'(1+q(1—a)) /0 (t—s) [z(s)llads,
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using the well known singular version Gronwall inequality, we can deduce that there
exists a constant M* > 0 such that ||z] < M*. Thus, ¥ is a bounded subset of
Cy- By Schauder fixed point theorem F' has a fixed point C,. Consequently, system
(4.40) has at least one a-mild solution z on J.

Step IV. z(+) is unique.

Let y(-) be another a-mild solution of system (4.40) with the initial value yo. It
is not difficult to verify that there exists a constant p > 0 such that ||z||a, [|y]la < p-
From

() — y(®)]la
< 15(8) (o — yo)lla + / (t = )T Pt — )(f(5,2(5)) — F(55(5))l|ads,

we can deduce that
[2(t) = y(t)lla < M|[(zo — yo)lla

Lf(p)NaqF(2_a) ' —§)1 1 (s) — u(s S
T(1+q(1—a)) /0('5 ) 2(s) — y(s)|lads.

By singular version Gronwall inequality again, there exists a constant M > 0 such
that

[2(t) =yl < MM|[zo = Yolla;
which yields the uniqueness of z(-). O

4.5.4 FExistence of Fractional Optimal Controls

We suppose that Y is another separable reflexive Banach space from which the
controls u take the value. We denote a class of nonempty closed and convex subsets
of Y by W;(Y). The multifunction w : J — W;(Y') is measurable and w(-) C E
where E is a bounded set of Y, the admissible control set Uy,q = SP. = {u € LP(E) |
u(t) € w(t) a.e.}, 1 < p < co. Then Uyq # 0 (see Proposition 1.7 and Lemma 3.2
of Hu and Papageorgiou, 1997).

Consider the following controlled system

Dig(t) = —Ax(t) + f(t, z(t)) + C(t)u(t),t € J,u € Ugg,q € (0,1),
{ z(0) = xo.

Assumption [HC]: C € Loo(J, L(Y, X4)).

It is easy to see that Cu € LP(J, X,,) for all u € Uyq.

By Theorem 4.12, we have the following result.

(4.41)

Theorem 4.13. In addition to assumptions of Theorem 4.12, suppose assumption
[HC] holds. For every u € Uy and pg(1 — ) > 1, system (4.41) has a a-mild
solution corresponding to u given by

2 (0) :S(t):co—i-/o (t— )1 LP(t — 8) (s, 2(s))ds

t —5)a ! — 5 s)u(s)ds.
+/O<t JI1P(t — 5)C(s)u(s)d
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Proof. Compared with Theorem 4.12, the key step is to check the term containing
control policy. Consider

W(t) = /O (t — $)T=1P(t — 5)C(s)u(s)ds,

using Lemma 4.21(iv) and Hoélder inequality again, we have

1w < H / I1P(t — 5)C(s)u(s)ds

[e3

_/O (t = )T APt — 5)[[[|C(s)u(s)ds

||OHOONthF(27a) ¢ g—qa—1 uls s
<At [l

<SS ([ arteman) T ([ o)’

p—
[ClloeNagl'(2 = @) p—1 " wa-
< = .
- TA+4q9(1-a) pg(l—a) —1 ||U||L (L)

where ||Cl|« is the norm of operator C' in Banach space Lo (J, L(Y, Xy)). Thus,
||(t — 8)77LP(t — s)C(s)u(s)|« is Lebesgue integrable with respect to s € [0,¢] for
all t € J. From Lemma 1.6, it follows that (t — s)9~1P(t — s)C(s)u(s) is Bochner
integral with respect to s € [0,¢] for all ¢ € J. Hence ¥(-) € C,. Using Theorem
4.12, one can verify it immediately. O

Assumption [HL]:

(1) The functional £ : J x X, x Y — R U {oo} is Borel measurable.

(2) L(t,-,-) is sequentially lower semicontinuous on X, x Y for almost all t € J.

(8) L(t,x,-) is convex on Y for each x € X, and almost all ¢t € J.

(4) There exist constants d > 0, e > 0, » is nonnegative and ¢ € L'(J, R) such
that

L(t,z,u) 2 (t) + dl|z]la + eflully
We consider the Lagrange problem (P):
Find (2°,u%) € C(J, X4) x Uyq such that
J(2%u®) < J(2*, ), for all u € Uy

where

T, u) = /0 L0t (), u(t))dt,

x* denotes the a-mild solution of system (4.41) corresponding to the control u €
Ugd.

In order to obtain the existence of fractional optimal controls we need the fol-
lowing important lemma.
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Lemma 4.23. Operator 2 : LP(J,Y) — C, for some pq(1 — ) > 1, given by

(200) = [ PL=s)C(u(s)ds
18 strongly continuous.

Proof. Suppose that {u"} C LP(J,Y) is bounded, we define 0, () = (Lu™)(¢),
t € J. Similar to the proof of Theorem 4.13, one can know that for any fixed
t € Jand pg(l — ) > 1, [|©,(t)]|« is bounded. By Lemma 4.21, it is not difficult
to verify that ©,,(t) is compact in X, and is also equicontinuous. Due to Arzela-
Ascoli theorem again, {0,,(t)} is relatively compact in C,. Obviously, £ is linear
and continuous. Hence, 2 is a strongly continuous operator. O

Now we can give the following result on existence of optimal controls for problem
(P).

Theorem 4.14. If the assumption [HL] and the assumptions of Theorem 4.13 hold,
then the problem (P) admits at least one optimal pair.

Proof. If inf{J(z",u) | u € Uyq} = +00, there is nothing to prove.

Assume that inf{J(z*, u) | u € Usq} = € < +00. Using assumption [HL], we
have € > —oo. By definition of infimum there exists a minimizing sequence feasible
pair {(z™,u™)} C Auq = {(z,u) | x is a a-mild solution of system (4.41) corre-
sponding to u € U,q}, such that J(z™,u™) — € as m — 4o00. Since {u™} C Uy,q,
m=1,2,..., {u™} is bounded in LP(J,Y"), there exists a subsequence, relabeled as
{u™}, and u® € LP(J,Y) such that

u™ 5% in LP(J)Y), asm — +oo.

Since U,q is closed and convex, thanks to Marzur Lemma, u® € U,g.
Suppose ™ (2°) is the mild solution of system (4.41) corresponding to u™ (u?).
™ and 2V satisfy the following integral equation respectively

™ (t) = S(t)xo + /0 (t—s8)T P(t — s)f(s,2™(s))ds
t — )it —5)C(s)u™(s)ds
+ [ =5 P = 0 (),

20(t) = S(t)xo + /0 (t—s)T P(t — s)f(s,2°(s))ds

+ /0 (t — )17 P(t — 5)O(s)u’(s)ds.

It follows from the boundedness of {u™} ({u"}) and Theorem 4.12, one can verify
that there exists a positive number p such that |2 s, [|[2°lcc < p-
For t € J, we have

2 () = 2° ()l < 115 @)lla + 195 (#)lla
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where

0 (t) = / (t—s)T7 P(t = 5)[f(s,2™(s)) — f(s,2°(s))]ds,
0

i (t) = /0 (t—5)T"'P(t —s)C(s) (u(s) —u’(s)) ds.
Using Lemma 4.21(iv) and [Hf](2), one has

o 0l < SERTAEEZ [ ot (5) - aa (o) s,

Using Lemma 4.23, one has

n&(t) =5 0in X,, as m — occ.
Thus,
2™ (t) = 2°(t) |
Li(p)Nagl' (2 —
I'1+¢(1 —w))
By virtue of singular version Gronwall inequality again, there exists M* >0
such that

< 15 O)lla +

) [ =9 (s) = a9 ads,

2™ (t) = 2°(t) o < M2 (1) |
which yields that
™ — 2% in C(J, X,), as m — oo.
Since C(J, X,) < L'(J, X,,), using the assumption [HL] and Balder’s theorem,
we can obtain

T T
e= lim L(t,z™(t),u™(t))dt > / L (t,2°(t),u°(t)) dt = J (2°,u°) > e.
This show that J attains its minimum at u® € U,q. O

At last, an example is given to illustrate our theory. Consider the following

problem:
§Dx(t,y) — Ax(t,y) = x(t,y) + 2u(t,y), y € Q, t€[0,1], ¢= 2,
I(t,y) |y€89: Oa t> Oa (442)
z(0,y) =0

where 2 C R? is a bounded domain, 2 € C3.
2 2 2
Define X =Y = L?(Q), D(A) = H?(Q) (N H (), and Az = — <gy3§+gy"§+g§)
for x € D(A). The admissible control set Usq = {u € Y | [[ul[z2(j0,1),y) < 1}. By

Ly) <
Sobolev embedded theorem, we can choose v = 31 then X — C'(Q). Find the
control u(t,y) that minimizes the performance index

J(x,u)/01/Q|:L'(t,y)|2dydt+/01/ﬂ|u(t,y)Qdydt

subject to the problem (4.42).
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Define 2(t)(y) = 2(t,y), Cu(t)(y) = 2u(t,), f (t,2(8)) () = 2(t)(y). Thus
problem (4.42) can be rewritten as

§Dfa(t) = —Azx(t) + f (t,2(t)) + C(t)u(t), t €[0,1], g € (0,1),
(4.43)
x(0) =z
with the cost function
1
5@ = [ () + ) ) .
It is not difficult to verify that ga = % X % = % < % and pg(l—a) = 2x % X % =

% > 1. Then it satisfies all the assumptions given in Theorem 4.14. Therefore, the
problem (4.42) has at least one optimal pair.

4.6 Abstract Cauchy Problems with Almost Sectorial Operators

4.6.1 Introduction

Let X be a complex Banach space with norm | - |. As usual, for a linear operator A,
we denote by D(A) the domain of A, by o(A) its spectrum, while p(A) := C—o(A)
is the resolvent set of A, and denote by the family R(z; A) = (21 — A)™L, z € p(A)
of bounded linear operators the resolvent of A. Moreover, we denote by B(X,Y)
the space of all bounded linear operators from Banach space X to Banach space Y
with the usual operator norm || - || (x,y), and we abbreviate this notation to B(X)
when Y = X, and write ||T'||g(x) as ||T|| for every T' € B(X).

When dealing with parabolic evolution equations, it is usually assumed that the
partial differential operator in the linear part is a sectorial operator, stimulated by
the fact that this class of operators appears very often in the applications. For
example, one can find from Henry, 1981; Lunardi, 1995 and Pazy, 1983 that many
elliptic differential operators equipped with homogeneous boundary conditions are
sectorial when they are considered in Lebesgue spaces (e.g., LP-space) or in the
space of continuous functions. We here mention that the operator A. in Example
4.2, which acts on a domain of “dumb-bell with a thin handle”, is sectorial on V2.
However, as presented in Example 4.2 and Example 4.3, though the resolvent set of
some partial differential operators considered in some special domains such as the
limit “domain” of dumb-bell with a thin handle or in some spaces of more regular
functions such as the space of Holder continuous functions, contains a sector, but for
which the resolvent operators do not satisfy the required estimate to be a sectorial
operator.

Example 4.2. In this notation the “dumb-bell with a thin handle” has the form
Q. =D1UQ-UDy (e €(0,1]; small),

where D; and D, are mutually disjoint bounded domains in RN (N > 2) with
smooth boundaries, joined by a thin channel, Q. (which is not required to be
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cylindrical), which degenerates to a 1-dim line segment @) as € approaches zero.
This implies that passing to the limit as ¢ — 0, the limit “domain” of ). consists
of the fixed part D1, Dy and the line segment (). Without loss of generality, we
may assume that Qo = {(z,0,...,0);0 < = < 1}. Let Py, = (0,0,...,0),P, =
(1,0,...,0) be the points where the line segment touches the boundary of Dy and
DQ. Put Q = D1 @] Dg.

Firstly, consider the evolution equation of parabolic type equipped with Neu-
mann boundary condition in the form

u—Au+u=f(u), x€Q, t>0,

du _y, x € 09, (41
on

where A stands for the Laplacian operator with respect to the spatial variable
z € Q., 09 is the boundary of €, a—an denotes the outward normal derivative on
00 and f : R — R is a nonlinearity. Let V? (1 < p < oo) denote the family of

spaces based on LP(€.), equipped with the norm

1/p
1
|U||vg’:( [+ |u|p) .
Q € Q.

Define the linear operator A. : D(A.) C V? +— VP by
= 0}7
o9,

It follows from a standard argument that the operator A. generates an analytic
semigroup on V?. Moreover, the following estimate holds

ou

D(A,) = {u e W*P(Q.): Auec VP, o
n

Acu=—-Au+u, u€ D(A).

[R(A; =A) | Bzr (o)) < for A € X,

C
A’
where ¥y = {A € C: |arg(A —1)] < 0} with § > 7, and C' is a constant that does
not depend on € (see, e.g., Henry, 1981 and Pazy, 1983).

The limit problem of (4.44) as e — 0 is the following problem studied in Car-
valho, Dlotko and Neseimento, 2008

wy — Aw +w = f(w), zeN, t>0,
ow
- 0, x € 08,

1
/Ut_g(ng)w—i_/l]:f(v)’ xEQOZ(Oa 1))
v(0) = w(Fy),v(l) = w(Py),

where w is a function that lives in 2 and v lives in the line segment @, the function
g:[0,1] — (0,00) is a smooth function related to the geometry of the channel Q.,
more exactly, on the way the channel Q. collapses to the segment line @g. Observe
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that the vector (w,v) is continuous in the junction between 2 and Qg and the
variable w does not depend on the variable v, but v depends on w.
We identify Vi with LP(€) @ L»(0,1) (1 < p < 0o) endowed with the norm

1/p
|wv|vp:(/ wl? + /Og|v|p) .

Consider the operator Ay : D(Ag) C Vi + V) defined by
D(Ap) = {(w,v) € VOP;w € D(Aq),v € LE(0,1),w(FPy) = v(0), w(P1) = v(1)},

1
Ap(w,v) = (—Aw + w, —g(gv’)’ + v) , (w,v) e VP, (4.45)

where Ag is the Laplace operator with homogeneous Neumann boundary conditions
0
D(Ag) = {u e W2 (Q): 22

in LP(Q) and
I [y N O}.

As pointed out by Arrieta, Carvalho and Lozada-Cruz, 2009a, the operator Ay
defined by (4.45) is not a sectorial operator. Its spectrum is all real and, therefore,

it is contained in a sector but the resolvent estimate is different from the case of
sectorial operator. More precisely, the operator Ay has the following properties (see
also Arrieta, Carvalho and Lozada-Cruz, 2006, 2009a):

(a) the domain D(Ay) is dense in V;

(b) if p> %, then Ay is a closed operator;

(c) Ao has compact resolvent;

(d) for some p € (0,%), ¥, :={A € C\ {0} : |arg)| < m—pu} U{0} C p(—Ao),
and for % < q < p, the following estimate holds:

C
[R(A; = Ao) | B, vipy < TE rxex,, (4.46)
foreach 0 < v/ < 1— T; - %(% - f) < 1, where C' is a positive constant.

Remark 4.9. In fact, it is easy to prove that the estimate (4.46) with p = ¢ > %
is equivalent to

[1R(A; —Ao) ||l Bovp)y < A€ X\ {0},

C
N
for 0 <+’ <1— &-, where Cisa positive constant.

We refer to Section 2 of Arrieta, Carvalho and Lozada-Cruz, 2006 for a complete
and rigorous definition of the dumb-bell domain, and to Arrieta, 1995; Arrieta, Car-
valho and Lozada-Cruz, 2006, 2009a,b; Dancer and Daners, 1997; Gadyl’shin, 2005;
Jimbo, 1989 for related studies of partial differential equations involving dumb-bell
domain.
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Example 4.3. Assume that (2 is a bounded domain in RY (N > 1) with boundary
09 of class C*™ (m € N). Let C'(Q), [ € (0, 1), denote the usual Banach space with
norm | - |;. Consider the elliptic differential operator A’ : D(A’) C CY(Q) + C'()
in the form

D(A') = {ue C*™ (@) : DPulog = 0,18 <m 1},

Au= Y a,(x)D’u(z), ue DA,
|B]<2m

where § is a multiindex in (N J{0})",
n 5 n o Bj
\ﬂl=Zﬁj, D :,H<_Za:c]—) :
Jj=1 j=1

The coefficients a, : Q — C of A" are assumed to satisfy

(i) a, € C'(Q) for all |3] < 2m;
(if) a,(z) e R for all z € Q and |B| = 2m;
(iii) there exists a constant M > 0 such that
MR < Y a, (@)’ <MIBP, forall ¢ €RY and z € Q.
|B|=2m

Then, the following statements hold.

(a) A’ is not densely defined in C'(Q);
(b) there exist v, € > 0 such that

a(A’+z/)CSg_€:{>\e(C\{O}: |arg/\|§g—e}u{0},

C
IR A"+ )l gy < le’ AeC\ Sz o

(c) the exponent ﬁ —1 € (—1,0) is sharp. In particular, the operator A’ + v is
not sectorial.

Notice in particular that the Laplace operator satisfies the conditions (a)-(c) in
Example 4.3. For more details we refer to Wahl, 1972.

Observe that from Example 4.2 and Remark 4.9, if p > &, then A4, € @;7/ (V)
for some 4" € (0,1 — %) and p € (0, %), that is, Ag is an almost sectorial operator

on V{. Also, from Example 4.3 one can find that (4’ 4+ v) € eﬁgl(cl (€2)), which

implies that A’ 4+ v is an almost sectorial operator on C!(2).
In this section, motivated by the above consideration, we are interested in study-
ing the Cauchy problem for the linear evolution equation

{ngu(t) + Au(t) = f(t), t>0,

2(0) = (4.47)
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as well as the Cauchy problem for the corresponding semilinear fractional evolution
equation

(4.48)

SDu(t) + Au(t) = f(t,u(t)), t>0,
u(0) = ug

in X, where {D$, 0 < a < 1, is Caputo fractional derivative of order a and A is
an almost sectorial operator, that is, A € ©)(X) (-1 < v < 0,0 < w < 7/2).
The main purpose is to study the existence and uniqueness of mild solutions and
classical solutions of Cauchy problems (4.47) and (4.48). To do this, we construct
two operator families based on the generalized Mittag-Leffler functions and the
resolvent operators associated with A, present deep anatomy on basic properties
for these families consisting on the study of the compactness, and prove that, under
natural assumptions, reasonable concept of solutions can be given to problems (4.47)
and (4.48), which in turn is used to find solutions to the Cauchy problems.

Remark 4.10. We make no assumption on the density of the domain of A.

Remark 4.11.

(i) M. M. Dzhrbashyan and A. B. Nersessyan in Dzhrbashyan and Nersessyan, 1968
(see also Miller and Ross, 1993) showed that the solution of the Cauchy
problem

SD&u(t) 4+ Mu(t) =0, t>0,
u(0) =1, 0<ax<l

has the form u(t) = E,(—At®), where E, is the known Mittag-Leffler func-
tion. This result issues a warning to us that no matter how smooth the data
ug i8, it is inappropriate to define the mild solution of problem (4.47) as
follows

u(t) =T (t)uo + ﬁ /0 (t—s)* 1T (t — s)f(s)ds,

where T'(t) is the semigroup generated by A (see Remark 1.7(i)), though this
fashion was used in some situations of previous research (see, e.g., Jaradat,
Ao-Omari and Momani, 2008).

(ii) Let us point out that in the treatment of problems (4.47) and (4.48), one of the
difficult points is to give reasonable concept of solutions (see also the works
of Zhou and Jiao, 2010a; Hernandez, O’Regan and Balachandran, 2010).
Another is that even though the operator A generates a semigroup T'(¢) in
X, it is not continuous at ¢ = 0 for nonsmooth initial data ug.

(iii) It is worth mentioning that if it is the case when A is a matrix (or even
bounded linear operators) then Kilbas, Srivastava and Trujill, 2006, obtained
an explicit representation of mild solution to problem (4.47).
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Let us now give a short summary of this section, which is organized in a way close to
that given by Carvalho, Dlotko and Nescimento, 2008. In Subsection 4.6.2, we con-
struct a pair of families of operators and present deep anatomy on the properties for
these families. Based on the families of operators defined in Subsection 4.6.2, a rea-
sonable concept of solution is given in Subsection 4.6.3 to problems (4.47), which in
turn is used to analyze the existence of mild solutions and classical solutions to the
Cauchy problem. The corresponding semilinear problem (4.48) is studied in Sub-
section 4.6.4. We investigate the existence of mild solutions, and then the existence
of classical solutions. Finally, based mainly in Carvalho, Dlotko and Nescimento,
2008; Periago and Straub, 2002, we present three examples in Subsection 4.6.5 to
illustrate our results.

Remark 4.12. Let us note that results in this section can be easily extended to
the case of (general) sectorial operators.

4.6.2 Properties of Operators

Throughout this subsection we let A be an operator in the class ©7(X) and
-1 <~v<0,0< w < 7/2. In the sequel, we succeed in defining two families
of operators based on the generalized Mittag-Leffler functions and the resolvent op-
erators associated with A. They are two families of linear and bounded operators.
In order to check the properties of the families, we need a third object, namely the
semigroup associated with A. We stress that these families are used very frequently
throughout the rest of this section. Below the letter C' denotes various positive
constants.
Define operator families {So (t)}|ics0 5 {Pa(t)}ieso by
27w 27

Sa(t) == Eq(—2t%)(A) L/ Eo(—2t*)R(z; A)dz,
Ty

- 21

Palt) = ea(~21")(4) = 5 / ea(—21%)R(z; A)dz,

where the integral contour Ty := {R e} U{R e~"} is oriented counter-clockwise
and w < 0 < p < G —|argt|.

We need some basic properties of these families which are used further in this
section.

Theorem 4.15. For each fized t € S%_w, Suo(t) and Py (t) are linear and bounded
operators on X. Moreover, there exists constants Cs = C(a,y) > 0, Cp = Cla,y) >
0 such that for allt > 0,

||Sa(t)||B(X) < Cst_a(l-ﬂ)a Hpa(t>||B(X) < Cpt_a(l—M)' (4~49)

Proof. Note, from the asymptotic expansion of F, g that for each fixed ¢t € 5%7
Eo(—2t%), ea(—2t%) € FJ(S)).
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Therefore, by (1.24), the operators families {Sq(t)};e50  , {Pa(t)}ieso  are
27w 27

well-defined, and for each ¢t € S%fw, Sa(t) and P, (t) are linear bounded operators
on X. So, to prove the theorem, it is sufficient to prove that the estimates in (4.49)
hold.

Let T(t), t € S%_,,,
Fubini Theorem, we get

be the semigroup defined by (1.25). Then by (W4) and the

1
So(t)r = =— | Eo(—2t*)R(z; A)xdz
21 Ty
1 e o
=_— M (N) / e M R(z; A)zdzd) (4.50)
27 0 Ty
= / My ()T (st*)xds, te S%_w, z e X.
0
A similar argument shows that
Pao(t)x = / asM ()T (st%)xzds, te€ S%_w, e X. (4.51)
0

Hence, by (4.50), (4.51), Proposition 4.56 (iii), (W1) and (W3), we have
1Sa (t)z] < Co / M, (s)s~ N0+ 2| ds
0

I'(=)
P(l—a(l+7)

Pa(t)z] < aCy / M, (s)s 7t~ | 2] ds
0

I'(1—9)
= aCOF(l —ay)

Therefore, the estimates in (4.49) hold. This completes the proof. O

< Cy t_o‘(l'*'“*)\ad7 t>0, zeX,

t= |z t>0, z € X.

From now on, we frequently use the representations (4.50) and (4.51) for oper-
ators S, (t) and P, (t), respectively.

Theorem 4.16. Fort > 0, S,(t) and P, (t) are continuous in the uniform operator
topology. Moreover, for every r > 0, the continuity is uniform on [r,o0).

Proof. Let ¢ > 0 be given. For every r > 0, it follows from (W3) that we may
choose 61,02 > 0 such that

61 o0
2Cy / Uo(s)s™ M ds < / W, (s)s~HMds < £
0 52 3

'ra(l“”)’)
Then we deduce, by Proposition 1.25(i), that there exists a positive constant ¢ such
that

2C)

€

b2

(0% (e} €
: Ma(s)IIT(t1's) = T(t38)llBx)ds < 3,
1

for t1,to > r and |t; — ta] < 0.

(4.53)
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On the other hand, using (4.52), (4.53) and Theorem 4.15, we get

01
|Sa(t1)r — Salt2)z| < ; Mo (s) (IT(t75) | Bx) + IT(t58) ] B(x)) |=lds
b2
+ Mo (s)[|T(t7's) = T(t3s)| Bx)lzlds
1
+/ Mo (s) (IT(t5s) | Bx) + IT(#5 )l B(x)) []ds
2
2Cy o _
< iy | Vel 0 el
o2
+ Mo (s)[|T(t7s) — T(t3s)| Bx)lzds
1

200 > (1+
-0 —(1+7)
+ ra(lty) /52 Vals)s [z]ds
< e€lz|, for any x € X,

that is,

||Sa(t1) - Sa(t2)||B(X) < €,
which implies that S, (t) is uniformly continuous on [r,00) in the uniform opera-
tor topology and hence, by the arbitrariness of > 0, S, (t) is continuous in the

uniform operator topology for ¢ > 0. A similar argument enables us to give the
characterization of continuity on P, (t). This completes the proof. O

Theorem 4.17. Let 0 < 8 <1 —+. Then

(i) The range R(Pa(t)) of Pu(t) fort >0, is contained in D(AP);

(ii) S'a(t)z = -t TAP,(t)x (z € X), and S’ (t)z for x € D(A) is locally inte-
grable on (0,00);

(iii) for all x € D(A) and t > 0, |AS,(t)x| < Ct=*(+M | Ax|, here C is a constant
depending on v, «.

Proof. It follows from Proposition 1.25(iv) that for all x € X, t > 0, T'(t)x €
D(AP) with 8 > 0. Therefore, in view of (4.51), Proposition 1.25(iv) and (W3) we
have

PP, (t)z] < / s Mo ()| APT(t°8)] s 2]
0

gaC't*a(VJFBH)/ M, (s)s~ B+ ds|x|
0

< aC’ rd-6-1) o447 | |
'l—a(B+~v+1))
which implies that the assertion (i) holds.
From (i), it is easy to see that for all z € X,

S (Hx = —t* AP, (1)
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Moreover, for every x € D(A), one has by Proposition 4.56(iv),

[t AP, (t)x| < t”‘_l/o asMq(s)||T(t%s)| p(x)|Az|ds

FA—7) oy
< {7 Azl
- aCOI‘(l - a'y)t Azl

Since —ary—1 > —1, this shows that &', (t)x for each x € D(A), is locally integrable
on (0,00), that is, (ii) is true.
Moreover, Proposition 1.25(iv) and (4.50) imply that

|AS, (t)z| < Cot =1+ / M, (s)s~ 1V ds| Az
0

I'(=) —a(l+
< a(l+7) )
Co i a ))t |Az|, x € D(A)

This means that (iii) holds, and completes the proof. O

Remark 4.13. Particularly, from the proof of Theorem 4.17(i), we can conclude
that

IAP. (1) | 5(x) < CE >,

where C' is a constant depending on -, . Moreover, using a similar argument with
that in Theorem 4.16, we have that AP, (t) for ¢t > 0 is continuous in the uniform
operator topology.

Theorem 4.18. The following properties hold.

(i) Let B> 1+4~. For all z € D(AP), limy 0450 Sa(t)z = x;

(ii) for all z € D(A),(Su(t) — Nz = [} —s* " AP, (s)zds;

(iii) for allx € D(A), t >0, 0D{Sa(t)r = —AS,()z;
(iv) for all t >0, So(t) = oD 1t~ 1P,(2)).

Proof. For any x € X, note by (4.50) and (W3) that
Sat)r —x = / Vo (s)(T(t%s)x — x)ds.
0

On the other hand, by Proposition 1.25(v) it follows that D(A®) C L7 in view of
B > 14+. Therefore, we deduce, using Proposition 1.25(iii), that for any = € D(A?),
there exits a function 7(s) € L'(0, +00) depending on ¥, (s) such that

[Wa(s)(T(t"s)x — )| B(x) < n(s)-
Hence, by means of Lebesgue dominated convergence theorem we obtain that
Sa(t)x —x— 0, ast — 0,

that is, the assertion (i) remains true.
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From (i) and Theorem 4.17(ii) we get for all x € D(A),

(Sult) = I)z = Tim (Sa ()7 — Sa(s)z) = /0 _AAP, (A)zd),

s—0

which implies that the assertion (ii) holds.
To prove (iii), first it is easy to see that i € F(S}) and the operator ¢o(A) is
injective. Taking x € D(A), by Proposition 4.55(iii) one has
1

Sa(t)e = Ea(—2t")(A)z = (Ea(—21")00)(A) (w) ().

Moreover, by (1.14) we have sup,_, . |2t E4(—2t%)| < oo, which implies that
|2Eq (—2t*) (1 +2)7Y < Clz| 7', as 2z — oo,
where C' is a constant which is independent of ¢. Consequently,
—2Eo(—2t)(1+2)~" € FJ(S)). (4.54)
Notice also that
SDEEL(—2t)(142) " R(2; A) = (=2)Eo(—2t*)(1+2) "' R(z; A).
Combining Proposition 1.24(ii) and (4.54), we get

SDp (Bal—ot) (14 29 )(A) = 50 [ (o) Eal2t) (14 ) Rz A)d
To

= (=2)(A) (Ba(—2t") (1 + 2)7')(4)
= A(Ea(—21")(1+2) ) (A).

Hence, we obtain

This proves (iii).
For (iv), by a similar argument with (iii), one can prove that t* e, (—zt%)
belongs to .7-'3(52) for t > 0 and hence

0DP L (E P (1)) = 0D (15 ea(—2t7)(A)) = (Ea(—2t2))(4) = Sa(t),
in view of
oD ! (t* eq(—2t™)) = Eq(—2t%).
This completes the proof. O

Before proceeding with our theory further, we present the following result.

Lemma 4.24. If R()\;—A) is compact for every X\ > 0, then T(t) is compact for
every t > 0.
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Proof. Note first that as a consequence of Theorem 3.13 in Periago and Straub,
2002, for every A € C with Re(A) > 0, R(A\;—A) = [ e *T(s)ds defines a
bounded linear operator on X. Therefore, we obtain

AR( — A)T( )\/ e (T(t + 5) — T(t))ds. (4.55)

Let € > 0 be given. For every A > 0 and ¢ > 0, it follows from Theorem 4.16 that
there exists a v > 0 such that

€
up 706 +1) - ()50 <
s€l0,v]
So
)\/ NI+ 5) = T(0)|pooyds < 5. (4.56)
0

On the other hand, by Proposition 1.25(iii) we get

!

/00 e MT(s+1t)—T(t))ds

< )\C/ e M(t+8) V4t ds
B(X)
<20t e,

which implies that there exits a Ay > 0 such that

)\H /VOO e MT(s+1t) —T(t))ds A > Ao. (4.57)

B(X)

Thus, for all A > Ay, using (4.55), (4.56) and (4.57) we deduce that
AR ~AYT(0) = TOllpc) <A [ eI+ 8) = TOllncxds
0

A [ AT+ ) = T e ds
<e.
It follows from the arbitrariness of v > 0 that

Jim AR =A)T(t) = T (1) x) = 0.

Since AR(A; —A)T'(t) is compact for every A > 0 and ¢ > 0, T(¢) is compact for
every t > 0. O

With the help of this lemma we now show the following result.

Theorem 4.19. If R(\; —A) is compact for every A > 0, then Sy(t), Pa(t) are
compact for every t > 0.
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Proof. Let € > 0 be arbitrary. Put

S (t) = /00 U, (s)T (st — et™)ds, (. (t) = /00 U, (s)T(st™)ds.

Then, one has ((t) = T'(et*)s(t), and it is easy to prove that for every ¢ > 0, ¢.(t)
is bounded linear operators on X. Therefore, from the compactness of T'(t),¢ > 0,
we see that ((t) is compact for every ¢ > 0.
On the other hand, note that
1€ (t) = Sa ()l B(x) < / U, (s)T(st)ds < Coff"(lJrv)/ U, (5)s 1 Vds.
0 B(X) 0

Hence, it follows from the compactness of ((t),t > 0 that S, (t) is compact for
every t > 0. By a similar technique we can conclude that P,(¢) is compact for
every t > 0. The proof is completed. O

4.6.3 Linear Problems

Let A € ©)(X) with —1 <y < 0 and 0 < w < 7/2. We discuss the existence
and uniqueness of mild solutions and classical solutions for inhomogeneous linear
abstract Cauchy problem (4.47). We assume the following condition.
(H*) uw € C([0,T],X), g1—a *u € C1((0,T],X), u(t) € D(A) for t € (0,T], Au €
LY((0,T), X), and u satisfies (4.47).

Then, by Definitions 1.1 and 1.3, one can rewrite (4.47) as

1 ! a—1 L ! —s a—1 s)ds
u(t) = ug — m/o (t — )" Au(s)ds + (o) /0 (t— )" f(s)ds, (4.58)

for t € [0,T7.
Before presenting the definition of mild solution of problem (4.47), we first prove
the following lemma.

Lemma 4.25. Ifu:[0,T] — X is a function satisfying the assumption (H*), then
u(t) satisfies the following integral equation

u(t) = Sa(t)ug + /0 (t— ) 1P (t — 5)f(s)ds, te(0,T).

Proof. Note that the Laplace transform of a abstract function f € L'(R*, X) is

defined by f(A) = [;° e f(t)dt, A > 0. Applying Laplace transform to (4.58) we
get u(A) = ¢ — )\%A (N + f)fﬁ), that is,
a(A) = AT+ A) g + (A 4+ A)THF(N).

On the other hand, using Proposition 1.26 and (W2) we deduce that
AT+ A) g + (A + A)THEO

= \! /0 e M () ugdt + /0 e T (8) f(N)dt



212 Basic Theory of Fractional Differential Equations

- /O - %gOt)”T(ta)uodH /0 N /0 h at® Le= OO (1) £ (s)e ™ dsdt
_ /oo /oo Ly, ({l)e_AtTT(to‘)uodet
o1 o t° “sA
/ / / \P( >e T(T—a)f(s)e drdsdt
:/O /0 v, <Ta) *’\tT( uodrdt
+ /O b /0 b /0 h art* Y (r)T(t7) f(s)e CHO N drdsdt
_ / Y / S U (T T uodr
/ —tA/ syl )</ooaT\IJ( )T((t—s)aT)dT>dsdt
:/O e NS, (t uodt+/ —M/ Palt — 5)f(s)dsdt

= [ e (sutoun + / (1= 5 Palt ) (5)ds ) .

This implies that

a(\) = /OOO e M (Sa(t)uo + /Ot(t —8) TP, (t — s)f(s)ds> dt.

Now using the uniqueness of the Laplace transform (cf. Theorem 1.1.6 of Xiao and
Liang, 1998), we deduce that the assertion of lemma holds. This completes this
proof. O

Motivated by Lemma 4.25, we adopt the following concept of mild solution to
problem (4.47).

Definition 4.5. By a mild solution of problem (4.47), we mean a function u €
C((0,T], X) satisfying

t
u(t) = Su(tuo +/ (t— 8)* 1 Pu(t — s)f(s)ds, € (0,T].
0
Remark 4.14. It is to be noted that

(a) unlike the case of strongly continuous operator semigroups, we do not require
the mild solution of problem (4.47) to be continuous at ¢ = 0. Moreover, in
general, since the operator S, (t) is singular at ¢ = 0, solutions to problem
(4.47) are assumed to have the same kind of singularity at ¢ = 0 as the
operator S, (t). This is the case, for instance, if { = 0 so that we have that
u(t) = Su(t)ug, which presents a discontinuity at the initial time;
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(b) when ug € D(AP), B > 1+, it follows from Theorem 4.18(i) that the mild
solution is continuous at ¢ = 0.

For f € L*((0,T), X), the initial problem (4.47) has a unique mild solution for
every ug € X. We now are interested in imposing further condition on f and ug so
that the mild solution becomes a classical solution. To this end we first introduce
the following definition.

Definition 4.6. By a classical solution to problem (4.47), we mean a function
u(t) € O([0,T),X) with §Dgu(t) € C((0,T],X), which, for all ¢t € (0,T], takes
values in D(A) and satisfies (4.47).

We are now ready to state our main result in this subsection.

Theorem 4.20. Let A € ©)(X) with 0 < w < 5. Suppose that f(t) € D(A) for all
0<t<T, Af(t) € L>=((0,T),X), and f(t) is Holder continuous with an exponent
0’ > a(l+7), that is,

lf(t) — f(s)| < K|t —s|”, forall0<t,s<T.

Then, for every ug € D(A), there exists a classical solution to problem (4.47) and
this solution is unique.

Proof. For ug € D(A), let u(t) = So(t)uo (t > 0). Then it follows from Theorem
4.18(i, iii) that u(t) is a classical solution of the following problem

{thau(t) + Au(t) =0, 0<t<T,

4(0) (4.59)

Moreover, from Lemma 4.25, it is easy to see that wu(t) is the only solution to
problem (4.59). Put

w(t) = /Ot(t —8)* P, (t —5)f(s)ds, 0<t<T.

Then from the assumptions on f and Theorem 4.15 we obtain

Auw(t)] < / (t— ) Palt — )50l AF ()| 1= (0.yds

1
< CpHAf(t)HLOO(O,T)jwt e

which implies that w(t) € D(A) for all 0 <¢ < T.
Next, we show §D&w(t) € C((0,T], X). Since w(0) = 0 and hence

_ % /O Sult — 5)f(s)ds, (4.60)

in view of Propositions 1.4, 1.8, 1.9 and Theorem 4.18(iv). Let

v(t) = /0 Sa(t — 8)f(s)ds,

6D w(t) = oDfo D uw(t)
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it remains to prove v(t) € C*((0,7], X). Let h > 0 and h < T — t. Then it is easy
to verify the identity

v(t+h)—v(t) [P Salt+h—s)—Si(t—s)
—— _/O - F(s)ds
t+h
—|—%/t Sa(t+h —s)f(s)ds.

Again by the assumptions on f and Theorem 4.15, we have, for ¢ > 0 fixed,
|(t = 5)* " APa(t — 5)f(s)| < Cp(t — 5)" 71 AS(s)| € L'((0,T), X),

for all s € [0,t). Therefore, using Theorem 4.17(ii) and the Lebesgue dominated
convergence theorem we get

Syt +h—s)— St —s)

pm ) h f(s)ds
- / (t — 5)* (—A)Palt — 5)f(s)ds (4.61)
= —Aw(t).

Furthermore, note that

t+h
%/ Sat+h —s)f(s)ds
t

h
%/0 Sa(8)f(t+h—s)ds
:%/0 Sa(s)(f(t+h —s) = f(t —s))ds

I I
5 [ S —s) = ras+ 5 [ Ssurs

From Theorem 4.15 and the Holder continuity on f we have

h CSKth—a(l"r’Y)
/o Sa(s)(f(t+h=s) = ft = s))ds| < 5= "7~

)

1
h

and

L C KhY —a(+7)
H [ sutsiste—s) - ronas| < R

And since f(t) € D(A) (0 < ¢ < T), limp0 & [ Sa(s)f(t)ds = f(t) in view of
Theorem 4.18(i). Hence,
1

t+h
E/ Sa(t+h—s)f(s)ds — f(t), ash— 0. (4.62)

Combining (4.61) and (4.62) we deduce that v is differentiable from the right at ¢
and v/, (t) = f(t) — Aw(t), t € (0,T]. By a similar argument with the above one
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has that v is differentiable from the left at ¢ and v’ (¢) = f(¢t) — Aw(t), t € (0,T7.
Next, we prove Aw(t) € C((0,T], X). To the end, let Aw(t) = I(t) + I2(t), where

1(t) = / (t— 52" AP (t — 5)((s) — F(1)ds,

L(t) = /0 At — ) Pu(t — ) f()ds.
By Theorem 4.18(ii), we obtain
I(t) = =(Sa(t) = D (1)

So, by the assumption of f and Theorem 4.16 note that I»(t) is continuous for
0 <t <T. To prove the same conclusion for I (t), we let 0 < h < T — ¢ and write

Li(t+h)— (1)

_ /0 ((t+h— ) TAPG(t + h— 5) — (t — )2 APW(t — ) (f(5) — £(1))ds
+ /t(t +h—8)*TAPL(t + h — 8)(f(t) — f(t + h))ds
0

t+h
+/ (t+h—s)*"APy(t+h—s)(f(s) — f(t+ h))ds
¢
For hy(t), on the one hand, it follows from Theorem 4.16 that
lim (¢ +h — )" APt + h = s)(f(s) = f(2))
= (t =) AP (t = 5)(f(s) = f (1))

On the other hand, for ¢ € (0,7 fixed, by Remark 4.13 and the assumption on
f, we get

(t+h — )T APG(t + h — 5)(f(s) — f(1))]
SCOIK(t+h—s)700= (¢ — 5
< CLK(t— )07 € L1((0,4), X).

Thus, by mean of the Lebesgue dominated convergence theorem one has

t

Jim, i (t+h—s)*"TAPL(t+h—s)(f(s) — f(t))ds

- / (t— ) AP (t — 5)((s) — F(1))ds,

which implies that hq(t) — 0 as h — 0%.
For hs(t), using Theorem 4.17(i), Remark 4.13,

/0 (t+h— ) APt + h = )l f(6) = F(t+)lds
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t
< / C,K(t+h— )TN 1R g
0

e
a(l+7)

This yields ho(t) — 0 as h — 0.
Moreover, hs(t) — 0 as h — 0T by the following estimate

(hfa(lﬂ) —(h+ t)fa(lﬂ)).

‘/ ) Pt +h— ) (Af(s) — Af(t+ h))ds

< G A wo(0.myh ™
= 7047” F(S)llLe=(o,7)

in view of Af(s) € L*°((0,T),X) and Theorem 4.16.

The same reasoning establishes I1(t — h) — I1(h) — 0 as h — 0%. Consequently,
Aw € C((0,T],X), which implies that v' € C((0,T], X), provided that f is con-
tinuous on (0,7]. Then, by (4.60) we have {D¢w € C((0,T], X). Hence, we prove
that u 4+ w is a classical solution to problem (4.47), and Lemma 4.25 implies that
it is unique. This completes the proof. O

4.6.4 Nonlinear Problems

In this subsection we apply the theory developed in the previous sections to non-
linear abstract Cauchy problem (4.48).

Definition 4.7. By a mild solution to problem (4.48), we mean a function u €
C((0,T], X) satisfying

u(t) = Sa(t)uo + /0 (t —8)* Py (t — ) f(s,u(s))ds, te(0,T].

Theorem 4.21. Let A € ©}(X) with —1 <~y < —% and 0 < w < Z. Suppose that
the nonlinear mapping f : (0,T] x X — X is continuous with respect to t and there
exist constants M, N > 0 such that

fta) = fit )| <M (14 ]z +Jy” ) |z —yl,

[f (& 2)| < N(1L+ [a]”),

for allt € (0,T] and for each x,y € X, where v is a constant in [1, *ﬁ) Then,

for every ug € X, there exists a Ty > 0 such that the problem (4.48) has a unique
mild solution defined on (0, Tp).

Proof. For fixed r > 0, we introduce the metric space

F.(T,up) ={ue C(0,T),X): pp(u,Sa(t)ug) <r},

pr(ur,ug) = sup |ui(t) — ua(t)].
t€(0,7)
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It is not difficult to see that, with this metric, F,.(7T, ug) is a complete metric space.
Take L = T+ 4 Cylug|, then for any u € F.(T,ug), we have

|s* 0N y(s)]| < sy — S, (B)uo| + s* T [So ()ug| < L.

Choose 0 < Ty < T such that

T, )
CoN=0— 1 C,NL*T, ““ I B(—ya, 1 — va(l 4+ 7)) <7, (4.63)
—ay

T, ™

MC, 420 iy 0TI By 1 — (14 y) (v — 1)) <
ary

% (4.64)

where B(ny,1m2) with n; > 0, ¢ = 1,2, denotes the Beta function. Assume that
ug € X. Consider the mapping I'“ given by

t
(TYu)(t) = Sa(t)uo + / (t — )" Py (t — 8) f(s,u(s))ds, u € F.(To,uop)-
0
By the assumptions on f, Theorem 4.15 and Theorem 4.16, we see that (I'u)(t) €
C((0,T],X) and
(20 = Sa(thul < G [ (1577741 + (o) s
oy

< C,N T / C,NL"(t—s)~ ay—1g=va(l+y) g
-y 0

—ary

T —(V
< N0 —+GCp NLYTy YT By, 1 — va(l + 7))

<,

in view of (4.63). So, I'* maps F.(To, ug) into itself. Next, for any u,v € F,.(Ty, ug),
by the assumptions on f and Theorem 4.15, we have

() (8) - (P0)(@)
=9 Pat = ) (1o u(s) = S 0(00) s

t
< CpM/ (t—s)"7 1 (1 + |u(s)|P~t + |v(s)|”_1) lu(s) — v(s)|ds
0
t
< OPMpf(u7v)/ (t— 3)—a'y—1 (1 + 2LV~ 1 —a(u 1)(147) ) ds
0
< 2017, O B, 1 — (14 7)(v — 1)py, (u,0)

—any
+MC, —Oav P, (U, V).

This yields that T'* is a contraction on F,.(Tp, ug) due to (4.64). So, T',, has a unique
fixed point u € F,.(Tp,ug) in view of Banach contraction mapping principle, this
means that v« is a mild solution to problem (4.48) defined on (0,Tp]. The proof is
completed. O
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By a similar argument with the proof of Theorem 4.21 we have:

Corollary 4.1. Assume that A € ©}(X) with -1 < v < —2 and 0 < w < 3.
Suppose in addition that the nonlinear mapping f : (0,T] x X# — X, g € (1 +
v, —1—27), is continuous with respect to t and there exist constants M, N > 0 such

that
7t w) — Fe)l < M (14 Jals™ + byl ™) o= vl

[f(t o) < N (1+ |23)

for allt € (0,T] and for each x,y € X”, where v is a constant in | ,7%5). Then,
for every ug € X?, there exists a Ty > 0 such that the problem (4.48) has a unique

mild solution u € C((0,Ty], X?).

Remark 4.15. If A € ©)(X) with =1 <y <0 and 0 < w < 7, then we can derive
the local existence and uniqueness of mild solutions to problem (4.48), under the

conditions:

(i) uo € XP with 8> 1+ 7;
(ii) the nonlinear mapping f : [0,7] x X — X is continuous with respect to ¢ and
there exists a continuous function Ls(+) : R — R* such that

[f(tx) = f(&y)] < Ly(r)lz —yl,
for all 0 <t < T and for each z,y € X satisfying |z|, |y| < r.

Indeed, for r > C"_Tg:ym SUPyeio, 7] |f(t,up)| fixed, we may choose 0 < Ty < T
such that
CpTy ™
sup |(Salt) = Dol + =22 (Ly(ryr+ sup |f(tuo)l) <7 (4.65)
t€[0,To] —ay t€[0,To]
in view of Theorem 4.18(i). Assume that the map I'* is defined the same as in
Theorem 4.21 and the space F,.(To,up) is replaced by the following Banach space:

Fl(To,uo) = {u € C([0,Tp], X) : u(0) =up and sup |u—up| < 7"} .
t€[0,To)

Then, it is easy to verify, thanks to the assumptions on f and (4.65), that I'“
maps F/(Ty,ug) into itself and is a contraction on F(Tp,up), which implies that
the problem (4.48) has a unique mild solution defined on [0, Tp].

Since 1 > 1+ (-1 <~ < —3), X' = D(A) is a Banach space endowed with
the graph norm |z|x1 = |Ax|, for x € X!

The following is the existence of X '-smooth solutions.

Theorem 4.22. Let A € O)(X) with =1 <y < —1 and 0 <w < Z and up € X',
Assume that there exists a continuous function My(-) : RT — RT and a constant
Ny > 0 such that the nonlinear mapping f : (0,7] x X' — X! satisfies

[f(t,2) = f(t,y)lxr < My(r)]e —ylx1,
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| f(t, Sa(t)ug)|x1 < Ny(1+ tfa(lﬂ)\uo\xl),

for all 0 < t < T and for each z,y € X' satisfying SUPye (0,77 [7(t) — Sa(t)uolxr <
7, SUPe(o,r [Y(t) — Sa(t)uolxr < 7. Then there exists a To > 0 such that the
problem (4.48) has a unique mild solution defined on (0, Tp].

Proof. For uy € X! and r > 0, set

F/(T,u0) = {u e C((O.T,X"): sup_|u=Salt)uolx: <7}.
t€(0,T]

For any u € F/(T,ug), by the assumptions on f and Theorem 4.15 we have
[(T%u)(t) — Sa(t)uo|x1
t
< / (t =) Palt = 8)lBx) (5, u(s)) = f(5, Salt)uo) x1ds
0
t
+ [ =92 Pt = 5)laon (5, Sa(Ouo) s
0

t
< Cp/ (t = )77 (Mg (r)r + Ny + Nps™*U D fug|)ds
0

T
< Cp(My(r)r + Ny) Ty CpN; T2V 5(—ya, 1 = a1 + 7)) |uol.
Using this result, it follows from an analogous idea with Theorem 4.21 that the
claim of theorem follows. Here we omit the details. O

Next, we derive mild solutions under the condition of compactness on the resol-
vent of A.

Theorem 4.23. Let A € ©)(X) with —1 <~y <0 and0<w < 5. Let

(H1) R(X\;—A) is compact for every A > 0;
(H2) f:[0,T]xX — X is a Carathéodory function and for any r > 0, there exists
a function m,.(t) € LP((0,T),R*) with p > _o%v such that

- (£)] 1o
|f(t,2)| < m.(t), and limng T Oleron)

r—+00 r

g < o0
for a.e. t € [0, T] and all x € X satisfying |z| < r.

Then for every ug € D(AP) with B > 1+, the problem (4.48) has at least one
mild solution, provided that

T17(1+o¢’y)q 1/q
C _— <1, 4.66
p0<1—(1+av)q) (460

where ¢ =p/(p—1).
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Proof. Assume that ug € D(A4%). On C([0,T], X) define the map

t
(TYu)(t) = Sa(t)up + / (t — 8)* 1 Pu(t — 5)f(s,u(s))ds.
0
From our assumptions it is easy to see that I', is well defined and maps C([0,T1], X)
into itself. Put
Q. ={uel(0,T],X): |ul| <r, foral0<t<T},

for r > 0 as selected below. We seek for solutions in £2,.. We claim that there exists
an integer r > 0 such that ' maps Q. into ,.. In fact, if this is not the case, then
for each r > 0, there would exist u” € Q, and t" € [0,T] such that ||[(T*u")(t")|| > r.
On the other hand, by (H2) and Theorem 4.15 we get

r < |[(T%")()]

|Sa(t")uol + /0 |(t7 = ) Pa(t” — ) f (s, u(s))lds

<
tr
< sup |Sa(t)u0|+/ Cp(t" — 8) "1 m,(s)ds
te[0,T) 0
o ;
< sup |Sa(t)u0|+Cp</ s—(l—s-a"/)qu) (/ mf(s)ds)
te[0,T] 0 0
Sa(®)uo] + Colm | Ly
S sup atu + My || Lr <> )
t€[0,T) 0 P Lr(o.1) 1-— (1 + a’y)q

where ¢ = p/(p — 1). Dividing on both sides by r and taking the lower limit as
r — 00, one has
T17(1+a'y)q 1/q

1—(1+ CW)Q) ’
which contradicts (4.66). Hence for some positive integer r, I'*(£2,) C Q.

The rest of the proof is divided into three steps.

Claim I. I'* is continuous on §2,..

Take {u,}o2; C Q, with u, — w as n — oo in C([0,T7],X). Then by the
continuity of f with respect to the second argument we deduce that

1< C'pa(

f(s,un(s)) = f(s,u(s)), asn— oo, ae. s€l0,7].
Moreover, observe from (H2) and Theorem 4.15, that for fixed 0 <t < T,
(t— S)Q_l‘Pa(t = 5)f(s,un(s))| < Cp(t — 5)_1_0er<s>~

Thus, by means of Lebesgue dominated convergence theorem we obtain that

/O(t—8)””1\\7%(15—S)IIB(X>|f(S,un(8)) — f(s,u(s))lds = 0, asn — oo,

which means that lim, . |[T%u, — T%u|lo = 0, that is, T'* is continuous on €.
Claim II. P = {(T"*u) : u € §,} is equicontinuous.
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For 0 < t; <to < T and § > 0 small enough, we have
|(Pu)(t1) = (Tu)(t2)| < L1 + Lo+ I3 + Iy + I,
where

Iy = [Sa(t1)ug — Sa(t2)uol,

I = /t (ta - §)* 7 Pa(tz — 5)f (s, u(s))|ds,
=5
I3 = /O (tr = 8)* HPa(ts = 5) = Palts — 5) || x| (5, u(s))|ds,

1= / (= ) [Palta — 5) = Palts — ) 3o | (s, u(s))lds,

1—0
ty
I; = /0 [(ta — )" = (t1 — 8)* M |Palta — 8) |l Bx) £ (s, uls))|ds.

From Theorem 4.16 and Theorem 4.18(i) it is easy to see that I; — 0 when t; — to.
Moreover, using (H2) and Theorem 4.15 we get

R A
I < T p 9
2> Cp( 1-(1+ay)g Imel[ze0,1)

1/q

t1—0
Is < sup  ||Palta —8) — Pults — 5)||B(X)</ (tl—s)qa—qqu> M| Lo (0,7
s€[0,t1—6] 0

t}-&-q(a—l) _ sl+a(a—1)\ 1/a
) Il ooz,

< sup  |[Pa(to—s)—Palts — S)IIB(X)< 1+q(a—1)

se[O,tlfé]

t1
I,<C, / (t1 — 5)*71-2(t; — )"0 Dm,(s)ds
t1—9
§1—(4av)q

<20, |m, ,
— pl _ (1 +Oé"}’)q”m ||LP(O,T)

Is < /O 1 Cp((tr — )" = (ta = )7 ") (ta — )" * M, (5)ds

<) " Gyl = 7 = (12— ) (s}
0 t1 1/q
< Cp</ (t; — s)—q(va+1) — (ty — s)—q(av+1)d8> ||mr||Lp(07T)
(t02 — t;)t-(tamg ti*(HM)q _ t;(lﬂw)q
p( I—(1tang | 1-(ltaq

It follows from Theorem 4.16 that I; (i = 2,3,4,5) tends to zero independent of
u € Q, as to —t; — 0, 6 — 0. Hence, we can conclude that

1/q
) ||mr||LP(0,T)-

|(F°‘u)(t1) — (Fau)(t2)| — 0, as tog —t1 — 0,



222 Basic Theory of Fractional Differential Equations

and the limit is independent of u € €,.. For the case when 0 = t; < t5 < T, since

tlfq(a')/“"l)

to 1/q
/o (ta — $)* M P(ta — 5) f(s,u(s))|ds < Cp(1—2¢1(cw4-1)> [mellze0.1)5

in view of (H2) and Theorem 4.15, |(I'*u)(t2)| can be made small when 5 is small
independently of u € ,.. Thus, we prove that the assertion in Claim II holds.
Claim III. For each ¢t € [0,T], {(I'*u)(¢); u € Q,} is precompact in X.
For the case when t = 0, it is not difficult to see that {(I'*u)(0) : v € Q,} =
{ug : u € N} is compact. Let ¢ € (0,T] be fixed and ¢,6 > 0. For u € €, define
the map I'? s by

(T2 5u)(t) = w+/‘i/<w ) UM (DT ((t — $)°7)f (s, u(s))drds.

Since A has compact resolvent, {T'(t)}+>0 is compact in view of Theorem 4.19.
Thus, for each t € (0,77, {(Fesu)(t): ue Q,, 6 >0, 0<e<t}is precompact in
X. On the other hand, using (H2) and Theorem 4.15, a direct calculation yields

|(TYu)(t) — (T2 5u)(t)]
‘/ / ar(t — 5)° 7 Ma(T)T((t — $)7) f(s,u(s))drds

at(t —s)*~ ', ()T ((t — s)“7) f(s,u(s))drds

t—e

s
Cp(t — s)_l_‘me(s)ds/ T Y My (T)dT
0 0

t oo
+ Cp(t — s)flfavmr(s)ds/ T VM, (7)dT
s

t—e

T1-(+am)g \1/4 s
<o — . ~ M, (7)d
<o) Il [ T Ma(rar
61—(1—‘,—0(7)(1 1/q F(l _ '}/)
+Cp| —————— my || e —_.
p(l —(1+ cw)q> mellerom 50
Using the total boundedness we have that for each t € (0, 7] {(T%u)(t) : u € Q,} is
precompact in X. Therefore, for each t € [0, T, {(T%u)(¢t) : u € Q,} is precompact
in X.
Finally, by Claims I-IIT and Arzela-Ascoli theorem, we conclude that I'“ is a

compact operator. Hence, I'* has a fixed point, which gives rise to a mild solution.
This completes the proof. O

Theorem 4.24. Let A € ©)(X) with 0 <w < § and —1 <y < —5. Suppose that
there exists a continuous function Mf( ) RT —> R* and a constant k> a(l+7)
such that the nonlinear mapping f : [0,T] x X — X satisfies

[f(t.x) = f(s, )| < Mp(r)(Jt = s|™ + [z — y]),
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forall0 <t < T and x,y € X satisfying |z|, ly| < r. In addition, let the assump-
tions of Theorem 4.22 be satisfies and u be a mild solution corresponding to ug,
defined on [0,To]. Then u is in fact the unique classical solution to problem (4.48),
ezisting on [0, Tp), provided that ug € D(A) with Aug € D(AP), B> (1 +7).

Proof. In order to prove that u is a classical solution, by Theorem 4.20 and the
condition on f, we only have to verify that u is Holder continuous with an exponent
¢ > a(l++) on (0,7p]. For fixed t € (0,Tp], take 0 < h < 1 such that h + ¢ < Tp.
We estimate the difference

lu(t + h) —u(t)] < |Salt+ h)ug — Sa(t)uo]

h
+ / (t+h—35) 1Pt +h—s)f(s,u(s))ds
0

+ ’ / (t—8)*IP(t —s) (f(s+ h,u(s+ h)) — f(s,u(s)))ds
0

=L+ 1L+ Is.
According to Theorem 4.15, Theorem 4.17(ii) and the assumptions on f we obtain
Cp
—ay

t
L= ’/ —s AP, (s)upds| < ((t+h)=7 —t=7),
0

B < MG [ (6= 87 1+ (s + ) = u(e))s

_ MG,

t
T 4 M, / (t — 5)=Ju(s + h) — u(s)|ds.
0

—ay
Put Na = supe(o,1,) | f(t, u(t))|. Then, it follows from Theorem 4.15 that

h
B<Cy [ (4 s s, us)lds
0
< CpNo
—ary
Collecting these estimates and using the inequality (¢+h)~*7—t=*7 < h™*7 (0 <
—ay < 1) we have
|u(t + h) = u(?)]
< CpN2 + Cp
=T Ty
¢
+ M’C’p/ (t — )" u(s + h) —u(s)|ds
0

((t+h)= —¢=27).

M/
t4+h)"OT — 7)) 4 BT
((t+h) )+ “any 0

< Cp,Ny +Cp, + M'C,

—ay
where ¢ = min{x, —ay} > a(y + 1). Now, it follows from the usual Gronwall
inequality that u has Holder continuity on (0,7p]. This completes the proof of
theorem. 0

t
B+ M’cp/ (t — 8)° " Ju(s + h) — u(s)|ds,
0
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4.6.5 Applications

In this subsection, we present three examples (Examples 4.4-4.6) motivated from
physics, which do not aim at generality but indicate how our theorems can be
applied to concrete problems. Examples 4.4 and 4.5 are inspired directly from
the work of Carvalho, Dlotko and Nescimento, 2008, and they describe anomalous
diffusion on fractals (physical objects of fractional dimension, like some amorphous
semiconductors or strongly porous materials; see Anh and Leonenko, 2001; Metzler
and Klafter, 2000 and references therein). Example 4.4 is the limit problem of
certain fractional diffusion equations in complex systems on domains of “dumb-
bell with a thin handle” (see, e.g., Anh and Leonenko, 2001; Metzler and Klafter,
2000). Example 4.5 displays anomalous dynamical behavior of anomalous transport
processes (see, e.g., Anh and Leonenko, 2001; Metzler and Klafter, 2000). Example
4.6 is a modified fractional Schrodinger equation with fractional Laplacians whose
physical background is statistical physics and fractional quantum mechanics (see,
e.g., Hu and Kallianpur, 2000; Podlubny, 1999). We refer the reader to Kirane,
Laskri and Tatar, 2005 and references therein for more research results related to
fractional Laplacians.

Example 4.4. Consider the system of fractional partial differential equations in
the form

SDYw — Aw + w = f(w), x€eQ, t>0,

ow
w _ N
on 0 a € 0%,
1
§Dfv = (gue)e + 0= [(0), @€ (0) (4.67)

v(0) = w(h),v(1) = w(P),
w(z,0) =wo(x) z€Q, v(z,0) =vo(z), z€(0,1),

where Q = Dy U Dy and D7 and D5 are mutually disjoint bounded domains in
RN (N > 2) with smooth boundaries, joined by the line segment Qo, and §D$, 0 <
a < 1, is the regularized Caputo fractional derivative of order «, that is,

(CDeu)(t, ) = ﬁ (gt /0 (t—s)—au(s,x)ds—t—au(o,x)). (4.68)

When a = 1, we regard (4.67) as the limit problem of (4.44) as ¢ — 0, which is
described in more detail in Example 4.2. Here, our objective is to show that system
(4.67) is well posed in Vi’ = LP(Q) @ L5(0,1) (1 < p < o0).

Let the operators Ag : D(Ag) C V' — V¥ be defined by
D(Ap) = {(w,v) € VOP : w € D(Agq),v € LE(0,1),w(Fy) = v(0), w(Pr) = v(1)},

1
AO(wav) = <_Aw+w7_g(gvl)/+v> 9 (U},U) € Vop,
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where Ag is the Laplace operator with homogeneous Neumann boundary conditions
in LP(Q2) and
- 0}.
a0

From Example 4.2, if p > £, then 4, € @;7/(1/0”) for some 7' € (0,1 — %) and

1 € (0,%). Therefore, system (4.67) can be seen as an abstract evolution equation
in the form

D(Ag) = {u € W2P(Q) g%

SDYu + Agu = , t>0,
{0 t U ou = f(u) (4.69)

u(0) = ug = (wo,v0) € V7.
We assume that the nonlinearity f : R — R is globally Lipschitz continuous. It
can define a Nemitskil operator from V" into itself by f(w,v) = (fo(w), fr(v)) with
fo(w)(@) = f(w(z)), € Q and f(0)(x) = f(v(x)), & € (0,1) such that
() = f@)lvp < L7 (r)|u—ulyp,
for all u,u’ € Vi satisfying |u[yz, |u'[y» <. Hence, from Remark 4.15, (4.69) (that

is, (4.67)) has a unique mild solution provided that ug € D(Ag) with > 11—+ (in
particular, ug € D(Ayp)).

Example 4.5. Let 2 be a bounded domain in RY (N > 1) with boundary 99 of

class C*. Consider the fractional initial-boundary value problem of form
(§Du)(t, 2) — Au(t,xz) = f(u(t,z)), t>0, z €,
ulon =0, (4.70)
u(0, z) = uo(z), x € Q,

in the space C'(Q) (0 < I < 1), where A stands for the Laplacian operator with

respect to the spatial variable and ng‘, representing the regularized Caputo frac-
tional derivative of order o (0 < a < 1), is given by (4.68). Set

A=-A, DA ={uecC*™(Q): u=0 on dN}.
~ 1 —_
It follows from Example 4.3 that there exist v, € > 0 such that A+v € @%715 (CHQ)).
Then, problem (4.70) can be written abstractly as
SDu(t) + Au(t) = f(u), t>0.

With respect to the nonlinearity f, we assume that f : R — R is continuously
differentiable and satisfies the condition

@)~ 1 < 2 a g, ol fyl < (1.11)

for any r > 0. It defines a Nemitskii operator from C!(QQ) into itself by f(u)(z) =
f(u(z)) with

| f(u) — f(”)|cl(ﬁ) < k(r)u— U|cl(ﬁ)a Mcl(ﬁ)a Wcl(ﬁ) <
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Noting £ —1 € (—1,—3), we then obtain the following conclusion: (i) according

to Remark 4.15, (4.70) has a unique mild solution for each ug € D(A?) with 8 >
l

5. Moreover, (ii) if f’, f” are continuously differentiable functions satisfying the

condition (4.71), then one finds that the Nemitskii operator satisfies the assumptions
of Theorem 4.22 and Theorem 4.24, which implies that for each ug € D(A) with
Aug € D(AP) (B > 1), the corresponding mild solution to (4.70) is also a unique

classical solution.

Example 4.6. Consider the following fractional Cauchy problem

(6D2y)(t ) + (=iA + o) Pult, ) = f(u(t,z)), >0, z€R?,

{u(O,x) = ug(x), r € R?,
in L3(R?), where o > 0 is a suitable constant, iA is the Schrédinger operator and
§D¢(0 < a < 1) is given by (4.68). Let
A= (—iA+0)/? D(A)=W"3(R?) (a Sobolev space).
Then iA generates a S-times integrated semigroup S°(t) with 8 = % on L3(R?)
such that [|S?(t)|| p(rare)) < MtP for all t > 0 and some constants M > 0 (see
Neerven and Straub, 1998). Therefore, by virtue of Theorem 1.3.5 and Definition
1.3.1 for C = I of Xiao and Liang, 1998, we deduce that the operator —iA + o
belongs to @%ﬁl(L?’ (R?)), which denotes the family of all linear closed operators
A: D(A) C L3(R?) — L3(R?) satisfying
o(4) € S5 ={= € C\ {0} : |argz| < Z}U{0},

and for every 5 < pu < 7 there exists a constant C, such that ||R(z;A)| <
C|z|P~1. Thus, it follows from Proposition 3.6 of Periago and Straub, 2002 that
A € ©51128(L3(R?2)) for some 0 < w < 2. Moreover, the system (4.72) can be
rewritten as follows:

(4.72)

(§D2y)(t,2) + Au = f(u), t>0,
u(0,7) = ug € L*(R?).

Assume that f : C — C is globally Lipschitz continuous. Then we have a Nemitskii

operator from L3(R2) to itself given by f(u)(z) = f(u(z)), and for a constant L(r)

and all u,v € L3(R?) such that |u|psmey < r and |v]ps@rz)y < r. Consequently,

it follows from Remark 4.15 that (4.72) has a unique mild solution provided ug €

D(A)™ with 7 > s

4.7 Evolution Equations with Hilfer Derivative

4.7.1 Introduction

In this section, we consider the Cauchy problem of fractional evolution equations
with an almost sectorial operator

{Hpgfx(t) = Ax(t) + f(t,z(t)), te (0,7,

o, 4.73
oD =00 0y (4.73)
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where #D[\"" is the Hilfer fractional derivative of order 0 < < 1 and type 0 < v <

1, oD; 477 ig Riemann-Liouville fractional integral of order (1 — p)(1 —v), A
is an almost sectorial operator in Banach space X, that is, A € O,%(X) (0 <k <1
and 0 < w < §). We denote the semigroup associated with A by {Q(t)};>0. Let
g:[0,7T] x X — X be a function to be defined later, zo € X,T € (0, 00).

The Hilfer fractional derivative is a natural generalization of Caputo deriva-
tive and Riemann-Liouville derivative. It is obvious that fractional differential
equations with Hilfer derivatives include fractional differential equations with a
Riemann-Liouville derivative or Caputo derivative as special cases. In this section,
we will prove two existence theorems of mild solutions for (4.73) in the cases that
the semigroup associated with the almost sectorial operator is compact as well as
noncompact. In Subsection 4.7.2, we will construct three families of operators and
present some properties for these families. In Subsection 4.7.3, we will give some
useful lemmas before proving the main results. In Subsection 4.7.4, we will show
some new existence results of mild solutions for Cauchy problem (4.73).

4.7.2 Preliminaries

Assume that X is a Banach space with the norm |- |. Let J be a finite interval of
R. By C(J,X) we denote the Banach space of all continuous functions from J to
X with the norm |Ju|| = sup,c;|u(t)] < co. We denote by £(X) the space of all
bounded linear operators from X to X with the usual operator norm || - ||(x)-

Let A be a linear operator from X to itself. Denote by D(A) the domain of
A, by o(A) its spectrum, while p(A) := C — g(A) is the resolvent set of A. Let
S9 = {z € C\{0} : Jargz| < A} be the open sector for 0 < A < 7, and S be its
closure, i.e., Sy = {z € C\{0} : Jarg z| < A} U {0}.

Definition 4.8. Let 0 < k < 1 and 0 < w < Z. We denote ©;%(X) as a family of
all closed linear operators A : D(A) C X — X such that

(i) o(A) c S, ={2 € C\ {0} : |argz| <w}U{0} and

(ii) for any A € (w,7), there exists C) such that

[R(z; A)ll2(x) < Cy|z|7F, for all z € C\ S,

where R(z;A) = (2I — A)™%, 2 € p(A) is the resolvent operator of A. The linear
operator A will be called an almost sectorial operator on X if A € ©%(X).

Define the power of A as

L

= PR(2; A)d 1—k
i szR(z, ydz, (> ,

where T', = {R*e”} [J{RTe "7} is an appropriate path oriented counterclockwise
and w < p < A. Then, the linear power space Xg := D(A”) can be defined and Xg
is a Banach space with the graph norm ||z||s = |4°z|, z € D(AP).
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Next, let us introduce the semigroup associated with A. We denote the semi-
group associated with A by {Q(t)};>0. For t € 5%7

Q) = e (4) = -

T 2mi

/ e " R(z; A)dz,
FP

where the integral contour I', = {RTe”} | J{R*e~"} is oriented counter-clockwise
and w < p < A < § — |argt|, forms an analytic semigroup of growth order 1 — k.
Define the Wright function M,,(6) by (see Definition 1.9)

Mu(6) =3 (n—S!?Zl— oy 0<m<1geC

n=1

with the following property

e I'(1+59)

0° M, (0)d6 = ————=, for 6 > 0.

oo = iy oz
Lemma 4.26. (Gu, 2015) The problem (4.73) is equivalent to the integral equation
— T 4-0em0-w)
z(t) = t H
© (1 —p)+ p)
+ —/ (t — s)* Az (s) + f(s,2(s))]ds, t € (0,T].
L(p) Jo

Lemma 4.27. Assume that x(t) satisfies integral equation (4.74). Then

z(t) = Su(t)zo —|—/0 K, (t—s)f(s,z(s))ds, te(0,T],
where

Suu(t) = oDy "KL (1), K,u(t) = t#7IP,(t), and Py(t) = / h O M, (0)Q(1"6)d6.
0

Proof. This proof is similar to Gu, 2015, so we omit it. O
In view of Lemma 4.27, we have the following definition.

Definition 4.9. If x € C((0,T], X) satisfies

t
2(0) = Syultzo+ [ Kyt - 9)f(s,2(s)ds, te (0.7)
0
then z(t) is called a mild solution of the Cauchy problem (4.73).

Lemma 4.28. (Jaiwal, 2022) If {Q(t) }+>0 is a compact operator, then {S,, () }i>o0
and {P,(t)}+>0 are also compact operators.

Lemma 4.29. (Zhou, 2016) Let 3 > 1 — k. For all x € D(AP), we have

lim; o4 P,(t)z = ﬁ

Lemma 4.30. Assume that {Q(t)}+>0 is a compact operator. Then {Q(t)}i>o is
equicontinuous.
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Lemma 4.31. For any fized t > 0, P,(t), K,(t) and S, (t) are linear operators,
and for any x € X,

|Pu(t)z] < Lit"®Dlal, |Ky(t)a] < Lit"* el and [y, (H)z] < Lot~ m# i g,

where
L = Col'(k) Ly = Col'(k) .
T(uk) T (T — 1) + o)
Proof. By
> INGRE
/O 0° M, (0)d6 = F((1+M5)) for § > 0,
we have

Pl =| [T o010 0)09

< uCo / M, ()65t F=D|z|do
0

< th“(k*1)|x\, fort € (0,7] and z € X.
Moreover, for t € (0,7] and z € X,
|Ku()z] = [t" ' Bu(t)z] < Lyt ],

and

(- 1 t
S, t)x| = pva ”)Kttle/ t—s)YI=W-1K (s)xds
| 122 () ‘ |0 t I() | F(l/(l—/,t)) 0( ) ,U«()

COF(k) ! v(l—p)—1 _pk—1
< TG ) € o el
< th_1+V_NV+Hk|x|.

This completes the proof. O

Lemma 4.32. (Jaiwal, 2022) Assume that {Q(t)}i>o0 s equicontinuous. Then
{P.()} >0, {K,(t)}es0 and {S,,.(t) }is0 are strongly continuous, that is, for any
zeX andt' >t >0,

|P,(t) e — P,(t")x| = 0, |K,(t')z — K,(t")z] = 0,
S =S, "z =0, ast’ —t.
|Sp.0( i,

4.7.3 Some Lemmas

Throughout this section, we assume that 4 € O7%(X),0<k<1land 0 <w < %.
Furthermore, we suppose that zo € D(A%) with 8> 1 — k.
We introduce the following hypotheses:

(H1) Q(t) is continuous in the uniform operator topology for ¢ > 0, i.e., {Q(¢) }+>0
is equicontinuous;
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(H2) the map ¢t — f(¢,z) is measurable for all z € X and the map = — f(¢,z) is
continuous for a.e. ¢ € [0,T];
(H3) there exists a function m € L((0,T],R") satisfying
—pk : —vtpr—p —pk
oD; *m e C((0,T),RY), t£%1+t1 =k DR (t) = 0
and |f(t,z)] < m(t), for a.e. t € [0,T] and any = € X;
(H4) there exists a constant r > 0 such that

¢
Lo|xo| + L1 sup {tl”ﬂ“’”k/ (t— s)“klm(s)ds} <,
1 0

tel0,T
where
L Gr®) Gk
D(pk) P(v(1 — p) + pk)
Let
Cu((0,T],X) = {z € C((0,T],X) :tgr&r ¢t =ik |2(¢)| exists and is finite},

with the norm

[, = sup ]{tl‘”“”_“klw(t)l}-

te(0,T
Then (C,((0,T], X), | - ||.) is a Banach space.
For any « € C,,((0,T7], X), define an operator T as follows

(T2)(t) = (Tiz)(t) + (T22)(1),

where
(Tiz)(t) = Spu(t)zo, (Taz)(t / K, (t—s)f(s,z(s))ds, forte (0,T].

Clearly, the problem (4.73) has a mild solution z* € C,((0,77], X) if and only if
T has a fixed point z* € C,,((0,T], X).
It is easy to show that

l—v+4puv—puk _
tgrglth Syv(t)zo =0. (4.75)

In fact,

tl—V‘H“/—Hk
oIS, (t)n =

RG9S Bulsywods

1 1
_ _ o \v@d—w)—1 p—1p(1-Fk)
= T =) /O (1-2) M7 P, (tz)zodz.

By Lemma 4.29, lim; o, t*(= P, (tz)zg = 0 and fol(l — )= =ln=lqy,
exists, so (4.75) holds.
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In addition, from Lemma 4.31 and (H3), we have

+ t
vk / K, (t — ) f(s,2(s))ds| < Lyg!—vHmv—rk / (t — 5)"*Lm(s)ds
0 0

—0, ast—0.
(4.76)
For any u € C([0,T], X), set

x(t) =t~k @y e (0,T).
Clearly, z € C,((0,7T], X). Define an operator F as follows
(Fu)(t) = (Fru)(t) + (Fau)(t),

where
tl—”*"“’_“k(Tlm)(t)’ for t € (O7T]7
(Fru)(t) = {
0, fOI‘ t= 07
tl—V-HU/_Hk(T(E)(t), for ¢ € (0,77,
(Fau)(t) = 2
0, fort = 0.
Let
Q= {uecc(0,T],X): |ul <r},
and

0, = {2 € CL((0.71,X) : [le], < 7).

Clearly, 2, and Q, are nonempty, convex and closed subsets of C(]0, 7], X) and
C,((0,T], X), respectively.
Before giving the main results, we first prove the following lemmas.

Lemma 4.33. Assume that (H1)-(H/) hold. Then, the set {Fu : u € Q,.} is
equicontinuous.

Proof. Step I. We first prove that {flu U € QT} is equicontinuous.
For t; =0, ty € (0,7, by (4.75), we obtain

|(}'1u)(t2) - (.Flu)(())| < }tglf”Jr“”*“kS#,y(tQ)xo - 0’ —0, as ta—0.
For any t1,t2 € (0,T] and t; < o, we have
[(Fru)(ta) — (Fru)(ty)| < [t 710G, L (t)ag — ty ' T 108, L (t) |
< [t T[S0 (t2)o — Spw(t1) ol
4 |tk t11*”+””7“k\|5#,,,(t1)m0|
— 0, as ty —t;.
Hence, {flu T uE QT} is equicontinuous.

Step II. We prove that {]-"gu T u € Qr} is equicontinuous.
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Let x(t) = t—1tv—mtuky(t) for any u € Q,, t € (0,T]. Then z € Q,.
For t; =0, 0 <t2 < T, by (4.76), we have

‘(fgu)(tz) _ (.FQU,)(O)’ _ ‘t21—u+uu—#k/o ’ KM(tQ - s)f(s,x(s))ds

— 0, as ty —0.
For 0 <t; <ty <T, we get
|(Fau)(tz) — (Fau)(t1)]

to
tllfwr;w*”k/ (tz — S)Milpu(tQ - s)f(S, x(s))ds

t1

<

n ‘t11_u+,w—,m/o ' ((t2 — )" 1 = (t1 — 8)" 1) Pulta — 8) f(s,2(s))ds

+ ‘tll_”+“”_“k/ 1(tl — s)“_1 (Pu(tg —s)—P,(t1 — s))f(s,x(s))ds
0

+ |t217u+/u/7p,k . t117u+/1,uf;¢k|

/0 2@2 = 8" Pu(ta — 5) f(s, 2(s))ds

where

I = thllierHVip’k

/Ot2 (ty — s)"* Lm(s)ds — /Ot1 (t1 — 8)"*~Lm(s)ds|,

31
I, = 2L1t11*”+‘“’7“k/ (=) P =(ta— )" ") (ta — $)HE=Dm(s)ds,
0

IS _ tll—l/—‘,-;u/—uk

/0 1(t1 — $)F N (Pu(ta — 8) — Pu(ts — ) f(s,2(s))ds|,

to
I4 = ‘t217u+ul/7uk} — t117V+MV7”k| Ll/ (tg — s)”kflm(s)ds .
0

One can deduce that lim, ,;, I; = 0, since oD, **m € C((0,T],R*). Noting
that
((t1 — 8)F71 = (g — )" V) (t2 — )" FVim(s) < (1 — s)"*tm(s), for s €[0,t1),

then by Lebesgue dominated convergence theorem, we have

t1
/ ((t1 = s)* 1= (ta — )" ") (ta — s)PENim(s)ds — 0, as ty — t1,
0

which implies Is — 0 as to — t1.
By (H3), for € > 0, we have

t1—e
I3 < tll_u+uy_#k/0 (t1 — 5)#_1HPM(t2 —s)— Pu(tl - 3)||£(X)|f(37x(5))|d5

T /75 ' (t; — s)* 1 (P#(tz —s) = Pu(t, - 3))f(57x(3))d5

1—€
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ty
< fy vk / (t— sy 'm(s)ds  sup [ Pulta—s) — Pultr — )]l
0 s€[0,t1—¢]

t1
+ 2L1t11_"+‘“’_“k/ (t1 — s)**Im(s)ds

t1—e

< I31 + Isp + I33,

where

t1
R R e S LY CR R XOR
0 s€[0,t1—¢

Iyp = 2Lty Vv —pk

/tl(h — 5L (s)ds — /tla(tl — e — 5" Ln(s)ds|,

0 0

t1—e
I35 = 2L1t11_”+‘“’_“k/ ((t; — e — s)" =1 — (t; — s)" " Dym(s)ds.
0

By (H1) and Lemma 4.32, it is easy to see that I3; — 0 as to — ¢1. Similar to
the proof that Iy, I> tend to zero, we get I3o — 0 and I35 — 0 as ¢ — 0. Thus, I3
tends to zero as to — t1. Clearly, Iy — 0 as to — ;.

Therefore, {}'gu U € Qr} is equicontinuous. Furthermore, {fu T u € QT} is
equicontinuous. O

Lemma 4.34. Assume that (H2)-(Hj) hold. Then FQ, C Q.

Proof. Let z(t) = t~1tv—rmteky(t) for u € Q,, t € (0,T]. Then z € Q,.
From Lemma 4.33, we know that 7, C C([0,T],X). For ¢t > 0 and any u € £,
by (H4), we have

t
[(Fu)(®)] < [t rRs, L (#)mo| + tl‘”*“""‘k/ Ku(t —5)f (s, x(s))ds
0

t
< Lo|zo| + thl_”+’“’_“k/ (t — s)"*“Im(s)ds < 7.
0
For t = 0, we have |(Fu)(0)] = 0 < r. Therefore, FQ, C . O

Lemma 4.35. Assume that (H2)-(H4) hold. Then F is continuous.

Proof. Let {u,}52; be a sequence in §, which is convergent to u € Q,. Conse-
quently,

lim w,(t) = u(t), and lim ¢t~ Fv=meky (1) = ¢=1Fv=mteky ity for t € (0,T).

n—oo n— oo

Let a(t) = ¢~ rvmmtiky(t), w,(t) = ¢V m by, (1), ¢ € (0,7]. Then
x,Tn € Q. In view of (H2), we have

lim f(t, 2, (t)) = lim_ ft - trvmmrtnky () = f(t, e TRk () = f(t, x(t)).

n—oo
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For each t € (0,T], (t — s)* | f(s,2.(5)) — f(s,2(s))] < 2(t — s)**~Im(s). By
Lebesgue dominated convergence theorem, we obtain

/0 (t — 8)"* L f(s,2n(5)) — f(5,2(s))|ds — 0, as n — oc.
Thus, for ¢ € [0,T],
|(Fua)(t) — (Fu)(t)]

< tl—v—i—;w—,uk/o ‘Ku(t — 5)(f(8, xn(s)) - f(s,x(s)))lds

< Lyttvtrv—pk /t(t - s)“k*1|f(s,wn(s)) — f(s,z(s))|ds = 0, as n — oo.
0

Therefore, ||Fu, — Ful|| — 0 as n — oco. Hence, F is continuous. The proof is
completed. O

4.7.4 FExistence Results

Theorem 4.25. Assume that Q(t)(t > 0) is compact. Furthermore suppose that
(H2)-(H4) hold. Then the Cauchy problem (4.73) has at least one mild solution
m Q.

Proof. Clearly, the problem (4.73) exists a mild solution z € Q, if and only if the
operator F has a fixed point u € €2,., where u(t) = t}=*+#*=#F g (¢). Hence, we only
need to prove that the operator F has a fixed point in Q,. From Lemmas 4.34
and 4.35, we know that FQ, C €, and F is continuous. In view of Lemma 4.33,
the set {]:u TS QT} is equicontinuous. It remains to prove that for t € [0, 7],
{(Fu)(t) : u € Q,} is relatively compact in X. Clearly, {(Fu)(0) : u € Q,} is
relatively compact in X. We only consider the case ¢t > 0. For any ¢ € (0,¢) and
0 > 0, define F, 5 on (2, as follows

(Feu)(t) =t Hm =i ( T sa) ()
o pl—vtprv—pk x e > —s p—1
— (su,y(t) o+ /0 /5 16(t — 8"~ 1M, ()
X Q((t —s)"0)f(s, x(s))d@ds)
Thus,
(Fesu)(t) = ¢hmrmme (Su,u<t>xo +Q(e"9) / ) /;o pb(t — )"~ M, ()
X Q((t — s)*0 —e"d) f(s, x(s))d@ds).

By Lemma 4.28, we know that S, , (¢) is compact because Q(t) is compact for
t > 0. Furthermore, Q(e"d) is compact, then the set {(F.su)(t), v € Q,} is
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relatively compact in X for any € € (0,t) and for any 6 > 0. Moreover, for every
u € Q,, we find

(Fue) - (Fs0)

< gLy uk’/ / ul(t — s)~ 1Mu(6)Q((t—s)“@)f(s,x(s))d@ds‘

+ tl—u—&-;w—uk

/t_ /5 1t — $)" ML (O)Q((t — 5)6) f(s, 2(s))dOds

t 5
< otttk [ (e sy (s () s 6%, (6)as
0 0
t [e’e]
Gt~ [ (s s, ds / 6*M,,(6)do
t—e
t
Sucotl—u—i-uu—p,k/ (t uk 1 dS/ 9k
0

t
+ pCott—vrrr—nrk / (t — s)**Im(s)ds / 0% M,
t—e

—0, ase—0, 6 —0.

Therefore, { (Fu)(t) : u € Q,} is also a relatively compact set in X for ¢ € [0, 7T].
Thus, {.7: w: u € QT} is relatively compact by Arzela-Ascoli theorem. Hence, F is
a completely continuous operator. Schauder fixed point theorem shows that F has
at least a fixed point u* € Q,.. Let x*(t) = t~1Tv=m+uky*(¢). Thus,

¢
x*(t) = S, (t)xo + / K, (t—s)f(s,z"(s))ds, te(0,T],
0
which implies that z* is a mild solution of (4.73) in Q,.. The proof is completed. [

In the case that Q(t) is noncompact for ¢ > 0, we give an assumption as follows:

(H5) there exists a constant K > 0 such that for any bounded D C X,
a1 (f(t, D)) < Kt'=vHm=rkq (D),  for a.e. t € [0,T],

where «a; is the Kuratowski measure of noncompactness.

Theorem 4.26. Assume that (H1)-(H5) hold. Then the Cauchy problem (4.73)
has at least one mild solution in €.

Proof. Let ug(t) = ti=vFm=rkg (t)xo for all t € [0,T] and up41 = Fup, n =
0,1,2,.... By Lemma 4.34, Fu,, € Q,, for u, € Q,. Consider set V = {Fu,)
Un € Q.15 5, and we will prove set V is relatively compact. In view of Lemma 4.33,
the set V is equicontinuous. We only need to prove V(t) = {(Fun)(t), un € Qr}52,
is relatively compact in X for ¢ € [0, 7.
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By the properties of measure of noncompactness, for any ¢ € [0, 7] we have
o ({un(®)},2) = ax({uo®} U {un(®)},))
= a({un(®)},2,) = (VD).

Let @, (t) = t~1tv—rmtuky (), ¢t € (0,T], n = 0,1,2,.... By the condition (H5)
and Proposition 1.18, we have

ar (V(1))
= { Fuy,)(t )}OO 0)

({tl vk G (f)ag A #k/ K (t— ) f(s, xn(s))ds}oo )

_a1<{t1 vpy— uk/ Kou(t— ) f(s, xn(s))ds}:o_o) n=0

< 2Ly vk / (£ — 5} Ly (f(s, {51040k, ()12 ) ds
0

(4.77)

t
< 2Ly KT v —pk / (t — s)Hhmtstmvimrmiboy ({smtHvmmrtiby, (s)}p2,) ds
0

t
§2L1KT1_”+“”‘“’“/(t ) an ({un(s) ), ) ds
0

In view of (4.77), we obtain
¢
ar(V(t)) < 2Ly KT —v+hv—ik / (t — 5)" Loy (V(s))ds.
0

Therefore, by the inequality in Henry, 1981 (p. 188), we obtain that «;(V(t)) =
0, then V(t) is relatively compact. Consequently, it follows from Arzela-Ascoli
theorem that set V is relatively compact, i.e., there exists a convergent subsequence
of {u,}22,. With no confusion, let lim,_, o u, = u* € ;.

Thus, by continuity of the operator F, we have

n—roo n—oo n—r oo

v = lim u, = lim Fu,_1 = ]-"( lim un_l) = Fu*.

Let a*(t) = ¢t~ 1T7=#+uky* (1), Thus, 2* is a mild solution of (4.73) in €,. The
proof is completed. O

In the following, we prove the existence and uniqueness of a mild solution of the
Cauchy problem (4.73).

(H6) There exists a function L € C([0,T],R*") such that IgfL e C([0,T],R"),
f(8, 21 (1)) = f(t. w2 (0)] < L(t) |21 — @2, for any @1, 22 € Dy,

and

t
sup {LlTl_”+“”_"k/ (t— s)“k_lL(s)dS} <lp<1.
te(0,T] 0
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Theorem 4.27. Assume that the conditions (H2)-(H4) and (H6) hold. Then the
Cauchy problem (4.73) has a unique mild solution in .

Proof. From Lemma 4.34, we know that FQ, C Q,. For any uj,us € Q,., t € [0,T],
we have

|(Fur)(t) — (Fuz)(t)|

< v / K u(t — 5)(f (s, 21(5)) — F(s, 2a(s)))|ds
0
< [y / (t— s) = f(s,21(s)) — f (5, 22(s))|ds
0

t
< Lk [ L)~ s
0
<lollur — usl|.
Thus
[(Fu1) = (Fu2)|l < lollur — uz,

which implies that F is a contraction mapping. In view of the contraction mapping
principle, F has the unique fixed point u* € Q,. Let a*(t) = t~1Hv—rtuky*(¢).
Thus, z* is a unique mild solution of (4.73) in §2,.. The proof is completed. O

4.8 Infinite Interval Problems with Hilfer Derivative

4.8.1 Introduction

Consider the Cauchy problem of fractional evolution equations on an infinite interval

{ng’”x(t) = Az(t) + f(t,z(t)), t€(0,00),

L 478
oDy W00 (4.78)

where {ID}"" is the Hilfer fractional derivative of order 0 < y < 1 and type 0 <
v <1, OD;O*“)(PV) is Riemann-Liouville integral of order (1 — p)(1 —v), A is
the infinitesimal generator of a strongly continuous semigroup of bounded linear
operators (i.e., Cp-semigroup) {Q(¢)};>o in Banach space X, f : [0,00) x X — X
is a function to be defined later.

Most of the results involve the existence of solutions for fractional evolution
equations on a finite interval [0, 7], where T € (0,00). It seems that there are few
works concerned with fractional evolution equations on an infinite interval. The
Arzela-Ascoli theorem and various fixed point theorems are widely used to study
the existence of solutions. It is well known that the classical Arzela-Ascoli theorem
is powerful technique to give a necessary and sufficient condition for judging the
relative compactness of a family of abstract continuous functions, while it is limited
to finite closed interval.
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In this section, by using the generalized Arzela-Ascoli theorem and some new
techniques, we give sufficient conditions of the existence for global mild solutions
when the semigroup is compact as well as noncompact. In particular, we do not
need to assume that the f(¢,-) satisfies the Lipschitz condition.

4.8.2 Preliminaries

Assume that X is a Banach space with the norm |- |. Let J be an infinite interval
of R. By C(J, X) we denote the space of all continuous functions from J to X with
the norm ||ullo = sup,c; |u(t)] < co. We denote by £(X) the space of all bounded
linear operators from X to X with the usual operator norm || - || £(x).

Lemma 4.36. (K. M. Furati, 2012) The Cauchy problem (4.78) is equivalent to
the integral equation

- %o (v=1)(1-p)
r(t) = ———t
2 (1 —p)+ p)
L (4.79)
b [ o= A+ fs,n(s)lds, 1€ (0.00)
L(w) Jo
The Wright function M,,(6) is defined by (see Definition 1.9)
M(()):i (-0 O<pu<1,0eC
. ot (n—DIT(1 — pn)’ ’ ’
which satisfies the following equality.
i I'(1+49)
@M, (0)dd = ———2  for > 0.
/0 w(6) T(1 + pd) -
Lemma 4.37. If integral equation (4.79) holds, then we have
t
z(t) = Sy u(t)xo —I—/ K, (t—s)f(s,z(s))ds, t € (0,00), (4.80)
0

where
Ky (1) = 7 Pu(t), P(t) = / " HOMLO)QUB, Su 1) = D} K (1),
Proof. Let A > 0. Applying the Laplace transform
x(A) = /OO e Ma(s)ds and w(\) = /OO e M f(s,2(s))ds
to (4.79), we have O 0

—v —_ —_ 1 1
X() = AT T AV + 1 w(V)
= MWD — A)hag + (W = A)7Hw(N) (4.81)

:)J’OH)/ e**"'sQ(s)xoder/ e M Q(s)w(N)ds,
0

0
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provided that the integrals in (4.81) exist, where I is the identity operator defined
on X.
Let

Uu(0) = G M (07),

whose Laplace transform is given by

/ e, (0)d0 = e, where € (0,1). (4.82)
0

Using (2.4), we have
/ 67>\MSQ(S)I0dS—/ pth e A Q(#) 2o dt
0
/ / (130, (0)e= MO Q) tH Lo dfdt

//m ‘*tQ(W)tu 1aiod9dt (4.83)
R DA vt

:/ e MtTLP, (H)zodt,
0

/00 e N5 Q(s)w(N)ds
0

/ pth = te= A Q) e £ (s, () )dsdt
o Jo

] /000 /OOO AOO (4.84)
/o00 0 / Je A Q(Z;) t/;%f(s,x(S))dedsdt '

wp
1(
[ //%Q«wwﬁﬂWWMﬁ

- [T / (1= ) Pult = (st

Since the Laplace inverse transform of A¥(#~1) ig

and
—()\tG)Q(tu)E*)\Stﬂflf(& x(s))dbdsdt

tV(l_N)_l
Lo ) = T - )’
o(t), v =0,

O<rv<l,
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where 0(t) is the Delta function, by (4.81), (4.83) and (4.84), for ¢ € (0,00) we
obtain

a(t) = (LAY« K, () w0 + /0 K, (t —s)f(s,x(s))ds

= (OD;”(P“)KM(t))xO + /0 K, (t—s)f(s,z(s))ds (4.85)

t

=Sy u(t)zo + ; K, (t—s)f(s,z(s))ds.

This completes the proof. O

Due to Lemma 4.37, we give the following definition of the mild solution of
(4.78).

Definition 4.10. By the mild solution of the Cauchy problem (4.78), we mean that
the function x € C((0,00), X) which satisfies

t
z(t) = Sy, u(t)xo +/ K, (t—s)f(s,z(s))ds, t € (0,00).
0
Throughout this section, we introduce the following hypotheses:

(HO) Q(¢) is continuous in the uniform operator topology for ¢t > 0, and {Q(%)}+>0
is uniformly bounded, i.e., there exists M > 1 such that sup;c(y o) [Q(t)] <
M.

Lemma 4.38. (Jaiwal, 2022) If {Q(t)}+>0 is a compact operator, then {S,, ,(t)}+>0
and {P,(t)}1>0 are also compact operators.

Lemma 4.39. (Zhou and Jiao, 2010a) Assume that {Q(t)}1>0 s a compact oper-
ator. Then {Q(t)}i>o is equicontinuous.

Lemma 4.40. Under assumption (HO), P,(t) is continuous in the uniform operator
topology for t > 0.

Proof. For any ¢ > 0, h > 0 and =z € X, we have

[Pt + h)z — By (t)a] = \ / " WOM, (O)Q(t + 1) 0) — Q(t6)]do|.

Since

> 40) _ O(t0)e = o= M
[ @i+ myo) - Qoeds| <21 [ ooyt = 21,

then by Lebesgue dominated convergence theorem, we have
|P,(t + h)x — P,(t)z] = 0 indepently of t and z, as h — 0.

Therefore, P,(t) is continuous in the uniform operator topology for ¢ > 0. This
completes the proof. O
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Lemma 4.41. Under assumption (H0), for any fized t > 0, {K,(t)}+>0 and
{Su,u(t)}+>0 are linear operators, and for any x € X

Mir—1 M= (k-1)

K0l < Tolal - and 180,001 < g

Proof. From the equality

_ I'(1+49)
/ MO = Ty

we know that

P,(t)x| = ‘/0 u@MH(O)Q(t“Q)de‘ < |z], fort e [0,00) and z € X,

M
T'(p)
then we have

M+t
| Ky ()| < T

For t € (0,00) and z € X,

|z|, fort e (0,00) and z € X.

1S, ()] = oDy K, ()2

— ; t — 5)pd-m-1 s)xds
rwu—unlkt ) K, (s)ed

= ; t — VU= =1gn=1p ()zds

ne 1)(1 u) (4.86)
= m/o (1 — S)D(l_'u)_lsﬂ_lf)ﬂ(ts)xds
t=1QA=p) pp 1
< - 1 — g)WA=—m)—lgu—14
< = J, A
t=D0=p) pp ]
=—|z|.
P(v(1 = p) +p)
This completes the proof. O

Lemma 4.42. Under assumption (H0), {K,(t)}+>0 and {S, .(t)}i>0 are strongly
continuous, which means that, for any x € X and 0 <t < t” < b, we have

()~ Ku(t")e| =0 and  |Sy,u(t)e = Suu(t")al =0, ast” =t

Proof. By Lemma 4.40, we know that{P,(t)}:o is strongly continuous, then we
easily obtain {K,(¢)}+>0 is also strongly continuous.
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For any x € X and 0 < t; < t3 < b, we have
|SV p,(tZ) - l/;t t1)1'|

ta t
1 M/‘ s)/ K, <>wds-// (1 — 8)" LK (s)ads
_ 0
a (
t1
L/l PO s = [ (0 0 (s)ads
<L L ‘/ s)(1=m=1gn=1p (s)zds
—I—i / (ts — g)r(1=m-1 (tl_s)”(l_“)_l s*71P,(s)xds
i | )R
Myt 1

(t2 — t1)" =]

= T — )T v — 1)

M /tl 1) I
+ ty — s)VA=m=1 (g — V=)= g1 gl 5|
Rt — G| o (7Y (1= o)) sl
(4.87)
Since
t
‘/ ”(1 #—t (tl—s)”(l_“)_l)s“_lds §2/1(t1—s)”(1_“)_1s“_1ds
0

exists, then by Lebesgue dominated convergence theorem, we have

t1
‘/ ((t2 _ S)V(lfu)fl — (t, — S)V(pu)q)suqu
0

Consequently, we have

—)0, as to — t7.

|Sy,ll(t2)l’ — Sl,7u(t1)£li| — 0, as t2 — tl,

i.e., {S,,.(t) }+>0 is strongly continuous. This completes the proof. O

4.8.3 Lemmas

Let
C1([0,00), X) = du € C([0,00), X) : lim @l _ o1
s ) ) ) e Tt
Then, C([0,00), X) is a Banach space with the norm |u|| = SUD;c [0 \u( /(1 +
t) < 0.

We introduce the following hypotheses:

(H1) f(t,-) is Lebesgue measurable with respect to ¢t on [0, 00). f(-,z) is continuous
with respect to x on X.
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(H2) There exists a function m : (0,00) — (0, 00) such that
oD m(t) € C((0,00), (0,00)),  f(t,2)] < m(t), forall =€ X, te(0,00)

and

lim 10902, D () = 0, Jim
t—0+ t y A 11

th_“m(t) =0.
Let
C,.((0,00), X) = {x e C((0,00), X) : tn%1+t<1*u><1*">|x(t)| exists and is finite,
—
(1=p)(1-v)
g 0]y
t—00 1+t
Then (C,((0,00), X), || - ||) is a Banach space with the norm

t(l_“)(l_”)|x(t)\
[l = sup ———m =
t€[0,00) 1+1¢
For any € C,,((0,00), X), define an operator ¥ as follows
(Wz)(t) = (V12)(t) + (Vo) (1),

where
(W12)(t) = Sy (t)xo,  (Vaa)(t) = / K, (t - 5)f(s,2(s))ds, for t € (0,0).

For any u € C1(]0,0), X), set
z(t) =t~ EWO)y(t), for t € (0,00).
Then, z € C,((0,00), X). Define an operator ¢ as follows
(@u)(t) = (Pru)(t) + (P2u)(D),
where
tA=mO=) (@ 2)(t), for t € (0,00),
(®1u)(t) = o
Tl = p) +p)’
tA=mO=2) (Go1)(¢), for t € (0,00),
t) (w220 (0,%0)
0, for t = 0.

Obviously, z € C,((0,00),X) is a mild solution of (4.78) if and only if the
operator equation = Wx has a solution « € C,((0,00), X).
In view of (H2), we have

$1=)(1-v) (1= (1-v)

for t =0,

—_— TH = 1 - K —
S — oDy *m(t) =0, tlggo 1 oDy *m(t) = 0.
Thus, there exists a constant r > 0 such that
L Lt-w-v)
(i ) <
tef0,00) LI (W(1 = p) + ) L+t
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ie.,
L|xo| [ t0=-w(-v) /t .
sup + t—s)* " "m(s)dsy <. 4.88
te[o,@{r(u(lu)w) DI T SIS (488)
Let

Q. ={ueCi([0,00),X): |Jul| <r}, Q. ={ze€ Cu((0,00), X) : x|l < 7}

Clearly, €, is a nonempty, convex, and closed subset of C1([0,00), X), and Q,
is a nonempty, convex, and closed subset of C),((0,00), X).
Let

V= {v:o(t) = (Pu)(t)/(1+1t), ueQ}.

Lemma 4.43. Assume that (HO), (H1) and (H2) hold. Then the set V is equi-
continuous.

Proof. Step I. We first prove that {v : v(t) = (®u)(t)/(1 +¢t), u € Q. } is
equicontinuous.

As limy_o4 Py (t)zo = 20/T' (1), we find
H(1—p)(1—)

t
; (1—p)(1-v) BT _ov(l—p)—1 -1
tgr&_t Sy (t)xo tl_1>r51+ T =) /0 (t—s) st P, (s)xods

1
1 1
- - 1 — )A=p)—1,p-1
r(u(l—m)r(u)/o‘ ?) @ wodz
Zo

ST =) )
Hence, for ¢t; = 0, t2 € (0,00), we obtain
' (P1u)(t2)

) (@1)0)

<
_‘1—&-1&2

— 0, asty—0.

tg(liﬂ)(liu)swﬂ(tg)xo _

To ‘
L1 —p)+ p)

For any t1,ts € (0,00) and t; < to, we have
‘(‘I’lu)(tz) _ (Pyu)(t1)

1+ ts 1+t

— t,1=WA=1 G, (t2) 2o B t WA, ()
1+ ts 1+

- t2(1fﬂ)(1*l’)sl,,“(t2)z0 B tg(lf“)(lf”)Sy,u(tz)xo
- 1+t I+t

t2(1*”)(1*”)51,,u(t2)x0 tl(liﬂ)(liu)su,u(tl)xo

I _
1+t 14+t
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lto — t1
(1+t2)(1+t1)

+ ’t2(1—ﬂ)(1—l’)5%u(t2)$0 _ tl(l_u)(l_y)sy,u(tl)l'o‘

< |t2(17#)(171/)51/,u(t2)x0‘

1+
t2 — ti]
(1 + tg)(l + t1>

+ ’tg(l‘“)(l—”)|]S%M(tg)xo _ Su,u(tl)x0’

< |t2(1iﬂ)(liy)sv,/t(t2)z0|

1
1+

+ [t 70T = CEWUEIS, L (f) 0] T
1

— 0, asty—ty.
Hence, {v : v(t) = (P1u)(t)/(1 +¢), u € Q,} is equicontinuous.
Step IL. We prove that {v : v(t) = (Pou)(t)/(1+1), u € Q,} is equicontinuous.
Let z(t) = t~=mA=)y(¢), for any u € Q,, t € (0,00). Then z € Q,. For
e > 0, in view of (H2), there exists T' > 0 such that
L t0-ma-v) c
_ t—s)* Im(s)ds < =, fort>T. 4.89
ST [ s < S (489
For t1,t3 > T, in virtue of (H2) and (4.89), we find

w)(t2 au) (1 to (=1

141, 1+t 141,
PCEICE u) . .
+ |l t —
— / (i1 — 5)f(5,2(5))ds
L t,(t-w-v) /t2
< ty —s)Ht d
ST dvn Jy oo
L t,-wd-v) /tl
+ t; — s)Ht d
L(p) 1+t Jo G
< €.

When t; =0, 0 < ty < T, we have

22— oo <[ [t st

L t,(1-w-v)

ST 1+6 /0 (t2 = s m(s)ds

— 0, asty—0.
For 0 < t; <ty < T, we find
(Pou)(t2)  (Pou)(t1)
1+t 1+t

£, (1= (=) rto B
BT /t1 (ta — 8)* ' Pu(ta — 8) f(s,2(s))ds
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£, (1=m0=) [t ) 1

0 [ (9 = = 9 ) Bl = ) (s a()ds
1+ 0

£, (=) (1-v) )

e [ =9 (Pulta = 9) = Pults = ) Fls.als)ds
1+ 0

£, (=W =0) g (1= (1)

1+t, 1+t
<L+ 1+ I3+ Iy,

+

/0 (2 - )T Pu(ta — 5) f (s, 2(s))ds

where
L t;(-md-v)
C(p) 14t

2L tl(l—u)(l—y) ty _ _
I = t— )t — (ty — s)Pt d
R i =l Al (CER G RN G G

I, =

Aﬁm—WHm@@—Aﬁm—WHm@w

)

£, 0-m-v) | »
Iy = ——7— / (t1 — s)" (Pu(t2 —5) = Pu(t1 — 5)) f(s,2(s))ds|,
14+t 0
£,(-m0—v) ¢ mwa) | f /tz B
Iy = — ty — s)* " tm(s)ds.
4 1+t 1+t |T(w) Jo (f2 =) (s)

One can deduce that limy, ¢+, I[; = 0, as oD, “m(t) € C((0,00), (0,00)). Noting
that
((t1 — 8)" 1 = (ta — )" Vym(s) < (t1 — s)* " Im(s), for s €[0,t1),

then by Lebesgue dominated convergence theorem, we find

t1
/ (1 = )"~ (12— ) mls)ds = 0. asta = by,
0

so, I, — 0 as to — 3.
For € > 0 be enough small, we have
< | Pults — 5) = Puts — )| 0 £ (5, () ds
I 1+t1 o 1 pn\b2 pn\tl L£(X) )
t, = A=v)  rta 1
+ W /t1—5<t1 —5) HPu(t2 —5)— Pu(tl - S)HL(X)|f(S,$(3))|d3
t, (1= 1-v)
< -
- 1+
2L #,(1=m(-v) /tl
+ t; — s)* tm(s)ds
D(p) 1+t tﬁ( 1) (#)

< I3y + Isp + I33,

I3

t1—¢
/ (t1 —s)* " 'm(s)ds sup ||[Pu(ta —s) — Pu(t; — 5)H£(x)
0 s€[0,t1—¢]

where

PCEIEE)

t1—6
= B I (s s (Bt~ B
0

L+t s€[0,t1—¢] b S)Hg(x)v
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2L #,(1-m(1-v)
32 =
D(p) 14+t
2L t;(1-m-v) rh—e L
I3 = tp—e—s)t—(t; —s)P! ds.
e m e | (e = (= m(a)as
By (HO) and Lemma 4.42, it is easy to see that I3; — 0 as to — ¢1. Similar to
the proof that Iy, I tend to zero, we obtain I3o — 0 and I33 — 0 as € — 0. Thus,
I3 tends to zero as to — t1. Clearly, Iy — 0 as to — t1.
For 0 <t; < T < tg,if tg — t1, then to — T and t; — T. Thus, for u € 2,
‘ (Pou)(t2)  (P2u)(tr)

/Otl(tl —s)" " tm(s)ds — /Otl_s(tl —e— )" Im(s)ds|,

1+ tg 1+ tl
(Pou)(t2)  (Rou)(T)| | [(R2u)(T)  (Pou)(t1)
- - t ty.
1+ to T || 1xT 1+t =0 ast = h
Consequently,

’(¢2U>(t2) _ (@2u)(t1) — 0, asty— 1.

1+t 1+
Therefore, {v : v(t) = (Pou)(t)/(14t), u € 2, } is equicontinuous. Furthermore,
V' is equicontinuous. O

Lemma 4.44. Assume that (H1) and (H2) hold. Then, lim;_, o |(Pu)(t)|/(1+1) =
0 uniformly for u € Q..

Proof. In fact, for any u € Q,, by (H2) and Lemma 4.41, we find

|(Du)(t)] (=) (1-v) t(=p)(1-v) /
< K, (t—
1+t | 1+¢ Tt (8= 5)f(s,2(s))ds

Ll L t=-ma-v) VR
ST -m+m0+0 TG 1+t /o(t )" m(s)ds, t>0.
(4.90)

By (H2), we derive

SU7M(t)$0

|(@u)(®))

141¢
which implies that lim; o0 [(Pu)(t)|/(1 4+ t) = 0 uniformly for v € Q,. This com-
pletes the proof. O

— 0, ast— oo,

Lemma 4.45. Assume that (H1) and (H2) hold. Then ®S),. C Q,..

Proof. From Lemmas 4.43 and 4.44, we know that ®Q, C C([0,00), X). Fort > 0
and any u € Q,, by (4.88) and (4.90), we have
du)(t L L tA-mQa-v)
CLI0] < 2o + / (t—s)* " tm(s)ds < r.
1+t Fv(l—p)+p) T(p) 1+t 0
For t = 0, we find

- i) LSCO
O = s oa =+ m S T —wrm ="

Therefore, ®,. C €2,. O
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Lemma 4.46. Suppose that (H1) and (H2) hold. Then ® is continuous.

Proof. Indeed, let {u,}>2; be a sequence in 2, which is convergent to u € Q.
Consequently,

lim w,(t) = u(t), and lim t~G=WO)y, (1) = = E=WO=)y (1) for t € (0, 00).

n— oo n—oo

 Let a(t) = t= W0y (1), 2, (8) = t~ 070, (1), ¢ € (0,00). Then z,x, €
Q,.. In view of (H1), we have

lim f(t,2a(t) = T (1,600, (1) = f(5, 600 Du(n) = (2, 2(1)).

n—oo

On the one hand, using (H2), we get for each ¢ € (0, 00),
(t— )" f(s,20(5) — f(s,2(s))| < 2(t — 5)* " tm(s), a.e. in [0,1).

On the other hand, the function s — 2(t — s)*~1m(s) is integrable for s € [0,1),
t € [0,00). By Lebesgue dominated convergence theorem, we obtain

/t(t — 8)P T f (s, x0(8)) — f(s,2(s))|ds — 0, asn — oco.
0
Thus, for ¢t € [0, 00),

‘@un)(t) _ (‘PU)(t)’
1+t 1+t
MEEDICERY

<t /WK t— 5)(f (5, 2n(5)) — F(5,2(5)))ds
[ tA-w(i-v e
SHM—TIT—A&f@ 1 £(s,2n(s)) — £(52(5))lds — 0, as n— oo.

Therefore, ||®u, — Pu|| — 0 as n — oo. Hence, ® is continuous. The proof is
completed. O

4.8.4 Existence on Infinite Interval

Theorem 4.28. Assume that Q(t)(t > 0) is compact. Furthermore suppose that
(H1) and (H2) hold. Then the Cauchy problem (4.78) has at least one mild solution.

Proof. Clearly, the problem (4.78) exists a mild solution = € Q, if and only if the
operator ® has a fixed point u € Q,., where u(t) = t3=#0=¥)z(¢). Hence, we only
need to prove that the operator ® has a fixed point in €2,.. From Lemmas 4.45 and
4.46, we know that &£, C Q,. and ® is continuous. In order to prove that ® is a
completely continuous operator, we need to prove that <I>Q is a relatively compact
set. In view of Lemmas 4.43 and 4.44, the set V = {v : v(t) = (Pu)(t)/(1 + 1), u €
Q,} is equicontinuous on [0, h] for any h > 0, and hmt—>oo [(Pu)(t)|/(1+¢t) =0
uniformly for u € Q. According to Lemma 1.4, we only need to prove V(t)

{v(®) : = (Pu)(t)/(1 +t), u € O} is relatively compact in X for ¢ € [0,00).
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Obviously, V(0) is relatively compact in X. We only consider the case ¢ > 0.
For V e € (0,t) and 6 > 0, define @, 5 on €, as follows:
(D 5u)(t) := tIHO) (W 5)(8)
t—e e3¢}
- t(l“)(l”)<S,,,“(t)xo + /0 ) pl(t — )" 1M, (0)Q((t — 5)10) f(s,x(s))d@ds).

Thus,

((I)576u)(t) (=) (1-v)
1+t 1+t S (t)zo

+ Q") /O B /6 00t — )M (0)Q((E — 5)"0 — 16) (s, x(s))d&ds).

By Lemma 4.38, we know that S, ,(t) is compact because Q(t) is compact for

t > 0. Further, Q(¢#0) is compact, then the set {M7 u € Q,} is relatively
compact in X for any € € (0,¢) and for any § > 0. Moreover, for every u € §,., we
find

‘(¢U)@) (¢eﬁUth

1+t 1+1
Lt 1M4)—(1t - / / uo(t = )" My (0)Q((t = 5)"0)f (s, 2(s))ddds
e 14)—15 - / / pb(t = $)" = M, (0)Q((t — $)"0) f (5, 2(s))dds

(- (1-v
< MT/O (t —s)"Lm(s )ds/ OM,,(0)do

Lid—m)(A=v) rt
+ Mi/ (t—s) ds/ oM, (
1 +1 t—e

—0, ase—0, d —~0.

Thus, V() is also a relatively compact set in X for ¢ € [0,00). Therefore,
Schauder fixed point theorem implies that ¢ has at least a fixed point u* € €2,.. Let
x*(t) = t~0=mA=)y*(¢). Thus,

t
2(0) = S0+ [ Kolt = 5)(s,a"(5)ds. t € (0.00)
0
which implies that z* € €, is a mild solution of (4.78). The proof is completed. [J

In the case that Q(¢) is noncompact for ¢ > 0, we need the following hypothesis:

(H3) there exists a constant K > 0 such that for any bounded set D C X,
o1 (f(t, D)) < Kt=WA= g (D), for ae. te]0,00),

where «a is the Kuratowski measure of noncompactness.
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Theorem 4.29. Assume that (H0), (H1), (H2) and (H3) hold. Then the Cauchy
problem (4.78) has at least one mild solution.

Proof. Let ug(t) = t4="01=1G,  (t)zq for all t € [0,00) and up41 = Puy, n =
0,1,2,.... By Lemma 4.45, ®u, € Q,, for u, € Q., n =0,1,2,.... Consider set
VY = {vn s op(t) = (Puy)(t)/(1+ 1), up € Q-352,, and we will prove set V is
relatively compact.

In view of Lemmas 4.43 and 4.44, the set V is equicontinuous and
limg o0 | (Pun)(8)]/(1 + t) = 0 uniformly for Uy € §,. According to Lemma 1.4,
we only need to prove V(t) = {v,(t) : v,(t) = (Puy)(t)/(1 4+ t), up € Q352 is
relatively compact in X for t €10, oo)

Let x,(t) = t =m0y (#), t € (0,00), n = 0,1,2,.... By the condition (H3)
and Proposition 1.19, we have

(Bun)(0) 1
) = (5577, )

t(lfﬂ)(lfl’)s (=) (1-v) tK p oo
041({17_” y,,u(t)zo + 17“/0 u(t —8)f(s,7n(s)) 3}n20>

:al({(llﬂftu/ K, (t—8)f(s,2n(s ))ds}n 0)

< 1“2(i)t(14)-(t) / (t = sy "ar (F(s, s uy (9)}52) ) ds
/t(ts)uls(lﬂ)(l v) ({57(1 w-v) U (8) Fne 0)
0

ALK t(1—m)(1-v)

ALK t1-m(1-v) i Un(8) Y@
< [ t—s)"!(1 = ds.
< [t o ({52} Jas

“T(p) 14t
D(p) 1+t 1+s
On the other hand, by the properties of measure of noncompactness, for any
t € [0,00) we have

(T ) e (B — o () — o

Thus

2LKM* [* et
a1 (V(t)) < W/o (t =) (1+ s)ar(V(s))ds, (4.91)
where M* = max;e[o,o0) {%} From (4.91), we know that
ALEMT t — )P o s))ds
or(V(1) < e [ (=9t (Vs
ALKM* [* yl
a1 (V(t)) < W/O (t— )"  sar1(V(s))ds

holds. Therefore, by the inequality in Henry, 1981, we obtain that «;(V(t)) = 0,
then V(t) is relatively compact. Consequently, it follows from Lemma 1.4 that set V
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is relatively compact, i.e., there exists a convergent subsequence of {u,}52,. With
no confusion, let lim,, . u, = u*, u* € Q,.
Thus, by continuity of the operator ®, we have

v* = lim u, = lim ®u,,_; = ( lim un,l) = du*.
n—oo n— oo n— o0

Let 2*(t) = t~(1=mA=1)y*(¢). Thus, 2* € €, is a mild solution of (4.78). The
proof is completed. O

By Theorems 4.28 and 4.29, we have the following corollaries.

Corollary 4.2. Assume that Q(t) is compact fort > 0 and (H1) holds. Furthermore
suppose that

(H2)' there exists a function m : (0,00) — (0,00) and « € (0,1), M > 0 such that
oD Mm(t) € C((0,00),(0,00)), M=) D m(t) < M,
and

lf(t,z)| <m(t), forall zeX, te(0,00).
Then the Cauchy problem (4.78) has at least one mild solution.

Corollary 4.3. Assume that (HO0), (H1), (H2) and (H3) hold. Then the Cauchy
problem (4.78) has at least one mild solution.

Example 4.7. Let X = L?([0,7],R). Consider the following fractional partial
differential equations on infinite interval

gD a(t, z) = 02a(t,z) + 177, ze[0,7), t >0,
z(t,0) ==z(t,7) =0, ¢t>0 (4.92)

oDy T 40, 2) = wo(2), 2 € [0, 7).
We define an operator A by Av = v with the domain
D(A) ={v e X : v,v" are absolutely continuous, v" € X, v(0) = v(m) = 0}.

Then A generates a compact, analytic, self-adjoint semigroup {7'(¢)}+~0. Then
problem (4.92) can be rewritten as follows
DM x(t) = Ax(t) + fi(t,xz(t), t>0,
(4.93)
oDy T 2(0) = a,
where f1(t,z) :=t7" for n € (u,1 — v + vp) satisfies (H1), and |f1(¢, ()| < 77,
t € (0,00). Let m(t) =t~ ", for t > 0. Then

_ I'(1-— _ N (1ep) e (1 -
oDy (1) = G 10 ) = LT e

)

P +p—n)
where o = 1 — v+ uv —n € (0,1). This means that the condition (H2)’ is satisfied.
By Corollary 4.2, the problem (4.92) has at least a mild solution.
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4.9 Notes and Remarks

The results in Section 4.2 are taken from Zhou, Zhang and Shen, 2013. The material
in Section 4.3 due to Zhou, Shen and Zhang, 2013. The main results in Section 4.4
is taken from Wang, Zhou and Feckan, 2014. The results in Section 4.5 are adopted
from Wang and Zhou, 2011a. The contents of Section 4.6 are taken from Wang,
Chen and Xiao, 2012. The results in Section 4.7 are taken from Zhou, Li and Zhou,
2022. The material in Section 4.8 due to Zhou, 2022.



Chapter 5

Fractional Impulsive Differential
Equations

5.1 Introduction

The theory of impulsive differential equations has recently years been an object of
increasing interest because of its wide applicability in biology, in medicine and in
more and more fields. The reason for this applicability arises from the fact that
impulsive differential problems is an appropriate model for describing process which
at certain moments change their state rapidly and which cannot be described using
the classical differential problems. For a wide bibliography and exposition on this
object see for instance the monographs of Benchohra, Henderson and Ntouyas, 2006;
Bainov and Simeonov, 1993; Lakshmikantham, Bainov and Simeonov, 1989; Yang,
2001 and the papers of Abada, Benchohra and Hammouche, 2009; Ahmed, 2003 and
2007; Akhmet, 2005; Fan and Li, 2010; Fan, 2010; Liang, Liu and Xiao, 2009; Liu,
1999; Battelli and Feckan, 1997; Mophou, 2010; Nieto and O’Regan, 2009; Wang,
Xiang and Peng, 2009; Wang and Wei, 2010; Wei, Xiang and Peng, 2006; Wei, Hou
and Teo, 2006.

Recently, a number of papers have been written on Cauchy problems, boundary
value problems and nonlocal problems for fractional impulsive differential equations,
one can see Ahmad et al., 2009 and 2010; Bench, 2009; Agarwal et al., 2010; Ahmad
and Wang, 2010; Balachandran, 2010; Tian and Bai, 2010; Cao and Chen, 2010;
Wang et al., 2010; Wang, Ahmad and Zhang, 2010; Wang, 2011; Wang, Zhang and
Song, 2011; Yang and Chen, 2011; Cao and Chen, 2012 and the references therein.

However, Feckan, Zhou and Wang, 2012; Kosmatov, 2012, point out on the
error in former solutions for some fractional impulsive differential equations by
constructing a counterexample and establish a general framework to seek a natural
solution for fractional impulsive differential equations.

Section 5.2 is concerned with the existence and uniqueness of solutions for frac-
tional impulsive initial value equations. In Section 5.3, we give some sufficient
conditions for the existence of the solutions for fractional impulsive boundary value
equations, and use a new generalized singular Gronwall inequality to obtain the
data dependence. In Section 5.4, we establish the existence results of solutions

253
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for fractional impulsive Langevin equations by utilizing boundedness, continuity,
monotonicity and nonnegative of Mittag-Leffler function and fixed point methods.
Section 5.5 is devoted to the existence of PC-mild solutions for Cauchy problems
and nonlocal problems for fractional impulsive evolution equations.

5.2 Impulsive Initial Value Problems

5.2.1 Introduction

Consider the Cauchy problems for the following fractional impulsive differential
equations

SDfu(t) = f(t,u(t)), te€J =JI\{t1, rtm}, J:=1[0,T],
u(th) =ulty) +ye, weER, k=12,..m, (5.1)
u(0) = uy,
where §D{ is Caputo fractional derivative of order ¢ € (0,1) with the lower limit
zero, ug € R, f: J xR — R is jointly continuous, and ¢; satisfy 0 =tg <t; < --- <
tm < tms1 =T, u(t)) =lm. o+ u(ty +€) and u(t; ) = lim._,o- u(ty + €) represent
the right and left limits of u(t) at ¢ = tx.
In Subsection 5.2.2, we introduce the definition of a solution of the problem

(5.1). Subsection 5.2.3 is concerned with the existence and uniqueness of solutions
for (5.1).

5.2.2 Formula of Solutions

Note that
u(t) = ug — 1 /a(a —8)1  h(s)ds + 1 /t(t — 8)17 h(s)ds,
I'(q) Jo I'(q) Jo
solves the Cauchy problems
SDiu(t) = h(t), teJ,
u(0) = ug — ﬁA (a — )7 h(s)ds.

One can obtain the following result immediately.

Lemma 5.1. Let ¢ € (0,1) and h : J — R be continuous. A function u € C(J,R)
1s a solution of the fractional integral equation

1o o
u(t) = ug — —/ (a—s)7'h(s)ds + —/ (t — 8)9  h(s)ds,
’ I'(q) Jo I'(q) Jo
if and only if u is a solution of the following fractional Cauchy problems
{OCD?U(t) =h(t), telJ,

u(a) = uy, a > 0.
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As a consequence of Lemma 5.1, we have the following result which is useful in
what follows.

Lemma 5.2. Let g € (0,1) and h : J — R be continuous. A function u is a solution
of the fractional integral equation

t
ug + ﬁ/@ (t — 8)9  h(s)ds, fort e [0,t1),
wo + 31 + ﬁ/o (t— )T h(s)ds,  forte (t1,t),
t
ut) = qug+y1 +y2 + ﬁ /0 (t —s)7 L h(s)ds, fort € (ta,t3), (5.2)

m 1 t
ug + P+ —— t — s)7 Lh(s)ds, ort € (tm,T],
o+ vt [T s, for i€ (o T

if and only if u is a solution of the following impulsive problem

DIu(t) = h(t), t € (0,7,
ut) =ulty) +yk, k=1,2,...m, (5.3)
u(0) = up.

Proof. Assume u satisfies (5.3). If t € [0,;], then
SDIu(t) = h(t), t € (0,t1] with u(0) = u. (5.4)

Integrating the expression (5.4) from 0 to ¢ by virtue of Definition 1.1, one can
obtain

I -1
u(t) = uo + N0 /0 (t —s)7" " h(s)ds.

Ifte (tl,tgL then
SDu(t) = h(t), t € (t1,ts] with u(t]) = u(ty) + v1.

By Lemma 5.1, one obtain

u(t) = u(th) - ﬁ /O ( —s)q—lh(s>ds+ﬁ /0 (t — )7 h(s)ds
= u(t; ,L " — )T 'h(s)ds L t — 8)2 h(s)ds
=D+ = s [ (0= 9 s+ g [ = st

I -1
:uo—&-yl—i-@/o (t —s)T " h(s)ds.

If ¢t € (t2,t3], then using again Lemma 5.1, we get

1 " qflssitfsqflss
)/Oosrs) h(s)ds + /0<t )= h(s)d

u(t) = u(t) — =—
(1) = ultz) (g I'(q)
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N 1 " q—1 L ' — 5)I 1 h(s)ds
zu(tz)—i-yg—@/o (t2 — 9) h(s)ds—l—r(q)/o(t )7 h(s)d

1 t
=ug+y1+vy +—/ t — s)?7 h(s)ds.
0 1 2 F(q) 0( ) ()

If t € (tk,tk+1], then again from Lemma 5.1 we get

k t
u(t) = uo + Zyi + ﬁ /0 (t — s)7 'h(s)ds.

Conversely, assume that v satisfies (5.2). If ¢t € (0,¢1] then u(0) = wo and
using the fact that §D{ is the left inverse of D, ¢ we get (5.4). If t € (tx,trt1],
k =1,2,...,m and using the fact of Caputo fractional derivative of a constant is
equal to zero, we obtain {Dfu(t) = h(t), t € (tx, tx+1] and u(t)) = u(t; ) +yx. This
completes the proof. O

Definition 5.1. A function u € PC'(J,R) is said to be a solution of the problem
(5.1) if w satisfies the integral equation

I -1
W+ o / (t— )77 (s, u(s))ds, for t € [0, 1),
uo + y1 + ﬁ /0 (t —8)7 " f(s,u(s))ds, for ¢ € (t1,t2),
u(t) = S ug+y1 +yo + ﬁ/o (t—8)T 1 f(s,u(s))ds, fort € (tg,t3),

up + ;yz + ﬁ /0 (t —s)T 1 f(s,u(s))ds, fort € (ty,,T).

Theorem 5.1. (Ye, Gao and Ding, 2007) Suppose B > 0, a(t) is a nonnegative
function locally integrable on [0,T) and §(t) is a nonnegative, nondecreasing con-
tinuous function defined on g(t) < M, t € [0,T), and suppose y(t) is nonnegative
and locally integrable on [0,T) with

y(t) < a(t) +g(t) / (t— ) y(s)ds, t € [0,T).
Then

L'(np)
Theorem 5.2. Under the hypothesis of Theorem 5.1, let a(t) be a nondecreasing

function on [0,T). Then we have
y(t) < a(t)Eg(g()L(B)E7),
where Eg is the Mittag-Leffler function.

y(t) < a(t) + /O (Z M(t— s)"ﬁ-la(s)> ds, t €[0,7).

n=1

Remark 5.1. There exists a constant Mg > 0 independent of @ such that
y(t) < Mza, forall0<t<T.
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5.2.3 Existence

This subsection deals with the existence and uniqueness of solutions for the problem
(5.1). Before stating and proving the main results, we introduce the following
hypotheses.

(H1) f:J xR — R is jointly continuous;

(H2) there exists ¢g; € (0,q9) and a real function m(:) € Lﬁ(J, R) such that
|f(t,u)] < mf(t), for all u € R;

(H3) there exists g2 € (0,¢) and a real function h(-) € Lé(J7 R) such that
|f(t,u1) — ft,u2)| < h(t)|lur — ugl, for all uy,us € R.

For brevity, let
T q—1 q—1

= — ﬁ: 7a: .
B YUESY) l-—q l1—qo

Theorem 5.3. Assume that (H1)-(H3) hold. If

T+ (=) | p|| o

L42J
M0+ o) <1, (5.5)

then the problem (5.1) has a unique solution on J.

Proof. Transform the problem (5.1) into a fixed point problem. Consider the
operator F': PC(J,R) — PC(J,R) defined by

k 1 t
(Fu)(t) = wo + > i + e /0 (t — s)=Lf(s, u(s))ds. (5.6)

It is obvious that F is well defined due to (H1).

Claim I. Fu € PC(J,R) for every u € PC(J,R).

If t € [0,¢1], then for every u € C([0,¢1],R) and any § > 0, by using Holder
inequality, we get

|[(Fu)(t +8) — (Fu)(t)|

< i | [ @07 = ) o
t+90

< ([ (@rs - >>1 ds)l_ql (f imtonias)”
s ([ rsgrymEas) ([T menEe)”,
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which implies that
26048100 |
L a1 [0,t4]

[(g)(1+p)-a
It is easy to see that the right-hand side of the above inequality tends to zero as

0 — 0. Thus, Fu € C([0,#1],R).
If t € (t1,1t2], then for every u € C((t1,t2],R) and any 6 > 0, repeating the same
process, one can obtain

\Fu(t + ) — Fu(t)] <

25+ (100 |
L a1 [tl,tz}

M+ pn

|Fu(t 4 0) — Fu(t)] <

which implies that Fu € C((t1,t2],R).
Ift € (tg,tpt1], k = 1,2,...,m, then for every u € C((tg, tx+1],R) and any § > 0,
repeating the same process again, one can obtain
2008 A=) ||| 4

Fu(t+9) — Fut)| < I’H[tkatlwﬂ7
Futteo) = ) T

which implies that Fu € C((tg, tg+1], R).
From the above discussion, we must have F'u € PC(J,R) for every u € PC(J,R).
Claim II. F is a contraction operator on PC(J,R).
In fact, for arbitrary u,v € PC(J,R), we get

I -1
I(FU)(t)—(Fv)(t)IS@/O(t—S) £ (s,u1(s)) = f(s,uz(s))lds

1 ! q—1 — us(s)|ds
@/0 (t —5)?7 " h(s)|ui(s) — ua(s)|d

s TN
< __L®=J (/ (t—s)0 t)ime ds) lur — uz| pc
F(Q) 0 ( )

T+ (=az)||p|
_ Laz J
(g1 +a)l-®
Thus, F' is a contraction mapping on PC(J,R) due to the condition (5.5). By
applying Banach contraction mapping principle we know that the operator F' has a

unique fixed point on PC(J,R). Therefore, the problem (5.1) has a unique solution

[ur — uz| pc-

L t — $)97 f(s,u(s))ds or
wt oy | =0 s )i, for t € [0,4),
ug + y1 + ﬁ/o (t— s)q_lf(s,u(s))ds7 for t € (t1,t2),
u(t) =S uo+y1 +v2 + ﬁ/o (t—8)17 f(s,u(s))ds, fort € (to,t3),

m 1 t -
uo—i-;yri- @/0 (t—38)""f(s,u(s))ds, fort € (tim,T].

This completes the proof. O
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The second result is based on Schaefer fixed point theorem.
Now, we replace (H2) into the following linear growth condition:

(H2)' there exists a constant L > 0 such that

|f(t,u)] < L(14 |u|]), foreachte Jandall u€R.

Theorem 5.4. Assume that (H1) and (H2)' hold. Then the problem (5.1) has at
least one solution.

Proof. Transform the problem (5.1) into a fixed point problem. Consider the
operator F' : PC(J,R) — PC(J,R) defined as (5.6). For the sake of convenience,
we subdivide the proof into several steps.

Claim I. F' is continuous.

Let {uy} be a sequence such that u,, — u in PC(J,R). Then for each t € J, we
have

MFwﬁ@)—(Fuxw|si%@¥£(t—sv;Wﬂaun@»——fw44ﬁnds
Tq
< m”f(wun(')) — f(u()|lpc-

Due to (H1), f is jointly continuous, then we have
|Fu, — Ful|pc — 0, asn — oc.

Claim II. F' maps bounded sets into bounded sets in PC(J, R).

Indeed, it is enough to show that for any n* > 0, there exists a £ > 0 such that
for each v € B, = {y € PC(J,R) : |u| pc < n*}, we have || Fu| pc <.

For each t € J, we get

(FO] < ol + X il + 7 [ (€= 9" (sl

“ LTy*
< uol + Y il + 5—=
which implies that
- LTy*
F < |up| + i| + == =: L.
IF3llro < fuol+ 31l + T3y

Claim IIT. F maps bounded sets into equicontinuous sets of PC(J,R).
For interval [0,t1], 0 < s1 < 5o < t1, u € By-. Using (H2)’, we have

L " =1 _ (55— 5)27L s,u(s))|ds
|(Fu)(s2) — (Fu)(s1)] < F(Q)/o ((s1—s) (s2—8)171) [f(s,u(s))ld
1 * 59— 8)17 Y f(s,y(s))|ds
i ) = 9 s e
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L (s = 5)1t = (5 — )i u(s)|)ds
<q | (=9 = =) (s

I'(q)

LA +n") [ — 5)9 s
R AR,
LOA+7") 14 4 g

< mﬂé& — s3] +2(s2 — 1))
< 3L(1+n*)(s2 —51)7
- T(g+1)

As so — s1, the right-hand side of the above inequality tends to zero, therefore F
is equicontinuous on interval [0, #1].

In general, for the time interval (tg,tg+1], we similarly obtain the following
inequality

* — 51)2

(Pu)(s2) ~ (Fu(en)| < SO
This yields that F' is equicontinuous on interval (¢, ti+1].

As a consequence of Claim I-ITT together with PC-type Arzela-Ascoli theorem
(see Lemma 1.3 in the case of X = R), we can conclude that F' : B,« — B, is
continuous and completely continuous.

Claim IV. A priori bound.
Now it remains to show that the set

E(F)={u€ PC(J,R) : u = AFu, for some X\ € (0,1)}

— 0, as so — s1.

is bounded.
Let u € E(F), then u = AFu for some A € (0,1).
Without loss of generality, for the time interval ¢ € (¢, tgt1],

k 1 t
)] < ol + 3 bl + s [ (6= ) sl

k t
< Il + 3l + o T [, 0 ol
By Lemma 5.1, there exists a M}, > 0 such that
lu(t)] < M, t € (thy trga)-
Set M* = maxi<<m M. Thus for every t € J, we have
lullpc < M.

This shows that the set E(F') is bounded.
As a consequence of Schaefer fixed point theorem, we deduce that F' has a fixed
point which is a solution of the problem (5.1). The proof is completed. O
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Remark 5.2. Let the assumptions of Theorem 5.4 hold. If f is uniformly Lipschtiz
continuous with respect to the second variable, then one can obtain the uniqueness
of solutions by virtue of Lemma 5.1 again.

In the following theorem we apply the nonlinear alternative of Leray-Schauder

type in which the condition (H2)" is weakened.
(H2)"” There exists a constant g3 € (0,¢) such that real valued function ¢(t) €

Lis (J,R) and there exists a L!-integrable and nondecreasing v : [0, +00) —

(0, +00) such that

|f(t,u)| < df(t)(Jul) for each t € J and all u € R;
(H4) the following inequality
. gz —1
r (x YT~ g) M) > 1
T'(q)(q —g3)' %
has at least one positive solution, where x = |ug| + >.iv; |y;| and I =

o5l

Lis g
Theorem 5.5. Assume that (H1), (H2)" and (H4) hold. Then the problem (5.1)
has at least one solution.

Proof. Consider the operator F' defined in Theorem 5.4. It can be easily shown
that F' is continuous and completely continuous. Repeating the same process in
Claim IV in Theorem 5.4, using (H2)” and Holder inequality again, for each t € J,
we have

()] < |(Fu) o)
m 1 t i
<o+ Dl + gy [ =9 ortsputeas

< lug \+Z|yz|+ Pl ('qf;C) / (t - 5 6(s)ds

< fuol + Z il + ”“(LI;C) (/Ot(t - s)fqéd8>1_qs (/Ot(éf(s))q;ds) “

(Hu||pc)Tq ©(1—g3)' "0

[(q)(q — g3)t~e
Thus r

<x+

<1.
Juo| + Sy [ys| + LR )
By (H4), there exists a N* > 0 such that |Ju||pc # N*.

Let U = {u € PC(J,R) : ||ul|pc < N*}. The operator F : U — PC(J,R) is
continuous and completely continuous. From the choice of U, there is no u € oU
such that u = M*F(u), A* € [0,1]. As a consequence of the nonlinear alternative
of Leray-Schauder type, we deduce that F has a fixed point u € U, which implies
that the problem (5.1) has at least one solution u € PC(J,R). This completes the

proof. O
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5.3 Impulsive Boundary Value Problems

5.3.1 Introduction

In the present section, we consider the boundary value problems for the following
fractional impulsive differential equations

SDIu(t) = f(t,u(t)), teJ =J\{t,....tm}, J:=1[0,1],
Au(ty) = yk, Au'(tk) =Yk, k=1,2,....m, (5.7)
uw(0) =0, v/(1) =0,
where §D{ is Caputo fractional derivative of order ¢ € (1,2) with the lower limit
zero, ty satisfy 0 =g <t1 < - <ty <tms1 =1, and yg, ¥x € R.
In Subsection 5.3.2, we give a formula of solutions to the problem (5.7). Sub-
section 5.3.3 is concerned with the existence and uniqueness of solutions for (5.7).

5.3.2 Formula of Solutions

In this subsection, we give a formula of solutions to boundary problem for impulsive
fractional differential equations
6 Dju(t) = h(t), teJ, qe(1,2),
Au(ty) = yr, Au'(tx) =Gk, k=1,2,...,m, (5.8)
u(0) =0, ¥/(1) =0,
where yi, Ur € R.

Lemma 5.3. Let g € (1,2) and h: J — R be continuous. A function u given by

/! o1
@/O (t — 5)7~1h(s)ds

1 m
| w5 | L =9)T2h(s)ds + y) fort €[0,t1),
(wam >0 1
F [ =97 s =)+

(g

\

I
=
S—

I
/N

1 m
m/ (1—5)7"2h(s ds+;yk> fort € (t1,t2),

k

) k
Fi/ $)0 " h(s)ds + Y gilt _ti)+zyi

0 i=1

(F q _ 1 ]‘_ s)q 2h’ d8+ Zyk> t, fO?"t € (tkvtk+l]7

k=1

k=1,2,....m,
(5.9)
is a unique solution of the impulsive problem (5.8).
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Proof. A general solution u of the first equation of (5.8) on each interval (tg, tx+1)
(k=0,1,...,m) is given by
1

ut) = 5 /0 (t — $)T=R(s)ds + ax + bet, for t € (t, trsn), (5.10)

where tg = 0 and ¢,,,11 = 1.
Then, we have

1 1 /t -2
t) = —— t—s)T*h(s)d b for ¢ ti,t . A1
u ( ) F(q — 1) 0 ( S) (8) s+bg, lorte ( ks k+1) (5 )
Applying the boundary conditions of (5.8), we find that
1 ! )
=0, bp=—75—— 1—38)7"*h(s)ds. 5.12
(10 9 m F(q _ 1) /(; ( S) (S) § ( )

Next, using the right impulsive condition of (5.8), we derive

br = br—1 + U,
which by (5.12) implies
1 1 m
b — —7/ (=) 2h(s)ds — 3 Gy §=0,1,2,om—1.  (5.13)
I'lg—1) Jo k=j+1

Furthermore, using the left impulsive condition of (5.8), we derive
ag + bty = ag—1 + bp—1tk + Y,
which is equivalent to
ar = ap—1+ (be—1 — b))tk + Yo = ap—1 + Y — Yrtr,
so by (5.12) we obtain
J

aj =Y (yr — Getr), §=1,2,...,m. (5.14)
k=1

Hence for j =1,2,...,m, (5.13) and (5.14) imply

aﬁbt—zyk—yktk (—F(ql_l)/ (1)1 2h(s)ds — 3 yk)t

k=j+1
j J 1 1 2 o
; (t —tr) ;yk* (1‘((]_1)/0 (1—13s) h(s)der;yk) t.
(5.15)

Now it is clear that (5.10), (5.12) and (5.15) imply (5.9).
Conversely, assume that v satisfies (5.9). By a direct computation, it follows
that the solution given by (5.9) satisfies (5.8). This completes the proof. O
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Motivated by the above results, we give the following concept of the solution for
the problem (5.7).

Definition 5.2. A function u € PC'(J,R) is said to be a solution of the problem
(5.7) if u satisfies the integral equation

1/tt—s)q Un(s)ds

( qfl l—s)q 2f(s,u(s) ds+Zyk> for t € [0,t1),
1 1 )
on t—s h(s)ds +g1(t —t1) + 1

q—l 1—3)‘1 2h(s ds—i—kz:lyk> for t € (t1,t2),

1t . b
@/(t—s)q f(s,u(s ds—i—ZyZ —ti)—i—Zyi

1
_ <F(1)/o (1= 8)72 f(s,u( ds+zyk> , fort e (t,tyal,

q—1

k=1,2,...,m.
Moreover, we need the following known results.

Lemma 5.4. (Wang, Xiang and Peng, 2009) Let uw € C(J,R) satisfy the following
inequality:

t 1

lu(t)| < a+b/ \u(9)|)‘1d9+c/ lu(0)|2db, t € J,

0 0
where A1 € [0,1], Ay € [0,1),a,b,c > 0 are constants. Then there exists a constant
M* > 0 such that

lu(t)] < M*.

Remark 5.3. For A\; < 1 we can take M* to be the unique positive solution of
M* = a + bM** + cM**2. Using the classical Gronwall inequality, for \; = 1 we
can take M* to be the unique positive solution of M* = (a + cM**2) b

Using Lemma 5.4, we can obtain the following generalized Gronwall inequality
with mixed integral term.

Lemma 5.5. Let u € C(J,R) satisfy the following inequality:

¢ 1
lu(t)] < a+ b/o (t —8)7 Hu(s)|Mds + C/o (1—5)72u(s)[*2ds,  (5.16)
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where g € (1,2), a,b,c > 0 are constants, A\ € [0,1 — %], A2 € 10,1 — 1%), and for
some p > 1 such that p(¢ —2) +1 > 0. Then there exists a constant M, > 0 such
that

u(t)] < M.

Proof. It follows from (5.16) and Holder inequality that

|u(t)|§a+b</0t( syl 1>ds> (/ ()| 1ds) E
col [a-ape %) ([ o) ™
: Ay vl Azp
o) [t () [
§a+b/ot|u(s)|i“ids+c<m>p/Ol|u(s)*

Applying Lemma 5.4, there exists a constant M, > 0 such that
lu(t)] < M,.
The proof is completed. U

Remark 5.4. Constant M, can be determined by using Remark 5.3.

5.3.3 Existence

This subsection deals with the existence and uniqueness of solutions for the problem
(5.7).

Theorem 5.6. Let f: J xR — R be a continuous function mapping. Assume that
there exists a positive constant L such that

(A1) |f(t,u) — f(t,v)] < Llu—v|, forallt € J, u,v € R,

with L < ggiq)) Then the problem (5.7) has a unique solution on J.
Proof. Setting sup,c;|f(¢,0)] = M and
B, = {ue PC'(J,R) : |ullpcr <7},

where
1 + q m - m
r>2 —M+ vi| + 2 vil | -
(risige+ E =2
Define an operator F' : B, — PC(J,R) by

(FU)(t)ZF(q)/O(t—s)q Lf(s,u(s) ds—i—Zylt—t +Zyl
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1 1
- =— 1 —5)772f(s,u(s))ds + i |t
(r(q_l)/0< -2 zy>
t € (thytit1], £=0,1,2,....m

It is obvious that F' is well defined due to f : J x R — R is jointly continuous and
maps bounded subsets of J x R to bounded subsets of R.

Claim I. FB, C B,.

For u € B,, t € J, we have

|(Fu) (@)
R

= w/o(t—s)q Lf(s, u(s) ds—|—Zyzt—t jtz:yz

1 ! 02
—(F(ql)/o(l—s) f(s,u(s dS—i—ZyZ)

< ’I‘(lq)/o (t — )71 f (s, uls))ds| + ‘F(ql—l)/o (1— 8)972f(s, u(s))ds
) lml+ 2wl
i=1 i=1
< fms | =) = o 0)ds + g [ =) 001

1 ' q-2 — f(s s
L P / (1= )72 f(s,u(s)) — f(s,0)|d

1 1 q—2 m ~ m
o 0+ 3l +2 Yl

I'(1+q) I'(1+gq) ;' | Zl |

<r.

+

Claim II. F' is a contraction mapping.
For u,v € B, and for each t € J', we obtain

[(Fu)(t) = (Fo)(@)]

— qlf U d—it ' —sq2f5us ds
()/(t 3) (S (s))s (q 1)/0(1 ) (, ())

— ql d—it 1 —8)172f(s,v(s))ds
( t s f(sv(s))s [‘(q 1)/0(1 ) f(7()) )‘

< L

t =L f(s,u(s)) — f(s,v(s))|ds
r(q)/u 977 (s u(s) — F(s,v(s)ld



Fractional Impulsive Differential Equations 267

/ (1= )72 (s, u(s)) — f(s,v(s))|ds

+

L t L !
< ([ (= s)ds ) u— B 18 %ds ) u—
_(F sy173ds )l = wlper + (s [ (09728 ) = vl
L

— v 1
Sy vlee
= §||U = pct,
which implies that
1
IFu = Follpor < Sllu=vlper-

Therefore F is a contraction.
Thus, the conclusion of theorem follows by Banach contraction mapping princi-
ple. The proof is completed. O

Now we are ready to state and prove the following existence result.

Theorem 5.7. Let f : JXR — R be a continuous function mapping with | f(t,u)| <
w(t), for all (t,u) € J xR where p € L%(J, R) and o € (0,q—1). Then the problem
(5.7) has at least one solution on J.

Proof. Let’s choose
m

el 2 el 2
> Lol 4 Lz —+2) (5l + ) luil,
F(q)(u)l—a F(qfl)(q o—1 1 Z Z

1-0o 1-0o

and denote
B, = {u € PC'(J,R) : |lulpcr <7}
We define the operators P and Q on B, as

1 1

(PO = 57 /0 (t — )91 (s, u(s))ds — (F(q—l) /O (1— s)1-2 f(s,u(s))ds) ‘)

k k m
O= "Gt —t)+> vi— > git.
i=1 i=1 i=1

For any u,v € B, and t € J, using the estimation condition on f and Hélder
inequality,

/ (= 95 (s, u(s))] ds < (/ (- >d) (f t(u(s»ids)g

Il x

(g)1—a’

[roiianons([o-sa)” (fonota)

<
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lull
- (q16*1)1—a'
—0
Therefore,
el 1 el 2 i i
[Pu+ Qu|per < Led 4 Lot T2 g+ ) |yl <
D(@)(3=5)'"7  Tlg - D)%) ; ;

Thus Pu + Qu € B,. It is obvious that () is a contraction with the constant zero.
On the other hand, the continuity of f implies that the operator P is continuous.
Also, P is uniformly bounded on B, since

[Pullpes < —ats W, o,
D(g)(=2) T(¢—-1)(FZ5-)°

1—0o
Now we need to prove the compactness of the operator P.

Letting 2 = J x By, we can define sup; ,)ecq |f(t,4)| = fmax, and consequently
for any tx < 7 < 71 < tr41 we have

[(Pu)(72) = (Pu)(m)]

1 T2 g—1 T 1 e ulehds
| [ sty - s [a- 9 s atsn

—(&@Anm—@qV@mww—rm_uéh—@q%@mmwﬂ

1 T2 o1 -
S|ty (=9 =0 =) Fls u(s)ds
i T [ e u(s))ds
+@ 5 (11— )47 f(s,u(s))ds| + 11((]_1)/0 (1—8)72f(s,u(s))d
R R e

which tends to zero as 79 — 71. This yields that P is equicontinuous on interval
(ti,ti4+1]. So P is relatively compact on B,.

Hence, by PC-type Arzela-Ascoli theorem (see Lemma 1.3 in the case of X = R),
P is compact on B,. Thus all the assumptions of Theorem 1.7 are satisfied and the
conclusion of Theorem 1.7 implies that the problem (5.7) has at least one solution
on J. The proof is completed. O

In order to obtain the data dependence of solutions, we revise (Al) to the as-
sumption:

(A2) there exist L >0 and A € (0,1 — %) where p(q — 2) + 1 > 0 with p > 1 such
that

|f(t,u) — f(t,v)| < Llu —v|*, for each t € J, and all u,v € R.
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Further, we give the following data dependence result.

Theorem 5.8. Assume that the conditions of Theorem 5.7 and the additional con-
dition (A2) hold. Let v(-) be another solution of the problem (5.7) with impul-
sive conditions Av(ty) = yg, AV'(t) = Gk, kK = 1,2,...,m, and boundary value
conditions v(0) = 0, v'(1) = 0. Then there exists a constant M, > 0 such that
lu — v]|pcr < M..

Proof. By Theorem 5.7, the problem (5.7) has a solution u(-) in PC*(J, X). Keep-
ing in mind our conditions, v(-) be another solution of the problem (5.7) with im-
pulsive conditions Av(tg) = yg, Av'(tx) = ¥k, k = 1,2, ..., m, and boundary value
conditions v(0) = 0, v'(1) = 0. Note the condition (A2), we obtain

Ju(t) — ()] < i) / (t — )7 u(s) — v(s)ds

I'(q
L ! 2 A
Jri/ 1—5)""u(s) —v(s)|"ds.
g [ (=) — o)
By Lemma 5.5, we obtain ||u — v||pc1 < M,. This completes the proof. O

Remark 5.5. Under the assumptions of Theorem 5.8, we do not obtain the unique-
ness of the solutions.

Remark 5.6. By Remark 5.4 we see that M, is the unique positive solution of

1
L Ap_ L 1 P Ap_
M* - 7M*p71 + ( ) M*p717

I'(q) L(g—1) \plg—2)+1

L L 1 N
A= (F(Q) T (p(q—2)+1) ) '

5.4 Impulsive Langevin Equations

SO

5.4.1 Introduction

In 1908, Langevin introduced a concept of a equation of motion of a Brownian
particle which is named after Langevin equation, thereafter, Langevin is regarded
as one of the founder of the subject of stochastic differential equations. Langevin
equations have been widely used to describe stochastic problems in physics, chem-
istry and electrical engineering. For example, Brownian motion is well described by
the Langevin equation when the random fluctuation force is assumed to be white
noise. For systems in complex media, standard Langevin equation does not provide
the correct description of the dynamics. As a results, various generalizations of
Langevin equations have been offered to describe dynamical processes in a fractal
medium. One such generalization is the generalized Langevin equation which incor-
porates the fractal and memory properties with a dissipative memory kernel into
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the Langevin equation. This gives rise to study Langevin equation with fractional
derivatives, see for instance Mainardi and Pironi, 1996; Lutz, 2001; Fa, 2006, 2007;
Kobolev and Romanov, 2000; Picozzi and West, 2002; Bazzani, Bassi and Turchetti,
2003; Lim, Li and Teo, 2008; Ahmad and Eloe, 2010; Ahmad, Nieto, Alsaedi et al.,
2012; Sandev, Tomovski and Dubbeldam, 2011; Sandev, Metzler and Tomovski,
2012, and the references therein.

It is remarkable that many evolution processes are characterized by the fact
that at certain moments of time they experience a change of state abruptly. These
processes are subject to short term perturbations whose duration is negligible in
comparison with the duration of the processes. Consequently, it is natural to as-
sume that these perturbations act instantaneously, that is in the form of impulses.
In particular, when we want to describe fractional Langevin equations subject to
abrupt changes as well as other phenomena such as earthquake, it is nature to use
fractional impulsive Langevin equations to describe such problems. Thus, we offer
to study the following fractional impulsive Langevin equations

§DL(EDF +Nx(t) = f(t,2(8), t€J =T\ {ts, . tm}, ] :=10,1],

Al'(tk) = m(t;r) — :L‘(t];) = I, I € R, (517)

‘T(O) =0, I(Uk) =0, ‘T(l) =0, m€ (tk7tk+1)7 k=0,1,...m—1,
where f : J x R — R is a given function, 0 < a,8 < 1 with 0 < a+ 8 < 1,
A>0,0=1t) <t; <ty < <ty <tmir =1, 2(t]) = lim o+ z(tx + €) and
x(t, ) = lim._,o- x(tx + €) represent the right and left limits of x(t) at ¢ = t;, the
constants Iy denotes the size of the jump.

Moreover, we also study the following nonlinear impulsive problems:

§D;(§Dg + Na(t) = f(t, (1)), telJ,
Ax(ty) = x(t]) — 2(ty) = L(z(t;)),
2(0) =0, z(nx) =0, z(1) =0, nk € (b, tis1), E=0,1,2,....m — 1,

(5.18)
where the nonlinear impulsive terms I : R — R are specified latter.

Subsection 5.4.2 is devoted to giving the formula of solutions for the linear
Langevin equations and some basic properties of classical and generalized Mittag-
Leffler functions, then proceed to obtain the general solutions of the linear fractional
impulsive Langevin equations. In Subsection 5.4.3, we deal with the existence and
uniqueness of solution for the problem (5.17), and extend the existence results to
problem (5.18).

5.4.2 Formula of Solutions

Firstly, we study the following linear Langevin equations with two different frac-
tional derivatives

SDP(SDE + Na(t) = f(t), t € J;, i =0,1,2,...,m, (5.19)
where J() = [O,tl], Ji = (ti,ti—i-l]a 1= 1,2, ey — 1, Jm = (tm, 1]
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Lemma 5.6. For ¢ > 0, the general solution of fractional differential equation
§Diu(t) = 0 is given by

u(t) =co 4+ 1t + ot + eyt
where ¢; € R;i=0,1,2,....,n—1 (n = [¢] + 1) and [q] denotes the integer part of

the real number q.
Remark 5.7. In view of Lemma 5.6, it follows that

oDy USDIu)(t) = u(t) 4+ co + crt + cot? + - -+ ¢p_1t" 1
where ¢; e R,i=0,1,2,...,n—1,n=[¢] + 1.

It is remarkable that Ahmad, Nieto and Alsaedi et al., 2012 studied existence
of solutions of linear Langevin equations with two different fractional derivatives
by finding a fixed point of a suitable fractional integral equation (see Lemma 2.1
in Ahmad, Nieto and Alsaedi et al.), however, the general presentation of solutions
for such equations have not been deduced. Here, we try to find a general solution
the equation (5.19).

Lemma 5.7. A functionu € C(J;,R), i =0,1,2,...,m, is a solution of the equation
(5.19) if and only if u is a solution of the integral equation

2(t) = Ba(—t"\)b; — % (1= Ea(—t%)) a;
t (5.20)
b [ = P B (-t - "N ()
0

Proof. In view of Remark 5.7 and by integrating the equation (5.19) from zero to
t we have

t4_ \B-1
(§D& 4+ Nz (t) = /0 (tr(sg)f(s)ds —a;, 1=0,1,...,m,

where a; are constants.
By adopting the same idea and techniques in Zhou and Jiao, 2010, the general
solution of

(§D& + N)x(t) = h(t) (5.21)
z(t) = T (t)b; + /t(t —8)* LA (t — s)h(s)ds, (5.22)
0
where

7(t) ¢=/ My (0)e™*"02do, 7 (t) ::a/ OM,,(0)e™"" 2 do.
0 0
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Here M, is the Wright function (see Definition 1.9). Meanwhile, the solution of
the equation (5.21) have been considered in the monograph Kilbas, Srivastava and
Trujillo, 2006, (see pp. 140-141, (3.1.32)-(3.1.34)), and it is given by the following

expression:

z(t) = Eo(—t*\)b; + /0 (t— )" Leq(=(t — 5)*A)h(s)ds.

(5.23)

Combined (5.22) and (5.23), we can rewrite 7 (t) = Eo(—t*)\), .7 (t) = eq(—t*N).

Note eq(z) = aFE! (z) and so

(t —5)* Lea(—(t —5)*\) = dii (;\Ea(—(t - s)a)\)> .

This yields that

/ (£ — 8" Lea(—(t — $)*A)ds = % (1= Bo(—t2)).
0

So the final formula of solution of the equation (5.19) should be

z(t) = Eq(—t*A)b; + /0 (t —5)"Leqg(—(t —5)*\)

« (/0 (S;(Zﬂ))ﬁ_lf(z)dz - ai) ds

B (—to\)b; — (/t(t—s) _lea(—(t—s)o‘)\)ds) o

// TNt —95)* ea(—(t — 5)*A) f(2)dzds
:E( )\bfx(le(ta/\))

L ¢ - t ) s — 2B e (—(t — $)*\)dsdz

+F<5>/Of‘>/z<f Jo (s — )P Teq(~(t — 5)*A)dsd

— B (—tA\)bs — % (1= Ea(—t*))) as

# [ 0= 2" B (= 2N ()
0

where we use the fact in Theorem 4 of Prabhakar, 1971. Hence

(1) = Eo(—t*\)b; — % (1= Bo(—t"2)) a;

+ / (t = 2) 0 B 5 (—(t — 2)°N) f(2)d,
0

where E, o4 is the generalized Mittag-Lefller function:

> 2k 1 & 2k

Ea,a+5(z) = ];0 F(kOé +a+ ﬂ) = I‘(ﬁ) I‘(koz + a)

B(ka+ «, )
k=0
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1 - i ! ata— —
_ F(ﬁ)ZF(k;+Q)/0 uFetal(1 — )P~ 1ay
15 3 ((uz)k uo‘fl(l—u)ﬁfldu

I( )/01 ¢ (ko + o)
J

k=
w1 — u)? ey (uz)du,

1
I'(B)
with B denoting Beta function, which is coincided with
1 ' 1 B—1
E,a —z:—/ u* " (1 —u)’ eq(—uz)du
arsl=2) = g [ w0 e ()
a 1 0o
_ (7 / 11— ) / OM,(6)e =" dfdu
0 (5.24)
/ OM,( (/ w1 — u)ﬁ_le_"zedu> de
1)
_ Do+ / OM(0)1 Fy (v, 0 + B, —26)d0
where
1 ! 1 B—1
F == N1 —w)” e d
1 1((3(704+ﬂ,2) B(a7ﬁ)A u ( U) € u
is the hypergeometric function (see, Seaborn, 1991). O

It is well known that classical and generalized Mittag-Leffler functions have
played important role in the study of fractional ordinary differential equation with
constant coefficients Bonilla, 2007, and fractional diffusion equations Atkinson and
Osseiran, 2011. However, it seems that the known properties of these special func-
tions are not explicit and complete. For example, the literature usually address
that the classical and generalized Mittag-Leffler functions are boundedness, but
not give a explicit boundedness. Meanwhile, other important properties such as
continuity, monotonicity, nonnegative and etc seems have not been systematically
reported. Here, we try to revisit some basic properties of classical and generalized
Mittag-Leffler functions by using one-side probability density function.

Lemma 5.8. Let 0 < o, § < 1. The functions E,, o and Eq o4p are nonnegative
and have the following properties:

(i) Forany A >0 andt e J,

1 1
Eo(—t*A) <1 —tN) < ——, E, N <
2SN S el =) < 1 B () < 107
Moreover, Eo(0) =1, €a(0) = 155, Faa+s(0) = riargy-
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(ii) For any A > 0 and t1,t2 € J,
Ea(—tg)\) — Ea(—t?)\) as to — t1,
ea(—t5A) = eq(—tTA) as ty — ty, (5.25)
Ea7a+g(7tg>\) — Ea,a+5(*t?/\) as to — t1.

Or rather,
|Ea(—t%)\) — Ea(—t%)\” = O(‘tg — t1|a) as to — t1,
|€a(7t§¥>\) — ea(ft?)\)| = O(|t2 — t1|a) as to — tl,
|Ea,at8(—15A) = Eaars(—11A)| == O(Jt2 — t1]%) as ta — t1.

(iii) For any A >0, t1,t2 € J and t1 < ta,
Eo(=132) < Ea(=17N),
ea(—t3A) < ea(—t1A),
Eoat+p(—t53A) < Eq,ats(—11A). (5.26)
(iv) For any A >0 and t, > 0,
1— Eu(—t2)\) > 0.
Proof. (i) For any A >0 and t € J,

Ea(—t7)) < / Mo (6)e=t"0%dp < / Mo (6)d0 = Eo(0) = 1,
0 0

o) N 0o 1
(=t OM,,(0)e "0 dp < OM,(0)d0 = e,(0) = ——,
ot < [ OMO) P S [ 0010 = 0l0) =

1 1 1
Eaap(—t*A) < W/o Ua71(1 - U)ﬂfldu =FEya+800) = m.

(ii) We only check the result (5.25) for 0 < ¢; < to < 1. In fact, using the
inequality t§ — ¢t < (t2 — ¢1)® and Lagrange mean value theorem, we have

o (—tSA) — en(—tfN)| < « OM,,(0) |e 120N — —tTON g
lea (=13 1 =
0

[e%s} 1
= / GMa(6)< / e—"t?“—<1—">t?“dn)|tg — t&|0\d0
0 0

g\trtmm/ 6> M.,(0)db
0
2a
<o —t]* =
< [t =t r'(1+2a)

= O(|t2 — 151|0¢)7 as to — t7.
Next, one can use the formula (5.24) via the above facts and Beta function to derive

|Ea,at(—t5A) = Ea,atps(—17 )]
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1 1
< 7/ WL = )P oo (—t9A) — e (—t9Au)|du
0

— I(p)

o 20AB(a, B)
=1 =R )
= O(|t2 — tl‘a), as to — t1.

(iii) Similar to the proof in (ii), for any t1,t2 € J and t; < ¢, we obtain

Ca(—19X) — ea(—12N) = a / OM..(0) (e*t?"* - e*t?“) df
0

o) 1
= aA(t§ —t7) / 92Ma(9)< / e—"t?”—ﬂ—")t?“dn) do
0 0

>0

Next, one can use the formula (5.24) via the above facts and Beta function to derive
the result (5.26).
(iv) In fact,

:/ Ma(Q)e_tfe’\d9</ M, (0)df = 1,
0 0

where we use the fact e7*<%* < 1 for § € (0,00) and A > 0. The proof is completed.
O

Secondly, we deduce the general solutions of the following linear fractional im-
pulsive Langevin equations
SDP (D + N (t) = f(1), telJ,
Al’(tk) = ( ) — .’E(tk) I, Ie€e R, (527)
z(0) =0, z(ne) =0, 2(1) =0, nk € (tk,tyt1), k=10,1,2,....m — 1.

For brevity, we denote

<Fﬁw;3£u—sz*EWHa—u—@%wﬂaw,tex
toN

(Tof)(t) = ﬁfn)ngx%» te o,
, <ta> ECEN

( )(m)+Iz] (Ff)(m) ted, i=1,2,...m—1,

Tnf)0) = B = ey [T D))

+ (Ff)A) + L] = (Ff)(1), t€ Jm.
Clearly, by Lemma 5.8(iii), the above symbols are well defined.
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Lemma 5.9. A general solution x of the equation (5.27) on the interval J is given
by

(F)E)+ (Tof)(t), fort e Jo,

(Ff)(@) + (T f)(t), forte Ji,

() = 5 (5.28)
(Ff) () + (L)), forte s,

(Ff)t) + (T f)(t), fort e Jon,.

Proof. For t € Jy, integrating both sides of the first equation of (5.27), one can
obtain that (see (5.20))

#(1) = Ba(—1°X)bo — + (1 = Eu(~1"X)) ag

t (5.29)
# [ 2 (=t - 2N (),
0
Using the conditions x(0) = 0 and x(ny) = 0, we get
00 = 1y [ 0= 2 B~ Vi
1= Ba—mg) Jo (5.30)
by = 0.

Submitting (5.30) to (5.29), we obtain

1= By (—to))
U ey

+ / (t— 2) " By oy (—(t — 2)*N) f(2)dz,
0
x(ty) = (Ff)(t1) + (Tof)(t1).

For t € Jy, integrating both sides of the first equation of (5.27), one can obtain
that

/o%(ﬁo = 2) T B aip (= (0 — 2)*N) f(2)dz

2(t) = Ba(—t"A)b1 — % (1= Ea(—t*A\) a1

+ / (t— Z)a+ﬂ_1Ea’a+5(—(t —2)*N) f(2)dz.
0
Since
B() = Bal—#001 — 5 (1= Ba(~6 ) a1 + (Ff)(0).
2(t7) = (FD)(0) + (1)),
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from x(t) = x(t]) + I, z(n1) = 0, it follows
1
Ea(=t7A)b1 = + (1 = Ba(=t1A) a1 = (Tof)(t1) + I,

« 1 «
Ea(=niA)b1 = + (1 = Ea(=ni'A)) a1 + (Ff)(m) =0
and solving the above equations, we can get

AEa(in?A)
s g (D) + (F1)m) + 1+ MES) ).

by =—(Ff)(m)+ Ea(lt;)fa(_Eﬁ)\)U?A)

ap =

[(Tof)(t1) + (Ff)(m) + L.
Hence, we obtain

a(t) = (Ff)@) + (T f)(2), for t € J,

z(tz) = (Ff)(t2) + (T1f)(t2)-

Repeating the above methods on the subinterval J;, ¢« = 2,3,...,m — 1 respec-
tively, one can obtain that z(t) = (Ff)(t) + (T;f)(¢) for t € J;.

Finally, for t € J,,, integrating both side of the first equation of (5.27) again,
one can obtain that

(1) = Ba(—t" )by — % (1= Eo(—t9))) am

O R R N R O
0

Note that z(t}) = z(t;,,) + L = (Fx)(tm) + (Tm—12)(tm) + I;m, x(1) = 0, one can
obtain

— )‘Ea(fA)
Um = Ea(—tfn)\) _ Ea(_)\) [(Tm—lf)(t'rn) + (Ff)(l) + Im] + /\(Ff)(l);
b = B e (Bt D)) + (FNQ)+ 1] = (1)
Then, we get
x(t) = (Ff)t)+ (T f)(t), fort e Jy.
This completes the proof. O

Remark 5.8. If we denote

(o)) =~ o)
Ba(~17) ~ Ba(-n?)

11— Ea(_770a>‘)
(T0) = (T )8) + I+ M) (F D)) B ) — e

— M;()(Ff)(mi), t € Jiy i=1,2,.om — 1,

(Ff)(mo), t € Jo,

(T £) @) := (T2 f) (Em) + I+ Mo () (F f) (1)]
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1— Eq(—to)\)
Mi t) = , t iy 1,2, , — 1,
2 1= Eo(=n{*A) i "
1— Eq(—to))
M, (t) = ,
( ) 1- Ea(_)‘)

then an alternative formula of general solutions of the equation (5.27) on J is given
by

() + (Tof)(t), fort e Jo,

(Ff)@) + (T f)(t), forte Ju,

() =4 (5.31)
(Ff)(t)+ (Tif)(t), forteJ,

(FF)(E) + (T f)(t), for t € .
By directly computation, one can verify that (5.31) is coincided with (5.28). But,
(5.28) seems more suitable than (5.31).

5.4.3 Existence

This subsection deals with the existence and uniqueness of solution for the problem
(5.17). A number of papers have been recently written on fractional impulsive ini-
tial and boundary value problems. However, both Feckan, Zhou and Wang, 2012
and Kosmatov, 2012, point out on the error in former solutions for some impul-
sive fractional differential equations by construct a counterexample and establish
a general framework to seek a nature solution for such problems. Motivated by
Feckan, Zhou and Wang, 2012 and Kosmatov, 2012, we define what it means for
the problem (5.17) to have a solution.

Definition 5.3. A function z € PC(J,R) whose Caputo fractional derivative ex-
isting on J is said to be a solution of the problem (5.17) if (t) satisfies

(Fx)(t) + (Tox)(t), fort e Jy,

(Fx)(t) + (Tyx)(t), forte Jy,

(Fl’)(t) + (Tﬂ?)(t), for t € J;,

(Fx)(t) + (Ty,x)(t), fort € Jo,,

where

(Fz)(t) = /0 (t — 2) P By arp(—(t — 2)°N) f(z,2(2))dz, t € J,



Fractional Impulsive Differential Equations 279

(Toe)t) =~ =5y (F) ). ¢ € .

(T)0) = 3o — e (Tt + (Fa)a) + 1] = (Fo)(n),
tedii=1,2..m—1,

(Tt ) = g5 e (T 10)t) + (FE)(D) + 1] = (Fa)(1),

te Jn.
Before stating the main results, we introduce the following hypotheses.

(H1) f:J xR — R is jointly continuous;

(H2) there exists a function n(-) € Lﬁ(l], RT) such that |f(¢,z)| < n(t) for all
t € J and all x € R, where ¢; € (0, + f3);

(H3) there exists a function h(-) € Lz (J,RT) such that | f(t,2)—f(t,y)| < h(t)|z—
y| for all t € J and all 2,y € R, where g5 € (0, + f3).

Consider an operator N : PC(J,R) — PC(J,R) defined by

(Fz)(t) + (Tox)(t), forte Jy,
(Fx)(t) + (Thx)(t), forte Jy,

(Ne)(t) = (Fx)(t) + (Tyx)(t), forte J;, (5.32)

(Fz)(t) + (Tnz)(t), forte Jp,.

It is obvious that N is well defined due to (H1). Then, we can transform existence
of solutions of the problem (5.17) into a fixed point problem of the operator N.
For brevity, denote p; = altﬁq:l? P2 = %ﬁqj.

We are ready to state the first existence and uniqueness result in this subsection.

Theorem 5.9. Assume that (H1)-(H3) hold. If
Mp + My, <1, (5.33)

then the problem (5.17) has a unique solution, where

Al
Mp = L®2J , 5.34
P Tt At )i (5:54)
and
1— E.(=\ M
M, = a( ) (MF+Mm—1)+MF7~-~7 My = d

Eo(=t5A) — Ea(=2) 1= Ea(-ngA)
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Proof. We verify that N defined by (5.32) is a contraction mapping. We divide
our proof into two steps.

Claim I. Nz € PC(J,R) for every x € PC(J,R).

If t € Jo, then for every z € C(Jp,R) and any 6 > 0,0 <t < t+d < t1, by
(H2), Lemma 5.8 and Holder inequality, we get

|(N2)(t +6) = (Nz)(1)|
< |(Fa)(t +6) — (Fa) ()] + [(Tox)(t + 6) = (Toz)(1)]

t+48
S| [ T By (4 5 2N (2))ds
0

- / (t = 2) P B 5 (—(t = 2)N) [ (2 2(2))dz

Eo(—=(t+6)*X) — Eq(—t*))
1-— Ea(_n(()l)‘)

(F'z)(m0)

< [t = 9B (048 = ) ~ Banis(—(t = "W (s
+ /0 |(t +6— z)a+'8_1 —(t— z)a+’6—1’ |Eq,at8(—( —2)*N)|n(2)dz

t+48
* / (t 46 = 20 Bq s (—(t 46 — 2)*N)n(z)dz
t

|Ea(_(t + 5)04)\) — Ea(_ta/\)
1- Ea(_n(()l)‘)

(P2 o)
< 0(6%) (/Ot(tJré - z)ultﬁﬂldz)

o (/Otn(z)qlldz)ql
+ w</0t ((t=2) TP~ —(t4+6— z)‘”ﬁ‘l)ﬁ dz)
x (/Otn(z)qlldz)q1 + ﬁ (/tt+6(t+5 - Z)#B‘“ldz>1_ql

t+5 . a -
x ( / n(z)ﬂdz) o) D)L '_(;)((_”% 5

1—q1

25(1+P1)(1—Q1)||n“ 1

3 O(éa)< Enm)l e, >+ L,

1= Eo(—ngA)  (1+p)t—o Ila+B)(1+p1)t—a
—0, as§d — 0,

where we use the facts

t atB_ 1+p1 _ §1+p1
/(t+6—z) it g = (E0) G
0 1+p 1+p

t 1
/ ((t=2)* B — (46— 2)*H0~1) =00 gz
0
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t a+B—1 atpf—1
g/ (-2 (5 - 2 ) a
0
§i+pr
< )
1+p
t+5 o 1 51+p1
(46— 2)Fnde = ,
/t 1+p

and

(Pl < g (] m- )d>‘ ([ noa) o

Il
0

N CEES D

Thus we obtain Na € C(Jy, R).
If t € Jy, then for every z € C(J1,R) and any § > 0, t; <t < t+0 < to,
repeating the above process, one can obtain

[(Nz)(t +6) — (Nz)(t)]

o (0= Bal=np D) (FD) ] + |(Toa) el + 10D 7,
=0 )< Fa(— 10— Eul 1) e

95(1+p1)(1—q1) ||n|| 1
Lat Jy

[(a+B)(1+pi)t-a

+

as d > 0, where we use the fact
|(Tox)(t)] <

and

Inll 4

L1 Jy
|(F33)(771)\ < F(CX—F,B)(I _|_p1)1—q1'

Thus Nz € C(J1,R).

With the same argument, one can verify that Nz € C(J;,R), for every x €
C(JZ,R),’L = 2, ey M

From the above fact, we can conclude that Nx € PC(J,R), for every = €
PC(J,R).

Claim II. N is a contraction mapping on PC(J,R).
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For arbitrary =,y € PC(J,R) and t € J, by (H3), Lemma 5.8 and Holder
inequality, we get

|[(Fz)(t) = (Fy) (1)

Lt—zo‘ﬂ_l z,2(2)) — f(z,y(2))|dz
< g [, =D al) ~ e )l

<ty (-2 d) (f h(z)édz)@ le—ylre  (535)

Rl
<
~ T(a+B)(1 +pa)t-e
=: Mr||z -yl pc-

If t € Jy, for arbitrary =,y € C(Jp,R), we get

[(Tox)(t) = (Toy)(1)] <

|z —yllpc

1
wl(l’w)(no) = (Fy)(mo)]
1

< Mpllz—
ST B gy vl
=: Mollz — yl|pc-
Thus, [|[Nz — Ny|lpe < (Mg + M) ||z — y| po-
If t € Jy, for arbitrary z,y € C(J1,R), we get
[(Thz)(t) — (Thy)(D)]
< 1- Ea(_n? )
T Eo(—t¥A) — Ea(—n7A)
+ [(Fz)(m) — (Fy)(m)

|(F2)(m) — (Fy)(m) + (Tox)(t1) — (Toy) (t1))

1~ Eq(—n§))
< Mp + M M —
‘(Ea(t%)Ea(n?A)( p Moy My flle = yllre
:2M1||£U—y||pc'.

Thus, [Nz — Nyllpc < (Mp + M)llz — yllpc.
If t € J;, for arbitrary z,y € C(J;,R), i = 2,...,m — 1, with the same argument,
we get [No — Nyllpc < (Mp + M;)||lz — yllpc-
If t € Jp,, for arbitrary z,y € C(J,, R), we get
|(Tm)(t) — (Tmy) (t)]
1- Ea(_>‘)
T Ea(—tgA) — Ea(=2)
+|(Fz)(1) = (Fy)(1)]
1_Ea(_)‘)
Mg + M,,_ M —
(Eran oy i+ M=)+ i) s vl
=: M|l — y| pc-
Thus, [Nz — Nyllpc < (Mp + Mn)llz =yl pc-

|(Fz)(1) = (Fy)(1) + (Tn-12) (tm) = (Tn—13)(tm)|
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Moreover, it is easy to see My < My < Ms < -+ < M,,. Due to the condition
(5.33), N has a unique fixed point on PC(J,R) by Banach contraction mapping
principle. This completes the proof. U

Our second result is based on the well-known fixed point theorem due to Kras-
noselskii (see Theorem 1.7).

Theorem 5.10. Assume the conditions (H1)-(H3) hold. If Mp < 1, then the
problem (5.17) has at least a solution on PC(J,R).

Proof. Setting B, = {x € PC(J,R) : ||z||pc < 7}, where r > Mp + M,,, and
M,,, My are finite positive constants defined by

— 1— Eo(=)) [ — - Mp
M,, =M I M,, _ Mpg),...,.My = ———————,
L F*EJ—t%A)—Ea(—A)(' ml Mooy + M) I SN DY)
and
Ioll

M = Fas AU+

Claim I. (Fz)(t) + (Tyy)(t) € B, for any ¢t € J; and z,y € B,.

By the Claim I of Theorem 5.9, (Fz)(t) and (T;z)(t) are obviously continuous
in J; for every = € B,.

For every z,y € B, and t € Jy, by (H2), Lemma 5.8 and Holder inequality
again, we get

|(Fa)(t) + (Toy) ()] < /0 (t = 2)* P Baays(—(t = 2)°N) f (2, 2(2))dz

1 — Eq(—t*)\)
— L |(F
By (U 00)
Il Il & )

< +
T e+ B)(L+p) Dla+B)(1+p) 21— Ea(—ngA)
< Mp+ My <r.

For every x,y € B, and t € J;, i = 1,2,...,m — 1, by (H2), Lemma 5.8 and

Holder inequality, we have

[(Fz)(t) + (Tiy) (1))

| = B (== N ()i

Eo(=t*A) = Ea(=17"\)
Eo(—t3A) = Ea(=n"))

Il &

<

T Dla+ )1 +p)t—a
1-— Ea(‘ﬂf‘)\)

Eo(—t3X) — Eq(—n@A

<

+ (Ti-1y) (i) + (F'y) (i) + L] — (Fy) ()

+

Il &
) <Iz| + |(T171$)(tz)\ + F(Oé-i—ﬁ)(l +p1)1—q1>
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Il

+ La1 J;
D+ B)(1+p1)t-o
__ __ ]_—Ea(—']?‘?‘)\) -
<M M C I; M;_ M
= ”( P BN — Ba(gen) (T M F)>
= Mp+M; <r

For every x,y € B, and t € J,,,, after a similar computation we obtain

1- Ea(_>‘)
Ba(=t5A) = Ba(=A)

(L] + Ty +MF>)

Clearly, M,, > M,,_1 > --- > Mj. Due to the definition of the ball B,., we must
have Fox + Ty € B, for any t € J; and z,y € B,.

Claim II. F is a contraction mapping on B,..

By (5.35) we have ||[Fz — Fy||pc < Mpl||x — y||pc. The assumption Mg < 1
implies that F' is a contraction mapping.

Claim III. T} is a completely continuous operator on B,|s,, i =0,1,2,...,m.

Similar to the Claim I of Theorem 5.9, one can easy to verify that 7; is continuous
and {T;x : € B,.} is an equicontinuous set. Moreover, {T;z : © € B,.} is uniformly
bounded. Thus, T; is a completely continuous operator on B,.|;,,i = 0,1,2,....;m
due to Arzela-Ascoli theorem.

Applying Theorem 1.7, the problem (5.17) has at least a solution on PC(J,R).
The proof is completed. O

To end this section, we extend the above existence results to the equation (5.18).
Now, we denote

(F)(E) = /O (t — 2)° P Eg arp(—(t — 2)*A) f (2, 2(2))dz, teJ,
1= B (o))
(TOf)(t) T _1 Ea(_ng)\) (Ff)(n())v te JOv
_ a(_ta/\) _ Eoc(_niOO‘)
N0 = B ciwn) = Eu(onn) )0
+ (F) (i) + Li(x(t)] = (Ff) (), ted;, i=1,2,...,m—1,
_ Ea(—t)\) — Eo ()
D)) = F (i) = Eaoy Tt ) )
+ (Ff)(1) + I (2(t,)] = (F£)(1), t € Jp.

Using the same method as in Lemma 5.9, one can obtain the following result
immediately.
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Lemma 5.10. A general solution x of the equation (5.18) on the interval J is given
by

(Ff)()+ (Tof)(@), forte Jo,
(Ff)(t) + (Tlf)(t), for t € J1,

(FA)(E) + (Tif)(t), forte s,

(Ff)t) + T f)(t), forte Jp,.

We make a necessary assumption on the nonlinear impulsive terms.

(H4) There exist constants L > 0 and M > 0 such that |I(z) — It (y)| < Lz —y|,
with |Ix(z)| < M, for all z,y e R, k =1,2,...,m.

Now the reader can apply the same methods as in the above theorems to obtain
the following existence results. So we omit details of the proof here.

Theorem 5.11. Assume the assumptions (H1)-(H4) hold. If

Mp + M, <1,
then the problem (5.18) has a unique solution, where My is defined in (5.34) and
1B ~—
M, = Mp+ M, 1 + L)+ Mp, ...,
Ea(—t%A)—Ea(—A)( P+ 1+ L)+ Mp
1

My=———Mp.

RSN E Y

Theorem 5.12. Assume the assumptions (H1)-(H4) hold. If Mp < 1, then the
problem (5.18) has at least a solution on PC(J,R).

5.5 Impulsive Evolution Equations

5.5.1 Introduction

Consider the nonlocal Cauchy problems for fractional impulsive evolution equations:
SDgx(t) = Ax(t) + f (t,2(t), tE€J, t#t,
x(0) = zo + g(x), (5.36)
z(th) = 2(ty) + Y, k=1,2,..,9,
where §D is Caputo fractional derivative of order a, A: D(A) C X — X is the
generator of a Cp-semigroup {Q(t)}:>0 on a Banach space X, f: J x X — X is
continuous, zg, yx are the element of X, g is a given function, 0 =ty < t; < tg <
C <ty < tsp1 = b, x(tf) = limy, o+ = (tx + h) and z(t;) = x(tx) represent
respectively the right and left limits of x(t) at t = tx.
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In Subsection 5.5.2, we give the definition of mild solution of problem (5.36).
Subsection 5.5.3 is devoted to the existence and uniqueness results under the dif-
ferent assumptions on nonlinear term.

5.5.2 Cauchy Problems
In this subsection, we introduce a concept of solutions for our problems. We first
consider an nonhomogeneous impulsive linear fractional equation of the form
SDex(t) = Ax(t) + h(t), a€(0,1), teJ=10,b], t#ty,
2(0) = o, (5.37)
a(ty) = 2(ty) + yr, k=1,2,..,6,
where h € PC(J, X). We observe that z(-) can be decomposed to v(-) +w(-) where
v is the continuous mild solution for

§DPv(t) = Av(t) + h(t), teJ,
{U(O) = o,

on J, and w is the PC-mild solution for
SDew(t) = Aw(t), te€J, t#ty,
w(0) =0, (5.39)
w(th) =wlty) +uyk, k=1,2,..0.

Indeed, by adding together (5.38) with (5.39), it follows (5.37). Note v is continuous,

so v(tf) = v(t;), k =1,2,...,6. On the other hand, any solution of (5.37) can be

decomposed to (5.38) and (5.39).
A mild solution of (5.38) is given by

(5.38)

v(t) _Sa(t)%'i‘/t(t—s)a1Pa(t—s)h(s)d8, telJ,
0
where
Su(t) = /O M (0)Q(0)d0, Pa(t) — /0 afM.,(6)Q(t°0)do.

Now we rewrite system (5.39) in the equivalent integral equation

1 ¢ a—1
@/0 (t — 5)* L Aw(s)ds, for t € [0,t4],
w(t) = y1 +y2 + ﬁ/o (t —s)* L Aw(s)ds, fort € (to,ts), (5.40)

s t
1 -1
yi+7/ t—s)* " Aw(s)ds, fort e (ts5,b].
Do ut g [, o) aw) (t5,1)



Fractional Impulsive Differential Equations 287

Then the above equation (5.40) can be expressed as

5 L
w(t) = ZXz(t)yz + @/0 (t—8)* T Aw(s)ds, fort e J, (5.41)

where

0, fortel0,t),
xi(t) =
1, for ¢ € [t;,b] U (b,00).

We adopt the idea used in Section 4.3 and apply the Laplace transform for (5.41)
to get

e~ tiA 1
u(\) =Y i AU,

i=1

which implies
5
u(A) =Y e AT (AT — A) 7y

Note that the Laplace transform of Sg(t)y; is A%~ 1 (A*T — A)"'y;. Thus we can
derive the mild solution of (5.39) as

)

w(t) = Xi(t)Salt —t:)y;.

i=1

Summarizing, the mild solution of (5.37) is given by
4 t
z(t) = So(t)zo + Z Xi(£)Sa(t — t;)y; + / (t —8)* 1P, (t — s)h(s)ds,
i=1 0
ie.,
t
So(t)xo + / (t —8)* 1P, (t — s)h(s)ds, for ¢t € [0, t1],
0

t
So(t)xo + Sa(t — t1)y1 + / (t —8)* P, (t — s)h(s)ds,  fort € (t,ts],
0

4 t
Se(t)zo + Z So(t —ti)y: + /0 (t —8)* 1P, (t — s)h(s)ds, for t € (ts,b].

By using the above results, we can introduce the following definition of the mild
solution for system (5.36).
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Definition 5.4. By a PC-mild solution of the system (5.36) we mean that a func-
tion z € PC(J, X) which satisfies the following integral equation

Sa(t)x0+/o (t— $)°LPu(t — 5)f (s,2(s)) ds, fort € [0,41],

Sa(t)l'() =+ Sa(t — tl)yl

+ /0 (t—8)* 1P, (t — s8)f (s,2(s)) ds, for ¢ € (t1,t2],

§
Sa(t)zo+ Y Salt —ti)y:
=1

+/ (t — $)°=1Pu(t — 8) (5, 2(s)) ds, for t € (ts, b].
0

5.5.3 Nomnlocal Problems

In this subsection, we derive some existence and uniqueness results concerning the
PC-mild solution for system (5.36) under the different assumptions on f.

Case 1. f is Lipschitz.

Let us list the following hypotheses:

(HA) A is the infinitesimal generator of a compact semigroup {T'(t)};>0 in X;
(HF1) f: J x X — X is continuous and there exists a constant ¢; € (0,«) and a
1
real-valued function Ly (t) € L9t (J,R") such that

[f(tx) = fty)l < Li@)le —yl, t€J, z,y € X.

For brevity, let us take

1— a—q 1-q1
= (22 e,y
a—q L g

Theorem 5.13. Let (HA) and (HF1) be satisfied. Then for every xo € X, the
system (5.36) has a unique PC-mild solution on J provided that

aMT*
— < 1L 42
0< Tita) < (5.42)
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Proof. Let zy € X be fixed. Define an operator T' on PC(J, X) by
t
So(t)zo + / (t — ) Py (t — s)f (s,2(s))ds, fort € [0,t],
0

Sa(t)xo -+ Sa(t — tl)yl

+ / (t— s)aflpa(t —s)f (s,z(s))ds, for t € (t1,ta],
0

6
Sa(t)zo+ Y Salt—ti)y;
=1

t

+ / (t—8)* 1Py (t — s)f (s,2(s)) ds, for ¢ € (¢5,0].
0

By our assumptions and Lemma 1.6, T" is well defined on PC(J, X).
Claim I. Tz € PC(J, X) for z € PC(J, X).

For 0 < 7 <t < tp, taking into account the imposed assumptions and applying
Proposition 4.5, we obtain

(Ta)() — (Ta)(7)]

<18a(0)20 = Sulr)aol + [ (b= ) Pt — 9)f (5,2(5))| ds
w [T P = ) (50(o) = Palr = 515 (5. 2(9) s
A e A XN I

< 18(0) = Sa(Dlzcoleol + 577 | (= 9 (5,(s)) s
& sup ([Pt =5) = Palr = 9)lmc [ (6= )7 1f (5,005 ds

56[0,7‘]
e [ gectgs— [T s
0 0

I'(l+a)
< |[Sa(t) = Sa (Tl B(x) 70l
ta
e e - ) - Putr - 9)lsexy
o s€[0,7]
N 3M| fllpc(t — 1)
I'l+a) ’

where we use the inequality t* — 7% < (t —7)“. Keeping in mind of Proposition 4.7,
the first and second terms tend to zero as ¢ — 7. Moreover, it is obvious that the
last terms tends to zero too as t — 7. Thus, we can deduce that Tz € C([0,t1], X).

For t1 < 7 <t < ta, keeping in mind our assumptions and applying Proposition
4.5 again, we have

(Tz)(t) — (Tx)(7)|



290 Basic Theory of Fractional Differential Equations

< [1Sa(t) = Sa(m)lllzo| + [15a(t = 1) = Sa(T = 1)l B(x) 91

ta
+ w sup ||Pa(t - 5) - Pa(T - S)HB(X)
[e% s€[0,7]
3M||fllpe(t — 1)
I'l+a) .

As t — 7, the right hand side of the above inequality tends to zero. Thus, we can
deduce that Tz € C((t1,t2], X).
Similarly, we can also obtain that Tz € C((t2,t3],X),....,Tx € C((ts,b], X).
That is, Tz € PC(J, X).
Claim II. T is contraction on PC(J, X).
For each t € [0,11], it comes from our assumptions and Proposition 4.5 that
(T2)(t) — (Ty)(0)
aM K 1
< — t—s)* 'L - d
< Fiaay | = e les) — u(e)lds

aM|z —yllpc /t 1
< 22— Yilpc sl
< T(0+a) ; (t—s) 7(s)ds

1—q1
aM||z —y||pc /t a1
_ t—s)T-ad L
I'l+«) 0( 8)Tmds ” fHLﬁ[o,tl]

_ _ a—q11—q1
< oMz —yllpe [(1zar ) =ty L
- T(l+a) a—q L1 [0,t:]

In general, for each ¢t € (tg,tx+1], using our assumptions and Proposition 4.5
again,

[(Tx)(t) — (Ty)(t)]

aM|lz —yllpe [/ 1—q \ c=a]'™®
< t, L .
S " Tita) o q ) e | f”Li[tk,tkﬂ]

aMT*
Tex—-T <——_lz - .
ITa~Tylee < Fpyaylle ~vlee
Hence, the condition (5.42) allows us to conclude in view of Banach contraction
mapping principle, that T has a unique fixed point 2 € PC(J, X) which is just the

unique PC-mild solution of system (5.36). O

Thus

7

Case 1II. f is not Lipschitz.
We make the following assumptions.

(C1) f: J x X — X is continuous and maps a bounded set into a bounded set;
(C2) for each zp € X, there exists a constant r > 0 such that

5 -
M <x0|+k§_:1|yk|+l“(1+a) sup |f(57¢(3))|> <,

seJ,pEYT
where

Yr={p e PC(J,X)||l¢|| <rforteJ}.
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Theorem 5.14. Suppose that (HA), (C1) and (C2) are satisfied. Then for every
xo € X, the system (5.36) has at least a PC-mild solution on J.

Proof. Let zg € X be fixed. We introduce that map
T:PC(J,X)— PC(J,X)
by
(T)(t) = (Tav)(t) + (Tav)(t),

where
(Thv)(t) = Sa(t)xo +/O (t—8)* 1Py (t —s)f (s,v(s))ds, t&J\{t1,ta,....t5},

and
0, te [O,tl],

(Tov)(t) = (5.43)

k
Zsa(t - ti)yia te (tkatk-‘rl]? k= 17 76
=1

For each t € [0,t1], v € YT,
[(Tv) ()| < [(Tro) ()] + [(T2v)(D)]

(6%

b M
< M|zg| + =———— su s, ¢(s))].
| 0| F(l ¥ Oé) SG.],(;BI;YF |f( ¢( ))|

For each t € (tg,tx11], v € YT,
[(T)()] < [(Tho)(@)] + [(T2v)(2)]

5
b*M
< Mlzo| + M Y|+ =———— sup |f(s,6(s))|-
ol i, )
Noting that the condition (C2), we see that T : Yr — Yr.
Claim I. T is a continuous mapping from Yr to Yr.
In order to derive the continuity of 7', we only check that 77 and 75 are all
continuous.
For this purpose, we assume that v,, — v in Yp. It comes from the continuity of
f that (- — 8)*7Lf (s,v,(8)) = (- — 8)* L f (s,v(s)), as n — oco. Noting that
(t =) (5,0n(5)) = f (s,0(s)) | < (t—s)*7" sup |f (s,0(s))],
T

sed,

for s € [0,t], t € J, by means of Lebesgue dominated convergence theorem, we
obtain that

/0 (t —8)* 7 f (s,0n(8)) — f (5,0(5)) |[ds — 0, as n — oco.

It is easy to see that for each t € J,

aM ¢ a—
[(Tyvq)(t) — (Thv)(1)] < F(1+a)/o (t =) f (s,0n(5)) = f (s,0(5)) |ds
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— 0, as n — oo.

Thus, T} is continuous. On the other hand, it is obvious that 75 is continuous.
Since T and T are continuous, T is continuous.
Claim II. T is a compact operator, or 77 and 75 are compact operators.
The compactness of T5 is clear since it is a constant map (see (5.43)).
Now we prove the compactness of T7. For each t € J, the set {S,(t)zo} is
precompact in X since S, (t), t > 0 is compact.
Also, for each t € J, arbitrary b > h > 0, £ > 0, the set

{T(h"‘s) /Ot_h(t — )1t (a /:O OM,(0)T((t — 5)*0 — h%)d@)
< (o5 ds | v € Ve

_ {a/oth /:O O(t — s)> LM, ()T ((t — $)0) f (s,v(s)) dfds | v € YF}

is precompact in X since T'(h®¢) is compact.
Proceeding as in the proof of Theorem 3.1 in our previous work Zhou and Jiao,
2010b, one can obtain

t—h poo
a/o / O(t — s)* LML (O)T((t — 5)*0) f (s,v(s)) dfds

—>a/ /OO O(t — $)*= M. (OYT((t — 5)°0) f (5, v(s)) dOds,
0 0

ash—0,e—0.
Thus, we can conclude that

{/ot(t —8)° T Pt — 5)f (s,0(s)) ds | v € YF}
= {a/ot /000 O(t — s)* T ML (O)T((t — 5)*0)f (s,v(s)) dfds | v € Yp}

is precompact in X.
Therefore, the set

k t
{5a0a0+ 3 Satt =0+ [ (0= 97 Pale = )f (ool ds v e vi
i=1 0
is precompact in X.
Thus, for each ¢t € J, {(Tyv)(t) | v € Yr} is precompact in X.
Next, we show the equicontinuity of M = {(Tyv)(-) | v € Yr}.
The equicontinuity of {S,(t)zo | t € J\ {t1,t2,...,t5}}, can be shown using the
fact of S, (+) is continuous.
Now, we only need to check the equicontinuity of the second term in M.
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Forte J,let 0 <t <t’ <tq,set

I = /t (" = 8)*  Pa(t” — ) f(s,v(s))ds

i

)

I = / (" = 8)*71 = (' = 8)*7 ) Po(t” — ) f(s,0(s))ds
0

Iy = /0 (t' = 5)* H (Pa(t” — ) = Pa(t' — s)) f(s,0(s))ds|.

After some computation, we have

‘/ (t”—s)a_lPa(t”—s)f(s,v(s))ds—/ (' — )P (¢ — ) f(s, v(s))ds
0 0

<I+1I,+Is.

Now repeating the previous discussion in Theorem 3.1 of Zhou and Jiao, 2010, we
derive that Iy, I, I> tend to zero as t” — ¢'.

Accordingly, we see that the functions in M are equicontinuous. Therefore, T}
is a compact operator by Arzela-Ascoli theorem, and hence T is also a compact
operator. Now, Schauder fixed point theorem implies that T has a fixed point,
which gives rise to a PC-mild solution. O

To end this section, we make the following assumptions.

(D1) f: J x X — X is continuous and there exists a function m(-) € L>®(J,R*)
such that

[f(t,2)| <mf(t), forall z € X and t € J.

Theorem 5.15. Suppose that (HA) and (D1) are satisfied. Then system (5.36) has
at least a PC'-mild solution on J.

Proof. We defined that T : PC(J,X) — PC(J,X) as in Theorem 5.14 by
(Tw)(t) = (Tyv)(t) + (T2v)(t). Then we proceed in several steps.

Claim I. T is a continuous mapping from PC(J, X) to PC(J, X).

Let {v,} be a sequence in PC(J,X) such that v, — v in PC(J,X). It comes
from (D1) that (- — s)* 1 f (s,v,(s)) = (- —s)*"Lf (s,v(s)), as n — oo, and note
that

(t =) (s,0n(s)) = f (s,0(s) | < 2m(s)(t — 5)* 7" € L' (J,RT),
for s € [0,¢t], t € J. Similar to the discussion in Theorem 5.14, one can prove that
T is a continuous mapping from PC(J, X) to PC(J, X).

Claim II. T maps bounded sets into bounded sets in PC(J, X).

So, let us prove that for any r > 0 there exits a M* > 0 such that for each
veE B, ={vePC(J,X)||v]|pc <r}, we have ||Tv|pc < M*.

Indeed, for any v € B,

[(To)(®)] < [(Tyo) ()] + [(T2v)(¢)



294 Basic Theory of Fractional Differential Equations

d b M
< M|xzo| + MZ |yi| + mHmHL‘X’J’
i=1
which implies
b* M

8
ITvllpe < Mlwo| + MY |yl + [ml[Le~s = M.
=1

T(1+a)
Claim III. T is a compact operator.
In order to verify that T is a compact operator, one can repeat the same process
in Claim IT of Theorem 5.14 only need replace sup,c s seyy. II.f (5, 0(s)) | by [|m| pe 7.
Claim IV. The set © = {z € PC(J,X) | z = ATz, A € [0,1]} is bounded.
Let v € ©. Then v(t) = A(Tv)(¢) for some A € [0,1]. Thus, for ¢ € J, directly
calculation implies that ||Tv||pc < M*. Hence, we deduce that © is a bounded set.
Since we have already proven that T is continuous and compact, thanks to the
Schaefer fixed point theorem, T has a fixed point which is a PC-mild solution of
system (5.36) on J. O

Remark 5.9. In the assumption (D1), the condition m(-) € L*(J,R") can be
replaced by m(-) € Lé(J, RT) where q% € [0,a).

5.6 Notes and Remarks

The material in Section 5.2 due to Feckan, Zhou and Wang, 2012. The results in
Section 5.3 are adopted from Wang, Zhou and Feckan, 2012. The main results of
Section 5.4 are from Wang, Feckan and Zhou, 2013. The material in Section 5.5
due to Wang, Feckan and Zhou, 2011.



Chapter 6

Fractional Boundary Value Problems

6.1 Introduction

Critical point theory and variational methods are crucial in the study of many
mathematical models of real-world problems. We realized that critical point theory,
which has been mostly developed by specialist in ordinary differential equations,
partial differential equations, differential topology, optimization, should be made
more popular among people working in fractional differential equations.

The main purpose of this chapter is to present a new approach via critical point
theory to study the existence of solutions for the boundary value problem of frac-
tional differential equations. In Section 6.2, we consider the existence of solutions for
fractional boundary value problems by using the critical point theory. Section 6.3
is devoted to the existence of multiple solutions to the boundary value problem
which arises from studying the steady fractional advection dispersion equation. In
Section 6.4, according to variational methods, we investigate the multiplicity results
for the solutions for boundary value problem.

6.2 Solutions for BVP with Left and Right Fractional Integrals

6.2.1 Introduction

In this section, we consider the fractional boundary value problem (BVP for short)
of the following form

(5007w O) 4 3 D)) + TFCu(0) =0, ac.ve 0.1],

u(0) = w(T) = 0,

(6.1)

where gD, # and tD;ﬁ are the left and right Riemann-Liouville fractional integrals
of order 0 < 8 < 1, respectively, F: [0,7] x RN — R is a given function satisfying
some assumptions and VF(t, ) is the gradient of F at . In particular, if 8 = 0,
BVP (6.1) reduces to the standard second order BVP.

Physical models containing fractional differential operators have recently re-
newed attention from scientists which is mainly due to applications as models for

295
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physical phenomena exhibiting anomalous diffusion. A strong motivation for inves-
tigating the BVP (6.1) comes from fractional advection dispersion equation (ADE
for short). A fractional ADE is a generalization of the classical ADE in which the
second-order derivative is replaced with a fractional-order derivative. In contrast to
the classical ADE, the fractional ADE has solutions that resemble the highly skewed
and heavy-tailed breakthrough curves observed in field and laboratory studies (see,
Benson, Schumer, Meerschaert et al., 2001; Benson, Wheatcraft and Meerschaert,
2000a), in particular in contaminant transport of ground-water flow (see, Benson,
Wheatcraft and Meerschaert, 2000b). Benson et al. stated that solutes moving
through a highly heterogeneous aquifer violations violates the basic assumptions of
local second-order theories because of large deviations from the stochastic process
of Brownian motion.

Let ¢(t, x) represents the concentration of a solute at a point x at time ¢ in an
arbitrary bounded connected set Q@ C RY. According to Benson, Wheatcraft and
Meerschaert, 2000a; Fix and Roop, 2004, the N-dimensional form of the fractional
ADE can be written as

oo

5 =
where v is a constant mean velocity, k is a constant dispersion coefficient, v¢ and
—kV ¢ denote the mass flux from advection and dispersion respectively. The compo-
nents of V=7 in (6.2) are linear combination of the left and right Riemann-Liouville
fractional integral operators

—V(vp) = V(VP(=kVe)) + f, inQ, (6.2)

A
Em-)’ i=1,..,N, (6.3)

where ¢ € [0, 1] describes the skewness of the transport process, and 5 € [0,1) is the
order of the left and right Liouville-Weyl fractional integral operators on the real
line (see Definition 1.5). This equation may be interpreted as stating that the mass
flux of a particle is related to the negative gradient via a combination of the left
and right fractional integrals. Equation (6.3) is physically interpreted as a Fick’s
law for concentrations of particles with a strong nonlocal interaction.

For discussions of equation (6.2), see Benson, Wheatcraft and Meerschaert,
2000b; Fix and Roop, 2004. When 8 = 0, the dispersion operators in (6.2) are
identical and the classical ADE is recovered. In a more general version of (6.2), k
is replaced by a symmetric positive definite matrix.

A special case of the fractional ADE (equation (6.2)) describes symmetric tran-
sitions. In this case, V™7 is equivalent to the symmetric operator

(V79); = % —oD P+ % D72, i=1,..,N. (6.4)
Combining (6.2) and (6.4) gives the mass balance equation for advection and sym-

(V- (—kV6))i = (¢ —uDF + (1 - g) 0, D72 ( &

metric fractional dispersion.
The fractional ADE has been studied in one dimension (see, e.g., Benson,
Wheatcraft and Meerschaert, 2000b), and in three dimension (see Lu, Molz and
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Fix, 2002), over infinite domains by using the Fourier transform of fractional differ-
ential operators to determine a classical solution. Variational methods, especially
the Galerkin approximation has been investigated to find the solutions of BVP (see,
e.g., Fix and Roop, 2004) and fractional ADE (see, e.g., Ervin and Roop, 2006) on
a finite domain by establishing some suitable fractional derivative spaces. A La-
grangian structure for some partial differential equations is obtained by using the
fractional embedding theory of continuous Lagrangian systems (see, Cresson, 2010).

We note that for nonlinear BVP, some fixed point theorems were already applied
successfully to investigate the existence of solutions (see, e.g., Agarwal, Benchohra
and Hamani, 2010; Ahmad and Nieto, 2009; Benchohra, Hamani and Ntouyas, 2009;
Zhang, 2010). However, it seems that fixed point theorem is not appropriate for dis-
cussing BVP (6.1) since the equivalent integral equation is not easy to be obtained.
On the other hand, there is another effective approach, calculus of variation, which
proved to be very useful in determining the existence of solutions for integer order
differential equation provided that equation with certain boundary conditions pos-
sesses a variational structure on some suitable Sobolev spaces, for example, one can
refer to Corvellec, Motreanu and Saccon, 2010; Li, Liang and Zhang, 2005; Mawhin
and Willem, 1989; Rabinowitz, 1986; Tang and Wu, 2010 and the references therein
for detailed discussions.

However, to the best of author’s knowledge, there are few results on the solu-
tions to BVP which were established by the critical point theory, since it is often
very difficult to establish a suitable space and variational functional for fractional
differential equations with some boundary conditions. These difficulties are mainly
caused by the following properties of fractional integral and fractional derivative
operators. These are:

(i) the composition rule in general fails to be satisfied by fractional integral and
fractional derivative operators (e.g., Lemma 2.21 in Kilbas, Srivastava and
Trujillo, 2006);

(ii) the fractional integral is a singular integral operator and fractional derivative
operator is non-local (see Definitions 1.1, 1.2 and 1.3), and

(iii) the adjoint of a fractional differential operator is not the negative of itself (e.g.,
Lemma 2.7 in Kilbas, Srivastava and Trujillo, 2006).

It should be mentioned here that the fractional variational principles were
started to be investigated deeply. The fractional calculus of variations was in-
troduced by Riewe, 1996, where he presented a new approach to mechanics that
allows one to obtain the equations for a nonconservative system using certain func-
tionals. Klimek, 2002, gave another approach by considering fractional derivatives,
and corresponding Euler-Lagrange equations were obtained, using both Lagrangian
and Hamiltonian formalisms. Agrawal, 2002, presented Euler-Lagrange equations
for unconstrained and constrained fractional variational problems, and as a contin-
uation of Agrawal’s work, the generalized mechanics are considered to obtain the
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Hamiltonian formulation for the Lagrangian depending on fractional derivative of
coordinates (see, Rabei, Nawafleh, Hijjawi et al., 2007). The recent book by Mali-
nowska and Torres, 2012, provides a broad introduction to the important subject
of fractional calculus of variations.

In Section 6.2, we investigate the existence of solutions for BVP (6.1). The
technical tool is the critical point theory. In Subsection 6.2.2, we develop a fractional
derivative space and some propositions are proven which aid in our analysis, and
in Subsection 6.2.3, we shall exhibit a variational structure for BVP (6.1). The
results presented in Subsections 6.2.2 and 6.2.3 are basic, but crucial to limpidly
reveal that under some suitable assumptions, the critical points of the variational
functional defined on a suitable Hilbert space are the solutions of BVP (6.1). In
Subsection 6.2.4, we introduce some critical point theorems. Also, various criteria
on the existence of solutions for BVP (6.1) is established.

As it was already mentioned, if 5 = 0, then BVP (6.1) reduces to the standard
second order BVP of the following form

{u"(t) + VF(t,u(t)) =0, ae.tel0,T]
u(0) = u(T) =0,

where F: [0,7] x RY — R is a given function and VF(t,) is the gradient of F
at x. Although many excellent results have been worked out on the existence of
solutions for second order BVP (e.g., Li, Liang and Zhang, 2005; Rabinowitz, 1986),
it seems that no similar results were obtained in the literature for fractional BVP.
The present results in Section 6.2 are to show that the critical point theory is an
effective approach to tackle the existence of solutions for fractional BVP.

6.2.2 Fractional Derivative Space

Let us recall that for any fixed ¢ € [0,7] and 1 < p < oo,

t : T x
||u||Lp[o,t]:( / Iu(f)lpdé“) , ||u|Lp=( / |u<t>|pdt) and | = max [u()].

te[0,T)

The following result yields the boundedness of the Riemann-Liouville fractional
integral operators from the space LP([0,T],RY) to the space LP([0,T],RY), where
1 < p < oo. It should be mentioned here that the similar results have been presented
in Fix and Roop, 2004; Kilbas, Srivastava and Trujillo, 2006; Samko, Kilbas and
Marichev, 1993.

Lemma 6.1. Let 0 < o <1 and 1 < p < co. For any f € LP([0,T],RY), we have

(0%

. t
loDg “ fllro.g < m”f“m[o,t], for £ €[0,t], te[0,T]. (6.5)

Proof. Inspired by the proof of Young theorem in Adams, 1975, we can prove (6.5).
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In fact, if p =1, we have

o 1 bt o
oDy f||L1[o,t]=F(a>‘ | [e-n 1f(T)de£’

1 K ¢ a—1

< [ ] €= ol

:—1 t T)|dr t —r)et 6.6
r<a>/0 ()l /T@ oL (6.6)

L )
ot L e nar

ta
< m”fHLl[Qt], for t € [0,T].

Now, suppose that 1 < p < co and g € L%([0,7],R"), where %—i—% =1 We
have

/Otg(f) /05(5 - T)a_lf(T)deE'

/0 (e /O Craipe - T)dfdf‘

t 3
< / 19(6)| / | (€ — r)|drde o

-/ et / O F(€ — 7)lde

< /OtTaldT(/: Ig(ﬁ)lqd£>;(/:If(f—T)pc%);

toé
< E”fHLP[O,t]HgHLq[O,t]a for t € [0,T7.

For any fixed ¢ € [0,T], consider the functional He, s : L9([0,T],RY) — R

He.s(g) = / t ( / E(&—T)a‘lf(f)dr>g(§)d§- (6.8)

According to (6.7), it is obvious that Heop € (L9([0,T],RM))*, where
(L([0, T],RN))* denotes the dual space of L4([0,T],RY). Therefore, by (6.7),
(6.8) and Riesz representation theorem, there exists h € LP([0,T],RY) such that

t t 13
| materas = [ ( |- r)a—lf(ﬂdf)g(g)d& (6.9
0 0 0
and
1hllzeion < N fllriog (6.10)
for all g € L7([0, 7], RY). Hence, we have by (6.9)

1 _ ‘ — ) ()dr = ;@ or
O = e [ (€= @ = 0D, e o]
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which means that

(0%

—a 1 t
loDg “ fllro, = m”h”LP[O,t] < m”f”LP[O,t] (6.11)

according to (6.10). Combining (6.6) and (6.11), we obtain the inequality (6.5). O

In order to establish a variational structure for BVP (6.1), it is necessary to
construct appropriate function spaces. Denote by C§°([0,T],RY) the set of all
functions h € C*([0,T],RY) with h(0) = h(T) = 0. According to Lemma 6.1,
for any h € C5°([0,T],RY) and 1 < p < oo, we have h € LP([0,T],RY) and
§Dgh € LP([0,T],RY). Therefore, one can construct a set of space E5"", which
depend on LP-integrability of Caputo fractional derivative of a function.

Definition 6.1. Let 0 < a < 1 and 1 < p < oo. The fractional derivative space
Eg§'? is defined by the closure of C§°([0,T],RY) with respect to the norm

T T L
fulloy = ([ tuttpac s [ §opaopar)” vue gy
0 0
Remark 6.1.

(i) It is obvious that the fractional derivative space Ej™" is the space of functions
u € LP([0,T],RY) having an a-order Caputo fractional derivative D €
LP([0,T],RY) and u(0) = uw(T) = 0.

(ii) For any u € E§P, noting the fact that w(0) = 0, we have §Dfu(t) =
oDgu(t), t € [0,T] according to Proposition 1.1.

(iii) It is easy to verify that E"? is a reflexive and separable Banach space.

Proposition 6.1. Let 0 < a <1 and 1 < p < co. The fractional derivative space
ES" is a reflexive and separable Banach space.

Proof. In fact, owing to LP([0,T],RY) be reflexive and separable, the Cartesian
product space

LE([0,T],RN) = LP([0, T],RY) x LP([0,T],RY)

is also a reflexive and separable Banach space with respect to the norm

: :
loleg = (3 olom) (6.12)
=1

where v = (v1,v2) € L5([0, T], RY).

Consider the space Q = {(u,§Du) : u € EyP}, which is a closed subset of
LE([0,T],RYN) as Eg" is closed. Therefore,  is also a reflexive and separable
Banach space with respect to the norm (6.12) for v = (v, v2) € 2.

We form the operator A : Ey°? — Q as follows

A:u— (u, D), Yuec ESP.
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It is obvious that

ullop = | Aull g,
which means that the operator A : u — (u,§D{u) is an isometric isomorphic
mapping and the space Ej°" is isometric isomorphic to the space . Thus Ej? is
a reflexive and separable Banach space, and this completes the proof. O

Applying Proposition 1.9 and Lemma 6.1, we now can give the following useful
estimates.

Proposition 6.2. Let 0 < « <1 and 1 < p < oo. For all u € E§"*, we have

TO{
0.1 < = ISD%u|| Lo 11 6.13
llull L [0,T] = T(a+t1) lo Ds"ull [0,T ( )
Moreover, if a > % and % + % =1, then
Tai% Cro
ull < T llo D¢ ull oo,y (6.14)

F(a)((a—1)g+ 1)
Proof. For any u € E;°", according to (1.11) and noting the fact that u(0) = 0,
we have that
oDy “(§DFu(t)) = u(t), t€[0,T].
Therefore, in order to prove inequalities (6.13) and (6.14), we only need to prove
that

(o3

—Q « T «
lloD; *(§D; u)|| Lo, < m”oth ul| ejo,17s (6.15)
where 0 < @ <1and 1< p< oo, and
T %
lo Dy (§D5w) || < =16 D5 wl Loo. 1), (6.16)
M(a)((a—1)g+1)s

Wherea>%and%+%:1.

Firstly, we note that {Dgu € LP([0,T],RY), the inequality (6.15) follows from
(6.5) directly.

We are now in a position to prove (6.16). For a > %7 choose ¢ such that

%+%:1.Vu€E8"p,wehave

b
I'(«)

1
1 ¢ a
< — t —s)l@tag SDul| v
= F(a) </0 ( S) S> ||0 tu”L [0,7]

T§+a—1
IMNa)((a—1
T

|
T(a)((@—1)g+ 1)+
and this completes the proof. O

0D; e (SDgu(t))] = / (t — )21 ED%u(s)ds

IA

HthauHLP[O,T]

Q=

q+1)

Wl ~—

OCD?UHLP[O,T],
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According to (6.13), we can consider E” with respect to the norm

T P
o = D8] o1y = ( / © ?u(t»pdt) (6.17)

[[ul

in the following analysis.

Proposition 6.3. Let 0 < o < 1 and 1 < p < oco. Assume that o > % and

the sequence {uy} converges weakly to u in EG*, i.e., uy, — u. Then ur, — u in
C([0,T],RN), i.e., ||u—ug|| = 0, as k — oco.

Proof. If o > %, then by (6.14) and (6.17), the injection of E;"? into C([0, T],RY),
with its natural norm || - ||, is continuous, i.e., if uy, — w in E§*, then uy — w in
C([0,T],RN).

Since up — u in ES°?, it follows that ux — u in C([0,7],RY). In fact, for
any h € (C([0,T],RN))*, if ux, — u in EGP, then up — u in C([0,T],RY), and
thus h(ux) — h(u). Therefore, h € (Eg"F)*, which means that (C([0,T],RY))* C
(Eg7).

Hence, if uy — win ES°P, then for any h € (C([0,T],RY))*, we have h € (E5)*,
and thus h(ug) — h(u), i.e., up — u in C([0,T],RY).

By the Banach-Steinhaus theorem, {ux} is bounded in Ej* and, hence, in
C([0,T],RY). We are now in a position to prove that the sequence {uy} is equi-
uniformly continuous.

Let -+ 2 =1and 0 <t <t <T. Vfe LP([0,7],R"), by using Holder
inequality and noting that o > %, we have

loDy,“f(t1) — 0Dy, f(t2)]

:ﬁ /0“<t1_sa L (s) / (ts — 5)*"1f(s)ds
_ﬁ /0“(1&1—8& Lf(s) /0 (t2 — )27 f(s)ds

| [ o
<t (b = )21 = (t2 — £)°1) | (s)lds

1
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< F(1a)</0tl (t1—s)* " = (ta — S)Q_I)qu);HfLP[O,T]

1 t2 a
_— _ g)(a—1)q
ey (=0 ) Wl

t1 %
< _ g\(a=1)g _ _ g)(a—1)q i
< w0 =9 = @ s) Ul

|

1

1 t2 a
- _ o\(a=1)g
+ T(a) </tl (t2 — ) ds) LNl e jo,1

1
= ||f||LP[O’T] R (tgafl)Q"’l _ tgafl)qJFl + (tQ _ tl)(a—l)q"rl) a
L)1+ (a—1)g)x
flize a i
AWl zr o,y ; ((trtl)( 1)q+1)
L)1+ (a—1)g)%
2| f 14l
B R
L)1+ (a—1)g)7
2| fllzeo,m

— ’ ty —11)* 7.
T(a)(1+ (a—1)q) ( )

Q=

Therefore, the sequence {u} is equi-uniformly continuous since, for 0 < ¢; < to <
T, by applying (6.18) and in view of (6.17), we have

lur(t1) — ug(t2)] = oDy, (CD?lUk(tl)) — oDy, (OCD%Uk(tzm

20 207 " opay, |
T(a)(1+ (o 1m> oTe o)

2t —t)°7F

- Nl
T(0)(1+ (a — 1)g)}

< ¢ty —t1)” ’1’,

where % + % = 1 and ¢ € RT is a constant. By Arzela-Ascoli theorem, {uj}
is relatively compact in C([0,7],RY). By the uniqueness of the weak limit in
C([0,T],RY), every uniformly convergent subsequence of {uz} converges uniformly

on [0,7] to u. The proof is completed. O

6.2.3 Variational Structure

In this subsection, we establish a variational structure which enables us to reduce
the existence of solutions of BVP (6.1) to the one of critical points of corresponding
functional defined on the space Eg* with p=2and § < a < 1.

First of all, making use of Proposition 1.4, for any u € AC([0,T],RY), BVP
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(6.1) transforms to

d /1 _B 1 8 _B8
5 (2 0Dy * (oDy *u' (1) + 5 Dy * Dy * u’(t») + VE(tu(t)) =0,

u(0) = u(T) =0,
for almost every t € [0, 7], where 8 € [0, 1).
Furthermore, in view of Definition 1.3 and Proposition 1.2, it is obvious that
u € AC([0,T],RY) is a solution of BVP (6.19) if and only if u is a solution of the
following problem

% (5 0D HEDEU0) - § DF DR ) + VPt ute)) =0,

(6.19)

dt
u(0) =u(T) =0,
for almost every t € [0,T], where o = 1— g € (%, 1]. Therefore, we seek a solution u
of BVP (6.20) which, of course, corresponds to the solution v of BVP (6.1) provided
that u € AC([0,T],RY).
Let us denote by
D(u(t)) = 5 o DI (FDFult) — 5 + D (FDGu(t)). (6.21)
We are now in a position to give a definition of the solution of BVP (6.20).

(6.20)

Definition 6.2. A function u € AC([0,T],RY) is called a solution of BVP (6.20)
if

(i) D*(u(t)) is derivable for almost every ¢ € [0,7T], and

(ii) wu satisfies (6.20).

In the sequel, we treat BVP (6.20) in the Hilbert space E* = Eg’z with the
corresponding norm ||ul|q = ||u||a,2 Which we defined in (6.17).

Consider the functional u — — fOT(gD?u(t), “Dgu(t))dt on E*. The following
estimate is useful for our further discussion.

Proposition 6.4. If% < a <1, then for any u € E, we have

T
lcos(ra)[lu]]2 < — / (§Dgu(t), EDgu(t))dt <

2
< ma 622)

Proof. Let u € E“ and u be the extension of u by zero on R\ [0,7]. Then
supp(@) C [0, T]. However, as the left and right fractional derivatives are nonlocal,
supp(—ooD't) C [0,00) and supp(; D ) C (—o0,T1.

Nonetheless, the product (_oDf'w, D, @) has support in [0, T7.
On the other hand, according to Theorem 2.3 and Lemma 2.4 in Ervin and
Roop, 2006, we have

/ (Lo DEalt), DS ii())dt = cos(ra) / Dt 2dt
—o0 oo (6.23)
:cos(wa)/ |1 DS o 0(t)|dt,

— 00
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where _o Df* and (D¢ are Liouville-Weyl fractional derivatives on the real line (see
Definition 1.5). Helpful in establishing (6.23) is the Fourier transform of Liouville-
Weyl fractional derivative on the real line (see, Podlubny, 1999). Hence, according
to Remark 6.1, (6.23) and noting that cos(ra) € [~1,0) as a € (3, 1], we have

T T
~ [ (prute. £Dgu)a =~ [ (0DFule). Dful)ar
0 0
T
—_ / (e DYi(t), 1 DY i(t))dt
__ / (L DR(t), DS t))dt

—0o0

—cos(Ta o DX (t)|?dt
(o) [ -wDpi() 62
— —cos(ra) / o DEa(t) [2dt
0
T
> fcos(wa)/ loD&u(t)|*dt

—\coswa|/ (t)|2dt

= |cos(ma)|[[ull3.

On the other hand, by using Young inequality, we obtain

’ /0 T(oCD?u(t),fD%u(t))dt :‘ / T(oD?u(t),tD%u(t))dt‘

T
1
< loD%u(t)|v/2¢ |, DSu(t)|dt
0 \ﬁ T
1 T
< |0D3u(t)|2dt+s/ e DS (t)|?dt
0
- 7/ |2dt+e/ DY ()Pt
0
< olul? + / DY (o)t
—o0
1 2 o o~ « ~
= —|lull Teos(ra)] (—ooDf'u(t), + DS Lu(t))dt
—o0
1 2 € 4 a «
= —|lull Teos(a]| Jo (oDfu(t), 1 DFu(t))dt
= Lz —| [ ), CDgum)ar
|cos(ma)|| Jo 0" T '

Therefore, by taking € = |cos(wa)|/2, we have

T
/ (§DEu(t), DG u(t))dt

2
_— . 6.25
0 ‘ ~ Jcos(ma)] lella ( )
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The inequality (6.22) follows then from (6.24) and (6.25), and the proof is com-
pleted. O
Remark 6.2. According to (6.22) and (6.23), for any u € E®, it is obvious that

T e
| epgutpar< [ psatoPar
0 —oo

- [ 0. e,
o eos(ra)

1
= |cos(mar)|?
which means that {Dgu € L2([0,T],RN).

ull2,

In the following, we establish a variational structure on E¢ with « € (%, 1].
Also, we show that the critical points of that functional are indeed solutions of
BVP (6.20), and therefore, are solutions of BVP (6.1).

Theorem 6.1. Let L : [0,T] x RY x RN x RN — R be defined by
1
L(ta z,y, Z) = _§(y7 Z) - F(taiv)a
where F : [0,T] x RNV — R satisfies the following assumption.:

(A) F(t,z) is measurable in t for each x € RN, continuously differentiable in x
for almost every t € [0,T] and there exist m; € C(RT,R") and my €
LY([0,T],RT) such that

[E(t, )] < ma(le))ma(t), [VEQE )] < ma(lz|)ms(t)
for all z € RN and a.e. int € [0,T).

If% < a <1, then the functional defined by

() = / L(t, u(t), SDu(t), EDgu(t) )dt

T ) (6.26)
= [ (- 56080 - F(tuto) )
1s continuously differentiable on E<, and Yu,v € E“, we have
T
(@(w.0) = [ (Dot ). §DFu(e). EDFule)). o(0) i
T
+ [ (DyLtule), §DFule). ED5u(0), D7 0(0) e
0
T
+ [ (DLt u(t), §Dfu(t),  DFu(t)), § DFu(t)) dt (6.27)

/
T

= _/0 %((gD?U(t)fD%v(t)) + (CDgu(t), Do (t))) dt
/
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Proof. First, we note that for a.e. t € [0,7] and every [z,y,2] € RV x RN x RV,
one has

1
Lt 2.y, 2)] < ma(le)ma(t) + 4 (] +12]), (6.28)
|DyL(t, z,y, 2)| < mq(|z])ma(t), (6.29)
1 1
|DyL(t,z,y, z)| < §|z| and |D,L(t,x,y,z)| < §|y| (6.30)

Then, inspired by the proof of Theorem 1.4 in Mawhin and Willem, 1989, it suffices
to prove that at every point u,p has a directional derivative ¢'(u) € (E*)* given
by (6.27) and that the mapping

@ EY = (EY)*, u— ¢'(u)
is continuous.

1) Tt follows easily from Remark 6.2 and (6.28) that ¢ is everywhere finite on
E“. Let us define, for u and v fixed in E%, ¢t € [0,T], A € [-1,1],

G\ t) = L(t,u(t) + Mu(t), §Du(t) + X SDXv(t), DSu(t) + X EDGw(t))

and

T
A) = / GO\ 1)t = (u+ M),
0
We shall apply Leibniz formula of differentiation under integral sign to ¢. By (6.29)
and (6.30), we have
= [(DoL(t, u(t) + Xo(t), §Dfu(t) + A §Du(t), § DFu(t) + A {Dgo(t)), v(1))]
+ |(Dy L(t, u(t) + Ao(t), D7 u( ) + X §Dj (),
£DFu(t) + A {DFu(t)), §Dfo (1))
+ |(D.L(t, u(t) + /\v(t),CDa (t) + X\ §Du(t),
fDFu(t) + A Dg0(1)), fDFo(t)))|
1 « o (0%
< mu(Ju(t) + Av(t) Jma(B)lo(®)] + 5 £Dgu(t) + A Y DFu(t)[|§DFv(1)]
1 « « (07
+ §|g Fult) + A th ”(t)||tCDTU(t>|

< moma(t) ()] + 3| CDFu(t) [§Du(1)| + 5 |§DFu(r) £ Do )

+ ‘0 o(t)[|F DG (t )}

where
mq (Ju(t) + Av(t)]).

Since mg € L'([0,T],R™), v is continuous on [0, 7], and in view of Remark 6.2, we
have

= max
(M t)e[—1,1]x[0,T]

[DAG(A, 1)] < d(t),
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where d € Ll([() T],R*). Thus Leibniz formula is applicable and

/ D\G(0,t)d

= [ (D). E7 00, EDG0(0). (0

0

T
+ / (DyL(t,u(t), §DSu(t), EDSut)), SD§u(t))d
0

o [ -it,00),§D7U0) £, Do 1)
Moreover, O
D, Lt u(t), §DEu(t), EDgu(t))| < ma(fu(t) Jma(t),
DLt u(t), §DF u(t), EDGu(1))| < ol Dfu(r)]
and
IDL(t,u(t), §D5u(t), §DFu(t))] < 5[§DFulb)].
Thus, by Remark 6.2 and (6.14),

T
(¢ (u),v) =/O (DaL(t, u(t), §Dult), § DFu(t)), v(t))dt
+ /T(DyL(LU(t), 6D u(t), fDFu(t)), 5 Dfv(t))dt
0

T
+ [ (D-L(tu@), §DFu(0). EDFu(e)), DG ()
0

< allvll + eall§DF v ()l 22 + esl|FDFo(E)]| 2

< erl[vl] + cal|]]a + —a—]Jv]
C1l||V Co ||V — ||V
>~ C1 2 « |COS(7TO[)‘ «

< caffolfa;

where c1, co, c3 and ¢4 are some positive constants. Therefore, ¢ has, at u, a direc-
tional derivative ¢'(u) € (E%)* given by (6.27).

2) By a theorem of Krasnoselskii, (6.29) and (6.30) imply that the mapping from
E® into L'([0,T],RN) x L2([0,T],R™) x L2([0,T],R") defined by

- (DmL(~,u,ng‘u, tCD%u)vDyL('vung?uatCD%u)aDzL('auaOCD?UV?D%U))

is continuous, so that ¢’ is continuous from E?% into (E“)*, and the proof is com-
pleted. O

Theorem 6.2. Let £ < a < 1 and ¢ be defined by (6.26). If condition (A) is
satisfied and u € E% is a solution of corresponding Euler equation ¢'(u) = 0, then

w is a solution of BVP (6.20) which, of course, corresponding to the solution of
BVP (6.1).
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Proof. By Theorem 6.1 and Proposition 1.10, we have
0= (¢'(u),v)

== /OT %[(oCD?U(t)fD%v(t)) + (CD2u(t), SD (1)) dt

_/O (VE(t, ult)), v(t))dt (6.31)

1

B T 1 Da—l CDa / Da—l CDa / d

= [ (3P E0run. vy ~ 3DF E0gu). 0 ) a
T

_/0 (VE(t,u(t)), v(t))dt

for all v € E“.
Let us define w € C([0, T],RY) by

w(t) :/0 VF(s,u(s))ds, te€][0,T],

/()T(w(t),vl(t))dt: /OT < /Ot(VF(s,u(s)),U/(t))ds> "

By the Fubini theorem and noting that v(7') = 0, we obtain

/()T(w(t),vl(t))dt = /OT (/ST(VF(S,@L(S)),U’(t))dQ ds

:/O (VE(s,u(s)),v(T) —v(s))ds

so that

T
__ /O (VF(s,u(s)),v(s))ds.

Hence, by (6.31) we have, for every v € E%,

T
/ (1 OD?*(SDfu(t))—;tD%*(fD%u(t»+w<t>,v'<t>)dt—o. (6.32)
0

2
If (ej) denotes the canonical basis of RY, we can choose v € E* such that
v(t) = sin @ej or u(t)=e; — cos@ej, k=1,2,... and j=1,...,N.
The theory of Fourier series and (6.32) imply that
3 oDF D5 u() — 5 DENEDFu() + wlt) = C,

a.e. t € [0,7], for some C' € RY. According to the definition of w € C(]0,T],RY),
we have

1 — 1 a— a K
5 oD EDFuD) - 5 DFEDfult) = - [ VF(s,ul)ds +C,
0

a.e. t € [0, 7], for some C € RV,
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In view of VF(-,u(-)) € L([0,T],RY), we shall identify the equivalence class
D*(u(t)) given by (6.21) and its continuous representation

D(u(t) = 5 oDF (EDFu(0) — 5 D5 (EDFu(r)
. (6.33)
= —/ VFE(s,u(s))ds+C
0

for t € [0, 7.

Therefore, it follows from (6.33) and a classical result of Lebesgue theory that
—VF(-,u(-)) is the classical derivative of D*(u(t)) a.e. on [0,T] which means that
(i) in Definition 6.2 is verified.

Since u € E® implies that u € AC([0, T], RY), it remains to show that u satisfies
(6.20). In fact, according to (6.33), we can get that

D) = 5 (5 oDE D) - § DFEDFU0) ) =~V 0 ule)

Moreover, u € E* implies that «(0) = «(T") = 0, and therefore (6.1) is verified. The
proof is completed. O

From now on, ¢ given by (6.26) is considered as a functional on E* with % <
a<1.

6.2.4 FExistence under Ambrosetti-Rabinowitz Condition

According to Theorem 6.2, we know that in order to find solutions of BVP (6.1),
it suffices to obtain the critical points of functional ¢ given by (6.26). We need to
use some critical point theorems.

First, we use Theorem 1.14 to consider the existence of solutions for BVP (6.1).
Assume that condition (A) is satisfied. Recall that, in our setting in (6.26), the
corresponding functional ¢ on E* given by

ot = [ (= 3E0ru0. D500 - Fut) )ar

is continuously differentiable according to Theorem 6.1 and is also weakly lower
semi-continuous functional on E“ as the sum of a convex continuous function (see
Theorem 1.2 in Mawhin and Willem, 1989) and of a weakly continuous one (see
Proposition 1.2 in Mawhin and Willem, 1989).

In fact, according to Proposition 6.3, if uy — w in E%, then up — u in
C([0,T),RN). Therefore, F(t,u(t)) — F(t,u(t)) a.e. t € [0,T]. By Lebesgue
dominated convergence theorem, we have fOT F(t,ug(t))dt — fOT F(t,u(t))dt,
which means that the functional u — fOT F(t,u(t))dt is weakly continuous
on E%  Moreover, the following lemma implies that the functional v —
- fo [(§Dgu( ,tCD%u( ))/2]dt is convex and continuous on E%.
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Lemma 6.2. Let 1 < o < 1 and condition (A) be satisfied. If u € E, then the
functional H : E* — RN denoted by

H(w) =5 [ (§DFu(). EDule))dr

0
is convex and continuous on E<.

Proof. The continuity follows from (6.22) and (6.17) directly. We are now in a
position to prove the convexity of H.

Let A € (0,1), u,v € E* and @, ¥ be the extension of u and v by zero on R/[0, T
respectively. Since Caputo fractional derivative operator is linear operator, we have
by Remark 6.2 and (6.23) that

H((1 = Nu+ )
1

T
~ 73 / (D7 (1 = Mu(t) + M(#)), FDE((1 = Mu(t) + Mo(t)))dt
0

T
- _% / (0D ((1 = Nu(t) + (1)), 1DF((1 = Nu(t) + Av(t)))dt
0
:*%/ (Coe D (L = N)(t) + A0(8)), 1D (1 = Nalt) + No(1))
““?“ﬂ/ o D (1 = Nalt) + Xo(t))2dt
fkgﬁd[,«rm»mDﬁwF+&mD%wﬂﬁ
= [T (- . D) - S Capa. D) )

T _
= [ (- 5526D8u0.ED5u(0) - 5ED o). ED50(0)
= (1 - \)H(u) + A\H(v),

which implies that H is a convex functional defined on E%. This completes the
proof. O

According to the arguments above, if ¢ is coercive, by Theorem 1.14, ¢ has a
minimum so that BVP (6.1) is solvable. It remains to find conditions under which
@ is coercive on B, i.e. lim|,|, oo p(u) = +o00, for u € E¥. We shall see that it
suffices to require that F(¢,z) is bounded by a function for a.e., t € [0, 7] and all
r € RV,

Theorem 6.3. Let a € (3,1] and assume that F satisfies condition (A). If
|F(t, )| < alz|* +b(t)|z|>~7 +&t), tel0,T), xveRY, (6.34)

where @ € [0, |cos(ma) T3 (a + 1)/2T%*), v € (0,2), b € L*7([0,T],R), and ¢ €
LY([0,T],R), then BVP (6.1) has at least one solution which minimizes ¢ on E<.
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Proof. According to arguments above, our problem reduces to prove that ¢ is
coercive on E®. For u € E%, it follows from (6.22), (6.34) and (6.13) that

u——1 Cpa U —T U
() = /1<D u(t), D2u(t))dt A F(t, u(t))dt

|cos e I/ (t)] dt_a/OT lu(t)|?dt
_/ b(t)u(t)|2_’ydt—/OTC(t)dt

|cos(ma)

T
—Wm@awﬁpé B(6) [u(t) Pdt — 2,

|cos(mar)] _ T _ V2 T 1=z
> |l — allullz: - ; [b(t)[*/dt i u(t)|dt —a
(

_ 7 2— _
= ulla —allullZ: — bullullz:” — &

2
|cos(ma)|, o ar* 2 7 2-y _ -
> = v
> Lotz — Pl -8 iz - a

cos(ma a2 _ TO‘ 2 v
_ (leostmal _ Jull2 — By 2 — e,
2 I?(a+1) T(a+1)

_ _ /2
where by = ( I \b(t)|2/vdt)7 and & = [ &(t)dt
Noting that a € [0, |cos(ma)|T?(a + 1)/272%%) and v € (0,2), we have
o(u) = 400 as ||ullo — o0,

and hence ¢ is coercive, which completes the proof. O

Our task is now to use Theorem 1.15 (Mountain pass theorem) to find a nonzero
critical point of functional ¢ on EF<.

Theorem 6.4. Let o € (3,1] and suppose that F satisfies condition (A). If

A1) F € C([0,T] x RN,R) and there exists p € [0,%) and M > 0 such that
2
0< F(t,x) < u(VF(t,z),z) for all z € RN with |z| > M and t € [0,T);
A2) limsup F(t,z)/|z|? < |cos(ma)|T?(a + 1)/2T% uniformly for t € [0,T
|z]—0

and x € RY;

are satisfied, then BVP (6.1) has at least one nonzero solution on E®.

Proof. We will verify that ¢ satisfies all conditions of Theorem 1.15.
First, we will prove that ¢ satisfies (PS) condition. Since F(t,z)—u(VF(t, x), z)
is continuous for ¢ € [0, 7] and |z| < M, there exists ¢ € RT, such that
F(t,z) < W(VF(t,x),x) +c, tel[0,T], |z|<M.
By condition (Al), we obtain
F(t,x) < W(VF(t,2),x) +¢c, t€[0,T], zecRVN. (6.35)
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Let {ur} C E°, Jp(ur)| < K, k=1,2,..., ¢'(ur) — 0. Notice that
T

<‘Pl(uk)auk>:_/0 (6D uk(t), ¥ DFur(t)) + (VE(t, ux(t)), ur(t)]dt.  (6.36)

It follows from (6.35), (6.36) and (6.22) that
1 /7 T
K = plu) = =5 [ (§DFu(0). EDFu0)de — [ Flt,us(ods
0 0

T T
- / (D& (t), EDGur (1)t — p / (VF (£, un(8)), w (1)) dt — T
0 0

v

2

T
(1=3) [ Goru). E0pu 0t + e () ) 7

1
> (5 - 0 )leostmalnl = sl ()l = T =12
Since ¢’ (uy) — 0, there exists Ny € N such that
1
K> (5= u)leostme)llunl = sl = T, &> 8,

and this implies that {u;} C E® is bounded. Since E® is a reflexive space, going
to a subsequence if necessary, we may assume that v — u weakly in E<, thus we
have

(' (wn) — @' (W), up —w) = (' (wn), w, — u) — (&' (w), w, — )
< 1" (w)lallun — ulla — (' (w), up — w) (6.37)
— 0, as k — oo.

Moreover, according to (6.14) and Proposition 6.3, we have uj is bounded in
C([0,T],RY) and |lux — u|| — 0 as k — oo. Hence, we have

/T VE(t,ug(t))dt — /T VFE(t,u(t))dt, ask — oco. (6.38)
0 0

Noting that
(¢ (ur) — @' (), up — u)

== [ 6D ) = (). D5 (1) — u(e))a
T
= [ (V) = VP ute)). (1) = u(0) )

> [cos(ma)|Jux — ul — \ / (VE(t,ui () — VE(tu(t)))dt

l[ur, = ull.

Combining (6.37) and (6.38), it is easy to verify that |lux — ul|2 — 0 as k — oo,
and hence that u; — v in E. Thus, we obtain the desired convergence property.
From limsupy,_,o F(t,x)/|z[> < |cos(ma)[T?(a + 1)/2T%* uniformly for ¢t €
[0,T], there exists € € (0, |cos(mar)]) and § > 0 such that F(t,z) < (Jcos(ma)| —
€)(T2(a+1)/272%%)|z|? for all t € [0,T] and = € RY with |z| < 4.
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Let p = %5 and 0 = €p?/2 > 0. Then it follows from (6.14) that

Jull < B ula=
F(a)((a — 1)/2 1 1)3

for all u € E* with ||ul|o, = p. Therefore, we have

ol = =5 [ €Dz E0puw)e~ [ (e un)ar

COS(TTY 2 @] T
>L—LJMm@fUmammfafieiQ/“W@Wﬁ
0

- 2 272«
|cos(7ra)|

> lull?, (|COS(7Ta)\ —o)lull?
1

=;Mﬁ

=0

for all u € E* with ||ul|o, = p. This implies (ii) in Theorem 1.15 is satisfied.

It is obvious from the definition of ¢ and (A2) that ¢(0) = 0, and therefore, it
suffices to show that ¢ satisfies (iii) in Theorem 1.15.

Since 0 < F(t,x) < u(VF(t,z),x) for all x € RY and |z| > M, a simple
regularity argument then shows that there exists 1,79 > 0 such that

F(t,x) > r|z[Y" —ry, zeRN, te[0,T)

For any u € E* with u # 0, x > 0 and noting that x € [0, 1) and (6.22), we have

T T
p(ku) :7%/0 (ng‘/iu(t),tCD%/w(t))dtf/o F(t,ku(t))dt

2 T
n 2 1/p
2lcos(ra)| - )M Edt + T
e e Rl MO R
2
- r 2 1 1//1,
- W”u”a —T1K /“Hu||L1/“ + 7T
— —0

as kK — 0o. Then there exists a sufficiently large ko such that ¢(rkou) < 0. Hence
(iii) in Theorem 1.15 holds.

Lastly noting that ¢(0) = 0 while for our critical point u, p(u) > o > 0. Hence
u is a nontrivial weak solution of BVP (6.1), and this completes the proof. O

Corollary 6.1. V « € (5, 1], suppose that I satisfies conditions (A) and (A1). If

1
bR
(A2) F(t,z) = o(|z|?), as |x| — 0 uniformly for t € [0,T) and x € RN

is satisfied, then BVP (6.1) has at least one nonzero solution on E<.
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6.2.5 Superquadratic Case

Under the usual Ambrosetti-Rabinowitz condition, it is easy to show that the en-
ergy functional associated with the system has the Mountain Pass geometry and
satisfies the (PS) condition. However, the A.R. condition is so strong that many
potential functions can not satisfy it, then the problem becomes more delicate and
complicated.

Assume that F : [0,T] x RN — R satisfies the condition (A) which is assumed
as in Subsection 6.2.3.

In the following, we introduce the function space E<, where a € (%, 1]. For
u € E%, where

E* = {ue L*0,T;RY): §Dfue L*(0,T;RY)}

is a reflexive Banach space with the norm defined by

Jullo = 1§D5 ull L,

and
= t)].
Jull = max. fu(t)

It follows from Theorem 6.1 that the functional ¢ on E“ given by

ot = [ (=5 6D8u0), D7) ~ Flt.ule))

is continuously differentiable on E“. Moreover, we have

1
(¢'(w.0) = = [ 5 (EDFule). £DF(0) + (EDFu(e). §D7(0) at

T
—/0 (VF(t,u(t)),v(t))dt.

Recall that a sequence {u,} C E“ is said to be a (C) sequence of ¢ if ¢(u,,) is
bounded and (1 + ||un||a)]l@(tn)||e — 0 as n — oco. The functional ¢ satisfies con-
dition (C) if every (C) sequence of ¢ has a convergent subsequence. This condition
is due to Cerami, 1978.

For the superquadratic case, we make the following assumptions:

2
(A3) lim_ R =0, liz inf P2 > L > romamaearep—sa Wwiformly for
some L > 0 and a.e. t € [0,T];
(A4) limsup Fl(mtlf) < M < 400 uniformly for some M > 0 and a.e. t € [0,T];
|z|—=+o00

(A5) liminf (VE(t.2).2)=2F(t.2) > () > 0 uniformly for some Q > 0 and a.e. t €

|z| =400 BB

[0,T], where r > 2 and p > r — 2.

We will first establish the following lemma.

Lemma 6.3. Assume (A), (A4), (A5) hold, then the functional p satisfies condition
(C).
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Proof. Let {u,} C E* is a (C) sequence of ¢, that is ¢(u,) is bounded and

(14 JJlunlla)||¢' (un)|la = 0 as n — co. Then there exists My such that
lo(un)] < Mo and (1 + [[unla) [l (un)lla < Mo,

for all n € N.
By (A4), there exist positive constants By and M; such that

F(t,x) < Balz|”
for all |z| > M; and a.e. t € [0,T].
It follows from (A) that

F(t < b(t
() < max o))

for all |z| < My and a.e. ¢ € [0,T]. Therefore, we obtain

F(t,z) < Bylz|" b(t),
(t,x) < Bylz| +s€r[%§;v<h]a(8) (t)

for all z € RY and a.e. t € [0, 7).
Combining (6.22) and (6.40), we get

|cos(mar)|

T
gl < o)+ [ Pt o)

T T
< My + max a(s)/ b(t)dt + Bl/ |un, (2)]"dt.
SE[O,M]] 0 0
On the other hand, by (A5), there exist n > 0 and Ms > 0 such that
(VF(t,x),x) = 2F(t,x) > nlz|*
for a.e. t € [0,T] and |z| > M,.
By (A), we have

[(VE(t,@),0) = 2F(t,2)] < 24+ Ma) _max. als)b()

for all |z| < My and a.e. ¢t € [0, 7).

Therefore, we obtain

(VF(t,x),x) — 2F(t,z) > n|z|* — (2 + Ms) r[%al\%[ ]a(s)b(t)7
s€ |0, M2

for all z € RY and a.e. t € [0, 7.
It follows from (6.39) and (6.42) that

3My > 290(1%) - <‘P/(Un)a“n>

T 1 N .
:2/0 [_§(th U’n(t)’ thTUn(t))—F(t,un(t))]dt

T
- /O [ = EDf un(t), FDFun(t)) — (VE(t,un(t)), un(t))] dt

(6.39)

(6.40)

(6.41)

(6.42)
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T
= /O [(VE(t, un(t)), un(t)) = 2F (¢, un(t))]dt

T T
> n/ |, (8)|Mdt — (2 4+ Mz) max a(s) / b(t)dt,
0 s€[0, Ma] 0

thus, [ u,(t)["dt is bounded.
If > r, then

T T
p—r r/
/ ()7t < 7 (/ ()"
0 0

which combining (6.41) implies that ||uy,||o is bounded.
If p < r, then
T T T
| tua0rae < el [ punolde < €5l [ et
0 0 0
where
T3
Cl = .1
Ia)(2a —1)2
by (6.14).
Since p > r — 2, it follows from (6.41) that ||uy,|/o is bounded too. Thus ||ty ||«
is bounded in E“.

By Proposition 6.3, the sequence {u,, } has a subsequence, also denoted by {u, },
such that

Up —u in E* and wu, —u in C([0,T],RY).

Then we obtain u,, — u in E* by use of the same argument of Theorem 6.4.
The proof of Lemma 6.3 is completed. O

We state our first existence result as follows.

Theorem 6.5. Assume that (A3)-(A5) hold and that F(t,x) satisfies the condition
(A). Then BVP (6.1) has at least one solution on E®.

Proof. By (A3), there exist ¢; € (0, |cos(wer)|) and 6 > 0 such that
I?(a+1)

F(t,x) < (|cos(ma)| — €1) 5T%a ||
for a.e. t € [0,7] and = € RY with |z| < 4.
Let
T(a)(2(—1)+1)2 2
p= (@)2(a 1)+ ) § and o= 5.
T 3
Then it follows from (6.14) that
T3
[[ull < ulla =6

L(a)(2(a—1)+1)2
for all u € E* with ||ullq = p.
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Therefore, we have

T
o0 = [ [ EDFute). £DFu(0) ~ F(t.ut)]
2 a T
> T — (os(ra) - ) e [ fu(oP
|cos(ma)| |cos(ma)| — €1
> feostmally, o leostmall =,
= 2

for all u € E* with |Jul|o = p. This implies that (ii) in Theorem 1.15 is satisfied.
It is obvious from the definition of ¢ and (A3) that ¢(0) = 0, and therefore, it

suffices to show that ¢ satisfies (iii) in Theorem 1.15.
By (A3), there exist e > 0 and M3 > 0 such that

7T2

P00 > (oo = )

for all |z| > M5 and a.e. t € [0, 7).
It follows from (A) that

F(t,z) < b(t),
|F'( w)\_sel[%%]a(S) ()

for all |z| < Mj and a.e. t € [0,T.
Therefore, we obtain

71_2

Flt,o) 2 (|cos(m)|r2(2 — Q)T (3 -

- b(t
Jnax a(s)b(t),

for all z € RY and a.e. t € [0, 7).
Choosing ug = (T sin 7£, 0, ...,O) € E%, then

s

T3—2a

s ) (ol = 23)

luoll7 = and ||uolly, <

T
272

CTI22-a)(3-2a)

(6.43)

(6.44)
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For ¢ > 0 and noting that (6.43) and (6.44), we have

T
plewn) = [ [~ 5 EDru(t). £Dgu(0) = F(t.sun(0)]

2
’ 2
S mHUoHa
2.2 T
¢ 9 9
B t)|°dt + C
(lCOS(wa)|T2aF2(2—a)(g_ga) +< 62)/0 lug (t)|*dt + Ca
< §2 T372oz
= 2lcos(mar)| T?(2—a)(3 —2a)
(27'['2 T3 §262T3

_ o2 Lo
cos(a)| T2 T2(2 —a)(3 —2a) 272 2m2 7

— —00
as ¢ — 00, where Cs is a positive constant. Then there exists a sufficiently large ¢
such that ¢(goup) < 0. Hence (iii) in Theorem 1.15 holds.
Finally, noting that ¢(0) = 0 while for critical point u, ¢(u) > o > 0. Hence u
is a nontrivial solution of BVP (6.1), and this completes the proof. O

We give an example to illustrate our results.
Example 6.1. In BVP (6.1), let
F(t,z) = In(1 + 2|z|?)|z|?.
These show that all conditions of Theorem 6.5 are satisfied, where
r=25, p=2.
By Theorem 6.5, BVP (6.1) has at least one solution u € E%.

6.2.6 Asymptotically Quadratic Case

For the asymptotically quadratic case, we assume:

(A4)’ limsup Fltr) < M < +0o uniformly for some M > 0 and a.e. ¢ € [0,T7;

||
|z|—+o0
(A6) there exists 7(t) € L*([0,T],R*") such that (VF(¢,z),x) — 2F(t,z) > 7(t) for
all z € RY and a.e. t € [0,T);
(A7) | |lim [(VE(t,x),xz) — 2F(t,x)] = +oo for a.e. t € [0,T].
x| —+00

Theorem 6.6. Assume that F(t,x) satisfies (A), (A3), (A4), (A6) and (A7).
Then BVP (6.1) has at least one solution on E<.

The following lemmas are needed in the proof of Theorem 6.6.

Lemma 6.4. Assume that (A7) holds. Then for any e > 0, there exists a subset
E. C [0,T] with a([0, T\E:) < € such that
lim [(VF(t,x),x) —2F(t,z)] = 400

|z|— 00

uniformly fort € E..
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The proof is similar to that of Lemma 2 in Tang and Wu, 2001, and is omitted.

Lemma 6.5. Assume that (A), (A4), (A6) and (A7) hold. Then the functional ¢
satisfies condition (C).

Proof. Suppose that {u,} C E* is a (C) sequence of ¢, that is ¢(u,) is bounded
and (1 + [Jun|la)|l¢’ (un)||lo — 0 as m — co. Then we have

lim inf[(p' (un), un) — 2¢(un)] > —o0,

n—oo
which implies that

T
lim sup/0 [(VE(t,upn), un)—2F(t, up)|dt < 4o0. (6.45)

n—oo

We only need to show that {u,} is bounded in E. If {u, } is unbounded, we may
assume, without loss of generality, that ||uy|lo — o0 as n — co. Put z, = ol
we then have ||z,]lo = 1. Going to a sequence if necessary, we assume that z, — z
in B, 2, — z in C([0,T],RY) and L3([0, T],RY).

By (A2)', it follows that there exist constants By > 0 and My > 0 such that

F(t,) < Bafal?

for all |z| > My and a.e. t € [0, 7).
By condition (A), it follows that

F(t < b(t
F(t2)] < max o))

for all |z| < My and a.e. t € [0,T]. Therefore, we obtain

F(t. z) < Bslz|? b(t
(t,x) < Ba|z| +SE%§I>§I4]G(S) (t)

for all z € RY and a.e. t € [0,T]. Therefore, we have
Troa
ol = [ [~ 3 GDFute) DFue) = Ple. )

T T
> Mnungf&/ lul2dt — max a(s)/ b(t)dt,
2 0 SE[O, M4] 0

from which, it follows that

o) _ [cos(ra) , 1 /T
> — Bsl|zn — —— max a(s b(t)dt.
= 2 2llznlli, = g e o) b

Passing to the limit in the last inequality, we get
|cos(mar)|
2

which yields z # 0. Therefore, there exists a subset E C [0,T] with «(E) > 0 such
that z(t) #0 on E.
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By virtue of Lemma 6.4, for ¢ = %oz(E) > 0, we can choose a subset E. C [0,7]
with ([0, T]\E:) < € such that

| l‘im [(VE(t,x),z) — 2F(t,x)] = +o0, (6.46)
&T|—r0o0
uniformly for ¢ € F,.

We assert that a(F () E:) > 0. If not, «(E( E:) = 0.

Since E = (E( E:) J(E\E:), it follows that

0 < a(E) = o(E( ) E:) + a(E\E.)

< o([0, T\E)
<e= %a(E),

which leads to a contradiction and establishes the assertion.
By (A6), we obtain

/ T[<VF(t,un),un) — 2F(t, uy,)|dt
0

- / [(VF(t,un), up) — 2F(t, u”)]dt
ENE-.
(6.47)
+/ (VE(tun), un) — 2F(t,un)dt
[0, TI\N(EN E:)

>/EnEs[(VF(t,un),un)—2F(t,un)]dt—/0 |7(¢)|dt.

By (6.46), (6.47) and Fatou lemma, it follows that

T
lim [(VE(t,up), un) — 2F(t,uy,)]dt = +o0,

n—oo 0

which contradicts (6.45). This contradiction shows that ||uy|| is bounded in E¢
and this completes the proof. O

Theorem 6.7. Assume that F(t,x) satisfies (4), (A3), (A4) and the following
conditions:

(A6) there exists T(t) € L'(0,T;RT) such that (VF(t,z),x) — 2F(t,z) < 7(t) for
allz € RN and a.e. t € [0,T);

(A7) ‘ llim (VE(t,x),x) — 2F(t, x)]
x| —+o0

—o0 for a.e. t € [0,T].

Then BVP (6.1) has at least one solution on E®.

By virtue of Lemma 6.4 and Lemma 6.5, similar to Theorem 6.5, we can complete
the proof of Theorem 6.6 by using the similar proof of Theorem 6.5. Theorem 6.7
can be proved similarly.

We give an example to illustrate our results.



322 Basic Theory of Fractional Differential Equations

Example 6.2. In BVP (6.1), let T'= 27 and F(¢,7) = xf(x)(2 + sint) arctan |z|?,
where k > 0 and f(z) will be specified below.
Let f(z) = |2|? + In(1 + |z|?). Noting that 0 < In(1 + |z|?) < |z|?, we see that
(A) and (A4)" hold. It is also easy to see that (A3) hold for
(27r)1—2a
|cos(ma)|T2(2 — a)(3 — 2a)°

Furthermore, we have

2|$|2 2
(V4(@).2) = 2f(@) = 1o — 2n(L+ [af?) > —oc

as |z| = +o0. Therefore, we have
(VF(t,x),x) — 2F(t, )
2 2
= K7 —§|—xx|4 (x)(2 4 sint) + 6[(Vf(x),z) — 2f(x)](2 + sint) arctan |x|?

— —00

uniformly for all ¢ € [0, 27] as |z] — +oo. Thus (A6)’ and (A7)’ hold. By virtue of
Theorem 6.7, we conclude that BVP (6.1) has at least one solution on E.

If f(z) = |z|> —In(1 + |=|?), then exact the same conclusions as above hold true
by Theorem 6.6.

6.3 Multiple Solutions for BVP with Parameters

6.3.1 Introduction

In this section, we study the existence of three solutions to BVP of the form

%(%Opﬂf (' (1)) + %tD;ﬁ (w'(1))) + AVF(t,u(t) =0, te0,7],

u(0) =u(T) =0,

(6.48)

where T" > 0, A > 0 is a parameter, 0 < g < 1, OD;B and tD;B are the left and
right Riemann-Liouville fractional integrals of order (3, respectively, N > 1 is an
integer, F : [0,T] x RY — R is a given function such that F(¢,x) is measurable
in t for each x = (x1,...,2x5) € RY and continuously differentiable in x for a.e.
t €[0,7], F(t,0,...,0) = 0 on [0,7], and VF(t,x) = (0F/0x1,...,0F/0xy) is
the gradient of F' at x. By a solution of (6.48), we mean an absolutely continuous
function u : [0, 7] — RY such that u(t) satisfies both equation for a.e. t € [0, T and
the boundary conditions in (6.48). We notice that when 5 = 0, problem (6.48) has
the form

' (t) + A\VF(t,u(t)) =0, tel0,T],
{u(O) =u(T) =0, (6.49)

which has been extensively studied.
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The equation in (6.48) is motivated by the steady fractional advection dispersion
equation studied in Ervin and Roop, 2006,

—Da(poD;”? + q:D7?)Du+ b(t) Du + c(t)u = f, (6.50)

where D represents a single spatial derivative, 0 < p,q < 1 satisfying p + ¢ = 1,
a > 0 is a constant, and b, ¢, f are functions satisfying some suitable conditions.
The interest in (6.50) arises from its application as a model for physical phenom-
ena exhibiting anomalous diffusion; i.e., diffusion not accurately modeled by the
usual advection dispersion equation. Anomalous diffusion has been used in mod-
eling turbulent flow (see, Carreras, Lynch and Zaslavsky, 2001; Shlesinger, West
and Klafter, 1987), and chaotic dynamics of classical conservative systems (see,
Zaslavsky, Stevens and Weitzner, 1993). The reader may find more background
information and applications on (6.50) in Benson, Wheatcraft and Meerschaert,
2000a; Ervin and Roop, 2006.

Example 6.3. When N = 1, problem (6.48) reduces to the scalar BVP

%(%OD? Y1) + 5 DR (0)) + At () =0, e 0,7,
u(0) = u(T) =0,

(6.51)

where f:]0,7] x R — R is such that f(¢,z) is measurable in ¢ for each z € R and
continuous in z for a.e. t € [0,T].

It is clear that the equation in (6.51) is of the special form of (6.50) with D =
d/dt,a=1,p=qg=1% b(t)=c(t) =0, and f = Af(t,u).

We also notice that since (6.50) is the steady fractional advection dispersion
equation, it has no dependence on the time variable and it just depends on the
space variable ¢ (here, the notation ¢ stands for the space variable in (6.50)). Since
the space we studied is one dimensional and has the form of an interval, say [0, 7],
the boundary conditions in the space reduce to the conditions at the two endpoints
t = 0 and t = T of the interval. In Subsection 6.3.2, we discuss the existence of
Dirichlet type boundary conditions.

6.3.2 FExistence

For 0 < 8 < 1 given in (6.48), let « =1 — g € (3,1] and define

16N 1 /T\3 2 sT/4 | T,
_ L 52
Pa T2F2(2—Ck) <3— 20[(4) +/T/4 g (t)dt+/3T/4h (lf)dt)7 (6 5 )

where

g(t)y =t — (t = T/4)t~, (6.53)
h(t) =t — (t = T/4) ™ — (t — 3T/4)'~. (6.54)
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In the remainder of this section, for some ¢, d,l, m,p € R, let the bold letters c,
d, 1, m, and p be the constant vectors in RY defined by

c=(¢..,c), d=(d,...d), 1=(1,...,1), m=(m,..,m), p=(p,..p),
and any other bold letter, such as x, is used to denote an arbitrary vector in RV.

Let E be the space of functions u € L?([0,T],RY) having an a-order Caputo
fractional derivatives {D¢u € L2([0,7],RY) and w(0) = u(T) = 0. Then, by
Remark 6.1(i) and Proposition 6.1, E“ is a reflexive and separable Banach space
with the norm

T T 1
ullo = (/ lu(t)|*dt +/ g 7?‘u(t)|2dt> *, for any u € E“.
0 0

We see that the norm ||u||, is equivalent to the norm defined as the follow

T 1
Ullg = Cpoy(t)2dt ) for any u € E“.
[[ul ; loDs ; y

We recall the norms
T 1
e = ([ 1u®Par)” and full = s fulo)l.
For u € £, let the functionals ® and ¥ be defined as follows
1

T
D) =~ /0 (§D2u(t), EDGu(t)) dt, (6.55)

U(u) = /0 F(t,u(t))dt. (6.56)

Then, by Theorem 6.1, we see that ® and ¥ are continuously differentiable, and for
any u,v € F%, we have

<<I>'<u>,v>=—% /0 [(GDFu(t), fDFo(t)) + (fDFu(t), §Dfo(t))]dt,  (6.57)
T
W0 = [ (VF (o), o).
0

Parts (i) and (ii) of Lemma 6.6 below are taken from Lemma 6.2 and Theorem 6.2,
respectively.

Lemma 6.6. We have that

(i) The functional ® is convex and continuous on E<.
(ii) If u € E* is a critical point of the functional ® — AV, then u is a solution of
BVP (6.48).

‘We now state the results of this subsection.

Theorem 6.8. Assume that there exist four positive constants ¢, d, I and m, with

1
T 2pid
“p T < |cos(ma)|l < |cos(max)|m, (6.58)

d<m and ¢c< —————
Ia)(2a —1)2
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such that
F(t,x) >0, for (t,x) € [0,T] x [-m,m]", (6.59)
‘mlzix F(t,x) < F(t,c), l‘rnlagF(t,x) < F(t,1), |1r|1:<ix F(t,x) < F(t,m), (6.60)

[T F(t,c)dt I'?(a)cos?(ma)(2a — 1) ST/4 T
s < ( /T P /0 F(t,c)dt), (6.61)

T 2 2 4
Jo F(t,dt - I'*(a)cos®(mar) (2 — 1) (/BT/ F(t,d)dt — /T F(t,c)dzf>7 (6.62)
0

12 T20=1p d2 T/4
T «
fy F(t,m)dt T2%(a)cos?(ra)(2a —1) [ [3T/* r
F(t,d)dt — F(t,c)dt |.
B T T ipd /m t,d) /o )
(6.63)

Then, for each A € (A, \), the system (6.48) has at least three solutions uy, us and us
such that max,e(o 1) [u1(t)] < ¢, maxyejo, ) luz(t)| < I, and maxycjo ) lus(t)] < m,
where

A= pad” (6.64)
~ 2lcos(ma (fsTM (t,d) dtffo dt)

and

3 — min {FQ( a)(2a — 1)|cos(ra)|c? T?(a)(2a — 1)|cos(ra)|l?
T20-1 [T F(tc)dt 2721 [T F(t,1)dt
9 f X 5 9 f (6.65)
()20 — 1)|cos(7ra)|(m -1 )}
2721 [ F(t, m)dt '
Proof. For any z € R, let p(x) = max{—m, min{z,m}}. For any x =

(z1,...,xn5) € E®, let F(t,x) = F(t,%), where X = (p(z1),...,p(zx)). Then,
F(t,x) is measurable in ¢ for each x € RY and continuously differentiable in x for
a.e. t € [0,T], and F(¢,0,...,0) =0 on [0,T]. Note that —m < p(u;) < m for any
u=(ug,...,uy) € E“andi=1,...,N. Then, (6.59) implies that
F(t,u) >0, for (t,u) € [0,T] x E*. (6.66)

Note that d < m and ¢ < < m by (6.58). Then, we have

F(t,x) = F(t,x), for (t,x) € [0,T] x RY with |x| < m,

F(t,c) = F(t,c), F(t,d) = F(t,d), (6.67)

F(t,1) = F(t,1), F(t,m)= F(t,m).

Let the continuously differentiable functional ® be given by (6.55) and the func-
tional ¥ be defined by

\If(u)/OTF(t,u(t))dt, for u € E°. (6.68)
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Then, by Proposition 6.4 and (6.55), we have

1 1
§\cos(wa)| ul|?2 < ®(u) < M||UH§, for u € E*. (6.69)
Moreover, ¥ is continuously differentiable, and for any u,v € E®, in view of (6.66),
we have

) >0 and (¥(u),v) = /0 (VE(t, u(t)), o(t))dt. (6.70)

In the following, we will apply Theorem 1.19 with X = E“ to the functionals ®
and U.

We first show that some basic assumptions of Theorem 1.19 are satisfied. The
convexity and coercivity of ® follow from Lemma 6.6(i) and (6.69), respectively.
For any u,v € E%, from Proposition 6.4 and (6.57),

(@' (u) = @' (v),u—v)
1 r « (6% « «
=3 / (D), £D (u(t) = v(1)) ) + (FDFu(t), §D (u(t) — v(1)) ) |t

+ % /OT [(§D0(@), £D3 (u(t) = v(t)) + (£DFo(b), §D7 (u(t) — v(t)) ) at

T /0 (5D (u(®) = v(1), £Dg (u(t) = v(®)) ) at
> |cos(ma)| [lu — v]|3.

Thus, ¢’ is uniformly monotone. Hence, by Theorem 26.A(d) in Zeidler, 1990,
(@)~ : (E¥)* — E“ exists and is continuous. Suppose that u, — u € E°.
Then, by Proposition 6.3 u, — « in C([0,T],RY). Since F(t,x) is continuously
differentiable in x for a.e. ¢ € [0,1], from the derivative formula in (6.70), we have
\il’(un) — \if’(u), i.e., ¥ is strongly continuous. Therefore, U’ is a compact operator
by Proposition 26.2 in Zeidler, 1990.

Next, note that the facts that F(t, 0,...,0) = 0 on [0,7T] and the inequality in
(6.70), from Proposition 6.4, (6.55) and (6.68), we see that conditions (i) and (ii)
of Theorem 1.19 are satisfied.

Now, we show that condition (iii) of Theorem 1.19 holds. For i = 1,..., N, let

Tta le [O7T/4)7
wi(t) =4 d, t € [T/4,3T/4],
4d

7 (T —1), te@T/4T],

and w(t) = (wy(t),...,wn(t)). Then, w € E* and
i = tel0,7/4),
“Tre—a) g(t), te[T/4,3T/4], (6.71)
h(t), te€ (3T/4,T),

6 Dfw;(t)
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where g(t) and h(t) are defined by (6.53) and (6.54). From (6.52) and (6.71),

T
| 1§pzute P
0

T 3T/4 T
N( [ gprwwpas [ gopwopas [ |€wa1<t>|2dt)
0

T/4 3T /4

16N 2 ( /T/“ - / T, g
=" 272t + gtdt+/ h(t)|2dt
2122 - «) 0 T/4 () 3T/4| )

16N d2 1 T\ 32 3T/4 , T
- = t)dt R2(t)dt
T2F2(2—a)<3—2a<4> +/T/4 g°(%) Jr/3T/4 ) >

= pad?.
Then, ||w||2 = pad?. Thus from (6.69) with u = w,

\cos(wa)|pad2 < P(w) < WpadQ. (6.72)
Let
- I'?(a)(2a — 1)\cos(7roz)|c2 ry = I'(a)(2a — 1)|cos(ra)| 2
2T2a—1 ’ 2T2a—1 ’
_ Pa)za = Deostra)l e (o7
r3 = m .

9T 2a—1
Then, from (6.58) and (6.72), we have r1 < ®(w) < ro and r3 > 0. For any u € E“,
from the first inequality in (6.69), we see that |jul|2 < 2®(u)/|cos(mwa)|. Then, by
(6.14) and (6.17), we have
T2a 1 TQa_l@(u)
= P -1 Pa)a - Do)l
Thus, by (6.73), we have the following implications
O(u) <r = Jull <e
D(u) <1y = |lul] <1, (6.74)
O(u) <ry+r13=|lul <m.
This, together with (6.60) and (6.67), implies
T T T
sup / F(t,u(t))dt < | max F(t,x)dt < / F(t,c)dt, (6.75)

u€d—1(—o00,r1) J0 0 Ixl<c

lull? <

T T
sup / F(t,u(t))dt < max F(t,x)dt < / F(t
u€d—1(—o0,r2) J0O 0 IxI<t

T T
sup / F(t,u(t))dt < max F(t,x)dt < / F(t,m)
u€P—1(—o0,r2+r3) 0 [xI<m

Let ¢, B, v and « be defined by (1.20)-(1.23). Then, taking into account the fact
that 0 € ®~1(—o0,7;), i = 1,2, from (6.68) and (6.73), it follows that

Dyt (—oory) ¥ 27201 [T F(t, c)dt
30(7"1) < SUPyed~1(—o00,r) (u) < fo ( ,C) ’
el I'?(a)(2a — 1)|cos(mar)|c?

(6.76)
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SUPycd—1(—o0,rs) \il(u) 27201 f F dt
< < 6.77
plra) < o = T2(a)(20 — 1)\cos(m)|z2’ (6.77)
i o
v(ra,73) = SUPuea—1 (—oo,r+ra) ¥ (1) < 21271 [y F(t,m)dt (6.78)
v rs = T2(a)(2a — D)jcos(ra)|(m? —17) *

On the other hand, in view of the fact that w(t) = d < m on [T/4,37/4] and from
(6.66) and (6.67),

T 3T/4 3T/4
/ F(t,w(t))dt > / F(t,w(t))dt = / F(t,d)dt.
0 T/4 T/4
Note that w € ®~1[ry,73), from (1.21) and (6.75), we obtain
, U (w) — ‘i’( )
> f —
B(T17T2) - u€q>7}1&1700’7,1 q)(w)

(w) — ‘i/( )
Zue<1> }?fmrl) (I)( )

f3T/4 E(t,d)dt — [ F(t,c
P (w)
By (6.72), 1/®(w) > 2|cos(ma)|/(pad?). Then
Blr1, ) > 2eos(ra)] (/3T/4F(t,d)dt _ TF(t,c)dt> . (679)

pad? T/4

Eu

For A and X defined by (6.64) and (6.65), from (6.61)-(6.63) and (6.76)-(6.79),

we have

p(r) < < B(ri,ra),

A
=]

< B(r17r2)7

1
A
1
p(ra) < X
<

AN
[>=] =

Y(ra,73) < B(ry,r2).

>l =

In view of (1.23), a(ry,re,73) < 1/A < 1/A < B(r1,72); i.e., condition (iii)
of Theorem 1.19 holds. Hence, all the assumptions of Theorem 1.19 are satisfied.
Then, by Theorem 1.19, for each A\ € (A, 5\), the functional ® — A\ has three distinct
critical points uy, up and uz such that u; € ®~1(—o0,r1), ug € ®~1[ry,7r3), and
uz € ®~1(—o0,r9 + r3). From (6.74), we have

[l <, uall <1 flusll < m.

Then, in view of (6.65), (6.67) and (6.68), we have U(u) = ¥(u). Therefore,
u1, uz and ug are three distinct critical points of the functional ® — AW. Thus,
by Proposition 6.6(ii), u1, us and ug are three distinct solutions of (6.48). This
completes the proof of the theorem. O
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The following results are consequences of Theorem 6.8. In particular, Corollaries
6.2 and 6.4 give some conditions for the system (6.49) to have at least three solutions,
and Corollary 6.3 provide some relatively simpler existence criteria for the system
(6.48).

Corollary 6.2. Assume that there exist four positive constants c, d, I and m, with
< (8N)zd <1< m,
such that (6.59) and (6.60) hold, and

T
fy F(t,c)dt 1 3T/4 T
F(t,d)dt — F
S < /T , e /O (t,c)dt ),
T
[y F(t,Dat 1 3T/4 T
F(t,d)dt — F(t,c)dt
12 <8Nd2 /T/4 (t,d) /0 (t,c) )
J F(t,m)dt 1 3T/4 T
e <P /M F(t,d)dt —/0 F(t,c)dt ).
Then, for each X € (A, \1), system (6.49) has at least three solutions uy, us, and us

such that max,e(o 1) [u1(t)] < ¢, maxyejo, ) [uz(t)] < I, and maxycjo ) lus(t)] < m,
where

\ 4Nd?
a1 = 3T/4 1
T( oyl Pt dydt — [ F(t,epat)
< c? 12 m? — 12
A1 = min R , T , T .
2T [, F(t,c)dt 2T [ F(t,)dt 2T [; F(t,m)dt

Proof. When a = 1, from (6.52), we have p, = 8N/T. Then, under the assump-
tions of Corollary 6.2, it is easy to see that all the conditions of Theorem 6.8 hold for
a = 1. Note that the system (6.49) is a special case of the system (6.48) with a = 1.
The conclusion then follows directly from Theorem 6.8. The proof is completed. [

Corollary 6.3. Assume that there exist three positive constants ¢, d and p, with

T 2p2d - |cos(ma)|p

d<pandc< T , 6.80
P [(a)(2a—1)2 V2 (6.:80)
such that
F(t,x) >0 for (t,x) € [0,T] x [-p,p]", (6.81)
13
max F'(t,x) < F(t,c), max F(t,x)<F(t,— ], max F(t,x) < F(t

HE RN o ( ﬁ) g Flbx) < Fltp),

(6.82)
JY F(t,c)dt  T2(a)cos?(ra)(2a—1) [37/4

F(t,d)dt .

& S TETp (1 + co(na)) /T/4 thdat,  (6:83)
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fOT F(t,p)dt _ I'?(a)cos?(ma)(2a — 1) /3T/4
p? 27?22 1p,d? (1 + cos?(mav))

Then, for each X € (Mg, X2), system (6.48) has at least three solutions uy, ug, and us

such that maxeo 1) |ui(t)| < ¢, maxsep, 77 [u2(t)| < p/V2, and max.epo 7 [us(t)| <

p, where

F(t,d)dt. (6.84)
T/4

pad? (1 + cos?(ma))

B 2\cos ) |fTT/4 (t,d)dt7 (6.85)
% = min § L(@)(2a = Dicos(ra)le” - T*()(2a — 1jcos(ra)lp?
e { 2720t foT F(t,c)dt = 4T20-1 foT F(t, p)dt } (6.86)

Proof. Let | = p/v/2 and m = p. Then, from (6.80)-(6.82), we see that (6.58)-
(6.60) hold. By (6.82) and (6.84), we have

foT F(t,1)dt _ 2foT (t,p/V2)dt 2fo

12 p? P

2

6.87
I'2(a)cos®(ra) (20 — 1) 3174 (6.87)
F(t,d)dt,
T2 1 pad?(1 + cos?(ma)) Jr4
and
[T F(t,m)dt 2 [ F(t,p)dt
0 ’ _%Jo ’
2 _ ]2 2
m* =1 b . (6.88)
I'2(a)cos?(ma) (20 — 1) /
P R 5 F(t,d)dt.
T2 pad?(1 + cos? (1)) Jra
Note from (6.80) it follows that
I2(a)2a—-1) 1
T20=1p, d2 < 2
Combining this inequality with (6.83), we obtain
I'%(a)cos?(ma)(2a — 1) (/3T/4 /T )
F(t,d)dt — F(t,c)dt
T20-1, g2 - (t,d) ) (t,c)
I'2(a)cos?(ra) (20 — 1) 3174 cos2(ra) [T
F(t,d)dt — ——— F
> /T |, a2 /0 (t, c)dt
I'2(a)cos?(ra) (20 — 1) 3174
F(t,d)dt 6.89
e L, Fea) (6:89

I2(a 2a—1) [3T/4
B

T2 pad?(1 + cos?(ra)) Jry4

2 2 9% — 1 3T/4

_ @COS (re)(2a — 1) / F(t,d)dt.
T2 1pod?(1 + cos?(ma)) Jrya

By (6.83) and (6.87)-(6.89), we see that (6.61)-(6.62) hold. From (6.64), (6.65),
(6.85), (6.86) and (6.89), we have A < A\, and A = Ay. Therefore, the conclusion
now follows from Theorem 6.8. The proof is completed. O
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Corollary 6.4. Assume that there exist three positive constants ¢, d and p, with

p

c< (8N)2d < 75 (6.90)
such that (6.81) and (6.82) hold, and
T
fy F(t,c)dt 1 3T/4
F(t,d)dt 6.91
7 < o [, o (6.91)
and
S F(t,p)dt 1 3T/4
< F(t,d)dt. 6.92
5 s /m (t,d) (6.92)

Then, for each X € (A3, \3), system (6.49) has at least three solutions uy, ua, and us
such that maxyejo 1y |ui (t)] < ¢, maxepo,ry [ua(t)| < p/V2, and max,eo 1y us(t)] <
p, where

8N d?

= (3T/4 ’
T [t F(t d)dt

A3

_ 2 p>
A3 = min{ R , T }
2T [, F(t,c)dt AT [; F(t,p)dt

Proof. When o = 1, from (6.52), we have p, = 8N/T. Under the assumptions
of Corollary 6.4, it is easy to see that all the conditions of Corollary 6.3 hold for
a = 1. Note that system (6.49) is a special case of system (6.48) with & = 1. The
conclusion then follows directly from Corollary 6.3. The proof is completed. O

Remark 6.3. We want to point out that when F' does not depend on ¢, (6.91) and
(6.92) reduce to

F(c) _ F(d) F(p) _ F(d)
2z “mye ™ T S une (6.93)
and A3 and A3 become
16N d? < , 2 p?
&= g M4 M —mm{mmy 4T2F(p)}- (6.94)

Remark 6.4. We observe that, in our results, no asymptotic condition on F is
needed and only local conditions on F' are imposed to guarantee the existence
of solutions. Moreover, in the conclusions of the above results, one of the three
solutions may be trivial since VF(¢,0,...,0) may be zero.

In the remainder of this subsection, we give two examples to illustrate the ap-
plicability of our results.
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Example 6.4. Let T > 0. For (t,z,y) € [0,T] xR?, let F(t,z,y) = tG(z,y), where
G : R? — R satisfies that G(—x, —y) = G(x,y), and that for = € [0,00) and y € R,

2y, 0<z<1,0< |y <1,
- ) x3+2|y|3/2—1, 0<z<1, |yl >1, (6.95)
T,Yy)= .
2232 ¢ |yP — 1, z>1,0<|y <1,

2032 4 2y¥2 2, x>1, Jy| > 1.

It is easy to verify that F : [0,7] x R? — R is measurable in ¢ for (z,y) € R? and
continuously differentiable in « and y for t € [0,7T], and F(¢,0,0) =0 on [0,T].

Let 0 < B8 <1,a=1-2 ¢ (11], ps be defined by (6.52), and u(t) =
(u1(t),uz(t)). We claim that for each

\e (pa(l + cosQ(woz))’OO)7

T2|cos(mar)]
the system
dl 5, L p=6(y =
i (5 oD W ®) + 5 D W) £ AVFEu®) =0, te0.7L oo
u(0) = u(T) =0

has at least three solutions.
In fact, system (6.96) is a special case of system (6.48) with N = 2. For0 < ¢ < 1
and p > 1, in view of (6.95), we have

T T
Jo F(t,c,c)dt _ 2¢° [, tdt

0 2

= 5 =T, (6.97)
T T
Jo Ft,p,p)dt  (4p*2 —2) [ tdt  T?(2p/% — 1) 6.08
»’ B »’ - IS (699
Choose d = 1. Then,

3T /4 3T /4 1
/ F(t,d,d)dt =2 / tdt = T2 (6.99)

T/4 T/4 2

By (6.97)-(6.99), we see that there exist 0 < ¢* < 1 and p* > 1 such that (6.80),
(6.83) and (6.84) hold for any 0 < ¢ < ¢* and p > p*. Moreover, (6.81) and (6.82)
hold for any ¢,p > 0. Finally, note from (6.85) and (6.86) that

N = pa(1 + cos?(ra))
=27 T2?|cos(ma)|

do — 00 as ¢— 07 and p — co.

Then, the claim follows from Corollary 6.3.
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Example 6.5. Let F' : R? — R satisfy that F(—x,—y) = F(x,y), and that for
z €[0,00) and y € R,

?, 0<z<1,0< |y <1,
x3+2\y|3/273|y\+1, 0<z<1, |yl >1,
22%/2 — 1, r>1,0<|y <1,
22%/% + 2|y|3/2 =3lyl, x>1, |yl >1.

F(z,y) = (6.100)

It is easy to verify that F : R?> — R is continuously differentiable in = and y and
F(0,0) = 0.

Let T > 0 and u(t) = (u1(t),ua(t)). We claim that for each A € (32/72, ), the
system

(6.101)

{u”(t) +AVE(u(t)) =0, telo,T],
u(0) =u(T)=0

has at least three solutions. In fact, the system (6.101) is a special case of the
system (6.49) with N = 2. For 0 < ¢ < 1 and p > 1, from (6.100), we have

G =3 =c (6.102)

F(p, 4p3/2 —3p  4pz —3
(p2p) k. . iy (6.103)

p p p
Choose d = 1. Then

F(d,d) 1 F(d,d) 1
—— d - 6.104
2NE 64 Y GaNaz T 128 (6.104)

By (6.102)-(6.104), we see that there exist 0 < ¢* < 1 and p* > 1 such that (6.90)
and (6.93) hold for any 0 < ¢ < ¢* and p > p*. Moreover, (6.81) and (6.82) hold
for any ¢,p > 0. Finally, note from (6.94) that

) _
33:3— and A3 =00, as ¢c— 07 and p— occ.

T2
Then, the claim follows from Corollary 6.4 and Remark 6.3.

Remark 6.5. As noted in Remark 6.4, one of the three solutions in the conclusions
of the above examples may be trivial.

6.4 Infinite Solutions for BVP with Left and Right Fractional
Integrals

6.4.1 Introduction

In this section, we consider BVP (6.1), i.e.,
d (1 _ 1 _
7 (2 oD (W' (1) + 5 tDTﬁ(u’(t))) +VE(t,u(t)) =0, ae. tel0,T],

u(0) =u(T) =0,
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where gD, # and tD;ﬁ are the left and right Riemann-Liouville fractional integrals
of order 0 < f < 1 respectively. Assume that F : [0,T] x RY — R satisfies the
condition (A) which is assumed as in Subsection 6.2.3.
In particular, if 8 =0, BVP (6.1) reduces to the standard second-order BVP.
In the Subsection 6.4.2, using variational methods we prove the multiplicity
results for the solutions of problem (6.1).

6.4.2 FExistence

Making use of the Proposition 1.4 and Definition 1.3, for any u € AC([0,T],RY),
BVP (6.1) is equivalent to (6.20).

In the following, we will treat BVP (6.20) in the Hilbert space B¢ = Eg’z with
the corresponding norm ||u|lq = ||t q,2-

As E“ is a reflexive and separable Banach space, then there are e¢; € E“ and
e; € (E%)* such that

E* =span{e; : j =1,2,...} and (E%)" = span{e;f cj=1,2,...}

For k= 1,2, ..., denote

k 0o
X, =span{e;}, Yj:= EBXj, Zy = @Xj.
j=1 j=k

Theorem 6.9. Assume that F(t,x) satisfies the condition (A), and suppose the
following conditions hold:

(A1) there exist k > 2 and r > 0 such that
RF(t,2) < (VF(t,2), )

for a.e. t € [0,T) and all |x| > r in RY;
(A2) there exist positive constants pn > 2 and Q > 0 such that

F(t
lim sup (¢, 2) <
|z|—+o00 |;I;|H

uniformly for a.e. t € [0,T];
(A3) there exist 4’ > 2 and Q' > 0 such that

F(t
lim sup ( ’C,E)
|z| =400 “/1‘1|H

> Q'

uniformly for a.e. t € [0,T7;
(A4) F(t,z) = F(t,—x) fort € [0,T] and all z in RV.

Then BVP (6.1) has infinite solutions {u,} on E* for every positive integer n such
that ||up]|eo — 00, as n — oo.
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Proof. Let {u,} C E* such that ¢(u,) is bounded and ¢'(u,) — 0 as n — oo,
where p(u) and ¢’ (u) are defined by (6.26) and (6.27) respectively. First we prove
{un} is a bounded sequence, otherwise, {u,, } would be unbounded sequence, passing
to a subsequence, still denoted by {uy}, such that ||u,|o > 1 and ||u,||o — oo, as
n — oo.

Noting that

T
(@ (un), un) = 7/0 ((EDfun(t), ¥ DFun(t)) + (VE(t, un(t)), un(t))) dt.
In view of the condition (A1) and (6.22) that

) = 1 (), )

1 1 r Crha Cnha
Y o (0 D5 un(t), y DFun(t))dt

5
S

1

1
3~ 3 lostmalfunl

</Q1 /Qz >( (VE(t, un(t)), un(t)) F(t,un(t)))dt

1
> (5 - 2 leostralun 2 = €,

>

(
v : (TPt 00 0n(0) = (100
(

where Qq := {t € [0,T] : |un(t)] <7}, Q2 :=[0,T]\Qy and C is a positive constant.
Since ¢(uy,) is bounded, there exists a positive constant Cy, such that [p(uy)| <
C5. Hence, we have

11 1,
Co 2 plun) 2 (5 = 1 ) eostra)lun 2 + 29 (un),un) ~
(6.105)

1 1 1
> (5 - 2 ) leostradllun 2 = L)l lualla ~ .

so {uy} is a bounded sequence in E* by (6.105).
Since E“ is a reflexive space, going to a subsequence if necessary, we may assume
that u, — u weakly in £, thus we have

<‘Pl(un) - (p'(u)7un - u> = <(p’(un),un - u) - <‘P/(“)a Up — u>
< 19" (un)llalltn = ulla = (&' (w), un — u) (6.106)
— 0, asn — 0.

Moreover, according to (6.14) and Proposition 6.3, we have wu, is bounded in
C([0,T],RY) and |lu, — u| — 0 as n — oo.
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Observing that
(' (un) = ' (), un — u)
T
== [ (D8 (ua®) = (1), D5 (1) = ute))
— /0 (VF(t,un(t)) — VE(t,u(t)), un,(t) — u(t))dt
> |cos(mar)][|un (t) — u(®)]2
[[un (t) — u(t)]].

Combining this with (6.106), it is easy to verify that ||u,(t) —u(t)||o — 0 asn — oo,
and hence that u, — v in E®. Thus, {u,} admits a convergent subsequence.

For any u € Yy, let
T , 1/u
i ([ utorar) (6.107)
0

and it is easy to verify that || - ||. define by (6.107) is a norm of Y. Since all the
norms of a finite dimensional normed space are equivalent, so there exists positive
constant C3 such that

‘/ (VF(t, un(t)) — VE(t, u(t)))dt

Csllullo < ||u|l« for u € Y. (6.108)
In view of (A3), there exist two positive constants M; and Cy4 such that
F(t,z) > M|z|*, (6.109)

for a.e. t € [0,T] and |z| > C4.
It follows from (6.22), (6.108) and (6.109) that

T T
ol == [ 5EPu0). Djue)ar — [ P uw)a

< mllu\li - /523 F(t,u(t))dt — /94 F(t,u(t))dt
= mﬂu\li - M, /Q Jut)|* dt - /Q F(t,u(t))dt

mﬂu\li - M /OT lu(®)| dt + My /94 u(t)| dt — /94 F(t, u()dt
= |2(3051( o) lull?, - Cg/MIHUHg, + Cs,

where Q3 = {t € [0,T] : |u(t)] > C4}, Q4 := [0,T\Q5 and C5 is a positive
constant.
Since ' > 2, then there exist positive constants dj such that

p(u) <0, forueYy, and ||ull, > dy. (6.110)
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For any u € Z, let

T 1/p
fulle o= ([ uar) " and o= sup ful
0

UEZy
llulla=1

then we conclude g — 0 as k — oc.

In fact, it is obvious that Sy > Bx11 > 0, so B — [ as k — oo. For every k € N,
there exists uyx € Zj such that

uklla =1 and [Jugl, > Br/2. (6.111)

As E“ is reflexive, {ug} has a weakly convergent subsequence, still denoted by
{ux}, such that up — u. We claim v = 0.
In fact, for any f,, € {f, : n=1,2,...}, we have f,,(ux) = 0, when k > m, so
fm(ug) =0, ask — oo

for any f, € {fn :n=1,2,...}, therefore u = 0.

By Proposition 6.3, when uj, — 0, in E, then uz — 0 strongly in C([0,T], RY).
So we conclude S =0 by (6.111).

In view of (A2), there exist two positive constants My and Cg such that

F(t,z) < Ma|x|*
uniformly for a.e. t € [0,7] and |z| > Cs. We have

T T
() = — / (D7 u(t), EDGu(t))di / F(t,u(t))dt

> |COS(27TO‘)| ||UH2 / F( ( ))dt - /QG F(t7u(t))dt
> ICOS(;TOC ||UH2 M, / |“dt - F(tvu(t))dt
|Cos(7ra)| 2 H u(t)[*dt — v
Mz~ [ oo, [ ucoran= [ pie e
|cos(7ra)

leostma)ly 12wyl - ¢,

where Q5 := {t €10, 7] : Ju(t)| > Cs}, Q6 := [0,T]\Q25 and C7 is a positive constant.

Choosing r = 1/fk, it is obvious that r, — oo as k — oo, then

b= inf (u) = oo, ask — oo,
ueZy,
lulla=pk

that is, the condition (H3) in Theorem 1.17 is satisfied.

In view of (6.110), let py := max{dy,r + 1}, then

ar = max ¢(u) <0,
u€Yy

llwlla=px

and this shows the condition of (H2) in Theorem 1.17 is satisfied.
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We have proved the functional ¢ satisfies all the conditions of Theorem 1.17,
then ¢ has an unbounded sequence of critical values ¢, = ¢(uy) by Theorem 1.17.
We only need to show ||u,| — oo as n — oo.

In fact, since u,, is a critical point of the functional ¢, that is

T

wwmmm:—é [(§DFun(t), £D§n () + (VE(t, (1)), (1))] dt = 0.

Hence, we have

T ) . T
cn = (up) = _/0 3 (?Dt un(t), tCDTun(t)) dt — /0 F(t,u,(t))dt,

T T
%/O (VF(t7un(t)),un(t))dt—/0 F(t,u,(t))dt, (6.112)

1 T

3 | IVFC @)l @la+ [P @),

since ¢, — 0o, we conclude

IN

lunll = o0, asn — oo
by (6.112). In fact, if not, going to a subsequence if necessary, we may assume that
[unl < Ms,

for all n € N and some positive constant M3.
Combining condition (A) and (6.112), we have

T T
on <5 [ VPO ®ldi+ [ 1P w0

1 T
< —
<3 (Ms+1) pnax, ml(s)/o ma(t)dt,

which contradicts the unboundness of ¢,. This completes the proof of Theorem
6.6. O

Example 6.6. In BVP (6.1), let F(t,z) = |z|*, and choose
k=4, r=2, p=p =4 andQ=Q =1,

so it is easy to verify that all the conditions (A1)-(A4) are satisfied. Then by
Theorem 6.9, BVP (6.1) has infinite solutions {uy} on E® for every positive integer
k such that |Jug| — oo, as k — oc.

Theorem 6.10. Assume that F(t,x) satisfies the following assumption:
(A5) F(t,z):=a(t)|z]?, where a(t) € L>=([0,T],R") and 1 < v < 2 is a constant.

Then BVP (6.1) has infinite solutions {u,} on E® for every positive integer n with
ltnlla bounded.
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Proof. Let us show that ¢ satisfies conditions in Theorem 1.18 item by item. First,
we show that ¢ satisfies the (PS)* condition for every ¢ € R.

Suppose nj; — 00, Upn; € Yn,, ©(u,) — ¢ and (<p|ynj)’(unj) — 0, then {uy,} is
a bounded sequence, otherwise, {u,,} would be unbounded sequence, passing to a
subsequence, still denoted by {uy,; } such that |[un,|lo > 1 and [Juy,; [« — oo. Note
that

T
(¢ )oe,) = 10(0) = (<14 3) [ G0, (0,600, ()ar. (6113

However, from (6.113), we have
Y
—plun,) > (1= 1) feosma) o 12 ~ el ) i, o
thus ||y, ||lo is a bounded sequence in E*. Going, if necessary, to a subsequence,
we can assume that w,, — u in E*. As B> = Y., we can choose v,; € Y, such

nj

that Up; = U.

Hence
. /
Jim ()i, — )
_ . 12 _ . / _
- njhinoo“p (unj>7 un]‘ Uﬂj> + n}linoo«p (unj)’ U'ﬂj u>
= nlgfloo<(80‘Ynj ),(Unj)aunj - U7Lj>
= 0.
So we have
lim <90/(un;’) - Sol(u)v unj - u>
_ . ! _ _ . ! _
- njlgnoo«p (u'ﬂj)7 unj u> njhinoo«p (u)’ u'ﬂj u>
=0,
and

(@' (un;) = ¢/ (u), tn; — u)
T
== /0 (67 (1un, (1) = u(t), D (un, (£) — u(t)))dt
T
- /O (VE(t,un, (1) = VF(t,u(t)), un, (t) — u(t))dt
> [cos(ma)||un, (t) — u(®)[3

| (P, () = P (@)t e, () = ()]

we can conclude u,, — u in E, furthermore, we have ¢ (u,,) — ¢'(u).

Let us prove ¢’'(u) = 0 below. Taking arbitrarily wy, € Y, notice when n; > k,
we have

(' (u), wi) = (¢'(u) = ¢ (un, ), wi) + (@' (tn, ), wi)
= (¢'(u) = @' (un,), wie) + ((ly,,, ) (tn, ), we).
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Let n; — oo in the right side of above equation. Then
(@' (u),wg) =0, VY wy € Yy,
so ¢'(u) = 0, this shows that ¢ satisfies the (PS)? for every ¢ € R.
For any finite dimensional subspace E C E%, there exists € > 0 such that
aft € [0,T] : a(®)|u®)]” > e|ul|l} >¢e, Vue E\{0}. (6.114)
Otherwise, for any positive integer n, there exists u,, € E\{0} such that

1 1
T]: 7> - v —.
a{te 0.1 a0l > Lt f <

Set v, 1= =l ¢ E\{0}, then ||vy|lo =1 for all n € N and

lunlla

« {t € [0,7] : a(t)|vn(t)]” > i} < % (6.115)

Since dimFE < o0, it follows from the compactness of the unit sphere of E that
there exists a subsequence, denoted also by {v, }, such that {v,} converges to some
vo in E. Tt is obvious that ||vg]la = 1.

By the equivalence of the norms on the finite-dimensional space, we have v,, — vg

in L2([0,T],RY), i.e.,
T
/ |v, — vo|?dt — 0, as n — oo. (6.116)
0

By (6.116) and Holder inequality, we have

T T 5 2‘y T %
/ a()[vn — vo[dt < (/ a(t)Mdt) (/ |vn—1)02dt)
0 0 0
T 7 (6.117)
= ||a|22</ |Un—v0|2dt>
v 0

— 0, asn — oo.
Thus, there exist £1,&2 > 0 such that

a{t € 0,T] : a(t)|ve(t)|” > &1} > &o. (6.118)
In fact, if not, we have
@ {t €[0,T]: a(t)|vo(t)|” > 711} =0

for all positive integer n.
It implies that

T 2

T csT

0< / a(t)vo]""2dt < = [Jvo|* < =~ Jvollz — 0,
0 n n

as n — OO7 V\/here
n 1
z 2

O = a1}
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by (6.14). Hence vy = 0 which contradicts that ||vg||o = 1. Therefore, (6.118) holds.
Now let

Qo={t€[0,T]:a(t)|vot)]” > &}, Qu={t€[0,T]:at)|v.(t)]” < %},
and QF = [0,T]\ Q, = {t € [0,T] : a(t)|va (t)[* > 1}.
By (6.115) and (6.118), we have
a(, N Q) = a(Q\ (25 NQ))
> Qo) — (2, N Q)

1
> & ——
n
for all positive integer n. Let n be large enough such that
1.1 1 1 1
&2 — - > 552 and Ffl -2 27§1a

then we have

T
/ a(t)|v, —vo|"dt > / a(t)|v, —vo|7dt
0 Q,NQo

1
> 27_1/ a(t)|v0|7dt7/ a(t)|v,|"dt
Q,NQ QNN

1 1
> (27—161 - n) Oé(Qn N QO)

Q& _ ab

272 2t

for all large n, which is a contradiction to (6.117). Therefore, (6.114) holds.
For any u € Z, let

>

1

T 3
el == (j/ |u@>Pdt) and 7= sup [ulz,
0 (VAR
lufat

then we conclude v, — 0 as k — oo in the same way as in the proof of Theorem
6.6.

T T
ol == [ 5EPu). Dgute)a — [ P uw)a

1 T

> Sleos(rallull, ~ [ a@fute)ras
0
) . - (6.119)
2
> gleostanllal? — ([ aw=7ar) i3
2-7

1 2 ’ 25 Sl

> gleos(ra)full = [ atv=5de) g

.\ A
Let pp = ( S )2 ", where ¢ = (fOTa(t)%dt)Q‘”, it is obvious that

|cos(mar)|
pr — 0, as k — oo.



342 Basic Theory of Fractional Differential Equations

In view of (6.119), we conclude

inf () > 1T g
e, 1
Hu”a:Pk

so the condition (H7) in Theorem 1.18 is satisfied.
Furthermore, by (6.119), for any v € Zj, with ||ullo < pi, we have

o(u) > —eypllulld.

Therefore,
—eylpl < inf p(u) <O0.
ueZy,
llulla <pw

So we have

inf  o(u) — 0,

(VAR

lulla <pr

for pg, vk — 0, as k — oo. Hence (H5) in Theorem 1.18 is satisfied.
For any u € Yy \ {0},

T T
ol == [ 5GP Dgue)d — [ Feu(o)ar

1 ) T
_ — t)|u(t)]7dt
< sy E = | a0l
_ — Q.
1 2 2 o
< Seosgraylla = <l

where ¢ is given in (6.114), and Q,, := {t € [0,T] : a(t)|u(t)|? > e|jul|2}.
Choosing 0 < 71, < min{py, (|cos(ma)|e?)Z=7 }, we conclude

ir ;= max p(u) < — 3 <0, VkeEN,

u€Yy 2|cos(mar)|
lulla=re
that is, the condition (H6) in Theorem 1.18 is satisfied.

We have proved the functional ¢ satisfies all the conditions of Theorem 1.18,
then ¢ has a bounded sequence of negative critical values ¢, = ¢(u,) converging to
0 by Theorem 1.18, we only need to show ||u,||, is bounded as for every positive
integer n. Since

T T
cn = (up = _/0 %(OCD?un(t),tCD%un(t))dt — /0 F(t,u,(t))dt

T1 T
—— [ 36000, Dy~ [ a@lunoa

(6.120)
|cos(mar)|
> OO 12— ag T
|cos(ma)|
> 5 llunl2 = aoTCqlunllZ,
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where ag = esssup{a(t) : t € [0,T]}, by Theorem 1.18, ¢, — 0 as n — oo. If
|ltnllo has an unbounded sequence, then ¢, is unbounded by (6.120), which is a
contradiction. The proof is completed. O

Example 6.7. In BVP (6.1), let F(t,z) = a(t)|z|?, where
T, t=0,
a(t) =

t, 0<t<T.

By Theorem 6.10, BVP (6.1) has infinite solutions {uy} on E® for every positive
integer k with ||u||, bounded.

6.5 Solutions for BVP with Left and Right Fractional Derivatives

6.5.1 Introduction

In Section 6.5, we consider the BVP of the following form

{tD%(ODf‘u(t)) = VFE(t,u(t)), ae.tel0,T], (6121)
u(0) = u(T) =0,
where ;D7 and oDy are the right and left Riemann-Liouville fractional derivatives
of order 0 < a < 1 respectively, F: [0,7] x RN — R is a given function satisfying
some assumptions and VF (¢, z) is the gradient of F at z.

In particular, if @« = 1, BVP (6.121) reduces to the standard second order
boundary value problem of the following form

{u”(t) + VF(t,u(t)) =0, ae.tel0,T]
u(0) = u(T) =0,

where F: [0,T] xRY — R is a given function and VF (¢, z) is the gradient of F at z.
Although many excellent results have been worked out on the existence of solutions
for second order BVP (e.g., Li, Liang and Zhang, 2005; Nieto and O’Regan, 2009;
Rabinowitz, 1986), it seems that no similar results were obtained in the literature
for fractional BVP.

According to Benson, Wheatcraft and Meerschaert, 2000a, the one-dimensional
form of the fractional ADE can be written as

ocC ac a7"C a7'C

o = Var T Pigen TP Dy

where C is the expected concentration, t is time, v is a constant mean velocity, x

(6.122)

is distance in the direction of mean velocity, D is a constant dispersion coefficient,
0 < j < 1 describes the skewness of the transport process, and 7y is the order of
left and right fractional differential operators. For discussions of this equation, see
Benson, Wheatcraft and Meerschaert, 2000b; Fix and Roop, 2004, when v = 2, the
dispersion operators are identical and the classical ADE is recovered. Fundamental
(Green function) solutions are Lévy’s «-stable densities.
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A special case of the fractional ADE (equation (6.122)) describes symmetric
transitions, where j = % Defining the symmetric operator equivalent to the Riesz
potential in Samko, Kilbas and Marichev, 1993,

2V =Dl +D*

gives the mass balance equation for advection and symmetric fractional dispersion

ocC
-~ v
; vVC +DVC.

In Subsection 6.5.2, we shall establish a variational structure for BVP (6.121).
We show that under some suitable assumptions, the critical points of the variational
functional defined on a suitable Hilbert space are the solutions of BVP (6.121). In
Subsection 6.5.3, the existence of weak solutions for BVP (6.121) with 3 < o < 1
will be established, where « is the order of fractional derivative in BVP (6.121). In
Subsection 6.5.4, we will give some existence results of solutions for BVP (6.121).

6.5.2 Variational Structure

Proposition 6.5. Let 0 < a« <1 and 1 < p < oo. For allu € E§?, if a > %, we
have oDy “(oDgu(t)) = u(t). Moreover, we can get that Eg'" € Co([0,T],RYN).

Proof. Let ; + % =land 0 <t <ty <T.V f & LP([0,T],RY), by using Holder
inequality and noting that a > -, we have

0D F(t) — 0D £ ()]
= ﬁ /O 1(,51 — )7 f(s)ds — /0 2(2&2 — )21 f(s)ds
= ﬁ O (b1 — 5)* " f(s)ds — /0 (b — 5)2 1 f(s)ds
" r(l ) ‘ / (12— 5)" 7 f(s)ds
1 t1 a1 ., - s
el AR R R IO o
RO AR
< ﬁ /O 1 ((tr— )" = (ta — s)“‘l)"ds> E||f||Lp[O7T]

)
1 " gy "
_ a—1)q
+ F(Oé) (/tl (tg S) dS) ||fHLp[O,T]

1 h a
<l /[ <t1—s><°‘—1>q—(tz—s)<a—1>ws) 1 llrom
0
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1 " (o 1agg )’
tg — )@ Dag ,
+ F(O{) (/tl ( 2 S) S> ||f||L [0,7]

1
||f||LP[O’T] R (tgail)q+1 _ téafl)Q“’l + (tQ _ tl)(a—1)4+1) q
L)1+ (e —1)g)=

/1l zrf0,7] . ((tg _ tl)(o‘*l)q“) a
L) (1 + (o —1)q)7
2 P 1
e Wl e
(@)1 + (a—1)g)
2 P 1
_ When e

T(a)(1+ (a—1)q)7

For any u € EgP, as oDfu(t) € LP([0,T],RY), we apply (6.123) to obtain the
continuity of the function ¢ D; “ (o D¢u(t)) on [0,7]. We complete the argument by
using Propositions 1.6-1.7, and we have

oDy *(oDfu(t)) = ult) + Ct*7, € (0,7,

where C € RV,
Since u(0) = 0 and ¢D; “(oDfu(t)) is continuous in [0,T], we can get that
C' = 0, which means that ¢D; “ (oD u(t)) = u(t) and w is continuous in [0,7]. O

Remark 6.6. In the case that 1 — o >
oD *(oDfu(t)) = wu(t). In fact, set f(t) = oD 'u(t). According to Proposi-
tions 1.6-1.7, we only need to prove that f(0) = [p D *u(t)]=o = 0. Noting that
l—a> %, by using Holder inequality, Lemma 6.1 and the similar method in the
proof of Lemma 7 in Fix and Roop, 2004, we can obtain the desired result, i.e.
f(0) = 0. We skip the proof since it is similar to Lemma 7 in Fix and Roop, 2004.

If a > %7 the following theorem is useful for us to establish the variational

structure on the space Ey°" for BVP (6.121).

%, for any u € Ej*, we also have

Theorem 6.11. Let 1 < p < oo, % <a<landL:[0,T] xRN xRN — R,
(t,,y) — L(t,z,y) be measurable in t for each [r,y] € RN x RN and continuously
differentiable in [z,y] for almost every t € [0,T]. If there exist my € C(RT,RT),
my € LY[0,T],R") and ms € L([0,T],R"), 1 < q < oo, such that, for a.e.
t €[0,T] and every [z,y] € RN x RN one has

Lt 2, y)| < ma(la])(ma(t) + [yl?),

Do L(t, x, y)| < ma(fz])(ma(t) + |y[”),

Dy L(t, z, y)| < ma(|al)(ms(t) + [y["~),

where % + % =1, then the functional ¢ defined by

T
() = / L(t, u(t), o Du(t))dt
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is continuously differentiable on E5™Y, and Yu,v € E5'", we have

T
(' (u), v) :/O (Do L(t, u(t), 0 D" u(t)), v (1))

+ (D, L(t, u(t), o Df'u(t)), o Do (t))dt.

(6.124)

Proof. It suffices to prove that ¢ has at every point u a directional derivative
¢'(u) € (Ey'")* given by (6.124) and that the mapping
o BT = (EgP), u— ¢ (u)
is continuous.
We omit the rather technical proof which is similar to the proof of Theorem 1.4
in Mawhin and Willem, 1989. In fact, the only change we need is to replace the

weak derivatives for 4 and v of Theorem 1.6 in Mawhin and Willem, 1989, by ¢Dj*u
and ¢Dj*v respectively. The proof is completed. O

We are now in a position to give the definition for the solution of BVP (6.121).
Definition 6.3. A function u : [0,7] — R¥ is called a solution of BVP (6.121) if

(i) (DS oD u(t)) and oDy 'u(t) are differentiable for almost every ¢ € [0,T],
and
(ii) w satisfies (6.121).

For a solution u € E“ of BVP (6.121) such that VF(-,u(-)) € L'([0,T],RY),
multiplying (6.121) by v € C§°([0, T], RY) yields
T
| 16D3 D ute). o00) = (VP (). o0

T
= /0 [(0Dfu(t), oD v(t)) — (VF(t,u(t)),v(t))]dt (6.125)
=0

after applying (1.13) and Definition 6.3. Therefore, we can give the definition of
weak solution for BVP (6.121) as follows.

Definition 6.4. By the weak solution of BVP (6.121), we mean that the function
u € E® such that VF(-,u(-)) € LY([0,T],RY) and satisfies (6.125) for all v €
C5e (0, ), RY).

Any solution v € E% of BVP (6.121) is a weak solution provided that
VFE(,u(-)) € LY([0,T]),RY). Our task is now to establish a variational structure on
E“ with a € (1,1], which enables us to reduce the existence of weak solutions of
BVP (6.121) to the one of finding critical points of corresponding functional.

Corollary 6.5. Let L:[0,T] x RY x RYN — R be defined by

1
L(t,l‘,y) = §‘y|2 - F(th)a
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where F : [0,T] x RN — R satisfies the condition (A) which is assumed as in
Subsection 6.2.3.

If% < a<1andu € E% is a solution of corresponding Fuler equation ¢©'(u) = 0,
where @ is defined as

T
1
pu) = / (2|0Df‘u(t)|2 — F(t,u(t)))dt, foru e E%, (6.126)
0
then u is a weak solution of BVP (6.121) with 1 < a < 1.

Proof. By Theorem 6.11, we have

T
OZWNMW%:A[@Dﬁﬁhdfﬁﬂ%%VF@uwhﬁth

for all u € E* and hence for all v € C§°([0, 7], RY). Thus, according to Definition
6.4, u is a weak solution of BVP (6.121). The proof is completed. O

Remark 6.7. Generally speaking, a critical point u of ¢ on E* will be a weak
solution of BVP (6.121). However, we shall show that every weak solution is also a
solution of BVP (6.121).

6.5.3 FExistence of Weak Solutions

According to Corollary 6.5, we know that in order to find weak solutions of BVP
(6.121), it suffices to obtain the critical points of functional ¢ given by (6.126). We
need to use some critical point theorems.

First, we use Theorem 1.14 to consider the existence of weak solutions for BVP
(6.121). Assume that the condition (A) is satisfied. Recall that, in our setting in
(6.126), the corresponding functional ¢ on E® is continuously differentiable accord-
ing to Corollary 6.5 and is also weakly lower semi-continuous functional on E as
the sum of a convex continuous function (see Theorem 1.2 in Mawhin and Willem,
1989) and of a weakly continuous one (see Proposition 1.2 in Mawhin and Willem,
1989).

In fact, according to Proposition 6.3, if uy — w in E%, then up — u in
C([0,T],RYN). Therefore, F(t,u(t)) — F(t,u(t)) a.e. t € [0,7]. By Lebesgue dom-
inated convergence theorem, we have fOT F(t,u,(t))dt — fOT F(t,u(t))dt, which
means that the functional v — fOT F(t,u(t))dt is weakly continuous on FE<.
Moreover, since fractional derivative operator is linear operator, the functional
u— fOT(\ODf‘u(t)P/Q)dt is convex and continuous on E.

If ¢ is coercive, by Theorem 1.14, ¢ has a minimum so that BVP (6.121)
is solvable. It remains to find conditions under which ¢ is coercive on E¢, i.e.
limy )|, o0 (u) = +o00, for u € E*. We shall see that it suffices to require that
F(t,) is bounded for a.e. t € [0,7] and all z € RY.

Theorem 6.12. Let a € (3,1] and assume that F satisfies (A). If
|F(t,x)| < alx|* +b(t)|z>7Y +&t), ae. te0,T], z€RY, (6.127)
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where @ € [0,T%(a 4 1)/2T%%), v € (0,2), b € L*/7([0,T],R), and ¢ € L*([0, T, R),

then BVP (6.121) has at least one weak solution which minimizes ¢ on E®.

Proof. According to the arguments above, our problem reduces to prove that ¢ is
coercive on E®. For u € E%, it follows from (6.127) and (6.13) that

T T
e = [ WDruwla - [ F(eu)

T T T -
> 5 [ lruoPa—a [ juwPa— [ honopa- [

1 _ T_ B -
= gl = alul — [ bR e

1 T7 7/2 T 1—"//2
> gl —alulis~ ([ popra) ([Cuopra) e

1 - X 2— _
= Sl = allull2 — Bl 25 — e

1 C_LT2a _ T 2—y
> = 2 _ "= 2 - 2—y _ =
= 2Hu||a F2(Oé + 1) ||uHO( bl(r(a + 1)) Hu”a C1

1 L_lT2a 9 _ T 2—y
S b —— 2-—y _ &
<2 1“2(a+1)>”u”a 1(F(C¥+1)> Hu”a €1,

where by = (fOT b(t)[?/7dt)"/? and & = fOT ¢(t)dt. Noting that a € [0,T?(a +
1)/2T%%) and v € (0,2), we have p(u) = +o0o as ||ula — 0o, and hence ¢ is
coercive, which completes the proof. O

Let ap = minAE[%yl]{FQ(A +1)/2T%*}. The following result follows immediately
from Theorem 6.12.

Corollary 6.6. Vo € (1,1] and if F satisfies the condition (A) and (6.127) with
a € [0,a0), then BVP (6.121) has at least one weak solution which minimizes ¢
on E“.

Our task is now to use Theorem 1.15 (Mountain pass theorem) to find a nonzero
critical point of functional ¢ on E<.

Theorem 6.13. Let a € (3,1] and suppose that F satisfies the condition (A). If

(A1) F € C([0,T] x RN R) and there evists p € [0,1) and M > 0 such that

'3
0< F(t,z) < u(VF(t,x),z) for all x € RN with |x| > M and t € [0,T);

(A2) limsup F(t,z)/|z|* < T?(a + 1)/2T%* uniformly for t € [0,T] and x € RN
|z|—0

are satisfied, then BVP (6.121) has at least one nonzero weak solution on E*.

Proof. We will verify that ¢ satisfies all the conditions of Theorem 1.15.
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First, we will prove that ¢ satisfies (PS) condition. Since F(¢,2)—u(VF(t, z), )
is continuous for ¢ € [0, 7] and |x| < M, there exists ¢ € RT, such that

F(t,z) < W(VF(t,x),x) +¢, t€[0,T], |z| <M.
By assumption (Al), we obtain
F(t,2) < w(VF(t,z),x) +¢, t€[0,T], x € RY. (6.128)
Let {ur} C E%, |p(ur)| < K, k=1,2,..., ¢'(ur) — 0. Notice that

T
(o (ur), ) = / (oDt (t), 0 D k() — (VE (b, u (£)), g (£))]dt
0 (6.129)

— e — / (VE(L un(t)), up(t))d.

It follows from (6.128) and (6.129) that

1 T
K> () = gluli— [ Pt o)

Y

el — / (VF (b, up(t)), uk(£))dt — T

1
(5~ )l + sl ) ) — <

1
> (5 0 hucl =l el = T E=1.2....
Since ¢'(uy) — 0, there exists Ny € N such that

1
) [ T

and this implies that {u;} C E® is bounded. Since E® is a reflexive space, going
to a subsequence if necessary, we may assume that up — u weakly in E%, thus we
have

(" (ur) = &' (), up —u) = (&' (ug), up —u) — (' (w), up —u)
<" (wr) [l alln — ullo — (& (), up — w) (6.130)
— 0, as k — oo.

Moreover, according to (6.14) and Proposition 6.3, we get that uy is bounded in
C([0,T],RY) and |lux — u|| = 0 as k — oo. Hence, we have

/T VF(t,ug(t))dt — /T VF(t,u(t))dt, ask — oo. (6.131)
0 0
Noting that

(" (ur) = &' (u), up — u)

T T
- / (0§ ur () — o Dfru(t))?dt — / (VF (£, un()) — VE(t u(t))) (us(t) — u(t))dt
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T
znm—uM—]A<kuwu»—Vquw»wnw—uw

Combining (6.130) and (6.131), it is easy to verify that ||uy — ul|2 — 0 as k — oo,
and hence u;p — u in E,. Thus, we obtain the desired convergence property.

From limsup,_,o F(t,z)/|z[> < T?(a + 1)/27* uniformly for ¢ € [0, T], there
exists € € (0,1) and 6 > 0 such that F(t,z) < (1 — €)(I'*(a + 1)/27°%)|z|? for all
t €10,7) and x € RY with |z| < 4.

Let p = D@=D/24D2 5 and 6 = €p?/2 > 0. Then it follows from (6.14) that

e lulla =
(@)((a—1/2+ 5

for all u € E* with ||ul|o = p. Therefore, we have

[Jul <
r

ol = 5llulz = [ Pt u(o)ar

L2 MPa+1) (* 2
> gl = 1= [ luopar

1 1
> Sl - 50— o)l

1 2
= sellul = o

for all u € E* with ||u||o = p. This implies (ii) in Theorem 1.15 is satisfied.

It is obvious from the definition of ¢ and (A2) that ¢(0) = 0, and therefore, it
suffices to show that ¢ satisfies (iii) in Theorem 1.15.

Since 0 < F(t,z) < u(VF(t,z),z) for all z € RY and |z| > M, a simple
regularity argument then shows that there exists 1,72 > 0 such that

F(t,x) > r|z[Y" —ry, zeRN, te[0,T)

For any u € E* with u # 0, £ > 0 and noting that 4 € [0, 3), we have

T
plow) = lull = [ PGt rule)i

1 T
< 5refulle - ”/ | (t)[V/*dt + 72T
0

1 1
= W llull2 = vt full Y+ T

— —00, as Kk — Q.

Then there exists a sufficiently large ko such that p(kou) < 0. Hence (iii) holds.
Lastly noting that ¢(0) = 0 while for our critical point u, p(u) > ¢ > 0. Hence
u is a nontrivial weak solution of BVP (6.121), and this completes the proof. [

Theorem 6.14. Vo € (4, 1], suppose that F satisfies conditions (A) and (A1). If
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(A2) F(t,x) = o(|z|?), as |z| — 0 uniformly for t € [0,T] and x € RN
is satisfied, then BVP (6.121) has at least one nonzero weak solution on E®.

Remark 6.8. The assumptions in Theorem 6.12 and Theorem 6.13 are classical
and the examples can be found in many papers which use critical point theory to
discuss differential equations, see, e.g., Li, Liang and Zhang, 2005; Mawhin and
Willem, 1989; Rabinowitz, 1986 and references therein.

6.5.4 FExistence of Solutions

We firstly give the following lemma which is useful for our further discussion.

Lemma 6.7. Let 0 < a < 1. If u € E* is a weak solution of BVP (6.121), then
there exists a constant C € RY such that

oDu(t) = D7V E(t,ut)) + C(T —t)*™ 1, a.e. t €[0,T).

Proof. Since u € E* is a weak solution of BVP (6.121), i.e. Vh € C$°([0, T],RY),
we have

/0 T[(ngu(t), oD h(t)) — (VF(t,u(t)), h(t))]dt = 0. (6.132)

Noting that VF(-,u(-)) € L*([0,T],RY), and applying a similar argument as that
for (6.5) in the proof of Lemma 6.1, we get that ;D;:*VF(-,u(-)) € L*([0,T],RY).
Let us define w € L([0, T],RY) by

w(t) = Dp*VEF(t,u(t)), te€l0,T],
so that

| wo.oDpn®)de = [ (Djwie) he
0 0
T
_ / (.D%(, D7V E(t, u(t))), h(t))dt

= /OT(VF(Lu(t)),h(t))dh

by applying (1.13) and Proposition 1.5.
Hence, by (6.132) we have, for every h € C§°([0,T],RY),

T
/ (0Du(t) — w(t), o DEh(#))dt = 0. (6.133)
0
According to Proposition 1.1 and in view of h € C§°([0, T], RY), we have ¢ D{*h(t) =

oD W/ (t). Since o Dfu € L2([0,T],RY) and w € L*([0,T],RY), using (1.12) and
(6.133), we get that

T
/O (:D$ (o Dru(t) — w(t)), k' (t)) dt = 0.
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If (e;) denotes the Canonical basis of RY, we can choose

2kt 2kt
Tﬂej or h(t)=e; — COSTﬂej, k=1,... andj=1,...,N.

In view of ;D$ '(oDfu — w) € L*([0,T],RY), and the theory of Fourier series
implies that

h(t) = sin

D (oD u(t) — w(t)) = C (6.134)

a.e. on [0, 7] for some C € RY. Using Proposition 1.5 and Proposition 1.3, we can
get that

oD&u(t) = w(t) + C(T — ), ae. t€[0,T],
for some C' € RN and this completes the proof. O

Remark 6.9.

(i) According to (6.134) and Proposition 1.4, we have
D§~ oDpu(t)) = 1D (D7 VE(t u(t))) + C = Dy VE (¢ u(t) + C
a.e. on [0, 7] for some C' € RN, In view of Definition 1.1 and VF(-,u(-)) €

LY([0, T],RY), we shall identify the equivalence class tD%_l(onu) and its
continuous representant

T ~
D2 (o Du(t)) = /t VE(s, uls))ds + C (6.135)

for t € [0, 7.
(ii) It follows from (6.135) and a classical result of Lebesgue theory that
—~VF(-,u(")) is the classical derivative of ;D3 ! (oDfu) a.e. on [0, 77

We are now in a position to show that every weak solution of BVP (6.121) is
also a solution of BVP (6.121).

Theorem 6.15. Let 0 < o < 1. Ifu € E® is a weak solution of BVP (6.121), then
u s also a solution of BVP (6.121).

Proof. Firstly, we notice that o D~ u(t) is derivative for almost every ¢ € [0, 7] and
(oD tu(t)) = oDfu(t) € L*([0,T]),RY) as u € E*. On the other hand, Remark
6.9 implies that , DS~ (¢Dfu(t)) is derivative a.e. on [0, 7] and (; D3~ (¢ Dfu(t)))’ €
LY([0,T],RY). Therefore, (i) in Definition 6.3 is verified.

It remains to show that w satisfies (6.121). In fact, according to Definition 1.2
and (6.135), we can get that

+DF(oDfu(t)) = — (D3 (o Dfu(t))) = VF(t,u(t)), ae. te[0,T).

Moreover, u € E® implies that u(0) = «(T) = 0, and therefore (6.121) is verified.
The proof is completed. U
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The conclusions in Subsection 6.5.3 and Theorem 6.15 imply that BVP (6.121)

with « € (%, 1] possesses at least one solution if F' satisfies some hypotheses. How-

ever, we would like to consider the existence of solutions for BVP (6.121) with o = %

under the same hypotheses.

For any given ¢y € (0,3), let € € (0,€9) and § = d(e) = 5 + €. According to
Corollary 6.6 and Theorem 6.14, if (A) and (6.127) with a € [0,a0), or (A), (Al)
and (A2)’ are satisfied, then Ve € (0, ¢), the following BVP

DY (0D{u(t)) = VE(t,u(t), ae.tel0,T], (6.136)
u(0) =u(T) =0 .
has at least a weak solution u. € E?. Moreover, according to Theorem 6.15, u. is
also the solution of BVP (6.136). Now, our idea is to obtain the solution of BVP

(6.121) with § = % by considering the approximation of u. as € — 0.
Theorem 6.16. Assume that there exists e € (0,1) such that Ve € (0,¢) and

§=0(e) = 2 +¢, BVP (6.136) possesses a weak solution uc € E°. Moreover, if the

following conditions are satisfied

(A3) there exist 3> 2 and m € LP([0,T],R") such that |VF(t,u.(t))| < m(t);
(A4) there exists 1 > 1/(3 — €o) such that ¢D{u. € L7 ([0,T],R").

Then there exists a sequence {€,} such that ey > €3 > -+ > €, — 0 as n — o0,

u(t) = limp 00 we, (t) exists uniformly on [0,T) and u is a solution of BVP (6.121)

. 1
wztha_§.

Proof. According to Theorem 6.15, u. is also a solution of BVP (6.136). Thus, we

have
+DY (0D ue(t)) = VF(t, uc(t), ae.te0,T). (6.137)
Propositions 1.6-1.7 imply that the equation (6.137) is equivalent to the integral
equation
oD%uc(t) = ;D3P (VE(t,u (1)) + C(T — )", ae. t€[0,T], (6.138)

where C' = (1/T(8))[: D3 (0D?uc(t)))i=r. Noting that ¢D{u. € L7 ([0, T],RY)
according to (A4), direct calculation gives that

T
|tD‘%—1(ODfu6(t))| < F(%—@/t (s —t)—‘s‘ODgue(s)’ds

1 T 8y 1-1/p1 s
<sr=s( ) G-07 ) T Dt

< o(T =)=V o D uel| o

where ¢ € RT is a constant. It is obvious that 1-6—1/8; > O since 81 > 1/(5—€o) >
1/(1 = 6), then we have C = (1/T(8))[; D5 (oD uc(t))]i=r = 0. Therefore, (6.138)

can be written as

oD%u(t) = {D7° (VF(t, uc(t))), ae.te0,T]. (6.139)
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According to Proposition 6.5 and in view of the continuity of u. € E°, (6.139) is
equivalent to the integral equation
uc(t) = oD; °(;DF°VF(t, uc(t))), te[0,T). (6.140)
On the other hand, we observe that m € L?([0, T],R*) and 8 > 2 in (A3) imply
that

T
[ D7omi(t)] < ﬁ/ﬁ (5 — )= m(s)|ds

1 T (6=1)8 1-1/8
m( [ -0 ds) o

TP ml| s

c1llm|| e m[ax]{T)‘_l/ﬁ}, t € 0,77,
A€[L,1

2

IN

IN

where ¢; € R is a constant. Therefore, there exists a constant M € RT such
that ||,D;°m| < M, which means that |, D7’V F(t,uc(t))] < M on [0,T] since
IVE(t, ue(t)] < mf(t).

Set G(t,uc(t)) = (D7’ VF(t, uc(t)), and we have by (6.140)

L t — 597 HG (s, ue(s ]
uct)) < 5 | (6= 9" 16wl

Mo iy,
Srw)/o“ )il

M (6.141)
< -
STo+D)
T)\
<M = L ye,T)
< Sé“[?fi]{m“)} 0.7

The last inequality follows from the continuity of 7% /T'(A+1) with respect to A > 0
and the fact that T'(A) > 0 for A > 0. Furthermore, letting 0 < t; < to < T, we see
that

|ue(t1) — uc(t2)]
_i " — )% G (s, ue(s))ds — b — 8)97 G(s, uc(s))ds
F(é)’/O (tr — 5)-1G (s, uc(s))d /0@2 V1G5, ue(s))d
_ b " —8)0 1 (4, — 5)0 s, ue(s))ds
-5 / (0 — )" = (t2 — 5)°1) Gs,uc(s))d
ta (6.142)

—|—/t (ty — 8)° 71 G (s, uc(s))ds

M gty s [t — 5)5 s
S A R + [t

M
=G (2(t2 — t1)° + 1] — 13)
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< ﬂ(t —t)°
“TOo+1) 2 !
EIRPY
< 2M max {(tQtl)}
aelta) | T(A+1)
It then follows from (6.141) and (6.142) that the family {u.} forms an equicontinu-
ous and uniformly bounded functions. Application of Arzela-Ascoli theorem shows
the existence of a sequence {e,} such that e > €3 > -+- > €, — 0 as n — oo, and

u(t) = limy, 00 Ue,, () exists uniformly on [0, T]. Since the continuity and boundness
of VF(t,-) imply the continuity of ; D;.°VF(t,-), we obtain that

+DL°VE(t,ue, (1) = D7V (t,u(t), asn — oo,
and combining (6.139) yields
u(t) = oD; °(:D7°VF(t,u(t)), te0,T].
This proves that u is a solution of BVP (6.121) by using the Proposition 1.5 and
Lemma 6.1. The proof is completed. O

Example 6.8. Set F(t,z) = m(t)sin(|x|), where m € LA([0,T],R*) and = € RV
Then (A3) is verified since |F (¢, z)| < m(t) for z € RY. If for any € € (0,¢), we
have u, € AC([0,T],RY) and . € LA ([0,T],RY), then oD{u. € L7 ([0,T],RY)
by using Proposition 1.1 and (6.5). Thus, (A4) is satisfied.

6.6 Notes and Remarks

The results in Subsections 6.2.1-6.2.4 are taken from Jiao and Zhou, 2011. The
material in Subsections 6.2.5-6.2.6 due to Chen and Tang, 2012. The results in
Section 6.3 are adopted from Kong, 2013. The main results of Section 6.4 are from
Chen and Tang, 2013. The material in Section 6.5 due to Jiao and Zhou, 2012.






Chapter 7

Fractional Hamiltonian Systems

7.1 Introduction

The existence of homoclinic solutions is one of the most important problems in the
history of Hamiltonian systems. It has been intensively studied by many mathe-
maticians (see Ambrosetti and Zelati, 1993; Ding and Jeanjean, 2007; Izydorek and
Janczewska, 2005; Makita, 2012; Omana and Willem, 1992; Paturel, 2001; Rabi-
nowitz, 1990; Séré, 1992; Szulkin and Zou, 2001; Zelati, Ekeland and Séré, 1990;
Zelati and Rabinowitz, 1991; Zou and Li, 2002). Variational methods to prove the
existence of homoclinic solutions for second order Hamiltonian systems were first
used by Rabinowitz, 1990, while the first multiplicity result, later improved by Pa-
turel, 2001, is due to Ambrosetti and Zelati, 1993. In recent years, the existence and
multiplicity of homoclinic solutions for the second order Hamiltonian systems have
been extensively studied via variational methods in many papers (e.g. Ambrosetti
and Zelati, 1993; Ding and Jeanjean, 2007; Izydorek and Janczewska, 2005; Makita,
2012; Paturel, 2001; Rabinowitz, 1990; Zelati and Rabinowitz, 1991; Zou and Li,
2002). It is worth to mention that the fractional Hamiltonian systems are not
uniquely defined and many researchers have explored this area giving new insight
into this problem (e.g. Baleanu, Golmankaneh and Golmankaneh, 2009; Tarasov,
2010; Toress, 2013; Nyamoradi and Zhou, 2016, 2017; Nyamoradi, Alsaedi, Ahmad
and Zhou, 2017; Nyamoradi, Zhou, Alsaedi and Ahmad, 2017).

In this chapter, we give some results on existence and multiplicity of homoclinic
solutions for fractional Hamiltonian systems.

7.2 Existence and Multiplicity of Homoclinic Solutions (I)

7.2.1 Fractional Derivative Space

In this section, we consider the following fractional Hamiltonian systems

DL (CooDPu(t)) + L(t)u(t) = VW (¢, u(t)), teR,
u e H*(R),

357
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where _ Dy and (D¢, are left and right Liouville-Weyl fractional derivatives of
order o € (%, 1) on the whole axis R respectively, u € R™ W (¢,u) is of indefinite
sign and subquadratic as |u| — +oo and L € C(R,R™*") is a positive definite
symmetric matrix for all ¢ € R.

As usual, we say that a solution u(t) of (7.1) is homoclinic (to 0) if u(t) — 0
as t — too. In addition, if u(t) # 0 then wu(t) is called a nontrivial homoclinic
solution.

In particular, if o = 1, (7.1) reduces to the standard second order Hamiltonian
system of the following form

u’(t) + L(t)u(t) — VW (t,u(t)) =0, teR. (7.2)
We define the Fourier transform F(u)(§) of u(z) as

Flu)(€) = / " (),

— 00
For any o > 0, we define the semi-norm and norm respectively as Torres, 2013.
lulre . = [l-0o DZullL2,
1

2

ullze_ = (= + Juffa ) (7.3)
and let the space I*_(R) denote the completion of C§°(R) with respect to the norm
- lze .-

Next, for 0 < o < 1, we give the relationship between classical fractional Sobolev
space H*(R) and I*__(R), where H*(R) is defined by

ool e

HY(R) = Cg(R)”

with the norm

N

ulla = (ullfe + ful2) ", (7.4)
and semi-norm
[ula = 1€ F ()2

Observe that the spaces H*(R) and I%__(R) are isomorphic and have equivalent
norms (see Torres, 2013).
Therefore, we define

H*R) = {u € L*R)| |¢|*F(u) € L*(R)}.

7.2.2 Some Lemmas
We suppose the following conditions for L(t) and W (¢, u):

(L) There exists a I € C(R, (0,+00)) such that I(t) — 400 as |t| = o0 and
(L(t)u,u) > 1(t)|ul?, forallt e R, ucR"™
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(L,) There exists a constant v < 2 such that

lim inf {|t|”2 inf (L(t)§,€)| > 0.
|t|]—+oo |€l=1

(W1) W(t,0) =0 for allt € R and there exist constants max{1,2/(3—v)} < v; <2
and a; >0 (i =1,2,...,m) such that

W (t,u)| < Zaﬂu\'”, vV (t,u) € R x R™
i=1

(W2) There exists a function ¢ € C(]0,4+00), [0, +00)) such that
[VIV(t,u)| < o(lu]), ¥ (t,u) e RxR",

where ¢(z) = O(z¥m+171) as 2 — 0%, max{1,2/(3 — 1)} < Y1 < 2.
(W3) There exists a constant dp > 0 such that

l
W(t,u) > Y bp()ul*, VteQ, ueR", |u| < d,
k=1

for some positive measure subset 2 of R, where max{1,2/(3 —v)} < v <2
are constants, by : R — R* are bounded continuous functions for k =
1,2,....1.
(W4) There exist typ € R and max{1,2/(3 —v)} < ¥ < 2 such that
. W(t,u)
im —
(tuw)—(to,0)  |ul?

(W5) W(t,—u) =W(t,u) for all t € R and u € R".

> 0.

In order to establish our results via variational methods and the critical point
theory, we firstly describe some properties of the space on which the variational
associated with (7.1) is defined. Let

Xo = {u € H(R)| / (I DFuOI? + (L(tyu(t), u(t)) )t < oo} .
R
The space X“ is a Hilbert space with the inner product

() = [ ((CDFutt), - DEo(®) + (L) 0(0) ).

and the corresponding norm
lullfe = (u,u)xa.

Lemma 7.1. (Torres, 2013) Let oo > %, then H*(R,R™) C C(R,R") and there is
a constant C = C,, such that

[tlloc = sup [u(z)| < Cllulfa- (7.5)
z€R
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So by Lemma 7.1, there exists a constant C, > 0 such that
l[ulloo < Callul|xe. (7.6)
By (L,), there exist integers Ty > 0 and My > 0 such that

1177 inf (L(E,€) = Mo, [t > To,

which implies that

"7 2(L()E€) > Mol¢l*, [t > To, & €R™ (7.7)
Lemma 7.2. Suppose that L satisfies (L,). Then, for 1 < q € (2/(3 —v),2), X*
is compactly embedded in LI(R,R™). Moreover

/| Ju(e)lde < T”@nug@, Yue X, T>T, (7.8)
>

B-1r)g=2
2

and

g
2

1—
—a p(q) o
ull e < </|<T[l(t)]“dt) + pacEn7E] [ull%es Yue X T >Ty,
t|< 2

(7.9)
where
1-4 .
plq) = [(32_(21/;;22} M, ?, (7.10)
and
It) = wERir’n‘;l:l(L(t)x@). (7.11)

Proof. Let ¢ = (3_2”%. Then ¢ > 0. For u € X% and T > Ty, it follows from

(7.7) and (7.10) together with the Holder inequality that

q

u(t)| = - 2=V 15, (4)]2 ’
/M (t)]%dt < (/M 1t dt> </t>T [t[27 ()] dt>
2\ F /1 3
= <<T<> (MO /|t>T(L(f)U(t)7u(t))dt>

2—gq
272 q
— 4 94 (3—v)g—2 Hu”X"‘
2

Mgc=T

N

p(q)

q
= WHUH)@-

This shows that (7.8) holds. Hence, from (7.8) and (7.11) and the Hélder in-
equality, one can get

fullte = [ Juopaes [ juopar
|t]<T [t|>T
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1-4 q
< </t|<TU(t)] dt) </|t|<Tl(t)| () dt) e [l Xa

1-2
__a_ p\q
< ( [ i) wdt) e + 29 ..
|t <T T—=2

This shows that (7.9) holds.
Finally, we prove that X is compactly embedded in LI(R,R™). Let {ug} C X“
be a bounded sequence. Then by (7.6), there exists a constant A > 0 such that

lurlloo < Collurl|xe <A, keN. (7.12)

Since X is reflexive, {uy} possesses a weakly convergent subsequence in X<.
Passing to a subsequence if necessary, we may assume that uy — ug weakly in X .
It is easy to verify that

lim w(t) =uo(t), VteR. (7.13)
k—oo
For any given number € > 0, we can choose T, > 0 such that
29 p(q) [ AN*
ENCETYECY Cf + ||U0||q o <eE. (714)
TE 2 «
It follows from (7.13) that there exists ko € N such that
/ luk(t) —uo(t)|?dt <e, V k> ko. (7.15)
[¢I<Te
On the other hand, it follows from (7.8), (7.12) and (7.14) that

/t|>T5 Jug, () = uo(t)]%dt < 2971 /|t>TE (|uk(t)|q + |u0(t)‘Q>dt

27 p(q)
< —ameg (luellie + lluollke) (7.16)
2
g
207 p(q) [(A*
< s C + ”UOHg(a <& kel
2 «

Since € > 0 is arbitrary, we obtain by (7.15) and (7.16) that
g — wol%y = / lun(t) — uo(£)[9dt — 0, as k — +oo.
R

This shows that {uj} possesses a convergent subsequence in LI(R,R™). There-
fore, X* is compactly embedded in LI(R,R"™) for 1 < g € (2/(3 —v),2). Therefore,
the proof is completed. O

Also, by (L), since I € C(R,(0,00)) and [ is coercive, then lyi, = mingep /(%)
exists, then we have

(L®)ut), u(t)) > 1) |[u)]* > b u@)?, VEeR. (7.17)
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Lemma 7.3. Suppose that L satisfies (L). Then for 2 < q < oo, X* is compactly
embedded in L1(R,R™); moreover

Cce—2
u®)|9dt < —— ly||%., Vue XY, T>1, 7.18
/t I 1 (7.18)
and
lult, < 12EC 2 ul%e, Ve X (7.19)

Proof. From (7.6) and (7.17), one can get

u(t)|?d w||472 w(t)|?d
/M (O)9dt < [[ul] o /M' ()[2dt
< flulloz? /| ORCZORORIOT

ullaz?

minMZT Z(S)

Cca—2
< lull%.
ming>7 (s)

(7.20)

IN

lull X

and

lull, < fluflez? / Ju(t) Pt

teR
<Ghlule? [ @u,u)
teR
< LainCa 2 ul %
which, together with (7.20), shows that (7.18) and (7.19) hold.

We now can prove that X is compactly embedded in L4(R,R™) for 2 < g < oo
by (L). By Lemma 2.2 in Torres, 2013, we know that the embedding of X% in
L?(R,R") is continuous and compact. On the other hand, from Lemma 7.1, we
know that if w € H® with 3 < a < 1, then u € LY(R,R") for all ¢ € [2,+00),
because

/R ()| < [l 452 a2

So, it is easy to verify that the embedding of X* in L?(R,R"™) is also continuous
and compact for 2 < ¢ < co. Therefore, combining this with Lemma 2.2 in Torres,
2013, we have the desired conclusion for 2 < ¢ < oo. Therefore, the proof is
completed. O

Now, we establish the corresponding variational framework to obtain solutions
of (7.1). To this end, define the functional I : X* — R by

1

I(u) = §/R(\_oonu(t)PJr(L(t)u(t),u(t)))dtf/RW(t,u(t))dt
(7.21)

1
= S llullke —/W(t,u(t))dt.
R
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Lemma 7.4. Assume that the conditions (L,), (W1) and (W2) hold. Then the
functional I is well defined and of class C1(X,R) with
rwo = [ ((CDfuft),—Dfo)
R (7.22)
+ (L@)u(t), v(t)) = (VW (t, u(t)), v(f)))dt~

Furthermore, the critical points of I in X< are solutions of (7.1) with u(t) — 0 as
t — £oo.

Proof. We firstly show that I : X* — R. For T > Ty, in view of (W1) and (7.19),
we have

/RW(t,u(t))dt‘ <§;ai/Ru(t)

1-=
e p(7i)
(/ wmwdt) 2y,
[t|<T T 2

¢i(D)[[wllXo

Vit

IN

Yo (7.23)

M= 11z

<

s
Il
N

where

i

6i(T) = a; </| |<T[z(t>]2”~idt> +T<P<X>

Combining this with (7.21), it follows that I : X* — R.
Next, we prove that I € C*(X* R). Rewrite I as I = I; — I5, where

1

== “u(t)]? u(t), u
Blw) = [ (lewDRu(® + (Lu(o). ) )at, .

R
() = | Wt u(®)dr

It is easy to check that I; € C1(X“, R), and that
I} (uyw = /R (e DFu(®), - DFv(®) + (Lu(t), v(1)) ) dt.
Then, it is sufficient to show that I, € C*(X“ R). So, we have
I(u)v = A(VW(t,u(t)),v(t))dt, Vou,ve X, (7.25)

By (W2), one can choose a constant ¢g > 0 such that

o(Jul) < gao|u|7’"+1*1, VueR" |u <1. (7.26)
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For any u,v € X, there exists 77 > 0 such that |u(t)| + |v(t)] < 1 as |t| > Ti.
Then for any function 6 : R — (0,1) and any number h € (0,1), by (W2), (7.26)
and Lemma 7.2, we have

/R (VW (t,u(t) + 0(t)ho(t)), v(t))|dt
- /M (VW (£, u(t) + 0(t)ho ()] [v(1)) dt
' /|t|>T (VW (t, u(t) + 0(t)ho(1))|v(2))]dt

< / max VW (t, z)||v(t))|dt
[t|<Ty 2l lulloot o]l oo

Ym+1=11y,
woo [ Q@]+ @ ot o

g/ max |VW(t,:1:)||v(t))|dt+<po/ o (t)[Ym+ dt
<yl < lullco+ o]l t>Ty

1 1

1_7m+1 Tm+1
+ 0 / () dt / () dt
[t]>T [t]>Ty

</ max (VW (ta)|o(t))dt
[t|<Ty 2l lulloo+ o]0

p(’Yerl) (Hu

(B—v)vm41—-2
2

’Ym+1 1+||U %n+1 1)

+ o |v||xe < 4o00.

Then by (7.21) and (7.27), the mean value theorem and Lebesgue dominated
convergence theorem, we get
Iy(u+ hv) — Ix(u)

Ta(u)v = hlif]([)lJr h
W (t,u(t) + ho(t)) — W(t,u(t))
- hlip([)lJr {/ h dt}
= hli}r{)gr [/R(VW(t,u(t) + H(t)hv(t)),v(t))dt}

S CLCTOROE

This shows that (7.25) holds.
It remains to prove that I} is continuous. Suppose that ur — ug in X* as
k — o0, then, by the Banach-Steinhaus theorem, there exists a constant ¢ > 0 such

that

1
uollxe < = SHpHUkHXa
ke

o0 (7.28)

<1,
C’
In view of (7.6), we have

luolloo < 0, sup[Jurfle < 0. (7.29)
keN
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Now, by (W2), we can choose a constant ¢; > 0 such that
o(lul) < prlul 71 VueR", [ul <o (7.30)
Thus by (7.8), (7.22), (7.28)—(7.30), (W2) and the Holder inequality, we obtain
|3 (ur)v — Iy (uo)v|

/|vwmk )) — VW (£, uo(t)), o(t))|dt

s/ (VW (£ i (£)) — VIV (£ o () lo(t)) |t
[t|<T

[T n(0) - TW (s (o)l
|t|>T

<o(l)+ ¢ /|t|>T (lur @71+ Jug (&) +271) Ju(t))|dt

1-——1— 1
Ym+1 TYm+1
sdmwl/ g (£) e it / () dt
[t|>T [t|>T1
1——21— 1
’Y7n,+1 'Ym+1
—wl/ g (£) [ / () [ dt
[t|>T [t|>Ty

p(Ym+1) mi1—1 S
<0(1)+¢1T7‘(3_V:W)(” kX 4 JJuol| ) [vllxe

2
=o(l), as k— 400, T — +o0, Vv e X,

which shows the continuity of I3.
Finally, by a standard argument, it is easy to show that the critical points of I in
X are solutions of (7.1) with u(+o0) = 0. Therefore, the proof is completed. O

7.2.3 Existence of Homoclinic Solutions

Now, we can state existence results.

Theorem 7.1. Suppose that L and W satisfy (L,) and (W1)-(W3). Then, (7.1)
has at least one nontrivial homoclinic solution.

Proof. In view of Lemma 7.4, I € C'(X“ R). We show that I satisfies the hy-
potheses of Theorem 1.12.

Claim I. We first show that I is bounded from below. Selecting To > Tp, it
follows from (7.23) that

/Wtu i T2|

and (7.31), we get

mma/Wtudw4wm Z@%

VueX® (7.31)

From (7.2

I(u) = (7.32)

1)
1
2
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Since max{1,2/(3—v)} < ; < 2, (7.32) implies that I(u) — 400 as |Ju||x« — +o0.
Therefore, I is bounded from below.

Claim II. We show that I satisfies the Palais-Smale condition. Assume that
{ur}ren C X* is a sequence such that {I(ux)}ren is bounded and I’(ug) — 0 as
k — 400. So by (7.6) and (7.32), there exists a constant A; > 0 such that

[urlloo < Callurlxe <Ay, k€N (7.33)

Hence, passing to a subsequence if necessary, one may assume that up — u
weakly in X<. It is easy to verify that

lim wug(t) =wu(t), VteR. (7.34)
k—o00
So,
(I'(ug) = I'(w))(ug, —u) = 0, as k— oo, (7.35)
it follows from (7.33) and (7.34) that
lullxe < A (7.36)

By (W2), we can choose @2 > 0 such that
o(lu]) < polul™ 71 VueR", |u| <Ay (7.37)

For any given number € > 0, we can choose 75 > 0 such that

A Ym+1
_POmrn) Kl> + ||u||}gz+1} < (7.38)

(8—v)~y 1—2
=i [\ Ca

Ty
It follows from (7.34) and the continuity of VW (¢,z) on x that there exists
k1 € N such that
/ VW (t, ug(t)) — VIV (t,u(t))||ur(t) — u(t)|dt <e, Vk>k. (7.39)
[t|<T3
Therefore, in view of (7.8), (7.33), (7.36)-(7.38) and (W2), we obtain

/|f|>T. |VW(t’uk(t)) o VW(taU(t))Huk(t) — U(t)|dt

< /t|>T (g ()= 1 Ju(t)mr ) (\uk(t)\ - Iu(t)|)dt

< 29 /|75>T3(|Uk(t)
p('7m+1)

B=)Vm41—-2
2

13

" A TYm+1
< 2302'0(77“) Kl) + |l

(3—v)~y 1—2
e el AN

T
< 2p9e, keN.

Ym+1 + |u(t)

Ymit) d
(7.40)

< 2p; el + ]

’Y‘rn+1:|
X
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Since € > 0 is arbitrary, so by (7.39) and (7.40), we get
/(VW(t,uk(t)) W u(t)), un(t) — u(E)dt — 0, ask > +oo.  (7.41)
R

On the other hand, we have
(I (we) = I'(u)) (ur — u)

(7.42)
=l = wlfee = [ (FWua(0) = VI (6 u(0). s (t) = u(t).

Hence, it follows from (7.35), (7.41) and (7.42) that |ur —u|| x« — 0 as k — +oo.
Therefore, I satisfies Palais-Smale condition.

Then, by Theorem 1.12, ¢ = infxa I(u) is a critical value of I, that is, there
exists a critical point e such that I(e) = c.

Finally, we show that e # 0. Take some u € X such that ||u||x« = 1. Then
there exists a subset € of positive measure || < oo of R such that u(t) # 0 for
t € Q. Take o > 0 small enough so that o|u(t)| < o for t € Q. By (W3), there
exists a constant 7 > 0 such that

l
W(t,u) > nz lu|", ViteQ, ueR" |ul <dp. (7.43)
k=1
Then by (7.43), one can get

0.2
Iwm:pw@féwwm@w

) (7.44)

l
< % —nzo"k/ u(t)[* dt.
k=1 Q

Since max{1,2/(3 —v)} < v <2 (k=1,2,...,1) and [, [u(t)[*dt > 0, (7.44)
implies that I(cu) < 0 for some o > 0 with o|u(t)| < dg for t € Q. Thus, I(e) =
¢ =infxe I(u) < 0, therefore e is a nontrivial critical point of I, and hence e = e(t)
is a nontrivial homoclinic solution of system (7.1). The proof is completed. O

Theorem 7.2. Suppose that L and W satisfy (L), (W1), (W2), (W4) and (W5).
Then, (7.1) has at least d (€ N) distinct pairs of nontrivial homoclinic solutions.

Proof. In view of Lemma 7.4 and the Proof of Theorem 7.1, I € C}(X®,R) is
bounded from below and satisfies the Palais-Smale condition. It is obvious that I
is even and I(0) = 0. In order to apply Theorem 1.13, we show that there is a set
K C X such that K is homeomorphic to S?~! by an odd map, and supy I < 0.

By (W4), there exist an open set D C R with ¢ty € D, o1 > 0 and 1 > 0 such
that

W(t,u) > nlul’, V(t,u) € D xR, |u| < oy. (7.45)
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For any d € N, we take d disjoint open sets D; such that U?:1 D; ¢ D. For
i=1,2,...,d,let u; € (HF(D;) (N X*)\ {0} (for detail of H§(D;), see Ervin, 2006)
and ||u;||xe =1, and

Xg=span{ui,...,uq}, Sq={ue€ Xq: |Julx- =1} (7.46)

For u € Xy, there exist \; € R, ¢ =1,2,...,d such that

d
u(t) =Y Nug(t), forteR. (7.47)
=1
So
3ooqd s
= u(t)[? = i|? u; (8)[? .
||um—(/R (0) dt) (;m /Di| ) dt) . ()
and

el = / (I-se DI + (L(E)ut), u(t)) ) dt

d
=) N / ('*OODgui(t)F+(L(t)ui(t),ui(t)))dt
=1

D;
- (7.49)
:i_zl/\i/ROoon‘ui(t)l +(L(t)ui(t)7ui(t)))dt

d d
=D Ak = A2
i=1 i=1

As all norms of a finite-dimensional normed space are equivalent, there is a
constant C’ > 0 such that

C'ullxo < |lullps, forue Xq. (7.50)

Note that W (¢,0) = 0, and so according to (7.45), (7.47)-(7.50), one can get

1(su) = 5l — /RW(t,su(t))dt
2 d
= i u 2 SA;U;
=GP =32 [ Wit sr)

2 d
S 7.51
Sl = ns® S [ fuste) e (751
i=1 J

i

IN

IA

Y
LY

S
= e = s”

2
S
S llullke = n(C's)"lul%a, ¥ u€ Sy,

IA
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and sufficiently small s > 0. In this case (7.45) is applicable, since u is continuous
on D and so [sA\u;(t)| < oy forany t € D,i=1,2,...,d can be true for sufficiently
small s. Hence, it follows from (7.51) that there exist £ > 0 and o > 0 such that

I(ogu) < —e, Yue€ S (7.52)
Let
A1 A A\ 422
o d—1 1 2 d d i
2 — R = —_ ., — R* . — =15.
S {oqu: ueSy}, S {(02, pgRRRE 02> € ;zl p }

Then it follows from (7.49) that

d d
552:{2)\1'11,1'2 Z)\?:U%}
By (7.45), we define a map ¥ : S72 — S9! as follows

U(u) =05t ()\1 ] Ad

o0’ 00" " 0a
It is easy to verify that ¥ : $7* — S9! is an odd homeomorphic map. On the
other hand, by (7.52), we have

I(u) < —e, VueSP:,

and thus SUpge2 I < —e < 0. By Theorem 1.13, I has at least d distinct pairs of
critical points, and so system (7.1) possesses at least d distinct pairs of nontrivial

T
) , YueS].

homoclinic solutions. The proof is completed. O
Next, we replace the conditions (W1)—(W4) with the following conditions:

(W6) W (t,0) =0 for all t € R, there exist constants w; € [0,2 —v), g; > 0 and
max{1,2(1+w;)/(3—v)} <7 <2 (i=1,2,...,r) such that

W (t,u)] < Zgi(l + 87 |ul™, ¥ (t,u) € Rx R™
i=1
(W7) There exist r functions x; € C([0,+00), [0,+c0)) such that

s
VW (t,u)| <) (1+]t
i=1
where y(x) = O(2™+71) as z — 07, max{1,2(1 + @;)/(3 — )} < Trps <
2(i=1,2,...,r).
(W8) There exists a constant 63 > 0 such that

“Oxi(lul), ¥ (t,u) € Rx R",

l
W(tu) > Y bl VteQ, ueR", |ul <4,
k=1

for some positive measure subset Q of R, and where max{1,2(1 + w;)/(3 —
v)} < vj < 2 are constants, b}, : R — RT are bounded continuous functions
fork=1,2,...,1.
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(W9) There exist typ € R and max{1,2(1 4+ w;)/(3 —v)} < ¥ < 2 such that
W(t,u)

im 3 > 0.
(tu)—(t0,0)  |ul

Then, we have the following results.

Theorem 7.3. Suppose that L and W satisfy (L,) and (W6)—(W8). Then, (7.1)
has at least one nontrivial homoclinic solution.

Theorem 7.4. Suppose that L and W satisfy (L,), (W5), (W6), (W7) and (W9).

Then, (7.1) has at least d (€ N) distinct pairs of nontrivial homoclinic solutions.

Lemma 7.5. Suppose that L satisfies (L,). Then for w € [0,v) and 1 < q €
2Q+w)/(B3—-v),2), X is compactly embedded in L1(R,R™); moreover

(B-v)g—2(1+w)
2

(/ u+mwfwaMQ
lt|<T

‘AlTu+twnmwwﬁ<T,““”)nu§m VueXe, T>T, (753)
>

and

q
2

/O+HFWﬁWﬁ§
R

(7.54)

p(@,q) o

+ (B3—v)q—2(1+w=) ‘| ”qu(a’ VueX ’ T> T07
T 3
where
(@.q) =2 22— q) Tt (7.55)
() = .
P U= 3= 20+ w) o

and l(t) is defined in (7.11).

Proof. Let ¢ = %. Then ¢ > 0. For u € X* and T > Ty, it follows

from (7.7) and (7.55) and the Holder inequality that

1-4 g
/ (1+ [¢]™)|u(t)|9dt < 2 (/ It~ dt) (/ t|2_”|u(t)|2dt>
[t|>T [t|>T [t|>T

—(¢+1) ’ 211 ()2 :
2 (/M ] dt) (/}M 2 u(t)| dt)
5 \1% [ 1 3

5 <<T<> (MO /|t >T(L(t)u(t),u(t))dt>

2=
21+

IN

A

q
- MO%CEEQT(3—V)CJ—22(1+W) HUHXQ
p(@,q)
= (3—y)q:2(1+w) ||u||g(a
3

T
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This shows that (7.53) holds. Hence, from (7.53) and (7.11) and the Holder
inequality, one can get

[+
= [ s [ @
lt|<T

[t|>T
(/ zmwmwg
lt|<T

1-4g

q
2 2

ggﬁ a+MW%wwr%MQ

p(w@, q)
(S—V)q:2(l+w) ||u||g(°‘
2

N

q

+
1—
g( u+mw*wwr*m§ ol
+

p(@,q)
@”“H%w

This shows that (7.54) holds.
Finally, by similar argument in the proof of Lemma 7.2, it is easy to show that
X is compactly embedded in L4(R,R™). Therefore, the proof is completed. O

In this case Lemma 7.5 holds again with replacing (W1) and (W2) by (W6) and
(W7), and in view of (W6) and (7.54), we have

/RW(t,u(t))dt’ gggi/Rth
Sigil</t|<T(1+|t

p(wi> Ti)
T(sfu)wigz(uwi)

Tidt

wi)

u(t)

T

2

1—

mw%wmﬂwa
(7.56)

+

[ulla

T

< IL(T)|u

i=1

T3

X

where

Therefore, the proof of Theorems 7.3 and 7.4 are similar to Theorems 7.1 and
7.2, respectively, and are omitted.

We will use the following conditions on W (¢, u) to find infinitely many homoclinic
solutions:

-3
Wz)22-r1|:l(t)]2:—lbdt> + p(wi, 7)

B=v)v;—2(1+w;)
T 2

(W10) limy, o 252

r- = oo uniformly for all ¢t € R.
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(W11) There exists o > 0 such that W (t,u) > —pl|u|? for all (t,u) € R x R™.
(W12) W (¢,0) = 0 and there exist D > 0 and v; > 2 (j = 1,...,1) such that

l
VW (t,u)| < D(|u\ +3 |u|%'—1), Y (t,u) € R x R™.
Jj=1

(W13) There exist p > 0, pj, ¢; > 0, 0 < 22:1 q; < % and 0 < 6; < 2
(j =1,...,1) such that for V(t,u) € R x R",

l
(VW (t,w),w) = pW (1) = = 3 [ lul® + g (L), ) + M; (1) ul® .

j=1

where M; € L*~ =7 P (R,RT) (j=1,...,1).
(W14) Thereexist 9 >y, —1(j=1,... ,l),c > 0 and Ry > 0 such that

(VW (t,u),u) —2W (t,u) > clu|’, VteR, V|u| > Ry,
(VW (t,u),u) > 2W (t,u), VteR, V|ul <Ry

Remark 7.1. In view of (W12), we have
1
W(t,u) = / (VW (¢, su), u)ds < D( luf2 + Z |u|%) V(tu) €R x R
0

Now, we can state our main results.

Theorem 7.5. Suppose that L and W satisfy (L), (W5) and (W10)-(W13). Then,
system (7.1) possesses an unbounded sequence of homoclinic solutions.

Proof. Let {e;}52; be the standard orthogonal basis of X and define X := Re;,
then Zj, and Y} can be defined as that in Theorem 1.17. From (7.22) and (W5), we
can obtain that ® € C'(X“,R) is even. Let us prove that the functional ® satisfies
the required conditions in Theorem 1.17.

We firstly verify condition (H2) in Theorem 1.17. Let

Ak = sup lwe]l L2,
UEZy, |lullxa=1
= sup lullgvs, foranyj=1,...,1,
UEZy,||ul| xa=1
then Ay — 0 and ﬁi — 0as k — +oo for any j = 1,...,[. Clearly the sequence
{A\x} is nonnegative and nonincreasing, so we assume that A\, — A > 0, k — +o0.
Ak

For every k > 0, there exists uy € Zj such that ||ugl[xe = 1 and [lugl[z> > 3.
Then, up to a subsequence, we may assume that up — u weakly in X“. Noticing
that Zy is a closed subspace of X, by Mazur theorem, we have u € Z, for all
k > n. Consequently, we get u € (o~ Z = {0}, which implies ux — 0 weakly
in X®. By Lemma 7.3, we have uy — 0 in L?(R,R"). Thus we have proved that
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A = 0. Similarly, we can prove that ,6’% —0ask > 4o forany j=1,...,0. In
view of (7.21) and (W3), one can get

Ba) = ghulfe — [ Wit uo)ar

v

!
1 9 1 2 1 Vi
§||u||Xa -D 5”“”1)2 + ; ’Yinu”LWj (7.57)

1
1 1 1 .. ,
> Sllullfe — 5D ullee = DY — B Jul R
2 2 il

Since A\, — 0 as k — 400, there exists a positive constant Ny such that

1
D) < 5 Vk=No (7.58)
By (7.57) and (7.58), we have
1 ‘1
) 2 gllulfee = DY =B [ulXe, Yk 2 No. (7.59)
j=1 "
1 1
If we choose r = T max { (871)16;“) B (S%ﬁgl) T }, then
1
by = inf ®(u) > —r?, Vk> Np. (7.60)
UE Ty, ||ull x o= 8

Since B, —+ 0 as k = oo and v; > 2 for any j =1,...,[, we can obtain
b, — +o0, ask — oo.

We now verify condition (H1) in Theorem 1.17. Since dim Y}, < co and all norms
of a finite-dimensional normed space are equivalent, there exists a constant My > 0
such that

ullxe < Molullz2, Vu€ Y. (7.61)

By (W1), for &1 = (1 + gl;ﬁlﬂ) Mg where g is given in (W2), there exists § =
d(e1) > 0 such that

W(t,u) > eq|ul®>, V|ul >4, VteR. (7.62)
Then, for any u € Yy, in view of (7.19), (7.21) and (7.62), one has

B(u) = 5l — [ Wtulo)

1
— 5l - | Wt u(e)de - Wt u(t))dt
2 {teR; [u(t)>5} {teR; [u(t)<d}

IN

1
Sllullke = el + ollul?:

1 2 €1 2 -1 2
§||UHXCx - ﬁg”uHXﬂ + ol i vl X o

IN
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L & -1 2 L2
— (5 37+ etah) Bl = g ol
Hence, we can choose ||u||xo = ok large enough (g > 7 > 0) such that

k= max P(u) <0.
u€Yy, [|lull=cr

Finally, we prove that ® satisfies the Palais-Smale condition. Let {u;}ieny C X
be a Palais-Smale sequence, that is, {®(u;)}nen is bounded and ®'(u;) — 0 as
1 — +00. Then there exists a constant M; > 0 such that

[@(w)| < My, [ @ (u)ll(xoy- < My (7.63)
for every i € N, where (X%)* is the dual space of X<.

We now prove that {u;} is bounded in X<. In fact, if not, we may assume

that by contradiction that |u;||x« — oo as i — +oo. Set v; = HUUW Clearly,
|lvillxo« = 1 and there is vg € X such that, up to a subsequence
v; = vg, weakly in X<,
i v (7.64)
v; — vg, strongly in LY(R,R"), 2 < g < 400,
as ¢ — 400. Since v; — vg in X, it is easy to verify that
lim v () =wvo(t), VteR. (7.65)
1—+00

Now, we consider the following two cases:
Case I. v9 = 0. From (7.19), (7.63), (W13) and the Holder inequality, we can
obtain
pMy + Mi|ugl|xe = p®(u;) — @' (ui)u;

- (g — 1) lJusl ke + /R[(VW(Lui(t)),ui(t)) — pW (¢, u(t))]dt

p
> (£ -1) luilk
l

*Zﬁhww”wwmmmm+mwmwﬁt

(7.66)

l l l
p—2 0.
> | 5= Do | il = D opslluillze = Y IMG1 2 fuall
j=1 j=1 j=1 e

l l
p—2
> | = - > fb‘) luillka = pjllusll
=1 =

6

l
1\ 0;
=3I gy k) ¥l e
j=1

Divided by ||u;|%« on both sides of (7.66), noting that 0 < 22:1 gj < %2 and
0<6; <2 (j=1,...,1), one has
- 1
p=2 _ ijl qj

loillfe > —— >0, as i—oo. (7.67)
Zj:lpj
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It follows from (7.64) and (7.67) that vy # 0. This is a contradiction.
Case II. vy # 0. Since {®(u;)}nen is bounded, then by (7.63), we have

®(ui) = %Iluillia - /RW(t,ui(t))dt > M. (7.68)

Divided by ||lu;|%« on both sides of (7.68), we have

Wtuz 1 M1
dt< o+

< +o00. (7.69)

|U'L||Xa Hu’L”%(“

Let A :={t € R: wo(t) # 0}, then A # 0. Hence, by (7.65), we can obtain

lim w;(t) = 'liin v; (D) ||uil| xo = 400, ViEeA.
1—>+00

1——+00

Combining (W10) and (W11), one has

lim
i—+o00

Wt ust) | N e
< ()2 +@)|z(t)l +oo, VteA (7.70)

So, by (W11), (7.64), (7.70) and Fatou lemma, one can get

W)y, [ WEu®),, [ W),
R luill%a ten luill%a ER\A

Oy [ JuPa
ten  |uill%a tER\A

_ [ W w®) +oui(t)? o (t)]dt — Q/R [vi (t) 2t

teA |ui(t)[?

— 400, asi— +oo.

lJwill% e

This contradicts (7.69). Therefore, {u;} is bounded in X%, that is, there exists
&1 > 0 such that

[[uillxo < &1 (7.71)

Then the sequence {u;} has a subsequence, again denoted by {u;}, and there
exists u € X such that u; — u in X*. Hence we will prove that u; — u in X“.
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By (W13), (7.19) and (7.71), we have
/R(VW(t,u,-(t)) — VW (t,u(t)), u; (t) — u(t))dt

< [ I9W (e o)) + (W (¢ u®)Dlust) = (o)
R
l
<D [ (Into) + > (017 ) s (6) = ()]t
l
+D / () + Z u(t) 7 Y us(t) — ()]t
< D(Jluillze + Z el oy 0 ) s =l
+D(llullzz + Z el ) s = w2
< D\l il xe + Z Vi C 2 sl ) s = w2

i—1
+ D (|l 2 + Z a7t ) s = ]2

< D(\/lm}nfl + Z \/lmllnC;é“_QfoI) llu; — w2 — 0, asi— 4oc.

It follows from u; — u weakly in X* and (7.72) that

(7.72)

(@ ()~ B (u) s —10) = s —ul 5o — / (VW (8w (8)) = VIV (£, (), () — (b)) d.

It is easy to deduce that ||u; — ul|xe — 0 as i = 400. Therefore, ® satisfies the

Palais-Smale condition.

Therefore, it follows from Theorem 1.17 that ® possesses an unbounded sequence
{d;} of critical values with d; = ®(u;), where w; is such that ®'(u;) = 0 for ¢ =

1,2,.... If ||u;|| xo is bounded, then there exists R > 0 such that
lluillxo« < R, forieN.

Hence, by virtue of (7.19) and (W12), we have

1
Flluille = di+/ W (t,u(t))dt
R

l
1 1
zdifD/ O+ ST =g ()] ) dt
R<2| (t)] j§:17j| (t)] )

(7.73)
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> d; — Dbl + Z O )

Thus, this follows that

1 _ )
< 2l + D (il e +Zfzm}nc;7 2l Y. ) < +oo.

[\

This contradicts the fact that {d;} is unbounded, and so ||u;||x« is unbounded.
The proof is completed. O

Theorem 7.6. Suppose that L and W satisfy (L), (W5), (W10)-(W12) and (W14).

Then, system (7.1) possesses an unbounded sequence of homoclinic solutions.

Proof. By a similar argument as that in Theorem 7.2, we can prove Theorem 7.6.
In fact, we only need to prove that ® satisfies the Palais-Smale condition. Let
{ui}ien € X be a Palais-Smale sequence, that is, {®(u;)}nen is bounded and
®'(u;) — 0 as i — +00. We now prove that {u;} is bounded in X . In fact, if not,
we may assume that by contradiction that ||u;||xe — 0o as ¢ — +o0o. We take v;
as in the proof of Theorem 7.2.

Case I. vg = 0. From (W14), one has

20(u0) ~ @ (us)us = [ [T (e, 05(0).0s(8) 20 (0, )]l
> [ (YWt ws(8)), i (8)) — 2W (1w (8)]dE (7.74)
{teR,|u;(t)|>R1}

>c

/ s (),
{t€R,|u;(t)|>R1}

which implies that

9
Jier juizr, W (D)7 dE
i x o

—0, as i — oo. (7.75)
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It follows from (7.6), (W12), (W14) and Remark 7.1 that

1
= S lluillke —/W(t,ui(t))dt
R
l
Lt 0 [ (P 5 Lo
sl =D [ (Gl +§7j|uz<t>| )i

%

1 _
Zgllﬂill?w - DHullle DZ |ua ()7 dt

1V /{tER lui (£)|>Ry}

‘1

- D 7/ i (t)| 7 dt
;”Yj {teR,|u; (t)|<R1}

1 1
< ||ul||2 ._'D u1||2 l’”“z” E / |U/7,(t)‘ i—1 t
‘2 X 2 H L2 — "YJ {t€R,|u;(t)|>R1}

l
1 o
~DY R / Jus (t) 2t
i=1

{teR,|u; (t)[<R1}

l
1 1 1 91
Z —[|U; 2 «— =D (7 2 —D Uil oo fR’Y] / \ui(t)|19dt
5luillxe = 5 Dlluilze — Dljui] j§=1 5, e )

l
1 _
oy (e Pt
=1

{teR,|u;(t)|<R1}

l
1 1 1 _
> Slualze = D ( 5+ 30 R Juli
2 2 = o7

l
1 i—9—1 9
—DCQ Ujs || X o fR’YJ / Uj t dt,
el ZV‘ ! {tERqu(t)IZRl}' @ (7.76)

j=1 "

for some My > 0. Divided by ||u;||%« on both sides of (7.76), noting that (7.75),
we have

1
1 =2
2D (3 + X, LRY )

vl > >0, as i— oo, (7.77)

It follows from (7.64) and (7.77) that vy # 0. This is a contradiction.

Case II. vy # 0. The proof is the same as that in Theorem 7.2, and we omit
it here. Hence, {u;} is bounded in X®. Similar to the proof of Theorem 7.2, we
can prove that {u;} has a convergent subsequence in X®. Hence, ® satisfies the
Palais-Smale condition. The proof is completed. O
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7.3 Existence and Multiplicity of Homoclinic Solutions (II)

7.3.1 Introduction

In this section, we investigate the existence and multiplicity of the solutions of the
following fractional Hamiltonian systems

(7.78)

D2 (s Dfu(t) + Lityu(t) = VW (t,u(t), ¢ R,
u € H*(R),

where a € (1,1], oo D and ;D2 are left and right Liouville-Weyl fractional deriva-
tives of order 0 < a < 1 on the whole axis R respectively, v € R™, L € C(R,R"*"™)
is a positive definite symmetric matrix for all £ € R and W : R x R® — R is a func-
tion that satisfy conditions which will be stated later and VW (¢,u) is the gradient
of W at w.

Throughout this section, we need the following assumptions:

[L]: There exists an M > 0 such that
(L(t)x,z) > M|z|*, forallt € R, x € R™;
and W (t,x) = b(t)w(z) with the following assumptions:
[W1]: b: R — (0,+00) is a continuous function such that b(t) — 0 as |t| — oo;
[W2]: 7 € C*(R",R) and there is a constant y > 2 such that
0 <pm(z) < (Va(z),z), VaoeR"\{0}
[W3]: Vr(z) = o(|z]) as |z| — 0;
[W4]: 7(—z) = (), for all z € R™;
[W5]: for any r > 0, there exits ag, Bp > 0 and ¢ < 2 such that

0< (2 + > W(t,z) < (VW(t,z),z),

oo + Bolz|?
for all (t,z) e Rx {z € R": |z]| >r}.
In this section, we present a new approach via variational methods and critical

point theory to obtain sufficient conditions under which the Hamiltonian system
has at least one homoclinic solution or multiple homoclinic solutions.

7.3.2 Some Lemmas

In order to establish our results via variational methods and the critical point theory,
we firstly describe some properties of the space on which the variational associated
with (7.1) is defined. Let

X = {u € H(R)| /]R (\,Oopgu(t)ﬁ + (b(t)u(t),u(t)))dt < oo} .



380 Basic Theory of Fractional Differential Equations

The space X“ is a Hilbert space with the inner product

(o) e = [ (o DFult), o DFo(E) + (LEu(0), o(0) )t
R
and the corresponding norm
lullfe = (u,u)xa.
Similar to the proofs of Lemmas 2.1 and 2.2 in Torres, 2013, we can get the

following lemmas.

Lemma 7.6. Suppose that L(t) satisfies [L]. Then the space X< is continuously
embedded in H*(R).

Let L} (R,R™) denote the weighted space of measurable functions v : R — R"

with the norm
el := ( / b<t>|u<t>|pdt) .

Lemma 7.7. Suppose that [L] and [W1] hold. Then the imbedding of X% in
L(R,R™) is continuous and compact.

Proof. It is easy to check that the embedding of X — LZ(R,R") is continuous.
Next, we prove that the embedding is compact. Let {u,}nen C X be a sequence
such that u,, — v in X, we show that u,, — u in L (R, R™). Suppose, without loss
of generality, that u,, — 0 in X“. The Banach-Steinhaus theorem implies that
A = sup |Ju,|| < oco.
neN

For any £ > 0, there is Ty < 0 such that b(t) < ¢ for all t < Ty. Similarly, there is
Ty > 0 such that b(t) < e for all ¢ > T3. Sobolev theorem (see Stuart, 1995) implies
that u,, — u uniformly on Q = [Ty, T1], so there is ko such that

/Qb(t)|un(t)|2dt <&, Vk>k (7.79)
Since b(t) < € on (—oo, Tp], we have
/TO b(t) un () 2dt < — b Mlup (t)[dt < = A2, (7.80)
. =M/ M
Similarly, since b(t) < € on (11, +00), one can get
/+°o b(t) up () 2dt < — o Mlu, (t)2dt < = A2, (7.81)
T - M Jp M
Combining (7.79)-(7.81), we get u, — 0 in LZ(R,R"). O

Remark 7.2. From Lemma 7.7, there is a constant Cj such that

lull2p < Collullxe, VueX*
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Lemma 7.8. (Torres, 2013) Let o > 3, then H*(R) C C(R) and there is a constant
C = Cy such that

sup |u(z)] < Cljul|a-
z€R

Also by Lemma 7.8, there is a constant C, > 0 such that
[ulloe < Callullxe- (7.82)

Let I: X* — R be defined by

1

ié(LmDﬁMM?+@@m@%MﬂvdﬁiAWduMﬂMt

el = [ Wit u)ar

I(u) :

(7.83)

For convenience, we denote

I =5 [ (IewDulo)? + (LOu(e)u(e)) de

. R
WW:AW@WWt
Under the assumptions [L] and [W1]-[W5], with Lemma 3.1 in Riewe, 1996, we have
I'(u) = / ((ooDEult), o DEV(0)) + (L{Hu(), 0(t)) = (TW (L (b)), (1)) ),
(7.84)

for all u,v € X*. Moreover, I is a continuously Fréchet-differentiable functional
defined on X, ie., I € C}(X“, R).

Lemma 7.9. Suppose that [L], [W1] and [W3] are satisfied. If u, — u in X%, then
Vr(un) = Vr(u) in L (R,R™) as n — oo.

Proof. The proof is similar to Lemma 2.4 in Torres, 2013 and is omitted. O

Now, from Lemma 7.8, it is well known that X* ¢ H*(R,R") C C(R,R"), the
space of continuous functions w on R such that u(t) — 0 as [t| — +o0.

Lemma 7.10. We have

MMSW<Z)M% u| < 1, -
w2 w ()l 21 |

The proof is similar to Lemma 2.3 in Riewe, 1996 and is omitted.



382 Basic Theory of Fractional Differential Equations

7.3.3 Existence and Multiplicity

The main results are the following theorems.

Theorem 7.7. Let oo > 5. Assume that L satisfies assumptions [L] and [W1]-[W3].
Then system (7.78) possesses a nontrivial homoclinic solution.

Proof. It is clear that I(0) = 0. We show that I satisfies the hypotheses of the
Theorem 1.15.

Step I. We show that I satisfies the Palais-Smale condition. Assume that
{tun}nen C X is a sequence such that {I(un)}nen is bounded and I'(u,) — 0 as
n — +o0o. Then there exists a constant ¢ > 0 such that

[I(up)| <, | (un)l|xe <e¢, foreveryn e N. (7.86)

We firstly prove that {u,}nen is bounded in X®. By (7.83), (7.84), (7.86) and
[W2], one can get

c 1
¢+ 7||un”X" > I(un) - *Il(un)un
2 1%

_ (; _ i) /R (I D)+ (L0 (6), (1) )t
—/W(t,un(t))dt+l/(VW(t,un(t)),un(t))dt
R HJr

_(Lo1 )% 1 u u - u
— (52 ) BunlBe + [ (COW 000,00 0) = 0¥ (1 )

1 1
Z <2 — ,u> ||Un||2Xa7 n € N.

Since p > 2, the above inequality shows that {u, }nen is bounded in X©, i.e., that
there exists a constant § > 0 such that

lun|lxe <0, for every n € N.

Since X“ is a reflexive space (X® is a Hilbert space), thus passing to a subse-
quence if necessary, by Lemma 7.7, we may assume that

u, — u, weakly in X% wu, —u, ae. in L(R,R").
Thus,
(I'(up) — I'(w)(uy —u) =0, n— oo
and by Lemma 7.9 and the Holder inequality, one can get
/R (VI (£, wn (£)) = VW (E, u(t)), un () — u(t))dt — 0,
as n — 400. On the other hand, we have

(I (un) = I'(u)) (un — u)
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= Jtn — ul%a — / (W (b, un(£)) — W (t, u(t)), (1) — u(t)) .
R

Hence, ||uy, —ul|xo — 0 as n — +oo. Therefore, I satisfies Palais-Smale condition.
Step II. We now show that there exist constants p > 0 and o > 0 such that I
satisfies assumption (ii) of Theorem 1.15. For any given number ¢ > 0, from [W3],
we can choose § > 0 such that
m(z) < elz|?,  for every |z| < .
By (7.82), if ||ul|x« = Ci =:p, then |u(t)| < Cy-p =6, so w(u(t)) < elu(t)|? for all
t € R. Integrating on R and by Remark 7.2, we have

/ Wt u(t))dt < ellull3y, < <GP llulle (7.87)
R

s L2y
4\Cy /)
For |lul]|xe = p <1, from (7.83) and (7.87), we obtain

1) = 5 [ (1-=Dru(®F + (LOute). ut))at — [ Wit u(e)i

Let

1
> S lullke = eCollulk- (7.88)

1
(5 - <c2) Il

1
iz

Setting e = the inequality (7.88) implies that

2
How, > 1 (&) =5 (7.89)

Clearly, (7.89) shows that ||u||x~ = p implies I(u) > B, i.e., I satisfies assumption
(ii) of Theorem 1.15.

Step III. We prove (iii) of Theorem 1.15, i.e., there exists e € X such that
llellxe > p and I(e) < 0, where p is defined in Step II. By (7.85), there is ¢; > 0
such that

m(u(t)) > er|u(t)]”, for all |u(t)] > 1. (7.90)
Take some u € X such that ||ul|xe = 1. Then there exists a subset Q of positive
measure || < oo of R such that u(t) # 0 for t € Q. Take o > 0 such that o|u(t)| > 1

for t € Q. Then by (7.83) and (7.90), one can get

I(ou) < % — ot /Q b(t)|u(t)|“dt. (7.91)

Since p > 2, b(t) > 0 and [, b(t)|u(t)|*dt > 0, (7.91) implies that I(cu) < 0 for

some o > 0 with o|u(t)] > 1 for ¢t € Q and ||ou||x= > p. Therefore, I possesses a
critical value ¢ > 8 given by

= inf 1
© 7 ger el (9(s);
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where B,(0) is an open ball in E of radius p centered at 0, and
I'={geC([0,1],E): g(0)=0, g(1)=e}.
Here, there is u* € X such that
I(u*)=r¢, I'(u*)=0.
Since ¢ > 0, v* is a nontrivial homoclinic solution. The proof is completed. O

Theorem 7.8. Let o > 1. Assume that L and W satisfy [L] and [W1]-[W4]. Then
there exists an unbounded sequence of homoclinic solutions for system (7.78).

Proof. The conditions [W1] and [W4] imply that I is even. In view of the proof of
Theorem 7.7, we see that I € C*(X* R), and I satisfies the Palais-Smale condition
and assumptions (i) and (ii) of Theorem 1.16. To apply Theorem 1.16, it suffices
to prove that I satisfies the condition (iv) of Theorem 1.16. Let E/ C X“ be a
finite-dimensional subspace. From Step III of Theorem 7.7, we know that, for any
ug € E' C X* such that |Jug||x = 1, there is m,, > 0 such that

I(my,) <0, for|m|>my, >0.
Since B’ C X is a finite-dimensional subspace, we can choose an R = r(E’) > 0
such that
I(w) <0, VweE"\ Bg(0).

Therefore, by Theorem 1.16, I possesses an unbounded sequence of critical values
{¢j}jen with ¢; — +00. Let u; be the critical point of I corresponding to ¢;, then
(7.78) has infinitely many distinct homoclinic solutions. O

Theorem 7.9. Let a > 1. Assume that L and W satisfy [L] and [W1], [W3]-[W5].
Then there exists an unbounded sequence of homoclinic solutions for system (7.78).

Proof. In view of the proof of Theorem 7.8, we see that I € C1(X“ R), and I
satisfies assumptions (i), (ii) and (iv) of Theorem 1.16. To apply Theorem 1.16, it
suffices to prove that I satisfies the condition (iv). Suppose that {u,}nen C X* is a
(iv) sequence of I, that is, {I(uy)} is bounded and (14 |Jun || xa )| 1’ (wn)[|(x o)« — 0
as n — 00. Then, in view of (7.83) and (7.84), for a constant Cy > 0, we have

Co > 21 (uy) — I'(un)un

(7.92)
= / (VW (t, un (), un(t)) — 2W (t, uy, (t))] dt.
R
Since m(0) = 0, then from [W3] that there exists n €10, 1] such that
1
W (t,x)| < Zb(t)|x\2, for every t € R, |z| <. (7.93)

By [W5], we have
(VW (t,x),z) > 2W(t,z) >0, V(t,z) € RxR", (7.94)
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W(ta :C) < (O‘() + 50|x‘g) [(VW(t, I)? I) - 2W(t7 I)] s (795)

for all (t,z) e R x {x e R": |z| > n}.
Now from (7.83), (7.82), (7.92)-(7.95) and Remark 7.2, we get

e
= I(uy) —&-/RW(t, un(t))dt

:Im”+/ W@mﬁ»ﬁ+/ Wt up (1)) dt
{teR, |un(t)|<n} {teR, un (t)|>n}

1
:IW@+1/ b(t)|un (t)]dt
{teR, \un(t)|§n}

+ (a0 + Boln (0)]) (TW (& (1)), un(8)) = 2W (¢, ua(8))] dt
{teR, lun(t)[>n}
< Crt gl + [ (@0 Bolun(0)12) (VW (t 0 (1)) 0 (1) = 2W (., ()]

1
<Ci+ 1013”%”3@ + Co(ao + Bollunll%)

1
<Ci+ ZCfHUnH%ca + Co(ao + BoCElun|%a)-

Since o < 2, it follows that {||u,|/} is bounded. Next, similar to the proof of
Theorem 7.7, we can also prove that {u,} has a convergent subsequence in X<.
Thus, I satisfies condition (iv). Therefore, the proof is completed. O

7.4 Notes and Remarks

The material in Section 7.2 are adopted Nyamoradi, Alsaedi, Ahmad and Zhou,
2017. The results in Section 7.3 are taken from Nyamoradi and Zhou, 2017.






Chapter 8

Fractional Partial Differential Equations

8.1 Introduction

Fractional calculus has become important topics thanks to its effective characteriza-
tion of the ubiquitous power-law phenomena as well as its widespread applications in
many areas of science and engineering such as porous media, turbulence, bioscience,
geoscience, and viscoelastic material and so on. The most important mathematical
equations among such models are fractional partial differential equations, which can
be more relevant for describing the underlying anomalous features, non-local inter-
actions, manifesting in memory-effects, sharp peaks, power law distributions, and
self-similar structures. For such a kind of equations there are a large and rapidly
growing number of publications. Although some results of qualitative analysis for
fractional partial differential equations (FPDEs) can be similarly obtained, many
classical PDEs’ methods are hardly applicable directly to FPDEs. New theories
and methods are thus required to be specifically developed for FPDEs, whose in-
vestigation becomes more challenging. Comparing with PDEs’ classical theory, the
researches on FPDEs are only on their initial stage of development.

The main objective of this chapter is to investigate the existence and regularity
for a variety of time-fractional partial differential equations with applications. Sec-
tion 8.2 is devoted to study of global and local existence, regularity of mild solutions
for Navier-Stokes equations. In Section 8.3, an initial-boundary value problem for
the nonlinear fractional Rayleigh-Stokes equation is studied in two cases, namely
when the source term is globally Lipschitz or locally Lipschitz. In Section 8.4,
we investigate the existence of a weak solution for Euler-Lagrange equations. In
Section 8.5, we investigate the regularity and unique existence of the solution for
initial-boundary value problems of diffusion equation with multiple time-fractional
derivatives. Section 8.6 discusses the well-posedness and regularity results of the
weak solution for a fractional wave equation.

387
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8.2 Fractional Navier-Stokes Equations

8.2.1 Introduction

The Navier-Stokes equations describe the motion of the incompressible Newtonian
fluid flows ranging from large scale atmospheric motions to the lubrication of ball
bearings, and express the conservation of mass and momentum. For more details
we refer to the monographs of Cannone, 1995 and Varnhorn, 1994. We find this
system which is so rich in phenomena that the whole power of mathematical theory
is needed to discuss the existence, regularity and boundary conditions; see, e.g.,
Lemarié-Rieusset, 2002 and von Wahl, 2013.

It is worth mentioning that Leray carried out an initial study that a boundary-
value problem for the time-dependent Navier-Stokes equations possesses a unique
smooth solution on some intervals of time provided the data are sufficiently smooth.
Since then many results on the existence for weak, mild and strong solutions for
the Navier-Stokes equations have been investigated intensively by many authors;
see, e.g., de Almeida and Ferreira, 2013; Heck, Kim and Kozono, 2013; Iwabuchi
and Takada, 2013; Koch et al., 2009; Masmoudi and Wong, 2015 and Weissler,
1980. Moreover, one can find results on regularity of weak and strong solution from
Amrouche and Rejaiba, 2014; Chemin and Gallagher, 2010; Chemin, Gallagher and
Paicu, 2011; Choe, 2015; Danchin, 2000; Giga and Yoshikazu, 1991; Kozono, 1998;
Raugel and Sell, 1993 and the references therein.

Theoretical analysis and experimental data have shown that classical diffusion
equation fails to describe diffusion phenomenon in heterogeneous porous media that
exhibits fractal characteristics. How is the classical diffusion equation modified to
make it appropriate to depict anomalous diffusion phenomena? This problem is
interesting for researchers. Fractional calculus have been found effective in mod-
elling anomalous diffusion processes since it has been recognized as one of the best
tools to characterize the long memory processes. Consequently, it is reasonable
and significative to propose the generalized Navier-Stokes equations with Caputo
fractional derivative operator, which can be used to simulate anomalous diffusion in
fractal media. Its evolutions behave in a much more complex way than in classical
inter-order case and the corresponding investigation becomes more challenging.

The main effort on time-fractional Navier-Stokes equations has been put into
attempts to derive numerical solutions and analytical solutions; see Ganji et al.,
2010; El-Shahed and Salem, 2004 and Momani and Zaid, 2006. However, to the
best of our knowledge, there are very few results on the existence and regularity of
mild solutions for time-fractional Navier-Stokes equations. Recently, De Carvalho-
Neto and Gabriela, 2015 dealt with the existence and uniqueness of global and local
mild solutions for the time-fractional Navier-Stokes equations.

Motivated by above discussion, in this section we study the following
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time-fractional Navier-Stokes equations in an open set Q& C R™ (n > 3):

Ou—vAu+ (u-Viu=-Vp+ f, ¢t>0,

V-u=0,
(8.1)
U|BQ = 07
u(0,z) = a,
where 9§ is Caputo fractional derivative of order @ € (0,1), u = (u1(t,x),

us(t, ), ..., u,(t,z)) represents the velocity field at a point x €  and time ¢ > 0,
p = p(t,x) is the pressure, v the viscosity, f = f(¢,x) is the external force and
a = a(x) is the initial velocity. From now on, we assume that Q has a smooth
boundary.

Firstly, we get rid of the pressure term by applying Helmholtz projector P to
equation (8.1), which converts equation (8.1) to

Ofu —vPAu+ P(u-V)u=Pf, t>0,

V-u=0,
uloga = 0,
u(0,x) = a.

The operator —vPA with Dirichlet type boundary conditions is, basically, the
Stokes operator A in the divergence-free function space under consideration. Then
we rewrite (8.1) as the following abstract form

OCDtO‘u = —Au+ F(u,u)+ Pf, t>0,
(8.2)
u(0) = a,
where F(u,v) = —P(u - V)v. If one can give sense to the Helmholtz projector P

and the Stokes operator A, then the solution of equation (8.2) is also the solution
of equation (8.1).

The objective of this section is to establish the existence and uniqueness of global
and local mild solutions of problem (8.2) in H%49. Further, we prove the regularity
results which state essentially that if Pf is Holder continuous then there is a unique
classical solution u(t) such that Au and {D§u(t) are Holder continuous in J,.

In Subsection 8.2.2, we recall some notations, definitions, and preliminary facts.
Subsection 8.2.3 is devoted to the existence and uniqueness of global mild solution
in H59 of problem (8.2). In Subsection 8.2.4, we proceed to study the local mild
solution in H?'7 and use the iteration method to obtain the existence and uniqueness
of local mild solution in Jj; of problem (8.2). Finally, Subsection 8.2.5 is concerned
with the existence and regularity of classical solution in J; of problem (8.2).

8.2.2 Preliminaries

In this subsection, we introduce notations, definitions, and preliminary facts which
are used throughout this section.
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Let Q@ = {(z1,...,2,) : &, > 0} be open subset of R", where n > 3. Let
1 < g < 0o. Then there is a bounded projection P called on (L(€2))™, whose range
is the closure of

C(Q) :=={ue (C>®(Q)" : V-u=0, u has compact support in Q},
and whose null space is the closure of

{ue (C®Q))":u=Ve¢, p € C*(Q)}.

For notational convenience, let J; := C°(2) °, which is a closed subspace of
(L))", (W™9(2))™ is a Sobolev space with the norm | - |, 4.

A = —vPA denotes the Stokes operator in J,; whose domain is D(A) = D(A)N
Jg; here,

Ilq

D(A) = {u € (W»1(Q))" : u|pg = 0}.

It is known that —A is a closed linear operator and generates the bounded analytic
semigroup {e~*4} on J,.

So as to state our results, we need to introduce the definitions of the fractional
power spaces associated with —A. For 8 > 0 and u € J,, define

B 1 = B A

A Py = —/ P~ et Ayt
I'(B) Jo

Then A~? is a bounded, one-to-one operator on Jy. Let AP be the inverse of A5,

For 3 > 0, we denote the space H%9 by the range of A~ with the norm

[ul o = |47l

It is easy to check that e *4 extends (or restricts) to a bounded analytic semigroup
on H?4. For more details, we refer to von Wahl, 2013.

Let X be a Banach space and J be an interval of R. C(J, X) denotes the set of
all continuous X-valued functions. For 0 < 9 < 1, C?(J, X) stands for the set of
all functions which are Holder continuous with the exponent ).

Let a € (0,1] and u : [0,00) x R® — R™, Caputo fractional derivative with
respect to time of the function u can be written as

O u(t,x) = 8t</0t Gi—a(t — ) (u(t, z) — u(0, x))ds), t >0,

tafl

where go(t) = INOR

Let us introduce the generalized Mittag-Leffler functions:
E,(—t%A) = / M, (s)e 5" Ads, eq(—t*A) = / asM,(s)e " Ads,
0 0

where M, is the Wright function (see Definition 1.9).
In the following, we give some properties of the generalized Mittag-Leffler func-
tions:
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Proposition 8.1.
() col~t"4) = gk [ ealot™)(ul + 4 dp;

Ty

27

(i) Area(~t74) = 5 [ iten(—pt)(ul + ) dp.
0

Proof. (i) In view of [~ asM,(s)e™*'ds = eq(—t) and Fubini theorem, we get

ea(—taA):/ asMy(s)e " Ads
0

1 [ o
== M, “HS (Wl + A) " dpd
2 Jo asMa(s) /Fee (Wl -+ A) dpds
1
= — a(—pt) (nl + A)~tdu,
o Fee(u)(u+) 14

where I'y is a suitable integral path.
(ii) A similar argument shows that

Awea(—to‘A):/ asMy(s)AVe """ Ads
0

1 o0 [e3
=— asMa(s)/ e MU (ul + A) " dpds
211 0 Ty

== [ wea(—put*)(ul +A) " dp.
To

Moreover, we have the following results.

Lemma 8.1. (Wang, Chen and Xiao, 2012) Fort > 0, E,(—t*A) and e, (—t*A)
are continuous in the uniform operator topology. Moreover, for every r > 0, the
continuity is uniform on [r,o0).

Lemma 8.2. (Wang, Chen and Xiao, 2012) Let 0 < a < 1. Then
(i) for allu € X, lim; g+ Eq(—t*A)u = u;

(ii) for allu € D(A) and t > 0, DS Eq(—t*A)u = —AE,(—t*A)u;
(iii) for allu € X, EL(—t*A)u = —t*"1Ae, (—t*A)u;

(iv) fort >0, Bo(—t*A)u=I}"*(t* tes(—t*A)u).

Before presenting the definition of mild solution of problem (8.2), we give the
following lemma for a given function h : [0,00) — X. For more details we refer to
Zhou, 2014, 2016.

Lemma 8.3. If
u(t) = a+ %a) /O (t— )= Au(s) + h(s))ds, for t>0  (8.3)

holds, then we have
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We rewrite (8.2) as
1 t
u(t) =a+ (o) / (t—s)* (= Au(s) + F(u(s),u(s)) + Pf(s))ds, for t > 0.
0
Inspired by above discussion, we adopt the following concepts of mild solution to
problem (8.2).

Definition 8.1. A function u : [0,00) — H? is called a global mild solution of
problem (8.2) in H?4, if u € C(]0,00), H#4) and for t € [0, o0)

u(t) = Eq(—t*A)a + /t(t —8)* Leg(—(t — 8)*A)F(u(s), u(s))ds
, 0 (8.4)
+ / (t—5)* Leq(—(t — 5)*A)Pf(s)ds.
0
Definition 8.2. Let 0 < T' < co. A function u : [0,T] — H4 (or J,) is called

a local mild solution of problem (8.2) in H”4 (or J,), if u € C([0,T], H??) (or
C([0,T),J,)) and u satisfies (8.4) for ¢t € [0,T].

For convenience, we define two operators ® and G as follows:
t
B(t) = / (t— )" Lew(—(t — $)* A)Pf(s)ds,
0

t
G(u,v)(t) :/ (t=s)" teal(=(t = ) A)F(u(s), v(s))ds.
0
In subsequent proof, we use the following fixed point result.

Lemma 8.4. (Cannone, 1995) Let (X,|-|x) be a Banach space, G: X x X — X
a bilinear operator and L a positive real number such that

|G(u,v)|x < Llu|x|v|x, Vu, veX.

L

Then for any ug € X with |ug|x < 37,

solution u € X.

the equation u = ug + G(u,u) has a unique

8.2.3 Global Existence

Our main purpose in this subsection is to establish sufficient conditions for existence
and uniqueness of mild solution to problem (8.2) in H#9. To this end we assume
that:

(f) Pf is continuous for ¢ > 0 and |Pf(t)|, = ot *0 =) ast - 0for 0 < f < 1.

Lemma 8.5. (Galdi, 1998; Weissler, 1980) Let 1 < q < oo and 1 < B2. Then
there is a constant C = C(fB1, B2) such that

|e_tAv|H;s2,q < Ct_(BQ_Bl)MHaI,q, t>0

for v e HP4. Purthermore, lim;_, t?2=80) [e=t4y| ys,.4 = 0.
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Now, we study an important technical lemma, that helps us to prove the main
theorems of this subsection.

Lemma 8.6. Let 1 < g < oo and B1 < B2. Then for any T > 0, there exists a
constant Cy = Cy(«, 81, f2) > 0 such that

| Ea(—t* A)v|groa.a < Crt == 0] oy
and
lea(=t* Aol gas.a < Crt~ P00 o] s,
for all v € HP+ and t € (0,T]. Furthermore,
lim t*B2=BY| B (—t* A)v| 5.0 = 0.

Proof. Let v € H?19. By Lemma 8.5, we estimate

[Ea(—t*A)ol sz < / Ma(s)]e ™" 40l sz ads

( / Mo (6261>ds)ta<ﬁ2ﬁ1)|v|mm

< Oyt P2 o] s .
More precisely, Lebesgue dominated convergence theorem shows
(oo}
}im t*P2=B) | B (=t A)v| gog.a < / M, (s) lim t*F2=B) =5t Ay o) ods = 0.
t—0 0 t—0
Similarly,

o0
lea (—t*A)v| g62.q S/ asMy(s)|e™5"" 20| yas.ads
0

[ee]
< (aC/ Ma(S)Sl_(Bz_Bl)d8>t_a(’82_ﬁ1)|'U|Hl31,q
0
< Clt_a(Bz_Bl)h}‘HBl,th
where the constant C; = C1(«, 1, B2) is such that

['(1— B2+ Br) al'(2 — B2+ B1) }
P(1+a(Br—B2) T(A+a(l+ 61 —B)) )

& ZC’max{

For convenience, we denote

M(t) = sup {s*U7OPf(s)ly},

s€(0,t]

— Oy max{Bla(l - 8),1— a(l - 8)), Bla(l—),1-a(l-B)},
L> MO, max{B<a<1 81— 2a(y— ). Bla(l—7),1— Qawm)},

where M will be given later.



394 Basic Theory of Fractional Differential Equations

Theorem 8.1. Let 1 < q < o0, 0 < B < 1 and (f) hold. For every a € HP4,
suppose that

Cilalysa + BiMa < (8.5)

E?
where My, = supse(o)oo){so‘(lfﬁ)\Pf(s)|q}. If 35 — 1 < B, then there is a v >
max{/3, %} and a unique function u : [0,00) — H?9 satisfying:

(a) u:[0,00) = H? is continuous and u(0) = a;

(b) w: (0,00) = HY is continuous and lim;_,o t*=F) |u(t)|gra = 0;

(c) u satisfies (8.4) fort € [0,00).

Proof. Let v = % Define X, = X[oo] as the space of all curves u : (0,00) —
H? guch that:

(i) u:[0,00) — H?4 is bounded and continuous;
(ii) u: (0,00) — HY? is bounded and continuous, moreover,

lim ta(’yiﬁ) |u(t) |H'V,q =0

t—0

with its natural norm
|lul|x.. = max {sup [w(t)| ge.a, sup t“(7_6)|u(t)|Hm} .
t>0 t>0

It is obvious that X, is a non-empty complete metric space.
From an argument of Weissler, 1980, we know that F': H"9 x HY9 — J, is a
bounded bilinear map, then there exists M such that for u,v € H74
\F(u, U)|q < M|U|H%q |’U|H%q7
|F(u,u) — F(v,v)|q < M(u|lgva + [v|grva)|e — v| g, (8.6)
Claim I. The operator G(u(t),v(t)) belongs to C([0,00), H?9) as well as

C((0,00), H"?) for u,v € Xs. For arbitrary 3 > 0 fixed and € > 0 enough
small, consider ¢ > to (the case t < tg follows analogously), we have

|G(u(t), v(t)) — G(u(to), v(to))|ms.a

=< / (t =) Hea(=(t — 8)*A)F (u(s), v(s)) | me.ads

+ /0 ' ‘((t —8)* ! —(tp — s)o‘_l)ea(—(t — 8)*A)F(u(s), v(s))’Hﬁ,qu
+ /0 Ois(tg — 5)0‘71|(6a(7(t —5)YA) — eq(—(to — S)QA))F(U(S),U(S))|Hﬁyqd5

+/t° (to — )™ (cal—(t — 8)*A) — ea(—(fo — )% A)) Fu(s), 0(s))| ;.15

0—¢&

=: Ill(t) + Ilg(t) —+ Ilg(t) + 114(t).
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We estimate each of the four terms separately. For I11(t), in view of Lemma 8.6,
we obtain

() < G / (t — )20 F(u(s), v(s))qds

to

t
< MCl/ (t — 5)* A== u(s)| grvea[v(8)| rrads

to

t
SMCl/ (t — 5)*1=A=15=220=Fds sup {320‘(7_[3)\u(8)|H7‘q|v(s)\H7,q}
to s€[0,t]

1
= MCl/ (1 —s)20=A=15=200=B) gg gup {SQQ(”**[%)IU(SHHM|v(s)|H7,q}.
to/t s€[0,t]

By the properties of the Beta function, there exists § > 0 small enough such that
for 0 <t —ty <6,

1
/ (1 — 5)1=A=1g=22=Blgs — 0,
to/t

which follows that I11(¢) tends to 0 as t — tg — 0. For I;2(t), since

Lia(t) < Cl/o 0 ((to—5)* " = (t—9)*7")(t — )" *P|F(u(s),v(s))|yds
<MCy /t0 ((to — ) —(t - s)o‘fl)(t — s)*aﬁs’Za(V*[’)dS

0

X sup {820‘(7_6)|u(s)|Hw,q|v(s)|Hw,q},
s€[0,t0]

noting that
to
/ [(to — 8)* 7t = (t —s)* 7| (t — 5)" s 2207 Fgs
0
to to
S/ (t— S)a—l(t _ S)—a68—2o¢(’7—ﬁ)d5 _|_/ (to — S)a—l(t _ S)—aﬁs—Qa("/—ﬁ)dS
0 0
to
< 2/ (g — )2(1=B)=1g=20(1=8) g
0

then by Lebesgue dominated convergence theorem, we have
to
/ ((to—s)* "= (t—s5)"")(t— 5)"Bs72e00=Bds 5 0, as t — to,
0

one deduces that lim;_,¢, I12(t) = 0. For I;3(t), since
to—e
I13(t) S/ (to — s)a_ll(ea(—(t —5)YA) + eq(—(to — s)aA))F(u(s), v(s))’HB,qu
0

e / "t — 0 (= 8+ (1o — )P [F(u(s), v(s))gds
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to—e
< 2MCy / (to — s)a(l_ﬁ)_ls_m("*_ﬁ)ds
0
X sup {52‘1(7_’8)|u(8)|HM|v(s)|Hw},
s€[0,to]

using Lebesgue dominated convergence theorem again, the fact from the uniform
continuity of the operator e, (—t*A) due to Lemma 8.1 shows

t()—E 1
Jim D) = [ (t0=9)

x lim |(ea(—(t — $)*A) — ea(—(to — 5)*A)) F(u(s),v(s))| ys.,ds

t—to

=0.
For I14(t), by immediate calculation, we estimate

Balt) S [ (ta= 8" (6 =97+ (t0 = )77 Flu(s),v(s)) s

to—e

to
S QMCl/ (to — s)a(lfﬁ)flsfza(ﬁ/*ﬁ)ds

to—e

X sup sQa('V_ﬁ)|u(s)|Hw,q |U(8)|Hw}
s€[to—e,to]

—0, ase =0
according to the properties of the Beta function. Thenceforth, it follows
|G(u(t),v(t)) — G(ulto),v(to))|gs.« — 0, as t — to.

The continuity of the operator G(u,v) evaluated in C((0,00), H"?) follows by
the similar discussion as above. So, we omit the details.

Claim II. The operator G : X, X Xoo — X is a continuous bilinear operator.
By Lemma 8.6, we have

1G(u(t), v(t)) e < ’/0 (t = )" ea(—(t = s)*A)F (u(s), v(s))ds

HB.a

t
<o / (t = 5)° =PI F(u(s), v(s)) | ds
0
t
SMCH/ (t — 5)2(1=B)=14=20(r=5) g
0

x sup {52 Du(s)|rralo(s) e |
s€0,t]

< MG B(a(1 = B),1 = 2a(y = B))lJull x. lv]| x

and

G (u(t), v(t)| e < /0 (t = 5)"lea(=(t = 5)*A)F(u(s), v(s))ds

Hv.a
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t
< / (t — 5)20=D=Y F(u(s), v(s))]gds
0
t
< MC’l/ (t— s)o‘(lf"*)*ls&a(”*ﬁ)ds
0

X sup {sZa(V*ﬁ)|u(s)|HV,q|v(5)|Hv,q}
s€[0,t]
< MCit=*O" I B(a(l —7),1 = 2a(y — B))llullx. lvllx..,
it follows that

up )t““‘ﬁ)IQ(U(t)w(t))le < MCiB(a(l =9),1 = 2a(y = 8))llul x. [0 .-
te[0,00

More precisely,
lim ¢*0=D |G (u(t), (1)) 50 = 0.

Hence, G(u,v) € Xoo and [|G(u(t), v(t))|x. < Lljullx. vl x.-
Claim III. (c) holds. Let 0 < ¢y < ¢. Since

1D(t) — D(to)| growa
< /t:(t — 8)* ea(—(t — 8)* A)PF(5)| roads
4 / ((to = )27 = (¢ = )7 lea(=(t = ) AV PF(s) | rro.0dls
N /Otf)_E(tO — 8% (eal(—(t — 5)*A) — eal—(to — $)*A)) P£(5)| ;5005
+ /(t = 8)" | (eal=(t = )7 4) = ea(=(to = 5)" A) Pf(s)] 5., 5
<o f (¢ 70271 Pf(s)|ds
v [ (o9 - )P
e /oto_suo = )27 (eal~(t = )7 A) — ea(~(to — 5)*4)) PF(s)] 5., ds
20, / t°€<t0 — §)°0=P=1|Pf(s)] ds
< CLM(t) /tt(t —5) (7m0 ds

N ClM(t) /Oto ((to _ S)a_l _ (t _ S)Q—l)(t _ S)—aﬁs—a(l—ﬁ)ds

+ C1 M (t) /0 076(t0 - s)o‘*l‘(ea(f(t —5)%A) — eq(—(to — s)O‘A))Pf(s)|Hﬁyqu
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to
—I—ZClM(t)/ (t — )28 1 gal-Bgs
t

0—E&
By the properties of the Beta function, the first two integrals and the last integral
tend to 0 as t — ¢y as well as € — 0. In view of Lemma 8.1, the third integral also
goes to 0 as t — tp, which implies

|®(t) — ®(t0)| gs.« — 0, as t — to.

The continuity of ®(t) evaluated in H? follows by the similar argument as above.
On the other hand, we have

()l o < \ / () Lea(~(t — $)* A)Pf(s)ds

HBa

<0 [P P s
0

t
gClM(t)/ (t — 5)*(1=A—1g=al=Flgg
0

= C/M(t)B(a(1 - B),1 — a1l — B)),

and

IHW<‘/ (t—s)* (—(t — s)*A)Pf(s)ds

H7.a

<o / (t — 2001 Pf(s)]yds
0

t
S ClM(t)/ (t — S)a(liv)ilSia(liﬂ)ds
0

=t MH)B(a(l —7),1 - a(l — B)).
More precisely,
t*OBND(t) | g0 < CLM(H)B(a(1 — ), 1 — (1 — B)) = 0, as t — 0,
since M (t) — 0 as t — 0 due to assumption (f). This ensures that ®(t) € X, and
12(t) o < BiMoo.
For a € H?9. By Lemma 8.1, it is easy to see that
E.(—t*A)a € C([0,00), H??) and E,(—t*A)a € C((0,00), H"?).
This, together with Lemma 8.6, implies that for all ¢ € (0,77,
E,(—t*A)a € X,
t*OAE, (—t*A)a € C([0,00), H7),
[ Ea(—t*A)allx,, < Cilalgs.a.
According to (8.5), the inequality

1

1Ea(=t%A)a+ 2(t)lx. < [Ba(-t*A)alx. +2MO)x. < 47

holds, which yields that (8.4) has a unique solution.
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Claim IV. u(t) — a in H*? as t — 0. We need to verify

t

lim [ (t—8)* teq(—(t —8)*A)Pf(s)ds = 0,

t—0 Jo
t

}ijr}) (t—8)* tea(—(t — 8)*A)F(u(s),u(s))ds = 0
0

in H%4. In fact, it is obvious that lim; .o ®(¢) = 0 (lim;_o M (t) = 0) owing to
(8.7). In addition,

/0 (t —8)* Leq(—(t — 8)*A)F(u(s),u(s))ds

HB.a
t
gcl/ (t — 5)*=B = F(u(s), u(s))|4ds
0
t
gMCl/ (t — $)20=B 1y (s) 2y, uds
0
t
SMCl/ (tfs)a(lfﬂ)*lsfzawfﬁ)ds sup {s2a(7*ﬂ)|u(s)|ﬁﬂ,q}
0

s€[0,t]

= MC1B(a(l —8),1 —2a(y —f)) sup {520‘(7_5)|u(s)|%n,q} —0, ast— 0.
s€[0,t]

O

8.2.4 Local Existence

In this subsection, we study the local mild solution of problem (8.2) in H?¢ and J,,.

Theorem 8.2. Let 1 < g < o0, 0< 8 <1 and (f) hold. Suppose

n

1
< B 8.8

- 5<P (58)
Then there is a v > max{f, %} such that for every a € H?9 there exist T, > 0 and
a unique function u : [0, T,] — H59 satisfying:

(a) w:[0,T.] — HP is continuous and u(0) = a;
(b) w: (0,T,] — H" is continuous and lim;_,o t*=P|u(t)|gr.a = 0;
(c) u satisfies (8.4) fort € [0,T].

Proof. Let v = % Fix a € HP9. Let X = X[T] be the space of all curves
u: (0,T] — HP such that:

(i) w:[0,T] — H?A is continuous;
(ii) w: (0,T] — HY? is continuous and lim; o t* = |u(t)| grr.a = 0;
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with its natural norm

lullx = sup {20~ |u(t)] 0}

Similar to the proof of Theorem 8.1, it is easy to claim that G : X x X — X is
continuous linear map and ®(t) € X.
By Lemma 8.1, it is easy to see that for all ¢ € (0,7,

E,(—t*A)a € C([0,T], H?7),
E,(—t*A)a € C((0,T], H9).
From Lemma 8.6, it follows that
E,(-t*A)a € X,
t*O=A B, (—t*A)a € C([0,T], H).
Hence, let T, > 0 be sufficiently small such that

« « 1
|Eo(—t*A)a+ @(t)| x(7.) < 1Ea(—t*A)allxi1) + |20 x[1,) < vk

which implies that (8.4) has a unique solution due to Lemma 8.4. O
i — (+8)
In the following, we let v = ~—5~.

Theorem 8.3. Let 1 < g <00, 0< 8 <1 and (f) hold. Suppose that

1
a € HP with - — = < 4.
2g 2

Then problem (8.2) has a unique mild solution u in J, for a € H?P4. Moreover, u
is continuous on [0,T], AVu is continuous in (0,T] and t*V=P) AVu(t) is bounded
ast — 0.

Proof. Step I. Set

K(t):= sup s*0~9|A7u(s)|,
s€(0,t]

and
U(t) := G(u,u)(t) = /Ot(t —8)2 ey (—(t — 8)*A)F (u(s),u(s))ds.
As an immediate consequence of Claim II in Theorem 8.1, ¥(t) is continuous in
[0,T], A7¥(t) exists and is continuous in (0, 7] with
[ATU(1)], < MC1B(a(l —7),1 = 2a(y — B))K*(t)t~*0 7. (8.9)
We also consider the integral ®(¢). Since (f) holds, the inequality
Pf(s)ly < M(£)s~07)

is satisfied with a continuous function M (¢). From Claim IIT in Theorem 8.1, we
derive that AY®(¢) is continuous in (0,7] with

AYD(1)], < CLM(H)B(a(l —7),1 — a(l — B0, (8.10)
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For |Pf(t)|, = ot~ as ¢t — 0, we have M(t) = 0. Here (8.10) means
|AY®(t)], = ot~ =) as t — 0.
We prove that ® is continuous in J,. In fact, take 0 <ty <t < T, we have

|[©(t) — @ (to)lg

< Cl/ (t _ S)a—1|Pf(S)‘qd8+Cl/ ((to — 3)0‘_1 _ (t _ S)a_1)|Pf(S)|qd8

to 0

" / 0_6(750 = 5)"Hea(=(t = 5)"A) = ea(—(to — 5)* A)[[|Pf(5)]qds
0

to
+201/t (to — 8)* HPf(s)|,ds

0—E€
¢
< ClM(t)/ (t —s)*tsm2(=Fgs

to

+ ClM(t)/O 0 ((t = )™ — (g — 5)°~ )50 g

to*&
+ C1M (1) / (to — )@ ts7e(=A) s
0

X sup |lea(=(t —5)"A) — ea(=(to — s)* A)]|
s€[0,t—¢]

to
+ 20, M (t) / (to— )2 Ls7*"Pds - 0, as t — tg

to—e

by previous discussion.
Further, we consider the function E,(—t*A)a. It is obvious by Lemma 8.6 that

|AYE,(—t*A)al, < C1t=*0=P|APa|, = C1t7=*0 P |a| ys.a,
lim t*O=B | AVE, (—t% A)al, = lim t*O | By (—t* A)al e = 0.
Step II. Now we construct the solution by the successive approximation:
ug(t) = Eq(—t*A)a + O(t),
Un41(t) = uo(t) + G(un, un)(t), n=0,1,2.... (8.11)
Making use of above results, we know that

K, (t) :== sup s*0A A7y, (s)],
s€(0,t]

are continuous and increasing functions on [0, 7] with K,,(0) = 0. Furthermore, in
virtue of (8.9) and (8.11), K,,(t) fulfils the following inequality

Kua(t) < Koft) + MOy Bla(l —7),1 - 2a(y — B)E2().  (812)
For Ky(0) = 0, we choose a T > 0 such that
AMC B(a(1 —7v),1 —2a(y — 8))Ko(T) < 1. (8.13)



402 Basic Theory of Fractional Differential Equations

Then a fundamental consideration of (8.12) ensures that the sequence {K,(T)} is
bounded, i.e.,

Kn(T) <p(T)7 n:O7172""’

where

1—/1—=4MCB(a(l —7),1 —2a(y — B))Ko(t)
pt) = 2MC1B(a(l —7),1 = 2a(y = B))
Analogously, for any ¢t € (0,T], K,(t) < p(t) holds. In the same way we note that
p(t) < 2Ko(t).
Let us consider the equality

t
Wn41(t) = /0 (t— S)Q_lea(_(t — 8) Y A)F (unt1(5); un+1(8)) — F(un(s), un(s))]ds,
where w, = upy1 — up, n=0,1,..., and t € (0,7]. Writing

Wa(t) := sup s |A%w,(s)|,.
s€(0,t]

|

On account of (8.6), we have
|F (tny1(8), tns1(5)) = F(tn(5), un(5)]q < M(Kpi1(s) + Kn(s)) Wi (s)s 2200,
which follows from Claim II in Theorem 8.1 that

120D A w41 (1)) < 2MC1B(a(1 = ), 1= a(l = £)p(t)Wan(8).
This inequality gives

Woi1 (T) < 2MCy B(a(1 = 7),1 = 2a(y — 8))p(T)Wo(T)

< AMCyB(a(l = 4), 1 - 2a(y — B)) Ko(T)Wn(T).

According to (8.13) and (8.14), it is easy to see that

lim Lan(T)

n—oo W, (T)
thus the series S 0 W,,(T') converges. It shows that > oo t*(V=A) AV, (t) con-
verges uniformly for ¢ € (0,T], therefore, the sequence {t*=%) AYu,,(t)} converges

uniformly in (0,7]. This implies that
lim u,(t) = u(t) € D(AY)

n— oo

(8.14)

<AMC1Ko(T)B(a(l —7),1 = 2a(y = B)) < 1,

and

lim ¢~ A7, () = t*O~) AVu(t) uniformly,

n—oo

since A~7 is bounded and A" is closed. Accordingly, the function

K(t) = sup s*0=A|A7u(s)],
s€(0,t]

also satisfies

K(t) < p(t) < 2Ko(t), t € (0,T] (8.15)
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and

sni= sup s OTD|F (u,(s), un(s)) = F(uls), uls))lq
s€(0,T]

< M(K,(T) + K(T)) o s* DA (un(s) — uls))lq

— 0, as n — oo.

Finally, it remains to verify that u is a mild solution of problem (8.2) in [0, T].
Since

t
|G (tn, un)(t) = G(u, u)(t)]q < Cl/ (t — 5)* L,s7 200 =R s
0

= C1B(a,1 - 2a(y — )P, =0, asn — oo,
we have G(up,un)(t) = G(u,u)(t). Taking the limits on both sides of (8.11), we
derive

u(t) = uo(t) + G(u,u)(t). (8.16)

Let u(0) = a, we find that (8.16) holds for ¢t € [0,7] and u € C([0,T], J;). What
is more, the uniform convergence of t*(=%) AV, (t) to t*V=F) AVu(t) derives the
continuity of AVu(t) on (0,T]. From (8.15) and Ky (0) = 0, we get that |AVu(t)|q =
o(t=*(=P)Y is obvious.

Step ITII. We prove that the mild solution is unique. Suppose that v and v are
mild solutions of problem (8.2). Let w = u — v, we consider the equality

w(t) = /0 (t =) ea(—(t = s)* A)[F(u(s), u(s)) — F(v(s),v(s))]ds.
Introducing the functions

K(t) := max{ sup s*0~|A%u(s)|,, sup s*OP|AV0(s)|,}.
s€(0,1] 5€(0,]

By (8.6) and Lemma 8.6, we get

| A w(t)]q < 2MCLK (1) /0 t(t — 5)* N m ORI Ay (s) |y ds.
Gronwall inequality shows that AVw(t) = 0 for t € (0,7]. This implies that w(t) =
u(t) —v(t) =0 for ¢t € [0,T]. Therefore the mild solution is unique. O
8.2.5 Regularity

In this subsection, we consider the regularity of a solution u which satisfies problem
(8.2). Throughout this part we assume that:

(f1) Pf(t) is Holder continuous with an exponent ¢ € (0, a(1 — 7)), that is, there
exists L >0

|Pf(t) — Pf(s)|, < Lt —s|?, forall0<t, s<T.
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Definition 8.3. A function u : [0,7] — J, is called a classical solution of problem
(8.2), if u € C([0,T], J,) with §Du(t) € C((0,T], J,), which takes values in D(A)
and satisfies (8.2) for all ¢ € (0, 7).

Lemma 8.7. Let (f) be satisfied. If

D (t) := /t(t — )" leqa(—(t —5)*A)(Pf(s) — Pf(t))ds, for t € (0,T],
0
then ®1(t) € D(A) and A®1(t) € C?([0,T), J,).
Proof. For fixed t € (0,7], from Lemma 8.6 and (f;), we have

(t — )" Aea(—(t — 5)*A)(Pf(s) — Pf(t))lq
< Ci(t—s)7'Pf(s) — Pf(t)lq (8.17)
< C1L(t —s)"t € LY([0,T), J,),

then
A, (1)), < / (t = )% Aea(~(t — 5)* A)(Pf(s) — PF(1))lods

t
< C1L/ (t —s)""ds
0

By the closeness of A, we obtain ®1(¢) € D(A).
We need to show that A®,(t) is Holder continuous. Since

d 1 —2
a— Tt =t 2p (= ut®
dt(t o(—pt®)) =t a1 (—pt®),
then
d — (t* 7 Aeq (—t*A))
dt “
1 _9 —1
= t* P By a1 (—ut®)A(pl + A)~'d
o a-1(=pt*)A(pl + A)" dp
1 1
~2mi Jr ta_QEa,a—l(_u'ta)d.u — 5 | 7 uBaam 1 (—pt®) (ul + A)"Hdp
i) 27TZ Ty
1 9 _92 5 g —1 1
R —t Ey o — - e Eqyo- —(-=I+A = dg.
i /. et () e 2m/é 1€ (— 2T+ A) 7 e

In view of ||(ul + A)7Y| < ‘7 we derive that

Hjt(ta tAea(- t“A))H <Cot ™2, 0<t<T.
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By the mean value theorem, for every 0 < s < t < T, we have
Hto‘_lAea(—taA) - so‘_lAea(—saA)H

td
:‘/ %(T"‘*lAea(—TaA))dT
d

< / t ( ey (—r A)) |ldr (8.18)
< C,
=Cu(s™h=t7).

Leth>0besuchthat0<t<t+h§T,then
ADq(t+ h) — AD4(t)

= /t (t+h—s)"""dea(—(t+h—s)*A)
0
— (t—8)* " Aea(—(t —5)*A)) (Pf(s) — Pf(t))ds

t . (8.19)
+/0 (t+h—s)*TAea(—(t+h—s)*A)(Pf(t) — Pf(t+ h))ds

t+h
+ / (t+h—s)*""Aeq(—(t+h—s)*A)(Pf(s) — Pf(t+h))ds

We estimate each of the three terms separately. For hy(¢), from (8.18) and (f;), we
have

Iha (1) /|| (45— )" Aen(—(t+ B — )*A)
— (t— )" M Aea(—=(t — s)*A)|[|[Pf(s) — Pf(t)|,ds

t
< CaLh/ (t+h—s5)"t—s)""1ds
0

t (8.20)
:OaLh/ (s4+h)"L(t —s)" lds
0
hop x5
gCaL/ —sﬁfldHOQLh/ — g9 1s
0 S+h h S+h
< C,Lh’.
For hy(t), we use Lemma 8.6 and (f1),
t
a(Ola < [ (04 = 9 Aca(=(t+ = ) A) (PFE) = PF(t-+ )]s
0
t
<C t+h—3s)"YPF(t)— Pf(t+h)|.d
<Cr [+ h=s) 7 PFO) — PrE+ s o)

t
§C1Lh19/ (t+h—s)"tds
0

= CL(In(t+ h) —Inh)h".
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Furthermore, for h3(t), by Lemma 8.6 and (f;), we have

t+h
(Ol < [ (4 h= )" Acal= (¢4 h= )" A)(PS(s) = PS(E-+ )]s
' t+h
<G [t k=9 PI) ~ PAE+ s

t+h
g(JlL/ (t+h—s)?"1ds
t

h19
=L (8.22)

Combining (8.20), (8.21) with (8.22), we get that A®,(¢) is Holder continuous. O

Theorem 8.4. Let the assumptions of Theorem 8.3 be satisfied. If (fi) holds, then
for every a € D(A), the mild solution of (8.2) is a classical one.

Proof. For a € D(A). Then Lemma 8.2(ii) ensures that u(t) = E,(—t*A)a (t > 0)
is a classical solution to the following problem

SDYu = —Au, t>0,
u(0) = a.
Step I. We verify that

t
B(t) = / (t = )" Lea(—(t — 5)* A)PF(s)ds
0
is a classical solution to the problem
SDfu=—Au+ Pf(t), t>0,
u(0) = 0.
It follows from Theorem 8.3 that ® € C([0,T], J;). We rewrite ®(t) = &1 (t)+ P2 (1),

where

Bi(0) = [ (=9 ol (= 9" 4)(PS(s) = PFO)ds.

t
Dy(t) = / (t—8)* Leg(—(t — 8)*A)Pf(t)ds.
0
According to Lemma 8.7, we know that ®,(¢t) € D(A). To prove the same conclusion
for ®4(t). By Lemma 8.2(iii), we notice that
A®y(t) = Pf(t) — Ea(—t"A)P[f(t).
Since (f1) holds, it follows that
[A®,(t)|g < (1+ C1)IPF(B)lq;
thus
®y(t) € D(A) for t € (0,T] and Ady(t) € C?((0,T], J,). (8.23)
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Next, we prove §D&® € C((0,7T],.J,). In view of Lemma 8.2(iv) and ®(0) = 0,
we have

EDFR(0) = (D 0(0) = 4 (Fa(~14) = PJ).

atlo
It remains to prove that E,(t*A) x Pf is continuously differentiable in J,. Let
0 < h <T —t, one derives the following:

(Ba(—(t +h)*A) x Pf — Eo(—tA) x Pf)

0 %(Ea(—(t +h— $)*A)PF(s) - Bal—(t — 5)* A)PF(s))ds

S| =

1 t+h
to [ Ba(=(t+ b= )" A)Pf(s)ds

t
Notice that

/0 %|Ea(—(t+h—s)aA)Pf(s) — By (—(t—8)*A)Pf(s | ds
1 t o 1 t N
< E/o |Eo(—(t+h—s) A)Pf(s)|qu+ﬁ/0 |Eo(—(t — 5)*A)Pf(s)|,ds

1t 1 [t
<My / (14 h— 5) s ~°0~P)ds + LM (1) / (t — 5)~s—(1=0) gy
0 0

< ClM(t)%((t +h)' T+ ) Bl - a1 — o1 = B)),

then using the dominated convergence theorem, we find
t

tim [ %(Ea(—(t b h— $)*A)Pf(s) — Ea(—(t — 5)*A)Pf(s))ds

= /o (t—8)* T Aeq(—(t — 8)*A)Pf(s)ds

= AD(t).
On the other hand,

t+h
[ Batrh= 9 APs)s
h/ Eo(—s®A)Pf(t + h — s)ds
/E A)(Pf(t+h—s)—Pf(t—s))ds
/E A)(PF(t— ) — PF(E))ds + - /E oAV PF(t)ds

From Lemmas 8.1, 8.6 and (f1), we have

< C,LRY,
q

’ /E A)(Pf(t+h—s)—Pf(t—s))ds
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h19
941"

’ /E A)(Pf(t—s)—Pf(t))ds| <CiL

q
Also Lemma 8.2(i) gives that limj_,o & foh E,(s*A)Pf(t)ds = Pf(t). Hence

t+h

lim ~ [ Eo((t+h—s)*A)Pf(s)ds = P(L).

h—0 t

We deduce that E,(t*A) * Pf is differentiable at t; and % (E,(t*A) * Pf)+ =
A®(t) + Pf(t). Similarly, E(t*A) * Pf is differentiable at ¢t_ and < (Eq(t*A) *
Pf)_=A®(t) + Pf(t).

We show that A® = AP, + AP, € C((0,T], J,). In fact, it is clear that ®o(t) =
Pf(t)—E.(t*A)Pf(t) due to Lemma 8.2(iii), which is continuous in view of Lemma
8.1. Furthermore, according to Lemma 8.7, we know that A®(t) is also continuous.
Consequently, §De® € C((0,T), J,).

Step II. Let u be the mild solution of (8.2). To prove that F(u,u) €
C?((0,T), Jy), in view of (8.6), we have to verify that A7u is Hélder continuous
in J,. Take h > 0 such that 0 <t <t 4+ h.

Denote ¢(t) :== Eq4(—t*A)a, by Lemmas 8.2(iv) and 8.6, then

t+h
[ATp(t +h) — AVp(t)|q = ‘ /t —s 1A%, (5% A)ads

q

t+h
< / s A Pe, (—s*A)APal,ds
¢

t+h
< 01/ sa(1+f8’7)’1ds|ABa|q
¢

Cilalgs.q 1+8— -

— t 4+ p)e+8=7) _ pa(1+6-7)

a(l+ 8 —7) (( ) )
Cilalgs.a

T a(l+B-7)

Thus, A7 € C?((0,T), J,).
For every small € > 0, take h such that e <t <t+h < T, since

po+8—7)

|AYD(t + h) — ATB(L),
t+h

< (t+h—8)*"tAVeq(—(t+h—s)*A)Pf(s)ds

‘/A7 (t+h—8)Lea(—(t+ h— 5)*A)

—(t—5)""ea(—(t = 5)*A)) Pf(s)ds
= ¢1(t) + ¢a(t).
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Applying Lemma 8.6 and (f), we get
t+h
A ZC [ (4 h= )RS s
t

t+h
< C1M(t) / (t+ h — 5)¥=N=1g—all=F) g
t

Ch
a(l=7)
Ch
a(l—7)

To estimate ¢o, we give the inequality

< M(t) ho(1=7)—a(1-5)

< M(t) ho(l=7) g—a(1-8)

d 1 _ N _
T ATea(—74)) = Tm-/pwta 2Bt (—t®) (1l + A)~'dps
1 E ¥ 2 g —1 1
=— [ — o—2p —S T4 A=
Imi o ( 1o ) t a,a—1 (5)( to + ) o d€7

this yields that [|-2 (t2"1AYe, (—t*A))|| < Cot*1=Y=2. The mean value theorem
shows

d(TalAvea(—TaA))‘

7 dr

t
19 AV e (—t A) — 52~ AV (—5® A)| < /

-
< C, t ro="-24,
= C, (s20=N =1 _ge=m=1y
thus
Pa(t) < /Ot |A7((t +h—8)*eg(—(t+h—s)*A)
(t = 5)° Tea(—(t — 5)*A)) P£(s)|yds

<C, / AN (4 b — )| Pf(s)|4ds

< CM(t )/ (t _ 3) (1-7-1g—a(1-8) 4
0

t+h
_ CL M) / (t — 5 + h)eU-D=1g-a(1-5) g
0

t+h
+CaM(1) / (t — s+ h)*(=M=1gmal=Agy
t
1
a(l =)
S CaM(t)hOé('Y—ﬁ) [5(5 —+ h)]a(B_'Y) + CaM(t)hoz(l—’y)g_a(l_ﬁ)

+ CaM(t)ha(lfv)fa(lfﬂ

1t
a(l —7)’
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which ensures that A7® € C?([¢,T],J,;). Therefore A7® € C?((0,T],J,) due to
arbitrary €.
Recall

U(t) = /0 (t— s)o‘_lea(—(t — 5)YA)F(u(s),u(s))ds.

Since |F(u(s),u(s))|; < MK?(t)s~2*0=8) where
K(t) := sup s*0"D|u(s)|g.a
s€[0,t]
is continuous and bounded in (0,7]. A similar argument enable us to give the
Holder continuity of AYW in C?((0,T], J,). Therefore, we have AVu(t) = AVp(t) +
AYD(t) + AVU(t) € C?((0,T), J,).

Since F(u,u) € C?((0,T],J,) is proved, according to Step II, this yields that
§Dew € (0,7, J,), AV € C((0,T),J,) and §DRV = —AV + F(u,u). In this
way we obtain that CDau € 0((0,7),J,), Au € C((0,T),J,) and §Dfu = —Au +
F(u,u) + Pf, we conclude that u is a classical solution. O

Theorem 8.5. Assume that (fi) holds. If u is a classical solution of (8.2), then
Au € C?((0,T),J,) and §Dgu € CU((0,T], J,).

Proof. If u is a classical solution of (8.2), then u(t) = () + @(t) + ¥(t). It
remains to show that Ap € C*(=8)((0,T],J,), it suffices to prove that Ap €
C*1=P)([¢, T], J,) for every e > 0. In fact, take h such that ¢ <t <t+h < T, by
Lemma 8.2(iii),

t+h
[Ap(t + h) — Ap(t)|q = / —s¥7 1A%, (=5 A)ads
¢

q

t+h
< 01/ Sia(176)71d$|a|Hﬁ,q
t

_ Cilalgs.q —a(1-B) —a(1-5)
- (t —(t+h) )

< Gilalgs.a he(=F)
- a  (e(e+ h))=8)"
Similar to Lemma 8.7, we write ®(¢) as

@@)=¢nu>+aaa>=3A(t—sw-%a««v—@anwa>—fvu»ds

t —8)% e (—(t — 8)” s
+Aa ) Lea(~(t - 5)* A)PF(t)d

for t € (0,T]. Tt follows from Lemma 8.7 and (8.23) that A®,(t) € C?([0,T],J,)
and A®,(t) € C?((0,T1,J,), respectively.

Since F(u,u) € C?((0,T], J,), the result related to the function W(t) is proved
by similar argument, which means that A¥ € CY((0,7],.J;). Therefore Au €
C?((0,T),J,) and §Dfu = Au + F(u,u) + Pf € CY((0,T],.J,). The proof is
completed. O
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8.3 Fractional Rayleigh-Stokes Equations

8.3.1 Introduction

In real-world applications, many of fluids are treated as non-Newtonian fluids. For
instance, magma, lava, honey in natural substances, as well as paint, glue, ink in
industry, etc, and a lot of fluids in food products, biology, cosmetics are noted
as such fluids. In addition, it is well known that the fractional Rayleigh-Stokes
equation plays a significant role in describing the behavior of non-Newtonian fluids.
Therefore, the study on such equations is important in science and applications and
needs particular attention.

In this section, we consider the Rayleigh-Stokes problem with regard to the
time-fractional derivative and a nonlinear source term as follows

Ou — Au—moyAu = F(u), (x,t) € Qx(0,T),
u(z,t) = 0, zedn, te(0,T), (8.24)
u(z,0) = up(z), x €.

Here A is the Laplacian, 2 € R%(d > 1) is a bounded domain with smooth boundary
02, and T' > 0 is a given time. The real constant m is positive, ug is the initial data

in L2(Q), the notation d¢ is the Riemann-Liouville fractional derivative of order
a € (0,1) defined by

0 (z, ) = I‘(ll—a)gt </Ot(t _ T)—%(g;,r)df) , (8.25)

where I'(+) is the Gamma function. The function F': R — R is defined later.

The fractional Rayleigh-Stokes equation (8.24) has applications in describing
the non-Newtonian behavior of fluids. Numerical solutions for problem (8.24) were
considered by many authors, for example, the authors in Bazhlekova et al., 2015
considered the numerical approximation of the solution using the Galerkin finite
element method. To the best of author’s knowledge, the fractional Rayleigh-Stokes
problem with a nonlinear source, i.e., Problem (8.24), has not yet been studied. In
comparison with the linear problem, the nonlinear problem is considerable compli-
cated. The goal of this section is to develop a theory on existence and regularity
of mild solutions to Problem (8.24) with two main cases of the source term, the
globally Lipschitz case and the locally Lipschitz case. The behavior of the solution
is different in each case, and making this difference clear is one of the novelties of
this section. It is also worth emphasizing that in numerical analysis, the regular-
ity of the mild solution to Problem (8.24) considerably contributes to obtaining a
convergent scheme to approximate the solution.

In this section, the initial-boundary value problem (8.24) is studied in two cases,
namely when the source term is globally Lipschitz or locally Lipschitz. The time-
fractional derivative used in this work is the classical Riemann-Liouville derivative.
Thanks to the spectral decomposition, a fixed point argument, and some useful
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function spaces, we establish global well-posed results for our problem. Further-
more, we demonstrate that the mild solution exists globally or blows up in finite
time.

8.3.2 Preliminaries
8.3.2.1 Space Settings

We first set up some function spaces needed for our work. Let L?(Q) be the usual
Lebesgue space with the norm |[.||z2(q). Note that this space is generated by the
inner product

(v, w) = /Qv(m)w(x)dx, v,w € L*().

The notations LP(£2), W*P?(Q) stand for the Lebesgue spaces with p > 1 and the
usual Sobolev spaces with a non-negative number k, respectively. We let [s] denote
the integer part of a non-negative real number s, and {s} := s — [s] the decimal
part of s. If s = [s], we define H;(Q2) = W*P(Q2). If 0 < s < 1, we define the set of
all functions v € LP(Q) by #H;,(2) such that

Il = Wl + ([ P ) o
M e QxQ Z_CWLH)S .

If s > 1 and s # [s], we define the set of all functions v € LP(€2) by H;(€2) as follows

oo =l + H

The space H,(€2), for s € R and s > 0, is called a Sobolev-Slobodeckij space. In

addition, we set 13(Q) = C22() 7" and the duality H;%(Q) = [ #5-0)]

where p, p* are the dual numbers of each other, i.e., % + p% = 1. In this section,

we consider an operator A on V := W22(Q) N W,*(Q), and A has eigenvalues

{An}nen that satisfy 0 < Ay < Ay < --- < A, < ..., approach co as n goes to

0o, and A, > Cni for all n > 1. The corresponding eigenfunctions are denoted by

vn € V. The most popular example of A is the negative Laplacian operator —A on

V. More generally A can be taken as the symmetric and uniformly elliptic operator.
For all s > 0, we define the following operator

HE? o)

Ah =" (h, o) Nopn, h € D(A):= {h e L*(Q Z > A2 < oo}

n=1

The domain D(.A?) is a Banach space equipped with the norm

2

1Rl p(as) = (ZI s on)? AQS) , heDA).
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The definition of the negative fractional power A~° can be found in [7]. Its domain
D(A~*) is a Hilbert space endowed with the dual inner product (.,.)_s s taken
between D(A™%) and D(A®). This inner product generates the norm

. . \¢
Hh||D(A7°):: (Z ‘(h? <)07'L>—s7s >\TL2S> °
n=1

Next, we recall some of the Sobolev embeddings necessary for the presentation

of the main evaluations of the section.
For convenience, we let H?(Q) := H5(Q). It is well-known that

HO(Q) == LP(Q), ifp>1, D(A%) = H?(Q), if s >0,
HO(Q) = HI(Q), f0<~y<o, HY(Q) <= HI(Q), ifo<y<0,
and more generally, we have

l1<p<g<oo,

o ; —00 <y <0< o9,
H(Q) = HJ(Q), if T
e
p q

Throughout this section, for each s > 0, we denote the positive constant &;_,25 as
follows

[v][#2s ) < Csmsasllvllpeas),
for all v € D(A®). It is worth noting that (hy, ha)_s s = (h1, ha), if b1 € L2(Q), hg €

oo

D(A®). Hence, if we have the spectral decomposition v(z) = Z Un@n (), then
n=1

0 3
[vllpa-s) = (Z Un)‘n2s> :
n=1

This equality is used as a basic computation. In the next part, we provide the
formula for the mild solution to Problem (8.24).

8.3.2.2  Solution Representation

By using the Laplace transform, we find the formula for the mild solution to Problem
(8.24) in the form of the Fourier series. Suppose that the mild solution w is described

by the Fourier series u(z,t) = > 7, <u(, t), <pn()>apn(:r) Using Bazhlekova et al.,
2015, we get that

(ut-0.0()) = Pl + | Bt~ ) (F(, ), o))

where ug , = <u0(-), gon()> and P, (n,t) has the Laplace transform (£) given by

1

C(Ean0) O =
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Therefore, we find that

oo

u(e,t) =3 {]P’a(n,t)uo’n + /Ot Pa(n,t = 7)(F(u(-, 7)), gon(-)>d7'} on(z). (8.26)

n=1

We can rewrite the above equation (8.26) in the following way
¢
u(t) = S(a, t)ug —|—/ S(a,t —7)F(u(-, 7))dr,
0

where S(a,t)v =37 | Po(n,t){v, on)p, for any v € L?(1).
Before introducing the main results of this section, we demonstrate the following

useful lemma.

Lemma 8.8. Let a € (0,1). Then, we get the following result

Py (n,t) < R(m, @) (14 At =) 7, (8.27)
where
R(m7 a) — M +1.
mmsin(ra)

Proof. First, thanks to Bazhlekova et al., 2015, we obtain the equality

o0
Pa(nt) = [ ¢ Kaln,r)dr
0
where
mA, sin(am)r®

Ko (n,7) = - [( ot Aymre cos(ar) + )\n>2 + ()\nmr‘" sin(cwr))Q] .

It is easy to see that

Ko (n,r) < mA, sin(am)r® r-@
{67 I — -

™ (m)\nr“ sin(om)) ’

mmsin(am)A,’

The preceding observations imply that

B, (n.1) < fooo e "ty dy _ fooo e~ (rt)Td(rt)
Y= rmsin(ar)A,  mmsin(am)tiTo),
Iy e v dy Ir'il-—a)

~ mmsin(am)ti=e),  mmsin(am)ti=oN,’

It should be noted that
/ e M %dn =T(1 — a).
0

By virtue of 0 < P, (n,t) < 1, we obtain the desired result (8.27). O
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8.3.3 Globally Lispchitz Source Term

In this subsection, we state the existence and regularity of the mild solution of
Problem (8.24) under a globally Lipschitz condition for the source function F'.

Theorem 8.6. Suppose that F(0) =0 and
‘F(Zl)—F(ZQH SKF|2’1—ZQ , 21,22 €R (828)
with constant Kp > 0.

(a) If the initial data ug belongs to L*(Q), for any T € (0,00), there exists a unique
mild solution u on [0,T] of Problem (8.24) and the regularity result below
holds

+ < Rrlluoll 22 (e,

sup_[fu(-, 1)y + |2
u . —
up ) L2(Q) ot

0<t<T La(0,T;D(A-1))

where Ry is independent on x, t, and q satisfies 1 < q < é
(b) If ug € V, we have u € C([0,T); L*(Q)). More generally, for any 0 < t <
t+h<T,

[u(-,t +h) = u(-, )| L2(0) < Cmax{h®, A1},

where C is independent on h.
(c) Letug € LP(2) and p,v, v satisfy

p=1
max{—1, —%} <v< min{%ﬁ},
O§u<min{1—|—y,%

2d

Then, there exists a mild solution w € L*°(0,T; L34 (2)) to Problem (8.24).

Proof. Proof of the statement (a).
Step 1. Existence and uniqueness.
We define a mapping J : E — E by

Jw(t) = S(a, t)ug +/0 S(a,t —7)F(w(r))dr,
where

E:= {u :[0,T] — L2(Q); suET llexp(=pt)u(-,t)||L2() < oo}.

0<t
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From the definition of J and Lemma 8.8, for any wy,ws € E, we get

| exp(=pt) @us(6) = Jua(, 1) |

L2 ()

exp(—pt)/o S(ayt — 1) (F(wi (7)) — F(wa(-, 7)) dr

L2(Q)

< KpR(m, o)\~ exp(—pt) / (t = 1) s () — wa(-, 7| g2y
. 0 (8.29)
< KeR(m, a)h " / (t — 7)* " exp(—p(t — 7))

dr
L2(Q)

X sup H exp(—p7) (w1 (-, 7) — ’LUQ(',T))‘
7€[0,T]

t
— KpR(m, o)\ lwr — wsl / (t — )2 L exp(—p(t - 7))dr.
0

With the aim of handling the integral I = fot(t — 1) Lexp(—p(t — 7))dr, we set
7 = tf, and immediately get

I = /0 (t —t0)> " exp(—pt(1 — 0))tdd

- /1 £9(1 — 6)° exp(—pt(1 — 6))d6
0

a

_ /01 (1 — 6)] exp(—pt(1 — 6)) (t) 103 1ap.

p
Applying the inequality z < e*, we can find that
[Pt —0))* < exp (pt(1 = 0)F ) < exp (pt(1-0)).

provided that a < 1. Furthermore, it is worth mentioning that
1
o 2
/ (1—-6)271d0 = =.
0 «
Then, we obtain

a

n<? (T) . (8.30)

a \p
Combining (8.29) and (8.30) allows us to arrive at
—pt) (Jwy (-, 8) — Jws(-, t ‘
| exp(pt) (un 1) = dws 00|,

o (8.31)

KrR(m,a)2 (T\?
< FERI2 (2) o — wale
1 @ \p

Because the right-hand side of (8.31) is independent of ¢, we deduce that

[ Jws = Juslle = sup_||exp(=pt) (Fur () = Jus(-1)) |
0<t<T

2KpR(m,a) (T ?
< y () l|wy — wsl|z-
al p

L2(Q)
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With a suitable choice of p, the last inequality implies
||Jw1 — Jw2||]E < %le — wQH]E, YVwi,ws € E.

Thus, J is a contraction mapping in E. Applying the Banach fixed point theorem,
we find that J has a unique fixed point » in E. As a result, the function u is also
the unique solution of Problem (8.24) in E.
Step II. Regularity of the mild solution.
Firstly, we have
o0

I1S(ev, tyuol|Za gy = Y

n=1

< [R(m, @)Y Jug,ul?

n=1

2
Pa(n,t)’ g 2

< |R(m, @)?||uol|72(q)-
This implies that
[S(ev; thuollL2() < R(m, a)l|uollL2(0)-
Using the triangle inequality, we obtain
t
[ D)l[r2(0) < [IS(a, t)uollr2(0) +/ 1S(a,t = 7)F(u(-, 7))l L2(0)d-
0

Because ||F(u(-, 7))z = |F(u(-, 7)) — F(0)||z2(0) < Krllu(-,7)||L2(q), we see
that

lul D)Lz < R(m, a)lluollL2(q)
t
+ KrR(m, ) / (t— 7)Y u(, )| L2y dT.
0
Gronwall inequality (see Ye, Gao and Ding, 2007) guarantees that

(s )l z2(0) < R(m, @) Bax (KeR(m, a)T (@)t ) uoll2(o)

= E(W&GT)HUOHB(Q)'

(8.32)

Step III. Estimate of the term ‘ %

L3(0,T3D(A-1))
In view of the identity 4 fot G(t,s)ds = fot Gy(t, s)ds + G(t,t), we obtain

%(1-7 t) = Z Qa (n, t)u(),n‘pn (LE)
n=1

Il(:v,t)

+ g [/Ot Qu(n,t — T)<F(U('7T))a<pn(')>d7-:| on ()

Ig((l:,t)
+ F(u(z,t)),
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where

dPq(n,
Qa(n7t) = %

Applying Theorem 2.1 of Bazhlekova et al., 2015, we see that if w € V then

S 1Qu(n )P wal? < D, d, T, a)2t a3,

n=1

where D(Q, d, T,a) depends only on €, d, T, a. Hence, if w € L?(£2), we have
2 2 2 2 -2 2
SN (w,pn(@)) <DAQNT,a)t 2 wldeq).  (833)
n=1

Consequently, we can estimate Z; in the following way

IZ2 ()b a1y = D A2 *1Qaln, )P luoml?

n=1

<D, N, T, a)t™*||uol|72(q)

By means of ¢ € (1, ) by applying Holder inequality, we immediately get that

1
T q
IZ1ll oo rimia1y) = </ 1 G DND ) )
0 (8.34)
D(Q, N, T, a)T' 04
< . lluoll L2 ()

The term [|Z(-,t)|| p(a-1) is estimated as follows:

IZ2( Dl pea-ry = H / (Z Qa(n,t - T><F<u<-,7>>7son<~>>son(m>> dr

D(A-1)
nt = )(Fu(7) = FO0),0u() you(@)|  dr
D(A-1)
/ (Z A72|Qa(n t — T)’2<F(u(-,7’)) - F(O),@n(~)>2> dr.
(8.35)
In view of (8.33), we find that
(ZA nt =) (P 7)) - F<o>,son<~>>2>
(8.36)

<DL N,T,a)(t — 1) “|F(u(, 7)) = F(0)||22(0)
S KFD(Qa Ns Ta a)(t - T)iaHu("T)”LQ(Q)'
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Combining (8.35) and (8.36) and (8.32) allows us to come to the conclusion

t
1Z2(, )| pa—1y < KeD(Q,d, T, a)/ (t = 7)"ul, 7)l[L2@)dT
0

t
S KFD(Qa Nv T7 a) (/ (t - T)_adT) sup Hu(.’t)HLz(Q)
0 0<t<T

11—«

— t
< KFD(Q,N,T,a)R(m,a,T)l —

||U0||L2(Q)-

This implies that

T
I Z2| Lao, 750 a-1)) = (/0 ||12(~7t)||(£(A—1)dt>

1
q

(8.37)
_ EeD(Q,d,T, a)R(m, o, T)T' " *ta
- 11—«
In addition, using the Lipschitz property of F' and (8.32), we also have
1F (), 22(0) < Krllu(,t)|r20) < KpR(m, o, T)|luo| L2 (o) (8.38)

Combining (8.32), (8.34), (8.37), and (8.38), we get the desired results.
Proof of the statement (b).
By simple calculations, we get

[wollz2 (-

o0

u(x,t) — ulx,t) = [Pa(n,N) - ]P’oé(n,t)} U0,nPn ()

+ i {/tt Pa(n,T)<F(u(~7?— 7)); <Pn(')>d7'} () + i

1=

Thanks to Lemma 8.8, we get

t
HIQ("t’t)’ L2(Q) S/t ‘
t

:/t \li Pa(n,T))2<F(u(-7t~— T))a‘ﬂn(')>2d7'

n=1

dr
L2 ()

Pa(n, 1) F(u( = 7)), n()|

t
SR(m,a)/\l_l/ Ta_lHF(’U/(',t—T))||L2(Q)d7'
¢

- -1 () — ¢t~
< KpR(m,a)R(m, o, T)AT " |luo|| 2 ()

t—1t)™

)

< K R(m, )T (m, as TN ooy
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it should be noted that
1P, i) < KnlluC, 7llsy < KeRm, a, 7)ol 20,
and
B =t < (E -1

With the view to considering the term Z; (z,,t), we recall that Q,(n,t) = Mtn’t).

d
This implies that

Il(.%‘,?,t) = /?<§:Qa(na7)u0,n@n(x)>d7'
t Tp=1

It follows from the previous result that

t o0
T 'aftvat’ < al\’t, 2 n2d
2670, = | 25 1Retn P Bluair

i
SMT”UOHV/ T T
t

M /{— t)l—o
<MD,
where My is a constant and it is worth noting that (£)'~® — ¢t'= < (t — t)1-,

In terms of the term Zs(-,t,t), by using the argument similar to dealing with
the term Zs(x,t,t), we get the following estimate

L2(Q)

t
< KFR(m,a)Al_l/ (t—7)* ul, t —7) —ul-,t = 7)|| 2@ d7
0

t
— P KpR(m, o)A~ / =) (¢ — 7)a=1e=P (- T 7)
0
- u(~,t — T>||L2(Q)d7'.
We now set
Z(t) = e [lul- 1) = ul, 1)l 2(0)-
From the above observation, we deduce that

KpR(m,a)R(m,a,T) (t — t)®
eptZ(t)S F ( )?1( )( a) ||u0||L2(Q)

N My (t —t)l=

11— l[wollw

t
+ max Z(r)KeR(m )" / (t — 1) Vexp(—p(t — 7))dr.
T€|0, 0
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Thanks to (8.30), we get

N N 2 (T2 _
Z(t) < Cymax {(t—t)*,(t—t)' "} + -~ (p) KrR(m,a)\ max 2(7),
where
CV = KFR(m7 Q)E(TnﬂavT))‘lilllu()”Lz(Q) + 1 7Ta HuOHV

Choosing p such that % (%) : KpR(m, o)\t < %, we have

lu(-,t) —u(- 1) 20 < 2C, P! max{(t — t)*, (t — t)' 7},

This helps us to obtain the desired assertion.
Proof of the statement (c) To begin with, we note the following conclusion.
For d > 1, we have

d 2d
p by qf -2 < >
LP(Q) < D(A), if — 3 <b<0, p> =0,
d 2d
b P i < — < _—
DA = LP(Q), if  0<b<g, p< ot

Next, for a,9 > 0 we consider the Banach space

av0(0,T; L= (Q2))

= {w € Lz‘fﬂ(O,T;L%(Q)) ’ tﬁefatHw(-,t)H <00, 0<t< T},

2d
LT-10 (Q)

associated with the following norm

9
W oo (0,7;09(Q)) (= esssup t Hexp —at)w -,t‘ .
ol s = esssup ¢ |[exp(=atyut o)
On account of the assumptions uwg € LP(Q) and max{—l,—%} < v <

min{(pfz)d,O}, we note that ug € D(AY). Furthermore, from p — v < 1, we

4p
find that
S ’ 3 A2H ’ 2
a,tuH = Py n,t’ Uy
st o, . 2 ¢ [Pt o
e 1 2u—2v
<SR 2(7)
< D Rm ) (1 s
1 2—2p+2v
~ (1 +/\nt1*a) [to.n

o0
< [R(m, )OO0 Y AN ug

n=1
= [R(m, a) P08 lug |3, 4oy
The latter estimation and the embedding LP(Q) < D(A") gives

t19 —atl|g t H < R(m, t(lfoz)(ufu)Jrﬂ —at o,
e (e, t)ug DAy S (m, o) e "uol|Lr ()
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Since (1 — a)(p — v) < 1, we can choose (1 — a)(pp — v) < ¢ < 1. Then, by using
the Sobolev embedding D(A")) < L% (), we find that

tﬂe—at

S(a, t)uOH 2a < et
L0 (Q)

S(a, t)ug

D(A~))
< R(m’a)e—att(l—a)(u—u)+ﬂHuOHD(AV)

< Cy,pe_atR(m, a)T(l—a)(V—#)+19”uO”LP(Q)_

Therefore, we deduce that S(a, t)ug € L3%(0,T5 L%(Q)) By the same argument

2d
as in the previous step, since p < 1, for v1,vy € L4 () we have

/O S(at — 7)(Flun(s) ~ Foa)(r)

t
S tﬂ/ e—at
0

t
< p—=1,9 —a(t—7) (4 _ \a—1_—9 9 _—ar
< R(m, a)Af t/oe (t—7)"77 1% || F(v1(7)) (8.39)

— F(v2)(7) || 2 (@ydT

t
< KrpR(m, O‘)/\lll_l (tl9 / (t— T)aflefa(t*T)Tfﬂdq-)
0

tﬂefat

dTH
D(AR))

S(a,t = 7)(F(vi(s)) = F(v2)(r))

H dr
D(A#))

X (esssup 7'1967["”1}1(7') — vg(T)\\Lz(Q)>.
0<t<T
Regarding the term fot e~ =7 (¢t — 1)~ 1r=Ydr  using the inequality e~ <
Ce(at)™¢, for any 0 < € < «, we obtain
t

¢
/ e T (¢ — ey Var < C’sa*/ (t—7) Vs
0 0

=C a—etoz—e—ﬁ /1(1 _ T)a—s—lT—ﬂdT (840)
0
=C.a “Bla—¢e,1 -9t <7,
It follows from (8.39) and (8.40) that

tﬂe—at

2d
LA=15 (Q)

/t S(a,t —7) (F(vl(f)) _ F(UQ)(T))dT‘

0

S tﬂe—at

/0 S(a,t—7) (F(Ul(T)) — F(U2)(T))dTH

< Kp T 'R(m,a)Cea™ “Bla — €,1 — 9)a” 4

D(A*))

X (esssup 079 ||luy (1) — U2(T)||L2(Q))
0<t<T

< Kp T 'R(m,a)Cea™ “Bla — €,1 — 9)a™ 4%~

9 _—at )
X esssu T € VI\T) — V2|7
(0<t<p H 1( ) 2( )”LdEiH(Q) )
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where we have used the Sobolev embeddings D(A*)) — L7 (Q) < L?(Q). Thus,
we deduce that

[|Jv, — JU2||L2?§(O7T;Ld37d4u(Q))

< p—1 _ _ —era—e _ )
< KpA7 R(m,a)CcB(a —€,1 —9)a™ T ¢||vy vQ”ngﬁ(o,T;LdEiu(Q))

Choosing a such that KpR(m,a)CcB(a —¢,1 — ¥)a™T* ¢ < 1, we come to the
conclusion that J is a strict contraction on the space Lg%(0, 7 L% (Q)). O

8.3.4 Locally Lispchitz Source Term

In this subsection, instead of (8.28) we consider the following assumption for the
source term F'.

Assumption (H): For every zg € R, there exist an open neighborhood of zy and
a positive constant Q@ depending on this neighborhood with

|F(v) — F(w)||r20) < Qllv — w| 120,
I1F' ()l z20) < Qllvllz2(a)
for all v, w belonging to this neighborhood of zj.

8.3.4.1 Euzistence of the Mild Solution

Theorem 8.7. Suppose that F satisfies (H) and ug € D(A") for 0 < v < 1. Then
we can find a suitable real number T* > 0 depending only on ug such that Problem
(8.24) has a unique mild solution on (0,T%).

Proof. Because of ug € D(AY), by Lemma 8.8, we can deduce that
Uy 1= S(a,t)uo € D(.AV)

From (H), we can find a positive constant R’ > 0 and a Lipschitz constant Q =
Q (g, R') such that

||F(v) — F(w)”Lz(Q) < Q”U — w||L2(Q), Yv,w € B(ﬂo, R/). (8.41)

We continue the proof by considering the following space

Xy e = {u € C([0,T*]; D(A")) | u(t,0) = uo,

and u(-,t) — Uo| pary < R* <R, Yte [O,T*}},
and defining the mapping % on X, 7~ by

)= [Pa(”at)<uo(')a<ﬁn(')>
(8.42)

. /Ot Po(n.t— T)<F(u(~, 7)), @n(.)>d71 on ().
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First, we can see that [[ullx, ;. := sup,ejo r+[[u(-,t)l|par) defines a norm on
Xy, 7+. Furthermore the Sobolev embedding D(A”) — L*(Q) yields |[w]r2(q) <
Cyllwl peavy, for all w € D(AY), for some C, > 0. With the purpose of using the
Banach fixed point theorem, we take v € X, r+ and set

1) = 3 [Patr 8100 00 ))] (o)

n=1

(1) 1= 32 [ [ Batimt =Pt 20| )

Applying Lemma 8.8, we get

ST R——

1
2

1
2

< R(m, a)x~! (i [ (Futm. )] )
Using the Hélder inequality, we hz;;
i [ (Futment Jir| 2

=2 Uot(t )T (- 7)“21<F(u(.,7)),%(,)>dﬂ

[l [ o]

2a ?
<= ( sup ||F<u<',t>>||L2<m> :

2
« t€[0,T

IA

This implies that

I(ID)||pary < Ra(m,a)t® sup I (u(, )l z2 () (8.43)
te|0,

R(m,a) ]~

where Ry (m,a) = o

1F (u(-, )22y < Qllul-,t) — Uollz2(q) + [ F(Wo) || 2 (o)
< C,Q (R* + ol pear)) -
for some C,, > 0. Hence, for t € [0,T*], we get the following estimate
[B(u(-; 1)) = (Dl peary < Ba(m, a)t*||F(u)| Lo ((0,7);12(2))
< Ri(m, a)(T")*C,Q (R + [[dollp(ary) -
Then, there exists a small time 7™ > 0 such that
Rl(m, Oé)(T*)aCyQ (R* + HﬂQHD(Au)) < R*.

. From the assumption (H), we obtain
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Therefore, ZB(u) € X, r- for any u € X, r-. Next, we prove that if T* > 0 is small
enough, # : X, 7+ — X, p- is a contraction on C([0,7%]; D(A")). Suppose that
u,v € X, 7+, and by the same argument in considering (8.43), we obtain

[ (u)(-,t) = B) (- D)l pear)

) (i o Uot B0t - T)<F(u(., 7)) = F(o(- 7)), wn(.)>dq 2)

Nl

n=1

o L (8.44)
0o + 2
< R(m,a>A11<Z [ / (t =) (Fu(,7) —F<v<~m>>,son<->>df} )
n=1
< Ri(m,a)t® sup ||F(u) — F(v)| 12
t€[0,T]
Thus, there exists a constant C' > 0 such that
1#(u) = B(0)|x, r. < CT7)lu =[x, 7. (8.45)

As a result, if we choose a sufficiently small time T, the mapping % will be a
contraction on X, r+. In other words, % has a unique fixed point u in X, 7. O

8.3.4.2 Continuation and Blow-Up Alternative

In this subsection, we demonstrate a continuation result and a blow-up alternative
for the mild solution which is proposed in Theorem 8.7. In particular, we also obtain
the existence of a maximal time to this solution.

Theorem 8.8. Suppose that F satisfies (H) and uy € D(AY) for any 0 < v < 1.
Then the solution on (0,T*) of Problem (8.24) is extended to [0,T* + €|, for some
e> 0.

Proof. Letting T* as in subsection 8.3.4.1, by virtue of (H), we can find a open
ball B (u(T*),R") and a constant Q1 = Q (u(T*), R”) such that F is Lipschitz
continuous when restricted to this ball. For ¢ > 0, we introduce the following space

K:=

{v € C([0, T + ¢]; D(A"))

v(-,t) = u(- 1), te0,T%,
lo(-t) —u(-, T*) I pavy SR < R, t € [T, T* + €

and define a mapping & : K — K by

t
20)t) =Y {Pa(n,t)um n / P, (n,t — T)<F(u(-,7)), @n(-)>d7} on().
n=1 0
To show that & has a fixed point in K, we consider some steps.
Step I. It is easy to see that ?(v) is continuously differentiable on [0, T* + €]
provided that ¢ is sufficiently small. First, we verify that & is a mapping from K
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to K. Let v € K. If t € [0,T*], then v(-,t) = u(-,t). Note L(v(-,t)) = P(u(-,t)) =
u(+,t). If t € [T*, T* + €], then we get

122 (0)(#) =l T*) | par)

<o,
/ i at—T1 < (v ('77—))780n(')>§0n($) dr
n=t D(Av)

oo

Z a,t —71) — Py, T* —7)]

o

X (F 7)) on())ou(@)

dr.
D(A)
From the fact that S, (t)up € C([0,00), D(A")), we suppose that € > 0 is small
enough to get the following inequality

uo — Sa(T*)UOHD( o ? (8.46)
Similar to the latter step, we have the following estimate
t o0
My = / > Pu(ast =) F(-, 1), @al) )on(@) dr
n=1 D(A¥)

= /t Z A2V P, (o, t — T)‘2<F(U(~,T)),90n(-)>2d7’

*

t
t—7)*"1)d
- )\1 v H HLOO((O,T);L2(Q)) </T( 7) ) g

- RE\T:’?) (I (v) = F(T*) e 0,mz2 () + 1Fw(T)llz2(0)
>< w

(%

b

which implies that we can choose a number € > 0 such that
R
My < 3 forall t € [T*,T" + €. (8.47)
We consider the upper bound of P, (a,t — 7) — P, (e, T* —7) for 0 < 7 < T* < ¢

for the following term
Z [Pn(a,t —7)=Pp(a, T" — 7)

T+
Mg = /
0 n=1

% (F((,7),0n() ) on ()

o0

dr.
D(AY)
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It should be noted that
Pp(a,t —7) = Pp(a, T" — T)‘ = / ‘e‘r(t‘f) —e @7
0

1 (9]
< / ‘e—r(t—T) _ (T =T)
~ mrsin(am) A, Jo

x r~%dr.

Kq(n, r)dr

For 0 < 8 < a < 1, thanks to the fact that 1 — e~ < w?,Vw > 0, we obtain

/ ‘efr(tf'r) _ efr(T*f'r) r%dr < (t _ T*)/ €7T(t77—)7“ﬂ7ad7‘
0 0
_ (t_T*)B > -y, B—«
L1+ 8—a)(t—T")"»
N (t —7)Hh-a
where y = r(t — 7). This together with (8.43) and (8.48) yield
F(148—a)(t—T")»
P, (ot —7) — Pola, T* — ’ <
n(a,t=7) n(e, 7| = mm sin{am) A, (t — 7)1+6-«
Frl+B8—-a) (t—T%°
~ mmsin(am)\, (t — 7)1+’

Then we find that

S [Pt = 7) = B, T = ] (P 0) )

n=1

(&

x <F<v<-,r>>,¢n<~>>2>

- N1+ 8- a)
m sin(am)

D(Av)

2
(a,t —7) = Pp(y,T" —T)]

HME%

(8.49)

1
2

(t=T%)°t =) HF ()2,

where we note that 0 < o < 1. This implies that

Mg = /OT* io: [Pn(avt —7) = Pp(y, T" — T)]
X (F@ ) en()) (@) dr
D(Av)

- M1+ 8- a)
m sin(an)

.
— e84,
x(/o (t—7) d)

t— T ﬁHF v H
( VIEON o 01y
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_ AT M1 +B-a)

~ mmsin(ar)
By taking 8 = § and using the inequality to=B —(t—T*)*=F < (T*)* 8, we deduce
that

a—FB _ _ mx\a—0
T e 0 .
a—f3 L ((0,T);L2(R))

(t-1)

2070 (1 - B)
mar sin(ar)

M; < ()t =T | Fw)

L ((0.T):L%(9)
Therefore, there exists a small € > 0 such that
Ms < ?, for t € [T*, T + ¢ (8.50)
In view of (8.46), (8.47) and (8.50), we have
|2@)(#) = u(, T [ pay <R, for te [T+,

provided that € is suitably small.
Step II. We prove that & is a contraction on K. Let v, w € K and we have

oo

P(0)(t) - P(w)(t) = LﬂtPa0ut7»<fwvc,T»P%w(»r»,¢n<o>dr}¢n.

n=1
If t € [0,T*], then in view of Theorem 8.7 (see (8.44) and (8.45)), we can find a
constant C' > 0 such that

[2(v)(t) = Z(w) ()| pary < C(T7)* v = wlleqo,rpav))-
If t € [T*,T* + ¢], from Lemma 8.8, there exists C' > 0 such that

|7e)0 - 2|, .

n=1 D(a)
I §EVVRm%t7ﬂ7qur»Fwwm»waafm- -
< BP0 = P,y oy ([ =)

S e ORI NN

< Ce||F(v) = F(w)|| Lo ((1+ ;22 (02))
< CQe[lv — wllo(r= 7+ +e;D(Av)-
Consequently, we can find a number C > 0 such that
12() - (W)l < Celo - w]lx.

Then, it is possible to find a positive number ¢ small enough to ensure that &2 is
a contraction on K. Therefore & has a unique fixed point v on K. The proof is
completed. O
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Lemma 8.9. Let T > 0 and u : Q x [0,T) — L?(Q) satisfy
sup (|lu(-, )|l prary ) < oo.
sue (luDlloun)

Let t, € [0,T) be a sequence such that lim,, o t, =T. Then

tn || o0
lim 3 [Pa(k, ty—7) — Po(k,T — T):| F(u(-7))en dr =0. (8.52)
n—oo [o Pt DAY

Proof. Let £ := sup,c(o 1) [|1F(u(:,5))|12(0) < co. Given e >0, fix § € (0,T) such
that
AT -$)

mam sin(ym)

A4B|(T —0)T*£<e, B, = (8.53)

Similar to the argument in (8.49), we immediately infer that

> [Balk,t = ) = Palh, T =) F(ul 7)o

k=1

) D(A¥)
e 0

By means of 0 < § < T and lim,_, t, = T, we can choose N; ; € N such that
t, > 0 for n > N 5. This implies

<B

Lo ((0,T);L2(Q))

tn o0
[ Pathta = 1) - Path 7= D] Flalorn|  ar
o lk=1 D(AY)
tn
<Bi(T-t,)% FuH / tn —7)2 " ldr
i PO e oy Jy ¢ )
<BIT? £(t, —0)%
<BT*(T—-68)%£
Also
51| oo
LIS ottt = 1) = Pate T = D] Fut ]| ar
0 |lk=1 D(A¥)
- ’ ! (8.54)
<B T—tn%FuH /tn—T%—dT :
i PO e 0,22 . )

a

< BT~ 0)7[(tn)% — (t, — 0)2] £

provided that ¢, > 6. Combining the latter, the former, and (8.53) allows us to
deduce that for n > Ny 5
dr <e.

[
0 D(AY)

This implies that (8.52) holds. O

oo

> [Balk,tn = 7) = Palh, T =) F(ul 7)o

k=1
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The next theorem is a result on global existence or noncontinuation by blowup.
Namely, we have the following:

Theorem 8.9. Assume that F satisfies (H) and ug € D(AY) for any 0 < v < 1.
Let u be the mild solution of Problem (8.24), w is defined on [0, Tiax), where Tax
is the maximal time of existence of u. Then we have Ty = +00 or

hm  u(:,t)[ pear) = oo (8.55)

t— max

Proof. Let
T = {T €[0,00): Fu:Qx[0,T] = L*(Q) a solution to (8.24) in (O,T)},

and set Tiax := sup 7. Assume that Tp.x < 0o and we demonstrate that (8.55)
is true. Suppose that there exists Ko < oo such that |[u(-,t)||par) < Ko, Vt €
[0, Timax)- Let a sequence (tp)nen C [0, Tmax) satisfy lim, oo tn = Tmax. Let
tn >ty and K := SUPte(0, T 1E7(U( )| L2(2) < o0. Then using (8.54), we get
from Lemma 8.9 that

/ ST Pak, Tonax — TV F(u(, 7))y dr

tm p=1 D(AY)
tn
< ‘Pa kaTmax_TFU'77- H dr
< / > e Pt e,
R(m,a) [ _
< 7(1_1, ) / (Timax — 8)° 1||F(u(-,7'))|\L2(Q)dT
Ap t
Kn tn
< BT [ =)
A tm

= KpR(m,a)\/ "t~} [(Tmax 1) — (T — tm)a} 0, asn,m — oo

Then, we find that

-+ 0) = sty < |Satu)uo — St )uo

D(A¥)
/ Y [Ba (k. tn — ) — Ba(k, Ty — 7))
0 k=1

x F(u(,7))erdr

+

D(A¥)

/0 ; [Pa (e tn = 7) = Py (ks Trnax = 7)]

X F(u(-,7))prdr

+

D(Av)
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o0

t”L
/ ZPa(k,Tmax —7)F(u(-,7))pr dr
tm =1

+

D(AY)
— 0, asn,m — o0,
where we have used Lemma 8.9. It follows that (u(-,t,))nen is a Cauchy sequence.

This sequence converges to a function ug, (-,t) € D(A”). Therefore, we may
extend u over [0, Tihax] and we have the following equality

u(-,t) = Sa(t)ug +/O Sa(t — 7)F(u(r))dr

for all ¢t € [0, Tyax]. Applying Theorem 8.8, the solution is extended to some larger
interval, which leads to a contradiction with T}, > 0. The proof is completed. [

8.4 Fractional Euler-Lagrange Equations

8.4.1 Introduction

In this section, we consider a < b two reals, d € N and the following Lagrangian
functional

b
L(u) = / L(u, o Df*u, t)dt,
where L is a Lagrangian, i.e. a map of the form:
L:RYxR% x [a,b] — R,
(2,y,t) = L(z,y,1),

where D¢ is the left fractional derivative of Riemann-Liouville of order 0 < a < 1
and where the variable u is a function defined almost everywhere on (a, b) with values
in R?. Tt is well-known that critical points of the functional L are characterized by
the solutions of the fractional Euler-Lagrange equation:

oL oL
%(u, oDffu, t) + ¢ Dy ((()y(u7 oD, t)) =0, (8.56)

where ¢ D} is the right fractional derivative of Riemann-Liouville, see detailed proofs
in Agrawal, 2002; Baleanu and Muslih, 2005 for example.
For any p > 1,LP := LP((a,b),R?) denotes the classical Lebesgue space of p-

integrable functions endowed with its usual norm || - ||L». We denote by | - | the
Euclidean norm of R? and C := C([a,b],R%) the space of continuous functions
endowed with its usual norm || - ||. We remind that a function f is an element of

AC if and only if f/ € L' and the following equality holds

£(t) = f(a) + / FE)de, vt e lab],

where f’ denotes the derivative of f. We refer to Kolmogorov, Fomine and Ti-
homirov, 1974 for more details concerning the absolutely continuous functions. In
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addition, we denote by C, (resp. AC, or C°) the space of functions f € C (resp.
AC or C*) such that f(a) = 0. In particular, C® C C* C AC,.

Remark 8.1. In the whole section, an equality between functions must be under-
stood as an equality holding for almost all ¢ € (a,b). When it is not the case, the
interval on which the equality is valid will be specified.

Definition 8.4. A function u is said to be a weak solution of (8.56) if u € C' and
if u satisfies (8.56) a.e. on [a, b].

In the following, we will provide some properties concerning the left fractional
integral operators of Riemann-Liouville. One can easily derive the analogous ver-
sions for the right ones. Proposition 8.2 is well-known and one can find their proofs
in the classical literature on the subject (see Lemma 2.1 in Kilbas, Srivastava and
Trujillo, 2006).

Proposition 8.2. For any a > 0 and any p > 1, D, % is linear and continuous
from LP to LP. Precisely, the following inequality holds

(b—a)

—a
WD Fllie < ~— N fllLe, P,
D7 e < gy gy e for J €

The following classical property concerns the integration of fractional integrals.
It is occasionally called fractional integration by parts:

Proposition 8.3. Let 0 < }% <a<landqg= p%l. Then, for any f € LP, we have

(1) «D; is Hélder continuous on [a,b] with exponent o — % > 0;

(i) lim D" £(1) = 0.

Consequently, oDy “f(t) can be continuously extended by 0 in t = a. Finally,
for any f € LP, we have ,D; *f € C,. Moreover, the following inequality holds

(b—a)>7
P(a)((@—1)g+ 1)

Proof. Let us note that this result is mainly proved in Section 6.2. Let f € LP.
We first remind the following inequality

la Dy £l < [fllze, for fe L.

(1 —&)1 <& —¢&3, for & >E& >0.

Let us prove that ,D; “ f(t) is Hélder continuous on [a,b]. For any a < t; < t3 < b,
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using Holder inequality, we have

/ Yt — 7 (e / - é)“‘lf(é)dﬁ‘

oD (12) — oD ()] = o

1 t2 a—1
< | [ -0 0
1 " a—1 a—1
| [ (o7 - @ -]

-

||f||Lp< P (am1) )"
<P ([ - oo

([0

+ “rf(laL)p (/ (0 €O (1 5)”””5) E

2
< ||fHLP l(t2_t1)a7%-
L) (e —1)g +1)7
The proof of the first point is completed. Let us consider the second point. For any
t € [a,b], we can prove in the same manner that

/]l
I(e)((a=1)g+1)=

The proof is now completed. O

laDy “ ()] < (t— a)ai%, as t— 0.

In Subsection 8.4.2; we introduce an appropriate space of functions. Subsection
8.4.3 is concerned with variational structure. Subsection 8.4.4 is devoted to the
existence theorem of weak solution for (8.56).

8.4.2 Functional Spaces

In order to prove the existence of a weak solution of (8.56) using a variational
method, we need the introduction of an appropriate space of functions. This space
has to present some properties like reflexivity, see Dacorogna, 2008.

For any 0 < @ < 1 and any p > 1, we define the following space of functions

Eup:={ue LP| ,Difu € LP and ,D; *(,Dfu) = u a.e.}.
We endow E, , with the following norm

| - ||a,p tEap — R+7

=

U = (”UHIiP + ||aDtaU||1£p)
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Let us note that
| lop * Eap = R,
U+ HaDg’LL”Lp

is an equivalent norm to || - ||,p for Eq . Indeed, Proposition 8.2 leads to

(b—a)”

[ullr = [la Dy *(aDfu)|[Lr < Ti+a)

leDfful|Lr, for u € Ey p. (8.57)
The goal of this section is to prove the following proposition:

Proposition 8.4. Assuming 0 < % <a <1, E,,p is a reflevive separable Banach
space and the compact embedding F, , — Cg, holds.

Proof. Consider that

1
0<-<axl andq:L.
p p—1

Now, we divide the proof into several steps.
Claim I. £, ), is a reflexive separable Banach space.
Let us consider (LP)? the set LP x L? endowed with the norm ||(u,v)l|(z,)> =

(JJullh, + Hv||1£p)% Since p > 1,(LP, || - ||») is a reflexive separable Banach space
and therefore, ((LP)?,| - ||(Lr)2) is also a reflexive separable Banach space. We
define Q := {(u,Dffu) : u € E,p}. Let us prove that Q is a closed subspace of
((LP)2, || - ll(Lry2)- Let (tn, vn)nen C € such that

2
(U, V) ﬂ) (u,v).

Then, we prove that (u,v) € Q. For any n € N, (up,v,) € . Thus, u, € E, , and
Up, = oD uy. Consequently, we have

? o L?
up — v and ,Dfu, — v.
For any n € N, since u,, € E, , and ,D; @ is continuous from LP to L?, we have
— « Lp —
Up = oDy “(aDffupn) — oDy “v.

Thus, u = D; *v, oDfu = D¢ (,D; “v) =v € LP and ,D; “(,Dfu) = oDy “v =
u. Hence, u € Ey, and (u,v) = (u,,Diu) € Q. In conclusion, Q is a closed
subspace of ((L?)?, || - [(zr)2) and then € is a reflexive separable Banach space.
Finally, defining the following operator

A:E,p, —Q,

U = (u’ GD?U)7
we prove that F, , is isometric isomorphic to 2. This completes the proof of Claim I.

Claim II. The continuous embedding F, , — C,.
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Let u € E, , and then ,Dgu € LP. Since 0 < % < a < 1, Proposition 8.3 leads
to oDy “(oDgu) € C,. Furthermore, u = ,D; “(,D§u) and consequently, u can be
identified to its continuous representative. Finally, Proposition 8.3 also gives

b—a)*" s
( ) = |tla,p, foru e Eq .

u|| = ||aDyf (o Dfu)|| <
[ull = | ( )| r@)(@— Dt

Since || - ||a,p and | - |,p are equivalent norms, the proof of Claim II is completed.
Claim III. The compact embedding F, , < C,.
Since F, p is a reflexive Banach space, we only have to prove that

a,p

E
V (un)nen C Eqp such that w, —"u, then u, N

Let (un)nen C Eq p such that

Since Ey, p — C,, we have

Since (up)nen converges weakly in E, p, (un)nen is bounded in E, ,. Conse-
quently, (4D uy)nen is bounded in L, by a constant M > 0. Let us prove that
(Un)nen C Cq is uniformly Lipschitzian on [a, b]. According to the proof of Propo-
sition 8.3, for Vn € N,V a < t; < to < b, we have,

[un(t2) — un(t1)| < oDy (o Dffun(t2)) — oDy *(a D un(tr))|

2o D%y || 1o I

S || tu ||L l(tZ_tl) 117
I(a)((a=1)g+1)7

2M a—l

< 1 (t2 - tl) P

- Do) ((a=1)g+1)»

Hence, from Arzela-Ascoli theorem, (uy,)nen is relatively compact in C. Conse-
quently, there exists a subsequence of (uy,)nen converging strongly in C and the
limit is v by uniqueness of the weak limit.

Now, let us prove by contradiction that the whole sequence (u,)nen converges
strongly to w in C. If not, there exist € > 0 and a subsequence (uy,, )ken such that

[ttn, —ul| > >0, forkeN. (8.58)

Nevertheless, since (un, )ren is a subsequence of (u,)nen, then it satisfies

EQ»P

. u.

Un

In the same way (using Arzela-Ascoli theorem), we can construct a subsequence
of (un, )ken converging strongly to u in C which is a contradiction to (8.58). The
proof of Claim III is now completed. O
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Let us remind the following property
oDy “p e O3, for o € C°.
From this result, we get the following results.
Proposition 8.5. C5° is dense in E, ;.

Proof. Indeed, let us first prove that C3° C E,,. Let u € C3° C LP. Since
u € AC, and v/ € LP, we have ,Dfu = D 'u’ € LP. Since u € AC, we also have
oDy *(aDfu) = u. Finally, u € E, ,. Now, let us prove that C3° is dense in E, .
Let u € Eq p, then (Dfu € LP. Consequently, there exists (vp)neny C C2° such that

P _ LP _
Up — oDffu and then ,D; “v, — oD; *(oDiffu) = u,

since ,D; © is continuous from LP to LP. Defining u, := ,D; “v, € C° for any
n € N, we obtain

Uy, L% and aDiun = o DE (o Dy “vp) = vy LN oDiu.
Finally, (up)neny C C5° and converges to u in E, p. The proof is completed. O
Proposition 8.6. If% < min{ea,1 — a}, then E,p, ={u € LP : ,Dfu € LP}.

Proof. Indeed, let v € LP satisfying ,Dffuv € LP and let us prove that
oDy *(oDfu) = u. Let p € C° C LY. Since ,Dfu € LP, Proposition 1.10 leads to

b b b
d
/ oDy (o Diu) - pdt = / aDiu - Dy “pdt = / %(aDta_lu) “tDy “pdt.

Then, an integration by parts gives

b b
/ oD (u D) - pdt = / oDE V- DY udt.

a

Indeed, ; D, “¢(b) = Osince ¢ € C° and ,D§* 'u(a) = 0 since u € LP and % <l-a.
Finally, using Proposition 1.10 again, we obtain

b b b
[ aDio Dt gt = [ DDy i = [

this completes the proof. O

Remark 8.2. In the Proposition 8.6, let us note that such a definition of E, , could

lead us to name it fractional Sobolev space and to denote it by W®P. Nevertheless,
these notions and notations are already used, see Brezis, 2011.
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8.4.3 Variational Structure

In this subsection, we assume that Lagrangian L is of class C! and we define the
Lagrangian functional £ on E, , (with 0 < % < a < 1). Precisely, we define

£:Ea,—R,
b
u / L(u, o D u, t)dt.

£ is said to be Gateaux differentiable in u € E, , if the map
DE(u): Eyyp — R,

v DE(w)(v) = lim Slut ’“;L) — £(u)

is well-defined for any v € E,, and if it is linear and continuous. A critical point
u € E, p of £1is defined by D€(u) = 0.
We introduce the following hypotheses:

(H1) there exist 0 < d; < p and 71,51 € C(R? x [a,b], RT) such that
|L(z,y,t)—L(x,0,t)| <ri(z,t)|yl|" +s1(2,t), for (z,y,t) € RxR¥x[a,b];
(H2) there exist 0 < dy < p and 79, 52 € C(R? x [a,b], RT) such that

g—i](x,ynf) < 7"2(oc,t)||y||d2 + sa(zx,t), for (x,y,t) € R? x R? x [a, b];

(H3) there exist 0 < d3 < p— 1 and r3, s3 € C(R? x [a,b],R") such that

%(m,y,t) < rg(x,t)||y||d3 + s3(x,t), for (x,y,t) € R? x R? x [a, b];

(H4) coercivity condition: there exist v > 0,1 < dy < p,e; € C(R? x
[a,b], [y,00)), 2, ¢, € C([a,b],R) such that

¥ (2,y.t) € R x R x [a,8],  L(z,y,t) > ez, )|yll” + c2(t)l|z]|™ + es(2);
(H5) convezity condition:
Vtela,b], L(-t) is convex.

Hypotheses denoted by (H1)-(H3) are usually called regularity hypotheses (see
Cesari, 1983; Dacorogna, 2008).
Let us prove the following results.

Lemma 8.10. The following implications hold

(i) L satisfies (H1) = for any u € Eq p, L(u, o Dfu,t) € L' and then £(u) ewists
in R;

(ii) L satisfies (H2) = for any u € E, p, 0L/0x(u, o D{fu,t) € L';

(iii) L satisfies (H3) = for any u € Eqp, OL/0y(u, o« Dffu,t) € L, where ¢ = ;2.
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Proof. Let us assume that £ satisfies (H1) and let v € E,, C C,. Then,
|oDgul|™ € LP/4 < L' and the three maps t — ri(u(t),t), si(u(t),t),
|L(u(t),0,t)| € C([a,b],RT) c L>= C L'. Hypothesis (H1) implies for almost
all ¢ € [a, b]

|L(ult), a Dfu(t), 1)) < ri(u(t), 1)l DFu(t)|™ + s1(ult), t) + |L(u(t), 0,2)].

Hence, L(u,,D{u(t),t) € L' and then L(u) exists in R. We proceed in the same
manner in order to prove the second point of Lemma 8.10. Now, assuming that L
satisfies (H3), we have ||,Dful|% € LP/4s C L7 for any u € E,,. An analogous
argument gives the third point of Lemma 8.10. This completes the proof. O

Lemma 8.11. Assuming that L satisfies hypotheses (H1)-(H3), £ is Gateauz dif-
ferentiable in any u € K., and

b
Dg(u)(v) = / (gi/(u,an‘u,t) “v 4 g—i(u, oDifu,t) - an‘v) dt, foru,v € Eqp.

Proof. Let u,v € E, ), C Cy. Let ¢, , defined for any h € [—1,1] and for almost
all ¢ € [a,b] by

Yun(t,h) = L(u(t) + ho(t), e DEu(t) + ha D2(t), t).
Then, we define the following mapping
Guw: [—1,1] = R,
b b
b / L(u + ho(t), o DO + he D2, t) dt = / Yuo(t, h)dt.

Our aim is to prove that the following term

= ¢u,0’(0)

exists in R. In order to differentiate ¢, ., we use the theorem of differentiation under
the integral sign. Indeed, we have for almost all ¢ € [a,b], 1,.,(t,-) is differentiable
on [—1,1] with

O v b oL

o () = %@(t) + ho(t), o D u(t) + haD?v(t),t) “o(t)
+ % (U(t) + h’l}(t)a a,D?’U,(t) + haD?'U(t),t) . aD?U(t).

Then, from hypotheses (H2) and (H3), we have for any h € [—1, 1] and for almost
all t € [a, ]

0y v
‘ “on (t,h) ’

< [ra(u(t) + ho(t), 1) o Dfu(t) + ha Do (1)[|% + s2(ult) + ho(t), t)]|[o(t)]]
+ [rs(u(t) + ho(t), )l Dfu(t) + ha Dfv(t)|* + s3(u(t) + ho(t), )] | Df v (t)]].
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We define

ro ro(u(t) + ho(t),t)

0= max
(t,h)€[a,b]x[-1,1]
and we define similarly sg0,73,0,53,0. Finally, it holds

Ibu
oh

(t, h)‘ <2%r9 o (|l Dfu(®) | + [l DF ()| ) 0@ +s20 [lv(®)]
eLr/d2Ct €CCL> €C,CL!
+2%r5 0 (la Dfu(t)| + [l Df o ()| %) [la D o(t)[| +55.0 [la Df v (E) ]| -

eLr/d3CLa eLr eLrCL?

The right term is then a L' function independent of h. Consequently, applying the
theorem of differentiation under the integral sign, ¢, , is differentiable with

b
Guw' (h) :/ 81%*” (t,h)dt, for h € [-1,1].

Hence

b
DL(u)(v) = b (0) = / %@,mdt

b
OL o OL o o
= /a (&c(u’aDt ) v+ a—y(u,aDt u,t) oDy v) dt.
From Lemma 8.10, it holds

L L
g—m(u,QDtau,t) € L' and g—y(u,QDtau,t) e L%

Since v € C, C L™ and Dy € LP, D&(u)(v) exists in R. Moreover, we have

oL, . oL, . 3
IDL(0)] < | G )| ol + Hayw,wt wt)| 1Dpuls
g( (b—a)> 0L, poup +H8L<u,anu,t> )|v|a,p.
L(@)(a—1)g+ 1)} |0 2 ey .

Consequently, D£(u) is linear and continuous from E, , to R. The proof is com-
pleted. O

8.4.4 FExistence of Weak Solution

In this subsection, we will present the existence theorem of weak solution for (8.56).
We firstly give two preliminary theorems.

Theorem 8.10. Assume that L satisfies hypotheses (H1)-(H3). If u is a critical
point of £, u is a weak solution of (8.56).
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Proof. Let u be a critical point of £. Then, we have in particular

b
oL oL

DEg(u)(v) :/ (w(u,an‘u,t) v+ a—y(u,aDto‘u,t) . an‘v) dt =0, forveCx.

For any v € C® C AC,, ,D{v = ,D¥ "' € C°. Since OL/0y(u, Dfu,t) € LI,

Proposition 1.10 gives

b
/a {gi’(u’ oDfust) v+ DYt (ggl;(u, an‘u,t)) -v'} dt =0, forve Cx.

Finally, we define
L oL N
wy (t) = %(u7 oDfu, t)dt, for t € [a,b].

Since OL/dx(u, D, t) € L', w, € AC, and w!, = OL/dx(u,,Du,t). Then, an
integration by parts leads to

b
w1 (OL o o
/a (tDb ! (a—y(u,aD75 u,t)) - wu> v'dt =0, forve CX.

Consequently, there exists a constant C' € R? such that

L
tD?_l (a(u7 oDiu, t)) =C+w, € AC.

dy
By differentiation, we obtain
of OL o oL o
_tDb (&y(u’ aDt uvt)> = %(uv aDt U, t),

and then u € E, , C C satisfies (8.56) a.e. on [a, b]. The proof is completed. O

As usual in a variational method, in order to prove the existence of a global
minimizer of a functional, coercivity and convexity hypotheses need to be added
on the Lagrangian. We have already define hypotheses (H4) (coercivity) and (H5)
(convexity). Next, we introduce two different convexity hypotheses (H5)" and (H5)":

(H5)" V (z,t) € R? x [a,b], L(z,-,t) is convex and (L(:,y,t))(y.t)erix[a,p) 15 uni-
formly equicontinuous on R?, i.e.,
Ve>0,36>0,V (z1,29) € (RN, |lzg — 21 <0
=V (y,t) € RY x [a,b], |L(xa,y,t) — L(z1,y,t)| < e.
(H5)" V (x,t) € RY x [a,b], L(z,-,t) is convex.

Let us note that hypotheses (H5) and (H5)" are independent, hypothesis (H5)" is
the weakest. Nevertheless, in this case, the detailed proof of Theorem 8.11 is more
complicated. Consequently, in the case of hypothesis (H5)"”, we do not develop
the proof and we use a strong result proved in Dacorogna, 2008. Let us prove the
following preliminary result.

Lemma 8.12. Assume that L satisfies hypothesis (H4). Then, £ is coercive in the
sense that

L(u) = 4o0.

lulla,p—+o0
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Proof. Let u € E, ,, we have
b b
L(u) = / L(u, o Dffu, t)dt > / c1(u, )| e DO ul|P + co(t)||ul|® + e3(t)dt.

Equation (8.57) implies that

(b* (1)04-‘,-1—‘L‘L g (bia)a-&-l—%

P aDa — d4
F(Oz—‘rl) || tuHLP F(Oz—‘rl)

_ds
lull i, < 0 —a)' =7 Jullf < ap -

Lda — |u‘

Finally, we conclude that

L) 2 [l Diullp, — llezlllulfa, — (6 a)lles]

L4
dg
leall (0 —a)* =% g
> sfulf ~ el — (b= el for u € E,,
Since ds < p and the norms |- |4, and || - [lop are equivalent, the proof is
completed. O

Theorem 8.11. Assume that L satisfies hypotheses (H1)-(H4) and one of hypothe-
ses (H5), (H5) or (H5)'. Then, £ admits a global minimizer.

Proof. Let (un)nen be a sequence in E, , satisfying
inf =K.
L(uy) — velgia,,, £(v)
Since L satisfies hypothesis (H1), £(u) € R for any u € E, ,. Hence, K < 4o00. Let
us prove by contradiction that (u,)necn is bounded in E, ,. In the negative case, we

can construct a subsequence (un, )ren satisfying ||un,||a,p — 00. Since L satisfies
hypothesis (H4), Lemma 8.12 gives:

K = iler%ﬁ(unk) = +o00,

which is a contradiction. Hence, (uy, )nen is bounded in E, ;. Since E, , is reflexive,
there exists a subsequence still denoted by (u,)nen converging weakly in E,, , to an
element denoted by u € E, ;. Let us prove that u is a global minimizer of £. Since

Ea,
up, =" u and E,, < C,,
we have
C (e} Lp [e3
tup, — u and oDfu, = Difu. (8.59)

Case L satisfies (H5): by convexity, it holds for any n € N

b
Sun) = [ Lltn, D, )
’ b oL
2/ L(u,aDtau,t)dt—i—/ a—(u,aDtau,t) (up, — u)dt
a a T

b

L

+/ g—(u,an‘u,t) (o Df*uy — o Difu)dt.
a 9Y
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Since L satisfies hypotheses (H2) and (H3), OL/0x(u,,Dfu,t) € L' and
OL/0y(u, o Dfu,t) € L1. Consequently, using (8.59) and making n tend to +oo,
we obtain

b
K= inf £(v) 2/ L(u, o Dfu, t)dt = £(u).

vEEL p

Consequently, u is a global minimizer of £.
Case L satisfies (H5)": let € > 0. Since (un)nen converges strongly in C to u,
we have

INeEN, Vn>N, |u,—ul <9,
where ¢ is given in the definition of (H5)". In consequence, it holds a.e. on [a, b]
|L(un(t), aDfun(t),t) — L(u(t), o Diun(t),t)| < e, forn > N. (8.60)

Moreover, for any n > N, we have
b b
L(un) :/ L(u, o Dfu, t)dt+/ (L(un,anun,t) — L(u,aDto‘un,t))dt
a b a
—|—/ (L(u, o D§un, t) — L(u, o Dffu, t)) dt.
Then, for any n > N, it holds by convexity

b b
Sluy) > / L, o D, 1)t / Lty a Dty €) — Lty o Dt )|
+ a—y(u, oDiu,t) (aDt Un, — oD u)dt.
And, using equation (8.60), we obtain for any n > N
b * oL
S(un) > / L(u, o D%, t)dt — (b — a) + / G a DR ust) (D, = oD )i,

We remind that 0L/0y(u, (Dfu,t) € L9 since L satisfies (H3). Since (4 Df*un )nen
converges weakly in L? to ,Df*u we obtain by making n tend to +oo and then by
making ¢ tend to 0

b
K= i%f L(v) > / L(u, o Dfu, t)dt = £(u).
veElka,p a
Consequently, u is a global minimizer of £.
Case L satisfies (H5)”: we refer to Theorem 3.23 in Bacorogna, 2008. O

Finally, we give the existence theorem of weak solution for (8.56).

Theorem 8.12. Let L be a Lagrangian of class C' and 0 < % <a<l IfL
satisfies the hypotheses denoted by (H1)-(H5). Then (8.56) admits a weak solution.
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Combining Theorem 8.10 and Theorem 8.11, the proof of Theorem 8.12 is obvi-
ous.

Let us consider some examples of Lagrangian L satisfying hypotheses of Theorem
8.12. Consequently, the fractional Euler-Lagrange equation (8.56) associated admits
a weak solution u € E, .

Example 8.1. The most classical example is the Dirichlet integral, i.e. the La-
grangian functional associated to the Lagrangian L given by

1
L(xay,t) = 7||y||2

2
In this case, L satisfies hypotheses (H1)-(H5) for p = 2. Hence, the fractional Euler-
Lagrange equation (8.56) associated admits a weak solution in E, , for % <a<l.

In a more general case, the following Lagrangian L
Lip
L(z,y.1) = _llyll” + alz,?),

where p > 1 and a € C1(R? x [a,b], RT), satisfies hypotheses (H1)-(H4) and (H5)".
Consequently, the fractional Euler-Lagrange equation (8.56) associated to L admits
a weak solution in E, , for any % < a < 1. Let us note that if for any ¢ € [a,b], a(-,t)
is convex, then L satisfies hypothesis (H5).

In the unidimensional case d = 1, let us take a Lagrangian with a second term
linear in its first variable, i.e.

Liey.t) = }DW + (),

where p > 1 and f € C*([a,b],R). Then, L satisfies hypotheses (H1)-(H5). Then,
the fractional Euler-Lagrange equation (8.56) associated admits a weak solution in
E, p for any 117 <a<l

Theorem 8.12 is a result based on strong conditions on Lagrangian L. Conse-
quently, some Lagrangian do not satisfy all hypotheses of Theorem 8.12. We can
cite Bolza’s example in dimension d = 1 given by

L(z,y,t) = (y* = 1)* + 2™,

L does not satisfy hypothesis (H4) neither hypothesis (H5)”. Nevertheless, as usual
with variational methods, the conditions of regularity, coercivity and/or convexity
can often be replaced by weaker assumptions specific to the studied problem. As an
example, we can cite Ammi and Torres, 2008 and references therein about higher-
order integrals of the calculus of variations. Indeed, in this subsection, it is proved
that calculus of variations is still valid with weaker regularity assumptions.
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8.5 Fractional Diffusion Equations

8.5.1 Introduction

We assume € to be a bounded domain in R? with sufficiently smooth boundary
09). We consider an initial-boundary value problem for a diffusion equation with
two fractional time derivatives

O u(w, t) + q(2)0F % u(z, t) = (—Au)(z,1), =€, te(0,T),
u(z,t) =0, zed, te(0,7), (8.61)
u(z,0) = a(x), x €.

Here 0 < ap < a1 < 1. For o € (0,1), by 95 we denote the Caputo fractional
derivative with respect to t

0a(t) = =y | (4= (el

and I is the Gamma function and ¢ € W#°°(£2). The space W2°°(Q) is the usual
Sobolev space (see, e.g., Adams, 1999).

The operator A denotes a second-order partial differential operator in the fol-
lowing form

A = 3 > (0500 g ut)) + bahula). 2o
u)(z ,7],:18@ aljxﬁxjux x)u(z), =« ,
for u € H2(Q) (N H(Q), and we assume that a;; = a;; € C1(Q), 1 <i,j <d,b e
C(Q), b(x) <0 for € Q and that there exists a constant v > 0 such that
d d
uZ§§ < Z ajr(r)&é,, r€Q, €eRL
j j, k=1

The classic diffusion models (diffusion equation with integer-order derivative)
have played important roles in modelling contaminants diffusion processes. How-
ever, in recent two decades, more and more experimental data (e.g., the diffusion
process in the highly heterogeneous media) showed that the classical model are
inadequate to explain the phenomenon described by the experimental data, e.g.,
Adams and Gelhar pointed out that the field data in the saturated zone of a highly
heterogeneous aquifer indicated the long-tailed profile in the spatial distribution
of densities as the time passes, which is very different from the classical one (see,
Adams and Gelhar, 1992). The above phenomenon of long-tailed profile has been
investigated by many researchers, see Berkowitz, Scher and Silliman, 2000; Giona,
Gerbelli and Roman, 1992; Hatano and Hatano, 1980, and the references therein.
In the many researches, there is an effective one that being used to explain the long-
tailed profile phenomenon, that is to replace the first-order time derivative with a
fractional derivative of order o € (0, 1) since the fractional derivative possesses the
memory effect which leads to the not too fast diffusion. This modified model is pre-
sented as a useful approach for the description of transport dynamics in complex
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system that are governed by anomalous diffusion and non-exponential relaxation
patterns, and attracted great attention from different areas. For numerical calcu-
lation, see Benson, Schumer, Meerschaert et al., 2001; Meerschaert and Tadjeran
et al., 2004; Diethelm and Luchko, 2004 and the references therein. For the theo-
retics, see Gorenflo, Luchko and Zabrejko, 1999; Hanyaga, 2002; Luchko, 2009a,b,
2010; Luchko and Gorenflo, 1999; Sakamoto and Yamamoto, 2011; Xu, Cheng and
Yamamoto, 2011, etc. For the stochastic analysis, one can regard the time-fractional
diffusion equation as a macroscopic model derived from the continuous-time ran-
dom walk. Metzler and Klafter, 2000b demonstrated that a fractional diffusion
equation describes a non-Markovian diffusion process with a memory. Roman and
Alemany, 1994 investigated continuous-time random walks on fractals and showed
that the average probability density of random walks on fractals obeys a diffusion
equation with a fractional time derivative asymptotically. As for diffusion equa-
tions with multiple fractional time derivatives, see Jiang, Liu, Turner et al., 2012;
Daftardar-Gejji and Bhalekar, 2008; Luchko, 2011 and the references therein.

In this section, we consider the case of multiple fractional time derivatives. Such
equations can be considered as more feasible model equations than equations with
a single fractional time derivative in modeling diffusion in porous media. We apply
the perturbation method and the theory of evolution equations to prove regularity
as well as unique existence of solution to (8.61).

8.5.2 Regularity and Unique Existence

Let L?(Q2) be a usual L%-space with the scalar product (,-), and H'(Q2), HZ*()
denote the usual Sobolev spaces (e.g., Adams, 1999). We set ||a||r2(q) = (a,a)=.
We define the operator A in L%(Q) by

(Au)(z) = (Au)(z), z€Q, D(A)= H*(Q)NH} Q).

Then the fractional power A7 is defined for v € R (see, e.g., Pazy, 1983), and
D(AY) € H¥(Q), D(Az) = HL(Q) for example. We note that lullpary =
| A ul|L2(q) is stronger than |u||z2(q) for v > 0.

Since — A is a symmetric uniformly elliptic operator, the spectrum of A is entirely
composed of eigenvalues and counting according to the multiplicities, we can set
0 <X <X < ....By ¢, € D(A), we denote the orthonormal eigenfunction
corresponding to A, : A¢, = A,¢,. Then the sequence {¢, }nen is orthonormal

basis in L?(Q2). Then we see that

DY) = {1 € 12(0) : -0 (0,607 < o}

n=1

and that D(A") is a Hilbert space with the norm

||w|D<m>—<ZA o)l
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Henceforth we associate with u(x,t), provided that it is well-defined, a map
u(-) : (0,T) = L3(Q) by u(t)(z) = u(z,t), 0 <t < T, z € Q. Then we can write
(8.61) as

{8f‘lu(t) + g0 u(t) = —Au(t), t>0in L2(),

w(0) = a € L2(Q). (8.62)

Remark 8.3. The interpretation of the initial condition should be made in a suit-
able function space. In our case, as Theorem 8.13 asserts, we have lim;_,q |Ju(t) —
a||L2(Q) =0.

Now we define the operator S(t) : L*(Q) — L?*(Q), t > 0, by
Z Eoy 1 (=Ant®)¢, in L)

for a € L?(Q2). Then we can prove that S(t) : L?(Q2) — L?*(Q2) is a bounded
linear operator for ¢ > 0 (see, e.g., Sakamoto and Yamamoto, 2011). Moreover the
term-wise differentiations are possible and give

Z)\ LA T B o) (“ At ), in L2()
and
S"(t ZA S Ly Y G WA 1N A (1))

for a € L?(0Q).
For F € L?(Q2x(0,T)) and a € L*(Q), there exists a unique solution in a suitable
class (see, e.g., Sakamoto and Yamamoto, 2011) to the problem

Oftu(t) = —Au(t)+ F, 0<t<T,
u(0) = a.

This solution is given by
= ‘/Ot A7LS' (t — 7)F(T)dr + S(t)a, t> 0. (8.63)
In view of (8.63), we mainly discuss the equation
u(t) = S(t)a — /Ot ATES (t — 1)qou(T)dr, 0<t<T, (8.64)

in order to establish unique existence of solutions to (8.62). Henceforth, C' denotes
generic positive constants which are independent of a in (8.61), but may depend on
T, a1, ay and the coefficients of the operator A and gq.

Now we are ready to state first main result in this section.
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Theorem 8.13. We assume that u € C((0,T], L*(Q)) satisfy (8.64) and
o +az > 1.
Then
lu(t) |2 ) < Ct™*all g2y, 0<t<T
for any v € (0,1).

Proof. First we have

AT (H)a =~ TN (0, 6n) By oy (—Aat™)dn  in L7(Q)
n=1
for a € L%(2) and v > 0. Moreover, since

C
|E0517Ot1(_77)| < ) n> 0

1+n
(see, e.g., Theorem 1.6 in Podlubny, 1999), we can prove
|ATLS ()| < Ot~ >0 (8.65)
and
|ATLS" ()| < Ct“ =2, t > 0. (8.66)

Now we proceed to the proof of Theorem 8.13. We set

t
o) = [ A (- madputn)dn, 0 <t<T,
0
By (8.64), we have
Alu(t) = A7S(t)a —v(t), 0<t<T.
Therefore, using
()| 27 (0) < CllATu(t)] L2(0),

it is sufficient to estimate [|AYS(t)a|lr2(q) + [|[v(t)||12(q). First we will estimate
lv(t)|| £2()- Substituting the definition of 0y"*u and changing the order of integra-
tion, we have

w0 = [ 4750 n ([ )iy

¢ (8.67)
1 !
= m/{) H(t,)qu'(T)dr, 0<t<T.

Here we have set

H(t,7) = / ATt — )y — 7).
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Decomposing the integrand and introducing the change of variables n — 7 — n we
obtain

HUJ%=/1“”§@—WM—TY”M,

/ AT (= — ) — (- 7)~"]dy (3.68)

+ / AYTES (t — n)dn(t — )"

t—T1
[ At —n =l - - n) -y
0
—ATIS0)(t —7) 2 ATt —T)(t —T) T2
= Il(ta T) + IQ(ta T)'
On the other hand, we have

t—7
Oa(tr) = [ A=) (- )
0
t—7

—ag/ AVTLS (t— = 7)(t — 1) "2 Ly
0
— lim AN (t—T =) — (t — 7).

n—t—r7
By the estimate (8.65) we obtain

[ATLS (=7 =) (™2 —(t = 7)7%) || L2

<C(t—7—n)—t-a (¢ —7)* —n*|
- nez(t —r)ez

According to the mean value theorem, we can choose 6 € (n,t — 7) such that
(£ =) =] = Jaa0™ (¢ = 7 = )| <@g (¢ =7 — )
Hence we obtain
IIA”“S’( =)~ = (t=7)"")|[L2(q)
< Cagn™ (t—T) 2(t — T—n)al_a”—>0 asn—t—7
by a; — ajy > 0. This implies
9,1, (t,7) / AT ) — (£ — 7))y

(8.69)
—ozg/ AV (- =)t —T1)" 2y, 0<t<T.
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On the other hand, we have

OrIo(t,7) = —ag AV 1S(t — 7)(t — 7) "2 7L 4 ap AVLS(0) (¢ — 7) "2t
+ATIS (- T)(t — 1)
t—7
:ag/ AVTIS(t— = 1) (t — 7) "2 Ly
0
+ A'Y_lS’(t —7)(t—T7)".

Adding this and (8.69) we obtain
t—T1

O-H(t,7) = —/ ATTES (¢ = =) (7 — (t =) )dn
+ AOW*IS'(t —7)(t—T1)" .
Using (8.70) in (8.67), integrating by parts and using H (¢,t) = 0 we obtain
(T(1 = az))u(t)

:/ H(t,7)qu'(T)dr
0

(8.70)

__H(tvo)qa+/0 |: ; TA’Y_lsll(t_n_T)(n—az — (t—7)")dp
- A (o= 1)t

=: I3(t) + 14(t).
We set

~ T(a)T(B)
Bl = v p)

First, by (8.65) and ¢ € W2°°(Q) we have

a, B> 0.

I13(#) 2@ = || = H(t 0)gal 20
/ AYVTLS (t — n)n*2dnqa

L2 (Q)
< Cllalaey [ (= m=o =ty
0
= C”aHL2(Q)B(1 —Qg, 1 — )t T T2

since 1 —as > 0 and a3 — a3y > 0.
On the other hand, by ¢ € W2°°(Q) and u|sq = 0, we have

[A(qu(r))llr2(0) < Cllqu(T)|lr2(0) < Cllu(T)|H2(0) < CllAw(T)|[L2(0)
and [|qu(7)||2(q) < Cllu(7)||z2(), that is,
A (qu(7)) |l L2 < ClIA w(T) || 2(0)-

Hence the interpolation theorem (see, e.g., Theorem 5.1 in Lions and Magenes,
1972) we obtain

| A7 (qu(T))l 220y < CllA u(T)|L2(0)-
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Therefore by (8.65) and (8.66), the second term of I4(t) can be estimated as follows:
t t—1
L2l L2(0) < C/ / (t—n—7)72(n7% — (t —71)7%)dp
o LJo )

+(t =)o A (qu(r)) | 2oy dr
t
<c /
0
+(t-

r pt—r -
o (t—T—n)™
t—n—T1)n2 d
o T e

7')0”_1_0‘2 | AV u(T)| £2(ydT

r pt—r
/ (t—n—T7)mre"n =% dy
0 -

+(t— T)al_l_o‘2 | A7 u(T)|| L2y dT

_ c/ (B - ag,on +as — 1)(t — 7))
0
+(t— T)al*lf‘”) | A7 u(T)|| L2y dT.
For the last equality, we used a; + as > 1. Therefore we have

1T = a2)o(t)l|2() < CH“”%;(Q)B“ — g, 0q — )t TR
+ C/ (t — 7’)0(1_1_042 HA’YU(T)HLz(Q)dT.
0

Thus the estimate of [|v(t)]|12(q) is completed.
Next we estimate || A7S(t)al|12(q). By Theorem 1.6 in Podlubny, 1999, we obtain

00 2

> (@ 6n) AL Bay 1 (= Ant™)

n=1

2
oo o Apt@1)Y
<CD (a,¢n)t207 (W)
n=1 n

IAYS(t)allZ2 (o) =

L2(Q)

< Ct_QawHa”Qm(Q)a
and hence
[A7u(t) [[r2(0) < Cllallz@)(t* "+ 7*77%2)

t
+C/ (t — 7)1 | AT (1) || 2y d
0
t
< Cllafl oyt + c/ (t — )2 1m0 AT (1) || pogydr, 0 <t<T.
0

Therefore by an inequality of Gronwall type (see, Exercise 3 (p. 190) in Henry,
1981), we obtain

||A’Yu(t)||L2(Q) < C’”CLHL?(Q)t_al’y, 0<t<T.
Thus the proof is completed. O
Remark 8.4. We may be able to remove the condition o + ars > 1. On the other

hand, Priiss established regularity in case v = 1 for general ay,as € (0,1) under a
strong condition on a € D(A) (see, Priiss, 1993).
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On the basis of Theorem 8.13, a standard argument (see, Henry, 1981) yields:

Theorem 8.14. For any v € (0,1) there exists a mild solution to (8.64) in the
space u € C((0,T], D(A) (1 C((0, T], I2(52).

The above results shall now be extended to the solution of linear diffusion equa-
tion with multiple fractional time derivatives

l
O u(t) + ) q;0 ult) = —Au(t), t>0

and
u(0) = a € L*(Q),
where 0 < oy < -+ < az <aj <1land g; € WH>*(Q),2<j <L

As before the lower-order derivatives are regarded as source terms and we con-
sider

t
U(t)=5(t)a—/ ATLS(t qua u(r)dr, 0<t<T. (8.71)
0

Similarly to Theorems 8.13 and 8.14, we can prove the following theorem.

Theorem 8.15. Assume that u € C((0,T], L?(2)) satisfies (8.71) and
O<o<---<ay, ar+a >1.
Then
[u®)l[ @) < Ct™*al|2@), 0<t<T

for any v € (0,1). Moreover there exists a mild solution to (8.71) in the space
C((0,7], D(A)) 1 C([0, T, LA(2)) with 7 € (0,1).

8.6 Fractional Wave Equations

8.6.1 Introduction

Fractional wave equations with time-dependent coefficients are natural generations
of classical wave equations, which can be used to characterize propagation of wave
in inhomogeneous media with frequency-dependent power-law behavior. This sec-
tion discusses the well-posedness and regularity results of the weak solution for a
fractional wave equation allowing that the coefficients may have low regularity. Our
analysis relies on mollification arguments, Galerkin methods and energy arguments.

Consider the following fractional wave equation in a bound domain € RN (N >
2) with smooth boundary 9€2:

O u(t,z) — Au(t,z) = f(t,z), (¢t,z)€ (0,T] x Q,
u(t,x) =0, (t,z) € [0,T] x 09, (8.72)
u(0,2) =ug, Ou(0,2) =u;, x€Q,
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where 09 is a fractional derivative of order o € (1,2), which will be defined in the
following contexts, and

N N
Au(t,z) = Z i (i ;(t, )0;u(t,z)) + ij(t, z)0ju(t, z) + c(t, z)u(t, x),
ij=1 j=1

8 = 52 for i = 1,..,N and b; € L®((0,T) x Q), ¢ € L(0,T, L72(Q)) with

q € 2,25, ai; € Wh*o(0,T;L>(Q)) and a;; = a;;. What is more, we assume
that A is uniformly elliptic, i.e., there exist positive constants p, v such that
N
ISP <Y any ()G < vl¢)? (8.73)
i,j=1
for a.a. (t,2) € [0,T] x Q, V ¢ € RV,

Recall that the initial boundary value problem (8.72) would resolve itself into
fractional diffusion equations when « € (0,1). It has attracted a growing inter-
est due to its widespread applications in sub-diffusive processes, the authors in
Eidelman, 2004, constructed fundamental solutions to the problem using Fox’s H-
functions and Levi method, then the parametrix estimates were established. Zacher,
2009 studied the well-posedness of weak solutions of abstract evolutionary integro-
differential equations based on the Galerkin method and energy estimates. Later,
Kubica and Yamamoto, 2018 used the same method to obtain well-posedness of
weak solutions of fractional diffusion equations with time-dependent coefficients.
In Kim, Kim and Lim, 2017, the authors considered the problem with Caputo
derivative on RY in L9-framework and then the uniqueness, existence, and L4(LP)-
estimates of solutions are obtained. In Kian and Yamamoto, 2021, the authors
investigated the well-posedness for this problem with time independent elliptic op-
erators but general non-homogenous boundary conditions by mean of an eigenfunc-
tion representation involving the Mittag-Leffter functions.

Recently, the problem (8.72) has been the focus of many studies due to its signif-
icant application in super-diffusive model of anomalous diffusion such as diffusion in
heterogeneous media and viscoelastic problems such as propagation of stress waves
in viscoelastic solids. More specifically, significant development has been made in
well-posedness as well as regularity results of the weak solution to fractional wave
equations. For example, in Kian, 2017, the authors used Laplace transform to de-
fine weak solutions and used the Strichartz estimate to derive its well-posedness.
Later, Otarola and Salgado, 2018 also gave the definition of weak solutions similar
to that of inter-order case and established the well-posedness together with regular-
ity estimates. In Alvarez, Gal, Keyantuo and Warma, 2019; Djida, Fernandez and
Area, 2020, the authors obtained the results on existence and regularity of local and
global weak solutions of semi-linear case. In Keyantuo, Lizama and Warma, 2017,
the authors used integrated cosine family to give the representation of solutions
and then provided the existence and regularity results of mild solutions. For other
results for fractional wave equations, we refer to Bao, Caraballo, Tuan and Zhou,
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2021, for existence and regularity, Bazhlekova, 2018, for subordination principle,
D’Abbicco, Ebert, and Picon, 2017, for global existence of small data solutions, He
and Peng, 2019 for approximate controllability, Kim and Lim, 2016, for asymptotic
behavior, Zhou and He, 2021 for well-posedness and regularity, and the references
therein.

In the literature mentioned on fractional wave equations, the main technique
to construct solutions for deriving such existence and regularity results is based on
Fourier series, cosine family or resolvent operators, and solutions are expressed by
the Mittag-LefHler functions. In fact, as it is well known, the smoothness of solutions
is followed by the properties of Mittag-Leffler functions. The main novelties of the
present section lie in two aspects. Compared with the works of existing literatures
on fractional wave equations, our analysis is rather general and relies on Galerkin
methods and energy arguments, which can be applied to the general problem that
Fourier expansive of solutions can’t be used and it can’t be converted to ordinary
differential equations. On the other hand, in contrast with that on classical integer-
order case, the main technical difficulty in the rigorous analysis on well-posedness
and regularity of fractional wave equations stems from establishing the energy es-
timates of the problem. This is mainly due to the fact that integration by parts
formula for integer-order derivatives can not be generalized directly to fractional-
order case and properties of composition and conjugation on the fractional Caputo
derivative 99 (« € (1,2)) do not exist. Therefore, we found it more challenging in
dealing with the well-posedness and regularity of fractional wave equations.

The section is organized as follows. In Subsection 8.6.2 we recall some notations,
definitions, and preliminary facts used throughout this work. In Subsection 8.6.3 we
discuss approximation equations and show the existence of its solutions by means
of mollification arguments and the Galerkin methods, which reduces the regularity
of the coefficients a; ;, b;, c, f. The energy estimates of approximation solutions are
established in Subsection 8.6.4. Finally, we derive the well-posedness and regularity
results of fractional wave equations using the weak compactness arguments.

8.6.2 Preliminaries

Here we recall some notations, definitions, and preliminary facts which are used
throughout this section.

Let X be a Banach space and v : [0,00) — X. The left Riemann-Liouville
fractional integral of order aw > 0 for the function v is defined as

0Dy “v(t) = (ga x0)(t), t>0,
where g, (t) = % and * denotes the convolution.

Further, 208y and 9%v represent the left Riemann-Liouville fractional derivative
and Caputo fractional derivative of order a > 0 for the function v, respectively,
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which are defined by

& oD u(n)] and opu(t) = "op [v<t> -

= o®(0) ,

Lou(t) = ot ] t>0,

k=0
where n = [a] + 1, [a] denotes the integer part of a.

Here we denote by AC™([0,T],X) the space of functions v that v €
C"1([0,7T],X) and v»~1 € AC([0,T],X). In particular, AC*([0,7],X) =
AC([0,T],X). It is worth mentioning that if v € AC™([0,T], X), then the Caputo
fractional derivative Ofv(t) exists almost everywhere on [0, T, which is represented
by

V() = [gn_a xv™](t) for t € [0,T).
For more insight into the topic, see Kilbas, Srivastava and Trujillo, 2006 and Zhou,
2014.

Lemma 8.13. (Kilbas, Srivastava and Trujillo, 2006) If v € AC?([0,T], X) and
€ (1,2], then oD, *05v(t) = v(t) — v(0) —v'(0)t and 030Dy “v(t) = v(t).

Lemma 8.14. Let a € (1,2). If v € AC*([0,T], X), then we have
d
oo(t) = Lop=u(t) — v/ O)ga-a(t) = 07/ (1)
for a.e. t€(0,T).

Proof. If v € AC?([0,T], X), then v'(t) exists for a.e. t € (0,T). From the defini-
tion of 0f we know that

2 t

orv(t) = 5z [ alololt =) = o(0) = (0)(t ~ 9)lds
=4 [ maol -9 - vOas
=5 [ ot =9l ts) — v 0)as

d o_
= %@ fo(t) = v'(0)g2—a(t).

On the other hand, since o — 1 € (0,1), we see that 4 fg g2—a(t — 9)[V'(s) —
v'(0))ds = Lo9 o' (t) — v’ (0)] = 821/ (t). Thus the proof is completed. O

Before proceeding further, we state an important lemma, which is a direct con-
sequence of an estimate borrowed from Zacher, 2009.

Lemma 8.15. Let T' > 0 and H be a real Hilbert space with a scalar product
(-,-). Assume k € LY(0,T), k' € LY"°¢(0,T), k > 0, k¥ < 0. Then for any
ve HY0,T,H), there holds

1

[ (e oshats) as = S0l + 5 [ K)ot Pas

for any t € [0,T].
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Next, a very significant example is given, which will pay the crucial role in the
proof of energy estimates.

Example 8.2. For a € (1,2), we choose k(t) = g2_o(t). Then for any v €
H?(0,T,H) and t € [0, T, there holds

/0 (js[aa 1 ()]71j/(5>)d %(92 a*”v || )(t )_|_/0 W—T‘MHUI(S)szS.

The following property presents the lower bound of the uniformly elliptic op-
erator if the function has enough regularity, which was proved by Ladyzhenskaya,
1958 (see also Kubica and Yamamoto, 2018).

Lemma 8.16. Assume that Q C RY is a bounded domain with the boundary of C?
class and (8.73) holds. If u € H3(Q) and u|pg = 0 and Au|ag = 0, then

BVl - O vul? < Z/a (a5 (t, 2)0;u) Audz,

3,j=1

where C' depends continuously on max; ; |Va; ;j(t,z)| L=~ and the C*-norm of 0L,
and V2u = {tg,q, 11—, -

We consider the space
oH?(0,T) = {v € H*(0,T) : v(0) =0,v'(0) = 0}.

Next, we introduce the definition of the weak solution of the equation (8.72).

Definition 8.5. Let T' € (0,00) and f € L?*(0,T, L*(f)). For given functions ug
and uy, we say a function

u e L2(0,T, HY () with oD& 2 (u —ug — urt) € o H*(0, T, H1(Q))

is a weak solution of the equation (8.72) provided

gﬁ/ﬂtha—Q( (t,x) —up — urt)w da:—i—/ZaZ]tz@utx) Oiw(x)dx
N
:L;bj(t,x)aju(t,x)w(x)dx+/Qc(t,x)u(t,x)w(x)dx—i—/Qf(t)w(x)dx

for each w € H}(Q) and a.e. t € [0,7].

The vector ug and u; can be regarded as initial data for w(t) and «'(t) at least
in a weak sense, respectively. If e.g. u € AC?([0,7], H 1(£2)), then the condition
0DF 2 (u — ug — urt) € oH?(0,T, H=1()) implies u(0) = up and d;u(0) = u;.

Remark 8.5. In view of Definition 8.5, we know ' € C([0, 7], H~1(Q)) for a > 3.
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Proof. Indeed, for t1,t2 € [0,T] with ¢; < to, it follows from Lemma 8.14 and
Holder inequality that

[ (t2) — v/ (t2) |

to ty
= ‘ / Jo—1(t2 — $)05u(s)ds — / Go—1(t1 — 8)05u(s)ds
0 0

to
< / Gor (tz — 5)[|0%u(s) | -1

ty1

H—l

+ / War(t — 8) — gar(tz — $)][0%u(s)] s

(tz — t;) 2
1

T (2a—-3)2'(a—1)

t1 %
0l oz ( [ loanit =) = a2 - s>]2ds) .
0

In view of the inequality &7 — &9 < (& — &2)° for &1,& > 0and 0 < 0 < 1, we
calculate the integral

/O [ocr(ty — ) — gaa(ta — 5)]ds

1 h
< - t— g)2@=2) _ p _ g)2(a=2)4
—r2<a—1>/o = 2=

(tg _ t1)2a73
T (20-3)I2%(a-1)

Hatau”Lz(O,T,H*l)

(ta—t))*~3
(20473)%1"(0171)

Hul(tg) — u/(tl)HH—l — O, as t1 — io.

The second term is bounded by [|0fu| z20,7,7-1) . This ensures

The proof is completed. O

8.6.3 Approximation Solution

In this subsection we provide the Galerkin approximate scheme and derive the
corresponding existence results. We will suppose initially that

Ae (Wh(0,T; L ()N, b; € L((0,T) x Q),
ce L=(0,T,Li2(Q)), fe L*0,T,L2(R))

for q € [2, 2&5), where A(t,z) = {a; ;(t, z) Z{szl and b = (b1, ba, ..., bN).

Let o. be the standard mollifier satisfying

€
0 € C°(R), supp 0. ={t:|t| < ?}7 /gs(t)dt =1.
R

(8.74)

Then we introduce the mollification v, of the function v € L1!¢(R) as

ve(t) = (0c * v)(1).
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We note first that v. € C*°(R) and if v € LP(R) for p > 1, then v. — v in LP(R) as
e—0.

Moreover, we denote al'
are defined by

a;;(t,r) = (g% *a; (- 2))(t), bi(t,x) = (Q% #bj (-, 1)) (t),
(tw) = (o2 xc(2))(t),  fa(t)=(ox*f(2))(),

n

i b, ,f1 by the mollification of a; j, b;,c, f, which

where a; ; is the continuation by even reflection to (=7,7) and zero elsewhere,
b; and c¢ are the continuation by zero for ¢ ¢ (0,7), and f is the continuation
by odd reflection to (=T,T) and zero elsewhere. Then lim, o af;(t) = a;; in
L2((0,T) x Q) for a; ; € L>((0,T) x Q) (due to (8.73)).

Next, we seek approximate solutions u,, (¢, z) for the equation (8.72) in the form:

= du(t)er(z), forneN, (8.75)

where {ey} denotes the complete orthonormal system of eigenfunctions which forms
an orthogonal basis of L2(2) N Hg () such that
—Aekz)\kek in Q, €k|aQ:0, k=172,....

For the sake of selecting d,, x(t), one considers the following approximate equa-

tion:
O upn(t,x) — Aun(t,x) = f*(t), (t,z) € (0,T] x Q, (8.76)
un(O,x) = Uno, atun(oal') = Un1,
where
N N
A", (t,x) = Z 0; (azj(t,x)ajun(t, z)) + Z b?(t,x)ajun(t,x) + " (t, x)un(t, ),
Q=1 i=1

er())er(w),

M§

>
Uno(t, ) = Z (uo(), en())er(®), uni(t, z) Jew ().
k=1

k:l
Let us introduce the time-dependent bilinear for

N
"u, v; t] /Z (t,x)0ju - v — Zb (t,x)0juv — " (¢, x)uvdz.
Q

Taking the scalar product of (8.76) with e; for l=1,...,n, we obtain
{(@“un(t, )ser) + B M ups e t] = (f1(t), e),
(un(ov ')7 el) = (u'ILOa el)7 (8tun(0a ')a el) = (unla el)'

More precisely, write

dn(t) = (dp,1(t), ..., dnn(t)),

(8.77)
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L) = (L O)e s LR () = B'fer, e,
PR () = (f2(8), @)y,

an = (U,O7€l)l 1 dnl = (ul’el)lnzl

Then (8.77) can be reduced to the following linear differential system for the func-
tions d,,:
{af‘dn(t) + L7(t)dn(t) = F™(t), for t € (0,T), (678
dn(0) = dno, d;,(0) = dn1.
Now we consider the nonlinear integral system for the functions
dn(t) = dno + dn1t + [ga * (L7()dn ()] (t) + [ga = F"](t), for t € [0,T]. (8.79)

We shall show that the system (8.79) has a unique solution d,, which belongs to
AC?[0,T]. By Lemma 8.13, then the solution d,, of the equation (8.79) is also the
solution of the equation (8.78). To do this, we introduce the space

Epr={de C'([0,T],R"): d(0) = dyo, d'(0) =dy1, > *d"(t) € C([0,T],R™)},
and define a metric on Er as
ldller = lldllcp.ry + 1 lcp.ry + 827" lcp)-
It is easy to show that (Er,| - ||g,) is a complete metric space. We notice that

Er € AC%([0,T),R").

Theorem 8.16. Let T € (0,00) and (8.74) hold. For every n € N, the equation
(8.79) has a unique solution in Ep.

Proof. Consider the operator 7 : Ep — Er given by
Td(t) = dno + dnit + [ga = (£7()d())] () + (9o * F™)(t), fort e [0,T].

Then it is well-defined. Indeed, let d € Ep, then Td(0) = d,0. Further, we
immediately take the first and second derivatives of Td with respect to ¢ to obtain

(Td)' (t) = du1+ga(t) [£"(0)d(0)+F" (0)]+[gax (£ ()d(-)+F"(-)) ] (¢), fort € [0, 7],
and
(Td)"(t) = ga—1(t) [L"(0)d(0) + F"(0)]
+ 9a(t) [(L7)'(0)d(0) + L"(0)d'(0) + (F™)'(0)]
+ go * [L()d(t) + F™(1)]", fort € (0,T).
For convenience we let G4(t) = L™(t)d(t) + F"(t). Then Gj(t) = (L") (t)d(t) +
Lr(t)d (t) + (F™)'(t) and Gq,G, € C([0,T],R™). We can easily check that 7d

and (7d)’ are continuous on C([0,7],R™), which also ensures that (7d) (0) = d,;.
Therefore it remains to consider the continuity of t2=%(7d)"(t). It is easy to verify
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the continuity of the first two component. To deal with the third one we estimate
for0 <ty <ty <T

to ty
tgfa/ 9a(8)Gl(ta — s)ds — t%fo‘/ 9a(8)Gl(t; — s)ds
0 0

tg t2
<67 [ au9(Git ~ 9lds+ 6 [ gulolCiea - o)las
0

t1
ty
#8707 a(6)(Gi(ta - 9) - Gl ~ )lds
0
=: I1(t1,t2) + Iz(t1, t2) + I3(t1, t2).
On the other hand, from the definition of G4 and d € Er, it follows that
G(t) = (L™)"()d(t) +2(L") ()d'(t) + L (t)d" (t) + (F")"(¢).
From the representation of £™(t) and F", we know that £™ and F™ belong to the
space Er, which yields that G4 € Er and
Ga(t)] < |Gl gt (8.80)

Thus one can immediately calculate I (t1,t2) and I5(t1,t2) as follows

to
B{tasta) < [Gallerl 7 =671 [ galo)(ta = 9)° 2ds
0

G t
= [Galler B(a,a —1)tg [1 - (t—l

Ta) )27? — 0, asty —ty,

2

and

to
Lty t2) < | Gall 27 / Gals)(t2 — )7 2ds

ty

G ti\2-a 1
< |Gally tg(—l) / 57N —8)*2ds — 0, asty — 1.
['(a) la ty/ts

Finally, for I3(t1,t2), choosing & € (0,t;) sufficient small for ¢; > 0, one can derive
from the increasing property of ¢, and (8.80) that

t1—96
Iyt ta) = 270 / Ga($)| Gtz — 5) — Gl(ty — 5)|ds
0

ty
iz / 00()| Gtz — 5) — Gty — 5))ds
t1—9

t1—9
<%0 (t — 5)/ |G (ty — 8) — Gl (t1 — s)|ds
0

ty1
+2)Gall 2 / an(s)(t1 =) s

ty

t1
< 27 (1) / Gty — 1 + 5) — Gly(s)]ds
)
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2||GallEr /1 1 s
+ —2tf sl — s)* “ds.
M) 0 g™ 079

It is clear that the second term tends to zero for some sufficient small §. Then
we choose one of such 4, it follows from the uniform continuity of G” (due to the
continuity of G’ on [4,T]) that for any € > 0, there exists 6’ < ¢ with [to — 1] < ¢’
such that |G/(ta —t1 + s) — G'(s)| < e. Thus this yields that the first term can
be bounded by €t~ go(t1)(t1 — 8), which together with I3(0,t3) = 0 shows that
Ig(tl,tg) —0asty >t for 0 <t <ty <T.

Therefore, we have Td € Er for d € Er.

Moreover, for dy,ds € Er, we have

Tdi(t) = Tda()] < [ga * |G, () = Gu ()] (1)

1£"]] /t a1

< _ _

= T ldy — dallBr ; (t—s)"""ds (8.81)
1£7 [t

< 1ﬂ<1+0[)||d1 d2|| ers

where we have used
|Ga, (s) = Gay(s)| < [L£7(5)|d1(s) — da(s)]
< £%|[lldy — da| (8.82)
< |£™lld1 — d2||gy, for s € [0,t].
Similarly, in view of
|G, (s) = Gy ()] < 1(L™) (5)llda(s) = da(s)| + [£7(s)|ld} (5) — da ()]
< L") Ml dy — dall + 1L [l|dy — dal] (8.83)
< 2L erjo,1|ld1 — d2||gy, for s € [0,1],
we proceed to estimate (7'dy)" — (Tds2)" as follows:

[(Td1)'(t) = (Td2)'(t)] < 9a(t)| G, (0) = Ga (0)] + [ga * |G, () = Go, ()]] (1)

2|L"[crpo,r ¢ o
< SRRy~ dal [ (=9
2L lcrjo,1 0
— F(1+Oz) t ||d1_d2||ET7 (8.84)

where it is easy to show that Gg, (0) — G4,(0) = 0 due to d;(0) — d2(0) = 0 and
(8.82).
Finally, we will estimate t2~%(Td;)" — t>~*(Td,)"”. Taking account of the fol-
lowing inequality
|G, (5) = G (s)] < [(£7)"(s)l1da(s) — da(s)| +2|(L")'(s)]|d1 (s) — dy(s)]
+ 1L (s)[d7 (s) = d3(s)]
< L) Mldy = da |l + 2[1(£™) 1l dy — dall
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+ 5272 L|[|s%7d] — 5?7 dy|
<3[1Lc20,r) (1 + 577 [|di — da| e, for s € (0,1],
it holds that
£27(Td1)" (t) — 27 (Tda)" ()]
<701 ()]G, (0) = Gay (0)| + 127 ga (1) |G, (0) — G, (0)]

+ 27 ga % |G () = G, ()]] (1)
(8.85)

3”‘6””02[0 T] 2— ¢ -1 _92
————||d1 — d e t—s) " (1+s*%)d
< SRRy — dafp, 270 [ (1= ) (15 s
t2 INa—-1)
< 3JLcr t*)||di — d
<3160 (e + pon gyt I — el
where we know from (8.83) that G, (0) — G, (0) = 0.
For the sake of convenience, we let
1 I'(a—1) 3t2
M(t) = 32||£" " LA
0 =31 oo ey + Foe = ) 1 o o

Then one can choose a Ty € (0,7) small enough which ensures that M (7;) < 1.
Therefore combining (8.81), (8.84) with (8.85), we deduce that

[Tdy = Tda|lpr, <M(T1)||dy — dall -

This also shows that the operator T is a strict contraction on E(T}). It follows that
T has a fixed point, thus the equation (8.79) has a unique solution in Er,.

Now, we will deal with the continuation of the solution to the interval [0, T].
Let us make the assumption that we have obtained the solution d of the equation
(8.79) on the interval [0, T;] for T; > 0. We shall define the solution for ¢ € [T}, T}11]
with T;41 > T;. To do this, we introduce the complete space

ETZ+1 = {d € C2((07Tl+1]7Rn) d(t) = J(t) for ¢ € [Ole]}a

with the distance ||alHETl+1 = |dllc2n,1y,,). Let d € Er,,, then d € Er_,.
According to the previous proof, we have that 7d € Er,_,, which implies that
Td € CH[0,T;41],R") and t>=*(Td)"” € C([0,T;+1]),R™). It holds that (7d)" €
C((0,T741],R") and then 7d € Er, .

Next, we will show that the operator 7 is also a strict contraction on Er,,,
when Tj41 — 717 is sufficient small. We shall rewrite 7 in the following form:

T ¢
Td(t) = dyo + st + ﬁ/o Galt — $)Ga(s)ds + ﬁ/T Galt — )Ga(s)ds.

For dy,d> € Er,,,, we have di(t) — da(t) = 0 and Gg, (t) — G, (t) = 0 for t € [0,T3].
Then

T (1) = Tdalt) = | alt = 5)Gun(5) = G (o))
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This follows from (8.82) that
[1£"l

Hle - Td?”C[Tz,TH-l] < F(l +a)

||d1 - d2||C[Tl,Tl+1](T’l+1 - E)a'
Similarly, we get

I(Tdr)" = (Td2) o 111
1

< m(\\(ﬁ”)’l\lldl — dollernmpa) + 1ML = dallernmya)) (T — TS,
and
(Tdv)" — (Td2)"llcm, m41)
< G ey s - dalom
+ 20" s = dh oz + 1£7 1] = S lleim,m |
Therefore

< 4L | 210,17

Hle - Td2||ETl+1 — F(l +Oé)

ldy = dall gy, (Tisr = T0)°

1
Moreover, we can choose one Tj11 € <Tl, T+ (ﬁ*;’?}) a> such that T;, —T;
c#[o,T

is small enough, it also ensures that

AL [ c2p0,1)
"T(+a)
Hence, the operator T is a strict contraction on Er, 41, this also shows that the
equation (8.79) has a unique solution on the interval [T},T;11]. We proceed to
repeat the process on the intervals [Ty, Tj42], ..., until the equation (8.79) has a
unique solution on the interval [0,T]. The claim then follows. O

0< (Ti41 —T))* < 1.

8.6.4 FEnergy Estimates

The purpose of this subsection is to establish some priori estimates of approximation
solutions through a mathematic analysis, which plays an important role in getting
the main results, we can make it with the following lemma.

Lemma 8.17. Assume that ug € H}(Q), uy € L*(Q) and recall the condition
imposed to the parameters a; ;, bj, ¢ and f. Then, for everyn € N and t € (0,T]
the approximate solution u, given by (8.75) and (8.79) satisfies the inequality

t
0DF 210t )P + [ 100t () P+ [T (1)

t
< Ny (ol + Nl [227%) + M / 1 (s,)]%ds,
NIE

where My and My are positive constants.
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Proof. Multiply the equation (8.77) by d;, ,(t), sum it up from 1 to n and recall
(8.75) to discover

(aaun( -), Opun (t, )) + B" [ty Ortin; ]
= (f%( ,+), Ovun (t,-)), (t,z) € (0,T] x £, (8.86)
Un (0, ) = ung, Optn(0,-) = upi.
Taking into account Lemma 8.14, we have
0
ot
Using Example 8.2, it follows that

| @uns. .00 (5,)
(D g u - t Ul gl-a g (s, -))ds
—/’gga 5 Detn ) ds = [ (s~ D (s,)d

1 t
D" *[|9¢un (t, )I1* + 2/0 92-a()l|0sun (s, )| *ds

Un1 _
tl '

O un(t,-) = n(ts )] — T2-a)

[aa 1

1 ! 11—«
_m/os (tmr, Dutin (5, ) ds.

Therefore, we integrate the first equality of the equation (8.86) with respect to the
time variable from 0 to ¢ to obtain that

1 1 [
3008 00+ 5 [ om0 (s,0|Pds
0
+ Z// (s,2)05un (s, 2)0;0sun (s, x)dxds
i,5=1

N
< b (s, x2)0Un (S, £)0stn (S, x)dxds
;ALA )0yt (5, 2)st1n (5, 2) 557
¢
—|—/ /c”(s,a:)un(s,x)@sun(s,x)dxds
0o Ja

t 1 to
—|—/0 (fn( ), Ostin (s, ))ds—i—F(Q_a)/o S (unl,asun(s,~))ds

= Jl(t> + Jg(t).
First we estimate the third term of the left-hand side of the above inequality.
Using the integration by parts with respect to s, we derive that

Z / / (s,2)05un(s, x)0;0sun(s, x)dzds

t

= Z/aiﬁj(s,x)ﬁjun(s,x)@iun(s,x)dz
Q

ij=1 0
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/ / [0sai (s, 2)0jun (s, ) + a; ; (8, 2)0;0sun (s, )| Oiun (s, v)dzds.

3,7=1

It follows from a;'; = a7, that

/ / (5, 2)0;tn (5, )0 tin (5, ) dads

z]l

/ / (s,2)0;0sun (s, x)Oiun (s, x)dzds.

i,5=1
In addition, in view of the definition of a7’ ;, we know that
asa?,j(sa x) = (9% * atai,j('a (E)) (S)a
this yields that
0sai’; (s, )| < [|Allw.ce.

Therefore, using (8.73) again, one can obtain that

Z / / (8, 2)0;un (s, x)0;0sun(s, x)dxds

1,7=1
¢
72/ (8, 2)0jun (s, x)Oiun (s, x)dx
i,5=1 0
772//3ausx3un(s x)Oiun (8, x)dxds
1,7=1

> ﬁ/ |Vun(t,x)|2dx—z/ IVt (0, ) 2dz

- f||A||W1 oo/ / Z |0un (s, x)Oiun (s, x)|dsdx

1,7=1

7;

\]

1
[ Vun (2, )||2—*HV n(0 ,-)||2—§||A||W1,oo/0 IVun (s, -)||*ds.

Next we will estimate the upper bound of the right-handed side of (8.87). For
J1(t), we use the Holder inequality and Young inequality to obtain

N t
t) = Z/ / by (s, 2)0jun (s, )Osun (s, v)dzds
=ilo Je

t
—I—/ /c"(s,x)un(s,x)asun(s,x)dmds
0 Jo
t
S/O IVun (s, ) [|10sun(s, ) [[[[b" (s, )| Lo ds
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+/ (5, ) Bt (5, M " (5, ) 2, s
g(;/onv%( J2ds + & /Haun b7 (s, )2 ds
/naun D2ds + == /Hun Yl (5. ) 2 ds

°(1+C?*(q, N, amnwui R /||wn SIS

(nb”nm mxmﬂ) / 10t (s, )2,

where we have used [|u,(s,)||ze < C(g, N,Q)||Vun(s, )| for ¢ € [2, 2%) obtained

by Evans, 2010. Moreover, Jo(t) can be estimated by the Young’s inequality

Ja(t) :/ (f (8), Osun(s, ))dSJFF(Ql_a)/O Slfa(unl,asun(sf))ds

4=
< &
- 2

< [ WMot Ns + s [ s,
< [y + 500, P

1 b e O 2, € 2
T\ = n S IUstUn{o, " d
+F(2_a)/0 1 +2H8u (5, )|)ds
2
< e Ce HunIH / 24
€ t
+5 [ @rmale) + D0 (s, s,
Let
Qn = 1D 7~ ((0,1)x0) + 2 and Qn:1+C2(<1,N79)H0n||;(OTL%)-
Then
Qn < C<b||2L°°((O,T)><Q) + 2) =Q,
and

O < 0(1 LN ) — 0,
Le*(0,T,L7-2)

for each n. We use the above inequalities in (8.87) and the decreasing property of
go_« to obtain that

1. 1—¢)go_o(T) [*
L 0DE 2 (0. )| + % [ 105,125 + B9 0

<V Ce |lum|? 2-a o /
< lolly + G st 4 0@+ MAlws) [ 1Vun(s, 1P

[\
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Q/naun Jlzds + < /nf JI2ds.

For fixed 0 < € < %, it follows that
[Van(t, )P < M (|lunoll3 + lluna [?627)

+M1/ [V (s, ) [2ds + £5 /Hf 32,

where M; = max and My = %(CEQ—I— |A|lwr.e), it yields from using

__C
u ur(3—a)
the Gronwall inequality that

t
IVt )P < Mo (Junol By + 28272+ [ 17y ) Pds). for e € 0,7,
NIE

where Ms is a positive constant depending on My, M7 and T. Therefore, we have
for t € [0,T]

o DF 20y (t, )P + [(1 = €)g2-a(T) — €Q)] /Ot 105un (s, )I*ds + pl| Vun (¢, )|
< My (ol + oo P2) + C. [ 1y )P
# 320(C.Q + | ALwos) (B + P2+ [ s, s )
The claim then follows. O
Lemma 8.18. Assume that ug € H}(Q), w1 € L?(Q) and recall the condition
imposed to the parameters a; ;, b;j, ¢ and f. Then, for every n € N and for every

€ (0,T] the approzimate solution u, given by by (8.75) and (8.79) satisfies the
inequality

¢

[ 10 s < DR M ol + o P2)

0

N ¢
+20BM3+ 1) [ 17,050 Pds
o

fort e (0,T].
Proof. For fixed v € H}(Q), vl < 1, rewrite v = v1 + v2, where v €
span{ex}y_; and (va,ex) = 0 (k = 1,...,n). Observe [lv1]|z; < 1. Then (8.75)
and (8.77) imply

(O un(t, ). v) = (O un(t, ), v) = (O un(t, ).vr) = (1 (t,),01) — B"[un, v3:1].
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On the other hand, from the definition of B™ and Sobolev imbedding, we know that
‘B”[un,vl;t]‘
< [[Aflw e [[Vun (& )TV oL Ol 4+ [[Vun (s ) o O™ E, ) e
Fllun () HorCllglle™ @I 2,
< [ Allwr e [[Vun (&, )l (- )IIH1 + IIVun( IHor )l e 0™ 2o (0,7 x2)
+ lun (5 ) Hlor C) g 1™

< M|V (t, ) l[o1 () 2.

(8.88)

q
L (0,T,L72)
). Moreover, we have

where My = C(|A s~ + [Bllz~qoren +llell g 1 5ot

|(f1(t, ), v)| < (1 f2 @) loall < (2 (&)l loall g - Thus
(O un(t, ), o) < 2t )l + Ma|[Vun(t, -

for ||1)1HH1 < 1. Consequently, ||08u,(t,)||g-1 < ||f @O + Ms||Vun(t,-)], from

Lemma 8.17 we can show

/ 95 un (s, ) 3y-rds < 2 / 12 5, Y2+ 2V [N (o 2y + s [262)

7 / 12 (s)|%ds).

The claim then follows. O

8.6.5 Well-Posedness and Regularity

In this subsection, we take the limit in approximate sequences and present the
existence and uniqueness of weak solutions, and then we show the regularity results.

Theorem 8.17. Suppose that T > 0,uq € H}(Q),u1 € L*(Q) and let a; ;, bj, c
and f satisfy (3.1). Then there ezists a weak solution u € C([0,T],L*(Q)) N
L>(0,T, H}(Q)) of the equation (8.72) satisfying v € L*(0,T,L*(Q)), 0fu €
L2(0, T, H-1()). Moreover, u also satisfies the following estimate

tle%ﬁ;] [Ju(t )||H§ + 10cull 20,7, 22) + 105 ull 20,7, 51y

, , (8.89)
= M<||U0HH3 + lwall® + 1 Fll 2 0,7,22))»

where M is a positive constant.

Proof. Step I. According to the energy estimate in Lemma 8.17, we see that
the sequence {u,(t)}is bounded in H}(Q) for t € [0,T], {Oyun,} is bounded in
L?(0,T,L*(€)), and Lemma 8.18 implies that the sequence dfu, is bounded
in L2(0,T, H'(Q)). This also implies that oD *(u — ug — uyt) is uniformly
bounded in ¢ H2(0,T, H=*(£2)). As a consequence there exist u € C([0,T7], L2(2))N
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L*°(0,T, H}(Q)) with v’ € L2(0,T, L*(Q)), v € L*(0,T, H~1(Q2)) and a subsequence
of {uy}, still denoted by {u,}, such that
up = u in C((0,T),L*(Q)),  un(t) = u(t) in L*(0,T, Hy(2)), (5.90)
Opty, — Opu in L2(0,T,L*(Q)), 0fu, — v in L*(0,T, H *(Q)). .
Since the continuity of ¢D&~2 in L?(0,T) implies the weak continuity, it follows
that
oDy 20u, — oD ?0u in L(0,T, L*()). (8.91)
Next we would like to prove that 0w = v in a weak sense. We take ¢ € C5°(0,7T)
and ¥ € H3(Q). Then

T
| ety

T
:nlingo ; OO tn, V) -1 dl

T 2
= tim [ e0(0uloDE o~ wat) ),

T
= lim 1/1($)d$/ (p(t)att[OD?_2(un — Uno — unlt)]dt

T
—— tim [ v [ ONDE o — it
0

n— oo O

T
—— [ w@)ds [ O0DF O — )i
0

- / & (1)(oD32 Oy — 1y ), )t

T
- / DO, ) g1y,

where we have used Lemma 8.14. So 0;*u = v in a weak sense.
Step II. Fix an integer A and choose a function w € H}(2) of the form

A
w(x) =Y er(x), (8.92)
k=1

where {7} are arbitrary numbers. We select n > A, multiply (8.77) by 7 and sum
it up from 1 to A. Then we proceed to multiply the equation by o. (¢t + 7) for fixed
7 € (0,T) and integrate with respect to ¢ to discover

/T 0:(t+7) / O un (t, v)w(z)dedt + /T 0 (t + 7)B" [y, w; t]dt
0 @ 0 (8.93)

_ /O C et ) /Q Fs (6w (@) dad.
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For e < T — 7, we recall (8.91) to find that for a.e. 7 € (0,T),

T
lim lim ga(t—i—T)/ O up (t, v)w(z)dxdt
Q

e=0n—o00 Jg
T
= —lim lim o (t+7) / Ol DY 2 (U — Uno — Unit)]w(x)dadt
Q

e—=0n—o0 Jg
T
= —lim lim o/ (t+7) / 0D 72Oyt — Uy )w(x)dxdt
Q

e—~0n—o0 0

T
= —lim o/ (t+7) / 0D 2 (0pu — uy )w(x)daxdt
0 Q

e—0

T
= lim 0:(t+ T)/ O u(t, x)w(x)dxdt
)

e—0 Jo

_ /Q O u(r, 2)w() da.

We proceed similarly with remaining terms. We see that o-(t + 7)0;w(z) is
smooth in (0,7") x €2, From assumptions aj’;, € L>((0,T) x Q) thus a}’; — a;; in
L2((0,T) x Q), and djup(x,t) — dju(z,t) in L*((0,T) x Q) when n — oo, we get

T
lim lim 0-(t + T)/ ai i (t, ) Ojun(t, ) - diw(x)dxdt
Q

e—=0n—o0 /g
T
= lim 0 (t + T)/ a; ;(t,z)0ju(t, z) - Ow(z)dzdt
Q

e—=0 Jo

= / a; ; (1, 2)05u(r, x) - Ojw(z)dx.
o

Similarly, since b7 (t) — b; in L>((0,T) x Q) and ¢"(t) — ¢ in L>(0, T, L%(Q)),
thus b (t) — b; and ¢*(t) — ¢ in L*((0,T) x Q), it together with (8.90) follows that

T
lim lim 0 (t +7‘)/ b (t, 2)0jun(t, x) - w(z)dwdt :/ b; (1, 2)0u(T, )w(x)dz,
o Q

e—0n—o0 0
T

lim lim Qs(t—l—T)/Qc"(t,x)un(t,x) ~w(m)dxdt:/QC(T,x)u(T,x)w(m)dx.

e—>0n—o0 0

Therefore, one can find that
T
lim lim 0 (t + 7)B" [tn,, w; t)dt = Blu,w; 7).

e—=0n—o0 /g
Moreover, we can derive that for a.e. 7 € (0,7),

T T
lim lim 0:(t +7) / fi(t, x)w(x)dedt = lir% 0e(t + T)/ [t z)w(z)dzdt
Q " e Q

e0n=00 jg 0
= (f(r,"),w)
Therefore the following equality holds
(O ul(t, ), w) + Blu,w; t] = (f(t,-),w) (8.94)
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for w = 2112:1 vrer(x) and a.e. t € (0,T), since functions of the form (8.92) are
dense in H}(Q2), then the above equality also holds for all w € HZ(f) and a.e.
€ (0,7).
Finally, we note that

t + t %
Jussopas < [iseopas+ | P,

by the assumption of f, we know that SUD;e (0,7 1 ft " ||f J|[2ds — 0 uniformly
with respect to t as n — oco. Therefore, Lemmas 8.17 and 8 18 give the estimate
(8.89). O

Remark 8.6. If we give more smooth assumptions that the coefficients a; ;,b;,c €
C?((0,T], L>=(Q)) and f € C?((0,T],L?(Q)), then the mollification arguments im-
posed to the coefficients a,b,c and f can be avoided. Similar to the proof as we
derived in Theorem 8.17, the existence result is obtained.

Theorem 8.18. Under the assumptions of Theorem 8.17, we suppose that b; €
Whee (0, T, Wh>(Q)), ¢ € Wl’w(O,T,L%(Q)). Then a weak solution u of the
equation (8.72) is unique.

Proof. It suffices to show that the only weak solution of (8.72) with f = ug =uy =
0 is u = 0. To verify this, fix 0 < ¢ < T and set w(7) = f: u(s,)ds if 0 <7 <t and
w(t)=0if 0 <t <7 <T. Then w(r) € H}(Q) for each 7 € [0,7] and we have

/0 (0%u(r, ), w(T)y + Blu,w; 7]dT = 0.

Since dyu(0,-) = w(t) = 0, then d%u = 9,08 u, and so we obtain after integrating
by parts in the first term above

/0 — (02 u(r,-),w' (1)) + Blu,w; T]dr = 0.

Now w' = —u for 0 <7 <t < T, and then

/1(82_1u(7', Y, u(r, ) — Blw',w; Tldr = 0.

0
From Lemma 8.15 and the decreasing property of gs_, we know

/ (53‘1U(T,-),U(T,-))d72%[nga*Hu( W0+ 250 [ jute, far

92 a
/ lu(r, )|2dr.
Thus

t L
92 ol / u(r ) |[*dr / OrBlw, w; Tldr < 5/ —Clw,w; 7] + Dlu, w; 7]dT,
0 0
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due to 2B[w’,w; 7] = 8. Blw,w; 7] — Clw, w; 7]

— Dlu, w; 7], where

7,7=1

N
Clu,v;7] = / Z 0-a; (T, 2)0;u - Ov — Z@Tbj(T, x)0uv — Orc(T, x)uvdz
Q=

j=1

Dlu,v; 7] = /Zab Tmuv—i—ZZb (1, 2)0;vudx

for u,v € HE (). Since

Clw,w: 7]l < [10ai () [[L= [Vw]|* + [ Vewllllw]l[|070; (7) [
Fllwlliwllzal|Ore(T)] | 2,

< N107a;5 (7)o @ I VW1 + VW] + w1075 (T) | 2
+llwl” + C%(a: N IV |*0re()]? 2,

< Cllwlls.
and

|Dlu, w; 7]| < [|1950; (1) |z [[u(T; ) llwll + 2[165 (7)< [| D | |u(r, -]

< (P + 110565 () 1ol + 2l Dl + 21165 (7) 7 (7, )12
< Cllwli + llulr, )11%).
Hence
92 a
D [t Par + 38100038 < € [ ol + latr. )P
which together with

Bl (0),0(0); 1] = [ Veo(0) | = [[Veo(0) | (0) 25 (1) <
~ [ Ol (Ol lle(®)] 2,
> [ Fl0)IF = (GITw(0)1? + O 15 (Ol)

1
- (4—€||w(0)||2+602(q7N7Q)||c||2 20 IIVW( )%
Lo (0,T,L -

I
§Hw(0)||§3 — Cllw(0)|?
for
W 1
e== ,
4 C2(q, N, 09)||c|?
Loo(OTLq 2)
shows that

doa(t) / Ju(r,)|2dr + o(0) 25
o (8.95)
< c( / (o(r)l1Z + lutr, Y [2)dr + |w<o>||2).
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Let us write
t
W(t) ::/ u(r,)dr, te€][0,T],
0

whereupon (8.95) becomes

g2-alt) / lu(r, ) 12dr + W (@) 12

<o [ awe - woly + lur ) Par + 1WOIR).

Since [|W(£) = W (T)|[3: < 2W (713 + 20W ()13, and [W(@)| < [y Julr,-)|dr,

we can derive

ga-alt) / lu(r, )|dr + (1 = 2C)W ()3 < C / (W ()3 + llu(r, ) [?)dr.

Choose T so mall that
g2—a(T1)
2
Then if 0 < t < T3, we have

1
> Cl and 1— 2T101 > 5

t 1 t
-0 =il [ Tutr, ) Par + JIW O <1 [ W gar.

Consequently the Gronwall inequality implies W(¢) = 0 on [0,71]. Then
fot |lu(T)||?dT = 0 on [0, T}]. This together with the continuity of u shows u(t) = 0
on [0,Ty].

We use the same argument on [T7, T3], [T%, T3],..., and then we can deduce u = 0.
O

8.7 Notes and Remarks

The results in Section 8.2 are adopted from Zhou and Peng, 2017b. Section 8.3 due
to Luc, Lan, O’Regan, Tuan and Zhou, 2021. The results in Section 8.4 are taken
from Bourdin, 2013. Section 8.5 due to Beckers and Yamamoto, 2013. The material
in Section 8.6 are adopted from Peng and Zhou, 2022a.
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