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Preface to the Third Edition

The concept of fractional derivative dates back to a famous correspondence between

G.A. de L’Hospital and G.W. Leibniz, in 1695. Many mathematicians contributed to

the development of this branch of mathematical analysis with the pioneer work ow-

ing to L. Euler, J.L. Lagrange, P.S. Laplace, J.B.J. Fourier, N.H. Abel, J. Liouville,

B. Riemann, H.L. Greer, H. Holmgren, A.K. Grünwald, A.V. Letnikov, N.Ya. Sonin,

H. Laurent, P.A. Nekrassov, A. Krug, J. Hadamard, O. Heaviside, S. Pincherle,

G.H. Hardy, J.E. Littlewood, H. Weyl, P. Lévy, A. Marchaud, H.T. Davis, A. Zyg-

mund, E.R. Love, A. Erdélyi, H. Kober, D.V. Widder, M. Riesz and W. Feller. In

the past sixty years, fractional calculus had played a very important role in various

fields such as physics, chemistry, mechanics, electricity, biology, economics, control

theory, signal and image processing, biophysics, blood flow phenomena, aerodynam-

ics and fitting of experimental data.

In the last decade, fractional calculus has been recognized as one of the best tools

to describe long-memory processes. Such models are interesting for engineers and

physicists but also for pure mathematicians. The most important among such mod-

els are those described by differential equations containing fractional-order deriva-

tives. Their evolutions behave in a much more complex way than in the classical

integer-order case and the study of the corresponding theory is a hugely demand-

ing task. Although some results of qualitative analysis for fractional differential

equations can be similarly obtained, many classical methods are hardly applicable

directly to fractional differential equations. New theories and methods are thus re-

quired to be specifically developed, whose investigation becomes more challenging.

Comparing with classical theory of differential equations, the researches on the the-

ory of fractional differential equations are only on their initial stage of development.

This monograph is devoted to a rapidly developing area of the research for

the qualitative theory of fractional differential equations. In particular, we are

interested in the basic theory of fractional differential equations. The development

of such basic theory should be the starting point for further research concerning

the dynamics, control, numerical analysis and applications of fractional differential

equations.

v
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vi Basic Theory of Fractional Differential Equations

The third edition of this book is divided into eight chapters. Chapter 1 in-

troduces preliminary facts from fractional calculus, nonlinear analysis and semi-

group theory. In Chapter 2, we present a unified framework to investigate the

basic existence theory for discontinuous fractional functional differential equations

with bounded delay, unbounded delay and infinite delay, respectively. Chapter 3 is

devoted to the study of fractional differential equations in Banach spaces via mea-

sure of noncompactness method, topological degree method and Picard operator

technique. In Chapter 4, we discuss fractional evolution equations with Riemann-

Liouville fractional derivative, Caputo fractional derivative and Hilfer fractional

derivative, respectively. Chapter 5 deals with initial boundary value problems of

fractional impulsive differential equations including Langevin equations and evolu-

tion equations. In Chapter 6, by using critical point theory, we study existence

and multiplicity of solutions for boundary value problems to fractional differential

equations. In Chapter 7, we investigate the existence and multiplicity of homo-

clinic solutions for fractional Hamiltonian systems via variational methods. And

in the last Chapter, we introduce the recent works on fractional partial differential

equations including fractional Navier-Stokes equations, fractional Rayleigh-Stokes

equations, fractional Euler-Lagrange equations, fractional diffusion equations and

wave equations.

The book is self-contained and unified in presentation, and it provides the nec-

essary background material required to go further into the subject and explore the

rich research literature. Each chapter concludes with a section devoted to notes and

bibliographical remarks and all abstract results are illustrated by examples. The

tools used include many classical and modern nonlinear analysis methods. This

book is useful for researchers working in the areas of pure and applied mathemat-

ics, and related disciplines. It may also be used as a valuable source for graduate

level advanced courses on fractional differential equations.

I wish to express my appreciation to Professors B. Ahmad, D. Baleanu, M. Ben-

chohra, L. Bourdin, M. Fečkan, V. Kiryakova, J.J. Nieto, H.R. Sun, J.J. Trujillo,

J.R. Wang, M. Yamamoto and X.F. Zhou for their support. I also thank the edi-

torial assistance of World Scientific Publishing Co., especially Ms. L.F. Kwong and

Dr. S.C. Lim.

This monograph was first published in 2014. I acknowledge with gratitude the

support of National Natural Science Foundation of China (12071396, 11671339,

11271309, 10971173, 10371103) and the Macau Science and Technology Develop-

ment Fund (Grant No. 0092/2022/A).

Yong Zhou

Macau University of Science and Technology

Xiangtan University
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Chapter 1

Preliminaries

1.1 Introduction

In this chapter, we introduce some notations and basic facts on fractional calculus,

special functions, semigroups, Laplace and Fourier transforms, measure of non-

compactness, fixed point theorems and critical point theorems which are needed

throughout this book.

1.2 Some Notations, Concepts and Lemmas

As usual N denotes the set of positive integer numbers and N0 the set of nonnegative

integer numbers. R denotes the real numbers, R+ denotes the set of nonnegative

reals and R+ the set of positive reals. Let C be the set of complex numbers.

We recall that a vector space X equipped with a norm | · | is called a normed

vector space. A subset E of a normed vector space X is said to be bounded if there

exists a number K such that |x| ≤ K for all x ∈ E. A subset E of a normed vector

space X is called convex if for any x, y ∈ E, ax+ (1− a)y ∈ E for all a ∈ [0, 1].

A sequence {xn} in a normed vector space X is said to converge to the vector x

in X if and only if the sequence {|xn−x|} converges to zero as n→ ∞. A sequence

{xn} in a normed vector space X is called a Cauchy sequence if for every ε > 0

there exists an N = N(ε) such that for all n,m ≥ N(ε), |xn − xm| < ε. Clearly a

convergent sequence is also a Cauchy sequence, but the converse may not be true.

A space X where every Cauchy sequence of elements of X converges to an element

of X is called a complete space. A complete normed vector space is said to be a

Banach space.

Let E be a subset of a Banach space X. A point x ∈ X is said to be a limit

point of E if there exists a sequence of vectors in E which converges to x. We say a

subset E is closed if E contains all of its limit points. The union of E and its limit

points is called the closure of E and will be denoted by Ē. Let E, F be normed

vector spaces, and E be a subset of X. An operator T : E → F is continuous at a

point x ∈ E if and only if for any ε > 0 there is a δ > 0 such that |T x− T y| < ε

for all y ∈ E with |x−y| < δ. Further, T is continuous on E, or simply continuous,

if it is continuous at all points of E.

1
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We say that a subset E of a Banach space X is compact if every sequence of

vectors in E contains a subsequence which converges to a vector in E. We say that

E is relatively compact inX if every sequence of vectors in E contains a subsequence

which converges to a vector in X, i.e., E is relatively compact in X if Ē is compact.

Let J = [a, b] (−∞ < a < b < ∞) be a finite interval of R. We assume that X

is a Banach space with the norm | · |. Denote C(J,X) be the Banach space of all

continuous functions from J into X with the norm

∥x∥ = sup
t∈J

|x(t)|,

where x ∈ C(J,X). Cn(J,X) (n ∈ N0) denotes the set of mappings, which have

continuous derivatives up to order n on J , AC(J,X) is the space of functions which

are absolutely continuous on J and ACn(J,X) (n ∈ N) is the space of functions

f such that f ∈ Cn−1(J,X) and f (n−1) ∈ AC(J,X). In particular, AC1(J,X) =

AC(J,X). We also introduce the set of functions PC(J,X) =
{
x : J → X | x is

continuous at t ∈ J\{t1, t2, ..., tδ}, and x is continuous from left and has right hand

limits at t ∈ {t1, t2, ..., tδ}
}
endowed with the norm

∥x∥PC = max

{
sup
t∈J

|x(t+ 0)|, sup
t∈J

|x(t− 0)|
}
,

it is easy to see (PC(J,X), ∥ · ∥PC) is a Banach space. Denote PC1(J,R) ≡ {x ∈
PC(J,R) | x′ ∈ PC(J,R)}. Set ∥x∥PC1 = ∥x∥PC + ∥x′∥PC . It can be seen that

endowed with the norm ∥ · ∥PC1 , PC1(J,R) is also a Banach space.

Let 1 ≤ p ≤ ∞. Lp(J,X) denotes the Banach space of all measurable functions

f : J → X. Lp(J,X) is normed by

∥f∥LpJ =


(∫

J

|f(t)|pdt
) 1
p

, 1 ≤ p <∞,

inf
µ(J̄)=0

{
sup
t∈J\J̄

|f(t)|
}
, p = ∞.

In particular, L1(J,X) is the Banach space of measurable functions f : J → X with

the norm

∥f∥LJ =

∫
J

|f(t)|dt,

and L∞(J,X) is the Banach space of measurable functions f : J → X which are

bounded, equipped with the norm

∥f∥L∞J = inf{c > 0| |f(t)| ≤ c, a.e. t ∈ J}.

Lemma 1.1. (Hölder inequality) Assume that p, q ≥ 1, and 1
p + 1

q = 1. If f ∈
Lp(J,X), g ∈ Lq(J,X), then for 1 ≤ p ≤ ∞, fg ∈ L1(J,X) and

∥fg∥LJ ≤ ∥f∥LpJ∥g∥LqJ .
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A family F in C(J,X) is called uniformly bounded if there exists a positive

constant K such that |f(t)| ≤ K for all t ∈ J and all f ∈ F . Further, F is

called equicontinuous, if for every ε > 0 there exists a δ = δ(ε) > 0 such that

|f(t1)− f(t2)| < ε for all t1, t2 ∈ J with |t1 − t2| < δ and all f ∈ F .

Lemma 1.2. (Arzela-Ascoli theorem) If a family F = {f(t)} in C(J,R) is uni-

formly bounded and equicontinuous on J , then F has a uniformly convergent sub-

sequence {fn(t)}∞n=1. If a family F = {f(t)} in C(J,X) is uniformly bounded and

equicontinuous on J , and for any t∗ ∈ J , {f(t∗)} is relatively compact, then F has

a uniformly convergent subsequence {fn(t)}∞n=1.

Arzela-Ascoli theorem is the key to the following result: a subset F in C(J,R) is
relatively compact if and only if it is uniformly bounded and equicontinuous on J .

Lemma 1.3. (PC-type Arzela-Ascoli theorem) Let X be a Banach space and W ⊂
PC(J,X). If the following conditions are satisfied:

(i) W is an equicontinuous function subset of PC(J,X);

(ii) W is equicontinuous in (tk, tk+1), k = 0, 1, 2, . . . ,m, where t0 = 0, tm+1 = T ;

(iii) W(t) = {u(t) | u ∈ W, t ∈ J\{t1, . . . , tm}}, W(t+k ) = {u(t+k ) | u ∈ W} and

W(t−k ) ≡ {u(t−k ) | u ∈ W} is a relatively compact subsets of X.

Then W is a relatively compact subset of PC(J,X).

Lemma 1.4. (The generalized Arzela-Ascoli theorem) The set Λ ⊂ C1([0,∞), X)

is relatively compact if and only if the following conditions hold:

(a) for any h > 0, the set V = {v : v(t) = x(t)/(1 + t), x ∈ Λ} is equicontinuous

on [0, h];

(b) limt→∞ |x(t)|/(1 + t) = 0 uniformly for x ∈ Λ;

(c) for any t ∈ [0,∞), V (t) = {v(t) : v(t) = x(t)/(1 + t), x ∈ Λ} is relatively

compact in X.

Lemma 1.5. (Lebesgue dominated convergence theorem) Let E be a measurable

set and let {fn} be a sequence of measurable functions such that limn→∞ fn(x) =

f(x) a.e. in E, and for every n ∈ N, |fn(x)| ≤ g(x) a.e. in E, where g is integrable

on E. Then

lim
n→∞

∫
E

fn(x)dx =

∫
E

f(x)dx.

Finally, we state Bochner theorem.

Lemma 1.6. (Bochner theorem) A measurable function f : (a, b) → X is Bochner

integrable if |f | is Lebesgue integrable.
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1.3 Fractional Calculus

The gamma function Γ(z) is defined by

Γ(z) =

∫ ∞

0

tz−1e−tdt (Re(z) > 0),

where tz−1 = e(z−1) log(t). This integral is convergent for all complex z ∈ C
(Re(z) > 0).

For this function the reduction formula

Γ(z + 1) = zΓ(z) (Re(z) > 0)

holds. In particular, if z = n ∈ N0, then

Γ(n+ 1) = n! (n ∈ N0)

with (as usual) 0! = 1.

Let us consider some of the starting points for a discussion of fractional calculus.

One development begins with a generalization of repeated integration. Thus if f is

locally integrable on (c,∞), then the n-fold iterated integral is given by

cD
−n
t f(t) =

∫ t

c

ds1

∫ s1

c

ds2 · · ·
∫ sn−1

c

f(sn)dsn

=
1

(n− 1)!

∫ t

c

(t− s)n−1f(s)ds

for almost all t with −∞ ≤ c < t < ∞ and n ∈ N. Writing (n − 1)! = Γ(n), an

immediate generalization is the integral of f of fractional order α > 0,

cD
−α
t f(t) =

1

Γ(α)

∫ t

c

(t− s)α−1f(s)ds (left hand)

and similarly for −∞ < t < d ≤ ∞

tD
−α
d f(t) =

1

Γ(α)

∫ d

t

(s− t)α−1f(s)ds (right hand)

both being defined for suitable f .

A number of definitions for the fractional derivative have emerged over the years,

we refer the reader to Diethelm, 2010; Hilfer, 2006; Kilbas, Srivastava and Trujillo,

2006; Miller and Ross, 1993; Podlubny, 1999. In this book, we restrict our attention

to the use of the Riemann-Liouville, Caputo and Hilfer fractional derivatives. In this

section, we introduce some basic definitions and properties of the fractional integrals

and fractional derivatives which are used further in this book. The materials in this

section are taken from Kilbas, Srivastava and Trujillo, 2006.
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1.3.1 Definitions

Definition 1.1. (Left and right Riemann-Liouville fractional integrals) Let J =

[a, b] (−∞ < a < b < ∞) be a finite interval of R. The left and right Riemann-

Liouville fractional integrals aD
−α
t f(t) and tD

−α
b f(t) of order α ∈ R+, are defined

by

aD
−α
t f(t) =

1

Γ(α)

∫ t

a

(t− s)α−1f(s)ds, t > a, α > 0 (1.1)

and

tD
−α
b f(t) =

1

Γ(α)

∫ b

t

(s− t)α−1f(s)ds, t < b, α > 0, (1.2)

respectively, provided the right-hand sides are pointwise defined on [a, b]. When

α = n ∈ N, the definitions (1.1) and (1.2) coincide with the n-th integrals of the

form

aD
−n
t f(t) =

1

(n− 1)!

∫ t

a

(t− s)n−1f(s)ds

and

tD
−n
b f(t) =

1

(n− 1)!

∫ b

t

(s− t)n−1f(s)ds.

Definition 1.2. (Left and right Riemann-Liouville fractional derivatives) The left

and right Riemann-Liouville fractional derivatives aD
α
t f(t) and tD

α
b f(t) of order

α ∈ R+, are defined by

aD
α
t f(t) =

dn

dtn
aD

−(n−α)
t f(t)

=
1

Γ(n− α)

dn

dtn

(∫ t

a

(t− s)n−α−1f(s)ds

)
, t > a

and

tD
α
b f(t) = (−1)n

dn

dtn
tD

−(n−α)
b f(t)

=
1

Γ(n− α)
(−1)n

dn

dtn

(∫ b

t

(s− t)n−α−1f(s)ds

)
, t < b,

respectively, where n = [α]+1, [α] means the integer part of α. In particular, when

α = n ∈ N0, then

aD
0
t f(t) = tD

0
bf(t) = f(t),

aD
n
t f(t) = f (n)(t) and tD

n
b f(t) = (−1)nf (n)(t),

where f (n)(t) is the usual derivative of f(t) of order n. If 0 < α < 1, then

aD
α
t f(t) =

1

Γ(1− α)

d

dt

(∫ t

a

(t− s)−αf(s)ds

)
, t > a

and

tD
α
b f(t) = − 1

Γ(1− α)

d

dt

(∫ b

t

(s− t)−αf(s)ds

)
, t < b.
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Remark 1.1. If f ∈ C([a, b],RN ), it is obvious that Riemann-Liouville fractional

integral of order α > 0 exists on [a, b]. On the other hand, following Lemma

2.2 in Kilbas, Srivastava and Trujillo, 2006, we know that the Riemann-Liouville

fractional derivative of order α ∈ [n − 1, n) exists almost everywhere on [a, b] if

f ∈ ACn([a, b],RN ).

The left and right Caputo fractional derivatives are defined via above Riemann-

Liouville fractional derivatives.

Definition 1.3. (Left and right Caputo fractional derivatives) The left and right

Caputo fractional derivatives CaD
α
t f(t) and

C
tD

α
b f(t) of order α ∈ R+ are defined by

C
aD

α
t f(t) = aD

α
t

(
f(t)−

n−1∑
k=0

f (k)(a)

k!
(t− a)k

)
and

C
tD

α
b f(t) = tD

α
b

(
f(t)−

n−1∑
k=0

f (k)(b)

k!
(b− t)k

)
,

respectively, where

n = [α] + 1 for α ̸∈ N0; n = α for α ∈ N0. (1.3)

In particular, when 0 < α < 1, then
C
aD

α
t f(t) = aD

α
t (f(t)− f(a))

and
C
tD

α
b f(t) = tD

α
b (f(t)− f(b)).

The Riemann-Liouville fractional derivative and the Caputo fractional derivative

are connected with each other by the following relations.

Proposition 1.1.

(i) If α ̸∈ N0 and f(t) is a function for which the Caputo fractional derivatives
C
aD

α
t f(t) and C

tD
α
b f(t) of order α ∈ R+ exist together with the Riemann-

Liouville fractional derivatives aD
α
t f(t) and tD

α
b f(t), then

C
aD

α
t f(t) = aD

α
t f(t)−

n−1∑
k=0

f (k)(a)

Γ(k − α+ 1)
(t− a)k−α

and

C
tD

α
b f(t) = tD

α
b f(t)−

n−1∑
k=0

f (k)(b)

Γ(k − α+ 1)
(b− t)k−α,

where n = [α] + 1. In particular, when 0 < α < 1, we have

C
aD

α
t f(t) = aD

α
t f(t)−

f(a)

Γ(1− α)
(t− a)−α

and

C
tD

α
b f(t) = tD

α
b f(t)−

f(b)

Γ(1− α)
(b− t)−α.
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(ii) If α = n ∈ N0 and the usual derivative f (n)(t) of order n exists, then C
aD

n
t f(t)

and C
tD

n
b f(t) are represented by

C
aD

n
t f(t) = f (n)(t) and C

tD
n
b f(t) = (−1)nf (n)(t). (1.4)

Proposition 1.2. Let α ∈ R+ and let n be given by (1.3). If f ∈ ACn([a, b],RN ),

then the Caputo fractional derivatives CaD
α
t f(t) and

C
tD

α
b f(t) exist almost everywhere

on [a, b].

(i) If α ̸∈ N0,
C
aD

α
t f(t) and

C
tD

α
b f(t) are represented by

C
aD

α
t f(t) =

1

Γ(n− α)

(∫ t

a

(t− s)n−α−1f (n)(s)ds

)
and

C
tD

α
b f(t) =

(−1)n

Γ(n− α)

(∫ b

t

(s− t)n−α−1f (n)(s)ds

)
,

respectively, where n = [α] + 1. In particular, when 0 < α < 1 and f ∈
AC([a, b],RN ),

C
aD

α
t f(t) =

1

Γ(1− α)

(∫ t

a

(t− s)−αf ′(s)ds

)
(1.5)

and

C
tD

α
b f(t) = − 1

Γ(1− α)

(∫ b

t

(s− t)−αf ′(s)ds

)
. (1.6)

(ii) If α = n ∈ N0 then C
aD

α
t f(t) and C

tD
α
b f(t) are represented by (1.4). In partic-

ular,

C
aD

0
t f(t) =

C
tD

0
bf(t) = f(t).

Remark 1.2. If f is an abstract function with values in Banach space X, then

integrals which appear in above definitions are taken in Bochner’s sense.

Definition 1.4. (Hilfer fractional derivative) The Hilfer fractional derivative
H
aD

µ,ν
t f(t) of order n− 1 < µ < n and 0 ≤ ν ≤ 1 is defined by

H
aD

µ,ν
t f(t) = aD

−ν(n−µ)
t

dn

dtn
aD

−(1−ν)(n−µ)
t f(t),

provided the right-hand side is pointwise defined on [a, b].

Remark 1.3.

(i) When ν = 0 and n− 1 < µ < n, the Hilfer fractional derivative corresponds to

the classical Riemann-Liouville fractional derivative:

H
aD

µ,0
t f(t) =

dn

dtn
aD

−(1−µ)
t f(t) = aD

µ
t f(t).
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(ii) When ν = 1, n− 1 < µ < n, the Hilfer fractional derivative corresponds to the

classical Caputo fractional derivative:

H
aD

µ,1
t f(t) = aD

−(n−µ)
t

dn

dtn
f(t) = C

aD
µ
t f(t).

The fractional integrals and derivatives, defined on a finite interval [a, b] of R,
are naturally extended to whole axis R.

Definition 1.5. (Left and right Liouville-Weyl fractional integrals on the real axis)

The left and right Liouville-Weyl fractional integrals −∞D
−α
t f(t) and tD

−α
+∞f(t) of

order α > 0 on the whole axis R are defined by

−∞D
−α
t f(t) =

1

Γ(α)

∫ t

−∞
(t− s)α−1f(s)ds (1.7)

and

tD
−α
+∞f(t) =

1

Γ(α)

∫ ∞

t

(s− t)α−1f(s)ds,

respectively, where t ∈ R and α > 0.

Definition 1.6. (Left and right Liouville-Weyl fractional derivatives on the real

axis) The left and right Liouville-Weyl fractional derivatives −∞D
α
t f(t) and

tD
α
+∞f(t) of order α on the whole axis R are defined by

−∞D
α
t f(t) =

dn

dtn
(−∞D

−(n−α)
t f(t))

=
1

Γ(n− α)

dn

dtn

(∫ t

−∞
(t− s)n−α−1f(s)ds

)
and

tD
α
+∞f(t) = (−1)n

dn

dtn
(tD

−(n−α)
+∞ f(t))

=
1

Γ(n− α)
(−1)n

dn

dtn

(∫ ∞

t

(s− t)n−α−1f(s)ds

)
,

respectively, where n = [α] + 1, α ≥ 0 and t ∈ R.
In particular, when α = n ∈ N0, then

−∞D
0
t f(t) = tD

0
+∞f(t) = f(t),

−∞D
n
t f(t) = f (n)(t) and tD

n
+∞f(t) = (−1)nf (n)(t),

where f (n)(t) is the usual derivative of f(t) of order n. If 0 < α < 1 and t ∈ R, then

−∞D
α
t f(t) =

1

Γ(1− α)

d

dt

(∫ t

−∞
(t− s)−αf(s)ds

)
=

α

Γ(1− α)

∫ ∞

0

f(t)− f(t− s)

sα+1
ds

and

tD
α
+∞f(t) = − 1

Γ(1− α)

d

dt

(∫ ∞

t

(s− t)−αf(s)ds

)
=

α

Γ(1− α)

∫ ∞

0

f(t)− f(t+ s)

sα+1
ds.
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Formulas (1.5) and (1.6) can be used for the definition of the Caputo fractional

derivatives on the whole axis R.

Definition 1.7. (Left and right Caputo fractional derivatives on the real axis) The

left and right Caputo fractional derivatives C
−∞D

α
t f(t) and C

tD
α
+∞f(t) of order α

(with α > 0 and α ̸∈ N) on the whole axis R are defined by

C
−∞D

α
t f(t) =

1

Γ(n− α)

∫ t

−∞
(t− s)n−α−1f (n)(s)ds (1.8)

and

C
tD

α
+∞f(t) =

(−1)n

Γ(n− α)

∫ ∞

t

(s− t)n−α−1f (n)(s)ds, (1.9)

respectively.

When 0 < α < 1, the relations (1.8) and (1.9) take the following forms

C
−∞D

α
t f(t) =

1

Γ(1− α)

∫ t

−∞
(t− s)−αf ′(s)ds

and

C
tD

α
+∞f(t) = − 1

Γ(1− α)

∫ ∞

t

(s− t)−αf ′(s)ds.

1.3.2 Properties

We present here some properties of the fractional integral and fractional derivative

operators that will be useful throughout this book.

Proposition 1.3. If α ≥ 0 and β > 0, then

aD
−α
t (t− a)β−1 =

Γ(β)

Γ(β + α)
(t− a)β+α−1 (α > 0),

aD
α
t (t− a)β−1 =

Γ(β)

Γ(β − α)
(t− a)β−α−1 (α ≥ 0)

and

tD
−α
b (b− t)β−1 =

Γ(β)

Γ(β + α)
(b− t)β+α−1 (α > 0),

tD
α
b (b− t)β−1 =

Γ(β)

Γ(β − α)
(b− t)β−α−1 (α ≥ 0).

In particular, if β = 1 and α ≥ 0, then the Riemann-Liouville fractional deriva-

tives of a constant are, in general, not equal to zero:

aD
α
t 1 =

(t− a)−α

Γ(1− α)
, tD

α
b 1 =

(b− t)−α

Γ(1− α)
.

On the other hand, for j = 1, 2, ..., [α] + 1,

aD
α
t (t− a)α−j = 0, tD

α
b (b− t)α−j = 0.
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The semigroup properties of the fractional integral operators aD
−α
t and tD

−α
b

are given by the following result.

Proposition 1.4. If α > 0 and β > 0, then the equations

aD
−α
t

(
aD

−β
t f(t)

)
= aD

−α−β
t f(t) and tD

−α
b

(
tD

−β
b f(t)

)
= tD

−α−β
b f(t) (1.10)

are satisfied at almost every point t ∈ [a, b] for f ∈ Lp([a, b],RN ) (1 ≤ p < ∞). If

α+ β > 1, then the relations in (1.10) hold at any point of [a, b].

Proposition 1.5.

(i) If α > 0 and f ∈ Lp([a, b],RN ) (1 ≤ p ≤ ∞), then the following equalities

aD
α
t

(
aD

−α
t f(t)

)
= f(t) and tD

α
b

(
tD

−α
b f(t)

)
= f(t) (α > 0)

hold almost everywhere on [a, b].

(ii) If α > β > 0, then, for f ∈ Lp([a, b],RN ) (1 ≤ p ≤ ∞), the relations

aD
β
t

(
aD

−α
t f(t)

)
= aD

−α+β
t f(t) and tD

β
b

(
tD

−α
b f(t)

)
= tD

−α+β
b f(t)

hold almost everywhere on [a, b].

In particular, when β = k ∈ N and α > k, then

aD
k
t

(
aD

−α
t f(t)

)
= aD

−α+k
t f(t) and tD

k
b

(
tD

−α
b f(t)

)
= (−1)ktD

−α+k
b f(t).

To present the next property, we use the spaces of functions aD
−α
t (Lp) and

tD
−α
b (Lp) defined for α > 0 and 1 ≤ p ≤ ∞ by

aD
−α
t (Lp) = {f : f = aD

−α
t φ, φ ∈ Lp([a, b],RN )}

and

tD
−α
b (Lp) = {f : f = tD

−α
b ϕ, ϕ ∈ Lp([a, b],RN )},

respectively. The composition of the fractional integral operator aD
−α
t with the

fractional derivative operator aD
α
t is given by the following result.

Proposition 1.6. Let α > 0, n = [α] + 1 and let fn−α(t) = aD
−(n−α)
t f(t) be the

fractional integral (1.1) of order n− α.

(i) If 1 ≤ p ≤ ∞ and f ∈ aD
−α
t (Lp), then

aD
−α
t

(
aD

α
t f(t)

)
= f(t).

(ii) If f ∈ L1([a, b],RN ) and fn−α ∈ ACn([a, b],RN ), then the equality

aD
−α
t

(
aD

α
t f(t)

)
= f(t)−

n∑
j=1

f
(n−j)
n−α (a)

Γ(α− j + 1)
(t− a)α−j

holds almost everywhere on [a, b].
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Proposition 1.7. Let α > 0 and n = [α] + 1. Also let gn−α(t) = tD
−(n−α)
b g(t) be

the fractional integral (1.2) of order n− α.

(i) If 1 ≤ p ≤ ∞ and g ∈ tD
−α
b (Lp), then

tD
−α
b

(
tD

α
b g(t)

)
= g(t).

(ii) If g ∈ L1([a, b],RN ) and gn−α ∈ ACn([a, b],RN ), then the equality

tD
−α
b

(
tD

α
b g(t)

)
= g(t)−

n∑
j=1

(−1)n−jg
(n−j)
n−α (a)

Γ(α− j + 1)
(b− t)α−j

holds almost everywhere on [a, b].

In particular, if 0 < α < 1, then

tD
−α
b

(
tD

α
b g(t)

)
= g(t)− g1−α(a)

Γ(α)
(b− t)α−1,

where g1−α(t) = tD
α−1
b g(t) while for α = n ∈ N, the following equality holds:

tD
−n
b

(
tD

n
b g(t)

)
= g(t)−

n−1∑
k=0

(−1)kg(k)(a)

k!
(b− t)k.

Proposition 1.8. Let α > 0 and let y ∈ L∞([a, b],RN ) or y ∈ C([a, b],RN ). Then

C
aD

α
t

(
aD

−α
t y(t)

)
= y(t) and C

tD
α
b

(
tD

−α
b y(t)

)
= y(t).

Proposition 1.9. Let α > 0 and let n be given by (1.3). If y ∈ ACn([a, b],RN ) or

y ∈ Cn([a, b],RN ), then

aD
−α
t

(
C
aD

α
t y(t)

)
= y(t)−

n−1∑
k=0

y(k)(a)

k!
(t− a)k

and

tD
−α
b

(
C
tD

α
b y(t)

)
= y(t)−

n−1∑
k=0

(−1)ky(k)(b)

k!
(b− t)k.

In particular, if 0 < α ≤ 1 and y ∈ AC([a, b],RN ) or y ∈ C([a, b],RN ), then

aD
−α
t

(
C
aD

α
t y(t)

)
= y(t)− y(a) and tD

−α
b

(
C
tD

α
b y(t)

)
= y(t)− y(b). (1.11)

On the other hand, we have the following properties of fractional integration.

Proposition 1.10. Let α > 0, p ≥ 1, q ≥ 1, and 1
p + 1

q ≤ 1 + α (p ̸= 1 and q ̸= 1

in the case when 1
p +

1
q = 1 + α).

(i) If φ ∈ Lp([a, b],RN ) and ψ ∈ Lq([a, b],RN ), then∫ b

a

φ(t) aD
−α
t ψ(t)dt =

∫ b

a

ψ(t) tD
−α
b φ(t)dt. (1.12)
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(ii) If f ∈ tD
−α
b (Lp) and g ∈ aD

−α
t (Lq), then∫ b

a

f(t) aD
α
t g(t)dt =

∫ b

a

g(t) tD
α
b f(t)dt. (1.13)

Then applying Proposition 1.1, we can derive the integration by parts formula

for the left and right Riemann-Liouville fractional derivatives looks as follows.

Proposition 1.11.∫ b

a
aD

α
t f(t) · g(t)dt =

∫ b

a
tD

α
b g(t) · f(t)dt, 0 < α ≤ 1,

provided the boundary conditions

f(a) = f(b) = 0, f ′ ∈ L∞([a, b],RN ), g ∈ L1([a, b],RN ),

or

g(a) = g(b) = 0, g′ ∈ L∞([a, b],RN ), f ∈ L1([a, b],RN )

are fulfilled.

Remark 1.4. If f , g are abstract functions with values in Banach space X, then

integrals which appear in above properties are taken in Bochner’s sense.

1.3.3 Mittag-Leffler Functions

Definition 1.8. (Miller and Ross, 1993; Podlubny, 1999) The generalized Mittag-

Leffler function Eα,β is defined by

Eα,β(z) :=

∞∑
k=0

zk

Γ(αk + β)
=

1

2πi

∫
Υ

λα−βeλ

λα − z
dλ, α, β > 0, z ∈ C,

where Υ is a contour which starts and ends as −∞ and encircles the disc |λ| ≤ |z|1/α
counter-clockwise.

If 0 < α < 1, β > 0, then the asymptotic expansion of Eα,β as z → ∞ is given

by

Eα,β(z) =


1

α
z(1−β)/α exp(z1/α) + εα,β(z), |arg z| ≤ 1

2
απ,

εα,β(z), |arg(−z)| < (1− 1

2
α)π,

(1.14)

where

εα,β(z) = −
N−1∑
n=1

z−n

Γ(β − αn)
+O

(
|z|−N

)
, as z → ∞.

For short, set

Eα(z) := Eα,1(z), eα(z) := Eα,α(z).

Then Mittag-Leffler functions have the following properties.

Proposition 1.12. For α ∈ (0, 1) and t ∈ R,
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(i) Eα(t), eα(t) > 0;

(ii) (Eα(t))
′ = 1

αeα(t);

(iii) lim
t→−∞

Eα(t) = lim
t→−∞

eα(t) = 0;

(iv) C
0D

α
t Eα(ωt

α) = ωEα(ωt
α), 0D

α−1
t (tα−1eα(ωt

α)) = Eα(ωt
α), ω ∈ C.

Definition 1.9. (Mainardi, Paraddisi and Forenflo, 2000) The Wright functionMα

is defined by

Mα(z) :=
∞∑
n=0

(−z)n

n!Γ(−αn+ 1− α)

=
1

π

∞∑
n=1

(−z)n

(n− 1)!
Γ(nα) sin(nπα), z ∈ C

with 0 < α < 1.

For −1 < r <∞, λ > 0, the following results hold.

Proposition 1.13.

(W1) Mα(t) ≥ 0, t > 0;

(W2)

∫ ∞

0

α

tα+1
Mα(

1

tα
)e−λtdt = e−λ

α

;

(W3)

∫ ∞

0

Mα(t)t
rdt =

Γ(1 + r)

Γ(1 + αr)
;

(W4)

∫ ∞

0

Mα(t)e
−ztdt = Eα(−z), z ∈ C;

(W5)

∫ ∞

0

αtMα(t)e
−ztdt = eα(−z), z ∈ C.

1.4 Some Results from Nonlinear Analysis

1.4.1 Laplace and Fourier Transforms

In this subsection we present definitions and some properties of Laplace and Fourier

transforms.

Definition 1.10. The Laplace transform of a function f(t) of a real variable t ∈ R+

is defined by

(Lf)(s) = L[f(t)](s) = f̄(s) :=

∫ ∞

0

e−stf(t)dt (s ∈ C). (1.15)

The inverse Laplace transform is given for x ∈ R+ by the formula

(L−1g)(x) = L−1[g(s)](x) :=
1

πi

∫ γ+i∞

γ−i∞
esxg(s)ds (γ = Re(s)). (1.16)



August 14, 2023 16:41 ws-book961x669 Basic Theory of Fractional Differential Equations 13289-main page 14

14 Basic Theory of Fractional Differential Equations

Proposition 1.14. Let f(t) be defined on (0,∞) and 0 < α < 1. Then Laplace

transform of fractional integral and fractional differential operator satisfies

(i) 0D
−α
t f(s) = s−αf̄(s);

(ii) 0Dα
t f(s) = sαf̄(s)− (0D

α−1
t f)(0);

(iii) C
0D

−α
t f(s) = sαf̄(s)− sα−1f(0).

Definition 1.11. The Fourier transform of a function f(t) of a real variable t ∈ R
is defined by

(Ff)(w) = F [f(t)](w) = f̂(w) :=

∫ ∞

−∞
e−it·wf(t)dt (w ∈ R). (1.17)

The inverse Fourier transform is given by the formula

(F−1g)(t) = F−1[g(w)](t) =
1

2π
ĝ(−s) := 1

2π

∫ ∞

−∞
eit·wg(w)dw (t ∈ R). (1.18)

The integrals in (1.17) and (1.18) converge absolutely for functions f, g ∈ L1(R)
and in the norm of the space L2(R) for f, g ∈ L2(R).

Proposition 1.15. Let f(t) be defined on (−∞,∞) and 0 < α < 1. Then Fourier

transform of Liouville-Weyl fractional integral and fractional differential operator

satisfies

(i) ̂
−∞D

−α
t f(w) = (iw)−αf̂(w);

(ii) ̂
tD

−α
∞ f(w) = (−iw)−αf̂(w);

(iii) ̂−∞Dα
t f(w) = (iw)αf̂(w);

(iv) t̂Dα
∞f(w) = (−iw)αf̂(w).

1.4.2 Sobolev Spaces

We refer to Cazenave and Haraux, 1998, for the definitions and results given below.

Consider an open subset Ω of RN . D(Ω) is the space of C∞(real-valued or

complex valued) functions with compact support in Ω and D′(Ω) is the space of

distributions on Ω. A distribution T ∈ D′(Ω) is said to belong to Lp(Ω)(1 ≤ p ≤ ∞)

if there exists a function f ∈ Lp(Ω) such that

⟨T, φ⟩ =
∫
Ω

f(x)φ(x)dx,

for all φ ∈ D(Ω). In that case, it is well known that f is unique. Let m ∈ N and

let p ∈ [1,∞]. Define

Wm,p(Ω) = {f ∈ Lp(Ω)| Dαf ∈ Lp(Ω) for all α ∈ NN such that |α| ≤ m}.
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Wm,p(Ω) is a Banach space which equipped with the norm

∥f∥Wm,p(Ω) =
∑

|α|≤m

∥Dαf∥Lp ,

for all f ∈ Wm,p(Ω). For all m, p as above, we denote by Wm,p
0 (Ω) the closure of

D(Ω) in Wm,p(Ω). If p = 2, one sets Wm,2(Ω) = Hm(Ω), Wm,2
0 (Ω) = Hm

0 (Ω) and

one equips Hm(Ω) with the following equivalent norm:

∥f∥Hm =

 ∑
|α|≤m

∥Dαu∥2L2

 1
2

.

Then Hm(Ω) is a Hilbert space with the scalar product

⟨u, v⟩Hm =
∑

|α|≤m

∫
Ω

Dαu ·Dαvdx.

If Ω is bounded, there exists a constant C(Ω) such that

∥u∥L2 ≤ C(Ω)∥▽u∥L2 ,

for all u ∈ H1
0 (Ω) (this is Poincaré inequality). It may be more convenient to equip

H1
0 (Ω) with the following scalar product

⟨u, v⟩ =
∫
Ω

▽u · ▽vdx,

which defines an equivalent norm to ∥ · ∥H1 on the closed space H1
0 (Ω).

1.4.3 Measure of Noncompactness

We recall here some definitions and properties of measure of noncompactness.

Assume that X is a Banach space with the norm | · |. The measure of noncom-

pactness α is said to be:

(i) Monotone if for all bounded subsets B1, B2 of X, B1 ⊆ B2 implies α(B1) ≤
α(B2).

(ii) Nonsingular if α({x}∪B) = α(B) for every x ∈ X and every nonempty subset

B ⊆ X.

(iii) Regular α(B) = 0 if and only if B is relatively compact in X.

One of the most important examples of measure of noncompactness is the Haus-

dorff measure of noncompactness α defined on each bounded subset B of X by

α(B) = inf{ε > 0 : B ⊂
m⋃
j=1

Bε(xj) where xj ∈ X},

where Bε(xj) is a ball of radius ≤ ε centered at xj , j = 1, 2, ...,m, m is a positive

integer number. Without confusion, Kuratowski measure of noncompactness α1

defined on each bounded subset B of X by

α1(B) = inf{ε > 0 : B ⊂
m⋃
j=1

Mj and diam(Mj) ≤ ε},
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where the diameter of Mj is defined by diam(Mj) = sup{|x − y| : x, y ∈ Mj},
j = 1, 2, ...,m.

It is well known that Hausdorff measure of noncompactness α and Kuratowski

measure of noncompactness α1 enjoy the above properties (i)-(iii) and other prop-

erties. We refer the reader to Banas̀ and Goebel, 1980; Deimling, 1985; Heinz, 1983;

Lakshmikantham and Leela, 1969.

(iv) α(B1 +B2) ≤ α(B1) + α(B2), where B1 +B2 = {x+ y : x ∈ B1, y ∈ B2};

(v) α(B1 ∪B2) ≤ max{α(B1), α(B2)};

(vi) α(λB) ≤ |λ|α(B) for any λ ∈ R.

In particular, the relationship of Hausdorff measure of noncompactness α and

Kuratowski measure of noncompactness α1 is given by

(vii) α(B) ≤ α1(B) ≤ 2α(B).

Let J = [0, a], a ∈ R+. For any W ⊂ C(J,X), we define∫ t

0

W (s)ds =

{∫ t

0

u(s)ds : u ∈W

}
, for t ∈ [0, a],

where W (s) = {u(s) ∈ X : u ∈W}.
We present here some useful properties.

Proposition 1.16. If W ⊂ C(J,X) is bounded and equicontinuous, then coW ⊂
C(J,X) is also bounded and equicontinuous.

Proposition 1.17. (Guo, Lakshmikantham and Liu, 1996) If W ⊂ C(J,X) is

bounded and equicontinuous, then t→ α(W (t)) is continuous on J , and

α(W ) = max
t∈J

α(W (t)), α

(∫ t

0

W (s)ds

)
≤
∫ t

0

α(W (s))ds, for t ∈ [0, a].

Proposition 1.18. (Mönch, 1980) Let {un}∞n=1 be a sequence of Bochner integrable

functions from J into X with |un(t)| ≤ m̃(t) for almost all t ∈ J and every n ≥ 1,

where m̃ ∈ L(J,R+), then the function ψ(t) = α({un(t)}∞n=1) belongs to L(J,R+)

and satisfies

α

({∫ t

0

un(s)ds : n ≥ 1

})
≤ 2

∫ t

0

ψ(s)ds.

Proposition 1.19. (Liu, 2008) Let {un(t)}∞n=1 : [0,∞) → X be a continuous

function family. If there exists ρ ∈ L1[0,∞) such that

|un(t)| ≤ ρ(t), t ∈ [0,∞), n = 1, 2, . . . .

Then α1({un(t)}∞n=1) is integrable on [0,∞), and

α1

({∫ t

0

un(s)ds : n = 1, 2, . . .
})

≤ 2

∫ t

0

α1({un(s) : n = 1, 2, . . .})ds.



August 14, 2023 16:41 ws-book961x669 Basic Theory of Fractional Differential Equations 13289-main page 17

Preliminaries 17

Proposition 1.20. (Bothe, 1998) If W is bounded, then for each ε > 0, there is a

sequence {un}∞n=1 ⊂W , such that

α(W ) ≤ 2α({un}∞n=1) + ε.

1.4.4 Topological Degree

For a minute description of the following notions we refer the reader to Banas̀ and

Goebel, 1980; Deimling, 1985; Heinz, 1983; Lakshmikantham and Leela, 1969.

Definition 1.12. Consider Ω ⊂ X and F : Ω → X a continuous bounded mapping.

We say that F is α-Lipschitz if there exists k ≥ 0 such that

α(F (B)) ≤ kα(B), ∀ B ⊂ Ω bounded.

If, in addition, k < 1, then we say that F is a strict α-contraction.

We say that F is α-condensing if

α(F (B)) < α(B), ∀ B ⊂ Ω bounded with α(B) > 0.

In other words, α(F (B)) ≥ α(B) implies α(B) = 0. The class of all strict α-

contractions F : Ω → X is denoted by SCα(Ω) and the class of all α-condensing

mappings F : Ω → X is denoted by Cα(Ω).

We remark that SCα(Ω) ⊂ Cα(Ω) and every F ∈ Cα(Ω) is α-Lipschitz with

constant k = 1. We also recall that F : Ω → X is Lipschitz if there exists k > 0

such that

|Fx− Fy| ≤ k|x− y|, ∀ x, y ∈ Ω

and that F is a strict contraction if k < 1.

Next, we collect some properties of the applications defined above.

Proposition 1.21. If F ,G : Ω → X are α-Lipschitz mappings with constants k,

k′, respectively, then F + G : Ω → X is α-Lipschitz with constant k + k′.

Proposition 1.22. If F : Ω → X is compact, then F is α-Lipschitz with constant

k = 0.

Proposition 1.23. If F : Ω → X is Lipschitz with constant k, then F is α-

Lipschitz with the same constant k.

The theorem below asserts the existence and the basic properties of the topo-

logical degree for α-condensing perturbations of the identity. For more details, see

Isaia, 2006.

Let

T =
{
(I − F ,Ω, y) : Ω ⊂ X open and bounded,F ∈ Cα(Ω), y ∈ X \ (I − F )(∂Ω)

}
be the family of the admissible triplets.

Theorem 1.1. There exists one degree function D : T → N0 which satisfies the

properties:
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(i) Normalization D(I,Ω, y) = 1 for every y ∈ Ω.

(ii) Additivity on domain For every disjoint, open sets Ω1,Ω2 ⊂ Ω and every y

does not belong to (I − F )(Ω\(Ω1 ∪ Ω2)), we have

D(I − F ,Ω, y) = D(I − F ,Ω1, y) +D(I − F ,Ω2, y).

(iii) Invariance under homotopy D(I −H(t, ·),Ω, y(t)) is independent of t ∈ [0, 1]

for every continuous, bounded mapping H : [0, 1]× Ω → X which satisfies

α(H([0, 1]×B)) < α(B), ∀ B ⊂ Ω with α(B) > 0

and every continuous function y : [0, 1] → x which satisfies

y(t) ̸= x−H(t, x), ∀ t ∈ [0, 1], ∀ x ∈ ∂Ω.

(iv) Existence D(I − F ,Ω, y) ̸= 0 implies y ∈ (I − F )(Ω).

(v) Excision D(I − F ,Ω, y) = D(I − F ,Ω1, y) for every open set Ω1 ⊂ Ω and

every y does not belong to (I − F )(Ω\Ω1).

Having in hand a degree function defined on T , we collect the usability of the a

priori estimate method by means of this degree.

Theorem 1.2. Let F : X → X be α-condensing and

S = {x ∈ X : ∃ λ ∈ [0, 1] such that x = λFx} .

If S is a bounded set in X, so there exists r > 0 such that S ⊂ Br(0), then

D(I − λF , Br(0), 0) = 1, ∀ λ ∈ [0, 1].

Consequently, F has at least one fixed point and the set of the fixed points of F

lies in Br(0).

1.4.5 Picard Operator

Let (X, d) be a metric space and A : X → X an operator. We shall use the following

notations:

P (X) = {Y ⊆ X | Y ̸= ∅}; FA = {x ∈ X | A(x) = x}−the fixed point set of A;

I(A) = {Y ∈ P (X) | A(Y ) ⊆ Y };
OA(x) = {x,A(x), A2(x), ..., An(x), ...}−the A-orbit of x ∈ X;

H : P (X)× P (X) → R+ ∪ {+∞};
H(Y,Z) = max{supa∈Y infb∈Z d(a, b), supb∈Z infa∈Y d(a, b)}

−the Pompeiu-Hausdorff functional on P (X).

Definition 1.13. (Rus, 1987) Let (X, d) be a metric space. An operatorA : X → X

is a Picard operator if there exists x∗ ∈ X such that FA = {x∗} and the sequence

{An(x0)}n∈N converges to x∗ for all x0 ∈ X.

Definition 1.14. (Rus, 1993) Let (X, d) be a metric space. An operatorA : X → X

is a weak Picard operator if the sequence {An(x0)}n∈N converges for all x0 ∈ X

and its limit (which may depend on x0) is a fixed point of A.



August 14, 2023 16:41 ws-book961x669 Basic Theory of Fractional Differential Equations 13289-main page 19

Preliminaries 19

If A is a weak Picard operator, then we consider the operator

A∞ : X → X, A∞(x) = lim
n→∞

An(x).

The following results are useful in what follows.

Definition 1.15. (Rus, 1979) Let (Y, d) be a complete metric space and A,B :

Y → Y two operators. Suppose that:

(i) A is a contraction with contraction constant ρ and FA = {x∗A};
(ii) B has fixed points and x∗B ∈ FB ;

(iii) there exists η > 0 such that d(A(x), B(x)) ≤ η, for all x ∈ Y .

Then d(x∗A, x
∗
B) ≤

η
1−ρ .

Definition 1.16. (Rus and Mureşan, 2000) Let (X, d) be a complete metric space

and A,B : X → X two orbitally continuous operators. Assume that:

(i) there exists ρ ∈ [0, 1) such that

d(A2(x), A(x)) ≤ ρd(x,A(x)), d(B2(x), B(x)) ≤ ρd(x,B(x)), for all x ∈ X;

(ii) there exists η > 0 such that d(A(x), B(x)) ≤ η for all x ∈ X.

Then H(FA, FB) ≤ η
1−ρ , where H denotes the Pompeiu-Hausdorff functional.

Theorem 1.3. (Rus, 1993) Let (X, d) be a metric space. Then A : X → X is a

weak Picard operator if and only if there exists a partition X =
⋃
λ∈ΛXλ of X such

that

(i) Xλ ∈ I(A);

(ii) A |Xλ : Xλ → Xλ is a Picard operator, for all λ ∈ Λ.

1.4.6 Fixed Point Theorems

In this subsection, we present some fixed point theorems which will be used in the

following chapters.

Theorem 1.4. (Banach contraction mapping principle) Let (X, d) be a complete

metric space, and let T : Ω → Ω be a contraction mapping:

d(T x,T y) ≤ kd(x, y),

where 0 < k < 1, for each x, y ∈ Ω. Then, there exists a unique fixed point x of T

in Ω, i.e., T x = x.

Theorem 1.5. (Schauder fixed point theorem) Let X be a Banach space and Ω ⊂ X

a convex and closed set. If T : Ω → Ω is a continuous operator such that T Ω ⊂ X,

T Ω is relatively compact, then T has at least one fixed point in Ω.

Theorem 1.6. (Schaefer fixed point theorem) Let X be a Banach space and let

F : X → X be a completely continuous mapping. Then either
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(i) the equation x = λFx has a solution for λ = 1, or

(ii) the set {x ∈ X : x = λFx for some λ ∈ (0, 1)} is unbounded.

Theorem 1.7. (Darbo-Sadovskii fixed point theorem) If Ω is bounded closed and

convex subset of Banach space X, the continuous mapping T : Ω → Ω is an α-

contraction, then the mapping T has at least one fixed point in Ω.

Theorem 1.8. (Krasnoselskii fixed point theorem) Let X be a Banach space, let Ω

be a bounded closed convex subset of X and let S , T be mappings of Ω into X

such that S z + T w ∈ Ω for every pair z, w ∈ Ω. If S is a contraction and T is

completely continuous, then the equation S z + T z = z has a solution on Ω.

Theorem 1.9. (Nonlinear alternative of Leray-Schauder type) Let C be a nonempty

convex subset of X. Let U be a nonempty open subset of C with 0 ∈ U and F : U → C
be a compact and continuous operator. Then either

(i) F has fixed points, or

(ii) there exist y ∈ ∂U and λ∗ ∈ [0, 1] with y = λ∗F (y).

Theorem 1.10. (O’Regan fixed point theorem) Let U be an open set in a closed,

convex set C of X. Assume 0 ∈ U , T (U) is bounded and T : U → C is given by

T = T1 + T2, where T1 : U → X is completely continuous, and T2 : U → X is a

nonlinear contraction. Then either

(i) T has a fixed point in U , or

(ii) there is a point x ∈ ∂U and λ ∈ (0, 1) with x = λT (x).

A non-empty closed set K in a Banach space X is called a cone if:

(i) K +K ⊆ K;

(ii) λK ⊆ K for λ ∈ R, λ ≥ 0;

(iii) {−K} ∩K = {0}, where 0 is the zero element of X.

We introduce an order relation “ ≤ ” in X as follows. Let z, y ∈ X. Then

z ≤ y if and only if y − z ∈ K. A cone K is called normal if the norm ∥ · ∥X
is semi-monotone increasing on K, that is, there is a constant N > 0 such that

∥z∥X ≤ N∥y∥X for all z, y ∈ K with z ≤ y. It is known that if the cone K is

normal in X, then every order-bounded set in X is norm-bounded. Similarly, the

cone K in X is called regular if every monotone increasing (resp. decreasing) order

bounded sequence in X converges in norm.

For any a, b ∈ X, a ≤ b, the order interval [a, b] is a set in X given by

[a, b] = {z ∈ X : a ≤ z ≤ b}.

Let X and Y be two ordered Banach spaces. A mapping T : X → Y is said

to be nondecreasing or monotone increasing if z ≤ y implies T z ≤ T y for all

z, y ∈ [a, b].
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Theorem 1.11. (Hybrid fixed point theorem) (Dhage, 2006) Let X be a Banach

space and A,B,C : X → X be three monotone increasing operators such that

(i) A is a contraction with contraction constant k < 1;

(ii) B is completely continuous;

(iii) C is totally bounded;

(iv) there exist elements a and b in X such that a ≤ Aa + Ba + Ca and b ≥
Ab+Bb+ Cb with a ≤ b.

Further if the cone K in X is normal, then the operator equation Az+Bz+Cz =

z has a least and a greatest solution in [a, b].

1.4.7 Critical Point Theorems

Let H be a real Banach space and C1(H,RN ) denotes the set of functionals that

are Fréchet differentiable and their Fréchet derivatives are continuous on H.

We need to use the critical point theorems to consider the fractional boundary

value problems. For the reader’s convenience, we state some necessary definitions

and theorems and skip the proofs.

Definition 1.17. (Rabinowitz, 1986) Let ψ ∈ C1(H,RN ). If any sequence

{uk} ⊂ H for which {ψ(uk)} is bounded and ψ′(uk) → 0 as k → ∞ possesses

a convergent subsequence, then we say ψ satisfies Palais-Smale condition (denoted

by (PS) condition for short).

Definition 1.18. (Mawhin and Willem, 1989) Let H be a real Banach space,

ψ : H → R is differentiable and c ∈ R. We say that ψ satisfies the (PS)c condition

if the existence of a sequence {uk} in H such that

ψ(uk) → c, ψ′(uk) → 0,

as k → ∞, implies that c is a critical value of ψ.

Theorem 1.12. (Mawhin and Willem, 1989) Let H be a real Banach space and

I ∈ C1(H,R) satisfies Palais-Smale condition. If I is bounded from below, then

c = infH I is a critical value of I.

Theorem 1.13. (Rabinowitz, 1986) Let H be a real Banach space and I ∈ C1(H,R)
with I even, bounded from below, and satisfy Palais-Smale condition. Suppose that

I(0) = 0, there is a set K ⊂ H such that K is homeomorphic to Sd−1 (unit sphere)

by an odd map, and supK I < 0. Then I possesses at least d distinct pairs of critical

points.

Theorem 1.14. (Mawhin and Willem, 1989) Let H be a real reflexive Banach

space. If the functional ψ : H → RN is weakly lower semi-continuous and coercive,

i.e., lim|z|→∞ ψ(z) = +∞, then there exists z0 ∈ H such that ψ(z0) = infz∈H ψ(z).

Moreover, if ψ is also Fréchet differentiable on H, then ψ′(z0) = 0.
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Let Br be the open ball in H with the radius r and centered at 0 and ∂Br denote

its boundary.

Theorem 1.15. (Mountain pass theorem) (Rabinowitz, 1986) Let H be a real Ba-

nach space and I ∈ C1(H,R) satisfies (PS) condition. Suppose that I satisfies the

following conditions:

(i) I(0) = 0;

(ii) there exist constants ρ, β > 0 such that I|∂Bρ(0) ≥ β;

(iii) there exists e ∈ H \Bρ(0) such that I(e) ≤ 0.

Then I possesses a critical value c ≥ β given by

c = inf
g∈Γ

max
s∈[0,1]

I(g(s)),

where Bρ(0) is an open ball in H of radius ρ centered at 0, and

Γ = {g ∈ C([0, 1], H) : g(0) = 0, g(1) = e}.

Theorem 1.16. (Rabinowitz, 1986) Let H be a real Banach space and I ∈ C1(H,R)
with I even. Suppose that I satisfies Palais-Smale condition, (i), (ii) of Theo-

rem 1.15 and the following condition:

(iv) for each finite-dimensional subspace H ′ ⊂ H, there is r = r(H ′) > 0 such that

I(u) ≤ 0 for u ∈ H ′ \ Br(0), where Br(0) is an open ball in H of radius r

centered at 0.

Then I possesses an unbounded sequence of critical values.

Let X be a reflexive and separable Banach space, then there are ej ∈ X and

e∗j ∈ X∗ such that

X = span{ej : j = 1, 2, ...} and X∗ = span{e∗j : j = 1, 2, ...},

and

⟨e∗i , ej⟩ =

{
1, i = j,

0, i ̸= j.

For convenience, we write

Xj := span{ej}, Yk :=
k⊕
j=1

Xj , Zk :=
∞⊕
j=k

Xj . (1.19)

And let

Bk := {u ∈ Yk : |u| ≤ ρk}, Nk := {u ∈ Zk : |u| = γk}.

Theorem 1.17. (Fountain theorem) (Bartsch, 1993) Suppose:
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(H1) X is a Banach space, φ ∈ C1(X,R) is an even functional, the subspace Xk, Yk
and Zk are defined by (1.19).

If for every k ∈ N, there exist ρk > rk > 0 such that

(H2) ak := max
u∈Yk
|u|=ρk

φ(u) ≤ 0;

(H3) bk := inf
u∈Zk
|u|=rk

φ(u) → ∞, as k → ∞;

(H4) φ satisfies the (PS)c condition for every c > 0.

Then φ has an unbounded sequence of critical values.

Theorem 1.18. (Dual Fountain theorem) (Bartsch, 1993) Assume (H1) is satis-

fied, and there is a k0 > 0 so as to for each k ≥ k0, there exist ρk > rk > 0 such

that

(H5) dk := inf
u∈Zk
|u|≤ρk

φ(u) → 0, as k → ∞;

(H6) ik := max
u∈Yk
|u|=rk

φ(u) < 0;

(H7) inf
u∈Zk
|u|=ρk

φ(u) ≥ 0;

(H8) φ satisfies the (PS)∗c condition for every c ∈ [dk0 , 0).

Then φ has a sequence of negative critical values converging to 0.

Remark 1.5. φ satisfies the (PS)∗c condition means that: if any sequence {unj} ⊂
X such that nj → ∞, unj ∈ Ynj , φ(unj ) → c and (φ|Ynj )

′
(unj ) → 0, then {unj}

contains a subsequence converging to a critical point of φ. It is obvious that if φ

satisfies the (PS)∗c condition, then φ satisfies the (PS)c condition.

LetX be a nonempty set and Φ, Ψ̃ : X → R be two functionals. For r, r1, r2, r3 ∈
R with r1 < supX Φ, r2 > infX Φ, r2 > r1, and r3 > 0, we define

φ(r) := inf
u∈Φ−1(−∞,r)

supu∈Φ−1(−∞,r) Ψ̃(u)− Ψ̃(u)

r − Φ(u)
, (1.20)

β(r1, r2) := inf
u∈Φ−1(−∞,r1)

sup
v∈Φ−1[r1,r2)

Ψ̃(v)− Ψ̃(u)

Φ(v)− Φ(u)
, (1.21)

γ(r2, r3) :=
supu∈Φ−1(−∞,r2+r3) Ψ̃(u)

r3
, (1.22)

α(r1, r2, r3) := max {φ(r1), φ(r2), γ(r2, r3)} . (1.23)

Theorem 1.19. (Averna and Bonanno, 2009; Bonanno and Candito, 2008) Let X

be a reflexive real Banach space, Φ : X → R be a convex, coercive, and continuously
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Gâteaux differentiable functional whose Gâteaux derivative admits a continuous in-

verse on X∗, Ψ̃ : X → R be a continuously Gâteaux differentiable functional whose

Gâteaux derivative is compact, such that

(i) infX Φ = Φ(0) = Ψ̃(0) = 0;

(ii) for every u1, u2 satisfying Ψ̃(u1) ≥ 0 and Ψ̃(u2) ≥ 0, one has

inf
t∈[0,1]

Ψ̃ (tu1 + (1− t)u2) ≥ 0.

Assume further that there exist three positive constants r1, r2 and r3, with r1 < r2,

such that

(iii) α(r1, r2, r3)) < β(r1, r2).

Then, for each λ ∈
(
1/β(r1, r2), 1/α(r1, r2, r3)

)
, the functional Φ − λΨ̃ has three

distinct critical points u1, u2 and u3 such that u1 ∈ Φ−1(−∞, r1), u2 ∈ Φ−1[r1, r2)

and u3 ∈ Φ−1(−∞, r2 + r3).

1.5 Semigroups

1.5.1 C0-Semigroup

Let X be a Banach space and B(X) be the Banach space of linear bounded opera-

tors.

Definition 1.19. A semigroup is a one parameter family {T (t)}t≥0 ⊂ B(X) satis-

fying the conditions:

(i) T (t)T (s) = T (t+ s), for t, s ≥ 0;

(ii) T (0) = I.

Here I denotes the identity operator in X.

Definition 1.20. A semigroup {T (t)}t≥0 is uniformly continuous if

lim
t→0+

∥T (t)− T (0)∥B(X) = 0,

that is if

lim
|t−s|→0

∥T (t)− T (s)∥B(X) = 0.

Definition 1.21. We say that the semigroup {T (t)}t≥0 is a C0-semigroup if the

map t→ T (t)x is strongly continuous, for each x ∈ X, i.e.

lim
t→0+

T (t)x = x, ∀ x ∈ X.

Definition 1.22. Let T (t) be a C0-semigroup defined on X. The infinitesimal

generator A of T (t) is the linear operator defined by

A(x) = lim
t→0+

T (t)x− x

t
, for x ∈ D(A),

where D(A) = {x ∈ X : limt→0+
T (t)x−x

t exists in X}.
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1.5.2 Almost Sectorial Operators

We firstly introduce some special functions and classes of functions which will be

used in the following, for more details, we refer to Markus, 2006; Periago and Straub,

2002.

Let S0
µ with 0 < µ < π be the open sector

{z ∈ C\{0} : |arg z| < µ}
and Sµ be its closure, that is

Sµ = {z ∈ C\{0} : |arg z| ≤ µ} ∪ {0}.
Denote by D(A) the domain of A, by σ(A) its spectrum, while ρ(A) := C−σ(A)

is the resolvent set of A. We state the concept of almost sectorial operators as

follows.

Definition 1.23. (Periago and Straub, 2002) Let −1 < γ < 0 and 0 < ω < π/2.

By Θγω(X) we denote the family of all linear closed operators A : D(A) ⊂ X → X

which satisfy:

(i) σ(A) ⊂ Sω;

(ii) for every ω < µ < π there exists a constant Cµ such that

∥R(z;A)∥B(X) ≤ Cµ|z|γ , for all z ∈ C \ Sµ,
where R(z;A) = (zI−A)−1, z ∈ ρ(A), which are bounded linear operators

the resolvent of A. A linear operator A will be called an almost sectorial

operator on X if A ∈ Θγω(X).

Remark 1.6. Let A ∈ Θγω(X). Then the definition implies that 0 ∈ ρ(A).

Set

Fγ
0 (S

0
µ) =

⋃
s<0

Ψγs (S
0
µ) ∪Ψ0(S

0
µ),

F(S0
µ) = {f ∈ H(S0

µ)| there exist k, n ∈ N such that fψkn ∈ Fγ
0 (S

0
µ)},

where

H(S0
µ) = {f : S0

µ 7→ C| f is holomorphic},
H∞(S0

µ) = {f ∈ H(S0
µ)| f is bounded},

φ0(z) =
1

1 + z
, ψn(z) :=

z

(1 + z)n
, z ∈ C\{−1}, n ∈ N ∪ {0},

Ψ0(S
0
µ) =

{
f ∈ H(S0

µ)
∣∣ sup
z∈S0

µ

∣∣∣∣ f(z)φ0(z)

∣∣∣∣ <∞

}
,

and for each s < 0,

Ψγs (S
0
µ) :=

{
f ∈ H(S0

µ)
∣∣ sup
z∈S0

µ

|ψsn(z)f(z)| <∞

}
,

where n is the smallest integer such that n ≥ 2 and γ + 1 < −(n− 1)s.
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Observe that the classes of functions introduced above satisfy the inclusions

Fγ
0 (S

0
µ) ⊂ H∞(S0

µ) ⊂ F(S0
µ) ⊂ H(S0

µ).

Moreover, taking k, n ∈ N ∪ {0} with n > k, one easily sees that ψkn ∈ Fγ
0 (S

0
µ).

Assume that A ∈ Θγω(X) with −1 < γ < 0 and 0 < ω < π/2. Following Periago

and Straub, 2002 (see also McIntosh, 1986; Cowling, Doust, McIntosh et al., 1996),

a closed linear operator f → f(A) can be constructed for every f ∈ F(S0
µ) via

a extended functional calculus. In the following we give a short overview to this

construction.

For f ∈ Fγ
0 (S

0
µ), via Dunford-Riesz integral, the operator f(A) is defined by

f(A) =
1

2πi

∫
Γθ

f(z)R(z;A)dz, (1.24)

where the integral contour Γθ := {R+e
iθ}∪{R+e

−iθ}, is oriented counter-clockwise

and ω < θ < µ < π. It follows that the integral is absolutely convergent and defines

a bounded linear operator on X, and its value does not depend on the choice of θ.

Notice in particular that for k, n ∈ N ∪ {0} with n > k,

ψkn(A) = Ak(A+ 1)−n

and the operator ψkn(A) is injective. Notice also that if f ∈ F(S0
µ), then there exist

k, n ∈ N such that fψkn ∈ Fγ
0 (S

0
µ). Hence, for f ∈ F(S0

µ), one can define a closed

linear operator, still denoted by f(A),

D(f(A)) = {x ∈ X| (fψkn)(A)x ∈ D(A(n−1)k)},

f(A) = (ψkn(A))
−1(fψkn)(A),

and the definition of f(A) does not depend on the choice of k and n. We emphasize

that f(A) is indeed an extension of the original and the triple (Fγ
0 (S

0
µ),F(S0

µ), f(A))

is called an abstract functional calculus on X (see Markus, 2006).

With respect to this construction we collect some basic properties. For more

details, we refer to Periago and Straub, 2002.

Proposition 1.24. The following assertions hold.

(i) αf(A) + βg(A) = (αf + βg)(A), (fg)(A) = f(A)g(A) for ∀ f, g ∈ Fγ
0 (S

0
µ),

α, β ∈ C;
(ii) f(A)g(A) ⊂ (fg)(A) for ∀ f, g ∈ F(S0

µ), and

(iii) f(A)g(A) = (fg)(A), provided that g(A) is bounded or D((fg)(A)) ⊂
D(g(A)).

Since for each β ∈ C, zβ ∈ F(S0
µ) (z ∈ C \ (−∞, 0], 0 < µ < π), one can define,

via the triple (Fγ
0 (S

0
µ),F(S0

µ), f(A)), the complex powers of A which are closed by

Aβ = zβ(A), β ∈ C.
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However, in difference to the case of sectorial operators, having 0 ∈ ρ(A) does not

imply that the complex powers A−β with Re(β) > 0, are bounded. The operator

A−β belongs to L (X) whenever Re(β) > 1+γ. So, in this situation, the linear space

Xβ := D(Aβ), β > 1 + γ, endowed with the graph norm |x|β = |Aβx|, x ∈ Xβ ,

is a Banach space.

Next, we turn our attention to the semigroup associated with A. Since given

t ∈ S0
π
2 −ω, e

−tz ∈ H∞(S0
µ) satisfies the conditions (a) and (b) of Lemma 2.13 of

Periago and Straub, 2002, the family

T (t) = e−tz(A) =
1

2πi

∫
Γθ

e−tzR(z;A)dz, t ∈ S0
π
2 −ω, (1.25)

here ω < θ < µ < π
2 − |arg t|, forms an analytic semigroup of growth order 1 + γ.

Remark 1.7. From Periago and Straub, 2002, note that if A ∈ Θγω(X), then A

generates a semigroup T (t) with a singular behavior at t = 0 in a sense, called

semigroup of growth 1 + γ. Moreover, the semigroup T (t) is analytic in an open

sector of the complex plane C, but the strong continuity fails at t = 0 for data

which are not sufficiently smooth.

For more properties on T (t), please see the following proposition.

Proposition 1.25. (Periago and Straub, 2002) Let A ∈ Θγω(X) with −1 < γ < 0

and 0 < ω < π/2. Then the following properties remain true.

(i) T (t) is analytic in S0
π
2 −ω and

dn

dtn
T (t) = (−A)nT (t), for all t ∈ S0

π
2 −ω.

(ii) The functional equation T (s+ t) = T (s)T (t) for all s, t ∈ S0
π
2 −ω holds.

(iii) There exists a constant C0 = C0(γ) > 0 such that

∥T (t)∥B(X) ≤ C0t
−γ−1, for all t > 0.

(iv) The range R(T (t)) of T (t), t ∈ S0
π
2 −ω is contained in D(A∞). Particularly,

R(T (t)) ⊂ D(Aβ) for all β ∈ C with Re(β) > 0,

AβT (t)x =
1

2πi

∫
Γθ

zβe−tzR(z;A)xdz, for all x ∈ X,

and hence there exists a constant C ′ = C ′(γ, β) > 0 such that

∥AβT (t)∥B(X) ≤ C ′t−γ−Re(β)−1, for all t > 0.

(v) If β > 1+γ, then D(Aβ) ⊂ ΣT , where ΣT is the continuity set of the semigroup

{T (t)}t≥0, that is,

ΣT =

{
x ∈ X

∣∣ lim
t→0+

T (t)x = x

}
.
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Remark 1.8. We note that the condition (ii) of the proposition does not satisfy

for t = 0 or s = 0.

Recall that semigroups of growth 1+γ were investigated earlier in deLaubenfels,

1994 and Toropova, 2003.

The relation between the resolvent operators of A and the semigroup T (t) is

characterized by

Proposition 1.26. (Periago and Straub, 2002) Let A ∈ Θγω(X) with −1 < γ < 0

and 0 < ω < π/2. Then for every λ ∈ C with Re(λ) > 0, one has

R(λ;−A) =
∫ ∞

0

e−λtT (t)dt.
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Chapter 2

Fractional Functional Differential
Equations

2.1 Introduction

The main objective of this chapter is to present a unified framework to investi-

gate the basic existence theory for a variety of fractional functional differential

equations with applications. As far as we know, many complex processes in na-

ture and technology are described by functional differential equations which are

dominant nowadays because the functional components in equations allow one to

consider prehistory or after-effect influence. Various classes of functional differential

equations are of fundamental importance in many problems arising in bionomics,

epidemiology, electronics, theory of neural networks, automatic control, etc. Quite

long ago delay differential equations had shown their efficiency in the study of the

behavior of real populations. One can show that even though the delay terms oc-

curring in the equations are unbounded, the domain of the initial data (past history

or memory) may be finite or infinite. Consequently, those two cases need to be

discussed independently. Moreover, one can consider functional differential equa-

tions so that the delay terms also occur in the derivative of the unknown solution.

Since the general formulation of such a problem is difficult to state, a special kind

of equations called neutral functional differential equations has been introduced.

On the other hand, fractional calculus is one of the best tools to characterize

long-memory processes and materials, anomalous diffusion, long-range interactions,

long-term behaviors, power laws, allometric scaling laws, and so on. So the cor-

responding mathematical models are fractional differential equations. Their evo-

lutions behave in a much more complicated way so to study the corresponding

dynamics is much more difficult. Although the existence theorems for the frac-

tional differential equations can be similarly obtained, not all the classical theory of

differential equation can be directly applied to the fractional differential equations.

Hence, a somewhat theoretical frame needs to be established.

In Section 2.2, we discuss the existence and uniqueness of solutions and the

existence of extremal solutions of initial value problem for the fractional neutral

differential equations with bounded delay. Section 2.3 is devoted to study of

the basic existence theory for fractional p-type neutral differential equations with

29
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unbounded delay but finite memory. In Section 2.4, we present a unified treatment

of fundamental existence theory of fractional neutral differential equations with in-

finite memory. In Section 2.5, we consider a fractional iterative functional differen-

tial equation with parameter. Some theorems to prove the existence of the iterative

series solutions are presented under some natural conditions. In Section 2.6, we

discuss oscillation and existence of nonoscillatory solutions of fractional functional

differential equations.

2.2 Neutral Equations with Bounded Delay

2.2.1 Introduction

Let I0 = [−τ, 0], τ > 0, t0 ≥ 0 and I = [t0, t0+σ], σ > 0 be two closed and bounded

intervals in R. Denote J = [t0 − τ, t0 + σ].

Let C = C(I0,Rn) be the space of continuous functions on I0. For any element

φ ∈ C, define the norm

∥φ∥∗ = sup
θ∈I0

|φ(θ)|.

If z ∈ C(J,Rn), then for any t ∈ I define zt ∈ C by

zt(θ) = z(t+ θ), θ ∈ [−τ, 0].

Consider the initial value problems (fractional IVP for short) of fractional neutral

functional differential equations with bounded delay of the form{
C
t0D

α
t (x(t)− k(t, xt)) = F (t, xt), a.e. t ∈ (t0, t0 + σ],

xt0 = φ,
(2.1)

where Ct0D
α
t is Caputo fractional derivative of order 0 < α < 1, F : I × C → Rn is a

given function satisfying some assumptions that will be specified later, and φ ∈ C.
In Subsection 2.2.2, we establish the existence and uniqueness theorems of frac-

tional IVP (2.1). In Subsection 2.2.3, we discuss the existence of extremal solutions

for fractional IVP (2.1). We firstly give the definitions of L
1
β -Carathéodory, L

1
γ -

Chandrabhan and L
1
δ -Lipschitz, where β, γ, δ are some given numbers. Next, we

apply Hybrid fixed point theorem to prove the existence results of extremal solu-

tions for fractional IVP (2.1) under L
1
β -Carathéodory, L

1
γ -Chandrabhan and L

1
δ -

Lipschitz conditions. We do not require the continuity of the nonlinearity involved

in the equation (2.1). In the end, we will present an example to illustrate our main

results.

2.2.2 Existence and Uniqueness

Let A(σ, γ) = {x ∈ C([t0−τ, t0+σ],Rn) : xt0 = φ, supt0≤t≤t0+σ |x(t)−φ(0)| ≤ γ},
where σ, γ are positive constants.

Before stating and proving the main results, we introduce the following hypothe-

ses:
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(H1) F (t, φ) is measurable with respect to t on I;

(H2) F (t, φ) is continuous with respect to φ on C(I0,Rn);
(H3) there exist α1 ∈ (0, α) and a real-valued function m(t) ∈ L

1
α1 I such that for

any x ∈ A(σ, γ), |F (t, xt)| ≤ m(t), for t ∈ I;

(H4) for any x ∈ A(σ, γ), k(t, xt) = k1(t, xt) + k2(t, xt);

(H5) k1 is continuous and for any x′, x′′ ∈ A(σ, γ), t ∈ I

|k1(t, x′t)− k1(t, x
′′
t )| ≤ l∥x′ − x′′∥, where l ∈ (0, 1);

(H6) k2 is completely continuous and for any bounded set Λ in A(σ, γ), the set

{t→ k2(t, xt) : x ∈ Λ} is equicontinuous in C(I,Rn).

Lemma 2.1. If there exist σ ∈ (0, a) and γ ∈ (0,∞) such that (H1)-(H3) are

satisfied, then for t ∈ (t0, t0 + σ], fractional IVP (2.1) is equivalent to the following

equationx(t) = φ(0)− k(t0, φ) + k(t, xt) +
1

Γ(α)

∫ t

t0

(t− s)α−1F (s, xs)ds, t ∈ (t0, t0 + σ],

xt0 = φ.
(2.2)

Proof. First, it is easy to obtain that F (t, xt) is Lebesgue measurable on I ac-

cording to conditions (H1) and (H2). A direct calculation gives that (t − s)α−1 ∈
L

1
1−α1 ([t0, t],R), for t ∈ I. In the light of Hölder inequality and (H3), we obtain

that (t− s)α−1F (s, xs) is Lebesgue integrable with respect to s ∈ [t0, t] for all t ∈ I

and x ∈ A(σ, γ), and∫ t

t0

|(t− s)α−1F (s, xs)|ds ≤ ∥(t− s)α−1∥
L

1
1−α1 [t0,t]

∥m∥
L

1
α1 I

. (2.3)

According to Definitions 1.1 and 1.3, it is easy to see that if x is a solution of the

fractional IVP (2.1), then x is a solution of the equation (2.2).

On the other hand, if (2.2) is satisfied, then for every t ∈ (t0, t0 + σ], we have

C
t0D

α
t (x(t)− k(t, xt)) =

C
t0D

α
t

(
φ(0)− k(t0, φ) +

1

Γ(α)

∫ t

t0

(t− s)α−1F (s, xs)ds

)
= C
t0D

α
t

(
1

Γ(α)

∫ t

t0

(t− s)α−1F (s, xs)ds

)
= C
t0D

α
t

(
t0D

−α
t F (t, xt)

)
= t0D

α
t

(
t0D

−α
t F (t, xt)

)
− t0D

−α
t F (t, xt)

∣∣
t=t0

(t− t0)
−α

Γ(1− α)

= F (t, xt)− t0D
−α
t F (t, xt)

∣∣
t=t0

(t− t0)
−α

Γ(1− α)
.

According to (2.3), we know that t0D
−α
t F (t, xt)

∣∣
t=t0

= 0, which means that
C
t0D

α
t (x(t)− k(t, xt)) = F (t, xt), t ∈ (t0, t0 + σ], and this completes the proof.
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Theorem 2.1. Assume that there exist σ ∈ (0, a) and γ ∈ (0,∞) such that (H1)-

(H6) are satisfied. Then the fractional IVP (2.1) has at least one solution on [t0, t0+

η] for some positive number η.

Proof. According to (H4), the equation (2.2) is equivalent to the following equation
x(t) = φ(0)− k1(t0, φ)− k2(t0, φ) + k1(t, xt) + k2(t, xt)

+
1

Γ(α)

∫ t

t0

(t− s)α−1F (s, xs)ds, t ∈ I,

xt0 = φ.

Let φ̃ ∈ A(σ, γ) be defined as φ̃t0 = φ, φ̃(t0 + t) = φ(0) for all t ∈ [0, σ]. If x is a

solution of the fractional IVP (2.1), let x(t0+ t) = φ̃(t0+ t)+y(t), t ∈ [−τ, σ], then
we have xt0+t = φ̃t0+t + yt, t ∈ [0, σ]. Thus y satisfies the equation

y(t) =− k1(t0, φ)− k2(t0, φ) + k1(t0 + t, yt + φ̃t0+t) + k2(t0 + t, yt + φ̃t0+t)

+
1

Γ(α)

∫ t

0

(t− s)α−1F (t0 + s, ys + φ̃t0+s)ds, t ∈ [0, σ].
(2.4)

Since k1, k2 are continuous and xt is continuous in t, there exists σ′ > 0, when

0 < t < σ′,

|k1(t0 + t, yt + φ̃t0+t)− k1(t0, φ)| <
γ

3
, (2.5)

and

|k2(t0 + t, yt + φ̃t0+t)− k2(t0, φ)| <
γ

3
. (2.6)

Choose

η = min

{
σ, σ′,

(
γΓ(α)(1 + β)1−α1

3M

) 1
(1+β)(1−α1)

}
(2.7)

where β = α−1
1−α1

∈ (−1, 0) and M = ∥m∥
L

1
α1 I

.

Define E(η, γ) as follows

E(η, γ) = {y ∈ C([−τ, η],Rn) : y(s) = 0 for s ∈ [−τ, 0] and ∥y∥ ≤ γ}.

Then E(η, γ) is a closed bounded and convex subset of C([−τ, σ],Rn). On E(η, γ)

we define the operators S and U as follows

(Sy)(t) =

{
0, t ∈ [−τ, 0],
− k1(t0, φ) + k1(t0 + t, yt + φ̃t0+t), t ∈ [0, η],

(Uy)(t) =


0, t ∈ [−τ, 0],
− k2(t0, φ) + k2(t0 + t, yt + φ̃t0+t)

+
1

Γ(α)

∫ t

0

(t− s)α−1F (t0 + s, ys + φ̃t0+s)ds, t ∈ [0, η].
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It is easy to see that the operator equation

y = Sy + Uy (2.8)

has a solution y ∈ E(η, γ) if and only if y is a solution of the equation (2.4). Thus

x(t0 + t) = y(t) + φ̃(t0 + t) is a solution of the equation (2.1) on [0, η]. Therefore,

the existence of a solution of the fractional IVP (2.1) is equivalent that (2.8) has a

fixed point in E(η, γ).

Now we show that S +U has a fixed point in E(η, γ). The proof is divided into

three steps.

Claim I. Sz + Uy ∈ E(η, γ) for every pair z, y ∈ E(η, γ).

In fact, for every pair z, y ∈ E(η, γ), Sz + Uy ∈ C([−τ, η],Rn). Also, it is

obvious that (Sz + Uy)(t) = 0, t ∈ [−τ, 0].
Moreover, for t ∈ [0, η], by (2.5)-(2.7) and the condition (H3), we have

|(Sz)(t) + (Uy)(t)|
≤ |− k1(t0, φ) + k1(t0 + t, zt + φ̃t0+t)|+ | − k2(t0, φ) + k2(t0 + t, yt + φ̃t0+t)|

+
1

Γ(α)

∫ t

0

|(t− s)α−1F (t0 + s, ys + φ̃t0+s)|ds

≤ 2γ

3
+

1

Γ(α)

(∫ t

0

(t− s)
α−1
1−α1 ds

)1−α1
(∫ t0+t

t0

(m(s))
1
α1 ds

)α1

≤ 2γ

3
+

1

Γ(α)

(∫ t

0

(t− s)
α−1
1−α1 ds

)1−α1
(∫ t0+σ

t0

(m(s))
1
α1 ds

)α1

≤ 2γ

3
+

Mη(1+β)(1−α1)

Γ(α)(1 + β)1−α1

≤ γ.

Therefore,

∥Sz + Uy∥ = sup
t∈[0,η]

|(Sz)(t) + (Uy)(t)| ≤ γ,

which means that Sz + Uy ∈ E(η, γ) for any z, y ∈ E(η, γ).

Claim II. S is a contraction on E(η, γ).

For any y′, y′′ ∈ E(η, γ), y′t + φ̃t0+t, y
′′
t + φ̃t0+t ∈ A(δ, γ). So by (H5), we get

that

|(Sy′)(t)− (Sy′′)(t)| = |k1(t0 + t, y′t + φ̃t0+t)− k1(t0 + t, y′′t + φ̃t0+t)|
≤ l∥y′ − y′′∥,

which implies that

∥Sy′ − Sy′′∥ ≤ l∥y′ − y′′∥.
In view of 0 < l < 1, S is a contraction on E(η, γ).

Claim III. U is a completely continuous operator.

Let

(U1y)(t) =

{
0, t ∈ [−τ, 0],
− k2(t0, φ) + k2(t0 + t, yt + φ̃t0+t), t ∈ [0, η]
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and

(U2y)(t) =


0, t ∈ [−τ, 0],
1

Γ(α)

∫ t

0

(t− s)α−1F (t0 + s, ys + φ̃t0+s)ds, t ∈ [0, η].

Clearly, U = U1 + U2.

Since k2 is completely continuous, U1 is continuous and {U1y : y ∈ E(η, γ)}
is uniformly bounded. From the condition that the set {t → k2(t, xt) : x ∈ Λ}
is equicontinuous for any bounded set Λ in A(σ, γ), we can conclude that U1 is a

completely continuous operator.

On the other hand, for any t ∈ [0, η], we have

|(U2y)(t)| ≤
1

Γ(α)

∫ t

0

(t− s)α−1|F (t0 + s, ys + φ̃t0+s)|ds

≤ 1

Γ(α)

(∫ t

0

(t− s)
α−1
1−α1 ds

)1−α1
(∫ t0+t

t0

(m(s))
1
α1 ds

)α1

≤ Mη(1+β)(1−α1)

Γ(α)(1 + β)1−α1
.

Hence, {U2y : y ∈ E(η, γ)} is uniformly bounded.

Now, we will prove that {U2y : y ∈ E(η, γ)} is equicontinuous. For any 0 ≤
t1 < t2 ≤ η and y ∈ E(η, γ), we get that

|(U2y)(t2)− (U2y)(t1)|

=

∣∣∣∣ 1

Γ(α)

∫ t1

0

(
(t2 − s)

α−1 − (t1 − s)
α−1

)
F (t0 + s, ys + φ̃t0+s)ds

+
1

Γ(α)

∫ t2

t1

(t2 − s)
α−1

F (t0 + s, ys + φ̃t0+s)ds

∣∣∣∣
≤ 1

Γ(α)

∫ t1

0

(
(t1 − s)

α−1 − (t2 − s)
α−1

)
|F (t0 + s, ys + φ̃t0+s)|ds

+
1

Γ(α)

∫ t2

t1

(t2 − s)
α−1|F (t0 + s, ys + φ̃t0+s)|ds

≤ M

Γ(α)

(∫ t1

0

(
(t1 − s)α−1 − (t2 − s)α−1

) 1
1−α1

ds

)1−α1

+
M

Γ(α)

(∫ t2

t1

(
(t2 − s)α−1

) 1
1−α1

ds

)1−α1

≤ M

Γ(α)

(∫ t1

0

(t1 − s)β − (t2 − s)βds

)1−α1

+
M

Γ(α)

(∫ t2

t1

(t2 − s)βds

)1−α1

≤ M

Γ(α)(1 + β)1−α1

(
t1+β1 − t1+β2 + (t2 − t1)

1+β
)1−α1

+
M

Γ(α)(1 + β)1−α1
(t2 − t1)

(1+β)(1−α1)
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≤ 2M

Γ(α)(1 + β)1−α1
(t2 − t1)

(1+β)(1−α1),

which means that {U2y : y ∈ E(η, γ)} is equicontinuous. Moreover, it is clear that

U2 is continuous. So U2 is a completely continuous operator. Then U = U1 + U2 is

a completely continuous operator.

Therefore, Krasnoselskii fixed point theorem shows that S+U has a fixed point

on E(η, γ), and hence the fractional IVP (2.1) has a solution x(t) = φ(0)+y(t− t0)
for all t ∈ [t0, t0 + η].

In the case where k1 ≡ 0, we get the following result.

Corollary 2.1. Assume that there exist σ ∈ (0, a) and γ ∈ (0,∞) such that (H1)-

(H3) hold and

(H5)′ k is continuous and for any x′, x′′ ∈ A(σ, γ), t ∈ I

|k(t, x′t)− k(t, x′′t )| ≤ l∥x′ − x′′∥, where l ∈ (0, 1).

Then fractional IVP (2.1) has at least one solution on [t0, t0 + η] for some positive

number η.

In the case where k2 ≡ 0, we have the following result.

Corollary 2.2. Assume that there exist σ ∈ (0, a) and γ ∈ (0,∞) such that (H1)-

(H3) hold and

(H6)′ k is completely continuous and for any bounded set Λ in A(σ, γ), the set

{t→ k(t, xt) : x ∈ Λ} is equicontinuous on C(I,Rn).

Then fractional IVP (2.1) has at least one solution on [t0, t0 + η] for some positive

number η.

2.2.3 Extremal Solutions

Define the order relation “ ≤ ” by the cone K in C(J,Rn), given by

K = {z ∈ C(J,Rn) | z(t) ≥ 0 for all t ∈ J}.
Clearly, the cone K is normal in C(J,Rn). Note that the order relation “ ≤ ”

in C(J,Rn) also induces the order relation in the space C which we also denote by

“ ≤ ” itself when there is no confusion.

We give the following definitions in the sequel.

Definition 2.1. A mapping f : I × C → Rn is called L
1
δ -Lipschitz if

(i) t 7→ f(t, z) is Lebesgue measurable for each z ∈ C;
(ii) there exist a constant δ ∈ [0, α) and a function l ∈ L

1
δ (I,R+) such that

|f(t, z)− f(t, y)| ≤ l(t)∥z − y∥∗, a.e. t ∈ I

for all z, y ∈ C.
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Definition 2.2. A mapping g : I × C → Rn is said to be Carathéodory if

(i) t 7→ g(t, z) is Lebesgue measurable for each z ∈ C;
(ii) z 7→ g(t, z) is continuous almost everywhere for t ∈ I.

Furthermore, a Carathéodory function g(t, z) is called L
1
β -Carathéodory if

(iii) for each real number r > 0, there exist a constant β ∈ [0, α) and a function

mr ∈ L
1
β (I,R+) such that

|g(t, z)| ≤ mr(t), a.e. t ∈ I

for all z ∈ C with ∥z∥∗ ≤ r.

Definition 2.3. A mapping h : I × C → Rn is said to be Chandrabhan if

(i) t 7→ h(t, z) is Lebesgue measurable for each z ∈ C;
(ii) z 7→ h(t, z) is nondecreasing almost everywhere for t ∈ I.

Furthermore, a Chandrabhan function h(t, z) is called L
1
γ -Chandrabhan if

(iii) for each real number r > 0, there exist a constant γ ∈ [0, α) and a function

wr ∈ L
1
γ (I,R+) such that

|h(t, z)| ≤ wr(t), a.e. t ∈ I

for all z ∈ C with ∥z∥∗ ≤ r.

Definition 2.4. A function x ∈ C(J,Rn) is called a solution of fractional IVP (2.1)

on J if

(i) the function [x(t)− k(t, xt)] is absolutely continuous on I;

(ii) xt0 = φ, and

(iii) x satisfies the equation in (2.1).

Definition 2.5. A function a ∈ C(J,Rn) is called a lower solution of fractional

IVP (2.1) on J if the function [a(t)− k(t, at)] is absolutely continuous on I, and{
C
t0D

α
t (a(t)− k(t, at)) ≤ F (t, at), a.e. t ∈ (t0, t0 + σ]

at0 ≤ φ.

Again, a function b ∈ C(J,Rn) is called an upper solution of fractional IVP (2.1)

on J if the function [b(t)− k(t, bt)] is absolutely continuous on I, and{
C
t0D

α
t (b(t)− k(t, bt)) ≥ F (t, bt), a.e. t ∈ (t0, t0 + σ]

bt0 ≥ φ.

Finally, a function x ∈ C(J,Rn) is a solution of fractional IVP (2.1) on J if it is

a lower as well as a upper solution of fractional IVP (2.1) on J .

Definition 2.6. A solution xM of fractional IVP (2.1) is said to be maximal if for

any other solution x to fractional IVP (2.1), one has x(t) ≤ xM (t) for all t ∈ J .

Again, a solution xm of fractional IVP (2.1) is said to be minimal if xm(t) ≤ x(t)

for all t ∈ J , where x is any solution for fractional IVP (2.1) on J .
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We need the following hypotheses in the sequel.

(F1) F (t, zt) = f(t, zt) + g(t, zt) + h(t, zt), where f, g, h : I × C → Rn;
(F2) fractional IVP (2.1) has a lower solution a and an upper solution b with a ≤ b;

(k0) k(t, z) is continuous with respect to t on I for any z ∈ C;
(k1) |k(t, z)− k(t, y)| ≤ k0∥z − y∥∗, for z, y ∈ C, t ∈ I, where k0 > 0;

(k2) k(t, z) is nondecreasing with respect to z for any z ∈ C and almost all t ∈ I;

(f1) f is L
1
δ -Lipschitz, and there exists η ∈ [0, α) such that |f(t, 0)| ∈ L

1
η (I,R+);

(f2) f(t, z) is nondecreasing with respect to z for any z ∈ C and almost all t ∈ I;

(g1) g is L
1
β -Carathéodory;

(g2) g(t, z) is nondecreasing with respect to z for any z ∈ C and almost all t ∈ I;

(h1) h is L
1
γ -Chandrabhan.

For any positive constant r, let Br = {z ∈ C(J,Rn) : ∥z∥ ≤ r}. Set

q1 =
α− 1

1− δ
∈ (−1, 0), L = ∥l∥

L
1
δ I

and

q2 =
α− 1

1− β
∈ (−1, 0), Mr = ∥mr∥

L
1
β I
.

In order to prove our main results, we need the following lemma.

Lemma 2.2. Assume that the hypotheses (F1), (f1), (g1) and (h1) hold. x ∈
C(J,Rn) is a solution for fractional IVP (2.1) on J if and only if x satisfies the

following relationx(t) = φ(0) + k(t, xt)− k(t0, φ) +
1

Γ(α)

∫ t

t0

(t− s)α−1F (s, xs)ds, for t ∈ I,

x(t0 + θ) = φ(θ), for θ ∈ I0.
(2.9)

Proof. For any positive constant r and x ∈ Br, since xt is continuous in t, according

to (g1) and Definition 2.2(i)-(ii), g(t, xt) is a measurable function on I. Direct

calculation gives that (t − s)α−1 ∈ L
1

1−β [t0, t], for t ∈ I and β ∈ [0, α). By using

Lemma 1.1 (Hölder inequality) and Definition 2.2(iii), for t ∈ I, we obtain that∫ t

t0

|(t− s)α−1g(s, xs)|ds ≤
(∫ t

t0

(t− s)
α−1
1−β ds

)1−β

∥mr∥
L

1
β [t0,t]

=

(∫ t

t0

(t− s)q2ds

)1−β

∥mr∥
L

1
β [t0,t]

≤ Mr

(1 + q2)1−β
σ(1+q2)(1−β),

which means that (t−s)α−1g(s, xs) is Lebesgue integrable with respect to s ∈ [t0, t]

for all t ∈ I and x ∈ Br.
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According to (f1), for t ∈ I and x ∈ Br, we get that

|f(t, xt)| ≤ l(t)∥xt∥∗ + |f(t, 0)| ≤ l(t)r + |f(t, 0)|.

Using the similar argument and noting that (f1) and (h1), we can get that (t −
s)α−1f(s, xs) and (t−s)α−1h(s, xs) are Lebesgue integrable with respect to s ∈ [t0, t]

for all t ∈ I and x ∈ Br. Thus, according to (F1), we get that (t− s)α−1F (s, xs) is

Lebesgue integrable with respect to s ∈ [t0, t] for all t ∈ I and x ∈ Br.

Let G(θ, s) = (t− θ)−α|θ− s|α−1mr(s). Since G(θ, s) is a nonnegative, measur-

able function on D = [t0, t]× [t0, t] for t ∈ I, we have∫ t

t0

(∫ t

t0

G(θ, s)ds

)
dθ =

∫
D

G(θ, s)dsdθ =

∫ t

t0

(∫ t

t0

G(θ, s)dθ

)
ds

and ∫
D

G(θ, s)dsdθ =

∫ t

t0

(∫ t

t0

G(θ, s)ds

)
dθ

=

∫ t

t0

(t− θ)−α
(∫ t

t0

|θ − s|α−1mr(s)ds

)
dθ

=

∫ t

t0

(t− θ)−α
(∫ θ

t0

(θ − s)α−1mr(s)ds

)
dθ

+

∫ t

t0

(t− θ)−α
(∫ t

θ

(s− θ)α−1mr(s)ds

)
dθ

≤ 2Mr

(1 + q2)1−β
σ(1+q2)(1−β)

∫ t

t0

(t− θ)−αdθ

≤ 2Mr

(1− α)(1 + q2)1−β
σ(1+q2)(1−β)+1−α.

Therefore, G1(θ, s) = (t− θ)−α(θ − s)α−1g(s, xs) is a Lebesgue integrable function

on D = (t0, t)× (t0, t), then we have∫ t

t0

dθ

∫ θ

t0

G1(θ, s)ds =

∫ t

t0

ds

∫ t

s

G1(θ, s)dθ.

We now prove that

t0D
α
t

(
t0D

−α
t F (t, xt)

)
= F (t, xt), for t ∈ (t0, t0 + σ].

Indeed, we have

t0D
α
t

(
t0D

−α
t g(t, xt)

)
=

1

Γ(1− α)Γ(α)

d

dt

∫ t

t0

(t− θ)−α
(∫ θ

t0

(θ − s)α−1g(s, xs)ds

)
dθ

=
1

Γ(1− α)Γ(α)

d

dt

∫ t

t0

dθ

∫ θ

t0

G1(θ, s)ds

=
1

Γ(1− α)Γ(α)

d

dt

∫ t

t0

ds

∫ t

s

G1(θ, s)dθ
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=
1

Γ(1− α)Γ(α)

d

dt

∫ t

t0

g(s, xs)ds

∫ t

s

(t− θ)−α(θ − s)α−1dθ

=
d

dt

∫ t

t0

g(s, xs)ds

= g(t, xt), for t ∈ (t0, t0 + σ].

Similarly, we can get

t0D
α
t

(
t0D

−α
t f(t, xt)

)
= f(t, xt), t0D

α
t

(
t0D

−α
t h(t, xt)

)
= h(t, xt), for t ∈ (t0, t0+σ],

which implies

t0D
α
t

(
t0D

−α
t F (t, xt)

)
= F (t, xt), for t ∈ (t0, t0 + σ].

If x satisfies the relation (2.9), then we get that x(t) − k(t, xt) is absolutely

continuous on I. In fact, for any disjoint family of open intervals {(ai, bi)}1≤i≤n on

I with
∑n
i=1(bi − ai) → 0, we have

n∑
i=1

1

Γ(α)

∣∣∣∣ ∫ bi

t0

(bi − s)α−1g(s, xs)ds−
∫ ai

t0

(ai − s)α−1g(s, xs)ds

∣∣∣∣
≤

n∑
i=1

1

Γ(α)

∣∣∣∣ ∫ bi

ai

(bi − s)α−1g(s, xs)ds

∣∣∣∣
+

n∑
i=1

1

Γ(α)

∣∣∣∣ ∫ ai

t0

(bi − s)α−1g(s, xs)ds−
∫ ai

t0

(ai − s)α−1g(s, xs)ds

∣∣∣∣
≤

n∑
i=1

1

Γ(α)

∫ bi

ai

(bi − s)α−1mr(s)ds

+
n∑
i=1

1

Γ(α)

∫ ai

t0

((ai − s)α−1 − (bi − s)α−1)mr(s)ds

≤
n∑
i=1

1

Γ(α)

(∫ bi

ai

(bi − s)
α−1
1−β ds

)1−β

∥mr∥
L

1
β I

+
n∑
i=1

1

Γ(α)

(∫ ai

t0

(
(ai − s)

α−1
1−β − (bi − s)

α−1
1−β

)
ds

)1−β

∥mr∥
L

1
β I

≤
n∑
i=1

(bi − ai)
(1+q2)(1−β)

Γ(α)(1 + q2)1−β
∥mr∥

L
1
β I

+
n∑
i=1

(a1+q2i − b1+q2i + (bi − ai)
1+q2)1−β

Γ(α)(1 + q2)1−β
∥mr∥

L
1
β I

≤ 2
n∑
i=1

(bi − ai)
(1+q2)(1−β)

Γ(α)(1 + q2)1−β
Mr

→ 0.
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Using the similar method, as
∑n
i=1(bi − ai) → 0, we can get that

n∑
i=1

1

Γ(α)

∣∣∣∣ ∫ bi

t0

(bi − s)α−1f(s, xs)ds−
∫ ai

t0

(ai − s)α−1f(s, xs)ds

∣∣∣∣→ 0

and
n∑
i=1

1

Γ(α)

∣∣∣∣ ∫ bi

t0

(bi − s)α−1h(s, xs)ds−
∫ ai

t0

(ai − s)α−1h(s, xs)ds

∣∣∣∣→ 0.

Hence,
∑n
i=1 ∥x(bi) − k(bi, xbi) − x(ai) + k(ai, xai)∥ → 0, as

∑n
i=1(bi − ai) → 0.

Therefore, x(t) − k(t, xt) is absolutely continuous on I which implies that x(t) −
k(t, xt) is differentiable for almost all t ∈ I. According to the argument above, for

almost all t ∈ (t0, t0 + σ], we have

C
t0D

α
t (x(t)− k(t, xt)) =

C
t0D

α
t

(
φ(0)− k(t0, φ) +

1

Γ(α)

∫ t

t0

(t− s)α−1F (s, xs)ds

)
= C
t0D

α
t

(
1

Γ(α)

∫ t

t0

(t− s)α−1F (s, xs)ds

)
= C
t0D

α
t

(
t0D

−α
t F (t, xt)

)
= t0D

α
t

(
t0D

−α
t F (t, xt)

)
− t0D

−α
t F (t, xt)

∣∣
t=t0

(t− t0)
−α

Γ(1− α)

= F (t, xt)− t0D
−α
t F (t, xt)

∣∣
t=t0

(t− t0)
−α

Γ(1− α)
.

Since (t−s)α−1F (s, xs) is Lebesgue integrable with respect to s ∈ [t0, t] for all t ∈ I,

we know that t0D
−α
t F (t, xt)

∣∣
t=t0

= 0, which means that Ct0D
q
tx(t) = F (t, xt), a.e. t ∈

(t0, t0 + σ]. Hence, x ∈ C(J,Rn) is a solution of fractional IVP (2.1). On the other

hand, it is obvious that if x ∈ C(J,Rn) is a solution of fractional IVP (2.1), then x

satisfies the relation (2.9), and this completes the proof.

Theorem 2.2. Assume that the hypotheses (F1), (F2), (k0)-(k2), (f1), (f2), (g1),

(g2) and (h1) hold. Then fractional IVP (2.1) has a minimal and a maximal solution

in [a, b] defined on J provided that

k0 +
Lσ(1+q1)(1−δ)

Γ(α)(1 + q1)1−δ
< 1. (2.10)

Proof. Define three operators A, B and C on C(J,Rn) as follows(Ax)(t) = k(t, xt)− k(t0, φ) +
1

Γ(α)

∫ t

t0

(t− s)α−1f(s, xs)ds, for t ∈ I,

(Ax)(t0 + θ) = 0, for θ ∈ I0,(Bx)(t) = φ(0) +
1

Γ(α)

∫ t

t0

(t− s)α−1g(s, xs)ds, for t ∈ I,

(Bx)(t0 + θ) = φ(θ), for θ ∈ I0,
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and (Cx)(t) =
1

Γ(α)

∫ t

t0

(t− s)α−1h(s, xs)ds, for t ∈ I,

(Cx)(t0 + θ) = 0, for θ ∈ I0,

where x ∈ C(J,Rn).
Obviously, Ax+Bx+Cx ∈ C(J,Rn) for every x ∈ C(J,Rn). From Lemma 2.2,

we get that fractional IVP (2.1) is equivalent to the operator equation (Ax)(t) +

(Bx)(t) + (Cx)(t) = x(t) for t ∈ J . Now we show that the operator equation

Ax+Bx+Cx = x has a least and a greatest solution in [a, b]. The proof is divided

into three steps.

Claim I. A is a contraction in C(J,Rn).
For any x, y ∈ C(J,Rn) and t ∈ I, according to (k1) and (f1), we have

|(Ax)(t)− (Ay)(t)| ≤ |k(t, xt)− k(t, yt)|+
1

Γ(α)

∫ t

t0

(t− s)α−1|f(s, xs)− f(s, ys)|ds

≤ k0∥xt − yt∥∗ +
1

Γ(α)

∫ t

t0

(t− s)α−1l(s)∥xs − ys∥∗ ds

≤ k0∥x− y∥+ 1

Γ(α)

(∫ t

t0

(t− s)
α−1
1−δ ds

)1−δ

∥l∥
L

1
δ [t0,t]

∥x− y∥

≤ k0∥x− y∥+ Lσ(1+q1)(1−δ)

Γ(α)(1 + q1)1−δ
∥x− y∥

=

(
k0 +

Lσ(1+q1)(1−δ)

Γ(α)(1 + q1)1−δ

)
∥x− y∥,

which implies that ∥Ax − Ay∥ ≤
(
k0 + Lσ(1+q1)(1−δ)

Γ(α)(1+q1)1−δ

)
∥x − y∥. Therefore, A is a

contraction in C(J,Rn) according to (2.10).

Claim II. B is a completely continuous operator and C is a totally bounded

operator.

For any x ∈ C(J,Rn), we can choose a positive constant r such that ∥x∥ ≤ r.

Firstly, we will prove that B is continuous on Br. For xn, x ∈ Br, n = 1, 2, ... with

limn→∞ ∥xn − x∥ = 0, we get

lim
n→∞

xns = xs, for s ∈ I.

Thus, by (g1) and Definition 2.2(ii), and noting that xs is continuous with respect

to s on I, we have

lim
n→∞

g(s, xns ) = g(s, xs), a.e s ∈ I.

On the other hand, noting that |g(s, xns ) − g(s, xs)| ≤ 2mr(s), by Lebesgue

dominated convergence theorem, we have

|(Bxn)(t)− (Bx)(t)| ≤ 1

Γ(α)

∫ t

t0

(t− s)α−1|g(s, xns )− g(s, xs)|ds→ 0, as n→ ∞,
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which implies

∥Bxn −Bx∥ → 0 as n→ ∞.

This means that B is continuous.

Next, we will show that for any positive constant r, {Bx : x ∈ Br} is relatively

compact. It suffices to show that the family of functions {Bx : x ∈ Br} is uniformly

bounded and equicontinuous.

For any x ∈ Br and t ∈ I, we have

|(Bx)(t)| ≤ |φ(0)|+ 1

Γ(α)

∫ t

t0

(t− s)α−1|g(s, xs)|ds

≤ |φ(0)|+ 1

Γ(α)

(∫ t

0

(t− s)
α−1
1−β ds

)1−β

∥mr∥
L

1
β [t0,t]

≤ |φ(0)|+ Mr

Γ(α)

(∫ t

0

(t− s)q2ds

)1−β

≤ |φ(0)|+ Mrσ
(1+q2)(1−β)

Γ(α)(1 + q2)1−β
.

For θ ∈ I0, we have |(Bx)(t0 + θ)| = |φ(θ)|. Thus {Bx : x ∈ Br} is uniformly

bounded. In the following, we will show that {Bx : x ∈ Br} is a family of

equicontinuous functions.

For any x ∈ Br and t0 ≤ t1 < t2 ≤ t0 + σ, we get

|(Bx)(t2)− (Bx)(t1)|

=
1

Γ(α)

∣∣∣∣ ∫ t1

t0

(
(t2 − s)

α−1 − (t1 − s)
α−1

)
g(s, xs)ds+

∫ t2

t1

(t2 − s)
α−1

g(s, xs)ds

∣∣∣∣
≤ 1

Γ(α)

∫ t1

t0

∣∣∣((t2 − s)
α−1 − (t1 − s)

α−1
)
g(s, xs)

∣∣∣ ds
+

1

Γ(α)

∫ t2

t1

|(t2 − s)
α−1

g(s, xs)|ds

≤ 1

Γ(α)

∫ t1

t0

(
(t1 − s)

α−1 − (t2 − s)
α−1

)
mr(s)ds+

1

Γ(α)

∫ t2

t1

(t2 − s)
α−1

mr(s)ds

≤ 1

Γ(α)

(∫ t1

t0

(
(t1 − s)α−1 − (t2 − s)α−1

) 1
1−β ds

)1−β

∥mr∥
L

1
β [t0,t1]

+
1

Γ(α)

(∫ t2

t1

(
(t2 − s)α−1

) 1
1−β ds

)1−β

∥mr∥
L

1
β [t1,t2]

≤ Mr

Γ(α)

(∫ t1

t0

(t1 − s)q2 − (t2 − s)q2ds

)1−β

+
Mr

Γ(α)

(∫ t2

t1

(t2 − s)q2ds

)1−β

≤ Mr

Γ(α)(1 + q2)1−β
(
(t1 − t0)

1+q2 − (t2 − t0)
1+q2 + (t2 − t1)

1+q2
)1−β

+
Mr

Γ(α)(1 + q2)1−β
(t2 − t1)

(1+q2)(1−β)
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≤ 2Mr

Γ(α)(1 + q2)1−β
(t2 − t1)

(1+q2)(1−β).

As t2 − t1 → 0, the right-hand side of the above inequality tends to zero indepen-

dently of x ∈ Br. In view of the continuity of φ, we can get that {Bx : x ∈ Br} is a

family of equicontinuous functions. Therefore, {Bx : x ∈ Br} is relatively compact

by Arzela-Ascoli theorem.

Using the similar argument, we can get that {Cx : x ∈ Br} is also relatively

compact, which means that C is totally bounded.

Claim III. A,B and C are three monotone increasing operators.

Since x, y ∈ C(J,Rn) with x ≤ y implies that xt ≤ yt for t ∈ I, according to

(k2) and (f2), we have

(Ax)(t) = k(t, xt)− k(t0, φ) +
1

Γ(α)

∫ t

t0

(t− s)α−1f(s, xs)ds

≤ k(t, yt)− k(t0, φ) +
1

Γ(α)

∫ t

t0

(t− s)α−1f(s, ys)ds

= (Ay)(t).

Hence A is a monotone increasing operator. Similarly, we can conclude that B and C

are also monotone increasing operators according to (g2), (h1) and Definition 2.3(ii).

Clearly, K is a normal cone. From (F2) and Definition 2.5, we have that a ≤
Aa + Ba + Ca and b ≥ Ab + Bb + Cb with a ≤ b. Thus the operators A,B

and C satisfy all the conditions of Theorem 1.11 and hence the operator equation

Ax+Bx+Cx = x has a least and a greatest solution in [a, b]. Therefore, fractional

IVP (2.1) has a minimal and a maximal solution on J .

Example 2.1. Consider the following IVP of scalar discontinuous fractional func-

tional differential equation
C
0D

1
2
t x(t) = F (t, xt)

= f(t) + ζ(t)x(t) + 1
t1/3

x(t− 1) + ζ(t)h(x(t)), a.e. t ∈ (0, σ],

x(θ) = 0, θ ∈ [−1, 0],

(2.11)

where 0 < σ ≤ ( 1
2Γ(3/2) )

2 = 1
π and we take functions f(t), ζ(t) and h(x(t)) as follows

f(t) =

t, 0 ≤ t ≤ σ

2
,

0,
σ

2
< t ≤ σ,

ζ(t) =

0, 0 ≤ t ≤ σ

2
,

1,
σ

2
< t ≤ σ,

and

h(x(t)) =

{
x(t), x(t) ≥ 0,

x(t)− 1, x(t) < 0.
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Evidently, the function

F (t, φ) = f(t, φ) + g(t, φ) + h(t, φ), φ ∈ C([−1, 0],R),

where

f(t, φ) = f(t) + ζ(t)φ(0), g(t, φ) =
1

t1/3
φ(−1) and h(t, φ) = ζ(t)h(φ(0)).

One can easily check that a(t) = 0 is a lower solution of fractional IVP (2.11).

On the other hand, let

b(t) =

{
t, t ∈ [0, σ],

0, t ∈ [−1, 0].

Then, b ∈ C([−1, σ],R) is a upper solution of fractional IVP (2.11). In fact, direct

calculation gives that

C
0D

1
2
t b(t) =

t
1
2

Γ( 32 )
≥ 2t ≥ F (t, bt) =

t, 0 < t ≤ σ

2
,

2t,
σ

2
< t ≤ σ,

for t ∈ (0, σ].

Moreover, noting that Γ( 32 ) =
√
π
2 , it is easy to verify that conditions (k0)-(k2),

(f1)-(f2), (g1)-(g2), (h1) and (2.10) are satisfied. Therefore, Theorem 2.2 allows us

to conclude that fractional IVP (2.11) has a minimal and a maximal solution in

[0, b] defined on [−1, σ].

2.3 p-Type Neutral Equations

2.3.1 Introduction

Let C = C([−1, 0],Rn) denote the space of continuous functions on [−1, 0]. For any

element φ ∈ C, define the norm ∥φ∥∗ = supθ∈[−1,0] |φ(θ)|.
Consider the IVP of fractional p-type neutral functional differential equations

of the form

C
t0D

q
t g(t, xt) = f(t, xt), (2.12)

xt0 = φ, (t0, φ) ∈ Ω, (2.13)

where Ct0D
q
t is Caputo fractional derivative of order 0 < q < 1, Ω is an open subset of

[0,∞)×C and g, f : Ω → Rn are given functionals satisfying some assumptions that

will be specified later. xt ∈ C is defined by xt(θ) = x(p(t, θ)), where −1 ≤ θ ≤ 0,

p(t, θ) is a p-function.

Definition 2.7. (Lakshmikantham, Wen and Zhang, 1994) A function p ∈ C(J ×
[−1, 0],R) is called a p-function if it has the following properties:

(i) p(t, 0) = t;

(ii) p(t,−1) is a nondecreasing function of t;

(iii) there exists a σ ≥ −∞ such that p(t, θ) is an increasing function for θ for each

t ∈ (σ,∞);
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(iv) p(t, 0)− p(t,−1) > 0 for t ∈ (σ,∞).

In the following, we suppose t ∈ (σ,∞).

Definition 2.8. (Lakshmikantham, Wen and Zhang, 1994) Let t0 ≥ 0, A > 0 and

x ∈ C([p(t0,−1), t0 +A],Rn). For any t ∈ [t0, t0 +A], we define xt by

xt(θ) = x(p(t, θ)), −1 ≤ θ ≤ 0,

so that xt ∈ C = C([−1, 0],Rn).

Note that the frequently used symbol “xt” (in Hale, 1977; Lakshmikantham,

2008; Lakshmikantham, Wen and Zhang, 1994, xt(θ) = x(t + θ), where −r ≤ θ ≤
0, r > 0, r = const) in the theory of functional differential equations with bounded

delay is a partial case of the above definition. Indeed, in this case we can put

p(t, θ) = t+ rθ, θ ∈ [−1, 0].

Definition 2.9. A function x is said to be a solution of fractional IVP (2.12)-(2.13)

on [p(t0,−1), t0 + α], if there are t0 ≥ 0, α > 0, such that

(i) x ∈ C([p(t0,−1), t0 + α],Rn) and (t, xt) ∈ Ω, for t ∈ [t0, t0 + α];

(ii) xt0 = φ;

(iii) g(t, xt) is differentiable and (2.12) holds almost everywhere on [t0, t0 + α].

We need the following lemma relative to p-function before we proceed further,

which is taken from Lakshmikantham, Wen and Zhang, 1994.

Lemma 2.3. (Lakshmikantham, Wen and Zhang, 1994) Suppose that p(t, θ) is a

p-function. For A > 0, τ ∈ (σ,∞) (τ may be σ if σ > −∞), let x ∈ C([p(τ,−1), τ+

A],Rn) and φ ∈ C([−1, 0],Rn). Then we have

(i) xt is continuous in t on [τ, τ+A] and p̃(t, θ) = p(τ+t, θ)−τ is also a p-function;

(ii) if p(τ + t,−1) < τ for t > 0, then there exists −1 < s(τ, t) < 0 such that

p(τ + t, s(τ, t)) = τ and{
p(τ + t,−1) ≤ p(τ + t, θ) ≤ τ, for − 1 ≤ θ ≤ s(τ, t),

τ ≤ p(τ + t, θ) ≤ τ + t, for s(τ, t) ≤ θ ≤ 0.

Moreover, s→ 0 uniformly in τ as t→ 0;

(iii) there exists a function η ∈ C([p(τ,−1), τ ],Rn) such that

η(p(τ, θ)) = φ(θ) for − 1 ≤ θ ≤ 0.

It is well known that a neutral functional differential equation (NFDE for short)

is one in which the derivatives of the past history or derivatives of functionals of

the past history are involved as well as the present state of the system. In other

words, in order to guarantee that the equation (2.12) is NFDE, the coefficient of

x(t) that is contained in g(t, xt) can not be equal to zero. Then we need introduce

the concept of atomic.
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Let g ∈ C(R+ × C,Rn) and g(t, φ) be linear in φ. Then Riesz representation

theorem shows that there exists a n×n matrix function η(t, θ) of bounded variation

such that

g(t, φ) =

∫ 0

−γ
[dθη(t, θ)]φ(θ).

For t0 ≥ 0 and θ0 ∈ (−γ, 0), if

det[η(t0, θ
+
0 )− η(t0, θ

−
0 )] ̸= 0,

then we say that g(t, φ) is atomic at θ0 for t0. Similarly, one can define g(t, φ) to

be atomic at the endpoints −r and 0 for t0. If for every t ≥ 0, g(t, φ) is atomic at

θ0 for t, then we say that g(t, φ) is atomic at θ0 for R+. If g(t, φ) is not linear in φ,

suppose that g(t, φ) has a Fréchet derivative with respect to φ, then g′φ(t, φ)ψ ∈ Rn
for (t, φ) ∈ R+ × C and ψ ∈ C, where g′φ denote the Fréchet derivative of g with

respect to φ. Then g′φ(t, φ) is a linear mapping from C into Rn and therefore

g′φ(t, φ)ψ =

∫ 0

−γ
[dθµ(t, φ, θ)]ψ(θ),

where µ(t, φ, θ) is a matrix function of bounded variation. As before, if

det[µ(t0, φ0, θ
+
0 ) − µ(t0, φ0, θ

−
0 )] ̸= 0, for t0 ≥ 0, then we say that, the nonlin-

ear g(t, φ) is atomic at θ0 for (t0, φ0). If g(t, φ) is atomic at θ0, for every (t, φ),

then we say that g(t, φ) is atomic at θ0 for R+ × C.
For a detailed discussion on atomic concept we refer the reader to the books

Hale, 1977; Lakshmikantham, Wen and Zhang, 1994.

Lemma 2.4. (Hale, 1977; Lakshmikantham, Wen and Zhang, 1994) Suppose that

g(t, φ) is atomic at zero on Ω. Then there are a continuous n× n matrix function

A(t, φ) with detA(t, φ) ̸= 0 on Ω and a functional L(t, φ, ψ) which is linear in ψ

such that

g′φ(t, φ)ψ = A(t, φ)ψ(0) + L(t, φ, ψ).

Moreover, there exists a continuous function γ : Ω× [0, 1] → R+ with γ(t, φ, 0) = 0

such that for every s ∈ [0, 1] and ψ with (t, ψ) ∈ Ω, ψ(θ) = 0 for −1 ≤ θ ≤ −s,

|L(t, φ, ψ)| ≤ γ(t, φ, s)∥ψ∥∗.

In Subsection 2.3.2, we discuss various criteria on existence and uniqueness of

solutions for fractional IVP (2.12)-(2.12). Subsection 2.3.3 is devoted to the con-

tinuous dependence on data for solutions.

2.3.2 Existence and Uniqueness

Assume that the functional f : Ω → Rn satisfies the following conditions.

(H1) f(t, φ) is Lebesgue measurable with respect to t for any (t, φ) ∈ Ω;

(H2) f(t, φ) is continuous with respect to φ for any (t, φ) ∈ Ω;
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(H3) there exist a constant q1 ∈ (0, q) and a L
1
q1 -integrable function m such that

|f(t, φ)| ≤ m(t) for any (t, φ) ∈ Ω.

For each (t0, φ) ∈ Ω, let p̃(t, θ) = p(t0 + t, θ) − t0. Define the function η ∈
C([p̃(0,−1),∞),Rn) by{

η(p̃(0, θ)) = φ(θ), for θ ∈ [−1, 0],

η(t) = φ(0), for t ∈ [0,∞).

Let x ∈ C([p(t0,−1), t0 + α],Rn), α < A and let

x(t0 + t) = η(t) + z(t) for p̃(0,−1) ≤ t ≤ α. (2.14)

Lemma 2.5. x(t) is a solution of fractional IVP (2.12)-(2.13) on [p(t0,−1), t0+α]

if and only if z(t) satisfies the relationg(t0 + t, η̃t + z̃t)− g(t0, φ) =
1

Γ(q)

∫ t

0

(t− s)q−1f(t0 + s, η̃s + z̃s)ds, t ∈ [0, α],

z̃0 = 0,
(2.15)

where η̃t(θ) = η(p̃(t, θ)), z̃t(θ) = z(p̃(t, θ)), for −1 ≤ θ ≤ 0.

Proof. Since xt is continuous in t, xt is a measurable function, therefore according

to conditions (H1) and (H2), f(t, xt) is Lebesgue measurable on [t0, t0 + α]. Direct

calculation gives that (t− s)q−1 ∈ L
1

1−q1 [t0, t], for t ∈ [t0, t0 +α] and q1 ∈ (0, q). In

light of Hölder inequality, we obtain that (t − s)q−1f(s, xs) is Lebesgue integrable

with respect to s ∈ [t0, t] for all t ∈ [t0, t0 + α], and∫ t

t0

|(t− s)q−1f(s, xs)|ds ≤ ∥(t− s)q−1∥
L

1
1−q1 [t0,t]

∥m∥
L

1
q1 [t0,t0+α]

.

Hence x(t) is the solution of fractional IVP (2.12)-(2.13) if and only if it satisfies

the relationg(t, xt)− g(t0, xt0) =
1

Γ(q)

∫ t

t0

(t− u)q−1f(u, xu)du, for t ∈ [t0, t0 + α],

xt0 = φ,

or setting u = t0 + s,g(t0 + t, xt0+t)− g(t0, xt0) =
1

Γ(q)

∫ t

0

(t− s)q−1f(t0 + s, xt0+s)ds, for t ∈ [0, α],

xt0 = φ.
(2.16)

In view of (2.14), we have

xt0+t(θ) = x(p(t0 + t, θ)) = x(p̃(t, θ) + t0)

= η(p̃(t, θ)) + z(p̃(t, θ))

= η̃t(θ) + z̃t(θ), for t ∈ [0, α].

In particular xt0(θ) = η̃0(θ) + z̃0(θ). Hence xt0 = φ if and only if z̃0 = 0 according

to η̃ = φ. It is clear that x(t) satisfies (2.16) if and only if z(t) satisfies (2.15).
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For any σ, ξ > 0, let

E(σ, ξ) = {z ∈ C([p̃(0,−1), σ],Rn) : z̃0 = 0, ∥z̃t∥∗ ≤ ξ for t ∈ [0, σ]},

which is a bounded closed convex subset of the Banach space C([p̃(0,−1), σ],Rn)
endowed with supremum norm ∥ · ∥.

Lemma 2.6. Suppose Ω ⊆ R × C is open, W ⊂ Ω is compact. For any a neigh-

borhood V ′ ⊂ Ω of W , there is a neighborhood V ′′ ⊂ V ′ of W and there exist

positive numbers σ and ξ such that (t0 + t, η̃t + λz̃t) ∈ V ′ with 0 ≤ λ ≤ 1 for any

(t0, φ) ∈ V ′′, t ∈ [0, σ] and z ∈ E(σ, ξ).

The proof of Lemma 2.6 is similar to that of (iii) of Lemma 2.1.8 in Lakshmikan-

tham, Wen and Zhang, 1994, thus it is omitted.

Suppose g is atomic at 0 on Ω. Define two operators S and T on E(α, β) as

follows
(Sz)(t) = 0, for t ∈ [p̃(0,−1), 0],

A(t0 + t, η̃t)(Sz)(t) = g(t0, φ)− g(t0 + t, η̃t + z̃t)

+ g′φ(t0 + t, η̃t)z̃t − L(t0 + t, η̃t, z̃t), for t ∈ [0, α]

(2.17)

and
(Tz)(t) = 0, for t ∈ [p̃(0,−1), 0],

A(t0 + t, η̃t)(Tz)(t)

=
1

Γ(q)

∫ t

0

(t− s)q−1f(t0 + s, η̃s + z̃s)ds, for t ∈ [0, α],

(2.18)

where A(t0 + t, η̃t), L(t0 + t, η̃t, z̃t) are functions described in Lemma 2.4.

It is clear that the operator equation

z = Sz + Tz (2.19)

has a solution z ∈ E(α, β) if and only if z is a solution of (2.15). Therefore the

existence of a solution of fractional IVP (2.12)-(2.13) is equivalent to determining

α, β > 0 such that S + T has a fixed point on E(α, β).

We are now in a position to prove the following existence results, and the proof

is based on Krasnoselskii fixed point theorem.

Theorem 2.3. Suppose g : Ω → Rn is continuous together with its first Fréchet

derivative with respect to the second argument, and g is atomic at 0 on Ω. f : Ω →
Rn satisfies conditions (H1)-(H3). W ⊂ Ω is a compact set. Then there exist a

neighborhood V ⊂ Ω of W and a constant α > 0 such that for any (t0, φ) ∈ V ,

fractional IVP (2.12)-(2.13) has a solution which exists on [p(t0,−1), t0 + α].

Proof. As we have mentioned above, we only need to discuss operator equation

(2.19). For any (t, φ) ∈ Ω, the property of the matrix function A(t, φ) which is

nonsingular and continuous on Ω implies that its inverse matrix A−1(t, φ) exists
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and is continuous on Ω. Let V0 ⊂ Ω be the neighborhood of W , suppose that there

is an M > 0 such that

|A−1(t0, φ)| ≤M, for every (t0, φ) ∈ V0. (2.20)

Note the complete continuity of the function (m(t))
1
q1 , hence, for a given positive

number N , there must exist a number α0 > 0 satisfying(∫ t0+α0

t0

(m(s))
1
q1 ds

)q1
≤ N. (2.21)

Due to the continuity of functions γ and g′φ described in Lemma 2.4, there exist

a neighborhood V1 ⊂ Ω of W and constants h1 > 0, h2 ∈ (0, 1] such that

|γ(t0 + t, η̃t,−s)| = |γ(t0 + t, η̃t,−s)− γ(t0 + t, η̃t, 0)| <
1

4M
, (2.22)

|g′φ(t0 + t, η̃t + ψ)− g′φ(t0 + t, η̃t)| <
1

8M
, (2.23)

whenever (t0 + t, η̃t), (t0 + t, η̃t + ψ) ∈ V1 and ∥ψ∥∗ < h1, −s ∈ [0, h2].

Let V2 = V0 ∩ V1. According to Lemma 2.6, we can find a neighborhood V ⊂
V2 of W and positive numbers α1 and β with α1 < α0 and β ≤ h1 such that

(t0+t, η̃t+λz̃t) ∈ V2 with 0 ≤ λ ≤ 1 for any (t0, φ) ∈ V , t ∈ [0, α1] and z ∈ E(α1, β).

Let

h(t0 + t, η̃t, z̃t) = g(t0 + t, η̃t + z̃t)− g(t0 + t, η̃t)− g′φ(t0 + t, η̃t)z̃t.

Then we have

|h(t0 + t, η̃t, z̃t)| =
∣∣∣∣( ∫ 1

0

g′φ(t0 + t, η̃t + λz̃t)dλ− g′φ(t0 + t, η̃t)

)
z̃t

∣∣∣∣
≤
∣∣∣∣ ∫ 1

0

g′φ(t0 + t, η̃t + λz̃t)− g′φ(t0 + t, η̃t)dλ

∣∣∣∣∥z̃t∥∗. (2.24)

According to (2.20), (2.23) and (2.24), for any (t0, φ) ∈ V , we have

|A−1(t0 + t, η̃t) h(t0 + t, η̃t, z̃t)| ≤
β

8
. (2.25)

On the other hand, for any z, w ∈ E(α1, β) and t ∈ [0, α1]

∥λz̃t + (1− λ)w̃t∥∗ ≤ ∥λz̃t∥∗ + ∥(1− λ)w̃t∥∗ ≤ λβ + (1− λ)β = β,

thus, (t0 + t, η̃t + λz̃t + (1− λ)w̃t) ∈ V2, and

|h(t0 + t, η̃t, z̃t)− h(t0 + t, η̃t, w̃t)|
= |g(t0 + t, η̃t + z̃t)− g(t0 + t, η̃t + w̃t)− g′φ(t0 + t, η̃t)(z̃t − w̃t)|

=

∣∣∣∣( ∫ 1

0

g′φ(t0 + t, η̃t + w̃t + λ(z̃t − w̃t))dλ− g′φ(t0 + t, η̃t)

)
(z̃t − w̃t)

∣∣∣∣
≤
∣∣∣∣ ∫ 1

0

(
g′φ(t0 + t, η̃t + λz̃t + (1− λ)w̃t)− g′φ(t0 + t, η̃t)

)
dλ

∣∣∣∣ ∥z̃t − w̃t∥∗.

(2.26)
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From (2.20), (2.23) and (2.26), we have

|A−1(t0 + t, η̃t)[h(t0 + t, η̃t, z̃t)− h(t0 + t, η̃t, w̃t)]| ≤
1

8
∥z̃t − w̃t∥∗. (2.27)

By (ii) of Lemma 2.3, we can also choose α2 < α1 such that for t ∈ [0, α2], −s(0, t) ∈
[0, h2]. From (2.20) and (2.22), we have

|A−1(t0 + t, η̃t)||L(t0 + t, η̃t, z̃t)|
≤ |A−1(t0 + t, η̃t)|γ(t0 + t, η̃t,−s(0, t))∥z̃t∥∗

≤ 1

4
∥z̃t∥∗,

(2.28)

whenever t ∈ [0, α2] and z ∈ E(α2, β).

Now consider the expression g(t0, φ) − g(t0 + t, η̃t). Since g is continuous in Ω

and noting the facts that η̃t is continuous in t and η̃0 = φ, there exists a constant

α3 < α2 such that

|g(t0, φ)− g(t0 + t, η̃t)| <
β

8M
, (2.29)

whenever t ∈ [0, α3].

Set

α = min

{
α3, (1 + b)

1
1+b

(
Γ(q)β

2MN

) 1
(1−q1)(1+b)

}
, (2.30)

where b = q−1
1−q1 ∈ (−1, 0).

Now we show that for any (t0, φ) ∈ V , S+T has a fixed point on E(α, β), where

S and T are defined as in (2.17) and (2.18) respectively. The proof is divided into

three steps.

Claim I. Sz + Tw ∈ E(α, β) whenever z, w ∈ E(α, β).

Obviously, for every pair z, w ∈ E(α, β), (Sz)(t) and (Tw)(t) are continuous in

t ∈ [0, α]. From (2.25), (2.28) and (2.29), for t ∈ [0, α], we have

|(Sz)(t)| ≤ |A−1(t0 + t, η̃t)| {|g(t0, φ)− g(t0 + t, η̃t)|+ |L(t0 + t, η̃t, z̃t)|
+ |g(t0 + t, η̃t)− g(t0 + t, η̃t + z̃t) + g′φ(t0 + t, η̃t)z̃t|}

≤ β

2
.

For t ∈ [0, α], by using (2.20), (2.21), (2.30) and Hölder inequality, we have

|(Tw)(t)| ≤ |A−1(t0 + t, η̃t)|
1

Γ(q)

∣∣∣∣ ∫ t

0

(t− s)q−1f(t0 + s, η̃s + w̃s)ds

∣∣∣∣
≤ M

Γ(q)

(∫ t

0

(
(t− s)q−1

) 1
1−q1 ds

)1−q1(∫ t0+α

t0

(m(s))
1
q1 ds

)q1
≤ MN

Γ(q)

(
1

1 + b
α1+b

)1−q1

≤ β

2
.

(2.31)
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Thus |(Sz)(t) + (Tw)(t)| ≤ β i.e. Sz + Tw ∈ E(α, β), whenever z, w ∈ E(α, β).

Claim II. S is a contraction mapping from E(α, β) into itself whose contraction

constant is independent of (t0, φ) ∈ V .

For any z, w ∈ E(α, β), w̃0 − z̃0 = 0. Hence (ii) of Lemma 2.3 and Lemma 2.4

are applicable to w̃t − z̃t. For every pair z, w ∈ E(α, β), from (2.27), (2.28) and

noting the fact that

sup
0≤t≤α

∥z̃t − w̃t∥∗ = sup
0≤t≤α

sup
−1≤θ≤0

|z(p̃(t, θ)− w(p̃(t, θ))|

= sup
0≤t≤α

sup
p̃(t,−1)≤s≤t

|z(s)− w(s)|

= sup
p̃(0,−1)≤s≤α

|z(s)− w(s)|

= ∥z − w∥,

we have

∥Sz − Sw∥ = sup
p̃(0,−1)≤t≤α

|(Sz)(t)− (Sw)(t)|

= sup
0≤t≤α

|(Sz)(t)− (Sw)(t)|

≤ sup
0≤t≤α

{
|A−1(t0 + t, η̃t)|

(
|L(t0 + t, η̃t, w̃t − z̃t)|

+ |h(t0 + t, η̃t, z̃t)− h(t0 + t, η̃t, w̃t)|
)}

≤
(
1

8
+

1

4

)
sup

0≤t≤α
∥z̃t − w̃t∥∗

≤ 3

8
∥z − w∥.

Therefore S is a contraction mapping from E(α, β) into itself whose contraction

constant is independent of (t0, φ) ∈ V .

Claim III. Now we show that T is a completely continuous operator.

For any z ∈ E(α, β) and 0 ≤ t1 < t2 ≤ α, we get

|(Tz)(t2)− (Tz)(t1)|

=

∣∣∣∣A−1(t0 + t2, η̃t2)
1

Γ(q)

∫ t2

0

(t2 − s)q−1f(t0 + s, η̃s + z̃s)ds

−A−1(t0 + t1, η̃t1)
1

Γ(q)

∫ t1

0

(t1 − s)q−1f(t0 + s, η̃s + z̃s)ds

∣∣∣∣
=

∣∣∣∣A−1(t0 + t2, η̃t2)
1

Γ(q)

∫ t2

t1

(t2 − s)q−1f(t0 + s, η̃s + z̃s)ds

+A−1(t0 + t2, η̃t2)
1

Γ(q)

∫ t1

0

(t2 − s)q−1f(t0 + s, η̃s + z̃s)ds

−A−1(t0 + t2, η̃t2)
1

Γ(q)

∫ t1

0

(t1 − s)q−1f(t0 + s, η̃s + z̃s)ds
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+A−1(t0 + t2, η̃t2)
1

Γ(q)

∫ t1

0

(t1 − s)q−1f(t0 + s, η̃s + z̃s)ds

−A−1(t0 + t1, η̃t1)
1

Γ(q)

∫ t1

0

(t1 − s)q−1f(t0 + s, η̃s + z̃s)ds

∣∣∣∣
≤ |A−1(t0 + t2, η̃t2)|

Γ(q)

∣∣∣∣ ∫ t2

t1

(t2 − s)q−1f(t0 + s, η̃s + z̃s)ds

∣∣∣∣
+

|A−1(t0 + t2, η̃t2)|
Γ(q)

∣∣∣∣ ∫ t1

0

[(t2 − s)q−1 − (t1 − s)q−1]f(t0 + s, η̃s + z̃s)ds

∣∣∣∣
+

|A−1(t0 + t2, η̃t2)−A−1(t0 + t1, η̃t1)|
Γ(q)

∣∣∣∣ ∫ t1

0

(t1 − s)q−1f(t0 + s, η̃s + z̃s)ds

∣∣∣∣
=

|A−1(t0 + t2, η̃t2)|
Γ(q)

(I1 + I2) +
|A−1(t0 + t2, η̃t2)−A−1(t0 + t1, η̃t1)|

Γ(q)
I3,

where

I1 =

∣∣∣∣ ∫ t2

t1

(t2 − s)q−1f(t0 + s, η̃s + z̃s)ds

∣∣∣∣,
I2 =

∣∣∣∣ ∫ t1

0

(
(t2 − s)q−1 − (t1 − s)q−1

)
f(t0 + s, η̃s + z̃s)ds

∣∣∣∣,
I3 =

∣∣∣∣ ∫ t1

0

(t1 − s)q−1f(t0 + s, η̃s + z̃s)ds

∣∣∣∣.
By using analogous argument performed in (2.31), we can conclude that

I1 ≤ N

(1 + b)1−q1
(t2 − t1)

(1+b)(1−q1),

I3 ≤ N

(1 + b)1−q1

(
t1

1+b
)1−q1

,

and

I2 ≤
(∫ t1

0

∣∣(t2 − s)q−1 − (t1 − s)q−1
∣∣ 1
1−q1 ds

)1−q1(∫ t0+t1

t0

|f(s, xs)|
1
q1 ds

)q1
≤ N

(∫ t1

0

(t1 − s)b − (t2 − s)bds

)1−q1

=
N

(1 + b)1−q1

(
t1

1+b − t2
1+b + (t2 − t1)

1+b
)1−q1

≤ N

(1 + b)1−q1
(t2 − t1)

(1+b)(1−q1),

where b = q−1
1−q1 ∈ (−1, 0). Therefore

|(Tz)(t2)− (Tz)(t1)|

≤ |A−1(t0 + t2, η̃t2)|
Γ(q)

2N

(1 + b)1−q1
(t2 − t1)

(1+b)(1−q1)
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+
|A−1(t0 + t2, η̃t2)−A−1(t0 + t1, η̃t1)|

Γ(q)

N

(1 + b)1−q1

(
t1

1+b
)1−q1

.

Since A−1(t0+t, η̃t) is continuous in t ∈ [0, α], then {Tz; z ∈ E(α, β)} is equicontin-

uous. In addition, T is continuous from the condition (H2) and {Tz; z ∈ E(α, β)}
is uniformly bounded from (2.31), thus T is a completely continuous operator by

Arzela-Ascoli theorem.

Therefore, by Theorem 1.7, for every (t0, φ) ∈ V , S + T has a fixed point on

E(α, β). Hence, fractional IVP (2.12)-(2.13) has a solution defined on [p(t0,−1), t0+

α].

Corollary 2.3. Suppose that (t0, φ) ∈ Ω is given, g, f are defined as in Theorem

2.3. Then there exists a solution of fractional IVP (2.12)-(2.13).

Corollary 2.4. Suppose that Ω, f are defined as in Theorem 2.3. If (t0, φ) ∈ Ω

is given, then the fractional IVP relative to fractional p-type retarded differential

equations of the form {
C
t0D

q
tx(t) = f(t, xt),

xt0 = φ

has a solution.

The following existence and uniqueness result for fractional IVP (2.12)-(2.13) is

based on Banach contraction mapping principle.

Theorem 2.4. Suppose (t0, φ) ∈ Ω is given, g is defined as in Theorem 2.3. f :

Ω → Rn satisfies the condition (H3) and

(H4) f(t, xt) is measurable for every (t, xt) ∈ Ω;

(H5) let A > 0, there exists a nonnegative function ℓ : [0, A] → [0,∞) continuous

at t = 0 and ℓ(0) = 0 such that for any (t, xt), (t, yt) ∈ Ω, t ∈ [t0, t0 + A],

we have∣∣∣∣ ∫ t

t0

(t− s)q−1(f(s, xs)− f(s, ys))ds

∣∣∣∣ ≤ ℓ(t− t0) sup
t0≤s≤t

∥xs − ys∥∗.

Then fractional IVP (2.12)-(2.13) has a unique solution.

Proof. According to the argument of Theorem 2.3, it suffices to prove that S + T

has a unique fixed point on E(α, β), where α, β > 0 sufficiently small. Now, choose

α ∈ (0, A] such that (2.30) holds and

c =
3

8
+ sup

0≤s≤α

|A−1(t0 + s, η̃s)| |ℓ(s)|
Γ(q)

< 1.

Obviously, S + T is a mapping from E(α, β) into itself. Using the same argument

as that of Theorem 2.3, for any z, w ∈ E(α, β), t ∈ [0, α], we get

|(Sz)(t)− (Sw)(t)| ≤ 3

8
∥z − w∥,
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and

|(Tz)(t)− (Tw)(t)| ≤ |A−1(t0 + t, η̃t)|
Γ(q)

∣∣∣∣ ∫ t

0

(t− s)q−1f(t0 + s, η̃s + z̃s)ds

−
∫ t

0

(t− s)q−1f(t0 + s, η̃s + w̃s)ds

∣∣∣∣
≤ |A−1(t0 + t, η̃t)|

Γ(q)
|ℓ(t)| sup

0≤s≤t
∥z̃s − w̃s∥∗

≤
sup0≤s≤α |A−1(t0 + s, η̃s)| |ℓ(s)|

Γ(q)
∥z − w∥.

Therefore

|(S + T )z(t)− (S + T )w(t)| ≤
(
3

8
+ sup

0≤s≤α

|A−1(t0 + s, η̃s)| |ℓ(s)|
Γ(q)

)
∥z − w∥

= c∥z − w∥.

Hence, we have

∥(S + T )z − (S + T )w∥ ≤ c∥z − w∥,

where c < 1. By applying Theorem 1.4, we know that S + T has a unique fixed

point on E(α, β). The proof is completed.

Corollary 2.5. Suppose the condition (H5) of Theorem 2.4 is replaced by the fol-

lowing condition:

(H5)′ let A > 0, there exist q2 ∈ (0, q) and a real-valued function ℓ1 ∈ L
1
q2 [t0, t0+A]

such that for any (t, xt), (t, yt) ∈ Ω, t ∈ [t0, t0 +A], we have

|f(t, xt)− f(t, yt)| ≤ ℓ1(t) sup
t0≤s≤t

∥xs − ys∥∗.

Then the result of Theorem 2.4 holds.

Proof. It suffices to prove that the condition (H5) of Theorem 2.4 holds. Note that

ℓ1 ∈ L
1
q2 [t0, t0 + A], let K = ∥ℓ1∥

L
1
q2 [t0, t0+A]

. Then for any (t, xt), (t, yt) ∈ Ω we

have ∣∣∣∣ ∫ t

t0

(t− s)q−1(f(s, xs)− f(s, ys))ds

∣∣∣∣
≤
∫ t

t0

(t− s)q−1|f(s, xs)− f(s, ys)|ds

≤
∫ t

t0

(t− s)q−1ℓ1(s) ds sup
t0≤s≤t

∥xs − ys∥∗

≤ K

(1 + b1)1−q2
(t− t0)

(1+b1)(1−q2) sup
t0≤s≤t

∥xs − ys∥∗,
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where b1 = q−1
1−q2 ∈ (−1, 0). Let

ℓ(t− t0) =
K

(1 + b1)1−q2
(t− t0)

(1+b1)(1−q2).

Obviously, ℓ : [0, A] → [0,∞) continuous at t = 0 and ℓ(0) = 0. Then the condition

(H5) of Theorem 2.4 holds.

The next result is concerned with the uniqueness of solutions.

Theorem 2.5. Suppose that g is defined as in Theorem 2.3 and the condition (H5)′

of Corollary 2.5 holds. If x is a solution of fractional IVP (2.12)-(2.13), then x is

unique.

Proof. Suppose (for contradiction) x and y are the solutions of fractional IVP

(2.12)-(2.13) on [p(t0,−1), t0 +A] with x ̸= y, let

t1 = inf{t ∈ [t0, t0 +A] : x(t) ̸= y(t)}.

Then t0 ≤ t1 < t0 +A and

x(t) = y(t) for p(t0,−1) ≤ t < t1,

which implies that

xt(θ) = x(p(t, θ)) = y(p(t, θ)) = yt(θ), t0 ≤ t < t1, − 1 ≤ θ ≤ 0. (2.32)

Choose α > 0 such that t1 + α < t0 + A. According to (i) of Definition 2.9, we

have

{(t, xt), t1 ≤ t ≤ t1 + α}
⋃

{(t, yt), t1 ≤ t ≤ t1 + α} ⊂ Ω.

On the one hand, x and y satisfy (2.12)-(2.13) on [t0, t0 + A], thus from (2.32)

and the condition (H5)′, for t ∈ [t0, t1 + α], we have

|g(t, xt)− g(t, yt)| ≤
1

Γ(q)

∣∣∣∣ ∫ t

t0

(t− s)q−1(f(s, xs)− f(s, ys))ds

∣∣∣∣
=

1

Γ(q)

∣∣∣∣ ∫ t

t1

(t− s)q−1(f(s, xs)− f(s, ys))ds

∣∣∣∣
≤ 1

Γ(q)

∫ t

t1

(t− s)q−1ℓ1(s) ds sup
t0≤s≤t

∥xs − ys∥∗

≤ K

Γ(q)(1 + b1)1−q2
α(1+b1)(1−q2) sup

t1≤s≤t1+α
∥xs − ys∥∗,

(2.33)

where b1 = q−1
1−q2 ∈ (−1, 0),K = ∥ℓ1∥

L
1
q2 [t0, t0+A]

.

On the other hand, since g(t, φ) is continuously differentiable in φ, we have

g(t, xt)− g(t, yt) = g′φ(t, yt)(xt − yt) + k∥xt − yt∥∗ (2.34)

with k → 0 as ∥xt − yt∥∗ → 0.
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By the hypothesis that g(t, φ) is atomic at 0 on Ω, there exist a nonsingular

continuous matrix function A(t, yt) and a function L(t, yt, ψ) which is linear in ψ

such that

g′φ(t, yt)ψ = A(t, yt)ψ(0) + L(t, yt, ψ). (2.35)

Moreover, there is a positive real-valued continuous function γ(t, yt,−s) such that

for every s ∈ [−1, 0],

|L(t, yt, ψ)| ≤ γ(t, yt,−s)∥ψ∥∗ (2.36)

if ψ(θ) = 0 for −1 ≤ θ ≤ s.

Hence for every t ∈ [t1, t1+α], by (ii) of Lemma 2.3, there is s(t1, t−t1) ∈ [−1, 0]

with s(t1, t− t1) → 0 as t→ t1 such that

|L(t, yt, xt − yt)| ≤ γ(t, yt,−s(t1, t− t1))∥xt − yt∥∗.

From (2.34)-(2.36), it follows that

g(t, xt)− g(t, yt) = A(t, yt)(x(t)− y(t)) + L(t, yt, xt − yt) + k∥xt − yt∥∗,

therefore

|x(t)− y(t)| ≤ |A−1(t, yt)|[|g(t, xt)− g(t, yt)|
+ γ(t, yt,−s(t1, t− t1))∥xt − yt∥∗ + k∥xt − yt∥∗].

Let M1 = max{|A−1(t, yt)| : t1 ≤ t ≤ t1 + α}. Then by relation (2.33), for

t ∈ [t1, t1 + α], we have

|x(t)− y(t)| ≤ c1 sup
t1≤s≤t1+α

∥xs − ys∥∗,

where c1 =M1

(
K

Γ(q)(1+b1)1−q2
α(1+b1)(1−q2) + γ(t, yt,−s(t1, t− t1)) + k

)
.

Noting that

sup
t1≤s≤t1+α

∥xs − ys∥∗ = sup
t1≤s≤t1+α

sup
−1≤θ≤0

|x(p(s, θ))− y(p(s, θ))|

= sup
t1≤s≤t1+α

sup
p(s,−1)≤ρ≤s

|x(ρ)− y(ρ)|

= sup
p(t1,−1)≤s≤t1+α

|x(s)− y(s)|,

we have

sup
p(t1,−1)≤s≤t1+α

|x(s)− y(s)| ≤ c1 sup
p(t1,−1)≤s≤t1+α

|x(s)− y(s)|.

Choose α so small that c1 < 1. Thus

sup
p(t1,−1)≤s≤t1+α

|x(s)− y(s)| = 0, i.e. x(t) ≡ y(t), for t1 ≤ t ≤ t1 + α,

contradicting the definition of t1.
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2.3.3 Continuous Dependence

The following lemma is introduced in Lakshmikantham, Wen and Zhang, 1994.

However, for the sake of completeness, we outline its proof here.

Lemma 2.7. Assume x ∈ C([p(0,−1), A],Rn). Then for every t ∈ [0, A]

∥xt∥ ≤ sup
0≤s≤t

|x(s)|+ ∥x0∥.

Proof. By definition, ∥x0∥ = sup−1≤θ≤0 |x(p(0, θ))|. If p(t,−1) ≥ 0, then

0 ≤ p(t, θ) ≤ t, for − 1 ≤ θ ≤ 0.

Thus,

sup
−1≤θ≤0

|x(p(t, θ))| ≤ sup
0≤s≤t

|x(s)| ≤ sup
0≤s≤t

|x(s)|+ ∥x0∥.

If p(t,−1) < 0, then by Lemma 2.3, there exists an s ∈ [−1, 0] such that

p(t,−1) ≤ p(t, θ) ≤ p(0, θ), for − 1 ≤ θ ≤ s,

while

0 ≤ p(t, θ) ≤ t, for s ≤ θ ≤ 0.

Hence

sup
−1≤θ≤0

|x(p(t, θ))| ≤ sup
−1≤θ≤s

|x(p(t, θ))|+ sup
s≤θ≤0

|x(p(t, θ))|

≤ sup
−1≤θ≤0

|x(p(0, θ))|+ sup
s≤θ≤0

|x(p(t, θ))|

= ∥x0∥+ sup
0≤s≤t

|x(s)|,

completing the proof.

We can now prove the following result on continuous dependence.

Theorem 2.6. Let (t0, φ) ∈ Ω be given. Suppose that the solution x = x(t0, φ) of

(2.12) through (t0, φ) defined on [t0, A] is unique. Then for every ϵ > 0, there exists

a δ(ϵ) > 0 such that (s, ψ) ∈ Ω, |s− t0| < δ and ∥ψ − φ∥ < φ imply

∥xt(s, ψ)− xt(t0, φ)∥ < ϵ, for all t ∈ [σ,A],

where x(s, ψ) is the solution of (2.12) through (s, ψ) and σ = max{s, t0}.

Proof. In order to prove the theorem, it is enough to show that if {(tk, φk)} ⊂ Ω,

with tk → t0 and φk → φ as k → ∞, then there is a natural number N such

that each solution xk = x(tk, φk) with k ≥ N of (2.12) through (tk, φk) exists on

[p(tk,−1), A] and xk(t) → x(t) uniformly on [p(σ,−1), A], where σ = sup{t0, tk :

k ≥ N}.
Since xt(t0, φ) is continuous in t ∈ [t0, A], the setW = {(t, xt(t0, φ)) : t ∈ [t0, A]}

is compact in Ω. By Theorem 2.3, there exist a neighborhood V of W and number
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α > 0 such that for any (s, ψ) ∈ V , there is a solution x(s, ψ) of (2.12) through (s, ψ)

which exists at least on [s, s + α]. Without loss of generality, we let V = V (W, r),

choose N so large that |tk − t0| < r
2 and ∥φk − φ∥ < r

2 , so that (tk, φ
k) ∈ V for

k ≥ N . Thus xk = x(tk, φ
k) exists at least on [tk, tk+α]. For convenience, we shall

denote φ = φ0, x = x0 and xk = x(tk, φ
k), k = 0, 1, ... .

Let pk(t, θ) = p(tk + t, θ) − tk. Define ηk, yk the same way as in Lemma 2.5.

Recalling the proof of Lemma 2.5, we see that yk satisfies:

g(tk+t, η
k
t +y

k
t )−g(tk, φk) =

1

Γ(q)

∫ t

0

(t−s)q−1f(tk+s, η
k
s+y

k
s )ds, t ∈ [0, α] (2.37)

if and only if xk is the solution of (2.12) on [p(tk,−1), tk+α], where η
k
t = ηk(pk(t, θ)),

ykt = yk(pk(t, θ)).

Set ȳk = yk|[0,α], the restriction of yk to [0, α]. Let Λ = {ȳk : k = 0, 1, 2, ...}.
For every zk = (tk, φ

k), define operators S(zk) : Λ → C([0, α],Rn) and T (zk) : Λ →
C([0, α],Rn) as follows:

S(zk)z(t) = A−1(tk + t, ηkt )[g(tk, φ
k)− g(tk + t, ηkt + zt)

+ g′φ(tk + t, ηkt )zt − L(tk + t, ηkt + zt)], 0 ≤ t ≤ α,

and

T (zk)z(t) = A−1(tk + t, ηkt )
1

Γ(q)

∫ t

0

(t− s)q−1f(tk + s, ηks + zs)ds, 0 ≤ t ≤ α,

where zt(θ) = z(p̄k(t, θ)) with z0 = 0.

It is easy to see that {T (zk)ȳk} is compact in C([0, α],Rn). Recalling the The-

orem 2.3, we see that there exists a constant γ ∈ [0, 1) which is independent to zk
such that

∥Sz − Sy∥ ≤ γ∥z − y∥ for any z, y ∈ Λ. (2.38)

Let {zk : k = 0, 1, 2, ...} = Λ̄. Denote the Kuratowskii noncompact measure of

A ⊂ C([0, α],Rn) by α(A). Then (2.38) implies that

α

( ⋃
zk∈Λ̄

S(zk)(Λ)

)
≤ γα(Λ).

Let R = S + T . Thus ȳk = R(zk)ȳk. By the well-known properties of Kuratowskii

noncompact measure α, we immediately obtain that

α(Λ) = α({R(zk)ȳk}) ≤ α({S(zk)ȳk}) + α({T (zk)ȳk})

= α({S(zk)ȳk}) ≤ α(
⋃
zk∈Λ̄

S(zk)(Λ)) ≤ γα(Λ).

This means that α(Λ) = 0 which implies Λ is relatively compact in C([0, α],Rn).
Hence there exists a subsequence of Λ, say {ȳki}, which converges uniformly on

[0, α]. Assume that

ȳki(t) → ȳ∗(t) uniformly on [0, α].
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Define a function y∗ : [p0(0,−1), α] → Rn by{
y∗(t) = ȳ∗(t), for 0 ≤ t ≤ α,

y∗0 = 0,

where p0 is such a p-function that p0(t, θ) = p(t+ t0, θ)− t0. Let δ = inf{pk(0,−1) :

k = 0, 1, 2, ...} and ŷk denote the extension of yk to [δ, α] which is defined by{
ŷki(t) = yki(t), for 0 ≤ t ≤ α,

ŷki(t) = 0, for δ ≤ t ≤ 0.

Obviously, {ŷki(t)} converges uniformly on [δ, α] as ki → ∞. Consequently, {ŷki}
is a relatively compact set.

We claim that ykit → y∗t uniformly in t ∈ [0, α]. In fact,

|pki(t, θ)− p0(t, θ)| = |(p(tki + t, θ)− tki)− (p(t0 + t, θ)− t0)|
≤ |p(tki + t, θ)− p(t0 + t, θ)|+ |t0 − tki |.

Hence, for every µ > 0 there exists a number L such that

|pki(t, θ)− p0(t, θ)| < µ, whenever ki ≥ L.

We have the inequality∥∥ykit − y∗t
∥∥ = sup

−1≤θ≤0

∣∣ŷki(pki(t, θ))− y∗(p0(t, θ))
∣∣

= sup
−1≤θ≤0

∣∣ŷki(pki(t, θ))− ŷki(p0(t, θ)) + ŷki(p0(t, θ))− y∗(p0(t, θ))
∣∣

≤ sup
−1≤θ≤0

∣∣ŷki(pki(t, θ))− ŷki(p0(t, θ))
∣∣

+ sup
−1≤θ≤0

∣∣ŷki(p0(t, θ))− y∗(p0(t, θ))
∣∣ .

By Lemma 2.7, we get

sup
−1≤θ≤0

∣∣ŷki(p0(t, θ))− y∗(p0(t, θ))
∣∣ ≤ sup

0≤θ≤α

∣∣yki(t)− y∗(t)
∣∣+ ∥∥ŷki0 − y∗0

∥∥
= sup

0≤θ≤α

∣∣yki(t)− y∗(t)
∣∣ .

For every ϵ > 0 there exists a number L1 such that

sup
0≤θ≤α

∣∣yki(t)− y∗(t)
∣∣ < ϵ

2
, for ki ≥ L1,

by the definition of y∗. On the other hand, since {ŷki} is an equi-continuous set,

for the given ϵ, there exists a µ > 0 such that∣∣ŷki(t)− ŷki(τ)
∣∣ < ϵ

2
, for |t− τ | < µ. (2.39)

We can choose L ≥ L1 so that |pki(t, θ) − p0(t, θ)| < µ. Thus (2.39) holds as long

as ki ≥ L. Furthermore,∥∥ykit − yt
∥∥ < ϵ, whenever ki ≥ L,
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which is just our claim. A similar argument shows that ηkit → ηt uniformly in

t ∈ [0, α]. The limiting process upon (2.37) yieldsg(t0 + t, ηt + y∗t )− g(t0, φ) =
1

Γ(q)

∫ t

0

(t− s)q−1f(t0 + s, ηs + y∗s )ds, 0 ≤ t ≤ α,

y∗0 = 0,

which demonstrates that y∗ as well as y0 is a solution of the fractional IVPg(t0 + t, ηt + y∗t )− g(t0, φ) =
1

Γ(q)

∫ t

0

(t− s)q−1f(t0 + s, ηs + ys)ds, 0 ≤ t ≤ α,

y0 = 0.

The hypothesis that x(t0, φ) is unique, that is, y0 is unique implies that y∗ = y0.

Thus yki(t) → y0(t) uniformly on [0, α] as ki → ∞. The verified fact that every

subsequence of sequence {yk} has a convergent subsequence with a same limit y0

implies that the entire sequence {yk} converges to y0. Translating these remarks

back into xk, we have indeed obtained the result stated in this theorem for the

interval [p(σ,−1), σ + α].

Let b = σ + α. If b < A, (b, xb) ∈ W , we can choose N1 ≥ N such that

(b, xkb ) ∈ V as long as k ≥ N1. By Theorem 2.3, for every point (b, xkb ) the solution

xk(b, xkb ) exists at least on [p(b,−1), b+α]. The above argument can be adapted to

this interval which yields the assertion that xk(b, xkb )(t) → x0(t0, φ)(t) uniformly on

the same interval. The conclusion stated in theorem can be verified by successive

steps of finite intervals of length α. Hence the proof is completed.

2.4 Neutral Equations with Infinite Delay

2.4.1 Introduction

In Section 2.4, we consider the initial value problem of fractional neutral functional

differential equations with infinite delay of the form
C
t0D

q
t g(t, xt) = f(t, xt), t ∈ [t0,∞), (2.40)

xt0 = φ, (t0, φ) ∈ [0,∞)× Ω, (2.41)

where C
t0D

q
t is Caputo fractional derivative of order 0 < q < 1, Ω is an open subset

of B and g, f : [t0,∞)×Ω → Rn are given functionals satisfying some assumptions

that will be specified later. B is called a phase space that will be defined later.

If x : (−∞, A) → Rn, A ∈ (0,∞), then for any t ∈ [0, A) define xt by xt(θ) =

x(t+ θ), for θ ∈ (−∞, 0].

Denote by BC(J,Rn) the Banach space of all continuous and bounded functions

from J into Rn with the norm ∥ · ∥.
To describe fractional neutral functional differential equations with infinite de-

lay, we need to discuss a phase space B in a convenient way. We shall provide

a general description of phase spaces of neutral differential equations with infinite

delay which is taken from Lakshmikantham, Wen and Zhang, 1994.

Let B be a real vector space either
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(i) of continuous functions that map (−∞, 0] to Rn with φ = ψ if φ(s) = ψ(s) on

(−∞, 0] or

(ii) of measurable functions that map (−∞, 0] to Rn with φ = ψ (or φ is equivalent

to ψ) in B if φ(s) = ψ(s) almost everywhere on (−∞, 0], and φ(0) = ψ(0).

Let B be endowed with a norm ∥ · ∥B such that B is complete with respect to

∥ · ∥B . Thus B equipped with norm ∥ · ∥B is a Banach space. We denote this space

by (B, ∥ · ∥B) or simply by B, whenever no confusion arises.

Let 0 ≤ a < A. If x : (−∞, A) → Rn is given such that xa ∈ B and x ∈ [a,A) →
Rn is continuous, then xt ∈ B for all t ∈ [a,A).

This is a very weak condition that the common admissible phase spaces and BC

satisfy. For more details of the phase spaces, we refer the reader to Hino, Murakami

and Naito, 1991; Lakshmikantham, Wen and Zhang, 1994.

Definition 2.10. A function x : (−∞, t0 + σ) → Rn(t0 ∈ [0,∞), σ > 0) is said to

be a solution of fractional IVP (2.40)-(2.41) through (t0, φ) on [t0, t0 + σ), if

(i) xt0 = φ;

(ii) x is continuous on [t0, t0 + σ);

(iii) g(t, xt) is absolutely continuous on [t0, t0 + σ);

(iv) (2.40) holds almost everywhere on [t0, t0 + σ).

Let Ω ⊆ B be an open set such that for any (t0, φ) ∈ [0,∞) × Ω, there exist

constants σ1, γ1 > 0 so that xt ∈ Ω provided that x ∈ A(t0, φ, σ1, γ1) and t ∈
[t0, t0 + σ1], where A(t0, φ, σ1, γ1) is defined as

A(t0, φ, σ1, γ1) =

{
x : (−∞, t0 + σ1] → Rn, xt0 = φ, sup

t0≤t≤t0+σ1

|x(t)− φ(0)| ≤ γ1

}
.

In order to guarantee that equation (2.40) is NFDE, the coefficient of x(t) that

is contained in g(t, xt) cannot be equal to zero. Then we need to introduce the

generalized atomic concept.

Definition 2.11. (Lakshmikantham, Wen and Zhang, 1994) The functional g :

[0,∞)× Ω → Rn is said to be generalized atomic on Ω, if

g(t, φ)− g(t, ψ) = K(t, φ, ψ)(φ(0)− ψ(0)) + L(t, φ, ψ)

where (t, φ, ψ) ∈ [0,∞)×Ω×Ω, K : [0,∞)×Ω×Ω → Rn×n and L : [0,∞)×Ω×Ω →
Rn satisfy

(i) detK(t, φ, φ) ̸= 0 for all (t, φ) ∈ [0,∞)× Ω;

(ii) for any (t0, φ) ∈ [0,∞) × Ω, there exist constants δ1, γ1 > 0, and k1, k2 > 0,

with 2k2+k1 < 1 such that for all x, y ∈ A(t0, φ, σ1, γ1), g(t, xt),K(t, xt, yt)

and L(t, xt, yt) are continuous in t ∈ [t0, t0 + σ1], and

|K−1(t0, φ, φ)L(t, xt, yt)| ≤ k1 sup
t0≤s≤t

|x(s)− y(s)|,

|K−1(t0, φ, φ)K(t, xt, yt)− I| ≤ k2,

where I is the n× n unit matrix.
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For a detailed discussion on the atomic concept we refer the reader to the books

Hale, 1977; Lakshmikantham, Wen and Zhang, 1994.

In Subsection 2.4.2, we shall discuss existence and uniqueness of solutions for

fractional IVP (2.40)-(2.41) on a class of comparatively comprehensive phase spaces.

We establish various criteria on existence and uniqueness of solutions for fractional

IVP (2.40)-(2.41). In Subsection 2.4.3, we proceed to consider the continuation of

solutions.

2.4.2 Existence and Uniqueness

The following existence result for fractional IVP (2.40)-(2.41) is based on Krasnosel-

skii fixed point theorem.

Theorem 2.7. Assume that g is generalized atomic on Ω, and that for any (t0, φ) ∈
[0,∞)×Ω, there exist constants σ1, γ1 ∈ (0,∞), q1 ∈ (0, q) and a real-valued function

m(t) ∈ L
1
q1 [t0, t0 + σ1] such that

(H1) for any x ∈ A(t0, φ, σ1, γ1), f(t, xt) is measurable;

(H2) for any x ∈ A(t0, φ, σ1, γ1), |f(t, xt)| ≤ m(t), for t ∈ [t0, t0 + σ1];

(H3) f(t, ϕ) is continuous with respect to ϕ on Ω.

Then fractional IVP (2.40)-(2.41) has a solution.

Proof. We know that f(t, xt) is Lebesgue measurable in [t0, t0 + σ1] according

to condition (H1). Direct calculation gives that (t − s)q−1 ∈ L
1

1−q1 [t0, t], for t ∈
[t0, t0 + σ1]. In light of Hölder inequality and the condition (H2), we obtain that

(t−s)q−1f(s, xs) is Lebesgue integrable with respect to s ∈ [t0, t] for all t ∈ [t0, t0+

σ1], and∫ t

t0

|(t− s)q−1f(s, xs)|ds ≤ ∥(t− s)q−1∥
L

1
1−q1 [t0,t]

∥m∥
L

1
q1 [t0,t0+σ1]

. (2.42)

According to Definition 2.10, fractional IVP (2.40)-(2.41) is equivalent to the

following equation

g(t, xt) = g(t0, φ) +
1

Γ(q)

∫ t

t0

(t− s)q−1f(s, xs)ds for t ∈ [t0, t0 + σ1]. (2.43)

Let φ̂ ∈ A(t0, φ, σ1, γ1) be defined as φ̂t0 = φ, φ̂(t0 + t) = φ(0) for all t ∈ [0, σ1]. If

x is a solution of fractional IVP (2.40)-(2.41), let x(t0 + t) = φ̂(t0 + t) + z(t), t ∈
(−∞, σ1], then we have xt0+t = φ̂t0+t + zt, t ∈ [0, σ1]. Thus (2.43) implies that z

satisfies the equation

g(t0 + t, φ̂t0+t + zt) = g(t0, φ) +
1

Γ(q)

∫ t

0

(t− s)q−1f(t0 + s, φ̂t0+s + zs)ds, (2.44)

for 0 ≤ t ≤ σ1.
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Since g is generalized atomic on Ω, there exist positive constant α > 1 and

a positive function σ2(γ) defined in (0, γ1], such that for any γ ∈ (0, γ1], when

0 ≤ t ≤ σ2(γ), we have

α(2k2 + k1) < 1, (2.45)

|K−1(t0, φ, φ)K(t0 + t, xt0+t, yt0+t)− I| ≤ k2, (2.46)

|I −K−1(t0 + t, φ̂t0+t, φ̂t0+t)K(t0, φ, φ)| ≤ min{αk2, α− 1}, (2.47)

|K−1(t0 + t, φ̂t0+t, φ̂t0+t)||g(t0 + t, φ̂t0+t)− g(t0, φ)| ≤
1− α(2k2 + k1)

2
γ. (2.48)

Note the completely continuity of the function (m(t))
1
q1 . Hence, for a given positive

number M , there must exist a number h > 0, satisfying∫ t0+h

t0

(m(s))
1
q1 ds ≤M.

For a given γ ∈ (0, γ1], choose

σ = min

{
σ1, σ2(γ), h, (1 + β)

1
1+β

(
(1− α(2k2 + k1))Γ(q)γ

2α|K−1(t0, φ, φ)|Mq1

) 1
(1−q1)(1+β)

}
, (2.49)

where β = q−1
1−q1 ∈ (−1, 0).

For any (t0, φ) ∈ [0,∞)× Ω, define E(σ, γ) as follows:

E(σ, γ) = {z : (−∞, σ) → Rn is continuous; z(s) = 0 for s ∈ (−∞, 0] and ∥z∥ ≤ γ}

where ∥z∥ = sup0≤s≤σ |z(t)|. Then E(σ, γ) is a closed bounded and convex subset

of Banach space BC((−∞, σ1],Rn).
Now, on E(σ, γ) define two operators S and U as follows:

(Sz)(t) =


0, t ∈ (−∞, 0],

K−1(t0 + t, φ̂t0+t, φ̂t0+t)[−g(t0 + t, φ̂t0+t + zt)

+ g(t0, φ) +K(t0 + t, φ̂t0+t, φ̂t0+t)z(t)], t ∈ [0, σ],

and

(Uz)(t) =


0, t ∈ (−∞, 0],

K−1(t0 + t, φ̂t0+t, φ̂t0+t)

× 1

Γ(q)

∫ t

0

(t− s)q−1f(t0 + s, φ̂t0+s + zs)ds, t ∈ [0, σ],

where z ∈ E(σ, γ).

It is easy to see that the operator equation

z = Sz + Uz (2.50)

has a solution z ∈ E(σ, γ) if and only if z is a solution of the equation (2.44). Thus,

xt+t0 = φ̂t0+t + zt is a solution of the equation (2.40) on [0, σ]. Therefore, the

existence of a solution of fractional IVP (2.40)-(2.41) is equivalent to determining

σ, γ > 0 such that (2.50) has a fixed point in E(σ, γ).
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Now we show that S +U has a fixed point in E(σ, γ). The proof is divided into

three steps.

Claim I. Sz + Uw ∈ E(σ, γ) for every pair z, w ∈ E(σ, γ).

Obviously, for every pair z, w ∈ E(σ, γ), (Sz)(t) and (Uw)(t) are continuous in

t ∈ [0, σ], and for t ∈ [0, σ], by using the Hölder inequality and (2.47), we have

|(Uw)(t)| ≤ |K−1(t0 + t, φ̂t0+t, φ̂t0+t) K(t0, φ, φ) K
−1(t0, φ, φ)|

× 1

Γ(q)

∣∣∣∣ ∫ t

0

(t− s)q−1f(t0 + s, φ̂t0+s + ws)ds

∣∣∣∣
≤ α|K−1(t0, φ, φ)|

1

Γ(q)

(∫ t

0

(
(t− s)q−1

) 1
1−q1 ds

)1−q1

×
(∫ t0+σ

t0

(m(s))
1
q1 ds

)
]q1

≤ α|K−1(t0, φ, φ)|
Mq1

Γ(q)

(
1

1 + β
σ1+β

)1−q1

≤ 1− α(2k2 + k1)

2
γ,

(2.51)

where β = q−1
1−q1 ∈ (−1, 0), and

|(Sz)(t)| =
∣∣K−1(t0 + t, φ̂t0+t, φ̂t0+t)[−g(t0 + t, φ̂t0+t + zt) + g(t0 + t, φ̂t0+t)

− g(t0 + t, φ̂t0+t) + g(t0, φ) +K(t0 + t, φ̂t0+t, φ̂t0+t)z(t)]
∣∣

=
∣∣K−1(t0 + t, φ̂t0+t, φ̂t0+t)[−K(t0 + t, φ̂t0+t + zt, φ̂t0+t)z(t)

− L(t0 + t, φ̂t0+t + zt, φ̂t0+t)− g(t0 + t, φ̂t0+t) + g(t0, φ)

+K(t0 + t, φ̂t0+t, φ̂t0+t)z(t)]
∣∣

=
∣∣K−1(t0 + t, φ̂t0+t, φ̂t0+t)[K(t0 + t, φ̂t0+t, φ̂t0+t)

−K(t0 + t, φ̂t0+t + zt, φ̂t0+t)]z(t) +K−1(t0 + t, φ̂t0+t, φ̂t0+t)

× [−L(t0 + t, φ̂t0+t + zt, φ̂t0+t)− g(t0 + t, φ̂t0+t) + g(t0, φ)]
∣∣

=
∣∣K−1(t0 + t, φ̂t0+t, φ̂t0+t)K(t0, φ, φ)

× [K−1(t0, φ, φ)K(t0 + t, φ̂t0+t, φ̂t0+t)− I]z(t)

−K−1(t0 + t, φ̂t0+t, φ̂t0+t)K(t0, φ, φ)

× [K−1(t0, φ, φ)K(t0 + t, φ̂t0+t + zt, φ̂t0+t)− I]z(t)

+K−1(t0 + t, φ̂t0+t, φ̂t0+t)[−L(t0 + t, φ̂t0+t + zt, φ̂t0+t)

− g(t0 + t, φ̂t0+t) + g(t0, φ)]
∣∣

≤ |K−1(t0 + t, φ̂t0+t, φ̂t0+t)K(t0, φ, φ)|
× [(|K−1(t0, φ, φ)K(t0 + t, φ̂t0+t, φ̂t0+t)− I|
+ |K−1(t0, φ, φ)K(t0 + t, φ̂t0+t + zt, φ̂t0+t)− I|)|z(t)|
+ |K−1(t0, φ, φ)L(t0 + t, φ̂t0+t + zt, φ̂t0+t)| ]
+ |K−1(t0 + t, φ̂t0+t, φ̂t0+t)||g(t0 + t, φ̂t0+t)− g(t0, φ)|.
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According to (2.45)-(2.48), we have

|(Sz)(t)| ≤ α(2k2 + k1)γ +
1− α(2k2 + k1)

2
γ =

1 + α(2k2 + k1)

2
γ.

Therefore, |(Sz)(t)+(Uw)(t)| ≤ γ for t ∈ [0, σ]. This means that Sz+Uw ∈ E(σ, γ)

whenever z, w ∈ E(σ, γ).

Claim II. S is a contraction mapping on E(σ, γ).

For any z, w ∈ E(σ, γ), we obtain

|(Sz)(t)− (Sw)(t)|
≤ |K−1(t0 + t, φ̂t0+t, φ̂t0+t)||K(t0 + t, φ̂t0+t, φ̂t0+t)

−K(t0 + t, φ̂t0+t + zt, φ̂t0+t + wt)||z(t)− w(t)|
+ |K−1(t0 + t, φ̂t0+t, φ̂t0+t)L(t0 + t, φ̂t0+t + zt, φ̂t0+t + wt)|

≤
∣∣[I −K−1(t0 + t, φ̂t0+t, φ̂t0+t)K(t0, φ, φ)]

− [K−1(t0 + t, φ̂t0+t, φ̂t0+t)K(t0, φ, φ)]

× [K−1(t0, φ, φ)K(t0 + t, φ̂t0+t + zt, φ̂t0+t + wt)− I]
∣∣ |z(t)− w(t)|

+ |K−1(t0 + t, φ̂t0+t, φ̂t0+t)K(t0, φ, φ)K
−1(t0, φ, φ)

× L(t0 + t, φ̂t0+t + zt, φ̂t0+t + wt)|
≤ (αk2 + αk2)|z(t)− w(t)|+ αk1 sup

0≤s≤t
|z(s)− w(s)|

≤ α(2k2 + k1) sup
0≤s≤t

|z(s)− w(s)|,

where α(2k2 + k1) < 1, and therefore S is a contraction mapping on E(σ, γ).

Claim III. Now we show that U is a completely continuous operator.

For any z ∈ E(σ, γ), 0 ≤ τ < t ≤ σ, we get

|(Uz)(t)− (Uz)(τ)|

=

∣∣∣∣K−1(t0 + t, φ̂t0+t, φ̂t0+t)
1

Γ(q)

∫ t

0

(t− s)q−1f(t0 + s, φ̂t0+s + zs)ds

−K−1(t0 + τ, φ̂t0+τ , φ̂t0+τ )
1

Γ(q)

∫ τ

0

(τ − s)q−1f(t0 + s, φ̂t0+s + zs)ds

∣∣∣∣
=

∣∣∣∣K−1(t0 + t, φ̂t0+t, φ̂t0+t)
1

Γ(q)

∫ t

τ

(t− s)q−1f(t0 + s, φ̂t0+s + zs)ds

+K−1(t0 + t, φ̂t0+t, φ̂t0+t)
1

Γ(q)

∫ τ

0

(t− s)q−1f(t0 + s, φ̂t0+s + zs)ds

−K−1(t0 + t, φ̂t0+t, φ̂t0+t)
1

Γ(q)

∫ τ

0

(τ − s)q−1f(t0 + s, φ̂t0+s + zs)ds

+K−1(t0 + t, φ̂t0+t, φ̂t0+t)
1

Γ(q)

∫ τ

0

(τ − s)q−1f(t0 + s, φ̂t0+s + zs)ds

−K−1(t0 + τ, φ̂t0+τ , φ̂t0+τ )
1

Γ(q)

∫ τ

0

(τ − s)q−1f(t0 + s, φ̂t0+s + zs)ds

∣∣∣∣
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≤ |K−1(t0 + t, φ̂t0+t, φ̂t0+t)|
Γ(q)

∣∣∣∣ ∫ t

τ

(t− s)q−1f(t0 + s, φ̂t0+s + zs)ds

∣∣∣∣
+

|K−1(t0 + t, φ̂t0+t, φ̂t0+t)|
Γ(q)

×
∣∣∣∣ ∫ τ

0

[(t− s)q−1 − (τ − s)q−1]f(t0 + s, φ̂t0+s + zs)ds

∣∣∣∣
+

|K−1(t0 + t, φ̂t0+t, φ̂t0+t)−K−1(t0 + τ, φ̂t0+τ , φ̂t0+τ )|
Γ(q)

×
∣∣∣∣ ∫ τ

0

(τ − s)q−1f(t0 + s, φ̂t0+s + zs)ds

∣∣∣∣
=

|K−1(t0 + t, φ̂t0+t, φ̂t0+t)|
Γ(q)

(I1 + I2)

+
|K−1(t0 + t, φ̂t0+t, φ̂t0+t)−K−1(t0 + τ, φ̂t0+τ , φ̂t0+τ )|

Γ(q)
I3,

where

I1 =

∣∣∣∣ ∫ t

τ

(t− s)q−1f(t0 + s, φ̂t0+s + zs)ds

∣∣∣∣,
I2 =

∣∣∣∣ ∫ τ

0

(
(t− s)q−1 − (τ − s)q−1

)
f(t0 + s, φ̂t0+s + zs)ds

∣∣∣∣,
I3 =

∣∣∣∣ ∫ τ

0

(τ − s)q−1f(t0 + s, φ̂t0+s + zs)ds

∣∣∣∣.
By using an analogous argument presented in (2.51), we can conclude that

I1 ≤ Mq1

(1 + β)1−q1

(
(t− τ)1+β

)1−q1
,

I3 ≤ Mq1

(1 + β)1−q1

(
τ1+β

)1−q1
,

and

I2 ≤
(∫ τ

0

∣∣(t− s)q−1 − (τ − s)q−1
∣∣ 1
1−q1 ds

)1−q1(∫ t0+τ

t0

|f(s, xs)|
1
q1 ds

)q1
≤Mq1

(∫ τ

0

(τ − s)β − (t− s)βds

)1−q1

≤ Mq1

(1 + β)1−q1

(
τ1+β − t1+β + (t− τ)1+β

)1−q1
≤ Mq1

(1 + β)1−q1

(
(t− τ)1+β

)1−q1
,

where β = q−1
1−q1 ∈ (−1, 0). Therefore

|(Uz)(t)− (Uz)(τ)| ≤ |K−1(t0 + t, φ̂t0+t, φ̂t0+t)|
Γ(q)

2Mq1

(1 + β)1−q1

(
(t− τ)1+β

)1−q1
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+
|K−1(t0 + t, φ̂t0+t, φ̂t0+t)−K−1(t0 + τ, φ̂t0+τ , φ̂t0+τ )|

Γ(q)

Mq1

(1 + β)1−q1

(
τ1+β

)1−q1
.

Since the property of the matrix functionK(t0+t, φ̂t0+t, φ̂t0+t) which is nonsingular

and continuous in t ∈ [0, σ] implies that its inverse matrix K−1(t0 + t, φ̂t0+t, φ̂t0+t)

exists and is continuous in t ∈ [0, σ], then {Uz : z ∈ E(σ, γ)} is equicontinuous.

On the other hand, U is continuous from condition (H3) and {Uz : z ∈ E(σ, γ)}
is uniformly bounded from (2.51), thus U is a completely continuous operator by

Arzela-Ascoli theorem.

Therefore, Krasnoselskii fixed point theorem shows that S+U has a fixed point

on E(σ, γ), and hence fractional IVP (2.40)-(2.41) has a solution x(t) = φ(0)+z(t−
t0) for all t ∈ [t0, t0 + σ].

Remark 2.1. If we replace condition (H1) by

(H1)′ f(t, ϕ) is measurable with respect to t on [t0, t0 + σ1].

Then we can also conclude that the result of Theorem 2.7 holds. In fact, for any

x ∈ A(t0, φ, σ1, γ1), suppose xt0+t = φ̂t0+t + zt, t ∈ [0, σ1], then, according to the

definition of φ̂t0+t and zt, we know that xt0+t is a measurable function. It follows

that from (H1)′ and (H3), f(t, xt) is measurable in t, where x ∈ A(t0, φ, σ1, γ1) and

satisfies xt0+t = φ̂t0+t + zt, t ∈ [0, σ1].

Remark 2.2. If we replace condition (H3) by a weaker condition:

(H3)′ for any x, y ∈ A(t0, φ, σ, γ) with sup
t0≤s≤t0+σ

|x(s)− y(s)| → 0,∣∣∣∣ ∫ t

t0

(t− s)q−1(f(s, xs)− f(s, ys))ds

∣∣∣∣→ 0, t ∈ [t0, t0 + σ],

where σ satisfy (2.48), then we can also conclude that the result of Theo-

rem 2.7 holds.

The following existence and uniqueness result for fractional IVP (2.40)-(2.41) is

based on Banach contraction mapping principle.

Theorem 2.8. Assume that g is generalized atomic on Ω, and that for any (t0, φ) ∈
[0,∞)×Ω, there exist constants σ1, γ1 ∈ (0,∞), q1 ∈ (0, q) and a real-valued function

m(t) ∈ L
1
q1 [t0, t0+σ1] such that conditions (H1)-(H2) of Theorem 2.7 hold. Further

assume that:

(H4) there exists a nonnegative function ℓ : [0, σ1] → [0,∞) continuous at t = 0

and ℓ(0) = 0 such that for any x, y ∈ A(t0, φ, σ1, γ1), we have∣∣∣∣ ∫ t

t0

(t−s)q−1[f(s, xs)−f(s, ys)]ds
∣∣∣∣ ≤ ℓ(t−t0) sup

t0≤s≤t
|x(s)−y(s)|, t ∈ [t0, t0+σ1],

then fractional IVP (2.40)-(2.41) has a unique solution.
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Proof. According to the argument of Theorem 2.7, it suffices to prove that S + U

has a unique fixed point on E(σ, γ), where σ, γ > 0 are sufficiently small. Now,

choose σ ∈ (0, σ1), γ ∈ (0, γ1], such that (2.49) holds and that

c = α(2k2 + k1) + sup
0≤s≤σ

|K−1(t0 + s, φ̂t0+s, φ̂t0+s)||ℓ(s)|
Γ(q)

< 1.

Obviously, S + U is a mapping from E(σ, γ) into itself. Using the same argument

as that of Theorem 2.7, for any z, w ∈ E(σ, γ), we get

|(Sz)(t)− (Sw)(t)| ≤ α(2k2 + k1) sup
0≤s≤σ

|z(s)− w(s)|,

and

|(Uz)(t)− (Uw)(t)|

≤ |K−1(t0 + t, φ̂t0+t, φ̂t0+t)|
Γ(q)

∣∣∣∣ ∫ t

0

(t− s)q−1f(t0 + s, φ̂t0+s + zs)ds

−
∫ t

0

(t− s)q−1f(t0 + s, φ̂t0+s + ws)ds

∣∣∣∣
≤ |K−1(t0 + t, φ̂t0+t, φ̂t0+t)|

Γ(q)
|ℓ(t)| sup

0≤s≤t
|z(s)− w(s)|

≤
sup

0≤s≤σ
|K−1(t0 + s, φ̂t0+s, φ̂t0+s)||ℓ(s)|

Γ(q)
sup

0≤s≤σ
|z(s)− w(s)|.

Therefore

|(S + U)z(t)− (S + U)w(t)|

≤
[
α(2k2 + k1) + sup

0≤s≤σ

|K−1(t0 + s, φ̂t0+s, φ̂t0+s)| |ℓ(s)|
Γ(q)

]
sup

0≤s≤σ
|z(s)− w(s)|

= c sup
0≤s≤σ

|z(s)− w(s)|.

Hence, we have

∥(S + U)z − (S + U)w∥ ≤ c∥z − w∥,

where c < 1. By applying Banach contraction mapping principle, we know that

S + U has a unique fixed point on E(σ, γ).

Corollary 2.6. If the condition (H4) of Theorem 2.8 is replaced by the following

condition:

(H4)′ there exist q2 ∈ (0, q) and a function ℓ1 ∈ L
1
q2 [t0, t0 + σ1], such that for any

x, y ∈ A(t0, φ, σ1, γ1) we have

|f(t, xt)− f(t, yt)| ≤ ℓ1(t) sup
t0≤s≤t

|x(s)− y(s)|, t ∈ [t0, t0 + σ1],

then the result of Theorem 2.8 holds.
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Proof. It suffices to prove that the condition (H4) of Theorem 2.8 holds. Note

that ℓ1 ∈ L
1
q2 [t0, t0 + σ1], hence, there must exist a positive number N, such that

N = ∥ℓ1∥
L

1
q2 [t0, t0+σ1]

. Then for any x, y ∈ A(t0, φ, σ1, γ1) we have∣∣∣∣ ∫ t

t0

(t− s)q−1(f(s, xs)− f(s, ys))ds

∣∣∣∣
≤
∫ t

t0

(t− s)q−1|f(s, xs)− f(s, ys)|ds

≤
∫ t

t0

(t− s)q−1ℓ1(s) ds sup
t0≤s≤t

|x(s)− y(s)|

≤ N

(1 + β′)1−q2
(t− t0)

(1+β′)(1−q2) sup
t0≤s≤t

|x(s)− y(s)|,

where β′ = q−1
1−q2 ∈ (−1, 0). Let

ℓ(t− t0) =
N

(1 + β′)1−q2
(t− t0)

(1+β′)(1−q2), t ∈ [t0, t0 + σ1].

Obviously, ℓ : [0, σ1] → [0,∞) continuous at t = 0 and ℓ(0) = 0. Then the condition

(H4) of Theorem 2.8 holds.

2.4.3 Continuation of Solutions

For any t0, φ ∈ [0,∞) × Ω, ω ⊂ Ω and positive constants σ, γ > 0, define

Bω(t0, φ, σ, γ) as the set of all maps x : (−∞, t0 + σ) → Rn such that xt0 = φ,

x : [t0, t0 + σ) → Rn is continuous with |x(t) − φ(0)| ≤ γ and xt ∈ ω for all

t ∈ [t0, t0+σ). In the following theorem, W is a set of all subsets of Ω such that for

any (t0, φ) ∈ [0,∞)× Ω, constants σ, γ > 0 and a set ω ∈ W , if x ∈ Bω(t0, φ, σ, γ)

and if x(t0 + σ) = lim
t→(t0+σ)−

x(t) exists, then xt0+σ ∈ Ω.

Theorem 2.9. Let all conditions of Theorem 2.7 hold. Besides, suppose that σ ∈
(0, σ1], γ ∈ (0, γ1] and for any x ∈ Bω(t0, φ, σ, γ),

(H5) there exist constants qω ∈ (0, q) and a real-valued function mω(t) ∈
L

1
qω [t0, t0 + σ] such that f(t, xt) is measurable and |f(t, xt)| ≤ mω(t) for

t ∈ [t0, t0 + σ);

(H6) lim
τ→0+

[g(t, xt−τ )− g(t− τ, xt−τ )] = 0 uniformly for t ∈ [t0 + τ, t0 + σ);

(H7) K(t, xt, xt)−K(t, xt, xt−τ ) → 0 uniformly for t ∈ [t0 + τ, t0 + σ) as τ → 0+

and as sup
t0+τ≤s≤t

|x(s)− x(s− τ)| → 0;

(H8) there exists a constant H such that |K−1(t, xt, xt)| ≤ H for all t ∈ [t0, t0+σ);

(H9) there exists a continuous function ℓω : [0,∞) → [0,∞) with ℓω(0) = 0 such

that

|L(t, xt, xt−τ )− L∗
b(t, xt, xt−τ )| ≤ ℓω(b) sup

−b≤θ≤0
|x(t+ θ)− x(t− τ + θ)|

where for a given b > 0, lim
τ→0+

L∗
b(t, xt, xt−τ ) = 0 uniformly for t ∈ [t0 +

τ, t0 + σ).
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Then for any ω ∈W and any γ > 0, if x(t) is a noncontinuable solution of fractional

IVP (2.40)-(2.41) defined on [t0, t0 + σ), there exists a t∗ ∈ [t0, t0 + σ) such that

|x(t∗)− φ(0)| > γ or xt∗ ̸∈ ω.

Proof. By way of contradiction, if there exists a noncontinuable solution x(t) of

fractional IVP (2.40)-(2.41) on [t0, t0 + σ) such that |x(t) − φ(0)| ≤ γ and xt ∈ ω

for all t ∈ [t0, t0 + σ), that is, x ∈ Bω(t0, φ, σ, γ), then first, x(t) is not uniformly

continuous on [t0, t0 + σ). Otherwise, x(t0 + σ) = lim
t→(t0+σ)−

x(t) exists and thus

xt0+σ ∈ Ω. By Theorem 2.7, x(t) can be continued beyond t0 + σ.

Therefore, there exist a sufficiently small constant ε > 0, and sequences {tk} ⊆
[t0, t0 + σ), {∆k} with ∆k → 0+ as k → ∞, such that

|x(tk)− x(tk −∆k)| ≥ ε, for all k = 1, 2, ... .

Now choose a constant H > 0 so that

|K−1(t, xt, xt)| ≤ H, for all t ∈ [t0, t0 + σ).

For given H and ε > 0, by (H5)-(H7) and (H9), we can find positive constants b

and σ0 so that

2HMω

Γ(q)(1 + βω)1−qω

(
σ1+βω
0

)1−qω
<
ε

5
,

where βω = q−1
1−qω ∈ (−1, 0),Mω =

(∫ t0+σ
t0

(mω(s))
1
qω ds

)qω
,

H|K(t, xt, xt)−K(t, xt, xt−τ )| <
1

5
, as sup

t0+τ≤s≤t
|x(s)− x(s− τ)| ≤ ε,

and

H|g(t, xt−τ )− g(t− τ, xt−τ )| <
ε

5
,

Hℓω(b) <
1

5
, b <

δ − σ0
2

,

H|L∗
b(t, xt, xt−τ )| <

ε

5
,

for all t ∈ [t0 + τ, t0 + σ) and 0 < τ < σ0.

Since x(t) is uniformly continuous on [t0, t0 + σ − b], we can find a constant

H1 > 0 so that for all k ≥ H1, we have ∆k < σ0 and |x(t)− x(t−∆k)| < ε for all

t ∈ [t0 + σk, t0 + σ− b]. Now for all k ≥ H1, define a sequence {sk} in the following

pattern

sk = inf{t ∈ (t0 + σ − b, t0 + σ) : |x(t)− x(t−∆k)| ≥ ε}.

Then

|x(sk)− x(sk −∆k)| = ε.

Thus we get

2HMω

Γ(q)(1 + βω)1−qω

(
∆1+βω
k

)1−qω
<
ε

5
,
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H|K(sk, xsk , xsk)−K(sk, xsk , xsk−∆k)| <
1

5
,

H|g(sk, xsk−∆k)− g(sk −∆k, xsk−∆k)| <
ε

5

and

H|L(sk, xsk , xsk−∆k)− L∗
b(sk, xsk , xsk−∆k)|

≤ 1

5
sup

−b≤θ≤0
|x(sk + θ)− x(sk −∆k + θ)| ≤ ε

5
.

On the other hand, we see that

g(sk, xsk)− g(sk −∆k, xsk−∆k)

= g(sk, xsk)− g(sk, xsk−∆k) + g(sk, xsk−∆k)− g(sk −∆k, xsk−∆k)

= (K(sk, xsk , xsk−∆k)−K(sk, xsk , xsk)) (x(sk)− x(sk −∆k))

+K(sk, xsk , xsk) (x(sk)− x(sk −∆k)) + L(sk, xsk , xsk−∆k)

− L∗
b(sk, xsk , xsk−∆k) + L∗

b(sk, xsk , xsk−∆k)

+ g(sk, xsk−∆k)− g(sk −∆k, xsk−∆k).

By using the same argument as that of Claim III in Theorem 2.7, we have

|g(sk, xsk)− g(sk −∆k, xsk−∆k)|

≤ 1

Γ(q)

∣∣∣∣ ∫ sk

sk−∆k

(sk − s)q−1f(s, xs)ds

∣∣∣∣
+

1

Γ(q)

∣∣∣∣ ∫ sk−∆k

t0

[(sk − s)q−1 − (sk −∆k − s)q−1]f(s, xs)ds

∣∣∣∣
≤ 2Mω

Γ(q)(1 + βω)1−qω

(
∆1+βω
k

)1−qω
.

Therefore

|x(sk)− x(sk −∆k)|
≤ |K−1(sk, xsk , xsk)|[|g(sk, xsk)− g(sk −∆k, xsk−∆k)|
+ |K(sk, xsk , xsk−∆k)−K(sk, xsk , xsk)||x(sk)− x(sk −∆k)|
+ |L(sk, xsk , xsk−∆k)− L∗

b(sk, xsk , xsk−∆k)|
+ |L∗

b(sk, xsk , xsk−∆k)|+ |g(sk, xsk−∆k)− g(sk −∆k, xsk−∆k)|]
< ε.

This is contrary to |x(sk)− x(sk −∆k)| = ε. The proof is completed.

Remark 2.3. If we replace conditions of Theorem 2.7 by conditions of Remark 2.1,

the result of Theorem 2.9 holds.

Remark 2.4. If we replace the condition (H3) of Theorem 2.7 by a weaker condi-

tion:
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(H3)′′ for any x, y ∈ A(t0, φ, σ, γ) with sup
t0≤s≤t0+σ

|x(s)− y(s)| → 0,

∣∣∣∣ ∫ t

t0

(t− s)q−1[f(s, xs)− f(s, ys)]ds

∣∣∣∣→ 0, t ∈ [t0, t0 + σ],

where σ ∈ (0, σ1], γ ∈ (0, γ1].

Then we can also conclude that the result of Theorem 2.9 holds.

In the following, for any (t0, φ) ∈ [0,∞) × Ω and any constants ε, σ, γ > 0,

Cε(t0, φ, δ, γ) denotes the set of all functions x : (−∞, t0 + σ] → Rn so that ∥xt0 −
φ∥B < ε, x : [t0, t0 + σ] → Rn is continuous and |x(t)− φ(0)| ≤ γ.

Theorem 2.10. Suppose that for any (t0, φ) ∈ [0,∞)×Ω, the solution of fractional

IVP (2.40)-(2.41) is unique. Besides, suppose that σ ∈ (0, σ1], γ ∈ (0, γ1] and for

any x ∈ Cε(t0, φ, σ, γ), (H5)-(H9) hold and

(H10) for any x, y ∈ Cε(t0, φ, σ, γ), if ∥xt0 − yt0∥B → 0 and sup
t0≤s≤t0+σ

|x(s) −

y(s)| → 0, then g(t, xt) → g(t, yt) and |
∫ t
t0
(t−s)q−1[f(s, xs)−f(s, ys)]ds| →

0 for t ∈ [t0, t0 + σ].

If x is a noncontinuable solution of fractional IVP(2.40)-(2.41) defined on

[t0, t0 + σ1), then for any ε > 0 and σ ∈ (0, σ1), we can find a σ > 0 so that

if ∥φ− ψ∥B < σ, then |x(t)− y(t)| < ε for t ∈ [t0, t0 + σ], where y(t) is a solution

of (2.40) through (t0, ψ).

Proof. By way of contradiction, if the conclusion above is not true, then there exist

ε > 0, sequences {tk} ⊆ [t0, t0 + σ] and {φk} ⊆ Ω such that

∥φk − φ∥B <
1

k
,

|yk(tk)− x(tk)| = ε

and

|yk(t)− x(t)| < ε, for t ∈ [t0, tk),

where yk(t) is a solution of following fractional IVP

C
t0D

α
t g(t, yt) = f(t, yt), yt0 = φk. (2.52)

Without loss of generality, we may assume tk → t̄ ∈ [t0, t0 + σ] as k → ∞. Now

define a sequence of functions {zk} as follows:

zk(t) =

{
yk(t), for t ∈ [t0, tk],

yk(tk), for t ∈ [tk, t̄ ], if tk < t̄.

Using the same argument as that of Theorem 2.7, we can assume that {zk} is

equicontinuous in t ∈ [t0, t̄ ]. By Arzela-Ascoli theorem, without loss of generality,
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we can find a function y : (−∞, t̄ ] → Rn such that lim
k→∞

sup
t0≤s≤t̄

|zk(s) − y(s)| = 0

and y(s) = φ(s) for s ≤ t0.

Now considering the equation (2.52), we get

g(t, ykt )− g(t0, φ
k) =

1

Γ(q)

∫ t

t0

(t− s)q−1f(s, yks )ds, for t ∈ [t0, t̄ ].

By (H10) and Lebesgue dominated convergence theorem and let k → ∞, we obtain

g(t, yt)− g(t0, φ) =
1

Γ(q)

∫ t

t0

(t− s)q−1f(s, ys)ds, for t ∈ [t0, t̄ ].

This means that y(t) = x(t) for t ∈ [t0, t̄ ] by the uniqueness assumption of the

solutions of fractional IVP (2.40)-(2.41). This is contrary to

|yk(tk)− x(tk)| = ε

and

lim
k→∞

sup
t0≤s≤t̄

|zk(s)− y(s)| = 0.

The proof is completed.

2.5 Iterative Functional Differential Equations

2.5.1 Introduction

In Section 2.5, we consider the following fractional iterative functional differential

equations with parameter
C
aD

q
tx(t) = f(t, x(t), x(xv(t))) + λ, t ∈ [a, b], v ∈ R \ {0}, q ∈ (0, 1), λ ∈ R,

x(t) = φ(t), t ∈ [a1, a],

x(t) = ψ(t), t ∈ [b, b1],
(2.53)

where CaD
q
t is Caputo fractional derivative of order q and

(C1) a1 ≤ a < b ≤ b1, a1 ≤ av1 and bv1 ≤ b1;

(C2) f ∈ C([a, b]× [a1, b1]
2,R);

(C3) φ ∈ C([a1, a], [a1, b1]) and ψ ∈ C([b, b1], [a1, b1]).

Definition 2.12. A function x ∈ C([a1, b1], [a1, b1]) is said to be a solution of the

problem (2.53) if x satisfies the equation C
aD

q
tx(t) = f(t, x(t), x(xv(t)))+λ on [a, b],

and the conditions x(t) = φ(t), t ∈ [a1, a], x(t) = ψ(t), t ∈ [b, b1].

The purpose of this section is to determine the pair (x, λ), x ∈ C([a1, b1], [a1, b1])

(or CqL([a1, b1], [a1, b1])), λ ∈ R, which satisfies the problem (2.53). In Subsec-

tion 2.5.2, by using Schauder fixed point theorem, we establish existence theorems in

C([a1, b1], [a1, b1]) and CqL([a1, b1], [a1, b1]) respectively. Unfortunately, uniqueness

results can not be obtained since the solution operator is not Lipschitz continuous
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but only Hölder continuous. Meanwhile, data dependence results of solutions and

parameters provide possible way to describe the error estimates between explicit

and approximative solutions for such problems. In Subsection 2.5.4, We make some

examples to illustrate our results and conclude some possible extensions to general

parametrized fractional iterative functional differential equations.

2.5.2 Existence

We first give existence result in C([a1, b1], [a1, b1]). Let (x, λ) be a solution of the

problem (2.53). Then this problem is equivalent to the following fixed point equation

x(t) =



φ(t), for t ∈ [a1, a],

φ(a) +
1

Γ(q)

∫ t

a

(t− s)q−1f(s, x(s), x(xv(s)))ds

+
λ

Γ(q + 1)
(t− a)q, for t ∈ [a, b],

ψ(t), for t ∈ [b, b1].

(2.54)

From the condition of continuity of x in t = b, we have that

λ =
Γ(q + 1)(ψ(b)− φ(a))

(b− a)q
− q

(b− a)q

∫ b

a

(b− s)q−1f(s, x(s), x(xv(s)))ds.

Now we consider the operator

A : C([a1, b1], [a1, b1]) → C([a1, b1],R),

where

(Ax)(t) :=



φ(t), for t ∈ [a1, a],

φ(a) +
(t− a)q

(b− a)q
(ψ(b)− φ(a))− (t− a)q

Γ(q)(b− a)q

×
∫ b

a

(b− s)q−1f(s, x(s), x(xv(s)))ds

+
1

Γ(q)

∫ t

a

(t− s)q−1f(s, x(s), x(xv(s)))ds, for t ∈ [a, b],

ψ(t), for t ∈ [b, b1].
(2.55)

It is clear that (x, λ) is a solution of the problem (2.53) if and only if x is a fixed

point of the operator A and λ is given by (2.54). So, the problem is to study the

fixed point equation

x = A(x).

Now, we are ready to state our first result in this section.

Theorem 2.11. We suppose that

(i) conditions (C1)-(C3) are satisfied;
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(ii) there are mf , Mf ∈ R such that

mf ≤ f(t, u, w) ≤Mf , ∀ t ∈ [a, b], u, w ∈ [a1, b1],

along with

a1 ≤ min{φ(a), ψ(b)} −max

{
0,
Mf (b− a)q

Γ(q + 1)

}
+min

{
0,
mf (b− a)q

Γ(q + 1)

}
,

and

max{φ(a), ψ(b)} −min

{
0,
mf (b− a)q

Γ(q + 1)

}
+max

{
0,
Mf (b− a)q

Γ(q + 1)

}
≤ b1.

Then problem (2.53) has a solution in C([a1, b1], [a1, b1]).

Proof. In what follow we consider on C([a1, b1],R) with the Chebyshev norm ∥·∥C .
Condition (ii) assures that the set C([a1, b1], [a1, b1]) is an invariant subset for

the operator A, that is, we have

A(C([a1, b1], [a1, b1])) ⊂ C([a1, b1], [a1, b1]).

Indeed, for t ∈ [a1, a] ∪ [b, b1], we have A(x)(t) ∈ [a1, b1]. Furthermore, we obtain

a1 ≤ A(x)(t) ≤ b1, ∀ t ∈ [a, b],

if and only if

a1 ≤ min
t∈[a,b]

A(x)(t) (2.56)

and

max
t∈[a,b]

A(x)(t) ≤ b1 (2.57)

hold.

Since

min
t∈[a,b]

A(x)(t) ≥ min{φ(a), ψ(b)} −max

{
0,
Mf (b− a)q

Γ(q + 1)

}
+min

{
0,
mf (b− a)q

Γ(q + 1)

}
,

and

max
t∈[a,b]

A(x)(t) ≤ max{φ(a), ψ(b)} −min

{
0,
mf (b− a)q

Γ(q + 1)

}
+max

{
0,
Mf (b− a)q

Γ(q + 1)

}
,

respectively, the requirements (2.56) and (2.57) are satisfied with the conditions

appearing in (ii).

So, in the above conditions we have a self-mapping operator

A : C([a1, b1], [a1, b1]) → C([a1, b1], [a1, b1]).

Further, we check A is a completely continuous operator.

Let {xn} be a sequence such that xn → x in C([a1, b1], [a1, b1]). Then for each

t ∈ [a1, b1], we have that

|(Axn)(t)− (Ax)(t)| ≤


0, for t ∈ [a1, a],

2(b− a)q

Γ(q + 1)
∥f(·, xn(xvn(·)))− f(·, x(xv(·)))∥C , for t ∈ [a, b],

0, for t ∈ [b, b1].
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Since f ∈ C([a, b]× [a1, b1]
2,R), we have that

∥Axn −Ax∥C → 0, as n→ ∞.

Now, consider a1 ≤ t1 < t2 ≤ a. Then,

|(Ax)(t2)− (Ax)(t1)| = |φ(t2)− φ(t1)|.

Similarly, for b ≤ t1 < t2 ≤ b1,

|(Ax)(t2)− (Ax)(t1)| = |ψ(t2)− ψ(t1)|.

On the other hand, for a ≤ t1 < t2 ≤ b,

|(Ax)(t2)− (Ax)(t1)| ≤
(t2 − t1)

q

(b− a)q
|ψ(b)− φ(a)|

+
4(t2 − t1)

qmax{|mf |, |Mf |}
Γ(q + 1)

.

(2.58)

Together with Arzela-Ascoli theorem and A is a continuous operator, we can con-

clude that A is a completely continuous operator.

It is obvious that the set C([a1, b1], [a1, b1]) ⊆ C([a1, b1],R) is a bounded convex

closed subset of the Banach space C([a1, b1],R). Thus, the operator A has a fixed

point due to Schauder fixed point theorem. This completes the proof.

In the following, we present the existence and estimate results in

CqL([a1, b1], [a1, b1]). Let L > 0 and I ⊂ R be a compact interval, and introduce the

following notation:

CqL(I,R) = {x ∈ C(I,R)| |x(t1)− x(t2)| ≤ L|t1 − t2|q}

for all t1, t2 ∈ I. Remark that CqL(I,R) ⊆ C(I,R) is a complete metric space. Then

(2.58) implies that under assumptions of Theorem 2.11 any solution of problem

(2.53) belongs to CqL∗
([a, b],R) for

L∗ =
|ψ(b)− φ(a)|

(b− a)q
+

4max{|mf |, |Mf |}
Γ(q + 1)

. (2.59)

Now we present our second result in this section.

Theorem 2.12. We suppose that

(i) conditions of Theorem 2.11 hold and φ ∈ CqLφ([a1, a], [a1, b1]), ψ ∈
CqLψ ([b, b1], [a1, b1]) for some Lφ, Lψ ≥ 0.

Then problem (2.53) has a solution in X = CqL([a1, b1], [a1, b1]) and all its solution

belongs to X for

L =
(

1−q
√
Lφ + 1−q

√
Lψ + 1−q

√
L∗

)1−q
,

where L∗ is defined by (2.59).

Assume in addition
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(ii) there exist Lu > 0 and Lw > 0 such that

|f(t, u1, w1)− f(t, u2, w2)| ≤ Lu|u1 − u2|+ Lw|w1 − w2|,

for ∀ t ∈ [a, b], ui, wi ∈ [a1, b1], i = 1, 2.

Then two solutions x1 and x2 of problem (2.53) satisfy

∥x1 − x2∥C ≤ L
1

1−qmin{1,v}
A (2.60)

for

LA :=
2(b− a)q

Γ(q + 1)

(
(Lu + Lw)b

1−qmin{1,v}
1 +max{1, vq}bqmax{v−1,0}

1 LwL
)
. (2.61)

If in addition

Γ(q + 1) > 2(b− a)qLu, (2.62)

then

∥x1 − x2∥C

≤

2(b− a)qLw

(
b
1−qmin{1,v}
1 +max{1, vq}bqmax{v−1,0}

1 L
)

Γ(q + 1)− 2(b− a)qLu


1

1−qmin{1,v}

.
(2.63)

Proof. Consider the operator A given by (2.55). From Theorem 2.11, we have

A : C([a1, b1], [a1, b1]) → C([a1, b1], [a1, b1])

and A has a fixed point in C([a1, b1], [a1, b1]).

Now, consider a1 ≤ t1 < t2 ≤ a. Then,

|(Ax)(t2)− (Ax)(t1)| = |φ(t2)− φ(t1)| ≤ Lφ|t1 − t2|q ≤ L∗|t1 − t2|q

as φ ∈ CqLφ([a1, a], [a1, b1]), due to (i).

Similarly, for b ≤ t1 < t2 ≤ b1,

|(Ax)(t2)− (Ax)(t1)| = |ψ(t2)− ψ(t1)| ≤ Lψ|t1 − t2|q ≤ L∗|t1 − t2|q

that follows from (i), too.

On the other hand, for a ≤ t1 < t2 ≤ b, we already know (see (2.58))

|(Ax)(t2)− (Ax)(t1)| ≤ L∗|t1 − t2|q.

Next, if a1 ≤ t1 ≤ a ≤ t2 ≤ b, then by Hölder inequality with q′ = 1
q and p′ = 1

1−q
(note q′, p′ > 1),

|(Ax)(t2)− (Ax)(t1)| ≤ |(Ax)(a)− (Ax)(t1)|+ |(Ax)(t2)− (Ax)(a)|
≤ Lφ(a− t1)

q + L∗(t2 − a)q

≤ p′
√
Lp

′
φ + Lp

′
∗

q′
√
(a− t1)qq

′ + (t2 − a)qq′

≤ L|t1 − t2|q.
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Furthermore, if a1 ≤ t1 ≤ a < b ≤ t2 ≤ b1, then again by the Hölder inequality

with q′ = 1
q and p′ = 1

1−q ,

|(Ax)(t2)− (Ax)(t1)|
≤ |(Ax)(a)− (Ax)(t1)|+ |(Ax)(b)− (Ax)(a)|+ |(Ax)(t2)− (Ax)(b)|
≤ Lφ(a− t1)

q + L∗(b− a)q + Lψ(t2 − b)q

≤ p′
√
Lp

′
φ + Lp

′
∗ + Lp

′

ψ
q′
√
(a− t1)qq

′ + (b− a)qq′ + (t2 − b)qq′

= L|t1 − t2|q.

Therefore, the function A(x)(t) belongs to X. This proves the first statement.

Take x1, x2 ∈ X. Then for all t ∈ [a1, a] ∪ [b, b1], we have

|A(x1)(t)−A(x2)(t)| = 0.

Moreover, for t ∈ [a, b], from our conditions, we get

|A(x1)(t)−A(x2)(t)|

≤ (t− a)q

Γ(q)(b− a)q

∫ b

a

(b− s)q−1 |f(s, x1(s), x1(xv1(s)))− f(s, x2(s), x2(x
v
2(s)))| ds

+
1

Γ(q)

∫ t

a

(t− s)q−1 |f(s, x1(s), x1(xv1(s)))− f(s, x2(s), x2(x
v
2(s)))| ds

≤ 1

Γ(q)

∫ b

a

(b− s)q−1 (Lu|x1(s)− x2(s)|+ Lw |x1(xv1(s))− x2(x
v
2(s))|) ds

+
1

Γ(q)

∫ t

a

(t− s)q−1 (Lu|x1(s)− x2(s)|+ Lw |x1(xv1(s))− x2(x
v
2(s))|) ds

≤ 1

Γ(q)

∫ b

a

(b− s)q−1
(
Lu|x1(s)− x2(s)|+ Lw |x1(xv1(s))− x1(x

v
2(s))|

+ Lw |x1(xv2(s))− x2(x
v
2(s))|

)
ds

+
1

Γ(q)

∫ t

a

(t− s)q−1
(
Lu|x1(s)− x2(s)|+ Lw |x1(xv1(s))− x1(x

v
2(s))|

+ Lw |x1(xv2(s))− x2(x
v
2(s))|

)
ds

≤ 1

Γ(q)

∫ b

a

(b− s)q−1
(
(Lu + Lw)∥x1 − x2∥C + LwL |xv1(s)− xv2(s)|

q
)
ds

+
1

Γ(q)

∫ t

a

(t− s)q−1
(
(Lu + Lw)∥x1 − x2∥C + LwL |xv1(s)− xv2(s)|

q
)
ds

≤ 1

Γ(q)

∫ b

a

(b− s)q−1
(
(Lu + Lw)∥x1 − x2∥C

+max{1, vq}bqmax{v−1,0}
1 LwL∥x1 − x2∥qmin{1,v}

C

)
ds

+
1

Γ(q)

∫ t

a

(t− s)q−1
(
(Lu + Lw)∥x1 − x2∥C
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+max{1, vq}bqmax{v−1,0}
1 LwL∥x1 − x2∥qmin{1,v}

C

)
ds

≤ 2(b− a)q

Γ(q + 1)

(
(Lu + Lw)∥x1 − x2∥C

+max{1, vq}bqmax{v−1,0}
1 LwL∥x1 − x2∥qmin{1,v}

C

)
,

where we use the inequality

rv − sv ≤ max{1, v}rmax{v−1,0}(r − s)min{1,v}

for any r ≥ s ≥ 0 and v > 0. From ∥x1 − x2∥C ≤ b1 we get

∥A(x1)−A(x2)∥C ≤ 2(b− a)q

Γ(q + 1)

(
(Lu + Lw)b

1−qmin{1,v}
1

+max{1, vq}bqmax{v−1,0}
1 LwL

)
∥x1 − x2∥qmin{1,v}

C

= LA∥x1 − x2∥qmin{1,v}
C .

(2.64)

So A is Hölder continuous but not Lipschitz continuous, since qmin{1, v} ≤ q < 1.

If x1 and x2 are fixed points of A then

∥x1 − x2∥C = ∥A(x1)−A(x2)∥C ≤ LA∥x1 − x2∥qmin{1,v}
C

which implies (2.60). In general, we have

∥x1 − x2∥C ≤ 2(b− a)q

Γ(q + 1)
Lu∥x1 − x2∥C

+
2(b− a)qLw
Γ(q + 1)

(
b
1−qmin{1,v}
1

+max{1, vq}bqmax{v−1,0}
1 L

)
∥x1 − x2∥qmin{1,v}

C ,

which implies (2.63) under (2.62). The proof is completed.

We do not know about uniqueness. But this is not so surprising, since A is

not Lipschitzian in general. So we cannot apply metric fixed point theorems, only

topological one. This can be simply illustrated on a simpler problem

C
0D

1
2
t x(t) = x(

√
x(t)), x(0) = 0, t ∈ [0, 1]. (2.65)

Rewriting (2.65) as

x(t) = B(x)(t) =
1

Γ( 12 )

∫ t

0

x(
√
x(s))√
t− s

ds,

it follows that B : C 1
2
([0, 1], [0, 1]) → C 1

2
([0, 1],R) satisfies

∥B(x1)−B(x2)∥C ≤ 2√
π

(
∥x1 − x2∥C +

1

2

√
∥x1 − x2∥C

)
,

so it is not Lipschitzian. Hence (2.65) should have a nonzero solution, and it does

have x(t) = 4
π t.
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2.5.3 Data Dependence

Consider the following two problems
C
aD

q
tx(t) = fi(t, x(t), x(x

v(t))) + λi, t ∈ [a, b], v ∈ (0, 1], q ∈ (0, 1),

x(t) = φi(t), t ∈ [a1, a],

x(t) = ψi(t), t ∈ [b, b1],

(2.66)

where fi, λi, φi and ψi, i = 1, 2 be as in the Theorem 2.12.

Consider the operators

Ai : C([a1, b1], [a1, b1]) → C([a1, b1], [a1, b1])

given by (2.55) when φ, ψ, f and λ are replaced by φi, ψi, fi and λi, respectively.

We are ready to state the third result in this section.

Theorem 2.13. Suppose the conditions of the Theorem 2.12 hold, and, moreover

(i) there exists η1 > 0 such that

|φ1(t)− φ2(t)| ≤ η1, ∀ t ∈ [a1, a],

and

|ψ1(t)− ψ2(t)| ≤ η1, ∀ t ∈ [b, b1];

(ii) there exists η2 > 0 such that

|f1(t, u, w)− f2(t, u, w)| ≤ η2, ∀ t ∈ [a, b], u, w ∈ [a1, b1].

Let r∗ be a positive root of equation

r∗ = L∗r
qmin{1,v}
∗ + 3η1 +

2(b− a)q

Γ(q + 1)
η2, (2.67)

where L∗ = min{LA1
, LA2

} (see (2.61)). Then

∥x∗1 − x∗2∥C ≤ r∗, (2.68)

and

|λ∗1 − λ∗2| ≤
Γ(q + 1)

(b− a)q

(
2η1 +

L∗

2
r
qmin{1,v}
∗

)
+ η2, (2.69)

where (x∗i , λ
∗
i ), i = 1, 2 are solutions of the corresponding problems (2.66). Note r∗

is uniquely defined.

Proof. Using the condition (i), it is easy to see that for x ∈ C([a1, b1], [a1, b1]) and

t ∈ [a1, a] ∪ [b, b1], we have

∥A1(x)−A2(x)∥C ≤ η1.

On the other hand, for t ∈ [a, b], using the condition (ii), we obtain

|A1(x)(t)−A2(x)(t)|
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≤ |φ1(a)− φ2(a)|+
(t− a)q

(b− a)q
(|ψ1(b)− ψ2(b)|+ |φ1(a)− φ2(a)|)

+
(t− a)q

Γ(q)(b− a)q

∫ b

a

(b− s)q−1 |f1(s, x(s), x(xv(s)))− f2(s, x(s), x(x
v(s)))| ds

+
1

Γ(q)

∫ t

a

(t− s)q−1 |f1(s, x(s), x(xv(s)))− f2(s, x(s), x(x
v(s)))| ds

≤ 3η1 +
2(b− a)q

Γ(q + 1)
η2.

So, we have

∥A1(x)−A2(x)∥C ≤ 3η1 +
2(b− a)q

Γ(q + 1)
η2.

Next, (2.64) holds for both Ai with Lfi . Without loss of generality, we may suppose

that L∗ = LA1 = min{LA1 , LA2}. Consequently, we obtain

∥x∗1 − x∗2∥C = ∥A1(x
∗
1)−A2(x

∗
2)∥C

≤ ∥A1(x
∗
1)−A1(x

∗
2)∥C + ∥A1(x

∗
2)−A2(x

∗
2)∥C

≤ L∗∥x∗1 − x∗2∥
qmin{1,v}
C + 3η1 +

2(b− a)q

Γ(q + 1)
η2,

which implies (2.68). Moreover, we get

|λ∗1 − λ∗2|

≤ Γ(q + 1)(|ψ1(b)− ψ2(b)|+ |φ1(a)− φ2(a)|)
(b− a)q

+
q

(b− a)q

∫ b

a

(b− s)q−1 |f1(s, x∗1(s), x∗1(x∗v1 (s)))− f1(s, x
∗
2(s), x

∗
2(x

∗v
2 (s)))| ds

+
q

(b− a)q

∫ b

a

(b− s)q−1 |f1(s, x∗2(s), x∗2(x∗v2 (s)))− f2(s, x
∗
2(s), x

∗
2(x

∗v
2 (s)))| ds

≤ Γ(q + 1)

(b− a)q

(
2η1 +

L∗

2
r
qmin{1,v}
∗

)
+ η2.

The proof is completed.

2.5.4 Examples and General Cases

Example 2.2. Consider the following problem:
C
0D

1
2
t x(t) = µx(x(t)) + λ, t ∈ [0, 1], µ > 0, λ ∈ R,

x(t) = 0, t ∈ [−h, 0], h > 0,

x(t) = 1, t ∈ [1, 1 + h],

(2.70)

where x ∈ C([−h, 1 + h], [−h, 1 + h]).
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Proposition 2.1. Suppose that

µ ≤
Γ( 32 )h

1 + 2h
.

Then the problem (2.70) has a solution in C([−h, 1 + h], [−h, 1 + h]).

Proof. First of all notice that accordingly to the Theorem 2.11 we have v = 1,

q = 1
2 , a = 0, b = 1, ψ(b) = 1, φ(a) = 0 and f(t, u1, u2) = µu2. Moreover, a1 = −h

and b1 = 1 + h can be taken. Therefore, from the relation

mf ≤ f(t, u1, u2) ≤Mf , ∀ t ∈ [0, 1], u1, u2 ∈ [−h, 1 + h],

we can choose mf = −hµ and Mf = (1 + h)µ. For these data it can be easily

verified that the condition (ii) from the Theorem 2.11 is equivalent to the relation

µ ≤
Γ( 32 )h

1 + 2h
,

consequently we complete the proof.

Example 2.3. Consider the following problem:

C
2hD

1
2
t x(t) = µx2(x(t)) + λ, t ∈ [2h, 3h], µ > 0, λ ∈ R,

x(t) =
1

2
, t ∈ [h, 2h],

x(t) =
1

2
, t ∈ [3h, 4h], h ∈

[
1

8
,
1

2

]
,

(2.71)

where x ∈ C([h, 4h], [h, 4h]). Note 1
2 ∈ [h, 4h] for h ∈ [ 18 ,

1
2 ].

Proposition 2.2. We suppose that

0 < µ ≤ (−1 + 8h)
√
π

64h5/2
, for h ∈

(
1

8
,
1

5

]
,

0 < µ ≤ (1− 2h)
√
π

64h5/2
, for h ∈

[
1

5
,
1

2

)
.

Then the problem (2.71) has a solution in C
1
2

L ([h, 4h], [h, 4h]) with L = 128µh2

√
π

.

Note 0 < µ ≤ 15
√
5π

64

.
= 0.928905. Furthermore, any two solutions x1, x2 ∈

C
1
2

L ([h, 4h], [h, 4h]) of (2.71) satisfy

∥x1 − x2∥C ≤
4096h4µ2

(
64h

3
2µ+

√
π
)2

π2
. (2.72)

Proof. First of all notice that accordingly to the Theorem 2.12 we have v = 1,

q = 1
2 , a = 2h, b = 3h, ψ(b) = 1

2 , φ(a) = 1
2 , a1 = h, b1 = 4h. Observe that

|f(t, u1, u2) − f(t, w1, w2)| = µ|u2 + w2||u2 − w2| ≤ 8hµ|u2 − w2|, u2, w2 ∈ [h, 4h].

So Lu = 0 and Lw = 8hµ. Next, we choose mf = µh2 and Mf = 16µh2. By a

common check in the conditions of Theorem 2.12 we can make sure that

a1 ≤ min{φ(a), ψ(b)} −max

{
0,
Mf (b− a)q

Γ(q + 1)

}
+min

{
0,
mf (b− a)q

Γ(q + 1)

}
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⇐⇒ h+
16µh

5
2

Γ( 32 )
≤ 1

2
,

max{φ(a), ψ(b)} −min

{
0,
mf (b− a)q

Γ(q + 1)

}
+max

{
0,
Mf (b− a)q

Γ(q + 1)

}
≤ b1

⇐⇒ 1

2
≤ 4h− 16µh

5
2

Γ( 32 )
.

These inequalities are equivalent to

0 < µ ≤ min

{
(1− 2h)

√
π

64h
5
2

,
(−1 + 8h)

√
π

64h
5
2

}
.

The function κ(h) = min
{
− (−1+2h)

√
π

64h
5
2

, (−1+8h)
√
π

64h
5
2

}
is increasing from 0 to

15
√
5π

64

.
= 0.928905 on [18 ,

1
5 ] and then it is decreasing to 0 on [15 ,

1
2 ]. Next, we

derive Lφ = Lψ = 0 and

L∗ =
|ψ(b)− φ(a)|

(b− a)q
+

4max{|mf |, |Mf |}
Γ(q + 1)

=
64µh2

Γ( 32 )
=

128µh2√
π

,

so L = L∗. By (2.61) we derive

LA =
2
√
h

Γ( 32 )

(
8hµ

√
4h+ 8hµ

128µh2√
π

)
=

64h2µ
(
64h

3
2µ+

√
π
)

π
.

This gives (2.72) by (2.60). Therefore, by Theorem 2.12 the proof is completed.

Example 2.4. Now take the following problems
C
2hD

1
2
t x(t) = µx2(x(t)) + λi, t ∈ [2h, 3h], µi = µ, λi ∈ R,

x(t) = φi, t ∈ [h, 2h], h > 0,

x(t) = ψi, t ∈ [3h, 4h]

(2.73)

for i = 1, 2. Suppose the following assumptions.

(H1) φi ∈ C
1
2

L∗
([h, 2h], [h, 4h]), ψi ∈ C

1
2

L∗
([3h, 4h], [h, 4h]) such that φi(2h) = 1

2 ,

ψi(3h) =
1
2 , i = 1, 2 and L∗ = 128µh2

√
π

;

(H2) we are in the conditions of Proposition 2.2 for both of the problems (2.73).

Let (x∗i , λ
∗
i ) be solutions of the problems (2.73). We are looking for an estimation

for ∥x∗1 − x∗2∥C and |λ∗1 − λ∗2|.
Then, build upon Theorem 2.13, by a common substitution one can make sure

that we have

Proposition 2.3. Consider the problems (2.73) and suppose the requirements (H1)-

(H2) hold. Additionally, there exists η1 > 0 such that

|φ1(t)− φ2(t)| ≤ η1, ∀ t ∈ [h, 2h],
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and

|ψ1(t)− ψ2(t)| ≤ η1, ∀ t ∈ [3h, 4h].

Then

∥x∗1 − x∗2∥C ≤ r∗,

and

|λ∗1 − λ∗2| ≤
2√
πh

(
2η1 +

L∗

2

√
r∗

)
,

where L∗ and r∗ are given by (2.74) and (2.75), respectively.

Proof. Results follow from Theorem 2.13 as follows. By Proposition 2.2, we have

L =
√
3L∗ = 128µh2

√
3√

π
and then (see (2.61))

L∗ = LA1
= LA2

=
64h2µ(64

√
3h3/2µ+

√
π)

π
. (2.74)

Realizing that now η2 = 0, equation (2.67) has the form

r∗ = L∗√r∗ + 3η1,

which has the positive solution

r∗ =
1

π2

(
25165824h7µ4 + 64h2µπ

3
2 + η1π

2

+ 8
√
2

√
4947802324992h14µ8 + 25165824h9µ5π

3
2 + 393216h7µ4η1π2

)
.

(2.75)

The estimate for |λ∗1 − λ∗2| follows directly from (2.69). The proof is finished.

We conclude this section by considering a general fractional order iterative func-

tional differential equations with parameter given by
C
aD

q
tx(t) = f(t, x(t), x(xv(t)), λ), t ∈ [a, b], v ∈ (0, 1], q ∈ (0, 1), λ ∈ J,

x(t) = φ(t), t ∈ [a1, a],

x(t) = ψ(t), t ∈ [b, b1],

(2.76)

when J ⊂ R is an open interval, conditions (C1), (C3) are supposed and (C2) is

extended to

(C4) f ∈ C([a, b]× [a1, b1]
2 × J,R).

Then by (2.55) we have an operator A(λ, x). It is easy to see that A(λ, x) =

A(x) for the problem (2.53). Supposing the assumptions of Theorem 2.11 for the

problem (2.76) uniformly with respect to λ ∈ J , we can find its fixed point x∗(λ, ·) ∈
C([a1, b1], [a1, b1]). In order to get a solution of the problem (2.76), we need to solve

Υ(λ) = Γ(q)(ψ(b)− φ(a))−
∫ b

a

(b− s)q−1f(s, x∗(λ, s), x∗(λ, x∗(λ, s)v))ds = 0.

(2.77)



August 14, 2023 16:41 ws-book961x669 Basic Theory of Fractional Differential Equations 13289-main page 85

Fractional Functional Differential Equations 85

If there is an λ0 ∈ J solving (2.77) then x∗(λ0, t) is a solution of the problem (2.76).

Since x∗(λ, ·) is not unique in general, function Υ(λ) is multivalued. Consequently

this way is not very useful. We propose another approach. The problem (2.76) is

equivalent to the following fixed point equation

x(t) =


φ(t), for t ∈ [a1, a],

φ(a) +
1

Γ(q)

∫ t

a

(t− s)q−1f(s, x(s), x(xv(s)), λ)ds, for t ∈ [a, b],

ψ(t), for t ∈ [b, b1].

From the condition of continuity of x in t = b, we have that

ψ(b) = φ(a) +
1

Γ(q)

∫ b

a

(b− s)q−1f(s, x(s), x(xv(s)), λ)ds.

Now we consider the operator

A : Cb([a1, b1], [a1, b1])× J → Cb([a1, b1],R)

where

Cb([a1, b1], [a1, b1]) = {x ∈ C([a1, b], [a1, b1]) ∩ Cb((b, b1], [a1, b1]) : ∃ lim
s→b+

x(s)},

Cb([a1, b1],R) = {x ∈ C([a1, b],R) ∩ Cb((b, b1],R) : ∃ lim
s→b+

x(s)}

and

A(x, λ)(t) :=


φ(t), for t ∈ [a1, a],

φ(a) +
1

Γ(q)

∫ t

a

(t− s)q−1f(s, x(s), x(xv(s)), λ)ds, for t ∈ [a, b],

ψ(t), for t ∈ (b, b1].

Now, we are ready to state the following result.

Theorem 2.14. Suppose that

(i) conditions (C1), (C3) and (C4) are satisfied;

(ii) there are mf , Mf ∈ R such that

mf ≤ f(t, u, w, λ) ≤Mf , ∀ t ∈ [a, b], u, w ∈ [a1, b1], λ ∈ J

along with

a1 ≤ φ(a) + min

{
0,
mf (b− a)q

Γ(q + 1)

}
,

and

φ(a) + max

{
0,
Mf (b− a)q

Γ(q + 1)

}
≤ b1.

Then operator A(x, λ) has a fixed point in Cb([a1, b1], [a1, b1]) for any λ ∈ J .
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Proof. Like in the proof of Theorem 2.11, condition (ii) assures that the set

Cb([a1, b1], [a1, b1]) is an invariant subset for the operator A, that is, we have

A(Cb([a1, b1], [a1, b1])× J) ⊂ Cb([a1, b1], [a1, b1]). (2.78)

Similarly, A is a completely continuous operator. It is obvious that the set

Cb([a1, b1], [a1, b1]) ⊆ Cb([a1, b1],R) is a bounded convex closed subset of the Ba-

nach space Cb([a1, b1],R). Thus, the operator A(x, λ) has a fixed point due to

Schauder fixed point theorem. This completes the proof.

We still do not have uniqueness result. For this purpose, we suppose

(C5) f is nonnegative and nondecreasing, i.e. mf ≥ 0 and 0 ≤ f(s1, u1, v1, λ) ≤
f(s2, u2, v2, λ) for any s1 ≤ s2 ∈ [a, b], u1 ≤ u2, v1 ≤ v2 ∈ [a1, b1] and λ ∈ J .

We introduce the Banach space

Cbm([a1, b1], [a1, b1]) =
{
x ∈ Cb([a1, b1], [a1, b1]) | x is nondecreasing on [a1, b1]

}
.

Now, we have the next result.

Theorem 2.15. We suppose conditions (i), (ii) of Theorem 2.14, (C5) as well

φ(t), ψ(t) are nondecreasing with φ(a) ≤ ψ(b). Then operator A(x, λ) is monotone

nondecreasing in x on Cbm([a1, b1], [a1, b1]) for any λ ∈ J . Consequently it has a

unique smallest and largest fixed points xm(λ), xM (λ) in Cbm([a1, b1], [a1, b1]). More-

over, a nondecreasing sequence {Ak(a1, λ)(t)}k≥1 and a nonincreasing sequence

{Ak(b1, λ)(t)}k≥1 satisfy

a1 ≤ Ak(a1, λ)(t) ≤ xm(λ)(t) ≤ xM (λ)(t) ≤ Ak(b1, λ)(t) ≤ b1, t ∈ J

for any k ≥ 1 and limk→∞Ak(a1, λ)(t) = xm(λ)(t) and limk→∞Ak(b1, λ)(t) =

xM (λ)(t) uniformly on [a1, b1].

Proof. We already know (2.78). Let x ∈ Cbm([a1, b1], [a1, b1]) then clearly

A(x, λ)(t1) ≤ A(x, λ)(t2) for t1 ≤ t2 ∈ [a1, a] and t1 ≤ t2 ∈ (b, b1]. Next for

s1 ≤ s2 ∈ [a, b], we have x(s1) ≤ x(s2), x
v(s1) ≤ xv(s2) and x(x

v(s1)) ≤ x(xv(s2)),

which imply

f(s1, x(s1), x(x
v(s1)), λ) ≤ f(s2, x(s2), x(x

v(s2)), λ). (2.79)

Furthermore, for t1 ≤ t2 ∈ [a, b], following El-Sayed, 1995 and Darwish, 2008, and

using (2.79), we derive

A(x, λ)(t2)−A(x, λ)(t1)

=
1

Γ(q)

∫ t2

a

(t2 − s)q−1f(s, x(s), x(xv(s)), λ)ds

− 1

Γ(q)

∫ t1

a

(t1 − s)q−1f(s, x(s), x(xv(s)), λ)ds
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=
1

Γ(q)

∫ t1

a

(
(t2 − s)q−1 − (t1 − s)q−1

)
f(s, x(s), x(xv(s)), λ)ds

+
1

Γ(q)

∫ t2

t1

(t2 − s)q−1f(s, x(s), x(xv(s)), λ)ds

≥ 1

Γ(q)
f(t1, x(t1), x(x

v(t1)), λ)

×
(∫ t1

a

(t2 − s)q−1 − (t1 − s)q−1ds+

∫ t2

t1

(t2 − s)q−1ds

)
=

1

Γ(q + 1)
f(t1, x(t1), x(x

v(t1)), λ) ((t2 − a)q − (t1 − a)q)

≥ 0.

Consequently, we obtain

A(Cbm([a1, b1], [a1, b1]), λ) ⊂ Cbm([a1, b1], [a1, b1])

for any λ ∈ J .

Next, if x1, x2 ∈ Cbm([a1, b1], [a1, b1]) with x1(t) ≤ x2(t), t ∈ [a1, b1] then clearly

we have A(x1, λ)(t) ≤ A(x2, λ)(t) for t ∈ [a1, a] ∪ (b, b1]. For s ∈ [a, b], we have

x1(s) ≤ x2(s), x
v
1(s) ≤ xv2(s) and x1(x

v
1(s)) ≤ x2(x

v
2(s)), which imply

f(s, x1(s), x1(x
v
1(s)), λ) ≤ f(s, x2(s), x2(x

v
2(s)), λ).

Then for t ∈ [a, b], we have

A(x2, λ)(t)−A(x1, λ)(t) =
1

Γ(q)

∫ t

a

(t− s)q−1
(
f(s, x2(s), x2(x

v
2(s)), λ)

− f(s, x1(s), x1(x
v
1(s)), λ)

)
ds ≥ 0.

This means that operator A(x, λ) is monotone nondecreasing in x on

Cbm([a1, b1], [a1, b1]) for any λ ∈ J . We also know that A is a completely continuous

operator. Then results follow from the general theory of nondecreasing compact

operators in Banach spaces (see, e.g., Deimling, 1985). The proof is completed.

To get continuous solution, we need to solve either

Υm(λ) = ψ(b)−φ(a)− 1

Γ(q)

∫ b

a

(b− s)q−1f(s, xm(λ)(s), xm(λ)(xvm(λ)(s)), λ)ds = 0

or

ΥM (λ) = ψ(b)−φ(a)− 1

Γ(q)

∫ b

a

(b−s)q−1f(s, xM (λ)(s), xM (λ)(xvM (λ)(s)), λ)ds = 0.

We can use to handle these equations also an analytical-numerical method like

in Ronto, 2009. This means that first successive approximation is used

xn+1(λ, t) = A(xn(λ, t), λ)

for up to some order j with either x0(λ, t) = a1 or x0(λ, t) = b1. Then approxima-

tions

Υj(λ) = ψ(b)− φ(a)− 1

Γ(q)

∫ b

a

(b− s)q−1f(s, xj(λ, s), xj(λ, x
v
j (λ, s)), λ)ds

of Υm and ΥM are numerically drawn to check if they change the sign over J .
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2.6 Oscillations and Nonoscillations

2.6.1 Introduction

The objective of oscillation theory is to acquire as much information as possible

about the qualitative properties of solutions of differential equations. Oscillation

theory of functional differential equations with integer derivative has been developed

in the past thirty years (see, Györi and Ladas, 1991). However, to the best of our

knowledge, there are few results on oscillation for fractional differential equations.

In this section, we discuss oscillation and existence of nonoscillatory solutions of

fractional functional differential equations.

2.6.2 Preliminaries

In this subsection, we introduce preliminary facts which are used throughout this

section.

Definition 2.13. (Kilbas, Srivastava and Trujillo, 2006) Let [a, b](−∞ < a < b <

∞) be a finite interval and let AC[a, b] be the space of functions f which are

absolutely continuous on [a, b]. It is known that AC[a, b] coincides with the space

of primitives of Lebesgue summable functions:

f(x) ∈ AC[a, b] ⇒ f(x) = c+

∫ x

a

ψ(t)dt (ψ(t) ∈ L(a, b)).

Firstly, we consider the fractional delay differential systems

0D
α
t x(t) +

n∑
i=1

Pix(t− τi) = 0, t ≥ 0, (2.80)

where x(t) = [x1(t), x2(t), ..., xm(t)]T , 0D
α
t x(t) = [0D

α1
t x1(t), 0D

α2
t x2(t), ...,

0D
αm
t xm(t)]T is Riemann-Liouville fractional derivative of order 0 < α,αj < 1,

αj = pj/qj , pj , qj are odd numbers, for j = 1, 2, ...,m, and Pi ∈ Rm×m, τi ∈ [0,∞)

for i = 1, 2, ..., n.

Without loss of generality, we will assume the coefficients Pi of (2.80) are all

nonzero and that τ1 = max{τ1, ..., τn}.

Definition 2.14. By a solution of (2.80) in [0,∞) with initial function φ ∈
AC[−τ1, 0], we mean a function x ∈ AC[−τ1,∞) such that x(t) = φ(t), t ∈
[−τ1, 0], 0D

α
t x(t) exists and x(t) satisfies (2.80) in [0,∞). A solution x(t) =

[x1(t), ..., xm(t)]T of system (2.80) is said to oscillate if every component xi(t) of the

solution has arbitrarily large zeros. Otherwise the solution is called non-oscillatory.

We recall some facts about Laplace transforms. If X(s) is the Laplace transform

of x(t),

X(s) = (Lx)(s) =
∫ ∞

0

e−stx(t)dt,
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then the abscissa of convergence of X(s) is defined by

b = inf{δ ∈ R : X(δ) exists}.

Then X(s) is analytic for Re(s) > b.

We call a function x(t) to be eventually positive if there exists a c ≥ 0 such that

xc(t) > 0 for all t > 0, where xc(t) = x(t+ c).

For any m-dimensional vector x = (x1, x2, ..., xm)T ∈ Rm, ∥x∥ denotes its

norm. For any m × m real matrix A, the associated matrix norm is then de-

fined by ∥A∥ = max∥x∥=1 ∥Ax∥. Denote µ(Pi) is the logarithmic norm with

µ(Pi) = max∥u∥=1(Piu, u).

Lemma 2.8. (Kilbas, Srivastava and Trujillo, 2006) Let (L0D
α
t x)(s) is the Laplace

transform of the Riemann-Liouville fractional derivative of order α with the lower

limit 0 for a function x, and X(s) is the Laplace transform of x(t) ∈ AC[0, b], for

any b > 0, and the following estimate

|x(t)| ≤ Aep0t (t > b > 0)

holds for constants A > 0 and p0 > 0. Then the relation

(L0D
α
t x)(s) = sαBX(s)− 0D

−(1−α)
t x(0), 0 < α < 1

is valid for Re(s) > p0, where

X(s) = [X1(s), X2(s), ..., Xm(s)]T , sα = [sα1 , sα2 , ..., sαm ],

0D
−(1−α)
t x(0) =

(
0D

−(1−α1)
t x1(0), 0D

−(1−α2)
t x2(0), ..., 0D

−(1−αm)
t xm(0)

)T
,

B = [B1, B2, ..., Bm]T , Bi = (bij)m×m, bij =

{
1, i = j,

0, i ̸= j.

Lemma 2.9. (Vladimirov, 1981) If X(s) is the Laplace transform of a non-negative

function x(t) and has abscissa of convergence b > −∞, then X(s) has a singularity

at the point s = b.

Lemma 2.10. (Henry, 1981) Let v, w : [0,∞) → [0,∞) be continuous functions.

If w(·) is nondecreasing and there are constants a > 0 and 0 < β < 1 such that

v(t) ≤ w(t) + a

∫ t

0

v(s)

(t− s)β
ds,

then there exists a constant k = k(β) such that

v(t) ≤ w(t) + ka

∫ t

0

w(s)

(t− s)β
ds

for every t ∈ [0,∞).
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2.6.3 Oscillation of Neutral Differential Systems

In this subsection, we discuss the linear autonomous system of neutral delay differ-

ential equations with Riemann-Liouville fractional derivative

0D
α
t

[
x(t) +

l∑
j=1

Pjx(t− τj)

]
+

n∑
i=1

Qix(t− δi) = 0

where 0D
α
t x(t) = [0D

α1
t x1(t), 0D

α2
t x2(t), ..., 0D

αm
t xm(t)]T is Riemann-Liouville

fractional derivative, the coefficients Pj(j = 1, 2, ..., l) and Qi(i = 1, 2, ..., n) are

real m×m matrices and the delays τj(j = 1, 2, ..., l) and δi(i = 1, 2, ..., n) are non-

negative real numbers. Sufficient conditions for all solutions of the given equation

to be oscillatory are obtained by using fractional calculus and Laplace transform.

Lemma 2.11. For any c ∈ R, the Laplace transform Xc(s) of xc(t) exists and has

the same abscissa of convergence as X(s).

Proof. Given that

Xc(s) =

∫ ∞

0

e−stxc(t)dt =

∫ ∞

0

e−stx(t+ c)dt = esc
∫ ∞

c

e−stx(t)dt

= esc
[
X(s)−

∫ c

0

e−stx(t)dt

]
.

Since the last integral defines an entire function of the complex variable s, there-

fore X(s) and Xc(s) converge or diverge for the same values of s, and have their

singularities at the same points. This completes the proof.

Lemma 2.12. The solution of equation (2.80) has an exponent estimate

x(t) = o(eq0t) (t > b > 0)

for constant q0 > 0.

Proof. Taking Riemann-Liouville integral of equation (2.80), we get

x(t) =
tα−1

Γ(α)
Bx0 −

n∑
i=1

Pi

∫ t

0

1

Γ(α)
(t− s)α−1Bx(s− τi)ds

=
tα−1

Γ(α)
Bx0 −

n∑
i=1

PiFi(t),

(2.81)

where

x0 = 0D
−(1−α)
t x(0),

Fi(t) =

∫ t

0

1

Γ(α)
(t− s)α−1Bx(s− τi)ds,

tα−1

Γ(α)
=

[
tα1−1

Γ(α1)
,
tα2−1

Γ(α2)
, ...,

tαm−1

Γ(αm)

]
.
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As AC[−τ1, 0] is the Banach space with the norm ∥φ∥AC = [∥φ1∥AC ,
∥φ2∥AC , ..., ∥φm∥AC ]T .
Then we have

∥Fi(t)∥ ≤
∫ t

0

1

Γ(α)
(t− s)α−1B∥x(s− τi)∥ds

≤ 1

Γ(α)

∫ t

0

(t− s)α−1B max
s−τi≤η≤s

∥x(η)∥ds

≤ 1

Γ(α)

∫ t

0

(t− s)α−1B max
s−τ1≤η≤s

∥x(η)∥ds,

or

∥Fi(t)∥ ≤ 1

Γ(α)

∫ t

0

(t− s)α−1B

(
max

s−τ1≤η≤s
∥x(η)∥+ ∥φ∥AC

)
ds. (2.82)

From (2.82), it follows that

∥x(t)∥ ≤ bα−1

Γ(α)
B|x0|+

n∑
i=1

∥Pi∥
Γ(α)

[ ∫ t

0

(t− s)α−1B

(
max

s−τ1≤η≤s
∥x(η)∥+ ∥φ∥AC

)
ds

]
≤ bα−1

Γ(α)
B|x0|+

np

Γ(α)

tα

α
B∥φ∥AC +

np

Γ(α)

∫ t

0

(t− s)α−1B max
s−τ1≤η≤s

∥x(η)∥ds,

where p = max{∥Pi∥}, for i = 1, 2, ..., n.

Next we introduce a nondecreasing function m(t) as

m(t) =
bα−1

Γ(α)
B|x0|+

np

Γ(α)

tα

α
B∥∥φ∥AC∥.

By Lemma 2.10, there exists a number α0 in {αi} such that

∥x(t)∥ ≤ max
t−τ1≤s≤t

∥x(s)∥

≤ m(t) +
knp

Γ(α0)

∫ t

0

(t− s)α0−1m(s)ds

≤ m(t)

(
1 +

knp

α0Γ(α0)
tα0

)
.

(2.83)

Obviously, from (2.83) we infer that x(t) has an exponent estimate. The proof is

completed.

Theorem 2.16. If the characteristic equation

det

(
λαB +

n∑
i=1

Pie
−λτi

)
= 0 (2.84)

has no real roots, then every solution of (2.80) is oscillatory, where λα =

[λα1 , λα2 , ..., λαm ].
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Proof. For the sake of contradiction, let us assume that (2.84) has no real roots

and that (2.80) has a non-oscillatory solution x(t) = [x1(t), ..., xm(t)]T . This means

that one of the components of x(t) is non-oscillatory. Without loss of generality we

assume that the component x1(t) is eventually positive, such that for some c ≥ 0,

xc(t) > 0 for t ≥ 0. As (2.80) is autonomous, it follows by Lemma 2.11 that X1(s)

and Xc(s) have the same convergence. Then we assume that x1(t) > 0 for t ≥ −τ1.
Taking Laplace transform of both sides of (2.80), we obtain

sαBX(s)− 0D
−(1−α)
t x(0) +

n∑
i=1

Pi

∫ ∞

0

e−stx(t− τi)dt = 0,

i.e.

sαBX(s)− 0D
−(1−α)
t x(0) +

n∑
i=1

Pie
−sτiX(s) +

n∑
i=1

Pie
−sτi

∫ 0

−τi
e−stx(t)dt = 0.

Hence(
sαB +

n∑
i=1

Pie
−sτi

)
X(s) = 0D

−(1−α)
t x(0)−

n∑
i=1

Pie
−sτi

∫ 0

−τi
e−stx(t)dt. (2.85)

Let

F (s) = sαB +
n∑
i=1

Pie
−sτi , x0 = 0D

−(1−α)
t x(0),

Φ(s) = x0 −
n∑
i=1

Pie
−sτi

∫ 0

−τi
e−stx(t)dt.

Then, from (2.85) we get

F (s)X(s) = Φ(s), Re(s) > b. (2.86)

Since det[F (s)] = 0 has no real roots, det[F (s)] > 0, s ∈ R. By Cramer’s rule, we

have

X1(s) =
det[D(s)]

det[F (s)]
, Re(s) > b, (2.87)

where

D(s) =

 Φ1(s) F12(s) · · · F1m(s)
...

...
...

Φm(s) Fm2(s) · · · Fmm(s)

 ,

Φi(s) is the ith component of the vector Φ(s) and Fij(s) is the (i, j)th component

of the matrix F (s). Clearly, for all i, j = 1, 2, ...,m the functions Φi(s) and Fij(s)

are entire and hence det[D(s)] and det[F (s)] are also entire functions.

Since det[F (s)] > 0 for s ∈ R, so det[D(s)]/det[F (s)] holds for s ∈ R and thus

(2.87) becomes

X1(s) =
det[D(s)]

det[F (s)]
, s ∈ R. (2.88)
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As x1(t) > 0, it follows that X1(s) > 0 for all s ∈ R and, by det[F (s)] > 0 s ∈ R
and (2.88), det[D(s)] > 0, s ∈ R. Now one can see from the definitions of D(s),

F (s) and Φ(s) that there exist positive constants M,β, and s0 such that

det[D(s)] ≤Me−βs, for s ≤ −s0. (2.89)

Since det[F (s)] is a continuous function in the variables s, e−sτ1 , ..., e−sτn , and

det[F (s)] > 0, s ∈ R, it follows that there exists a positive number m0 such that

det[F (s)] ≥ m0, for s ∈ R. (2.90)

From (2.88), (2.89) and (2.90), it follows that

X1(s) =

∫ ∞

0

e−stx1(t)dt ≥
∫ ∞

T

e−stx1(t)dt ≥ e−sT
∫ ∞

T

x1(t)dt > 0

and so

0 <

∫ ∞

T

x1(t)dt ≤
M

m0
es(T−β) → 0, as s→ −∞.

This implies that x1(t) ≡ 0 for t ≥ T , which is a contradiction. The proof is

completed.

In Theorem 2.16, the characteristic equation (2.84) plays an important role

in the investigation of the oscillation of equation (2.80). However, to determine

whether (2.84) has a real root, is quite an issue in itself. In the following we derive

some sufficient conditions for the oscillation of equation (2.80) which can easily be

applied.

Before proceeding for it, we need the following lemma which is interesting in its

own right.

Lemma 2.13. Assume that Pi ∈ Rm×m, τi ≥ 0 for i = 1, 2, ..., n, and ᾱ = min{αj},
for j = 1, 2, ...,m with

n∑
i=1

µ(−Pi)e−λτi < 0, for λ ∈ R (2.91)

and

inf
λ<0

[
1

λᾱ

n∑
i=1

µ(−Pi)e−λτi
]
> 1. (2.92)

Then every solution of (2.80) oscillates.

Proof. Assume, for the sake of contraction, that (2.80) has a non-oscillatory solu-

tion. Then, by Theorem 2.16, the characteristic equation (2.84) has a real root λ0.

In consequence, there exists a vector u ∈ Rn with ∥u∥ = 1 such that(
λα0B +

n∑
i=1

Pie
−λ0τi

)
u = 0,
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i.e.

λα0Bu = −
n∑
i=1

Pie
−λ0τiu.

Hence

λᾱ0 = (λᾱ0u, u) ≤ (λα0Bu, u) = (−
n∑
i=1

Pie
−λ0τiu, u)

= (−
n∑
i=1

Piu, u)e
−λ0τi ≤

n∑
i=1

µ(−Pi)e−λ0τi .

Then by (2.91), λ0 < 0 such that[
1

λᾱ0

n∑
i=1

µ(−Pi)e−λ0τi

]
≤ 1 or − λ0 ≥

[ n∑
i=1

−µ(−Pi)
] 1
ᾱ

. (2.93)

This contradicts (2.92) and completes the proof.

Theorem 2.17. Assume that for each i = 1, 2, ..., n,

Pi ∈ Rm×m, τi ≥ 0 and µ(−Pi) ≤ 0.

Then each of the following two conditions is sufficient for the oscillation of all

solutions of (2.80):

(i)
n∑
i=1

−µ(−Pi)τi
[ n∑
i=1

−µ(−Pi)
] 1−ᾱ

ᾱ

>
1

e
;

(ii)

[ n∏
i=1

(−µ(−Pi))
] 1
n

n∑
i=1

τi

[ n∑
i=1

−µ(−Pi)
] 1−ᾱ

ᾱ

>
1

e
.

Proof. We employ Lemma 2.13. As µ(−Pi) ≤ 0, (2.91) is satisfied and so it suffices

to establish (2.92). First, assume that (i) holds. Then, by using the inequality

ex ≥ ex, we see that for all λ < 0,

1

λᾱ

n∑
i=1

µ(−Pi)e−λτi ≥
1

λᾱ

n∑
i=1

µ(−Pi)e(−λτi)

= −e 1

λᾱ

n∑
i=1

µ(−Pi)τiλᾱ(−λ)1−ᾱ

≥ e
n∑
i=1

−µ(−Pi)τi
[ n∑
i=1

−µ(−Pi)
] 1−ᾱ

ᾱ

,

which, together with (i), implies that (2.92) holds. Next, assume that (ii) holds.

Then, by using the arithmetic mean–geometric mean inequality we find that for all

λ < 0,

1

λᾱ

n∑
i=1

µ(−Pi)e−λτi = − 1

λᾱ

n∑
i=1

−µ(−Pi)e−λτi
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≥ − 1

λᾱ
n

[ n∏
i=1

−µ(−Pi)e−λτi
] 1
n

= − 1

λᾱ
n

[ n∏
i=1

−µ(−Pi)
] 1
n

exp

(
− 1

n
λ

n∑
i=1

τi

)

≥ − 1

λᾱ

[ n∏
i=1

−µ(−Pi)
] 1
n

e

(
− λ

n∑
i=1

τi

)

=

[ n∏
i=1

−µ(−Pi)
] 1
n

e(−λ)1−ᾱ
n∑
i=1

τi

≥ e

[ n∏
i=1

(−µ(−Pi))
] 1
n

n∑
i=1

τi

[ n∑
i=1

−µ(−Pi)
] 1−ᾱ

ᾱ

.

From this and (ii), it follows that (2.92) holds. The proof is completed.

As a special case of the delay differential system with one delay,

0D
α
t x(t) + Px(t− τ) = 0, (2.94)

where

P ∈ Rm×m and τ ≥ 0,

the conditions (i) and (ii) coincide and each reduces to

[−µ(−P )] 1
ᾱ τ >

1

e
. (2.95)

Note that (2.95) is sharp in the sense that the lower bound 1/e cannot be improved.

Moreover, when P is a scalar, (2.95) is a sufficient condition for the oscillation of

all solutions to equation (2.94).

For the delay differential system (2.94), we also have the following explicit suf-

ficient condition for the oscillation of all solutions.

Theorem 2.18. Assume that

P ∈ Rm×m and τ ≥ 0.

If P has no real eigenvalues in the interval (−∞, 1/(eτ)ᾱ] (when τ = 0, replace

1/(eτ)ᾱ by +∞), then every solution of (2.94) oscillates.

Proof. For τ = 0, this result follows immediately from Theorem 2.16. So assume

τ > 0. Note that the characteristic equation det(λαB +Pe−λτ ) = 0 has a real root

λ0, that is, det(λ
α
0 e
λ0τB + P ) = 0 if and only if µα0 = −λα0 eλ0τ is a real eigenvalue

of P . For convenience, we take one element λαi0 of λα0 :

µαi0 = −λαi0 eλ0τ . (2.96)

Observe that (2.96) holds if λαi0 +µαi0 e
−λ0τ = 0, that is, the equation λαi+µαi0 e

−λτ =

0 has a real root. If µ0 ≤ 1/eτ , then the eigenvalue µα0 of P should lie in the interval

(−∞, 1/(eτ)ᾱ]. The proof is completed.
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Definition 2.15. We say that (2.80) is oscillatory, globally in the delays, if for all

τi ≥ 0 for i = 1, 2, ..., n, every solution of (2.80) oscillates.

The following corollary is an immediate consequence of Theorem 2.18.

Corollary 2.7. Equation (2.94) is oscillatory globally in the delay τ if P has no

real eigenvalues.

Next, we consider the linear autonomous system of neutral delay differential

equations

0D
α
t

[
x(t) +

l∑
j=1

Pjx(t− τj)

]
+

n∑
i=1

Qix(t− δi) = 0, (2.97)

where the coefficients Pj and Qi are real m×m matrices and the delays τj and δi
are non-negative real numbers. Associated with (2.97), the characteristic equation

is

det

(
λαB + λα

l∑
j=1

Pje
−λτj +

n∑
i=1

Qie
−λδi

)
= 0. (2.98)

Lemma 2.14. If lp < 1, then the solution of equation (2.97) has an exponent

estimate

∥x(t)∥ ≤ A0e
b0t (t > b > 0)

for constants A0 > 0 and b0 > 0.

Proof. Let δ = max1≤i≤n{δi}, δ̄ = max1≤j≤l{τj , δ}, q = max1≤i≤n{∥Qi∥}, and
take x0 = 0D

α−1
t x(0) +

∑l
j=1 Pj0D

α−1
t x(−τj) with x(t) ∈ AC[0, b]. Then there

exists a constant M such that ∥x(t)∥ ≤M . Then, for t > b,

∥x(t)∥ ≤ c∥x0∥+ lp∥x(t− τj)∥+
nq

Γ(α0)

∫ t

0

(t− s)α0−1∥x(s− δi)∥ds

≤ c∥x0∥+ lp max
t−τi≤s≤t

∥x(s)∥+ nq

Γ(α0)

∫ t

0

(t− s)α0−1 max
s−δi≤η≤s

∥x(η)∥ds

≤ c∥x0∥+ lp(M + ∥φ∥AC + max
b≤s≤t

∥x(s)∥)

+
nq

Γ(α0)

∫ b

0

(t− s)α0−1 max
s−δ̄≤η≤b

∥x(η)∥ds

+
nq

Γ(α0)

∫ t

b

(t− s)α0−1 max
b≤η≤s

∥x(η)∥ds

≤ c∥x0∥+ (M + ∥φ∥AC)
(
lp+

nq

Γ(α0)

tα0

α0

)
+ lp max

b≤s≤t
∥x(s)∥

+
nq

Γ(α0)

∫ t

b

(t− s)α0−1 max
b≤η≤s

∥x(η)∥ds.
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Set

a = c∥x0∥+ (M + ∥φ∥AC)
(
lp+

nq

Γ(α0)

tα0

α0

)
,

which yields

max
b≤s≤t

∥x(s)∥ ≤ 1

1− lp

(
a+

nq

Γ(α0)

∫ t

b

(t− s)α0−1 max
b≤η≤s

∥x(η)∥ds
)
.

Consequently, by Lemma 2.12, we obtain

∥x(t)∥ ≤ max
b≤s≤t

∥x(s)∥

≤ a(t)

1− lp
+

1

(1− lp)2
knq

Γ(α0)

∫ t

0

(t− s)α0−1a(s)ds

≤ a(t)

1− lp

(
1 +

1

1− lp

knq

α0Γ(α0)
tα0

)
.

The proof is completed.

A slight modification in the proof of Theorem 2.16 shows that the following

result is also true.

Theorem 2.19. Assume that for j = 1, 2, ..., l and i = 1, 2, ..., n,

Pj , Qi ∈ Rm×m, τj ∈ (0,∞) and δi ∈ [0,∞).

If the characteristic equation (2.98) has no real roots, then every solution of (2.97)

oscillates.

Proof. If we modify the functions F (s) and Φ(s), defined in Theorem 2.16, as

F (s) = sαB + sαB
l∑

j=1

Pje
−sτj +

n∑
i=1

Qie
−sδi ,

Φ(s) = x0 −
n∑
i=1

Qie
−sδi

∫ 0

−δi
e−stx(t)dt

− sαB
l∑

j=1

Pje
−sτj

∫ 0

τj

e−stx(t)dt+
l∑

j=1

Pj(0D
−(1−α)
t x)(−τj).

Then, following the method of proof for Theorem 2.16, one can complete the proof.
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2.6.4 Existence of Nonoscillatory Solutions

In this subsection, we discuss the nonoscillatory characteristics of solutions for the

following fractional neutral functional differential equation

tD
α
+∞[x(t) + cx(t− τ)]′ +

m∑
i=1

Pi(t)Fi(x(t− σi)) = 0, t ≥ t0, (2.99)

where tD
α
+∞ is Liouville-Weyl fractional derivatives of order α ≥ 0 on the half-axis,

c ∈ R, τ , σi ∈ R+, Pi ∈ C([t0,∞),R), Fi ∈ C(R,R), i = 1, 2, ...,m, m ≥ 1 is an

integer.

Let r = max1≤i≤m{τ, σi}. By a solution of equation (2.99), we mean a function

x ∈ C([t1 − r,∞),R) for some t1 ≥ t0 such that tD
α
+∞[x(t) + cx(t − τ)] exists on

[t1,∞) and that equation (2.99) is satisfied for t ≥ t1.

A nontrivial solution x of equation (2.99) is said to be oscillatory if it has an

arbitrarily large number of zeros. Otherwise, x is said to be nonoscillatory, that is,

x is nonoscillatory if there exists a T > t1 such that x(t) ̸= 0 for t ≥ T . In other

words, a nonoscillatory solution must be eventually positive or eventually negative.

We will consider the two cases: c ̸= ±1 and c = −1. Our main results are the

following theorems.

Theorem 2.20. Assume that c ̸= ±1 and that∫ ∞

t0

tα|Pi(t)|dt <∞, i = 1, 2, ...,m. (2.100)

Then (2.99) has a bounded nonoscillatory solution.

Proof. Case I. −1 < c ≤ 0. By (2.100), we choose a T > t0 sufficiently large so

that

1

Γ(α+ 1)

∫ ∞

T

sα
( m∑
i=1

|Pi(s)|M1

)
ds ≤ 1 + c

3
,

where

M1 = max
2(1+c)/3≤x≤4/3

{|Fi(x)| : 1 ≤ i ≤ m}.

Let C([t0,∞),R) be the set of all continuous functions with the norm ||x|| =
supt≥t0 |x(t)| < ∞. Then C([t0,∞),R) is a Banach space. We define a closed,

bounded and convex subset Ω of C([t0,∞),R) by

Ω = {x = x(t) ∈ C([t0,∞),R) :
2(1 + c)

3
≤ x(t) ≤ 4

3
, t ≥ t0}.

Define two maps A1 and A2 : Ω → C([t0,∞),R) as follows:

(A1x)(t) =

{
1 + c− cx(t− τ), t ≥ T,

(A1x)(T ), t0 ≤ t ≤ T.
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(A2x)(t) =


1

Γ(α+ 1)

∫ ∞

t

(s− t)α
( m∑
i=1

Pi(s)Fi(x(s− σi))
)
ds, t ≥ T,

(A2x)(T ), t0 ≤ t ≤ T.

(i) We shall show that A1x+A2y ∈ Ω for any x, y ∈ Ω.

Indeed, for every x, y ∈ Ω and t ≥ T , we get

(A1x)(t) + (A2y)(t)

≤ 1 + c− cx(t− τ) +
1

Γ(α+ 1)

∫ ∞

t

(s− t)α
( m∑
i=1

|Pi(s)||Fi(y(s− σi))|
)
ds

≤ 1 + c− 4

3
c+

1

Γ(α+ 1)

∫ ∞

T

sα
( m∑
i=1

|Pi(s)|M1

)
ds

≤ 1 + c− 4

3
c+

1 + c

3
=

4

3
.

Furthermore, we have

(A1x)(t) + (A2y)(t)

≥ 1 + c− cx(t− τ)− 1

Γ(α+ 1)

∫ ∞

t

(s− t)α
( m∑
i=1

|Pi(s)||Fi(y(s− σi))|
)
ds

≥ 1 + c− 1

Γ(α+ 1)

∫ ∞

T

sα
( m∑
i=1

|Pi(s)|M1

)
ds

≥ 1 + c− 1 + c

3
=

2(1 + c)

3
.

From the above two inequalities, it follows that

2(1 + c)

3
≤ (A1x)(t) + (A2y)(t) ≤

4

3
, for t ≥ t0.

Thus A1x+A2y ∈ Ω for any x, y ∈ Ω.

(ii) We show that A1 is a contraction mapping on Ω.

In fact, for x, y ∈ Ω and t ≥ T , we have

|(A1x)(t)− (A1y)(t)| ≤ −c|x(t− τ)− y(t− τ)| ≤ −c||x− y||,

which implies that

||A1x−A1y|| ≤ −c||x− y||.

Since 0 < −c < 1, we conclude that A1 is a contraction mapping on Ω.

(iii) Here we show that A2 is completely continuous.

First, we will show that A2 is continuous. Let xk = xk(t) ∈ Ω be such that

xk(t) → x(t) as k → ∞. Because Ω is closed, x = x(t) ∈ Ω. For t ≥ T , we have

|(A2xk)(t)− (A2x)(t)|

≤ 1

Γ(α+ 1)

∫ ∞

t

sα
( m∑
i=1

|Pi(s)||Fi(xk(s− σi))− Fi(x(s− σi))|
)
ds
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≤ 1

Γ(α+ 1)

∫ ∞

T

sα
( m∑
i=1

|Pi(s)||Fi(xk(s− σi))− Fi(x(s− σi))|
)
ds.

Since |Fi(xk(t− σi))− Fi(x(t− σi))| → 0 as k → ∞ for i = 1, 2, ...,m, by applying

the Lebesgue dominated convergence theorem, we deduce that limk→∞ ||(A2xk)(t)−
(A2x)(t)|| = 0. This means that A2 is continuous.

Next, we show A2Ω is relatively compact. It suffices to show that the family

of functions {A2x : x ∈ Ω} is uniformly bounded and equicontinuous on [t0,∞).

The uniform boundedness is obvious. For the equicontinuity, according to Levitan’s

result, we only need to show that, for any given ε > 0, [T,∞) can be decomposed

into finite subintervals in such a way that on each subinterval all functions of the

family have change of amplitude less than ε. By (2.100), for any ε > 0, take T ∗ ≥ T

large enough so that

1

Γ(α+ 1)

∫ ∞

T∗
sα
(
M1

m∑
i=1

|Pi(s)|
)
ds <

ε

2
.

Then, for x ∈ Ω, t2 > t1 ≥ T ∗, we have

|(A2x)(t2)− (A2x)(t1)|

≤ 1

Γ(α+ 1)

∫ ∞

t2

sα
( m∑
i=1

|Pi(s)||Fi(x(s− σi))|
)
ds

+
1

Γ(α+ 1)

∫ ∞

t1

sα
( m∑
i=1

|Pi(s)||Fi(x(s− σi))|
)
ds

≤ 1

Γ(α+ 1)

∫ ∞

t2

sα
(
M1

m∑
i=1

|Pi(s)|
)
ds

+
1

Γ(α+ 1)

∫ ∞

t1

sα
(
M1

m∑
i=1

|Pi(s)|
)
ds

<
ε

2
+
ε

2
= ε.

For x ∈ Ω and T ≤ t1 < t2 ≤ T ∗, we obtain

|(A2x)(t2)− (A2x)(t1)|

≤ 1

Γ(α+ 1)

∫ t2

t1

sα
( m∑
i=1

|Pi(s)||Fi(x(s− σi))|
)
ds

≤ 1

Γ(α+ 1)

∫ t2

t1

sα
(
M1

m∑
i=1

|Pi(s)|
)
ds

≤ 1

Γ(α+ 1)
max

T≤s≤T∗

{
sα
(
M1

m∑
i=1

|Pi(s)|
)}

(t2 − t1).

Thus there exists a δ > 0 such that

|(A2x)(t2)− (A2x)(t1)| < ε, if 0 < t2 − t1 < δ.
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For any x ∈ Ω, t0 ≤ t1 < t2 ≤ T , it is easy to see that

|(A2x)(t2)− (A2x)(t1)| = 0 < ε.

Therefore {A2x : x ∈ Ω} is uniformly bounded and equicontinuous on [t0,∞), and

hence A2Ω is relatively compact. Hence, the conclusion of Theorem 1.8 (Krasnosel-

skii fixed point theorem) applies and there exits x0 ∈ Ω such that A1x0+A2x0 = x0,

that is,

x0(t) = 1 + c− cx0(t− τ) +
1

Γ(α+ 1)

∫ ∞

t

(s− t)α
( m∑
i=1

Pi(s)Fi(x0(s− σi))
)
ds,

which implies that

x0(t) = 1+ c− cx0(t− τ)+
1

Γ(α)

∫ ∞

t

ds

∫ s

t

(s−u)α−1
( m∑
i=1

Pi(s)Fi(x0(s−σi))
)
du.

Hence

[x0(t) + cx0(t− τ)]′ =
1

Γ(α)

∫ ∞

t

(s− t)α−1
( m∑
i=1

Pi(s)Fi(x0(s− σi))
)
ds.

It is easy to see that x0(t) is a nonoscillatory solution of equation (2.99).

Case II. −∞ < c < −1. By (2.100), we choose a T > t0 sufficiently large such that

− 1

cΓ(α+ 1)

∫ ∞

T+τ

sα
( m∑
i=1

|Pi(s)|M2

)
ds ≤ −c+ 1

2
,

where

M2 = max
−(c+1)/2≤x≤−2c

{|Fi(x)| : 1 ≤ i ≤ m}.

Let C([t0,∞),R) be the set as in the proof of Theorem 2.20. We define a closed,

bounded and convex subset Ω of C([t0,∞),R) as follows:

Ω = {x = x(t) ∈ C([t0,∞),R) : −c+ 1

2
≤ x(t) ≤ −2c, t ≥ t0}.

Define two maps A1 and A2 : Ω → C([t0,∞),R) by

(A1x)(t) =

{
−c− 1− 1

c
x(t+ τ), t ≥ T,

(A1x)(T ), t0 ≤ t ≤ T.

(A2x)(t) =


1

cΓ(α+ 1)

∫ ∞

t+τ

(s− t− τ)α
( m∑
i=1

Pi(s)Fi(x(s− σi))
)
ds, t ≥ T,

(A2x)(T ), t0 ≤ t ≤ T.

In the first step, let us show that A1x+A2y ∈ Ω for any x, y ∈ Ω.

In fact, for every x, y ∈ Ω and t ≥ T , we get

(A1x)(t) + (A2y)(t)



August 14, 2023 16:41 ws-book961x669 Basic Theory of Fractional Differential Equations 13289-main page 102

102 Basic Theory of Fractional Differential Equations

≤ −c− 1− 1

c
x(t+ τ)

− 1

c

1

Γ(α+ 1)

∫ ∞

t+τ

(s− t− τ)α
( m∑
i=1

|Pi(s)||Fi(y(s− σi))|
)
ds

≤ −c− 1 + 2− 1

c

1

Γ(α+ 1)

∫ ∞

T+τ

sα
( m∑
i=1

|Pi(s)|M2

)
ds

≤ −c+ 1− c+ 1

2
≤ −2c

and

(A1x)(t) + (A2y)(t)

≥ −c− 1− 1

c
x(t+ τ)

+
1

c

1

Γ(α+ 1)

∫ ∞

t+τ

(s− t)α
( m∑
i=1

|Pi(s)||Fi(y(s− σi))|
)
ds

≥ −c− 1 +
1

c

1

Γ(α+ 1)

∫ ∞

T

sα
( m∑
i=1

|Pi(s)|M2

)
ds

≥ −c− 1 +
c+ 1

2
= −c+ 1

2
,

which imply that

−c+ 1

2
≤ (A1x)(t) + (A2y)(t) ≤ −2c, for t ≥ t0.

Thus A1x+A2y ∈ Ω for any x, y ∈ Ω.

Next we show that A1 is a contraction mapping on Ω.

For x, y ∈ Ω and t ≥ T , we have

|(A1x)(t)− (A1y)(t)| ≤ −1

c
|x(t+ τ)− y(t+ τ)| ≤ −1

c
||x− y||,

which implies that

||A1x−A1y|| ≤ −1

c
||x− y||.

In view of the condition 0 < −1/c < 1, it follows that A1 is a contraction mapping

on Ω.

As in the proof of Case I, we can obtain that the mapping A2 is completely

continuous. Therefore, all the conditions of Theorem 1.8 are satisfied. Hence there

exists x0 ∈ Ω such that A1x0+A2x0 = x0. Clearly, x0 = x0(t) is a bounded positive

solution of equation (2.99).

Case III. 0 ≤ c < 1. By (2.100), we choose a T > t0 sufficiently large so that

1

Γ(α+ 1)

∫ ∞

T

sα
( m∑
i=1

|Pi(s)|M3

)
ds ≤ 1− c,
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where

M3 = max
2(1−c)≤x≤4

{Fi(x) : 1 ≤ i ≤ m}.

Let C([t0,∞),R) be the set defined in the proof of Theorem 2.20. We define a

closed, bounded and convex subset Ω of C([t0,∞),R) as follows:

Ω = {x = x(t) ∈ C([t0,∞),R) : 2(1− c) ≤ x(t) ≤ 4, t ≥ t0},

and consider two maps A1 and A2 : Ω → C([t0,∞),R) defined by

(A1x)(t) =

{
3 + c− cx(t− τ), t ≥ T,

(A1x)(T ), t0 ≤ t ≤ T,

and

(A2x)(t) =


1

Γ(α+ 1)

∫ ∞

t

(s− t)α
( m∑
i=1

Pi(s)Fi(x(s− σi))
)
ds, t ≥ T,

(A2x)(T ), t0 ≤ t ≤ T.

As before, for any x, y ∈ Ω and t ≥ T , we have

(A1x)(t) + (A2y)(t)

≤ 3 + c− cx(t− τ) +
1

Γ(α+ 1)

∫ ∞

t

(s− t)α
( m∑
i=1

|Pi(s)||Fi(y(s− σi))|
)
ds

≤ 3 + c+
1

Γ(α+ 1)

∫ ∞

T

sα
( m∑
i=1

|Pi(s)|M3

)
ds

≤ 3 + c+ 1− c = 4,

and

(A1x)(t) + (A2y)(t)

≥ 3 + c− cx(t− τ)− 1

Γ(α+ 1)

∫ ∞

t

(s− t)α
( m∑
i=1

|Pi(s)||Fi(y(s− σi))|
)
ds

≥ 3 + c− 4c− 1

Γ(α+ 1)

∫ ∞

T

sα
( m∑
i=1

|Pi(s)|M3

)
ds

≥ 3 + c− 4c− (1− c) = 2(1− c).

In consequence, we get

2(1− c) ≤ (A1x)(t) + (A2y)(t) ≤ 4, for t ≥ t0.

This shows that A1x+A2y ∈ Ω for any x, y ∈ Ω.

Proceeding as in the proof of Case I, we can establish that the mapping A1 is

a contraction mapping on Ω and the mapping A2 is completely continuous. By

Theorem 1.8, there is x0 ∈ Ω such that A1x0 +A2x0 = x0. Clearly, x0 = x0(t) is a

bounded positive solution of (2.99).
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Case IV. 1 < c < ∞. Again, by (2.100), we can choose a T > t0 sufficiently large

so that

1

cΓ(α+ 1)

∫ ∞

T+τ

sα
( m∑
i=1

|Pi(s)|M4

)
ds ≤ c− 1,

where

M4 = max
2(c−1)≤x≤4c

{Fi(x) : i = 1, 2, ...,m}.

Let C([t0,∞),R) be the set as considered in the proof of Theorem 2.20. Let Ω

be a closed, bounded and convex subset of C([t0,∞),R) defined by

Ω = {x = x(t) ∈ C([t0,∞),R) : 2(c− 1) ≤ x(t) ≤ 4c, t ≥ t0}.

Define two maps A1 and A2 : Ω → C([t0,∞),R) as follows:

(A1x)(t) =

{
3c+ 1− 1

c
x(t+ τ), t ≥ T,

(A1x)(T ), t0 ≤ t ≤ T,

and

(A2x)(t) =


1

cΓ(α+ 1)

∫ ∞

t+τ

(s− t− τ)α
( m∑
i=1

Pi(s)Fi(x(s− σi))
)
ds, t ≥ T,

(A2x)(T ), t0 ≤ t ≤ T.

In order to show that A1x+A2y ∈ Ω for any x, y ∈ Ω and t ≥ T , we consider

(A1x)(t) + (A2y)(t)

≤ 3c+ 1− 1

c
x(t+ τ)

+
1

c

1

Γ(α+ 1)

∫ ∞

t+τ

(s− t− τ)α
( m∑
i=1

|Pi(s)||Fi(y(s− σi))|
)
ds

≤ 3c+ 1 +
1

c

1

Γ(α+ 1)

∫ ∞

T+τ

sα
( m∑
i=1

(|Pi(s)|M4

)
ds

≤ 3c+ 1 + (c− 1) = 4c,

and

(A1x)(t) + (A2y)(t)

≥ 3c+ 1− 1

c
x(t+ τ)

− 1

c

1

Γ(α+ 1)

∫ ∞

t+τ

(s− t)α
( m∑
i=1

|Pi(s)||Fi(y(s− σi))|
)
ds

≥ 3c+ 1− 4− 1

c

1

Γ(α+ 1)

∫ ∞

T

sα
( m∑
i=1

|Pi(s)|M4

)
ds

≥ 3c− 3− (c− 1) = 2(c− 1).
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Hence we obtain

2(c− 1) ≤ A1x(t) +A2y(t) ≤ 4c, for t ≥ t0,

which implies that A1x+A2y ∈ Ω for any x, y ∈ Ω.

As in the proof of Case I, it can be shown that the mapping A1 is a contraction

mapping on Ω and the mapping A2 is completely continuous. In consequence, the

conclusion of Theorem 1.8 applies and there exists x0 ∈ Ω such that A1x0+A2x0 =

x0. It is easy to see that x0 = x0(t) is a bounded positive solution of equation

(2.99). The proof is completed.

Remark 2.5. Minor adjustments are only necessary to discuss the neutral func-

tional differential equation of the form

tD
α
+∞[x(t) + C(t)x(t− τ)]′ + F (t, x(σ1(t)), ..., x(σm(t))) = f(t), t ≥ t0,

where τ ∈ R+ = [0,∞), σi(t) → ∞ (i = 1, 2, ...,m) as t → ∞, m ≥ 1 is an integer,

and F : [t0,∞)×R× · · · ×R → R is continuous and bounded, C, f ∈ C([t0,∞),R).
So we omit the details.

Theorem 2.21. Assume that c = −1 and that
∞∑
j=0

∫ ∞

t0+jτ

tα|Pi(t)|dt <∞, i = 1, 2, ...,m. (2.101)

Then equation (2.99) has a bounded positive solution.

Proof. By the condition (2.101), we can choose a sufficiently large T > t0 so that

1

Γ(α+ 1)

∞∑
j=1

∫ ∞

T+jτ

sα
( m∑
i=1

|Pi(s)|M5

)
ds ≤ 1,

where M5 = max0≤x≤1{Fi(x) : 1 ≤ i ≤ m}.
We consider a closed, bounded and convex subset Ω of C([t0,∞),R) as follows:

Ω = {x = x(t) ∈ C([t0,∞),R) : 2 ≤ x(t) ≤ 4, t ≥ t0}

and define a mapping A : Ω → C([t0,∞),R) as follow:

(Ax)(t) =



3− 1

Γ(α+ 1)

∞∑
j=1

∫ ∞

t+jτ

(s− t− jτ)α

×
( m∑
i=1

Pi(s)Fi(x(s− σi))
)
ds, t ≥ T,

(Ax)(T ), t0 ≤ t ≤ T.

We first show that AΩ ⊂ Ω. Indeed, for every x ∈ Ω and t ≥ T , we get

(Ax)(t) ≤ 3 +
1

Γ(α+ 1)

∞∑
j=1

∫ ∞

t+jτ

(s− t− jτ)α
( m∑
i=1

|Pi(s)||Fi(x(s− σi))|
)
ds
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≤ 3 +
1

Γ(α+ 1)

∞∑
j=1

∫ ∞

T+jτ

sα
( m∑
i=1

|Pi(s)|M5

)
ds

≤ 4,

and

(Ax)(t) ≥ 3− 1

Γ(α+ 1)

∞∑
j=1

∫ ∞

t+jτ

(s− t− jτ)α
( m∑
i=1

|Pi(s)||Fi(x(s− σi))|
)
ds

≥ 3− 1

Γ(α+ 1)

∞∑
j=1

∫ ∞

T+jτ

sα
( m∑
i=1

|Pi(s)|M5

)
ds

≥ 2.

Hence AΩ ⊂ Ω.

We now show that A is continuous. Let xk = xk(t) ∈ Ω be such that xk(t) →
x(t) as k → ∞. Since Ω is closed, x = x(t) ∈ Ω. For t ≥ T , we have

|(Axk)(t)− (Ax)(t)|

≤ 1

Γ(α+ 1)

∞∑
j=1

∫ ∞

T+jτ

sα
( m∑
i=1

|Pi(s)||Fi(xk(s− σi))− Fi(x(s− σi))|
)
ds.

Noting that |Fi(xk(t − σi)) − Fi(x(t − σi))| → 0 as k → ∞ for i = 1, 2, ...,m,

and applying the Lebesgue dominated convergence theorem, we conclude that

limk→∞ ||(Axk)(t)− (Ax)(t)|| = 0. This means that A is continuous.

In what follows, we show that AΩ is relatively compact. By (2.101), for any

ε > 0, take T ∗ ≥ T large enough so that

1

Γ(α+ 1)

∞∑
j=1

∫ ∞

T∗+jτ

sα
(
M5

m∑
i=1

|Pi(s)|
)
ds <

ε

2
.

Then, for x ∈ Ω, t2 > t1 ≥ T ∗, we get

|(Ax)(t2)− (Ax)(t1)|

≤ 1

Γ(α+ 1)

∞∑
j=1

∫ ∞

t2+jτ

sα
( m∑
i=1

|Pi(s)||Fi(x(s− σi))|
)
ds

+
1

Γ(α+ 1)

∞∑
j=1

∫ ∞

t1+jτ

sα
( m∑
i=1

|Pi(s)||Fi(x(s− σi))|
)
ds

≤ 1

Γ(α+ 1)

∞∑
j=1

∫ ∞

t2+jτ

sα
(
M5

m∑
i=1

|Pi(s)|
)
ds

+
1

Γ(α+ 1)

∞∑
j=1

∫ ∞

t1+jτ

sα
(
M5

m∑
i=1

|Pi(s)|
)
ds

<
ε

2
+
ε

2
= ε.
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For T ≤ t1 < t2 ≤ T ∗, we choose a sufficiently large J ∈ N+ such that T + jτ ≥
T ∗ as j ≥ J . For x ∈ Ω, we obtain

|(Ax)(t2)− (Ax)(t1)|

≤ 1

Γ(α+ 1)

∞∑
j=1

∫ t2+jτ

t1+jτ

sα
( m∑
i=1

|Pi(s)||Fi(x(s− σi))|
)
ds

≤ 1

Γ(α+ 1)

 J∑
j=1

∫ t2+jτ

t1+jτ

sα
(
M5

m∑
i=1

|Pi(s)|
)
ds

+
∞∑

j=J+1

∫ t2+jτ

t1+jτ

sα
(
M5

m∑
i=1

|Pi(s)|
)
ds


≤ 1

Γ(α+ 1)

[
max

T+τ≤s≤T∗+(J−1)τ

{
sα
(
M5

m∑
i=1

|Pi(s)|
)}
J(t2 − t1)

+

∞∑
j=1

∫ ∞

T∗+jτ

sα
(
M5

m∑
i=1

|Pi(s)|
)
ds

 .
Then there exists a δ > 0 such that

|(Ax)(t2)− (Ax)(t1)| < ε, if 0 < t2 − t1 < δ.

For any x ∈ Ω, t0 ≤ t1 < t2 ≤ T , it is easy to see that

|(Ax)(t2)− (Ax)(t1)| = 0 < ε.

Therefore {Ax : x ∈ Ω} is uniformly bounded and equicontinuous on [t0,∞), and

hence AΩ is relatively compact. By Theorem 1.5 (Schauder fixed point theorem),

there exists x0 ∈ Ω such that Ax0 = x0, that is,

x0(t) =



3− 1

Γ(α+ 1)

∞∑
j=1

∫ ∞

t+jτ

(s− t− jτ)α

×
( m∑
i=1

Pi(s)Fi(x0(s− σi))
)
ds, t ≥ T,

x0(T ), t0 ≤ t ≤ T.

Then we have

x0(t)− x0(t− τ) =
1

Γ(α+ 1)

∫ ∞

t

(s− t)α
( m∑
i=1

Pi(s)Fi(x0(s− σi))
)
ds, t ≥ T,

which implies that

[x0(t)− x0(t− τ)]′ =
1

Γ(α)

∫ ∞

t

(s− t)α−1
( m∑
i=1

Pi(s)Fi(x0(s− σi))
)
ds, t ≥ T.

It follows that x0 = x0(t) is a bounded positive solution of equation (2.99). This

completes the proof.
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Remark 2.6. When Fi(x) ≡ x, Pi(t) ≡ pi ∈ R, i = 1, 2, ...,m, equation (2.99)

reduces to

tD
α
+∞[x(t) + cx(t− τ)]′ +

m∑
i=1

pix(t− σi) = 0, t ≥ t0. (2.102)

In this case, (2.100) and (2.101) cannot be satisfied. So, we provide an alternative

sufficient condition for existence of nonoscillatory solutions of equation (2.99).

Theorem 2.22. Assume that α > 0, c, τ , pi, σi ∈ R, i = 1, 2, ...,m. If the

characteristic equation of equation (2.102):

λα+1 + cλα+1e−λτ =
m∑
i=1

pie
−λσi (2.103)

has a positive real root, then equation (2.102) has a bounded positive solution.

Proof. Let λ0 > 0 be a real root of (2.103). Set y(t) = e−λ0t. By using (2.103)

and tD
α
+∞e

−λt = λαe−λt, we get

tD
α
+∞[y(t) + cy(t− τ)]′ = −(λα+1

0 + cλα+1
0 e−λ0τ )e−λ0t

= −
( m∑
i=1

pie
−λ0σi

)
e−λ0t

= −
m∑
i=1

piy(t− σi).

Clearly, y(t) is a bounded positive solution of equation (2.102). The proof is com-

pleted.

2.6.5 Fractional Partial Functional Differential Equations

In this subsection, we study the following fractional functional partial differential

equation involving Riemann-Liouville fractional derivative

∂αu(x, t)

∂tα
= C(t)△u+

n∑
i=1

Pi(x)u(x, t− σi) +R(x, t), (2.104)

supplemented with the initial condition

0D
−(1−α)
t u(x, t)

∣∣
t∈[−σ,0] = φ(x, t) for x ∈ Ω, where σ = max{σi, i = 1, 2, . . . , n},

(2.105)

and boundary conditions:

∂u(x, t)

∂N
= 0 on (x, t) ∈ ∂Ω× [0,∞), (B1)

u(x, t) = 0 on (x, t) ∈ ∂Ω× [0,∞), (B2)

∂u(x, t)

∂N
+ νu = 0 on (x, t) ∈ ∂Ω× [0,∞), (B3)
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where 0 < α < 1, (x, t) ∈ Ω × (0,∞) ≡ G, Ω is a bounded domain in Euclidean

n−dimensional space Rn with a piecewise smooth boundary ∂Ω, △ is the Laplacian

in Rn, C ∈ C((0,∞), (−∞, 0]), Pi ∈ C(Ω, [0,∞)), R(x, t) ∈ C(G, (−∞,∞)), σi ∈
[0,∞), i = 1, 2, . . . , n, N is the unit exterior normal vector to ∂Ω and ν(x, t) is a

nonnegative continuous function on ∂Ω× [0,∞).

For f : Rn × [0,∞) → Rn, Riemann-Liouville derivative with respect to time of

the function f can be written as

∂αf(x, t)

∂tα
=

1

Γ(1− α)

∂

∂t

∫ t

0

f(x, t)

(t− s)α
ds, 0 < α < 1.

A function u(x, t) is said to be a solution of the problem (2.104) and (Bi)

(i = 1, 2, 3) if it satisfies (2.104) in the domain G and the boundary condition (Bi)

(i = 1, 2, 3).

The solution u(x, t) of problem (2.104) and (Bi) (i = 1, 2, 3) is said to be

oscillatory in the domain G if for any positive number µ there exists a point

(x1, t1) ∈ Ω× [µ,∞) such that u(x1, t1) = 0 holds.

In the following, we will give the sufficient criteria for the oscillation of all

solutions the equation (2.104) equipped with initial and Neumann, Dirichlet and

Robin boundary conditions.

2.6.5.1 Oscillation of Fractional ODEs

To investigate oscillation of (2.104), let us study oscillation of the following frac-

tional delay differential equation with Riemann-Liouville fractional derivative

0D
α
t x(t) +

n∑
i=1

pix(t− τi) = f(t), t > 0. (2.106)

Without loss of generality, we assume the coefficients pi of (2.106) are all nonzero

and that τ1 = max{τ1, ..., τn}.

Definition 2.16. By a solution of (2.106) in (0,∞) with initial function φ ∈
AC[−τ1, 0], we mean a function x : [−τ1,∞) → R and x ∈ AC[0, b], for any

b > 0, such that x(t) = φ(t), t ∈ [−τ1, 0], (0Dα
t x)(t) exists and x(t) satisfies (2.106)

in (0,∞). A solution x(t) of equation (2.106) is called oscillatory if it has arbitrarily

large number of zeros.

Lemma 2.15. The solution of equation (2.111) has an exponent estimate

x(t) = o(eq0t) (t > b > 0)

for a constant q0 > 0.

Proof. Taking Riemann-Liouville integral of equation (2.111), we have

x(t) =
x0

Γ(α)
tα−1 −

n∑
i=1

pi
Γ(α)

∫ t

0

(t− s)α−1x(s− τi)ds

=
x0

Γ(α)
tα−1 −

n∑
i=1

pi
Γ(α)

Fi(t),

(2.107)
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where

Fi(t) =

∫ t

0

(t− s)α−1x(s− τi)ds, x0 = 0D
α−1
t x(0).

As x(t) ∈ AC[0, b], there exists a constant M > 0 such that |x(t)| ≤ M and

AC[−τ1, 0] is the Banach space with the norm ∥ · ∥. Let τ = min{τi} for i ∈
{1, 2, ..., n}. Then, for t > b, we have

∥Fi(t)∥ ≤
∫ t

0

(t− s)α−1∥x(s− τi)∥ds

≤
∫ b

0

(t− s)α−1 max
s−τi≤η≤s

∥x(η)∥ds+
∫ t

b

(t− s)α−1 max
s−τi≤η≤s

∥x(η)∥ds

≤
∫ b

0

(t− s)α−1(M + ∥φ∥)ds+
∫ t

b

(t− s)α−1( max
b≤η≤s

∥x(η)∥+M + ∥φ∥)ds

≤ tα

α
(M + ∥φ∥) +

∫ t

b

(t− s)α−1 max
b≤η≤s

∥x(η)∥ds,

(2.108)

which, together with (2.107), yields

∥x(t)∥ ≤ bα−1

Γ(α)
|x0|+

n∑
i=1

|pi|
Γ(α)

∥Fi(t)∥

≤ bα−1

Γ(α)
|x0|+

np

Γ(α)

tα

α
(M + ∥φ∥) + np

Γ(α)

∫ t

b

(t− s)α−1 max
b≤η≤s

∥x(η)∥ds,

where p = max{|pi|}, for i = 1, 2, ..., n.

One can introduce nondecreasing function m(t) as

m(t) =
bα−1

Γ(α)
|x0|+

np

Γ(α)

tα

α
(M + ∥φ∥).

By Lemma 2.9, there exists k = k(α) such that

∥x(t)∥ ≤ max
b≤s≤t

∥x(s)∥ ≤ m(t) +
knp

Γ(α0)

∫ t

b

(t− s)α0−1m(s)ds

≤ m(t)

(
1 +

knp

α0Γ(α0)
tα0

)
.

(2.109)

Obviously, from (2.109) we infer that x(t) has an exponent estimate. The proof is

completed.

Theorem 2.23. If the equation

P (λ) = λα +
n∑
i=1

pie
−λτi = 0 (2.110)

has no real roots, then every solution of

0D
α
t x(t) +

n∑
i=1

pix(t− τi) = 0, t > 0 (2.111)

is oscillatory.
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Proof. On the contrary, let us assume that (2.111) has a positive solution x(t) with

Laplace transform X(s). Taking the Laplace transform of both sides of (2.111), we

have (
sαX(s)− 0D

α−1
t x(0)

)
+

n∑
i=1

pi

∫ ∞

0

e−stx(t− τi)dt = 0,

that is,(
sαX(s)− 0D

α−1
t x(0)

)
+

n∑
i=1

pie
−sτiX(s) +

n∑
i=1

pie
−sτi

∫ 0

−τi
e−stx(t)dt = 0.

Hence

(sα +
n∑
i=1

pie
−sτi)X(s) = 0D

α−1
t x(0)−

n∑
i=1

pie
−sτi

∫ 0

−τi
e−stx(t)dt. (2.112)

Let

P (s) = sα +
n∑
i=1

pie
−sτi , x0 = 0D

α−1
t x(0),

ϕ(s) =
n∑
i=1

ϕi(s), where ϕi(s) = pie
−sτi

∫ 0

−τi
e−stx(t)dt.

Then, from (2.112), we get

P (s)X(s) = x0 − ϕ(s). (2.113)

Since P (s) = 0 has no real roots, therefore P (s) > 0. Hence we obtain that p1, the

coefficient corresponding to the largest delay τ1, is positive. Take ε > 0 be small

enough so that τ1 − ε > τi for i = 2, ..., n. By positivity of x(t) in AC[−τ1, 0], there
exists a constant m > 0 such that x(t) ≥ m and that

e−s(τ1−ε)

ϕ1(s)
=

e−s(τ1−ε)

p1e−sτ1
∫ 0

−τ1 e
−stx(t)dt

≤ esε

p1m
∫ 0

−τ1 e
−stdt

=
s

p1m
esτ1−1
esε

=
1

p1m
τ1esτ1esε−εesε(esτ1−1)

e2sε

=
esε

p1m(τ1esτ1 − ε(esτ1 − 1))
→ 0, as s→ −∞.

Thus we conclude that ϕ1(s) > e−s(τ1−ε) → ∞ as s → −∞ eventually. On the

other hand, as s→ −∞,

|ϕi(s)| = o(e−sτi) = o(ϕ1(s))

for i = 2, ..., n. But both P (s) and X(s) are positive while ϕ(s) → ∞ as s → −∞.

Hence (2.113) leads to a contradiction. The proof is completed.
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In Theorem 2.23, the characteristic equation (2.110) plays an important role in

investigating the oscillation of equation (2.111). However, it remains an issue to

determine whether (2.110) has a real root. In the following we derive some sufficient

conditions for the oscillation of equation (2.111) which can easily be applied.

Corollary 2.8. Assume that α = p/q, where p, q are co-prime (that is, (p, q) = 1),

and piτi ≥ 0 for i = 1, 2, ..., n. Then each of the following two conditions is sufficient

for the oscillation of all solutions to equation (2.111).

(i)

( n∑
i=1

piτi

)( n∑
i=1

pi

) 1−α
α

>
1

e
;

(ii)

( n∏
i=1

pi

) 1
n
( n∑
i=1

τi

)( n∑
i=1

pi

) 1−α
α

>
1

e
.

Proof. (i) As equation (2.110) has no positive real root. Assume, for the sake of

contradiction, that (2.110) has a negative real root λ. Let λ̄ = −λ > 0. Then, from

(2.110) we have

λ̄α =
n∑
i=1

pie
λ̄τi ≥

n∑
i=1

pi,

i.e.

λ̄ ≥
( n∑
i=1

pi

) 1
α

.

By making use of the inequality ex ≥ xe for x ≥ 0, we get

λ̄α =
n∑
i=1

pie
λ̄τi ≥

n∑
i=1

piλ̄τie

=

( n∑
i=1

piτi

)
eλ̄αλ̄1−α

≥ e

( n∑
i=1

piτi

)( n∑
i=1

pi

) 1−α
α

λ̄α,

which implies that ( n∑
i=1

piτi

)( n∑
i=1

pi

) 1−α
α

≤ 1

e
.

This is a contradiction. Hence, (2.110) has no negative real root and consequently

the result follows as a consequence of Theorem 2.23.

(ii) In view of the arithmetic mean-geometric mean inequality:( n∏
i=1

pi

) 1
n

≤ 1

n

n∑
i=1

pi ,
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we have

λ̄α =
n∑
i=1

pie
λ̄τi ≥ n

( n∏
i=1

pie
λ̄τi

) 1
n

= n

( n∏
i=1

pi

) 1
n

exp

(
λ̄

n

n∑
i=1

τi

)
≥ n

( n∏
i=1

pi

) 1
n
(
λ̄

n

n∑
i=1

τi

)
e

=

( n∏
i=1

pi

) 1
n
( n∑
i=1

τi

)
eλ̄αλ̄1−α ≥ e

( n∏
i=1

pi

) 1
n
( n∑
i=1

τi

)( n∑
i=1

pi

) 1−α
α

λ̄α,

which leads to a contradiction( n∏
i=1

pi

) 1
n
( n∑
i=1

τi

)( n∑
i=1

pi

) 1−α
α

≤ 1

e
.

Hence (2.110) has no negative real root and the result follows as an immediate

application of Theorem 2.23. The proof is completed.

We assume that f(t) = o(ea0t) for some a0 > 0. Then the Laplace transform F (s)

of f(t) exists.

Theorem 2.24. Let a ∈ R and assume that

(H1) Equation (2.110) has no roots in (0,∞);

(H2) a is the abscissa of convergence of F (s), F (s) has a singularity on Re(s) = a,

but F (s) is analytic at s = a.

Then every solution of (2.106) is oscillatory.

Proof. Suppose that (2.106) possesses an eventually positive solution x(t) with

Laplace transform X(s) having abscissa of convergence b0. Then X(s) is analytic

in the half-plane Re(s) > b0 and by Lemma 2.8, it cannot be analytically continued

at s = b0. That is, there is no complex neighborhood of b0 on which we can find

an analytic function which agrees with X(s) for Re(s) > b0. Taking the Laplace

transform of both sides of (2.106), we obtain

P (s)X(s) = x0 − ϕ(s) + F (s). (2.114)

By analyticity, (2.114) holds for Re(s) > max{a, b0}, and ϕ is an entire function.

Now we can say a > b0 is impossible because (2.114) and (H1), (H2) would imply

a singularity of X(s) in Re(s) > b0. On the other hand, a ≤ b0 is impossible

because we could then use (H1), (H2), and (2.114) to analytically continue X(s) at

s = b0. Thus (2.106) cannot have an eventually positive solution. This contradiction

completes the proof.

Lemma 2.16. For any c ∈ R, the Laplace transform Xc(s) of xc(t) exists and has

the same abscissa of convergence as X(s).
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Proof. Obviously

Xc(s) =

∫ ∞

0

e−stxc(t)dt

=

∫ ∞

0

e−stx(t+ c)dt

= esc
∫ ∞

c

e−stx(t)dt

= esc[X(s)−
∫ c

0

e−stx(t)dt].

(2.115)

Since the last integral defines an entire function of the complex variable s, we can

see that both X(s) and Xc(s) converge or diverge for the same values of s, and have

singularities at the same points.

Theorem 2.25. Suppose that

(H3) Equation (2.110) has no real roots;

(H4) the abscissa of convergence of F (s) is −∞ and, for some ε > 0, |F (s)| =
o(e−s(τi−ε)) as s→ −∞. Then every solution of (2.106) is oscillatory.

Proof. Let us claim that (2.106) has a solution x(t) such that for some c ≥ 0,

xc(t) > 0 for t ≥ 0. Let (2.106)′ denote equation (2.106) with f replaced by fc.

Then xc(t) is a positive solution of (2.106)′. It is easily checked by means of (2.115)

that Fc(s) also satisfies (H4). Since we are seeking a contradiction, we may as well

assume that x(t) > 0 for t ≥ −τ1. Then, in view of (2.114), and by Lemma 2.8,

it follows that the abscissa of convergence of X(s) is −∞. As in the proof of

Theorem 2.23, by (H3), (H4) and (2.114), we get lim
s→−∞

X(s) = −∞, which leads

to the contradiction and completes the proof.

2.6.5.2 Boundary Value Problem (2.104) and (B1)

Lemma 2.17. Assume that

(H5)
∫
Ω
R(x, t)dx ≥ l1t

−α for t > 0, where l1 > 0 is a constant.

If problem (2.104) and (B1) has an eventually positive solution, then the following

fractional delay differential equation involving Riemann-Liouville fractional deriva-

tive

0D
α
t x(t)−

n∑
i=1

pix(t− σi) = 0, t > 0 (2.116)

has an eventually positive solution, where pi = min{Pi(x) : x ∈ Ω}.

Proof. Without loss of generality, we assume that problem (2.104) and (B1) has

u(x, t) > 0, and u(x, t− σi) > 0 in Ω× (0,∞) for some t1 > 0.
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Set

U(t) =

∫
Ω

u(x, t)dx, t ≥ t1,

and note that U(t) > 0 for t > t1.

Integrating (2.104) with respect to x over the domain Ω, we get

∂α

∂tα

[ ∫
Ω

u(x, t)dx

]
= C(t)

∫
Ω

△udx+
n∑
i=1

∫
Ω

Pi(x)u(x, t− σi)dx+

∫
Ω

R(x, t)dx.

(2.117)

Using the Green’s formula and boundary condition (B1), we obtain∫
Ω

△udx =

∫
∂Ω

∂u(x, t)

∂N
dS = 0, t ≥ t1.

Then (2.117) becomes

∂α

∂tα

[ ∫
Ω

u(x, t)dx

]
=

n∑
i=1

∫
Ω

Pi(x)u(x, t− σi)dx+

∫
Ω

R(x, t)dx. (2.118)

Let r(t) =
∫
Ω
R(x, t)dx and from the definitions of U(t), pi as above, (2.118) reduces

to

0D
α
t U(t) ≥

n∑
i=1

piU(t− σi) + r(t). (2.119)

Integrating the inequality (2.119) from 0 to t and applying condition (H5), we have

U(t) ≥ U(0)

Γ(α)
tα−1 +

n∑
i=1

pi
Γ(α)

∫ t

0

(t− s)α−1U(s− σi)ds+
1

Γ(α)

∫ t

0

(t− s)α−1r(s)ds

≥ U(0)

Γ(α)
tα−1 +

n∑
i=1

pi
Γ(α)

∫ t

0

(t− s)α−1U(s− σi)ds+
l1

Γ(1− α)
,

(2.120)

where U(0) =
∫
Ω
φ(x, 0)dx. On the other hand, there exists a constant t′1 > 0 such

that
|U(0)|
Γ(α)

tα−1 ≤ l1
Γ(1− α)

for t ≥ t′1.

Let t̄1 = max{t1, t′1}. Then, for t > t̄1, we get

U(t) ≥
n∑
i=1

pi
Γ(α)

∫ t

0

(t− s)α−1U(s− σi)ds. (2.121)

Define a set W = {w(t) : w(t) ∈ C([t̄1 − σ,∞), [0, 1])} and a mapping S on W

by

(Sw)(t) =



1

U(t)

[ n∑
i=1

pi
Γ(α)

∫ t

0

(t− s)α−1U(s− σi)w(s− σi)ds

]
, t ≥ t̄1,

t− t̄1 + θ

θ
(Sw)(t̄1) +

(
1− t− t̄1 + θ

θ

)
, t̄1 − σ ≤ t < t̄1.
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It easily follows from (2.121) that SW ⊂W , and for any w ∈W , we have (Sw)(t) >

0 for t̄1 − σ ≤ t < t̄1.

Define a sequence of functions {wn(t)} in W by w0(t) = 1, and wn+1(t) =

Swn(t), t ≥ t̄1 − σ. From (2.121), by induction, we have

0 ≤ wn+1(t) ≤ wn(t) ≤ 1, t ≥ t̄1 − σ.

Then lim
n→∞

wn(t) = w(t), t ≥ t̄1 − σ, exists, and 0 ≤ w(t) ≤ 1. Further, in view of

the Lebesgue dominated convergence theorem, we obtain

w(t) =
1

U(t)

[ n∑
i=1

pi
Γ(α)

∫ t

0

(t− s)α−1U(s− σi)w(s− σi)ds

]
, t ≥ t̄1,

and

w(t) =
t− t̄1 + σ

σ
w(t̄1) +

(
1− t− t̄1 + σ

σ

)
> 0, t̄1 − σ ≤ t < t̄1.

Set x(t) = U(t)w(t). Then x(t) is a nonnegative solution of the following equation

x(t) =
n∑
i=1

pi
Γ(α)

∫ t

0

(t− s)α−1x(s− σi)ds, t ≥ t̄1, (2.122)

and x(t) > 0 for t̄1 − σ ≤ t < t̄1. It is easy to infer that x(t) > 0 for t ≥ t̄1 since

pi > 0 for i = 1, 2, . . . , n. Therefore, x(t) > 0 for t ≥ t̄1 − σ.

Note the integral equation (2.122) is equivalent to equation (2.116) with an initial

condition [0D
−(1−α)
t x(t)]t∈[−σ,0] = 0 for t ∈ [−σ, 0]. The proof is completed.

Applying Theorem 2.23 and Lemma 2.17, we directly obtain the following results

of oscillation.

Theorem 2.26. Assume that condition (H5) holds, and if the equation

P (λ) = λα −
n∑
i=1

pie
−λσi = 0 (2.123)

has no real roots, then every solution of problem (2.104) and (B1) is oscillatory.

2.6.5.3 Boundary Value Problem (2.104) and (B2)

We firstly consider the following Dirichlet problem in the domain Ω:{
∆u+ ηu = 0 in (x, t) ∈ Ω× [0,∞),

u = 0 on (x, t) ∈ ∂Ω× [0,∞),
(2.124)

where η is a constant. It is well known (see Vladimirov, 1981) that the smallest

eigenvalue η1 of problem (2.124) is positive and corresponding eigenfunction Φ(x)

is also positive on Ω.

Lemma 2.18. Assume that

(H6)
∫
Ω
Φ(x)R(x, t)dx ≥ l2t

−α for t > 0, where l2 > 0 is a constant.
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If problem (2.104) and (B2) has an eventually positive solution, then (2.116) has

an eventually positive solution.

Proof. Without loss of generality, we assume that problem (2.104) and (B2) has

u(x, t) > 0 and u(x, t− σi) > 0 in Ω× (0,∞) for some t2 > 0.

Define

V (t) =

∫
Ω

u(x, t)Φ(x)dx, t ≥ t2,

and notice that V (t) > 0 for t ≥ t2.

Integrating (2.104) with respect to t, we have

u(x, t) =
φ(x, 0)

Γ(α)
tα−1 +

1

Γ(α)

∫ t

0

(t− s)α−1C(s)∆uds

+
n∑
i=1

1

Γ(α)

∫ t

0

(t− s)α−1Pi(x)u(x, s− σi)ds

+
1

Γ(α)

∫ t

0

(t− s)α−1R(x, s)ds.

(2.125)

Multiplying both sides of (2.125) by Φ(x), and integrating both sides with respect

to x ∈ Ω, we obtain∫
Ω

Φ(x)u(x, t)dx

=
tα−1

Γ(α)

∫
Ω

Φ(x)φ(x, 0)dx+
1

Γ(α)

∫
Ω

Φ(x)

∫ t

0

(t− s)α−1C(s)∆udsdx

+
n∑
i=1

1

Γ(α)

∫
Ω

Φ(x)

∫ t

0

(t− s)α−1Pi(x)u(x, s− σi)dsdx

+
1

Γ(α)

∫
Ω

Φ(x)

∫ t

0

(t− s)α−1R(x, s)dsdx

=
tα−1

Γ(α)

∫
Ω

Φ(x)φ(x, 0)dx+
1

Γ(α)

∫ t

0

(t− s)α−1C(s)

∫
Ω

Φ(x)∆udxds

+
n∑
i=1

1

Γ(α)

∫ t

0

(t− s)α−1

∫
Ω

Φ(x)Pi(x)u(x, s− σi)dxds

+
1

Γ(α)

∫ t

0

(t− s)α−1

∫
Ω

Φ(x)R(x, s)dxds

≥ tα−1

Γ(α)

∫
Ω

Φ(x)φ(x, 0)dx+
1

Γ(α)

∫ t

0

(t− s)α−1C(s)

∫
Ω

Φ(x)∆udxds

+
n∑
i=1

pi
Γ(α)

∫ t

0

(t− s)α−1

∫
Ω

Φ(x)u(x, s− σi)dxds

+
1

Γ(α)

∫ t

0

(t− s)α−1

∫
Ω

Φ(x)R(x, s)dxds.

(2.126)
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Using Green’s formula and boundary condition (B2), we have∫
Ω

Φ(x)∆udx =

∫
∂Ω

(
Φ(x)

∂u

∂N
− u

∂Φ(x)

∂N

)
dS +

∫
Ω

u(x, t)∆Φ(x)dx

= −η1
∫
Ω

Φ(x)u(x, t)dx, t ≥ t2.

(2.127)

From (2.126), (2.127) and condition (H6), we obtain

V (t) ≥ V (0)

Γ(α)
tα−1 − η1

Γ(α)

∫ t

0

(t− s)α−1C(s)V (s)ds

+
n∑
i=1

pi
Γ(α)

∫ t

0

(t− s)α−1V (s− σi)dxds

+
1

Γ(α)

∫ t

0

(t− s)α−1

∫
Ω

Φ(x)R(x, s)dxds

≥ V (0)

Γ(α)
tα−1 +

n∑
i=1

pi
Γ(α)

∫ t

0

(t− s)α−1V (s− σi)dxds+
l2

Γ(1− α)
,

(2.128)

where V (0) =
∫
Ω
Φ(x)φ(x, 0)dx. Then (2.128) is similar to (2.120). The rest of the

proof is similar to that of Lemma 2.17, so we omit it. This completes the proof.

Theorem 2.27. Assume that condition (H6) holds, and that equation (2.123) has

no real roots, then every solution of problem (2.104) and (B2) is oscillatory.

2.6.5.4 Boundary Value Problem (2.104) and (B3)

Lemma 2.19. Assume that condition (H5) holds. If problem (2.104) and (B3) has

an eventually positive solution, then (2.116) has an eventually positive solution.

Proof. Without loss of generality, we assume that problem (2.104) and (B3) has

u(x, t) > 0 and u(x, t− σi) > 0 in Ω× (0,∞) for some t3 > 0.

From the Green’s formula and boundary condition (B3), it follows that∫
Ω

∆udx = −
∫
∂Ω

νudS ≤ 0, (2.129)

where dS is the surface element on ∂Ω. Combining (2.117) and (2.129), we get

∂α

∂tα

[ ∫
Ω

u(x, t)dx

]
≥

n∑
i=1

∫
Ω

Pi(x)u(x, t− σi)dx+

∫
Ω

R(x, t)dx. (2.130)

Define

U(t) =

∫
Ω

u(x, t)dx, t ≥ t3,

and observe that U(t) > 0 for t ≥ t3. From (2.130) we have

0D
α
t U(t) ≥

n∑
i=1

piU(t− σi) + r(t). (2.131)

Integrating inequality (2.131) from 0 to t, we obtain (2.120). We omit the remaining

part of the proof as it is similar to that of Lemma 2.17. This completes the proof.

Theorem 2.28. Assume that condition (H5) holds, and that equation (2.123) has

no real roots, then every solution of problem (2.104) and (B3) is oscillatory.
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2.6.5.5 Example

In this subsection, we discuss an illustrative example.

Example 2.5. Consider the following fractional partial differential equation

∂αu(x, t)

∂tα
= −△u+ (x2 + 1)u(x, t− 1) + t−α sinx, (x, t) ∈ (0, π)× (0,∞),

(2.132)

with the boundary conditions

−∂u(0, t)
∂x

=
∂u(π, t)

∂x
= 0, t ≥ 0. (2.133)

Here 0 < α < 1, Ω = (0, π), R(x, t) = t−α sinx, σ = 1.

Obviously ∫
Ω

R(x, t)dx =

∫ π

0

t−α sinxdx = 2t−α,

and

P (x) > 1 = p, (pσ)p
1−α
α = p

1
α = 1 >

1

e
.

Thus all the conditions of Theorem 2.26 are satisfied. Therefore every solution of

problem (2.132) and (2.133) is oscillatory in (0, π)× (0,∞).

2.7 Notes and Remarks

The results in Section 2.2 are taken from Agarwal, Zhou and He, 2010. The main

results in Section 2.3 are adopted from Zhou, Jiao and Li, 2009a. The material in

Section 2.4 are due to Zhou, Jiao and Li, 2009b. The results in Section 2.5 are taken

from Wang, Fec̆kan and Zhou, 2013c. The material in Section 2.6 are taken from

Zhou, Alsaedi and Ahmad, 2018; Zhou, Ahmad and Alsaedi, 2019a; Zhou, Ahmad,

Chen and Alsaedi, 2019.
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Chapter 3

Fractional Ordinary Differential Equations
in Banach Spaces

3.1 Introduction

In this chapter, we discuss the Cauchy problem of fractional ordinary differen-

tial equations in Banach spaces under hypotheses based on Carathéodory condi-

tion. The tools used include some classical and modern nonlinear analysis methods

such as fixed point theory, measure of noncompactness method, topological degree

method and Picard operators technique, etc.

Firstly, we give an example which show that the criteria on existence of so-

lutions for the initial value problem of fractional differential equations in finite-

dimensional spaces may not be true in infinite-dimensional cases. It is well known

that Peano theorem of integer order ordinary differential equations is not true in

infinite-dimensional Banach spaces. The first result in this direction was obtained

by Dieudonne, 1950. Dieudonne, 1950, produced an example which showed that

Peano theorem is not true in the space c0 of sequences which converge to zero. In

fact, Peano theorem of fractional differential equations is also not true in infinite-

dimensional Banach spaces. In the following, we shall show that the existence result

of nonlocal Cauchy problem for fractional abstract differential equations which has

been obtained by N’Guerekata in 2009 is not true in the space c0.

Example 3.1. Let E = c0 = {z = (z1, z2, z3, ...) : zn → 0 as n → ∞}
with the norm ∥z∥ = supn≥1 |zn| and f(z) = 2(

√
|z1|,

√
|z2|,

√
|z3|, ...) with

z = (z1, z2, z3, ...) ∈ c0. Consider the nonlocal Cauchy problem for fractional differ-

ential equations given by

C
0D

q
tx(t) = f(x(t)), x(0) = ξ, t ∈ (0, t0] (3.1)

where C
0D

q
t is Caputo fractional derivative of order 0 < q < 1, ξ =

(1, 1/22, 1/32, ...) ∈ c0, t0 < (Γ(1+q)2 )
1
q .

It is obvious that f : c0 → c0 is continuous. According to N’Guerekata, 2009,

there exists a constant k∗ = Γ(1+q)
Γ(1+q)−2tq0

, such that IVP (3.1) possesses at least one

continuous solution x ∈ C([0, t0], c0) and x(t) = (x1(t), x2(t), x3(t), ...) ∈ c0 on [0, t0]

with supt∈[0,t0] ∥x(t)∥ ≤ k∗. According to the definition of the norm of c0, we can

121
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conclude that

C
0D

q
txn(t) = 2

√
|xn(t)|, xn(0) =

1

n2
, t ∈ (0, t0], n = 1, 2, 3, ..., (3.2)

where xn satisfies that xn ∈ C([0, t0],R) with supt∈[0,t0] |xn(t)| ≤ k∗.

Let us consider equation (3.2) which can be written as the following equivalent

form

xn(t) =
1

n2
+ 20D

−q
t

√
|xn(t)| =

1

n2
+

2

Γ(q)

∫ t

0

(t− s)q−1
√
|xn(s)|ds, t ∈ [0, t0].

(3.3)

Since (t− s)q−1 > 1 with s ∈ [0, t) for t ∈ (0, t0], we have by (3.3)

xn(t) ≥
1

n2
+

2

Γ(q)

∫ t

0

√
|xn(s)|ds, t ∈ [0, t0], n = 1, 2, 3, ... . (3.4)

Assume that yn ∈ C([0, t0],R) is a solution of the following integral equation

yn(t) =
1

4n2 +
2

Γ(q)

∫ t

0

√
|yn(s)|ds, t ∈ [0, t0], n = 1, 2, 3, ... . (3.5)

Then, we get

xn(t) ≥ yn(t), t ∈ [0, t0], n = 1, 2, 3, ... . (3.6)

In fact, suppose (for contraction) that the conclusion (3.6) is not true. Then,

because of the continuity of x and y, and that xn(0) > yn(0), it follows that there

exists a t1 ∈ (0, t0] such that

xn(t1) = yn(t1), xn(t) > yn(t) t ∈ [0, t1), n = 1, 2, 3, ... . (3.7)

Then using (3.4) and (3.7), we get

yn(t1) =
1

4n2
+

2

Γ(q)

∫ t1

0

√
|yn(s)|ds

<
1

n2
+

2

Γ(q)

∫ t1

0

√
|xn(s)|ds

≤ xn(t1), n = 1, 2, 3, ...,

which is a contraction in view of (3.7). Hence the conclusion (3.6) is valid.

Since the integral (3.5) is equivalent to the following fractional IVP

y′n(t) =
2

Γ(q)

√
|yn(t)|, yn(0) =

1

4n2
, t ∈ [0, t0], n = 1, 2, 3, ..., (3.8)

and noting yn(t) > 0, t ∈ [0, t0], we can conclude that fractional IVP (3.8) has a

continuous solution

yn(t) =

(
t

Γ(q)
+

1

2n

)2

, t ∈ [0, t0], n = 1, 2, 3, ...,

which means that

xn(t) ≥ yn(t) =

(
t

Γ(q)
+

1

2n

)2

, t ∈ [0, t0], n = 1, 2, 3, ... . (3.9)

Therefore, for t ∈ (0, t0], limn→∞ xn(t) ̸= 0 by (3.9), contracting x(t) ∈ c0.

Hence fractional IVP (3.1) has no nonlocal solution in c0.
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3.2 Cauchy Problems via Measure of Noncompactness Method

3.2.1 Introduction

In Section 3.2, we assume that X is a Banach space with the norm | · |. Let J ⊂ R.
Denote C(J,X) be the Banach space of continuous functions from J into X.

Let r > 0 and C = C([−r, 0], X) be the space of continuous functions from [−r, 0]
into X. For any element z ∈ C, define the norm ∥z∥∗ = supθ∈[−r,0] |z(θ)|.

Consider the initial value problem (fractional IVP) for fractional functional dif-

ferential equation given by{
C
0D

q
tx(t) = f(t, xt), t ∈ (0, a),

x0 = φ ∈ C,
(3.10)

where C
0D

q
t is Caputo fractional derivative of order 0 < q < 1, f : [0, a)× C → X is

a given function satisfying some assumptions and define xt by xt(θ) = x(t+ θ), for

θ ∈ [−r, 0].
In this section, we shall discuss the existence of the solutions for fractional IVP

(3.10) under assumptions that f satisfies Carathéodory condition and the condi-

tion on measure of noncompactness. Then, we give an example to illustrate the

application of our abstract results.

Definition 3.1. A function x ∈ C([−r, T ], X) is a solution for fractional IVP (3.10)

on [−r, T ] for T ∈ (0, a) if

(i) the function x(t) is absolutely continuous on [0, T ];

(ii) x0 = φ;

(iii) x satisfies the equation in (3.10).

3.2.2 Existence

We are now ready to prove the existence of the solutions for fractional IVP (3.10)

under the following hypotheses:

(H1) for almost all t ∈ [0, a), the function f(t, ·) : C → X is continuous and for

each z ∈ C, the function f(·, z) : [0, a) → X is strongly measurable;

(H2) for each τ > 0, there exist a constant q1 ∈ [0, q) and m1 ∈ L
1
q1 ([0, a),R+)

such that |f(t, z)| ≤ m1(t) for all z ∈ C with ∥z∥∗ ≤ τ and almost all

t ∈ [0, a);

(H3) there exist a constant q2 ∈ (0, q) and m2 ∈ L
1
q2 ([0, a),R+) such that

α(f(t, B)) ≤ m2(t)α(B) for almost all t ∈ [0, a) and B a bounded set in C.

In order to prove the existence theorem, we need the following lemma.

Lemma 3.1. Assume that the hypotheses (H1) and (H2) hold. x ∈ C([−r, T ], X)

is a solution for fractional IVP (3.10) on [−r, T ] for T ∈ (0, a) if and only if x
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satisfies the following relation
x(θ) = φ(θ), for θ ∈ [−r, 0],

x(t) = φ(0) +
1

Γ(q)

∫ t

0

(t− s)q−1f(s, xs)ds, for t ∈ [0, T ].
(3.11)

Proof. Since xt is continuous in t ∈ [0, a), according to (H1), f(t, xt) is a mea-

surable function in [0, a). Direct calculation gives that (t − s)q−1 ∈ L
1

1−q1 [0, t] for

t ∈ (0, a) and q1 ∈ [0, q). Let

b1 =
q − 1

1− q1
∈ (−1, 0), M = ∥m1∥

L
1
q1 [0,a)

.

By using Hölder inequality and (H2), for t ∈ (0, a), we obtain that∫ t

0

|(t− s)q−1f(s, xs)|ds ≤
(∫ t

0

(t− s)
q−1
1−q1 ds

)1−q1
∥m1∥

L
1
q1 [0,t]

≤ M

(1 + b1)1−q1
a(1+b1)(1−q1).

Thus, |(t − s)q−1f(s, xs)| is Lebesgue integrable with respect to s ∈ [0, t) for all

t ∈ (0, a). From Lemma 1.6 (Bochner theorem), it follows that (t− s)q−1f(s, xs) is

Bochner integrable with respect to s ∈ [0, t) for all t ∈ (0, a).

Let L(τ, s) = (t−τ)−q|τ−s|q−1m1(s). Since L(τ, s) is a nonnegative, measurable

function on D = [0, t]× [0, t], then we have∫ t

0

(∫ t

0

L(τ, s)ds

)
dτ =

∫
D

L(τ, s)dsdτ =

∫ t

0

(∫ t

0

L(τ, s)dτ

)
ds

and ∫
D

L(τ, s)dsdτ =

∫ t

0

(∫ t

0

L(τ, s)ds

)
dτ

=

∫ t

0

(t− τ)−q
(∫ t

0

|τ − s|q−1m1(s)ds

)
dτ

=

∫ t

0

(t− τ)−q
(∫ τ

0

(τ − s)q−1m1(s)ds

)
dτ

+

∫ t

0

(t− τ)−q
(∫ t

τ

(s− τ)q−1m1(s)ds

)
dτ

≤ 2M

(1 + b1)1−q1
a(1+b1)(1−q1)

∫ t

0

(t− τ)−qdτ

≤ 2M

(1− q)(1 + b1)1−q1
a(1+b1)(1−q1)+1−q.

Therefore, L1(τ, s) = (t − τ)−q(τ − s)q−1f(s, xs) is a Bochner integrable function

on D = [0, t]× [0, t], then we have∫ t

0

dτ

∫ τ

0

L1(τ, s)ds =

∫ t

0

ds

∫ t

s

L1(τ, s)dτ.
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We now prove that

0D
q
t

(
0D

−q
t f(t, xt)

)
= f(t, xt), for t ∈ (0, T ],

where 0D
q
t is Riemann-Liouville fractional derivative.

Indeed, we have

0D
q
t

(
0D

−q
t f(t, xt)

)
=

1

Γ(1− q)Γ(q)

d

dt

∫ t

0

(t− τ)−q
(∫ τ

0

(τ − s)q−1f(s, xs)ds

)
dτ

=
1

Γ(1− q)Γ(q)

d

dt

∫ t

0

dτ

∫ τ

0

L1(τ, s)ds

=
1

Γ(1− q)Γ(q)

d

dt

∫ t

0

ds

∫ t

s

L1(τ, s)dτ

=
1

Γ(1− q)Γ(q)

d

dt

∫ t

0

f(s, xs)ds

∫ t

s

(t− τ)−q(τ − s)q−1dτ

=
d

dt

∫ t

0

f(s, xs)ds

= f(t, xt), for t ∈ (0, T ].

If x satisfies the relation (3.11), then we can get that x(t) is absolutely continuous

on [0, T ]. In fact, for any disjoint family of open intervals {(ci, di)}1≤i≤n in [0, T ]

with
∑n
i=1(di − ci) → 0, we have

n∑
i=1

|x(di)− x(ci)|

=
n∑
i=1

1

Γ(q)

∣∣∣∣ ∫ di

0

(di − s)q−1f(s, xs)ds−
∫ ci

0

(ci − s)q−1f(s, xs)ds

∣∣∣∣
≤

n∑
i=1

1

Γ(q)

∣∣∣∣ ∫ di

ci

(di − s)q−1f(s, xs)ds

∣∣∣∣
+

n∑
i=1

1

Γ(q)

∣∣∣∣ ∫ ci

0

(di − s)q−1f(s, xs)ds−
∫ ci

0

(ci − s)q−1f(s, xs)ds

∣∣∣∣
≤

n∑
i=1

1

Γ(q)

∫ di

ci

(di − s)q−1m1(s)ds

+
n∑
i=1

1

Γ(q)

∫ ci

0

(
(ci − s)q−1 − (di − s)q−1

)
m1(s)ds

≤
n∑
i=1

1

Γ(q)

(∫ di

ci

(di − s)
q−1
1−q1 ds

)1−q1
∥m1∥

L
1
q1 [0,T ]

+
n∑
i=1

1

Γ(q)

(∫ ci

0

(ci − s)
q−1
1−q1 − (di − s)

q−1
1−q1 ds

)1−q1
∥m1∥

L
1
q1 [0,T ]

=
n∑
i=1

(di − ci)
(1+b1)(1−q1)

Γ(q)(1 + b1)1−q1
∥m1∥

L
1
q1 [0,T ]
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+
n∑
i=1

(c1+b1i − d1+b1i + (di − ci)
1+b1)1−q1

Γ(q)(1 + b1)1−q1
∥m1∥

L
1
q1 [0,T ]

≤ 2
n∑
i=1

(di − ci)
(1+b1)(1−q1)

Γ(q)(1 + b1)1−q1
∥m1∥

L
1
q1 [0,T ]

→ 0.

Therefore, x(t) is absolutely continuous on [0, T ], which implies that x(t) is dif-

ferentiable a.e. on [0, T ]. According to the argument above and Definition 1.3, for

t ∈ (0, T ], we have

C
0D

q
tx(t) =

C
0D

q
t

(
φ(0) +

1

Γ(q)

∫ t

0

(t− s)q−1f(s, xs)ds

)
= C

0D
q
t

(
1

Γ(q)

∫ t

0

(t− s)q−1f(s, xs)ds

)
= C

0D
q
t

(
0D

−q
t f(t, xt)

)
= 0D

q
t

(
0D

−q
t f(t, xt)

)
− [0D

−q
t f(t, xt)]t=0

t−q

Γ(1− q)

= f(t, xt)− [0D
−q
t f(t, xt)]t=0

t−q

Γ(1− q)
.

Since (t − s)q−1f(s, xs) is Lebesgue integrable with respect to s ∈ [0, t) for all

t ∈ (0, T ], we know that [0D
−q
t f(t, xt)]t=0 = 0, which means that C

0D
q
tx(t) =

f(t, xt), for t ∈ (0, T ]. Hence, x ∈ C([−r, T ], X) is a solution of fractional IVP

(3.10). On the other hand, it is obvious that if x ∈ C([−r, T ], X) is a solution of

fractional IVP (3.10), then x satisfies the relation (3.11), and this completes the

proof.

Theorem 3.1. Assume that hypotheses (H1)-(H3) hold. Then, for every φ ∈ C,
there exists a solution x ∈ C([−r, T ], X) for fractional IVP (3.10) with some T ∈
(0, a).

Proof. Let k > 0 be any number and we can choose T ∈ (0, a) such that

T (1+b1)(1−q1)

Γ(q)(1 + b1)1−q1
∥m1∥

L
1
q1 [0,T ]

≤ k (3.12)

and

T (1+b2)(1−q2)

Γ(q)(1 + b2)1−q2
∥m2∥

L
1
q2 [0,T ]

< 1, (3.13)

where bi =
q−1
1−qi ∈ (−1, 0), i = 1, 2.

Consider the set Bk defined as follows

Bk =

{
x ∈ C([−r, T ], X)

∣∣∣ x0 = φ, sup
s∈[0,T ]

|x(s)− φ(0)| ≤ k

}
.
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Define the operator F on Bk as follows
Fx(θ) = φ(θ), for θ ∈ [−r, 0],

Fx(t) = φ(0) +
1

Γ(q)

∫ t

0

(t− s)q−1f(t, xs)ds, for t ∈ [0, T ],

where x ∈ Bk. We prove that the operator equation x = Fx has a solution x ∈ Bk,

which means that x is a solution of fractional IVP (3.10).

Firstly, we observe that for every y ∈ Bk, (Fy)(t) is continuous on t ∈ [−r, T ]
and for t ∈ [0, T ], by (3.12) and Hölder inequality, we have

|(Fy)(t)− φ(0)| ≤ 1

Γ(q)

∫ t

0

|(t− s)q−1f(s, ys)|ds

≤ 1

Γ(q)

(∫ t

0

(t− s)
q−1
1−q1 ds

)1−q1
∥m1∥

L
1
q1 [0,T ]

≤ T (1+b1)(1−q1)

Γ(q)(1 + b1)1−q1
∥m1∥

L
1
q1 [0,T ]

≤ k,

(3.14)

where b1 = q−1
1−q1 ∈ (−1, 0). Thus, supt∈[0,T ] |(Fy)(t)−φ(0)| ≤ k, which implies that

F : Bk → Bk.

Further, we prove that F is a continuous operator on Bk. Let {yn} ⊆ Bk with

yn → y on Bk. Then by (H1) and the fact that ynt → yt, as n → ∞, t ∈ [0, T ], we

have

f(s, yns ) → f(s, ys), a.e. s ∈ [0, T ], as n→ ∞.

Noting that (t−s)q−1|f(s, yns )−f(s, ys)| ≤ (t−s)q−12m1(s), by Lebesgue dominated

convergence theorem, as n→ ∞, we have

|(Fyn)(t)− (Fy)(t)| ≤ 1

Γ(q)

∫ t

0

(t− s)q−1|f(s, yns )− f(s, ys)|ds→ 0.

Therefore Fyn → Fy as n→ ∞ which implies that F is continuous.

For each n ≥ 1, we define a sequence {xn : n ≥ 1} in the following way

xn(t) =


φ0(t), for t ∈ [−r, T

n
],

φ(0) +
1

Γ(q)

∫ t−T
n

0

(t− s)q−1f(t, xns )ds, for t ∈ [
T

n
, T ],

where φ0 ∈ C([−r, a), X) denotes the function defined by

φ0(t) =

{
φ(t), for t ∈ [−r, 0],
φ(0), for t ∈ [0, a).

Using the similar method as we did in (3.14), we get that xn ∈ Bk for all n ≥ 1.

Let A = {xn : n ≥ 1}. It follows that the set A is uniformly bounded. Further,

we show that the set A is equicontinuous on [−r, T ].
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If −r ≤ t1 < t2 ≤ T
n , then for each xn ∈ A, we have limt1→t2 |xn(t2)− xn(t1)| =

limt1→t2 |φ0(t2) − φ0(t1)| = 0 independently of xn ∈ A. Next, if −r ≤ t1 ≤ T
n <

t2 ≤ T , then for each xn ∈ A, by using Hölder inequality, we have

|xn(t2)− xn(t1)|

≤ |φ(0)− φ0(t1)|+
∣∣∣∣ 1

Γ(q)

∫ t2−T
n

0

(t2 − s)q−1f(s, xns )ds

∣∣∣∣
≤ |φ(0)− φ0(t1)|+

1

Γ(q)

∫ t2−T
n

0

(t2 − s)q−1m1(s)ds

≤ |φ(0)− φ0(t1)|+
1

Γ(q)

(∫ t2−T
n

0

(t2 − s)
q−1
1−q1 ds

)1−q1
∥m1∥

L
1
q1 [0,T ]

= |φ(0)− φ0(t1)|+

(
t1+b12 − (Tn )

1+b1
)1−q1

Γ(q)(1 + b1)1−q1
∥m1∥

L
1
q1 [0,T ]

.

According to the definition of φ0, and using the last inequality, we obtain that

|xn(t2)− xn(t1)| → 0 independently of xn ∈ A, as t1 → t2.

Finally, if T
n ≤ t1 < t2 ≤ T , then for each xn ∈ A, by using Hölder inequality,

we have

|xn(t2)− xn(t1)|

=

∣∣∣∣ 1

Γ(q)

∫ t2−T
n

0

(t2 − s)q−1f(s, xns )ds−
1

Γ(q)

∫ t1−T
n

0

(t1 − s)q−1f(s, xns )ds

∣∣∣∣
≤
∣∣∣∣ 1

Γ(q)

∫ t2−T
n

t1−T
n

(t2 − s)q−1f(s, xns )ds

∣∣∣∣+ ∣∣∣∣ 1

Γ(q)

∫ t1−T
n

0

(t2 − s)q−1f(s, xns )ds

− 1

Γ(q)

∫ t1−T
n

0

(t1 − s)q−1f(s, xns )ds

∣∣∣∣
≤ 1

Γ(q)

∫ t2−T
n

t1−T
n

(t2 − s)q−1m1(s)ds

+
1

Γ(q)

∫ t1−T
n

0

(
(t1 − s)q−1 − (t2 − s)q−1

)
m1(s)ds

≤ 1

Γ(q)

(∫ t2−T
n

t1−T
n

(t2 − s)
q−1
1−q1 ds

)1−q1
∥m1∥

L
1
q1 [0,T ]

+
1

Γ(q)

(∫ t1−T
n

0

(t1 − s)
q−1
1−q1 − (t2 − s)

q−1
1−q1 ds

)1−q1
∥m1∥

L
1
q1 [0,T ]

=

(
(t2 − t1 +

T
n )

1+b1 − (Tn )
1+b1

)1−q1
Γ(q)(1 + b1)1−q1

∥m1∥
L

1
q1 [0,T ]

+

(
t1+b11 − (Tn )

1+b1 − t1+b12 + (t2 − t1 +
T
n )

1+b1
)1−q1

Γ(q)(1 + b1)1−q1
∥m1∥

L
1
q1 [0,T ]



August 14, 2023 16:41 ws-book961x669 Basic Theory of Fractional Differential Equations 13289-main page 129

Fractional Ordinary Differential Equations in Banach Spaces 129

≤ 2

(
(t2 − t1 +

T
n )

1+b1 − (Tn )
1+b1

)1−q1
Γ(q)(1 + b1)1−q1

∥m1∥
L

1
q1 [0,T ]

.

It is easy to see that the last inequality tends to zero independently of xn ∈ A, as

t1 → t2, which means that the set A is equicontinuous.

Set A(t) = {xn(t) : n ≥ 1} and At = {xnt : n ≥ 1} for any t ∈ [0, T ]. By the

properties (iv) and (vi) of the measure of noncompactness, for any fixed t ∈ (0, T ],

we have

α(A(t)) ≤ α

({
1

Γ(q)

∫ t

0

(t− s)q−1f(s, xns )ds : n ≥ 1

})
+ α

({
1

Γ(q)

∫ t

t−T
n

(t− s)q−1f(s, xns )ds : n ≥ 1

})
.

For ∀ ϵ > 0, we can find δ sufficiently small such that

δ(1+b1)(1−q1)

Γ(q)(1 + b1)1−q1
∥m1∥

L
1
q1 [0,T ]

<
ϵ

2
.

Therefore, for each t ∈ (0, T ], we can choose Nδ ≥ 1 such that T
n ≤ δ for n ≥ Nδ.

Then we obtain that

α

({
1

Γ(q)

∫ t

t−T
n

(t− s)q−1f(s, xns )ds : n ≥ Nδ

})
≤ 2

Γ(q)
sup
n≥Nδ

∫ t

t−T
n

(t− s)q−1m1(s)ds

< ϵ,

for each t ∈ (0, T ]. Hence, by the properties (iii) and (v) of the measure of noncom-

pactness, it follows that

α

({
1

Γ(q)

∫ t

t−T
n

(t− s)q−1f(s, xns )ds : n ≥ 1

})
< ϵ.

Then, we obtain that

α(A(t)) ≤ α

({
1

Γ(q)

∫ t

0

(t− s)q−1f(s, xns )ds : n ≥ 1

})
+ ϵ,

for t ∈ (0, T ]. By Proposition 1.18 and (H3), we have that

α(A(t)) ≤ 2

Γ(q)

∫ t

0

(t− s)q−1α(f(s,As))ds+ ϵ

≤ 2

Γ(q)

∫ t

0

(t− s)q−1m2(s)α(As)ds+ ϵ,

where t ∈ (0, T ]. Since xn(θ) = φ(θ), θ ∈ [−r, 0], we have α({xn(θ) : n ≥ 1}) = 0

for θ ∈ [−r, 0]. Moreover, by Proposition 1.17, for s ∈ [0, t] with t ∈ (0, T ], we

deduce that

α(As) = max
θ∈[−r,0]

α({xns (θ) : n ≥ 1}) ≤ sup
s∈[0,t]

α({xn(s) : n ≥ 1}) = sup
s∈[0,t]

α(A(s)).
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Since ϵ is arbitrary, we have that

α(A(t)) ≤ 2T (1+b2)(1−q2)

Γ(q)(1 + b2)1−q2
∥m2∥

L
1
q2 [0,T ]

sup
s∈[0,t]

α(A(s)),

where t ∈ (0, T ] and b2 = q−1
1−q2 ∈ (−1, 0).

Since (3.13) and xn0 = φ, we must have that α(A(t)) = 0 for every t ∈ [−r, T ].
Then, by Proposition 1.17, we have that α(A) = supt∈[−r,T ] α(A(t)) = 0. Therefore,

A is a relatively compact subset of Bk. Then, there exists a subsequence if necessary,

we may assume that the sequence {xn}n≥1 converges uniformly on [−r, T ] to a

continuous function x ∈ Bk with x(θ) = φ(θ), θ ∈ [−r, 0].
Moreover, for t ∈ [0, Tn ], we have

|(Fxn)(t)− xn(t)| ≤ 1

Γ(q)

∫ T
n

0

(t− s)q−1|f(t, xns )|ds ≤
1

Γ(q)

∫ T
n

0

(t− s)q−1m1(s)ds

and for t ∈ [Tn , T ], we have

|(Fxn)(t)− xn(t)| = 1

Γ(q)

∣∣∣∣ ∫ t

0

(t− s)q−1f(t, xns )ds−
∫ t−T

n

0

(t− s)q−1f(t, xns )ds

∣∣∣∣
=

1

Γ(q)

∣∣∣∣ ∫ t

t−T
n

(t− s)q−1f(t, xns )ds

∣∣∣∣
≤ 1

Γ(q)

∫ t

t−T
n

(t− s)q−1m1(s)ds.

Therefore, it follows that

sup
t∈[0,T ]

|(Fxn)(t)− xn(t)| → 0, as n→ ∞. (3.15)

Since

sup
t∈[0,T ]

|(Fx)(t)− x(t)| ≤ sup
t∈[0,T ]

|(Fx)(t)− (Fxn)(t)|

+ sup
t∈[0,T ]

|(Fxn)(t)− xn(t)|+ sup
t∈[0,T ]

|xn(t)− x(t)|,

then, by (3.15) and the fact that F is a continuous operator, we obtain that

supt∈[0,T ] |(Fx)(t) − x(t)| = 0. It follows that x(t) = (Fx)(t) for every t ∈ [0, T ].

Hence

x(t) =


φ(t), for t ∈ [−r, 0],

φ(0) +
1

Γ(q)

∫ t

0

(t− s)q−1f(t, xs)ds, for t ∈ [0, T ]

solve fractional IVP (3.10), and this completes the proof.

Corollary 3.1. Assume that hypotheses (H1)-(H3) hold. Then, for every φ ∈ C,
there exist T ∈ (0, a) and a sequence of continuous function xn : [−r, T ] → X, such

that
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(i) xn(t) are absolutely continuous on [0, T ];

(ii) xn0 = φ, for every n ≥ 1, and

(iii) extracting a subsequence which is labeled in the same way such that xn(t) →
x(t) uniformly on [−r, T ] and x : [−r, T ] → X is a solution for fractional

IVP (3.10).

We now give an example to illustrate the application of our abstract results.

Example 3.2. Consider the infinite system of fractional functional differential

equations
C
0D

1
2
t xn(t) =

1

nt1/3
x2n(t− r), for t ∈ (0, a),

xn(θ) = φ(θ) =
θ

n
, for θ ∈ [−r, 0], n = 1, 2, 3, ... .

(3.16)

Let E = c0 = {x = (x1, x2, x3, ...) : xn → 0} with norm |x| = supn≥1 |xn|. Then the

infinite system (3.16) can be regarded as a fractional IVP of form (3.10) in E. In

this situation, q = 1
2 , x = (x1, ..., xn, ...), xt = x(t− r) = (x1(t− r), ..., xn(t− r), ...),

φ(θ) = (θ, θ2 , ...,
θ
n , ...) for θ ∈ [−r, 0] and f = (f1, ..., fn, ...), in which

fn(t, xt) =
1

nt1/3
x2n(t− r). (3.17)

It is obvious that conditions (H1) and (H2) are satisfied. Now, we check the con-

dition (H3) and the argument is similar to Section 2.4. Let t ∈ (0, a), R > 0 be

given and {w(m)} be any sequence in f(t, B), where w(m) = (w
(m)
1 , ..., w

(m)
n , ...) and

B = {z ∈ C : ∥z∥∗ ≤ R} is a bounded set in C. By (3.17), we have

0 ≤ w(m)
n ≤ R2

nt1/3
, n,m = 1, 2, 3, ... . (3.18)

So, {w(m)
n } is bounded and, by the diagonal method, we can choose a subsequence

{mi} ⊂ {m} such that

w(mi)
n → wn, as i→ ∞, n = 1, 2, 3, ..., (3.19)

which implies by virtue of (3.18) that

0 ≤ wn ≤ R2

nt1/3
, n = 1, 2, 3, ... . (3.20)

Hence w = (w1, ..., wn, ...) ∈ c0. It is easy to see from (3.18)-(3.20) that

|w(mi) − w| = sup
n

|w(mi)
n − wn| → 0, as i→ ∞.

Thus, we have proved that f(t, B) is relatively compact in c0 for t ∈ (0, a), which

means that f(t, B) = 0 for almost all t ∈ [0, a) and B a bounded set in C. Hence,

the condition (H3) is satisfied. Finally, from Theorem 3.1, we can conclude that

the infinite system (3.16) has a continuous solution.
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3.3 Cauchy Problems via Topological Degree Method

3.3.1 Introduction

It is well known that the topological method is proved to be a powerful tool in

the study of various problems which appear in nonlinear analysis. Particularly, a

priori estimate method has been often used together with the Brouwer degree, the

Leray-Schauder degree or the coincidence degree in order to prove the existence of

solutions for some boundary value problems and bifurcation problems for nonlinear

differential equations or nonlinear partial differential equations. See, for example,

Fec̆kan, 2008; Mawhin, 1979.

In Section 3.3, we consider the following nonlocal problem via a coincidence

degree for condensing mapping in a Banach space X{
C
0D

q
tu(t) = f(t, u(t)), t ∈ J := [0, T ],

u(0) + g(u) = u0,
(3.21)

where C
0D

q
t is Caputo fractional derivative of order q ∈ (0, 1), u0 is an element of

X, f : J × X → X is continuous. The nonlocal term g : C(J,X) → X is a given

function, here C(J,X) is the Banach space of all continuous functions from J into

X with the norm ∥u∥ := supt∈J |u(t)| for u ∈ C(J,X).

3.3.2 Qualitative Analysis

This subsection deals with existence of solutions for the nonlocal problem (3.21).

Definition 3.2. A function u ∈ C1(J,X) is said to be a solution of the nonlocal

problem (3.21) if u satisfies the equation C
0D

q
tu(t) = f(t, u(t)) a.e. on J , and the

condition u(0) + g(u) = u0.

Lemma 3.2. A function u ∈ C(J,X) is a solution of the fractional integral equation

u(t) = u0 − g(u) +
1

Γ(q)

∫ t

0

(t− s)q−1f(s, u(s))ds, (3.22)

if and only if u is a solution of the nonlocal problem (3.21).

We make some following assumptions:

(H1) for arbitrary u, v ∈ C(J,X), there exists a constant Kg ∈ [0, 1) such that

|g(u)− g(v)| ≤ Kg∥u− v∥;

(H2) for arbitrary u ∈ C(J,X), there exist Cg,Mg > 0, q1 ∈ [0, 1) such that

|g(u)| ≤ Cg∥u∥q1 +Mg;

(H3) for arbitrary (t, u) ∈ J ×X, there exist Cf ,Mf > 0, q2 ∈ [0, 1) such that

|f(t, u)| ≤ Cf |u|q2 +Mf ;
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(H4) for any r > 0, there exists a constant βr > 0 such that

α(f(s,M)) ≤ βrα(M),

for all t ∈ J , M ⊂ Br := {∥u∥ ≤ r : u ∈ C(J,X)} and

2T qβr
Γ(q + 1)

< 1.

Under the assumptions (H1)-(H4), we show that fractional integral equation

(3.22) has at least one solution u ∈ C(J,X).

Define operators

F : C(J,X) → C(J,X), (Fu)(t) = u0 − g(u), t ∈ J,

G : C(J,X) → C(J,X), (Gu)(t) =
1

Γ(q)

∫ t

0

(t− s)q−1f(s, u(s))ds, t ∈ J,

T : C(J,X) → C(J,X), Tu = Fu+Gu.

It is obvious that T is well defined. Then, fractional integral equation (3.22) can be

written as the following operator equation

u = Tu = Fu+Gu.

Thus, the existence of a solution for the nonlocal problem (3.21) is equivalent to

the existence of a fixed point for operator T.

Lemma 3.3. The operator F : C(J,X) → C(J,X) is Lipschitz with constant Kg.

Consequently F is α-Lipschitz with the same constant Kg. Moreover, F satisfies

the following growth condition:

∥Fu∥ ≤ |u0|+ Cg∥u∥q1 +Mg, (3.23)

for every u ∈ C(J,X).

Proof. Using (H1), we have ∥Fu − Fv∥ ≤ |g(u) − g(v)| ≤ Kg∥u − v∥, for every

u, v ∈ C(J,X). By Proposition 1.23, F is α-Lipschitz with constant Kg. Relation

(3.23) is a simple consequence of (H2).

Lemma 3.4. The operator G : C(J,X) → C(J,X) is continuous. Moreover, G

satisfies the following growth condition:

∥Gu∥ ≤ T q(Cf∥u∥q2 +Mf )

Γ(q + 1)
, (3.24)

for every u ∈ C(J,X).

Proof. For that, let {un} be a sequence of a bounded set BK ⊆ C(J,X) such that

un → u in BK(K > 0). We have to show that ∥Gun −Gu∥ → 0.

It is easy to see that f(s, un(s)) → f(s, u(s)) as n → ∞ due to the continuity

of f . On the one hand, using (H3), we get for each t ∈ J , (t − s)q−1|f(s, un(s)) −
f(s, u(s))| ≤ (t− s)q−12(CfK

q2 +Mf ). On the other hand, using the fact that the
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function s → (t − s)q−12(CfK
q2 +Mf ) is integrable for s ∈ [0, t], t ∈ J , Lebesgue

dominated convergence theorem yields
∫ t
0
(t− s)q−1|f(s, un(s))− f(s, u(s))|ds → 0

as n→ ∞. Then, for all t ∈ J ,

|(Gun)(t)− (Gu)(t)| ≤ 1

Γ(q)

∫ t

0

(t− s)q−1|f(s, un(s))− f(s, u(s))|ds→ 0, n→ ∞.

Therefore, Gun → Gu as n → ∞ which implies that G is continuous. Relation

(3.24) is a simple consequence of (H3).

Lemma 3.5. The operator G : C(J,X) → C(J,X) is compact. Consequently G is

α-Lipschitz with zero constant.

Proof. In order to prove the compactness of G, we consider a bounded set M ⊆
C(J,X) and the key step is to show that G(M) is relatively compact in C(J,X).

Let {un} be a sequence on M ⊂ BK , for every un ∈ M. By relation (3.24), we

have

∥Gun∥ ≤ T q(CfK
q2 +Mf )

Γ(q + 1)
=: r,

for every un ∈ M, so G(M) is bounded in Br.

Now we prove that {Gun} is equicontinuous. For 0 ≤ t1 < t2 ≤ T , we get

|(Gun)(t1)− (Gun)(t2)|

≤ 1

Γ(q)

∫ t1

0

(
(t1 − s)q−1 − (t2 − s)q−1

)
|f(s, un(s))|ds

+
1

Γ(q)

∫ t2

t1

(t2 − s)q−1|f(s, un(s))|ds

≤ 1

Γ(q)

∫ t1

0

(
(t1 − s)q−1 − (t2 − s)q−1

)
(Cf |un(s)|q2 +Mf )ds

+
1

Γ(q)

∫ t2

t1

(t2 − s)q−1 (Cf |un(s)|q2 +Mf ) ds

≤ (CfK
q2 +Mf )

Γ(q)

(
tq1
q
− tq2
q
+

(t2 − t1)
q

q
+

(t2 − t1)
q

q

)
≤ 2(CfK

q2 +Mf )(t2 − t1)
q

Γ(q + 1)
.

As t2 → t1, the right-hand side of the above inequality tends to zero. Therefore

{Gun} is equicontinuous.

Consider a bounded set

M(t) :=

{
vn(t) : vn(t) =

1

Γ(q)

∫ t

0

(t− s)q−1f(s, vn(s))ds

}
⊂ Br.

Applying Proposition 1.17, we know that the function t → α(M(t)) is continuous

on J . Moreover,

(t− s)q−1|f(s, vn(s))| ≤ (t− s)q−1(Cfr
q2 +Mf ) ∈ L1(J,R+), for s ∈ [0, t], t ∈ J.
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Using (H4) and Proposition 1.18, we have

α(M(t)) ≤ α

({
1

Γ(q)

∫ t

0

(t− s)q−1f(s,M(s))ds

})
≤ 2

Γ(q)

∫ t

0

(t− s)q−1α (f(s,M(s))) ds

≤ 2βr
Γ(q)

∫ t

0

(t− s)q−1α(M(s))ds,

which implies that

α(M) ≤
(

2βr
Γ(q)

∫ t

0

(t− s)q−1ds

)
α(M)

≤ 2T qβr
Γ(q + 1)

α(M)

< α(M),

due to the condition
2T qβr
Γ(q + 1)

< 1.

Then we can deduce that α(M) = 0. Therefore, G(M) is a relatively compact

subset of C(J,X), and so, there exists a subsequence vn which converge uniformly

on J to some v∗ ∈ C(J,X) together with Arzela-Ascoli theorem. By Proposition

1.22, G is α-Lipschitz with zero constant.

Theorem 3.2. Assume that (H1)-(H4) hold, then the nonlocal problem (3.21) has

at least one solution u ∈ C(J,X) and the set of the solutions of system (3.21) is

bounded in C(J,X).

Proof. Let F,G,T : C(J,X) → C(J,X) be the operators defined in the beginning

of this subsection. They are continuous and bounded. Moreover, F is α-Lipschitz

with constant Kg ∈ [0, 1) and G is α-Lipschitz with zero constant (see Lemmas

3.3-3.5). Proposition 1.21 shows that T is a strict α-contraction with constant Kg.

Set

S0 = {u ∈ C(J,X) : ∃ λ ∈ [0, 1] such that u = λTu}.
Next, we prove that S0 is bounded in C(J,X). Consider u ∈ S0 and λ ∈ [0, 1] such

that u = λTu. It follows from (3.23) and (3.24) that

∥u∥ = λ∥Tu∥ ≤ λ(∥Fu∥+ ∥Gu∥)

≤ |u0|+ Cg∥u∥q1 +Mg +
T q(Cf∥u∥q2 +Mf )

Γ(q + 1)
.

(3.25)

This inequality (3.25), together with q1 < 1 and q2 < 1, shows that S0 is bounded

in C(J,X). If not, we suppose by contradiction, ρ := ∥u∥ → ∞. Dividing both sides

of (3.25) by ρ, and taking ρ→ ∞, we have

1 ≤ lim
ρ→∞

ρ−1

(
|u0|+ Cgρ

q1 +Mg +
T q(Cfρ

q2 +Mf )

Γ(q + 1)

)
= 0.

This is a contradiction. Consequently, by Theorem 1.2 we deduce that T has at

least one fixed point and the set of the fixed points of T is bounded in C(J,X).
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Remark 3.1.

(i) If the growth condition (H2) is formulated for q1 = 1, then the conclusions of

Theorem 3.2 remain valid provided that Cg < 1;

(ii) if the growth condition (H3) is formulated for q2 = 1, then the conclusions of

Theorem 3.2 remain valid provided that
T qCf
Γ(q+1) < 1;

(iii) if the growth conditions (H2) and (H3) are formulated for q1 = 1 and q2 =

1, then the conclusions of Theorem 3.2 remain valid provided that Cg +
T qCf
Γ(q+1) < 1.

3.4 Cauchy Problems via Picard Operators Technique

3.4.1 Introduction

Assume that (X, | · |) is a Banach space, and J := [0, T ], T > 0. Let C(J,X)

be the Banach space of all continuous functions from J into X with the norm

∥x∥ := sup{|x(t)| : t ∈ J} for x ∈ C(J,X).

Consider the following Cauchy problem of fractional differential equation{
C
0D

q
tx(t) = f(t, x(t)), a.e. t ∈ J,

x(0) = x0 ∈ X,
(3.26)

where C
0D

q
t is Caputo fractional derivative of order q ∈ (0, 1), the function f :

J ×X → X satisfies some assumptions that will be specified later.

To our knowledge, Picard operators and weak Picard operators technique due

to Rus 1979, 1987, 1993, 2003; Rus and Muresan, 2000 have been used to study

the existence for the solutions of some integer differential equations (see, Mureşan,

2004; Şerban, Rus and Petruşel, 2010). In the present section we consider suitable

Bielecki norms in some convenient spaces and obtain existence, uniqueness and

data dependence results for the solutions of the fractional Cauchy problem (3.26)

via Picard operators and weak Picard operators technique.

Definition 3.3. A function x ∈ C1(J,X) is said to be a solution of the fractional

Cauchy problem (3.26) if x satisfies the equation C
0D

q
tx(t) = f(t, x(t)) a.e. on J ,

and the condition x(0) = x0.

In Subsection 3.4.2, we give the existence, uniqueness and data dependence

results for the solutions of (3.26) via Picard operator by the successive approxima-

tion method. In Subsection 3.4.3, we obtain the existence results for the solutions

of (3.26) via weak Picard operator.

3.4.2 Results via Picard Operators

Consider a Banach space (X, | · |), let ∥·∥B and ∥·∥C be the Bielecki and Chebyshev

norms on C(J,X) defined by

∥x∥B = max
t∈J

|x(t)|e−τt(τ > 0) and ∥x∥C = max
t∈J

|x(t)|
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and denote by dB and dC their corresponding metrics. We consider the set

Cq−q
∗

L (J,X) =
{
x ∈ C(J,X) : |x(t1)− x(t2| ≤ L|t1 − t2|q−q

∗
for all t1, t2 ∈ J

}
where L > 0, q∗ ∈ (0, q), and

Cq
L̄
(J,X) =

{
x ∈ C(J,X) : |x(t1)− x(t2)| ≤ L̄|t1 − t2|q for all t1, t2 ∈ J

}
where L̄ > 0, and

Cq
L̄
(J,BR) =

{
x ∈ C(J,BR) : |x(t1)− x(t2)| ≤ L̄|t1 − t2|q for all t1, t2 ∈ J

}
where BR = {x ∈ X : |x| ≤ R} with R > 0.

If d ∈ {dC , dB}, then (C(J,X), d), (Cq−q
∗

L (J,X), d), (Cq
L̄
(J,X), d) and

(Cq
L̄
(J,BR), d) are complete metric spaces.

Let qi ∈ (0, q), i = 1, 2, 3 and the functions m(t) ∈ L
1
q1 (J,R+), η(t) ∈

L
1
q2 (J,R+), µ(t) ∈ L

1
q3 (J,R+) and l(t) ∈ C(J,R+).

For brevity, let

M = ∥m∥
L

1
q1 J

, N = ∥η∥
L

1
q2 J

, V = ∥µ∥
L

1
q2 J

, L0 = max
t∈J

{l(t)},

β =
q − 1

1− q1
∈ (−1, 0), γ =

q − 1

1− q2
∈ (−1, 0), ν =

q − 1

1− q3
∈ (−1, 0).

Lemma 3.6. A function x ∈ C(J,X) is a solution of the fractional integral equation

x(t) = x0 +
1

Γ(q)

∫ t

0

(t− s)q−1f(s, x(s))ds, (3.27)

if and only if x is a solution of the fractional Cauchy problem (3.26).

Theorem 3.3. Suppose the following conditions hold:

(C1) f ∈ C(J ×X,X);

(C2) there exist a constant q1 ∈ (0, q) and function m(·) ∈ L
1
q1 (J,R+) such that

|f(t, x)| ≤ m(t)

for all x ∈ X and all t ∈ J ;

(C3) there exists a constant L > 0 such that

L ≥ 2M

Γ(q)(1 + β)1−q1
;

(C4) there exists a function l(·) ∈ C(J,R+) such that

|f(t, u1)− f(t, u2)| ≤ l(t)|u1 − u2|

for all ui ∈ X (i = 1, 2) and all t ∈ J ;

(C5) there exist constants q1 and τ such that

L0

Γ(q)

T (1+β)(1−q1)

(1 + β)1−q1

(q1
τ

)q1
< 1.
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Then the fractional Cauchy problem (3.26) has a unique solution x∗ in Cq−q1L (J,X),

and this solution can be obtained by the successive approximation method, starting

from any element of Cq−q1L (J,X).

Proof. Consider the operator

A : (Cq−q1L (J,X), ∥ · ∥B) → (Cq−q1L (J,X), ∥ · ∥B)

defined by

Ax(t) = x0 +
1

Γ(q)

∫ t

0

(t− s)q−1f (s, x(s)) ds.

It is easy to see the operator A is well defined due to (C1).

Firstly, we check that Ax ∈ C(J,X) for every x ∈ Cq−q1L (J,X).

For any δ > 0, every x ∈ Cq−q1L (J,X), by (C2) and Hölder inequality,

|(Ax)(t+ δ)− (Ax)(t)|

≤ 1

Γ(q)

∫ t

0

(
(t− s)q−1 − (t+ δ − s)q−1

)
|f(s, x(s))|ds

+
1

Γ(q)

∫ t+δ

t

(t+ δ − s)q−1|f(s, x(s))|ds

≤ 1

Γ(q)

∫ t

0

(
(t− s)q−1 − (t+ δ − s)q−1

)
m(s)ds+

1

Γ(q)

∫ t+δ

t

(t+ δ − s)q−1m(s)ds

≤ 1

Γ(q)

(∫ t

0

(
(t− s)q−1 − (t+ δ − s)q−1

) 1
1−q1 ds

)1−q1 (∫ t

0

(m(s))
1
q1 ds

)q1
+

1

Γ(q)

(∫ t+δ

t

(
(t+ δ − s)q−1

) 1
1−q1 ds

)1−q1 (∫ t+δ

t

(m(s))
1
q1 ds

)q1

≤ M

Γ(q)

(∫ t

0

(
(t− s)β − (t+ δ − s)β

)
ds

)1−q1

+
M

Γ(q)

(∫ t+δ

t

(t+ δ − s)βds

)1−q1

≤ M

Γ(q)(1 + β)1−q1

(
|t1+β − (t+ δ)1+β |+ δ1+β

)1−q1
+

M

Γ(q)(1 + β)1−q1
δ(1+β)(1−q1)

≤ 2M

Γ(q)(1 + β)1−q1
δ(1+β)(1−q1) +

M

Γ(q)(1 + β)1−q1
δ(1+β)(1−q1)

≤ 3M

Γ(q)(1 + β)1−q1
δ(1+β)(1−q1).

It is easy to see that the right-hand side of the above inequality tends to zero as

δ → 0. Therefore Ax ∈ C(J,X).

Secondly, we show that Ax ∈ Cq−q1L (J,X).

Without loss of generality, for any t1 < t2, t1, t2 ∈ J , applying (C2) and Hölder

inequality, we have

|(Ax)(t2)− (Ax)(t1)|
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≤ 1

Γ(q)

∣∣∣∣ ∫ t1

0

[(t2 − s)q−1 − (t1 − s)q−1]f(s, x(s))ds+

∫ t2

t1

(t2 − s)q−1f(s, x(s))ds

∣∣∣∣
≤ 1

Γ(q)

∫ t1

0

(
(t1 − s)q−1 − (t2 − s)q−1

)
|f(s, x(s))|ds

+
1

Γ(q)

∫ t2

t1

(t2 − s)q−1|f(s, x(s))|ds

≤ 1

Γ(q)

∫ t1

0

(
(t1 − s)q−1 − (t2 − s)q−1

)
m(s)ds+

1

Γ(q)

∫ t2

t1

(t2 − s)q−1m(s)ds

≤ 1

Γ(q)

(∫ t1

0

(
(t1 − s)q−1 − (t2 − s)q−1

) 1
1−q1 ds

)1−q1 (∫ t1

0

(m(s))
1
q1 ds

)q1
+

1

Γ(q)

(∫ t2

t1

(
(t2 − s)q−1

) 1
1−q1 ds

)1−q1 (∫ t2

t1

(m(s))
1
q1 ds

)q1
≤ M

Γ(q)

(∫ t1

0

(t1 − s)β − (t2 − s)βds

)1−q1

+
M

Γ(q)

(∫ t2

t1

(t2 − s)βds

)1−q1

≤ M

Γ(q)(1 + β)1−q1

(
t1+β1 − t1+β2 + (t2 − t1)

1+β
)1−q1

+
M

Γ(q)(1 + β)1−q1
(t2 − t1)

(1+β)(1−q1)

≤ 2M

Γ(q)(1 + β)1−q1
|t1 − t2|(1+β)(1−q1)

≤ 2M

Γ(q)(1 + β)1−q1
|t1 − t2|q−q1 .

Similarly, for any t1 > t2, t1, t2 ∈ J , we also have the above inequality. This implies

that Ax is belong to Cq−q1L (J,X) due to (C3).

Thirdly, A is continuous.

For that, let {xn} be a sequence of BR such that xn → x as n → ∞ in BR.

Then, f(s, xn(s)) → f(s, x(s)) as n → ∞ due to (C1). On the one hand, by using

(C2), we get for each s ∈ [0, t], |f(s, xn(s)) − f(s, x(s))| ≤ 2m(s). On the other

hand, using the fact that the function s → 2(t − s)q−1m(s) is integrable on [0, t],

Lebesgue dominated convergence theorem yields∫ t

0

(t− s)q−1|f(s, xn(s))− f(s, x(s))|ds→ 0, n→ ∞.

For all t ∈ J , we have

|(Axn)(t)− (Ax)(t)| ≤ 1

Γ(q)

∫ t

0

(t− s)q−1|f(s, xn(s))− f(s, x(s))|ds.

Thus, Axn → Ax as n→ ∞ which implies that A is continuous.

Moreover, for all x, z ∈ Cq−q1L (J,X), using (C4) and Hölder inequality we have

|(Ax)(t)− (Az)(t)| ≤ 1

Γ(q)

∫ t

0

(t− s)q−1|f(s, x(s))− f(s, z(s))|ds
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≤ 1

Γ(q)

∫ t

0

(t− s)q−1l(s)|x(s)− z(s)|ds

≤ 1

Γ(q)

∫ t

0

(t− s)q−1 max
s∈[0,t]

{l(s)}
(
|x(s)− z(s)|e−τs

)
eτsds

≤ L0

Γ(q)
∥x− z∥B

∫ t

0

(t− s)q−1eτsds

≤ L0

Γ(q)
∥x− z∥B

(∫ t

0

(t− s)βds

)1−q1 (∫ t

0

e
τs
q1 ds

)q1
≤ L0

Γ(q)

T (1+β)(1−q1)

(1 + β)1−q1

(q1
τ

)q1
eτt∥x− z∥B .

It follows that

|(Ax)(t)− (Az)(t)|e−τt ≤ L0

Γ(q)

T (1+β)(1−q1)

(1 + β)1−q1

(q1
τ

)q1
∥x− z∥B

for all t ∈ J . So we have

∥Ax−Az∥B ≤ L0

Γ(q)

T (1+β)(1−q1)

(1 + β)1−q1

(q1
τ

)q1
∥x− z∥B

for all x, z ∈ Cq−q1L (J,X). The operator A is of Lipschitz type with constant

LA =
L0

Γ(q)

T (1+β)(1−q1)

(1 + β)1−q1

(q1
τ

)q1
(3.28)

and 0 < LA < 1 due to (C5). By applying Banach contraction mapping principle to

this operator we obtain that A is a Picard operator. This completes the proof.

Example 3.3. Consider the fractional Cauchy problemC
0D

q
tx(t) = x(t), q =

1

2
,

x(0) = 0 ∈ X

on [0, 1]. Set L0 = 1, T = 1, q1 = 1
3 , then β = − 3

4 . Indeed

L0

Γ(q)

T (1+β)(1−q1)

(1 + β)1−q1

(q1
τ

)q1
< 1 ⇐⇒ qL0

Γ(q + 1)

T (1+β)(1−q1)

(1 + β)1−q1

(q1
τ

)q1
< 1,

which implies that we must choose a suitable τ0 > 0 such that
1
2

Γ( 3
2 )

1

( 1
4 )

2
3

(
1
3

τ0

) 1
3

< 1.

Noting that Γ(32 ) =
√
π
2 , for τ0 = 16

9 > 16

3
√
π3

we have the condition (C5) in Theorem

3.3.

Theorem 3.4. Suppose the following conditions hold:

(C1) f ∈ C(J ×X,X);

(C2)′ there exists a constant M̄ > 0 such that |f(t, x)| ≤ M̄ for all x ∈ X and all

t ∈ J ;
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(C3)′ there exists a constant L̄ > 0 such that L̄ ≥ 2M̄
Γ(q+1) ;

(C4)′ there exists a constant L̄0 > 0 such that |f(t, u1) − f(t, u2)| ≤ L̄0|u1 − u2|
for all ui ∈ X (i = 1, 2) and all t ∈ J ;

(C5)′ there exist constants q1 and τ such that L̄Ā = L̄0

Γ(q)
T (1+β)(1−q1)

(1+β)1−q1

(
q1
τ

)q1
< 1.

Then the fractional Cauchy problem (3.26) has a unique solution x∗ in Cq
L̄
(J,X),

and this solution can be obtained by the successive approximation method, starting

from any element of Cq
L̄
(J,X).

Proof. Consider the following continuous operator

Ā : (Cq
L̄
(J,X), ∥ · ∥B) → (Cq

L̄
(J,X), ∥ · ∥B)

defined by

Āx(t) = x0 +
1

Γ(q)

∫ t

0

(t− s)q−1f (s, x(s)) ds.

As the proof in Theorem 3.3, applying the given conditions one can verify that

∥Ā(x)− Ā(z)∥B ≤ L̄0

Γ(q)

T (1+β)(1−q1)

(1 + β)1−q1

(q1
τ

)q1
∥x− z∥B

for all x, z ∈ Cq
L̄
(J,X). So, the operator Ā is a Picard operator.

Similarly, we can prove the following theorem.

Theorem 3.5. Suppose the following conditions hold:

(C1)′ f ∈ C(J ×BR, X);

(C2)′′ there exists a constant M̄(R) > 0 such that |f(t, x)| ≤ M̄(R) for all x ∈ BR

and all t ∈ J with R ≥ |x0|+ M̄(R)T q

Γ(q+1) ;

(C3)′′ there exists a constant L̄ > 0 such that L̄ ≥ 2M̄(R)
Γ(q+1) ;

(C4)′′ there exists a constant L̄0 > 0 such that |f(t, u1) − f(t, u2)| ≤ L̄0|u1 − u2|
for all ui ∈ BR (i = 1, 2) and all t ∈ J ;

(C5)′ there exist constants q1 and τ such that L̄Ā = L̄0

Γ(q)
T (1+β)(1−q1)

(1+β)1−q1

(
q1
τ

)q1
< 1.

Then the fractional Cauchy problem (3.26) has a unique solution x∗ in Cq
L̄
(J,BR),

and this solution can be obtained by the successive approximation method, starting

from any element of Cq
L̄
(J,BR).

Consider the following fractional Cauchy problem{
C
0D

q
tx(t) = g(t, x(t)), t ∈ J,

x(0) = y0 ∈ X,
(3.29)

where g ∈ C(J ×X,X). By Lemma 3.6, a function x ∈ C(J,X) is a solution of the

fractional integral equation

x(t) = y0 +
1

Γ(q)

∫ t

0

(t− s)q−1g (s, x(s)) ds, (3.30)

if and only if x is a solution of the fractional Cauchy problem (3.29).
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Now, we consider both fractional integral equations (3.27) and (3.30).

Theorem 3.6. Suppose the following:

(D1) all conditions in Theorem 3.3 are satisfied and x∗ ∈ Cq−q1L (J,X) is the unique

solution of the fractional integral equation (3.27);

(D2) with the same function m(·) as in Theorem 3.3, |g(t, x)| ≤ m(t) for all x ∈ X

and all t ∈ J ;

(D3) with the same function l(·) as in Theorem 3.3, |g(t, u1)− g(t, u2)| ≤ l(t)|u1−
u2| for all ui ∈ X (i = 1, 2) and all t ∈ J ;

(D4) L ≥ 2M
Γ(q)(1+β)1−q1

;

(D5) there exists a constant q2 ∈ (0, q) and function η(·) ∈ L
1
q2 (J,R+) such that

|f(t, u)− g(t, u)| ≤ η(t) for all u ∈ X and all t ∈ J .

If y∗ is the solution of the fractional integral equation (3.30), then

∥x∗ − y∗∥B ≤
|x0 − y0|+ NT (1+γ)(1−q2)

Γ(q)(1+γ)1−q2

1− LA
, (3.31)

where LA is given by (3.28) with τ = τ0 > 0 such that 0 < LA < 1.

Proof. Consider the following two operators

A, B : (Cq−q1L (J,X), ∥ · ∥B) → (Cq−q1L (J,X), ∥ · ∥B)

defined by

Ax(t) = x0 +
1

Γ(q)

∫ t

0

(t− s)q−1f (s, x(s)) ds,

Bx(t) = y0 +
1

Γ(q)

∫ t

0

(t− s)q−1g (s, x(s)) ds

on J . We have

|Ax(t)−Bx(t)| ≤ |x0 − y0|+
1

Γ(q)

∫ t

0

(t− s)q−1|f (s, x(s))− g (s, x(s)) |ds

≤ |x0 − y0|+
1

Γ(q)

∫ t

0

(t− s)q−1η(s)ds

≤ |x0 − y0|+
NT (1+γ)(1−q2)

Γ(q)(1 + γ)1−q2
,

for t ∈ J . It follows that

∥Ax−Bx∥B ≤ |x0 − y0|+
NT (1+γ)(1−q2)

Γ(q)(1 + γ)1−q2
.

So we can apply Theorem 1.15 to obtain (3.31) which completes the proof.

Remark 3.2. All the results obtained in Theorem 3.3 hold even if the condition

(C2) is replaced by the following:
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(C2-E) there exist a constant q1 ∈ [0, q) and function m(·) ∈ L
1
q1 (J,R+) such that

|f(t, x)| ≤ m(t) for all x ∈ X and all t ∈ J.

In fact, we only need extend the space Lp(J,R+) (1 < p <∞) to Lp(J,R+) (1 ≤
p ≤ ∞) where Lp(J,R+) (1 ≤ p ≤ ∞) be the Banach space of all Lebesgue measur-

able functions ϕ : J → R+ with ∥ϕ∥LpJ <∞.

3.4.3 Results via Weakly Picard Operators

Now, we consider another fractional integral equation

x(t) = x(0) +
1

Γ(q)

∫ t

0

(t− s)q−1f (s, x(s)) ds (3.32)

on J , where f ∈ C(J ×X,X) is as in the fractional Cauchy problem (3.26).

Theorem 3.7. Suppose that for the fractional integral equation (3.32) the same

conditions as in Theorem 3.3 are satisfied. Then this equation has solutions in

Cq−q1L (J,X). If S ⊂ Cq−q1L (J,X) is its solutions set, then card S = card X.

Proof. Consider the operator

A∗ : (Cq−q1L (J,X), ∥ · ∥B) → (Cq−q1L (J,X), ∥ · ∥B)

defined by

A∗x(t) = x(0) +
1

Γ(q)

∫ t

0

(t− s)q−1f (s, x(s)) ds.

This is a continuous operator, but not a Lipschitz one. We can write

Cq−q1L (J,X) =
⋃
α∈X

Xα, Xα =
{
x ∈ Cq−q1L (J,X) : x(0) = α

}
.

We have that Xα is an invariant set of A∗ and we apply Theorem 3.3 to A∗|Xα . By
using Theorem 1.3 we obtain that A∗ is a weak Picard operator.

Consider the operator

A∞
∗ : Cq−q1L (J,X) → Cq−q1L (J,X), A∞

∗ x = lim
n→∞

An∗x.

From An+1
∗ (x) = A∗(A

n
∗ (x)) and the continuity of A∗, A

∞
∗ (x) ∈ FA∗ . Then

A∞
∗ (Cq−q1L (J,X)) = FA∗ = S and S ≠ ∅.

So, card S = card X.

Theorem 3.8. Suppose that for the fractional integral equation (3.32) the same

conditions as in Theorem 3.4 are satisfied. Then this equation has solutions in

Cq
L̄
(J,X). If S ⊂ Cq

L̄
(J,X) is its solutions set, then card S = card X.
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Proof. As the proof in Theorem 3.7, we need to consider the continuous operator

(but not a Lipschitz one)

Ā∗ : (Cq
L̄
(J,X), ∥ · ∥B) → (Cq

L̄
(J,X), ∥ · ∥B)

defined by

Ā∗x(t) = x(0) +
1

Γ(q)

∫ t

0

(t− s)q−1f (s, x(s)) ds.

We can write Cq
L̄
(J,X) =

⋃
α∈X X̄α, X̄α =

{
x ∈ Cq

L̄
(J,X) : x(0) = α

}
. We have

that X̄α is an invariant set of Ā∗ and we apply Theorem 3.4 to Ā∗|Xα . By using

Theorem 1.3 we obtain that Ā∗ is a weak Picard operator. Consider the operator

Ā∞
∗ : Cq

L̄
(J,X) → Cq

L̄
(J,X), Ā∞

∗ (x) = limn→∞ Ān∗ (x). From Ān+1
∗ (x) = Ā∗(Ā

n
∗ (x))

and the continuity of Ā∗, Ā
∞
∗ (x) ∈ FĀ∗ . Then Ā

∞
∗ (Cq

L̄
(J,X)) = FĀ∗ = S and S ̸=

∅. So, card S = card X.

Similarly as above, we can prove the following result.

Theorem 3.9. Suppose that for the fractional integral equation (3.32) the same

conditions as in Theorem 3.5 are satisfied. Then this equation has solutions in

Cq
L̄
(J,BR). If S ⊂ Cq

L̄
(J,BR) is its solutions set, then card S = card BR.

In order to study data dependence for the solutions set of the fractional inte-

gral equation (3.32), we consider both (3.32) and the following fractional integral

equation

x(t) = x(0) +
1

Γ(q)

∫ t

0

(t− s)q−1g (s, x(s)) ds

on J where g ∈ C(J ×X,X). Let S1 be the solutions set of this equation.

Theorem 3.10. Suppose the following conditions:

(E1) there exists a function l(t) ∈ C(J,R+) such that

|f(t, u1)− f(t, u2)| ≤ l(t)|u1 − u2| and |g(t, u1)− g(t, u2)| ≤ l(t)|u1 − u2|
for all ui ∈ X (i = 1, 2) and all t ∈ J ;

(E2) there exist q1, q3 ∈ (0, q) and functions m(t) ∈ L
1
q1 (J,R+), µ(t) ∈ L

1
q3 (J,R+)

such that

|f(t, x)| ≤ m(t) and |g(t, x)| ≤ µ(t)

for all x ∈ X and all t ∈ J ;

(E3) there exists a constant L > 0 such that

L ≥ 2max{M,V }
Γ(q)min {(1 + β)1−q1 , (1 + ν)1−q3}

;

(E4) there exist a constant q2 ∈ (0, q) and function η ∈ L
1
q2 (J,R+)

|f(t, u)− g(t, u)| ≤ η(t)

for all u ∈ X and all t ∈ J ;
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(E5) L0T
q

Γ(q+1) < 1.

Then

H∥·∥C (S,S1) ≤
qNT (1+γ)(1−q2)

(Γ(q + 1)− L0T q)(1 + γ)1−q2

where by H∥·∥C we denote the Pompeiu-Hausdorff functional with respect to ∥ · ∥C
on Cq−q1L (J,X).

Proof. Consider the operator

B∗ : (Cq−q1L (J,X), ∥ · ∥B) → (Cq−q1L (J,X), ∥ · ∥B)

defined by

B∗x(t) = x(0) +
1

Γ(q)

∫ t

0

(t− s)q−1g (s, x(s)) ds, for t ∈ J.

Because of (E1)-(E3), A∗, B∗ : (Cq−q1L (J,X), ∥ · ∥B) → (Cq−q1L (J,X), ∥ · ∥B) are two

orbitally continuous operators. Moreover, we have

|A2
∗x(t)−A∗x(t)| ≤

L0

Γ(q)

∫ t

0

(t− s)q−1|A∗x(s)− x(s)|ds

≤ L0T
q

Γ(q + 1)
∥A∗x− x∥C ,

for all x ∈ Cq−q1L (J,X). Similarly,

|B2
∗x(t)−B∗x(t)| ≤

L0T
q

Γ(q + 1)
∥B∗x− x∥C

for all x ∈ Cq−q1L (J,X). It follows that

∥A2
∗x−A∗x∥C ≤ L0T

q

Γ(q + 1)
∥A∗x− x∥C ,

∥B2
∗x−B∗x∥C ≤ L0T

q

Γ(q + 1)
∥B∗x− x∥C .

Because of (E4),

∥A∗x−B∗x∥C ≤ 1

Γ(q)

∫ t

0

(t− s)q−1η(s)ds

≤ NT (1+γ)(1−q2)

Γ(q)(1 + γ)1−q2
,

for all x ∈ Cq−q1L (J,X).

By (E5) and applying Theorem 1.16, we obtain

H∥·∥C (FA∗ , FB∗) ≤
qNT (1+γ)(1−q2)

(Γ(q + 1)− L0T q)(1 + γ)1−q2

and the theorem is proved.
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Theorem 3.11. Suppose the following conditions:

(E1)′ there exists a constant L∗ > 0 such that

|f(t, u1)− f(t, u2)| ≤ L∗|u1 − u2| and |g(t, u1)− g(t, u2)| ≤ L∗|u1 − u2|

for all ui ∈ X (i = 1, 2) and all t ∈ J ;

(E2)′ there exists a constant M∗ > 0 such that

|f(t, x)| ≤M∗ and |g(t, x)| ≤M∗

for all x ∈ X and all t ∈ J ;

(E3)′ there exists a constant L̄ > 0 such that

L̄ ≥ 2M∗

Γ(q + 1)
;

(E4)′ there exists a constant η∗ > 0 such that

|f(t, u)− g(t, u)| ≤ η∗

for all u ∈ X and all t ∈ J ;

(E5)′ L∗T
q

Γ(q+1) < 1.

Then we have

H̄∥·∥C (S,S1) ≤
η∗T

q

Γ(q + 1)− L∗T q

where by H̄∥·∥C we denote the Pompeiu-Hausdorff functional with respect to ∥ · ∥C
on Cq

L̄
(J,X).

Proof. Consider the operator

B̄∗ : (Cq
L̄
(J,X), ∥ · ∥B) → (Cq

L̄
(J,X), ∥ · ∥B)

defined by

B̄∗x(t) = x(0) +
1

Γ(q)

∫ t

0

(t− s)q−1g (s, x(s)) ds, for t ∈ J.

Applying (E1)′-(E3)′, Ā∗, B̄∗ : (Cq−q1
L̄

(J,X), ∥ · ∥B) → (Cq−q1
L̄

(J,X), ∥ · ∥B) are two

orbitally continuous operators. Moreover, we have

|Ā2
∗x(t)− Ā∗x(t)| ≤

L∗T
q

Γ(q + 1)
∥Ā∗(x)− x∥C ,

|B̄2
∗x(t)− B̄∗x(t)| ≤

L∗T
q

Γ(q + 1)
∥B̄∗(x)− x∥C ,

for all x ∈ Cq
L̄
(J,X). It follows that

∥Ā2
∗(x)− Ā∗(x)∥C ≤ L∗T

q

Γ(q + 1)
∥Ā∗(x)− x∥C ,

∥B̄2
∗(x)− B̄∗(x)∥C ≤ L∗T

q

Γ(q + 1)
∥B̄∗(x)− x∥C .
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Because of (E4)′, we obtain

∥Ā∗(x)− B̄∗(x)∥C ≤ 1

Γ(q)

∫ t

0

(t− s)q−1η∗ds ≤
η∗T

q

Γ(q + 1)
,

for all x ∈ Cq
L̄
(J,X).

By (E5)′ and applying Theorem 1.16, we obtain the result and the theorem is

proved.

Similarly, we can prove the following theorem.

Theorem 3.12. Suppose the following:

(E1)′′ there exists a constant L∗ > 0 such that

|f(t, u1)− f(t, u2)| ≤ L∗|u1 − u2| and |g(t, u1)− g(t, u2)| ≤ L∗|u1 − u2|

for all ui ∈ BR (i = 1, 2) and all t ∈ J ;

(E2)′′ there exists a constant M∗(R) > 0 such that

|f(t, x)| ≤M∗(R) and |g(t, x)| ≤M∗(R)

for all x ∈ BR and all t ∈ J with

R ≥ |x(0)|+ M∗(R)T
q

Γ(q + 1)
;

(E3)′′ there exists a constant L̄ > 0 such that

L̄ ≥ 2M∗(R)

Γ(q + 1)
;

(E4)′′ there exists a constant η∗ > 0 such that

|f(t, u)− g(t, u)| ≤ η∗

for all u ∈ BR and all t ∈ J ;

(E5)′′ L∗T
q

Γ(q+1) < 1.

Then

H̄∥·∥C (S,S1) ≤
η∗T

q

Γ(q + 1)− L∗T q

where by H̄∥·∥C we denote the Pompeiu-Hausdorff functional with respect to ∥ · ∥C
on Cq

L̄
(J,BR).

3.5 Notes and Remarks

The results in Sections 3.1 and 3.2 are taken from Zhou, Jiao and Pečarić, 2013.

The material in Section 3.3 is due to Wang, Zhou and Medved, 2012. The main

results in Section 3.4 are adopted from Wang, Zhou and Wei, 2013.
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Chapter 4

Fractional Abstract Evolution Equations

4.1 Introduction

The existence of mild solutions for the Cauchy problem of fractional evolution equa-

tions has been considered in several recent papers (see, e.g., Agarwal and Shmad,

2011; Belmekki and Benchohra, 2010; Chang, Kavitha and Mallika, 2009; Darwish,

Henderson and Ntouyas, 2009; Hernandez, O’Regan and Balachandran, 2010; Hu,

Ren and Sakthivel, 2009; Kumar and Sukavanam, 2012; Li, Peng and Jia, 2012;

Shu, Lai and Chen, 2011; Wang, Chen and Xiao, 2012; Wang and Zhou, 2011;

Wang, Fečkan and Zhou, 2011; Zhou and Jiao, 2010), much less is known about the

fractional evolution equations with Riemann-Liouville fractional derivative.

In most of the existing articles, Schauder fixed point theorem, Krasnoselskii

fixed point theorem or Darbo fixed point theorem, Kuratowski measure of noncom-

pactness are employed to obtain the fixed points of the solution operator of the

Cauchy problems under some restrictive conditions. In order to show that the solu-

tion operator is compact, a very common approach is to use Arzela-Ascoli theorem.

However, it is difficult to check the relative compactness of the solution operator

and the equicontinuity of certain family of functions which is given by the solution

operator.

In this chapter, we discuss the existence of mild solutions of fractional abstract

evolution equations. The suitable mild solutions of fractional evolution equations

with Riemann-Liouville fractional derivative and Caputo fractional derivative are

introduced respectively.

In Sections 4.2 and 4.3, by using the theory of Hausdorff measure of noncom-

pactness, we investigate the existence of mild solutions for the Cauchy problems in

the cases C0-semigroup is compact and noncompact, respectively. In Section 4.4,

the existence results of mild solutions of nonlocal problem of fractional evolution

equations are presented. Section 4.5 concerns the existence of mild solutions for

semilinear fractional evolution equations and optimal controls in the α-norm. Sec-

tion 4.6 is devoted to study of the evolution equations with almost sectorial oper-

ator. In Sections 4.7 and 4.8, we study fractional evolution equations with Hilfer

fractional derivative on a finite interval and an infinite interval respectively.

149
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4.2 Evolution Equations with Riemann-Liouville Derivative

4.2.1 Introduction

Assume that X is a Banach space with the norm | · |. Let a ∈ R+, J = [0, a] and

J ′ = (0, a]. Denote C(J,X) as the Banach space of continuous functions from J

into X with the norm

∥x∥ = sup
t∈[0,a]

|x(t)|,

where x ∈ C(J,X), and B(X) be the space of all bounded linear operators from X

to X with the norm ∥Q∥B(X) = sup{|Q(x)| | |x| = 1}, where Q ∈ B(X) and x ∈ X.

Consider the following nonlocal Cauchy problem of fractional evolution equation

with Riemann-Liouville fractional derivative{
0D

q
tx(t) = Ax(t) + f(t, x(t)), a.e. t ∈ [0, a],

0D
q−1
t x(0) + g(x) = x0,

(4.1)

where 0D
q
t is Riemann-Liouville fractional derivative of order q, 0D

q−1
t is Riemann-

Liouville fractional integral of order 1−q, 0 < q < 1, A is the infinitesimal generator

of a C0-semigroup of bounded linear operators {Q(t)}t≥0 in Banach space X, f :

J×X → X is a given function, g : C(J,X) → L(J,X) is a given operator satisfying

some assumptions and x0 is an element of the Banach space X.

A strong motivation for investigating the nonlocal Cauchy problem (4.1) comes

from physics. For example, fractional diffusion equations are abstract partial dif-

ferential equations that involve fractional derivatives in space and time. They are

useful to model anomalous diffusion, where a plume of particles spreads in a dif-

ferent manner than the classical diffusion equation predicts. The time fractional

diffusion equation is obtained from the standard diffusion equation by replacing the

first-order time derivative with a fractional derivative of order q ∈ (0, 1), namely

∂qt u(z, t) = Au(z, t), t ≥ 0, z ∈ R.

We can take A = ∂β1
z , for β1 ∈ (0, 1], or A = ∂z + ∂β2

z for β2 ∈ (1, 2], where

∂qt , ∂
β1
z , ∂β2

z are the fractional derivatives of order q, β1, β2 respectively. We refer

the interested reader to Eidelman and Kochubei, 2004; Hanyga, 2002; Hayashi,

Kaikina and Naumkin, 2005; Meerschaert, Benson, Scheffler et al., 2002; Schneider

and Wayes, 1989; Zaslavsky, 1994 and the references therein for more details.

The nonlocal conditions 0D
q−1
t x(0) + g(x) = x0 and x(0) + g(x) = x0 can be

applied in physics with better effect than the classical initial conditions 0D
q−1
t x(0) =

x0 and x(0) = x0 respectively. For example, g(x) may be given by

g(x) =

m∑
i=1

cix(ti),

where ci (i = 1, 2, . . . , n) are given constants and 0 < t1 < t2 < · · · < tn ≤ a.

Nonlocal conditions were initiated by Byszewski, 1991, which he proved the exis-

tence and uniqueness of mild solutions and classical solutions for nonlocal Cauchy
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problems. As remarked by Byszewski and Lakshmikantham, 1991, the nonlocal

condition can be more useful than the standard initial condition to describe some

physical phenomena.

In this section, we study the nonlocal Cauchy problems of fractional evolution

equations with Riemann-Liouville fractional derivative by considering an integral

equation which is given in terms of probability density. By using the theory of

Hausdorff measure of noncompactness, we establish various existence theorems of

mild solutions for the Cauchy problem (4.1) in the cases C0-semigroup is compact

and noncompact, respectively. Subsection 4.2.2 is devoted to obtain the appropriate

definition on the mild solutions of the problem (4.1) by considering an integral

equation which is given in terms of probability density. In Subsection 4.2.3, we give

some preliminary lemmas. Subsection 4.2.4 provides various existence theorems of

mild solutions for the Cauchy problem (4.1) in the case C0-semigroup is compact.

In Subsection 4.2.5, we establish various existence theorems of mild solutions for

the Cauchy problem (4.1) in the case C0-semigroup is noncompact.

4.2.2 Definition of Mild Solutions

The following lemma is the special case of Proposition 1.3.

Lemma 4.1. (Zain and Tazali, 1982)

(i) Let ξ, η ∈ R such that η > −1. If t > 0, then

0D
−ξ
t

tη

Γ(η + 1)
=


tξ+η

Γ(ξ + η + 1)
, if ξ + η ̸= −n

0, if ξ + η = −n
(n ∈ N).

(ii) Let ξ > 0 and φ ∈ L((0, a), X). Define

Gξ(t) = 0D
−ξ
t φ, for t ∈ (0, a),

then

0D
−η
t Gξ(t) = 0D

−(ξ+η)
t φ(t), η > 0, almost all t ∈ [0, a].

Lemma 4.2. The nonlocal Cauchy problem (4.1) is equivalent to the integral equa-

tion

x(t) =
tq−1

Γ(q)
(x0 − g(x)) +

1

Γ(q)

∫ t

0

(t− s)q−1[Ax(s) + f(s, x(s))]ds, for t ∈ (0, a],

(4.2)

provided that the integral in (4.2) exists.

Proof. Suppose (4.2) is true, then

0D
q−1
t x(t) = 0D

q−1
t

(
tq−1

Γ(q)
(x0 − g(x))+

1

Γ(q)

∫ t

0

(t− τ)q−1(Ax(τ)+ f(τ, x(τ)))dτ

)
,
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applying Lemma 4.1 we obtain that

0D
q−1
t x(t) = x0 − g(x) +

∫ t

0

(Ax(s) + f(s, x(s)))]ds, almost all t ∈ [0, a],

and this proves that 0D
q−1
t x(t) is absolutely continuous on [0, a]. Then we have

0D
q
tx(t) =

d

dt
0D

q−1
t x(t) = Ax(t) + f(t, x(t)), almost all t ∈ [0, a]

and

0D
q−1
t x(0) + g(x) = x0.

The proof of the converse is given as follows.

Suppose (4.1) is true, then

0D
−q
t (0D

q
tx(t)) = 0D

−q
t (Ax(t) + f(t, x(t))).

Since

0D
−q
t (0D

q
tx(t)) = x(t)− tq−1

Γ(q)
0D

q−1
t x(0)

= x(t)− tq−1

Γ(q)
(x0 − g(x)), for t ∈ (0, a],

then we have

x(t) =
tq−1

Γ(q)
(x0 − g(x)) + 0D

−q
t (Ax(t) + f(t, x(t)))

=
tq−1

Γ(q)
(x0 − g(x)) +

1

Γ(q)

∫ t

0

(t− s)q−1(Ax(s) + f(s, x(s)))ds, for t ∈ (0, a].

The proof is completed.

Before giving the definition of mild solution of (4.1), we firstly prove the following

lemma.

Lemma 4.3. If

x(t) =
tq−1

Γ(q)
(x0− g(x))+

1

Γ(q)

∫ t

0

(t− s)q−1[Ax(s)+ f(s, x(s))]ds, for t > 0 (4.3)

holds, then we have

x(t) = tq−1Pq(t)(x0 − g(x)) +

∫ t

0

(t− s)q−1Pq(t− s)f(s, x(s))ds, for t > 0,

where

Pq(t) =

∫ ∞

0

qθMq(θ)Q(tqθ)dθ.
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Proof. Let λ > 0. Applying the Laplace transform

ν(λ) =

∫ ∞

0

e−λsx(s)ds and ω(λ) =

∫ ∞

0

e−λsf(s, x(s))ds, for λ > 0

to (4.3), we have

ν(λ) =
1

λq
(x0 − g(x)) +

1

λq
Aν(λ) +

1

λq
ω(λ)

= (λqI −A)−1(x0 − g(x)) + (λqI −A)−1ω(λ)

=

∫ ∞

0

e−λ
qsQ(s)(x0 − g(x))ds+

∫ ∞

0

e−λ
qsQ(s)ω(λ)ds,

(4.4)

provided that the integrals in (4.4) exist, where I is the identity operator defined

on X.

Set

ψq(θ) =
q

θq+1
Mq(θ

−q),

whose Laplace transform is given by∫ ∞

0

e−λθψq(θ)dθ = e−λ
q

, where q ∈ (0, 1). (4.5)

Using (4.5), we get∫ ∞

0

e−λ
qsQ(s)(x0 − g(x))ds =

∫ ∞

0

qtq−1e−(λt)qQ(tq)(x0 − g(x))dt

=

∫ ∞

0

∫ ∞

0

qψq(θ)e
−(λtθ)Q(tq)tq−1(x0 − g(x))dθdt

=

∫ ∞

0

∫ ∞

0

qψq(θ)e
−λtQ

(
tq

θq

)
tq−1

θq
(x0 − g(x))dθdt

=

∫ ∞

0

e−λt
[
q

∫ ∞

0

ψq(θ)Q

(
tq

θq

)
tq−1

θq
(x0 − g(x))dθ

]
dt,

(4.6)

∫ ∞

0

e−λ
qsQ(s)ω(λ)ds

=

∫ ∞

0

∫ ∞

0

qtq−1e−(λt)qQ(tq)e−λsf(s, x(s))dsdt

=

∫ ∞

0

∫ ∞

0

∫ ∞

0

qψq(θ)e
−(λtθ)Q(tq)e−λstq−1f(s, x(s))dθdsdt

=

∫ ∞

0

∫ ∞

0

∫ ∞

0

qψq(θ)e
−λ(t+s)Q

(
tq

θq

)
tq−1

θq
f(s, x(s))dθdsdt

=

∫ ∞

0

e−λt
[
q

∫ t

0

∫ ∞

0

ψq(θ)Q

(
(t− s)q

θq

)
(t− s)q−1

θq
f(s, x(s))dθds

]
dt.

(4.7)

According to (4.6) and (4.7), we have

ν(λ) =

∫ ∞

0

e−λt
[
q

∫ ∞

0

ψq(θ)Q

(
tq

θq

)
tq−1

θq
(x0 − g(x))dθ

+ q

∫ t

0

∫ ∞

0

ψq(θ)Q

(
(t− s)q

θq

)
(t− s)q−1

θq
f(s, x(s))dθds

]
dt.
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Now we can invert the last Laplace transform to get

x(t) = q

∫ ∞

0

θtq−1Mq(θ)Q(tqθ)(x0 − g(x))dθ

+ q

∫ t

0

∫ ∞

0

θ(t− s)q−1Mq(θ)Q((t− s)qθ)f(s, x(s))dθds

= tq−1Pq(t)(x0 − g(x)) +

∫ t

0

(t− s)q−1Pq(t− s)f(s, x(s))ds.

The proof is completed.

Due to Lemma 4.3, we give the following definition of the mild solution of (4.1).

Definition 4.1. By the mild solution of the nonlocal Cauchy problem (4.1), we

mean that the function x ∈ C(J ′, X) which satisfies

x(t) = tq−1Pq(t)(x0 − g(x)) +

∫ t

0

(t− s)q−1Pq(t− s)f(s, x(s))ds, for t ∈ (0, a].

Suppose that A is the infinitesimal generator of a C0-semigroup {Q(t)}t≥0 of

uniformly bounded linear operators on Banach space X. This means that there

exists M > 1 such that M = supt∈[0,∞) ∥Q(t)∥B(X) <∞.

Proposition 4.1. (Zhou and Jiao, 2010a) For any fixed t > 0, Pq(t) is linear and

bounded operator, i.e., for any x ∈ X

|Pq(t)x| ≤
M

Γ(q)
|x|.

Proposition 4.2. (Zhou and Jiao, 2010a) Operator {Pq(t)}t>0 is strongly contin-

uous, which means that, for ∀ x ∈ X and 0 < t′ < t′′ ≤ a, we have

|Pq(t′′)x− Pq(t
′)x| → 0, as t′′ → t′.

Proposition 4.3. (Zhou and Jiao, 2010a) Assume that {Q(t)}t>0 is compact op-

erator. Then {Pq(t)}t>0 is also compact operator.

Proposition 4.4. (Pazy, 1983) Assume that {Q(t)}t>0 is compact operator. Then

{Q(t)}t>0 is equicontinuous.

4.2.3 Preliminary Lemmas

Define

X(q)(J ′) =
{
x ∈ C(J ′, X) : lim

t→0+
t1−qx(t) exists and is finite

}
.

For any x ∈ X(q)(J ′), let the norm ∥ · ∥q defined by

∥x∥q = sup
t∈(0,a]

{t1−q|x(t)|}.

Then (X(q)(J ′), ∥ · ∥q) is a Banach space.
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For r > 0, define a closed subset B
(q)
r (J ′) ⊂ X(q)(J ′) as follows

B(q)
r (J ′) = {x ∈ X(q)(J ′) : ∥x∥q ≤ r}.

Thus, B
(q)
r (J ′) is a bounded closed and convex subset of X(q)(J ′).

Let B(J) be the closed ball of the space C(J,X) with radius r and center at 0,

that is

B(J) = {y ∈ C(J,X) : ∥y∥ ≤ r}.

Thus B(J) is a bounded closed and convex subset of C(J,X).

We introduce the following hypotheses:

(H0) Q(t)(t > 0) is equicontinuous, i.e., Q(t) is continuous in the uniform operator

topology for t > 0;

(H1) for each t ∈ J ′, the function f(t, ·) : X → X is continuous and for each

x ∈ X, the function f(·, x) : J ′ → X is strongly measurable;

(H2) there exists a function m ∈ L(J ′,R+) such that

0D
−q
t m ∈ C(J ′,R+), lim

t→0+
t1−q0D

−q
t m(t) = 0,

and

|f(t, x)| ≤ m(t) for all x ∈ B(q)
r (J ′) and almost all t ∈ [0, a];

(H3) there exists a constant L ∈ (0, Γ(q)M ) such that the operator g : C(J ′, X) →
L(J ′, X) satisfies

|g(x1)− g(x2)| ≤ L∥x1 − x2∥q, for x1, x2 ∈ B(q)
r (J ′);

(H4) there exists a constant r > 0 such that

M

Γ(q)−ML

(
|x0|+ |g(0)|+ sup

t∈(0,a]

{
t1−q

∫ t

0

(t− s)q−1m(s)ds

})
≤ r;

(H3)′ the operator g : C(J ′, X) → L(J ′, X) is a continuous and compact map, and

there exist positive constants L1, L2 such that L1 ∈ (0, Γ(q)M ) and |g(x)| ≤
L1∥x∥q + L2 for all x ∈ B

(q)
r (J ′);

(H4)′ there exists a constant r > 0 such that

M

Γ(q)−ML1

(
|x0|+ L2 + sup

t∈(0,a]

{
t1−q

∫ t

0

(t− s)q−1m(s)ds

})
≤ r.

For any x ∈ B
(q)
r (J ′), define an operator T as follows

(Tx)(t) = (T1x)(t) + (T2x)(t),

where

(T1x)(t) = tq−1Pq(t)(x0 − g(x)), for t ∈ (0, a],

(T2x)(t) =

∫ t

0

(t− s)q−1Pq(t− s)f(s, x(s))ds, for t ∈ (0, a].
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It is easy to see that limt→0+ t
1−q(Tx)(t) = x0−g(x)

Γ(q) . For any y ∈ B(J), set

x(t) = tq−1y(t), for t ∈ (0, a].

Then, x ∈ B
(q)
r (J ′). Define T as follows

(T y)(t) = (T1y)(t) + (T2y)(t),

where

(T1y)(t) =


t1−q(T1x)(t), for t ∈ (0, a],

x0 − g(x)

Γ(q)
, for t = 0,

(T2y)(t) =

{
t1−q(T2x)(t), for t ∈ (0, a],

0, for t = 0.

Obviously, x is a mild solution of (4.1) in B
(q)
r (J ′) if and only if the operator

equation x = Tx has a solution x ∈ B
(q)
r (J ′). Before giving the main results, we

firstly prove the following lemmas.

Lemma 4.4. Assume that (H0)-(H4) hold, then {T y : y ∈ B(J)} is equi-

continuous.

Proof. Claim I. {T1y : y ∈ B(J)} is equicontinuous.

For any y ∈ B(J), let x(t) = tq−1y(t), t ∈ (0, a]. Then x ∈ B
(q)
r (J ′). For t1 = 0,

0 < t2 ≤ a, we get

|(T1y)(t2)− (T1y)(0)| ≤
∣∣∣∣Pq(t2)(x0 − g(x))− x0 − g(x)

Γ(q)

∣∣∣∣
≤
∣∣∣∣(Pq(t2)− 1

Γ(q)

)
(x0 − g(x))

∣∣∣∣
≤
∣∣∣∣(Pq(t2)− 1

Γ(q)

)∣∣∣∣(|x0|+ L∥x∥q + |g(0)|)

≤
∣∣∣∣(Pq(t2)− 1

Γ(q)

)∣∣∣∣(|x0|+ Lr + |g(0)|)

→ 0, as t2 → 0.

For 0 < t1 < t2 ≤ a, we get

|(T1y)(t2)− (T1y)(t1)| ≤ |Pq(t2)(x0 − g(x))− Pq(t1)(x0 − g(x))|
≤ |(Pq(t2)− Pq(t1))(x0 − g(x))|
≤ |(Pq(t2)− Pq(t1))|(|x0|+ L∥x∥q + |g(0)|)
≤ |(Pq(t2)− Pq(t1))|(|x0|+ Lr + |g(0)|)
→ 0, as t2 → t1.

Hence, {T1y : y ∈ B(J)} is equicontinuous.

Claim II. {T2y : y ∈ B(J)} is equicontinuous.
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For any y ∈ B(J), let x(t) = tq−1y(t), t ∈ (0, a]. Then x ∈ B
(q)
r (J ′). For t1 = 0,

0 < t2 ≤ a, we get

|(T2y)(t2)− (T2y)(0)| =
∣∣∣∣t1−q2

∫ t2

0

(t2 − s)q−1Pq(t2 − s)f(s, x(s))ds

∣∣∣∣
≤ M

Γ(q)
t1−q2

∫ t2

0

(t2 − s)q−1m(s)ds

→ 0, as t2 → 0.

For 0 < t1 < t2 ≤ a, we have

|(T2y)(t2)− (T2y)(t1)|

≤
∣∣∣∣ ∫ t2

t1

t1−q2 (t2 − s)q−1Pq(t2 − s)f(s, x(s))ds

∣∣∣∣
+

∣∣∣∣ ∫ t1

0

t1−q2 (t2 − s)q−1Pq(t2 − s)f(s, x(s))ds

−
∫ t1

0

t1−q1 (t1 − s)q−1Pq(t2 − s)f(s, x(s))ds

∣∣∣∣
+

∣∣∣∣ ∫ t1

0

t1−q1 (t1 − s)q−1Pq(t2 − s)f(s, x(s))ds

−
∫ t1

0

t1−q1 (t1 − s)q−1Pq(t1 − s)f(s, x(s))ds

∣∣∣∣
≤ M

Γ(q)

∣∣∣∣ ∫ t2

t1

t1−q2 (t2 − s)q−1m(s)ds

∣∣∣∣
+

M

Γ(q)

∫ t1

0

(
t1−q1 (t1 − s)q−1 − t1−q2 (t2 − s)q−1

)
m(s)ds

+

∣∣∣∣ ∫ t1

0

t1−q1 (t1 − s)q−1 (Pq(t2 − s)f(s, x(s))− Pq(t1 − s)f(s, x(s))) ds

∣∣∣∣
≤ I1 + I2 + I3,

where

I1 =
M

Γ(q)

∣∣∣∣ ∫ t2

0

t1−q2 (t2 − s)q−1m(s)ds−
∫ t1

0

t1−q1 (t1 − s)q−1m(s)ds

∣∣∣∣,
I2 =

2M

Γ(q)

∫ t1

0

(
t1−q1 (t1 − s)q−1 − t1−q2 (t2 − s)q−1

)
m(s)ds,

I3 =

∣∣∣∣ ∫ t1

0

t1−q1 (t1 − s)q−1 (Pq(t2 − s)− Pq(t1 − s)) f(s, x(s))ds

∣∣∣∣.
One can reduce that limt2→t1 I1 = 0, since 0D

−q
t m ∈ C(J ′,R+). Noting that(

t1−q1 (t1 − s)q−1 − t1−q2 (t2 − s)q−1
)
m(s) ≤ t1−q1 (t1 − s)q−1m(s),
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and
∫ t1
0
t1−q1 (t1 − s)q−1m(s)ds exists (s ∈ [0, t1]), then by Lebesgue dominated

convergence theorem, we have∫ t1

0

(
t1−q1 (t1 − s)q−1 − t1−q2 (t2 − s)q−1

)
m(s)ds→ 0, as t2 → t1,

then one can deduce that limt2→t1 I2 = 0.

For ε > 0 be enough small, we have

I3 ≤
∫ t1−ε

0

t1−q1 (t1 − s)q−1∥Pq(t2 − s)− Pq(t1 − s)∥B(X) |f(s, x(s))|ds

+

∫ t1

t1−ε
t1−q1 (t1 − s)q−1∥Pq(t2 − s)− Pq(t1 − s)∥B(X) |f(s, x(s))|ds

≤ t1−q1

∫ t1

0

(t1 − s)q−1m(s)ds sup
s∈[0,t1−ε]

∥Pq(t2 − s)− Pq(t1 − s)∥B(X)

+
2M

Γ(q)

∫ t1

t1−ε
t1−q1 (t1 − s)q−1m(s)ds

≤ I31 + I32 + I33,

where

I31 =
rΓ(q)

M
sup

s∈[0,t1−ε]
∥Pq(t2 − s)− Pq(t1 − s)∥B(X),

I32 =
2M

Γ(q)

∣∣∣∣ ∫ t1

0

t1−q1 (t1 − s)q−1m(s)ds−
∫ t1−ε

0

(t1 − ε)1−q(t1 − ε− s)q−1m(s)ds

∣∣∣∣,
I33 =

2M

Γ(q)

∫ t1−ε

0

(
(t1 − ε)1−q(t1 − ε− s)q−1 − t1−q1 (t1 − s)q−1

)
m(s)ds.

By (H0), it is easy to see that I31 → 0 as t2 → t1. Similar to the proof that

I1, I2 tend to zero, we get I32 → 0 and I33 → 0 as ε → 0. Thus, I3 tends to zero

independently of y ∈ B(J) as t2 → t1, ε → 0. Therefore, |(T2y)(t2) − (T2y)(t1)|
tends to zero independently of y ∈ B(J) as t2 → t1, which means that {T2y : y ∈
B(J)} is equicontinuous.

Therefore, {T y : y ∈ B(J)} is equicontinuous.

Lemma 4.5. Assume that (H1)-(H4) hold. Then T maps B(J) into B(J), and T

is continuous in B(J).

Proof. Claim I. T maps B(J) into B(J). For any y ∈ B(J), let x(t) = tq−1y(t).

Then x ∈ B
(q)
r (J ′).

For t ∈ [0, a], by (H1)-(H4), we have

|(T y)(t)| ≤ |Pq(t)(x0 − g(x))|+ t1−q
∣∣∣∣ ∫ t

0

(t− s)q−1Pq(t− s)f(s, x(s))ds

∣∣∣∣
≤ M

Γ(q)
(|x0|+ L∥x∥q + |g(0)|) + Mt1−q

Γ(q)

∫ t

0

(t− s)q−1|f(s, x(s))|ds
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≤ M

Γ(q)

(
|x0|+ Lr + |g(0)|+ sup

t∈[0,a]

{
t1−q

∫ t

0

(t− s)q−1m(s)ds

})
≤ r.

Hence, ∥T y∥ ≤ r, for any y ∈ B(J).

Claim II. T is continuous in B(J). For any ym, y ∈ B(J), m = 1, 2, ..., with

limm→∞ ym = y, we have

lim
m→∞

ym(t) = y(t) and lim
m→∞

tq−1ym(t) = tq−1y(t), for t ∈ (0, a].

Then by (H1), we have

f(t, xm(t)) = f(t, tq−1ym(t)) → f(t, tq−1y(t)) = f(t, x(t)), as m→ ∞,

where xm(t) = tq−1ym(t) and x(t) = tq−1y(t).

On the one hand, using (H2), we get for each t ∈ J ′,

(t− s)q−1|f(s, xm(s))− f(s, x(s))| ≤ (t− s)q−12m(s), a.e. in [0, t].

On the other hand, the function s→ (t− s)q−12m(s) is integrable for s ∈ [0, t] and

t ∈ J . By Lebesgue dominated convergence theorem, we get∫ t

0

(t− s)q−1|f(s, xm(s))− f(s, x(s))|ds→ 0, as m→ ∞.

For t ∈ [0, a]

|(T ym)(t)− (T y)(t)| = |t1−q(Txm(t)− Tx(t))|

≤ |Pq(t)(g(xm)− g(x))|+ t1−q
∣∣∣∣ ∫ t

0

(t− s)q−1Pq(t− s)(f(s, xm(s))− f(s, x(s)))ds

∣∣∣∣
≤ ML

Γ(q)
∥xm − x∥q +

Mt1−q

Γ(q)

∫ t

0

(t− s)q−1|f(s, xm(s))− f(s, x(s))|ds

≤ ML

Γ(q)
∥ym − y∥+ Mt1−q

Γ(q)

∫ t

0

(t− s)q−1|f(s, xm(s))− f(s, x(s))|ds.

Therefore, T ym → T y pointwise on J as m → ∞, by which Lemma 4.4 implies

that T ym → T y uniformly on J as m→ ∞ and so T is continuous.

Lemma 4.6. Assume that (H0)-(H2), (H3)′ and (H4)′ hold. Then {T y : y ∈
B(J)} is equicontinuous.

Proof. For any y ∈ B(J), for t1 = 0, 0 < t2 ≤ a, then, we get

|(T y)(t2)− (T y)(0)|

≤
∣∣∣∣Pq(t2)(x0 − g(x))− x0 − g(x)

Γ(q)

∣∣∣∣+ ∣∣∣∣t1−q2

∫ t2

0

(t2 − s)q−1Pq(t2 − s)f(s, x(s))ds

∣∣∣∣
≤
∣∣∣∣Pq(t2)(x0 − g(x))− x0 − g(x)

Γ(q)

∣∣∣∣+ M

Γ(q)
t1−q2

∫ t2

0

(t2 − s)q−1m(s)ds

→ 0, as t2 → 0.
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For any y ∈ B(J) and 0 < t1 < t2 ≤ a, we get

|(T y)(t2)− (T y)(t1)| ≤ |(T1y)(t2)− (T1y)(t1)|+ |(T2y)(t2)− (T2y)(t1)|
≤ |(Pq(t2)− Pq(t1))(x0 − g(x))|+ I1 + I2 + I3,

where I1, I2 and I3 are defined as in the proof of Lemma 4.4. According to Proposi-

tion 4.2, we know that |(T y)(t2)−(T y)(t1)| tends to zero independently of y ∈ B(J)

as t2 → t1, which means that {T y : y ∈ B(J)} is equicontinuous.

Lemma 4.7. Assume that (H1), (H2), (H3)′ and (H4)′ hold. Then T maps B(J)

into B(J), and T is continuous in B(J).

Proof. For any y ∈ B(J), we have

|(T y)(t)| ≤ |x0|+ L1r + L2

Γ(q)
≤ r, for t = 0

and

|(T y)(t)| = t1−q|(Tx)(t)| ≤ r, for t ∈ (0, a].

Hence, ∥T y∥B ≤ r, for any y ∈ B(J). Using the similar argument as that we did

in the proof of Lemma 4.5, we know that T is continuous in B(J).

4.2.4 Compact Semigroup Case

In the following, we suppose that the operator A generates a compact C0-semigroup

{Q(t)}t≥0 on X, that is, for any t > 0, the operator Q(t) is compact.

Theorem 4.1. Assume that Q(t)(t > 0) is compact. Furthermore assume that

(H1)-(H4) hold. Then the nonlocal Cauchy problem (4.1) has at least one mild

solution in B
(q)
r (J ′).

Proof. Obviously, x is a mild solution of (4.1) in B
(q)
r (J ′) if and only if y is a fixed

point of y = T y in B(J), where x(t) = tq−1y(t). So, it is enough to prove that

y = T y has a fixed point in B(J).

For any y1, y2 ∈ B(J), according to (H3), we have

|T1y1(t)− T1y2(t)| = t1−q|(T1x1)(t)− (T1x2)(t)|

≤ M

Γ(q)
|g(x1)− g(x2)|

≤ ML

Γ(q)
∥x1 − x2∥q

=
ML

Γ(q)
∥y1 − y2∥,

which implies that ∥T1y1 − T1y2∥ ≤ ML
Γ(q)∥y1 − y2∥. Thus, we obtain that

α(T1(B(J))) ≤ ML

Γ(q)
α(B(J)). (4.8)
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Next, we show that for any t ∈ [0, a], V (t) = {(T2y)(t), y ∈ B(J)} is relatively

compact in X. Obviously, V (0) is relatively compact in X. Let t ∈ (0, a] be fixed.

For ∀ ε ∈ (0, t) and ∀ δ > 0, define an operator Tε,δ on B(J) by the formula

(Tε,δy)(t) = qt1−q
∫ t−ε

0

∫ ∞

δ

θ(t− s)q−1Mq(θ)Q((t− s)qθ)f(s, x(s))dθds

= qt1−qQ(εqδ)

∫ t−ε

0

∫ ∞

δ

θ(t− s)q−1Mq(θ)Q((t− s)qθ − εqδ)f(s, x(s))dθds,

where x ∈ B
(q)
r (J ′). Then from the compactness of Q(εqδ)(εqδ > 0), we obtain that

the set Vε,δ(t) = {(Tε,δy)(t), y ∈ B(J)} is relatively compact in X for ∀ ε ∈ (0, t)

and ∀ δ > 0. Moreover, for every y ∈ B(J), we have

|(T2y)(t)− (Tε,δy)(t)|

≤
∣∣∣∣qt1−q ∫ t

0

∫ δ

0

θ(t− s)q−1Mq(θ)Q((t− s)qθ)f(s, x(s))dθds

∣∣∣∣
+

∣∣∣∣qt1−q ∫ t

t−ε

∫ ∞

δ

θ(t− s)q−1Mq(θ)Q((t− s)qθ)f(s, x(s))dθds

∣∣∣∣
≤ qMt1−q

∫ t

0

(t− s)q−1m(s)ds

∫ δ

0

θMq(θ)dθ

+ qMt1−q
∫ t

t−ε
(t− s)q−1m(s)ds

∫ ∞

0

θMq(θ)dθ

≤ qMt1−q
∫ t

0

(t− s)q−1m(s)ds

∫ δ

0

θMq(θ)dθ +
M

Γ(q)
t1−q

∫ t

t−ε
(t− s)q−1m(s)ds

→ 0, as ε→ 0, δ → 0.

Therefore, there are relatively compact sets arbitrarily close to the set V (t),

t > 0. Hence the set V (t), t > 0 is also relatively compact in X. Therefore,

{(T2y)(t), y ∈ B(J)} is relatively compact by Arzela-Ascoli theorem. Thus, we

have α(T2(B
(q)
r (J ′))) = 0. By (4.8), we have

α(T (B(J))) ≤ α(T1(B(J))) + α(T2(B(J)))

≤ ML

Γ(q)
α(B(J)).

Thus, the operator T is an α-contraction in B(J). By Lemma 4.5, we know that

T is continuous. Hence, Theorem 1.10 shows that T has a fixed point y∗ ∈ B(J).

Let x∗(t) = tq−1y∗(t). Then x∗ is a mild solution of (4.1).

Theorem 4.2. Assume that Q(t)(t > 0) is compact. Furthermore assume that

(H1), (H2), (H3)′ and (H4)′ hold. Then the nonlocal Cauchy problem (4.1) has at

least one mild solution in B
(q)
r (J ′).

Proof. Since Proposition 4.4, Q(t)(t > 0) is equicontinuous, which implies (H0) is

satisfied. Then, by Lemmas 4.4-4.5, we know that T : B(J) → B(J) is bounded,

continuous and {T y : y ∈ B(J)} is equicontinuous.
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According to the argument of Theorem 4.1, we only need prove that for any

t ∈ J , the set V1(t) = {(T1y)(t) : y ∈ B(J)} is relatively compact in X. Obviously,

V1(0) is relatively compact in X. Let 0 < t ≤ a be fixed. For ∀ δ > 0, define an

operator T δ
1 on B(J) by the formula

(T δ
1 y)(t) = q

∫ ∞

δ

θMq(θ)Q(tqθ)(x0 − g(x))dθ

= qQ(tqδ)

∫ ∞

δ

θMq(θ)Q(tqθ − tqδ)(x0 − g(x))dθ,

where x(t) = tq−1y(t), t ∈ (0, a]. From the compactness of Q(tqδ) (tqδ > 0), we

obtain that the set V δ1 (t) = {(T δ
1 y)(t), y ∈ B(J)} is relatively compact in X for

∀ δ > 0. Moreover, for any y ∈ B(J), we have

|(T1y)(t)− (T δ
1 y)(t)| =

∣∣∣∣q ∫ δ

0

θMq(θ)Q(tqθ)(x0 − g(x))dθ

∣∣∣∣
≤ qM(|x0|+ L1r + L2)

∫ δ

0

θMq(θ)dθ.

Therefore, there are relatively compact sets arbitrarily close to the set V1(t), t > 0.

Hence the set V1(t), t > 0 is also relatively compact in X. Moreover, {T y : y ∈
B(J)} is uniformly bounded by Lemma 4.7. Therefore, {(T y)(t), y ∈ B(J)} is

relatively compact by Arzela-Ascoli theorem. Hence, Theorem 1.10 shows that T

has a fixed point y∗ ∈ B(J). Let x∗(t) = tq−1y∗(t). Then x∗ is a mild solution of

(4.1).

Remark 4.1. If g is not a compact map, we use another method given in Zhu and

Li, 2008 to consider the following integral equations

x(t) = tq−1Pq

(
t+

1

n

)
(x0 − g(x)) +

∫ t

0

(t− s)q−1Pq(t− s)f(s, x(s))ds, t ∈ (0, a].

(4.9)

For any n ∈ N, noticing that the operator Q( 1n ) is compact, one can easily

derive the relative compactness of V (0) and V (t)(t > 0). Then, (4.9) has a solution

in B
(q)
r (J ′). By passing the limit, as n → ∞, one obtains a mild solution of the

nonlocal Cauchy problem (4.1). However, because Q(t) is replaced by Q( 1n ), one

needs a more restrictive condition than (H4)′, such as

(H4)′′ there exists a constant r > 0 such that

Mε

Γ(q)

(
|x0|+ L1r + L2 + sup

t∈(0,a]

{
t1−q

∫ t

0

(t− s)q−1m(s)ds

})
≤ r,

where Mε = supt∈[0,a+ε] ∥Q(t)∥B(X), ε is a small constant.

Remark 4.2. The condition (H2) of Theorems 4.1-4.2 can be replaced by the fol-

lowing condition.
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(H2)′ There exist a constant q1 ∈ (0, q) and m ∈ L
1
q1 (J,R+) such that

|f(t, x)| ≤ m(t) for all x ∈ B(q)
r (J ′) and almost all t ∈ [0, a].

In fact, if (H2)′ holds, by using the Hölder inequality, for any t1, t2 ∈ J ′ and

t1 < t2, we obtain

|0D−q
t m(t2)− 0D

−q
t m(t1)|

=
1

Γ(q)

∣∣∣∣ ∫ t1

0

((t2 − s)q−1 − (t1 − s)q−1)m(s)ds+

∫ t2

t1

(t2 − s)q−1m(s)ds

∣∣∣∣
≤ 1

Γ(q)

(∫ t1

0

((t1 − s)q−1 − (t2 − s)q−1)
1

1−q1 ds

)1−q1(∫ t1

0

(m(s))
1
q1 ds

)q1
+

1

Γ(q)

(∫ t2

t1

((t2 − s)q−1)
1

1−q1 ds

)1−q1(∫ t2

t1

(m(s))
1
q1 ds

)q1
≤ 1

Γ(q)

(∫ t1

0

((t1 − s)
q−1
1−q1 − (t2 − s)

q−1
1−q1 )ds

)1−q1
∥m∥

L
1
q1

+
1

Γ(q)

(∫ t2

t1

(t2 − s)
q−1
1−q1 ds

)1−q1
∥m∥

L
1
q1

≤
∥m∥

L
1
q1

Γ(q)

(
1− q1
q − q1

)1−q1 (
t
q−q1
1−q1
1 + (t2 − t1)

q−q1
1−q1 − t

q−q1
1−q1
2

)1−q1

+
∥m∥

L
1
q1

Γ(q)

(
1− q1
q − q1

)1−q1 (
(t2 − t1)

q−q1
1−q1

)1−q1
≤

2∥m∥
L

1
q1

Γ(q)

(
1− q1
q − q1

)1−q1
(t2 − t1)

q−q1 → 0, as t2 → t1,

(4.10)

where

∥m∥
L

1
q1

=

(∫ a

0

(m(t))
1
q1 dt

)q1
.

Furthermore,

t1−q
∫ t

0

(t− s)q−1m(s)ds

≤ t1−q
(∫ t

0

(t− s)
q−1
1−q1 ds

)1−q1(∫ t

0

(m(s))
1
q1 ds

)q1
≤
(
1− q1
q − q1

)1−q1
t1−q1∥m∥

L
1
q1

→ 0, as t→ 0.

(4.11)

Thus, (4.10) and (4.11) mean that 0D
−q
t m ∈ C(J ′,R+), and limt→0+ t

1−q
0D

−q
t m(t)

= 0. Hence, (H2) holds.
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Example 4.1. Let X = L2([0, π],R). Consider the following fractional partial dif-

ferential equations.
∂qt u(t, z) = ∂2zu(t, z) + ∂zG(t, u(t, z)), z ∈ [0, π], t ∈ (0, a],

u(t, 0) = u(t, π) = 0, t ∈ (0, a],

u(0, z) +
n∑
i=0

∫ π

0

k(z, y)u(ti, y)dy = u0(z), z ∈ [0, π],

(4.12)

where ∂qt is Riemann-Liouville fractional partial derivative of order 0 < q < 1,

a > 0, G is a given function, n is a positive integer, 0 < t0 < t1 < · · · < tn ≤ a,

u0(z) ∈ X = L2([0, π],R), k(z, y) ∈ L2([0, π]× [0, π],R+).

We define an operator A by Av = v′′ with the domain

D(A) = {v(·) ∈ X : v, v′ absolutly continuous, v′′ ∈ X, v(0) = v(π) = 0}.

Then A generates a C0-semigroup {Q(t)}t≥0 which is compact, analytic and self-

adjoint. Clearly the nonlocal Cauchy problem (4.2) and (H1) are satisfied.

The system (4.12) can be reformulated as the following nonlocal Cauchy problem

in X {
0D

q
tx(t) = Ax(t) + f(t, x(t)), almost all t ∈ [0, a],

0D
q−1
t x(0) + g(x) = x0,

where x(t) = u(t, ·), that is x(t)(z) = u(t, z), t ∈ (0, a], z ∈ [0, π]. The function

f : J ′ ×X → X is given by

f(t, x(t))(z) = ∂zG(t, u(t, z)),

and the operator g : C(J ′, X) → L(J ′, X) is given by

g(x)(z) =
n∑
i=0

Kgx(ti)(z),

where Kgv(z) =
∫ π
0
k(z, y)v(y)dy, for v ∈ X = L2([0, π],R), z ∈ [0, π].

We can take q = 1/3 and f(t, x(t)) = t−1/4 sinx(t), and choose

m(t) = t−1/4, L = (n+ 1)

(∫ π

0

∫ π

0

k2(z, y)dydz

) 1
2

and

r =
M

Γ( 13 )−ML

(
|x0|+ g(0) +

Γ( 13 )Γ(
3
4 )

Γ( 1213 )
a

3
4

)
.

Then, (H1)-(H4) are satisfied (noting that Kg : X → X is completely continu-

ous). According to Theorem 4.1, system (4.12) has a mild solution in B
(1/3)
r ((0, a])

provided that ML
Γ(1/3) < 1.
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4.2.5 Noncompact Semigroup Case

If Q(t) is noncompact, we give an assumption as follows.

(H5) There exists a constant ℓ > 0 such that for any bounded D ⊂ X,

α(f(t,D)) ≤ ℓα(D).

Theorem 4.3. Assume that (H0)-(H5) hold. Then the nonlocal Cauchy problem

(4.1) has at least one mild solution in B
(q)
r (J ′).

Proof. By Lemmas 4.5-4.6, we know that T2 : B(J) → B(J) is bounded, continu-

ous and {T2y : y ∈ B(J)} is equicontinuous. Next, we show that T2 is compact in

a subset of B(J).

For each bounded subset B0 ⊂ B(J), set

T 1(B0) = T2(B0), T n(B0) = T2

(
co(T n−1(B0))

)
, n = 2, 3, ... .

Then, from Propositions 1.18-1.20, for any ε > 0, there is a sequence {y(1)n }∞n=1 ⊂
B0 such that

α(T 1(B0(t))) = α(T2(B0(t)))

≤ 2α

(
t1−q

∫ t

0

(t− s)q−1Pq(t− s)f(s, {sq−1y(1)n (s)}∞n=1)ds

)
+ ε

≤ 4M

Γ(q)
t1−q

∫ t

0

(t− s)q−1α
(
f(s, {sq−1y(1)n (s)}∞n=1)

)
ds+ ε

≤ 4Mℓ

Γ(q)
t1−q

∫ t

0

(t− s)q−1α({sq−1y(1)n (s)}∞n=1)ds+ ε

≤ 4Mℓα(B0)

Γ(q)
t1−q

∫ t

0

(t− s)q−1sq−1ds+ ε

≤ 4MℓΓ(q)tqα(B0)

Γ(2q)
+ ε.

Since ε > 0 is arbitrary, we have

α(T 1(B0(t))) ≤
4MℓΓ(q)tq

Γ(2q)
α(B0).

From Propositions 1.18-1.20, for any ε > 0, there is a sequence {y(2)n }∞n=1 ⊂
co(T 1(B0)) such that

α(T 2(B0(t))) = α(T2(co(T
1(B0(t)))))

≤ 2α

(
t1−q

∫ t

0

(t− s)q−1Pq(t− s)f(s, {sq−1y(2)n (s)}∞n=1)ds

)
+ ε

≤ 4Mt1−q

Γ(q)

∫ t

0

(t− s)q−1α
(
f(s, {sq−1y(2)n (s)}∞n=1)

)
ds+ ε

≤ 4Mℓt1−q

Γ(q)

∫ t

0

(t− s)q−1α({sq−1y(2)n (s)}∞n=1)ds+ ε
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≤ 4Mℓt1−q

Γ(q)

∫ t

0

(t− s)q−1sq−1α({y(2)n (s)}∞n=1)ds+ ε

≤ α(B0)
(4Mℓ)2t1−q

Γ(2q)

∫ t

0

(t− s)q−1s2q−1ds+ ε

=
(4Mℓ)2Γ(q)

Γ(3q)
t2qα(B0) + ε.

It can be shown, by mathematical induction, that for every n̄ ∈ N,

α(T n̄(B0(t))) ≤
(4Mℓ)n̄Γ(q)

Γ((n̄+ 1)q)
tn̄qα(B0).

Since

lim
n̄→∞

(4Mℓaq)n̄Γ(q)

Γ((n̄+ 1)q)
= 0,

there exists a positive integer n̂ such that

(4Mℓ)n̂Γ(q)

Γ((n̂+ 1)q)
tn̂q ≤ (4Mℓaq)n̂Γ(q)

Γ((n̂+ 1)q)
= k < 1.

Then

α(T n̂(B0(t))) ≤ kα(B0).

We know from Proposition 1.16, T n̂(B0(t)) is bounded and equicontinuous.

Then, from Proposition 1.17, we have

α(T n̂(B0)) = max
t∈[0,a]

α(T n̂(B0(t))).

Hence

α(T n̂(B0)) ≤ kα(B0).

Let

D0 = B(J), D1 = co(T n̂(D)), ..., Dn = co(T n̂(Dn−1)), n = 2, 3, ... .

Then, we can get

(i) D0 ⊃ D1 ⊃ D2 ⊃ · · · ⊃ Dn−1 ⊃ Dn ⊃ · · · ;
(ii) limn→∞ α(Dn) = 0.

Then D̂ =
⋂∞
n=0Dn is a nonempty, compact and convex subset in B(J).

We prove T2(D̂) ⊂ D̂. Firstly, we show

T2(Dn) ⊂ Dn, n = 0, 1, 2, ... . (4.13)

From T 1(D0) = T2(D0) ⊂ D0, we know co(T 1(D0)) ⊂ D0. Therefore

T 2(D0) = T2(co(T
1(D0))) ⊂ T2(D0) = T 1(D0),
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T 3(D0) = T2(co(T
2(D0))) ⊂ T2(co(T

1(D0))) = T 2(D0),

...

T n̂(D0) = T2(co(T
n̂−1(D0))) ⊂ T2(co(T

n̂−2(D0))) = T n̂−1(D0).

Hence, D1 = co(T n̂(D0)) ⊂ co(T n̂−1(D0)), so T (D1) ⊂ T (co(T n̂−1(D0))) =

T n̂(D0) ⊂ co(T n̂(D0)) = D1. Employing the same method, we can prove

T2(Dn) ⊂ Dn(n = 0, 1, 2, ...). By (4.13), we get T2(D̂) ⊂
⋂∞
n=0 T2(Dn) ⊂⋂∞

n=0Dn = D̂. Then T2(D̂) is compact. Hence, α(T2(D̂)) = 0.

On the other hand, for any y1, y2 ∈ D̂ and t ∈ (0, a], according to (H3), we have

|T1y1(t)− T1y2(t)| = t1−q|(T1x1)(t)− (T1x2)(t)|

≤ M

Γ(q)
|g(x1)− g(x2)|

≤ ML

Γ(q)
∥x1 − x2∥q

=
ML

Γ(q)
∥y1 − y2∥,

which implies that ∥T1y1 − T1y2∥ ≤ ML
Γ(q)∥y1 − y2∥. Thus, we obtain that

α(T1(D̂)) ≤ ML

Γ(q)
α(D̂). (4.14)

By (4.14), we have

α(T (D̂)) ≤ α(T1(D̂)) + α(T2(D̂))

≤ ML

Γ(q)
α(D̂).

Thus, the operator T is an α-contraction in D̂. By Lemma 4.5, we know that T is

continuous. Hence, Theorem 1.10 shows that T has a fixed point y∗ ∈ B(J). Let

x∗(t) = tq−1y∗(t). Then x∗ is a mild solution of (4.1).

Theorem 4.4. Assume that (H0)-(H2), (H3)′, (H4)′ and (H5) hold, then the non-

local Cauchy problem (4.1) has at least one mild solution in B
(q)
r (J ′).

Proof. Since g(x) is compact and Pq(t) is bounded, for every t > 0, {(T1y)(t), y ∈
B(J)} is relatively compact. Thus, we have α(T1(B(J))) = 0.

By the proof of Theorem 4.3, we know that there exists a D̂ ⊂ B(J) such that

T2(D̂) is relatively compact, i.e., α(T2(D̂)) = 0. Hence, we have

α(T (D̂)) ≤ α(T1(D̂)) + α(T2(D̂)) = 0.

Hence, Theorem 1.10 shows that T has a fixed point y∗ ∈ B(J). Let x∗(t) =

tq−1y∗(t). Then x∗ is a mild solution of (4.1).
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4.3 Evolution Equations with Caputo Derivative

4.3.1 Introduction

Consider the following nonlocal Cauchy problems of fractional evolution equation

with Caputo fractional derivative{
C
0D

q
tx(t) = Ax(t) + f(t, x(t)), a.e. t ∈ J := [0, a],

x(0) + g(x) = x0,
(4.15)

where C0D
q
t is Caputo fractional derivative of order q, 0 < q < 1, A is the infinitesimal

generator of a C0-semigroup of bounded linear operators {Q(t)}t≥0 in Banach space

X, f : J × X → X , g : C(J,X) → L(J,X) are given operators satisfying some

assumptions and x0 is an element of the Banach space X.

In this section, by using the theory of Hausdorff measure of noncompactness

and fixed point theorems, we study the nonlocal Cauchy problem (4.15) in the

cases Q(t) is compact and noncompact, respectively. Subsection 4.3.2 is devoted

to obtaining the appropriate definition on the mild solutions of the problem (4.15)

by considering a integral equation which is given in terms of probability density.

In Subsection 4.3.3, we give some preliminary lemmas. Subsection 4.3.4 provides

various existence theorems of mild solutions for the Cauchy problem (4.15) in the

case Q(t) is compact. In Subsection 4.3.5, we establish various existence theorems

of mild solutions for the Cauchy problem (4.15) in the case Q(t) is noncompact.

4.3.2 Definition of Mild Solutions

Lemma 4.8. If

x(t) = x0 − g(x) +
1

Γ(q)

∫ t

0

(t− s)q−1[Ax(s) + f(s, x(s))]ds, for t ≥ 0 (4.16)

holds, then we have

x(t) = Sq(t)(x0 − g(x)) +

∫ t

0

(t− s)q−1Pq(t− s)f(s, x(s))ds, for t ≥ 0,

where

Sq(t) =

∫ ∞

0

Mq(θ)Q(tqθ)dθ, Pq(t) =

∫ ∞

0

qθMq(θ)Q(tqθ)dθ.

Proof. Let λ > 0. Applying the Laplace transform

ν(λ) =

∫ ∞

0

e−λsx(s)ds and ω(λ) =

∫ ∞

0

e−λsf(s, x(s))ds, λ > 0

to (4.16), we have

ν(λ) =
1

λ
(x0 − g(x)) +

1

λq
Aν(λ) +

1

λq
ω(λ)

= λq−1(λqI −A)−1(x0 − g(x)) + (λqI −A)−1ω(λ)

= λq−1

∫ ∞

0

e−λ
qsQ(s)(x0 − g(x))ds+

∫ ∞

0

e−λ
qsQ(s)ω(λ)ds,

(4.17)
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provided that the integrals in (4.17) exist, where I is the identity operator defined

on X.

Using (4.5) and (4.17), we get

λq−1

∫ ∞

0

e−λ
qsQ(s)(x0 − g(x))ds

=

∫ ∞

0

q(λt)q−1e−(λt)qQ(tq)(x0 − g(x))dt

=

∫ ∞

0

− 1

λ

d

dt

(
e−(λt)q

)
Q(tq)(x0 − g(x))dt

=

∫ ∞

0

∫ ∞

0

θψq(θ)e
−λtθQ(tq)(x0 − g(x))dθdt

=

∫ ∞

0

e−λt
(∫ ∞

0

ψq(θ)Q

(
tq

θq

)
(x0 − g(x))dθ

)
dt.

(4.18)

According to (4.7), (4.17) and (4.18), we have

ν(λ) =

∫ ∞

0

e−λt
(∫ ∞

0

ψq(θ)Q

(
tq

θq

)
(x0 − g(x))dθ

+ q

∫ t

0

∫ ∞

0

ψq(θ)Q

(
(t− s)q

θq

)
f(s, x(s))

(t− s)q−1

θq
dθds

)
dt.

Now we can invert the last Laplace transform to get

x(t) =

∫ ∞

0

ψq(θ)Q

(
tq

θq

)
(x0 − g(x))dθ

+ q

∫ t

0

∫ ∞

0

ψq(θ)Q

(
(t− s)q

θq

)
f(s, x(s))

(t− s)q−1

θq
dθds

=

∫ ∞

0

Mq(θ)Q(tqθ)(x0 − g(x))dθ

+ q

∫ t

0

∫ ∞

0

θ(t− s)q−1Mq(θ)Q((t− s)qθ)f(s, x(s))dθds

= Sq(t)(x0 − g(x)) +

∫ t

0

(t− s)q−1Pq(t− s)f(s, x(s))ds.

The proof is completed.

Due to Lemma 4.8, we give the following definition of the mild solution of (4.15).

Definition 4.2. By the mild solution of the nonlocal Cauchy problem (4.15), we

mean that the function x ∈ C(J,X) which satisfies

x(t) = Sq(t)(x0 − g(x)) +

∫ t

0

(t− s)q−1Pq(t− s)f(s, x(s))ds, for t ∈ [0, a].

Suppose that A is the infinitesimal generator of a C0-semigroup {Q(t)}t≥0 of

uniformly bounded linear operators on Banach space X. This means that there

exists M > 1 such that M = supt∈[0,∞) ∥Q(t)∥B(X) <∞.
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Proposition 4.5. (Zhou and Jiao, 2010a) For any fixed t > 0, {Sq(t)}t>0 and

{Pq(t)}t>0 are linear and bounded operators, i.e., for any x ∈ X

|Sq(t)x| ≤M |x|, |Pq(t)x| ≤
M

Γ(q)
|x|.

Proposition 4.6. (Zhou and Jiao, 2010a) Operators {Sq(t)}t>0 and {Pq(t)}t>0

are strongly continuous, which means that, for ∀ x ∈ X and 0 < t′ < t′′ ≤ a, we

have

|Sq(t′′)x− Sq(t
′)x| → 0, |Pq(t′′)x− Pq(t

′)x| → 0, as t′′ → t′.

Proposition 4.7. (Zhou and Jiao, 2010a) Assume that {Q(t)}t>0 is compact op-

erator. Then {Sq(t)}t>0 and {Pq(t)}t>0 are also compact operators.

Remark 4.3. Since Sq(·) and Pq(·) are associated with the q, there are no analogue

of the semigroup property, i.e., Sq(t + s) ̸= Sq(t)Sq(s), Pq(t + s) ̸= Pq(t)Pq(s) for

t, s > 0.

4.3.3 Preliminary Lemmas

For r > 0, let Br(J) be the closed ball of the space C(J,X) with radius r and center

at 0, that is,

Br(J) = {x ∈ C(J,X) : ∥x∥ ≤ r},

where ∥x∥ = sup
t∈[0,a]

|x(t)|.

We introduce the following hypotheses:

(H0) Q(t)(t > 0) is equicontinuous, i.e., Q(t) is continuous in the uniform operator

topology for t > 0;

(H1) for each t ∈ J , the function f(t, ·) : X → X is continuous and for each x ∈ X,

the function f(·, x) : J → X is strongly measurable;

(H2) there exists a function m such that

0D
−q
t m ∈ C(J,R+), lim

t→0+
0D

−q
t m(t) = 0

and

|f(t, x)| ≤ m(t) for all x ∈ Br(J) and almost all t ∈ [0, a];

(H3) there exists a constant L ∈ (0, 1
M ), the operator g : C(J,X) → L(J,X)

satisfies

|g(x1)− g(x2)| ≤ L∥x1 − x2∥, for x1, x2 ∈ Br(J);

(H4) there exists a constant r > 0 such that

M

1−ML

(
|x0|+ |g(0)|+ sup

t∈[0,a]

{
1

Γ(q)

∫ t

0

(t− s)q−1m(s)ds

})
≤ r;
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(H3)′ the operator g : C(J,X) → L(J,X) is a continuous and compact map, and

there exist positive constants L1, L2 such that |g(x)| ≤ L1∥x∥ + L2 for all

x ∈ Br(J);

(H4)′ there exists a constant r > 0 such that

M

1−ML1

(
|x0|+ L2 + sup

t∈[0,a]

{
1

Γ(q)

∫ t

0

(t− s)q−1m(s)ds

})
≤ r.

For any x ∈ Br(J), we define an operator T as follows

(Tx)(t) = (T1x)(t) + (T2x)(t),

where

(T1x)(t) = Sq(t)(x0 − g(x)), for t ∈ [0, a],

(T2x)(t) =

∫ t

0

(t− s)q−1Pq(t− s)f(s, x(s))ds, for t ∈ [0, a].

Obviously, x is a mild solution of (4.15) in Br(J) if and only if the operator

equation x = Tx has a solution x ∈ Br(J).

Lemma 4.9. Assume that (H0)-(H3) hold. Then {T2x : x ∈ Br(J)} is equi-

continuous.

Proof. For any x ∈ Br(J), for t1 = 0, 0 < t2 ≤ a, by (H2), we get

|(T2x)(t2)− (T2x)(0)| =
∣∣∣∣ ∫ t2

0

(t2 − s)q−1Pq(t2 − s)f(s, x(s))ds

∣∣∣∣
≤ M

Γ(q)

∫ t2

0

(t2 − s)q−1m(s)ds→ 0, as t2 → 0.

For 0 < t1 < t2 ≤ a, we have

|(T2x)(t2)− (T2x)(t1)|

=

∣∣∣∣ ∫ t2

0

(t2 − s)q−1Pq(t2 − s)f(s, x(s))ds−
∫ t1

0

(t1 − s)q−1Pq(t1 − s)f(s, x(s))ds

∣∣∣∣
≤
∣∣∣∣ ∫ t2

t1

(t2 − s)q−1Pq(t2 − s)f(s, x(s))ds

∣∣∣∣
+

∣∣∣∣ ∫ t1

0

(t2 − s)q−1Pq(t2 − s)f(s, x(s))ds−
∫ t1

0

(t1 − s)q−1Pq(t2 − s)f(s, x(s))ds

∣∣∣∣
+

∣∣∣∣ ∫ t1

0

(t1 − s)q−1Pq(t2 − s)f(s, x(s))ds−
∫ t1

0

(t1 − s)q−1Pq(t1 − s)f(s, x(s))ds

∣∣∣∣
≤ M

Γ(q)

∫ t2

t1

(t2 − s)q−1m(s)ds+
M

Γ(q)

∫ t1

0

(
(t1 − s)q−1 − (t2 − s)q−1

)
m(s)ds

+

∫ t1

0

(t1 − s)q−1|Pq(t2 − s)f(s, x(s))− Pq(t1 − s)f(s, x(s))|ds

≤ M

Γ(q)

∣∣∣∣ ∫ t2

0

(t2 − s)q−1m(s)ds−
∫ t1

0

(t1 − s)q−1m(s)ds

∣∣∣∣
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+
2M

Γ(q)

∫ t1

0

(
(t1 − s)q−1 − (t2 − s)q−1

)
m(s)ds

+

∫ t1

0

(t1 − s)q−1∥Pq(t2 − s)− Pq(t1 − s)∥B(X)m(s)ds

=: I1 + I2 + I3,

Since 0D
−q
t m ∈ C(J,R+), thus I1 → 0 as t2 → t1.

For t1 < t2,

I2 ≤ 2M

Γ(q)

∫ t1

0

(t1 − s)q−1m(s)ds,

then by Lebesgue dominated convergence theorem, we have that I2 → 0 as t2 → t1.

For ε > 0 be small enough, we have

I3 ≤
∫ t1−ε

0

(t1 − s)q−1∥Pq(t2 − s)− Pq(t1 − s)∥B(X) m(s)ds

+

∫ t1

t1−ε
(t1 − s)q−1∥Pq(t2 − s)− Pq(t1 − s)∥B(X) m(s)ds

≤
∫ t1

0

(t1 − s)q−1m(s)ds sup
s∈[0,t1−ε]

∥Pq(t2 − s)− Pq(t1 − s)∥B(X)

+
2M

Γ(q)

∫ t1

t1−ε
(t1 − s)q−1m(s)ds

≤
∫ t1

0

(t1 − s)q−1m(s)ds sup
s∈[0,t1−ε]

∥Pq(t2 − s)− Pq(t1 − s)∥B(X)

+
2M

Γ(q)

∣∣∣∣ ∫ t1

0

(t1 − s)q−1m(s)ds−
∫ t1−ε

0

(t1 − ε− s)q−1m(s)ds

∣∣∣∣
+

2M

Γ(q)

∫ t1−ε

0

[(t1 − ε− s)q−1 − (t1 − s)q−1]m(s)ds.

=: I31 + I32 + I33.

By (H0), it is easy to see that I31 → 0 as t2 → t1. Similar to the proof that

I1, I2 tend to zero, we get I32 → 0 and I33 → 0 as ε → 0. Thus, I3 tends to zero

independently of x ∈ Br(J) as t2 → t1, ε → 0. Therefore, |(T2x)(t1) − (T2x)(t2)|
tends to zero independently of x ∈ Br(J) as t2 → t1, which means that {T2x : x ∈
Br(J)} is equicontinuous.

Lemma 4.10. Assume that (H1)-(H4) hold. Then T maps Br(J) into Br(J), and

T is continuous in Br(J).

Proof. Claim I. T maps Br(J) into Br(J).

For any x ∈ Br(J) and t ∈ J , by using (H1)-(H4), we have

|(Tx)(t)| = |(T1x)(t) + (T2x)(t)|
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≤ |Sq(t)(x0 − g(x))|+
∣∣∣∣ ∫ t

0

(t− s)q−1Pq(t− s)f(s, x(s))ds

∣∣∣∣
≤M(|x0|+ L∥x− 0∥+ |g(0)|) + M

Γ(q)

∫ t

0

(t− s)q−1|f(s, x(s))|ds

≤M

(
|x0|+ Lr + |g(0)|+ sup

t∈[0,a]

{
1

Γ(q)

∫ t

0

(t− s)q−1m(s)ds

})
≤ r.

Hence, ∥Tx∥ ≤ r for any x ∈ Br(J).

Claim II. T is continuous in Br(J).

For any {xm}∞m=1 ⊆ Br(J), x ∈ Br(J) with limn→∞ ∥xm − x∥ = 0, by the

condition (H1), we have

lim
m→∞

f(s, xm(s)) = f(s, x(s)).

On the one hand, using (H2), we get for each t ∈ J , (t − s)q−1|f(s, xm(s)) −
f(s, x(s))| ≤ (t−s)q−12m(s). On the other hand, the function s→ (t−s)q−12m(s)

is integrable for s ∈ [0, t] and t ∈ J . By Lebesgue dominated convergence theorem,

we get ∫ t

0

(t− s)q−1|f(s, xm(s))− f(s, x(s))|ds→ 0, as m→ ∞.

Then, for t ∈ J ,

|(Txm)(t)− (Tx)(t)|

≤ |Sq(t)(g(xm)− g(x))|+
∣∣∣∣ ∫ t

0

(t− s)q−1Pq(t− s)[f(s, xm(s))− f(s, x(s))]ds

∣∣∣∣
≤ML∥xm − x∥+ M

Γ(q)

∫ t

0

(t− s)q−1|f(s, xm(s))− f(s, x(s))|ds.

Therefore, Txm → Tx pointwise on J as m→ ∞, by which Lemma 4.9 implies that

Txm → Tx uniformly on J as m→ ∞ and so T is continuous.

Lemma 4.11. Assume that there exists a constant r > 0 such that the conditions

(H0)-(H2) and (H3)′ are satisfied. Then {Tx : x ∈ Br(J)} is equicontinuous.

Proof. For any x ∈ Br(J) and 0 ≤ t1 < t2 ≤ a, we get

|(Tx)(t2)− (Tx)(t1)| ≤ |(Sq(t2)− Sq(t1))(x0 − g(x))|+ I1 + I2 + I3,

where I1, I2 and I3 are defined as in the proof of Lemma 4.9. According to Proposi-

tion 4.6, we know that |(Tx)(t2)−(Tx)(t1)| tends to zero independently of x ∈ Br(J)

as t2 → t1, which means that {Tx, x ∈ Br(J)} is equicontinuous.

Lemma 4.12. Assume that there exists a constant r > 0 such that the conditions

(H1), (H2), (H3)′ and (H4)′ are satisfied. Then T maps Br(J) into Br(J), and T

is continuous in Br(J).
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Proof. For any x ∈ Br(J) and t ∈ J , by using (H1), (H2), (H3)′ and (H4)′, we

have
|(Tx)(t)| = |(T1x)(t) + (T2x)(t)|

≤ |Sq(t)(x0 − g(x))|+
∣∣∣∣ ∫ t

0

(t− s)q−1Pq(t− s)f(s, x(s))ds

∣∣∣∣
≤M(|x0|+ L1r + L2) +

M

Γ(q)

∫ t

0

(t− s)q−1|f(s, x(s))|ds

≤M

(
|x0|+ L1r + L2 + sup

t∈[0,a]

{
1

Γ(q)

∫ t

0

(t− s)q−1m(s)ds

})
≤ r.

Hence, ∥Tx∥ ≤ r for any x ∈ Br(J). Using the similar argument as that we did in

the proof of Lemma 4.10, we know that T is continuous in Br(J).

4.3.4 Compact Semigroup Case

In the following, we suppose that the operator A generates a compact C0-semigroup

{Q(t)}t≥0 on X, that is, for any t > 0, the operator Q(t) is compact.

Theorem 4.5. Assume that Q(t)(t > 0) is compact. Furthermore assume that

there exists a constant r > 0 such that the conditions (H1)-(H4) are satisfied. Then

the nonlocal Cauchy problem (4.15) has at least one mild solution in Br(J).

Proof. Since Proposition 4.4, Q(t)(t > 0) is equicontinuous, which implies (H0) is

satisfied.

For any x1, x2 ∈ Br(J) and t ∈ J , according to (H3), we have

|(T1x1)(t)− (T1x2)(t)| ≤M |g(x1)− g(x2)|
≤ML∥x1 − x2∥,

which implies that ∥T1x1 − T1x2∥ ≤ML∥x1 − x2∥. Thus, we obtain that

α(T1Br(J)) ≤MLα(Br(J)). (4.19)

Next, we show that {T2x, x ∈ Br(J)} is relatively compact, i.e., α(T2(Br(J))) =

0. It suffices to show that the family of functions {T2x : x ∈ Br(J)} is uniformly

bounded and equicontinuous, and for any t ∈ J , {(T2x)(t) : x ∈ Br(J)} is relatively

compact in X.

By Lemma 4.10, we have ∥T2x∥ ≤ r, for any x ∈ Br(J), which means that

{T2x : x ∈ Br(J)} is uniformly bounded. By Lemma 4.9, {T2x : x ∈ Br(J)} is

equicontinuous.

It remains to prove that for any t ∈ J, V (t) = {(T2x)(t) : x ∈ Br(J)} is

relatively compact in X.

Obviously, V (0) is relatively compact in X. Let 0 < t ≤ a be fixed. For

∀ ε ∈ (0, t) and ∀ δ > 0, define an operator T δε on Br(J) by the formula

(T δε x)(t) = q

∫ t−ε

0

∫ ∞

δ

θ(t− s)q−1Mq(θ)Q((t− s)qθ)f(s, x(s))dθds
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= q Q(εqδ)

∫ t−ε

0

∫ ∞

δ

θ(t− s)q−1Mq(θ)Q((t− s)qθ − εqδ)f(s, x(s))dθds,

where x ∈ Br(J). Then from the compactness of Q(εqδ)(εqδ > 0), we obtain that

the set V δε (t) = {(T δε x)(t) : x ∈ Br(J)} is relatively compact in X for ∀ ε ∈ (0, t)

and ∀ δ > 0. Moreover, for any x ∈ Br(J), we have

|(T2x)(t)− (T δε x)(t)| ≤ q

∣∣∣∣ ∫ t

0

∫ δ

0

θ(t− s)q−1Mq(θ)Q((t− s)qθ)f(s, x(s))dθds

∣∣∣∣
+ q

∣∣∣∣ ∫ t

t−ε

∫ ∞

δ

θ(t− s)q−1Mq(θ)Q((t− s)qθ)f(s, x(s))dθds

∣∣∣∣
≤ qM

∫ t

0

(t− s)q−1m(s)ds

∫ δ

0

θMq(θ)dθ

+
M

Γ(q)

∫ t

t−ε
(t− s)q−1m(s)ds→ 0, as ε→ 0, δ → 0.

Therefore, there are relatively compact sets arbitrarily close to the set V (t), t > 0.

Hence the set V (t), t > 0 is also relatively compact in X.

Therefore, {(T2x)(t) : x ∈ Br(J)} is relatively compact by Arzela-Ascoli theo-

rem. Thus, we have α(T2(Br(J))) = 0. By (4.19), we have

α(T (Br(J))) ≤ α(T1(Br(J))) + α(T2(Br(J))) ≤MLα(Br(J)).

Thus, the operator T is an α-contraction in Br(J). By Lemma 4.10, we know that

T is continuous. Hence, Theorem 1.10 shows that T has a fixed point in Br(J).

Therefore, the nonlocal Cauchy problem (4.15) has a mild solution in Br(J).

Theorem 4.6. Assume that Q(t)(t > 0) is compact. Furthermore assume that

(H1), (H2), (H3)′ and (H4)′ hold. Then the nonlocal Cauchy problem (4.15) has at

least a mild solution in Br(J).

Proof. Since Proposition 4.4, Q(t)(t > 0) is equicontinuous, which implies (H0) is

satisfied. By Lemma 4.12, we have ∥Tx∥ ≤ r, for any x ∈ Br(J), which means that

{Tx : x ∈ Br(J)} is uniformly bounded. By Lemmas 4.11-4.12, we know that T

is continuous, {Tx : x ∈ Br(J)} is equicontinuous. It remains to prove that for

t ∈ J , the set {(Tx)(t) : x ∈ Br(J)} is relatively compact in X.

According to the argument of Theorem 4.5, we only need to prove that for any

t ∈ J , the set V1(t) = {(T1x)(t) : x ∈ Br(J)} is relatively compact in X.

Obviously, V1(0) is relatively compact in X. Let 0 < t ≤ a be fixed. For ∀ δ > 0,

define an operator T δ1 on Br(J) by the formula

(T δ1 x)(t) =

∫ ∞

δ

Mq(θ)Q(tqθ)(x0 − g(x))dθ

= Q(tqδ)

∫ ∞

δ

Mq(θ)Q(tqθ − tqδ)(x0 − g(x))dθ
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where x ∈ Br(J). From the compactness of Q(tqδ)(tqδ > 0), we obtain that the set

V δ1 (t) = {(T δ1 x)(t) : x ∈ Br(J)} is relatively compact in X for ∀ δ > 0. Moreover,

for every x ∈ Br(J), we have

|(T1x)(t)− (T δ1 x)(t)|

=

∣∣∣∣ ∫ ∞

0

Mq(θ)Q(tqθ)(x0 − g(x))dθ −
∫ ∞

δ

Mq(θ)Q(tqθ)(x0 − g(x))dθ

∣∣∣∣
=

∣∣∣∣ ∫ δ

0

Mq(θ)Q(tqθ)(x0 − g(x))dθ

∣∣∣∣
≤M(|x0|+ L1r + L2)

∫ δ

0

Mq(θ)dθ.

Therefore, there are relatively compact sets arbitrarily close to the set V1(t), t > 0.

Hence the set V1(t), t > 0 is also relatively compact in X. Moreover, {Tx : x ∈
Br(J)} is uniformly bounded by Lemma 4.10. Therefore, {Tx : x ∈ Br(J)} is

relatively compact by Arzela-Ascoli theorem. Therefore, α(T (Br(J))) = 0. Hence,

Theorem 1.10 shows that T has a fixed point in Br(J), which means that the

nonlocal Cauchy problem (4.15) has a mild solution.

Remark 4.4. If g is not a compact mapping, we consider the following integral

equations

x(t) = tq−1Pq

(
t+

1

n

)
(x0 − g(x)) +

∫ t

0

(t− s)q−1Pq(t− s)f(s, x(s))ds, t ∈ (0, a].

(4.20)

For any n ∈ N, noticing that the operator Q( 1n ) is compact, one can easily derive

the relative compactness of V (0) and V (t)(t > 0). Then, (4.20) has a solution in

B
(q)
r (J ′). By passing the limit, as n → ∞, one obtains a mild solution of the

nonlocal Cauchy problem (4.15). However, because Q(t) is replaced by Q( 1n ), one

needs a more restrictive condition than (H4)′, such as

(H4)′′ there exists a constant r > 0 such that

Mε

(
|x0|+ L1r + L2 + sup

t∈[0,a]

{
1

Γ(q)

∫ t

0

(t− s)q−1m(s)ds

})
≤ r,

where Mε = supt∈[0,a+ε] ∥Q(t)∥B(X), ε is a small constant.

Remark 4.5. The condition (H2) of Theorems 4.5-4.6 can be replaced by the fol-

lowing condition.

(H2)′ There exist a constant q1 ∈ (0, q) and m ∈ L
1
q1 (J,R+) such that

|f(t, x)| ≤ m(t) for all x ∈ Br(J) and almost all t ∈ [0, a].

We emphasize that (H2) is weaker than the condition (H2)′.
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4.3.5 Noncompact Semigroup Case

If Q(t) is noncompact, we give an assumption as follows.

(H5) There exists ℓ > 0 such that for any bounded D ⊂ X,

α(f(t,D)) ≤ ℓα(D).

Theorem 4.7. Assume that (H0)-(H5) hold. Then the nonlocal Cauchy problem

(4.15) has at least one mild solution in Br(J).

Proof. By Lemmas 4.9-4.10, we know that T : Br(J) → Br(J) is bounded, continu-

ous and {T2x : x ∈ Br(J)} is equicontinuous. For each bounded subset B0 ⊂ Br(J),

set

T 1(B0) = T2(B0), T
n(B0) = T2

(
co(Tn−1(B0))

)
, n = 2, 3, ... .

Then for any ε > 0, there is a sequence {x(1)n }∞n=1 such that

α(T 1(B0(t))) = α(T2(B0(t)))

≤ 2α

(∫ t

0

(t− s)q−1Pq(t− s)f(s, {x(1)n (s)}∞n=1)ds

)
+ ε

≤ 4M

Γ(q)

∫ t

0

(t− s)q−1α
(
f(s, {x(1)n (s)}∞n=1)

)
ds+ ε

≤ 4Mℓα(B0)

Γ(q)

∫ t

0

(t− s)q−1ds+ ε

=
4Mℓtqα(B0)

Γ(q + 1)
+ ε.

Since ε > 0 is arbitrary, we have

α(T 1(B0(t))) ≤
4Mℓtq

Γ(q + 1)
α(B0).

From Propositions 1.18-1.20, for any ε > 0, there is a sequence {x(2)n }∞n=1 ⊂
co(T 1(B0)) such that

α(T 2(B0(t))) = α(T2(co(T
1(B0(t))))

≤ 2α

(∫ t

0

(t− s)q−1Pq(t− s)f(s, {x(2)n (s)}∞n=1)ds

)
+ ε

≤ 4M

Γ(q)

∫ t

0

(t− s)q−1α
(
f(s, {x(2)n (s)}∞n=1)

)
ds+ ε

≤ 4Mℓ

Γ(q)

∫ t

0

(t− s)q−1α({x(2)n (s)}∞n=1)ds+ ε

≤ (4Mℓ)2α(B0)

Γ(q)Γ(q + 1)

∫ t

0

(t− s)q−1sqds+ ε

=
(4Mℓ)2t2qα(B0)

Γ(2q + 1)
+ ε.
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It can be shown, by mathematical induction, that for every n̄ ∈ N,

α(T n̄(B0(t))) ≤
(4Mℓ)n̄tn̄qα(B0)

Γ(n̄q + 1)
.

Since

lim
n̄→∞

(4Mℓaq)n̄

Γ(n̄q + 1)
= 0,

there exists a positive integer n̂ such that

(4Mℓ)n̂tn̂q

Γ(n̂q + 1)
≤ (4Mℓaq)n̂

Γ(n̂q + 1)
= k < 1.

Then

α(T n̂(B0(t))) ≤ kα(B0).

We know from Proposition 1.16, T n̂(B0(t)) is bounded and equicontinuous,

Then, from Proposition 1.17, we have

α(T n̂(B0)) = max
t∈[0,a]

α(T n̂(B0(t))).

Hence

α(T n̂(B0)) ≤ kα(B0).

By using the similar method as in the proof of Theorem 4.3, we can prove that

there exists a D ⊂ Br(J) such that

α(T2(D)) = 0. (4.21)

On the other hand, for any x1, x2 ∈ D and t ∈ J , according to (H3), we have

|(T1x1)(t)− (T1x2)(t)| ≤M |g(x1)− g(x2)|
≤ML∥x1 − x2∥,

which implies that ∥T1x1 − T1x2∥ ≤ML∥x1 − x2∥. Thus, we obtain that

α(T1D) ≤MLα(D). (4.22)

By (4.21) and (4.22), we have

α(T (D)) ≤ α(T1(D)) + α(T2(D)) ≤MLα(T (D)).

Thus, the operator T is an α-contraction in D. By Lemma 4.10, we know that T

is continuous. Hence, Theorem 1.10 shows that T has a fixed point in D ⊂ Br(J).

Therefore, the nonlocal Cauchy problem (4.15) has a mild solution in Br(J).

Theorem 4.8. Assume that (H0)-(H2), (H3)′, (H4)′ and (H5) hold, then the non-

local Cauchy problem (4.15) has at least a mild solution in Br(J).

Proof. By the proof of Theorem 4.7, we know that there exists a D ⊂ Br(J) such

that T2(D) is relatively compact, i.e., α(T2(D)) = 0. Clearly, α(T1(D)) = 0, since

g(x) is compact and Sq(t) is bounded. Hence, we have

α(T (D)) ≤ α(T1(D)) + α(T2(D)) = 0.

Therefore, Theorem 1.10 shows that T has a fixed point in D ⊂ Br(J). Therefore,

the nonlocal Cauchy problem (4.15) has a mild solution in Br(J).
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4.4 Nonlocal Problems for Evolution Equations

4.4.1 Introduction

The nonlocal condition has a better effect on the solution and is more precise for

physical measurements than the classical condition alone. In this section, we discuss

the existence of mild solutions of Cauchy problem for fractional evolution equations

with nonlocal conditions
C
0D

α
t x(t) = Ax(t) + f (t, x(t)) , α ∈ (0, 1), t ∈ J = [0, 1],

x(0) =
m∑
k=1

akx(tk), k = 1, 2, ...,m,
(4.23)

where A : D(A) ⊂ X → X is the generator of a C0-semigroup {Q(t)}t≥0 on a

Banach space X, f : J × X → X is a given function and ak (k = 1, 2, ...,m) are

real numbers with Σmk=1ak ̸= 1 and tk, k = 1, 2, ...,m are given points satisfying

0 ≤ t1 ≤ t2 ≤ · · · ≤ tm < 1.

In Subsection 4.4.2, a suitable definition of mild solution of the equation (4.23) is

introduced by defining a bounded operator B. Meanwhile, two sufficient conditions

are given to guarantee such B exists. In Subsection 4.4.3, we state two existence

result, the first one relies on a growth condition on J and the other one relies on a

growth condition involving two parts, one for [0, tm], and the other for [tm, 1].

4.4.2 Definition of Mild Solutions

Assume that Pα, Sα are defined as in Subsection 4.3.2. Suppose that there exists a

bounded operator B : X → X given by

B =

(
I −

m∑
k=1

akSα(tk)

)−1

. (4.24)

We can give two sufficient conditions to guarantee such B exists and is bounded.

Lemma 4.13. The operator B defined in (4.24) exists and is bounded, if one of the

following two conditions holds:

(C1) there exist some real numbers ak such that

M
m∑
k=1

|ak| < 1, (4.25)

where M = supt∈(0,∞) ∥Q(t)∥B(X) <∞;

(C2) Q(t) is compact for each t > 0 and homogeneous linear nonlocal problems
C
0D

α
t x(t) = Ax(t), α ∈ (0, 1), t ∈ J,

x(0) =
m∑
k=1

akx(tk),
(4.26)

has no non-trivial mild solutions.
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Proof. For (C1), it is easy to see∥∥∥∥∥
m∑
k=1

akSα(tk)

∥∥∥∥∥
B(X)

≤M
m∑
k=1

|ak| < 1,

where Proposition 4.5 and (4.25) are used. Thus by Neumann theorem, B defined

by (4.24) exists and it is bounded.

For (C2), it is obvious that the mild solutions of the problem (4.26) is given by

x(t) = Sα(t)x(0),

which implies that

x(0) =
m∑
k=1

akx(tk) =
m∑
k=1

akSα(tk)x(0).

By Proposition 4.7, Sα(tk) is compact for each tk > 0, k = 1, 2, ...,m. Then∑m
k=1 akSα(tk) is also compact. Since the problem (4.26) has no non-trivial mild

solutions, one can obtain the desired result via Fredholm alternative theorem.

Now we introduce the following definition of mild solutions of the equation (4.23).

Definition 4.3. By a mild solution of the equation (4.23), we mean a function

x ∈ C(J,X) satisfying

x(t) = Sα(t)
m∑
k=1

akB(g(tk)) + g(t), t ∈ J, (4.27)

where

g(tk) =

∫ tk

0

(tk − s)α−1Pα(tk − s)f(s, x(s))ds, (4.28)

and

g(t) =

∫ t

0

(t− s)α−1Pα(t− s)f(s, x(s))ds, t ∈ J. (4.29)

Remark 4.6. To explain the formula (4.27), we note that a mild solution of

the fractional evolution equation (4.23) with the initial condition is just x(t) =

Sα(t)x(0) + g(t), so taking into account also the nonlocal condition, we get

x(0) =
m∑
k=1

akSα(tk)x(0) +
m∑
k=1

akg(tk).

So x(0) =
∑m
k=1 akB(g(tk)) and hence x(t) = Sα(t)

∑m
k=1 akB(g(tk)) + g(t) which

is just (4.27).
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4.4.3 Existence

Our first existence result is based on the well-known Schaefer fixed point theorem.

In this subsection, we study our problem under the following assumptions:

(H1) f : J ×X → X satisfies the Carathéodory conditions;

(H2) there exists a function h such that 0D
−α
t h(t) exists for all t ∈ J and

0D
−α
· h(·) ∈ C((0, 1],R+) with limt→0+ 0D

−α
t h(t) = 0 and a nondecreasing

continuous function Ω : R+ → R+ such that

|f(t, x)| ≤ h(t)Ω(|x|)

for all x ∈ X and all t ∈ J ;

(H3) the inequality

lim sup
ρ→∞

ρ

(
M2BΩ(ρ)

m∑
k=1

|ak|0D−α
t h(tk) +MΩ(ρ) sup

t∈J
0D

−α
t h(t)

)−1

> 1

hold;

(H4) Q(t) is compact for each t > 0.

We begin to consider the following problem
C
0D

α
t x(t) = Ax(t) + λf (t, x(t)) , α ∈ (0, 1], λ, t ∈ J,

x(0) =
m∑
k=1

akx(tk).
(4.30)

Define an operator F : C(J,X) → C(J,X) as follows

(Fx)(t) = (F1x)(t) + (F2x)(t), t ∈ J,

where Fi : C(J,X) → C(J,X), i = 1, 2 are given by the formulas

(F1x)(t) = Sα(t)
m∑
k=1

akB(g(tk)), (F2x)(t) = g(t),

where B is the operator defined in (4.24), g(tk) is defined in (4.28) and g(t) is

defined in (4.29).

Obviously, a mild solution of the equation (4.30) is a solution of the operator

equation

x = λFx (4.31)

and conversely. Thus, we can apply Schaefer fixed point theorem to derive the

existence results of solutions of the equation (4.23).

Lemma 4.14. Let x be any solution of the equation (4.31). Then, there exists

R∗ > 0 such that ∥x∥C ≤ R∗ which is independent of the parameter λ ∈ J .
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Proof. Denote R0 := ∥x∥. Taking into accounts our conditions and Proposition

4.5 and Proposition 4.6, it follows from (4.27) that

|x(t)| ≤ |(F1x)(t)|+ |(F2x)(t)|

≤M
m∑
k=1

|ak|∥B∥B(X)|g(tk)|+ |g(t)|, t ∈ J.
(4.32)

Note that

|g(tk)| ≤
∫ tk

0

(tk − s)α−1∥Pα(tk − s)∥B(X)|f(s, x(s))|ds

≤ M

Γ(α)

∫ tk

0

(tk − s)α−1h(s)Ω(∥x∥)ds

≤ MΩ(R0)

Γ(α)

∫ tk

0

(tk − s)α−1h(s)ds

=MΩ(R0)0D
−α
tk
h(tk), k = 1, 2, ...,m,

(4.33)

and

|g(t)| ≤ MΩ(R0)

Γ(α)

∫ t

0

(t− s)α−1h(s)ds

=MΩ(R0) sup
t∈J

0D
−α
t h(t), t ∈ J.

(4.34)

In view of (4.32)-(4.34), one can obtain

R0 := ∥x∥ ≤M2∥B∥B(X)Ω(R0)

m∑
k=1

|ak|0D−α
tk
h(tk) +MΩ(R0) sup

t∈J
0D

−α
t h(t), t ∈ J,

which implies that

R0

(
M2∥B∥B(X)Ω(R0)

m∑
k=1

|ak|0D−α
tk
h(tk) +MΩ(R0) sup

t∈J
0D

−α
t h(t)

)−1

≤ 1.

(4.35)

However, it follows (H3) that there exists a R∗ > 0 such that for all R > R∗ we can

derive that

R

(
M2∥B∥B(X)Ω(R)

m∑
k=1

|ak|0D−α
tk
h(tk) +MΩ(R) sup

t∈J
0D

−α
t h(t)

)−1

> 1. (4.36)

Now, comparing the equalities (4.35) and (4.36), we claim that R0 ≤ R∗. As a

result, we find that ∥x∥ ≤ R∗ which independents the parameter λ. This completes

the proof.

Let

BR∗ = {x ∈ C(J,X) : ∥x∥ ≤ R∗}.
Then BR∗ is a bounded closed and convex subset in C(J,X).

By Lemma 4.14, we can derive the following result.

Lemma 4.15. The operator F maps BR∗ into itself.
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Lemma 4.16. The operator F : BR∗ → BR∗ is completely continuous.

Proof. For our purpose, we only need to check that Fi : BR∗ → BR∗ , i = 1, 2

is completely continuous. Firstly, by repeating the same producers of Lemma 4.10

and Theorem 4.5, one can obtain F2 : BR∗ → BR∗ is completely continuous.

Secondly, one can check that F1 : BR∗ → BR∗ is continuous (by (H1), (H2) and

Proposition 4.5) and F1 : BR∗ → BR∗ is compact in viewing of Sα(t) is compact

for each t > 0 (by (H4) and Proposition 4.7). The proof is completed.

Now, we can state the main result of this section.

Theorem 4.9. Assume that (H1)-(H4) hold and the condition (C1) (or (C2)) is

satisfied. Then the equation (4.23) has at least one solution u ∈ C(J,X) and the

set of the solutions of the equation (4.23) is bounded in C(J,X).

Proof. Obviously, the set {x ∈ C(J,X) : x = λFx, 0 < λ < 1} is bounded due to

Lemma 4.15. Now we can apply Theorem 1.6 to derive that F has a fixed point

in BR∗ which is just the mild solution of the equation (4.23). This completes the

proof.

Our second existence result is based on O’Regan fixed point theorem.

In addition to (H1), (H4) and (C1) (or (C2)), motivated by Boucherif and Pre-

cup, 2003, 2007, we introduce the following two assumptions:

(H5) there exists a function h such that 0D
−α
t h(t) exists for all t ∈ [0, tm] and

0D
−α
· h(·) ∈ C((0, tm],R+) with limt→0+ 0D

−α
t h(t) = 0 and a nondecreasing

continuous function Ω : R+ → R+ such that

|f(t, x)| ≤ h(t)Ω(|x|)

for all x ∈ X, and for all t ∈ [tm, 1] there exists a function l such that

tmD
−α
t l(t) exists and tmD

−α
· l(·) ∈ C([tm, 1],R+) such that

|f(t, x)| ≤ l(t), (4.37)

for all x ∈ X. Moreover, Ω has the property

r > MΩ(r)

(
m∑
k=1

|ak|∥B∥B(X) + 1

)
sup

t∈[0,tm]
0D

−α
t h(t) (4.38)

for all r > R∗
1 > 0;

(H6) there exists a function q such that tmD
−α
t q(t) exists for all t ∈ [tm, 1] and

tmD
−α
· q(·) ∈ C([tm, 1],R+) with M supt∈[tm,1] 0D

−α
t q(t) ≤ 1 and a non-

decreasing continuous function Ψ : R+ → R+ with Ψ(r) < r for r > 0 such

that

|f(t, x)− f(t, y)| ≤ q(t)Ψ(|x− y|)

for all t ∈ [tm, 1] and x, y ∈ X.
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Consider the equation (4.30) again and the equivalent equation

x = λTx (4.39)

where T : C(J,X) → C(J,X) is defined by

(Tx)(t) = (T1x)(t) + (T2x)(t), t ∈ J,

where Ti : C(J,X) → C(J,X), i = 1, 2 given by

(T1x)(t) =



Sα(t)
m∑
k=1

akB(g(tk)) + g(t), t ∈ [0, tm),

Sα(t)
m∑
k=1

akB(g(tk))

+

∫ tm

0

(t− s)α−1Pα(t− s)f(s, x(s))ds, t ∈ [tm, 1],

and

(T2x)(t) =


0, t ∈ [0, tm),∫ t

tm

(t− s)α−1Pα(t− s)f(s, x(s))ds, t ∈ [tm, 1].

We first prove that any solutions of the equation (4.39) have a priori bound.

Lemma 4.17. Let x be any solution of the equation (4.39). Then, there exist

R∗
i > 0 i = 1, 2 such that ∥x∥C([0,tm],X) ≤ R∗

1 and ∥x∥C([tm,1],X) ≤ R∗
2. In other

words, ∥x∥ ≤ R∗ = max{R∗
1, R

∗
2} which is independent of the parameter λ.

Proof. Case I. We prove that there exists R∗
1 > 0 such that ∥x∥C([0,tm],X) ≤ R∗

1.

For t ∈ [0, tm] and λ ∈ J , denote R[0,tm] := ∥x∥C([0,tm],X), we have

|x(t)| ≤ λ|(T1x)(t)|+ |(T2x)(t)|

≤M

m∑
k=1

|ak|∥B∥B(X)|g(tk)|+ |g(t)|

≤M
m∑
k=1

|ak|∥B∥B(X)
M

Γ(α)

∫ tk

0

(tk − s)α−1h(s)Ω(R[0,tm])ds

+
M

Γ(α)

∫ t

0

(t− s)α−1h(s)Ω(R[0,tm])ds

≤MΩ(R[0,tm])

(
m∑
k=1

|ak|∥B∥B(X) + 1

)
sup

t∈[0,tm]
0D

−α
t h(t),

which implies that

R[0,tm] ≤MΩ(R[0,tm])

(
m∑
k=1

|ak|∥B∥B(X) + 1

)
sup

t∈[0,tm]
0D

−α
t h(t).



August 14, 2023 16:41 ws-book961x669 Basic Theory of Fractional Differential Equations 13289-main page 185

Fractional Abstract Evolution Equations 185

From (4.38) we find that there exists R∗
1 ≥ R[0,tm] > 0 such that

∥x∥C([0,tm],X) ≤ R∗
1.

Case II. We prove that there exists R∗
2 > 0 such that ∥x∥C([tm,1],X) ≤ R∗

2.

For t ∈ [tm, 1] and λ ∈ J , keeping in mind our assumptions, we find that

|x(t)| ≤M
m∑
k=1

|ak|∥B∥B(X)
M

Γ(α)

∫ tk

0

(tk − s)α−1h(s)Ω(R∗
1)ds

+
M

Γ(α)

∫ tm

0

(t− s)α−1h(s)Ω(R∗
1)ds+

M

Γ(α)

∫ t

tm

(t− s)α−1h(s)ds

≤MΩ(R∗
1)

(
m∑
k=1

|ak|∥B∥B(X) + 1

)
sup

t∈[0,tm]
0D

−α
t h(t)

+M sup
t∈[tm,1]

tmD
−α
t l(t),

which implies that

∥x∥C([tm,1],X) ≤ R∗
2,

where

R∗
2 =M

[
Ω(R∗

1)

(
m∑
k=1

|ak|∥B∥B(X) + 1

)
sup

t∈[0,tm]
0D

−α
t h(t) + sup

t∈[tm,1]
tmD

−α
t l(t)

]
.

Let R∗ = max{R∗
1, R

∗
2}. Then we find that any possible solutions of the equation

(4.39) satisfy ∥x∥ ≤ R∗ which are independent of the parameter λ. This completes

the proof.

Denote

D = {x ∈ C(J,X) : ∥x∥ < R∗ + 1}.

We can proceed as in the proof of Lemma 4.17 to derive the following result.

Lemma 4.18. T (D) is bounded.

One can proceed as in the proof of Lemma 4.16 to obtain the following result.

Lemma 4.19. The operator T1 : D → C(J,X) is completely continuous.

Next, we show the following result.

Lemma 4.20. The operator T2 : D → C(J,X) is nonlinear contraction.

Proof. It follows from the definition of T2 we only need to show T2 : D →
C([tm, 1], X) is a nonlinear contraction.

In fact, for any x, y ∈ D and t ∈ [tm, 1], we have

|(T2x)(t)− (T2y)(t)| ≤
∫ t

tm

(t− s)α−1 ∥Pα(t− s)[f(s, x(s))− f(s, y(s))]∥ ds
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≤ M

Γ(α)

∫ t

tm

(t− s)α−1q(s)Ψ(|x(s)− y(s)|)ds

≤ MΨ(∥x− y∥)
Γ(α)

∫ t

tm

(t− s)α−1q(s)ds

≤

(
M sup

t∈[tm,1]
tmD

−α
t q(t)

)
Ψ(∥x− y∥),

which implies that

∥T2x− T2y∥ ≤ Ψ(∥x− y∥).

This completes the proof.

Now, we are ready to present the main result of this section.

Theorem 4.10. Assume that (H1), (H4), (H5) and (H6) hold and the condition

(C1) (or (C2)) is satisfied. Then the equation (4.23) has at least one solution

u ∈ C(J,X).

Proof. By Lemma 4.17 we see that (ii) of Theorem 1.8 does not hold. Thus, there is

no solution of the equation (4.39) with x ∈ ∂D. Therefore, one can apply Theorem

1.8 to derive that T has a fixed point in D which is just the mild solution of the

equation (4.23). This completes the proof.

Remark 4.7. Theorem 4.10 also holds even if (H5) and (H6) are replaced by the

following conditions:

(H5)′ condition (H5) is assumed without (4.37);

(H6)′ denoting δ := limr→+∞ inf Ψ(r)
r ≤ 1, condition (H6) is assumed in addition

with

Mδ sup
t∈[tm,1]

tmD
−α
t q(t) < 1.

Indeed, we can modify Case II in the proof of Lemma 4.17 as follows

|x(t)| ≤M
m∑
k=1

|ak|∥B∥B(X)
M

Γ(α)

∫ tk

0

(tk − s)α−1h(s)Ω(R∗
1)ds

+
M

Γ(α)

∫ tm

0

(t− s)α−1h(s)Ω(R∗
1)ds

+
M

Γ(α)

∫ t

tm

(t− s)α−1|f(s, 0)|ds+ M

Γ(α)

∫ t

tm

(t− s)α−1q(s)Ψ(|x(s)|)ds

≤MΩ(R∗
1)

(
m∑
k=1

|ak|∥B∥B(X) + 1

)
sup

t∈[0,tm]
tmD

−α
t h(t)

+
M supt∈[tm,t] |f(t, 0)|(1− tm)α

Γ(α+ 1)
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+
M

Γ(α)

∫ t

tm

(t− s)α−1q(s)(δ|x(s)|+ δ1)ds,

for some δ1 ≥ 0.

Then we have

R∗
2 =

1

1−Mδ supt∈[tm,1] tmD
−α
t q(t)

×

[
MΩ(R∗

1)

(
m∑
k=1

|ak|∥B∥B(X) + 1

)
sup

t∈[0,tm]
tmD

−α
t h(t)

+
M supt∈[tm,t] |f(t, 0)|(1− tm)α

Γ(α+ 1)
+Mδ1 sup

t∈[tm,1]
tmD

−α
t q(t)

]
.

4.5 Optimal Controls of Fractional Evolution Equations

4.5.1 Introduction

In this section, we consider the following fractional evolution equations{
C
0D

q
tx(t) = −Ax(t) + f (t, x(t)) , t ∈ J = [0, T ], q ∈ (0, 1),

x(0) = x0,
(4.40)

where C0D
q
t is the Caputo fractional derivative of order 0 < q < 1, −A : D(A) → X is

the infinitesimal generator of a compact analytic semigroup of uniformly bounded

linear operators {T (t) , t ≥ 0}, f : J × Xα → X is specified later, where Xα =

D(Aα)(0 < α < 1) is a Banach space with the norm ∥x∥α = ∥Aαx∥ for x ∈ Xα.

In the present section, we introduce a suitable α-mild solution for system (4.40).

The introduced α-mild solution is associated with a probability density function

and semigroup operator. Then we give some properties of two new linear operators

associated with the probability density function and semigroup operator which are

used throughout this section. We prove the existence of α-mild solutions for system

(4.40) under some easy checked conditions. The main technique used here are

fractional calculus, singular version Gronwall inequality visa Leray-Schauder fixed

point theorem for compact maps. Further, we consider the Lagrange problem of

systems governed by (4.40) and an existence result of optimal controls is presented.

The rest of this section is organized as follows. In Subsection 4.5.2, we give some

preliminary results on the fractional powers of the generator of an analytic compact

semigroup and introduce the α-mild solution of system (4.40). In Subsection 4.5.3,

we study the existence and uniqueness of α-mild solutions for system (4.40). In

Subsection 4.5.4, we introduce a class of admissible controls and an existence result

of optimal controls for a Lagrange problem is proved. At last, an example is given

to demonstrate the applicability of the result.

4.5.2 Preliminaries

We denote by X a Banach space with the norm ∥ · ∥ and −A : D(A) → X is

the infinitesimal generator of a compact analytic semigroup of uniformly bounded
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linear operators {T (t) , t ≥ 0}. This means that there exists M > 1 such that

∥T (t)∥ ≤ M . We assume without loss of generality that 0 ∈ ρ(A). This allows us

to define the fractional power Aα for 0 < α < 1, as a closed linear operator on its

domain D(Aα) with inverse A−α (see Pazy, 1983).

We have the following basic properties on Aα.

Theorem 4.11. (Pazy, 1983)

(i) Xα = D(Aα) is a Banach space with the norm ∥x∥α = ∥Aαx∥ for x ∈ Xα.

(ii) T (t) : X → Xα for each t > 0.

(iii) AαT (t)x = T (t)Aαx for each x ∈ Xα and t ≥ 0.

(iv) For every t > 0, AαT (t) is bounded on X and there exists Nα > 0 and ν > 0

such that

∥AαT (t)∥ ≤ Nα
tα
e−νt ≤ Nα

tα
.

(v) A−α is a bounded linear operator in X with Xα = Im (A−α).

(vi) If 0 < α ≤ β < 1, then D(Aβ) ↪→ D(Aα).

Remark 4.8. Observe as in Liu and Chang, 2009 that by Theorem 4.11 (ii) and

(iii), the restriction Tα(t) of T (t) toXα is exactly the part of T (t) inXα. Let x ∈ Xα.

Since ∥T (t)x∥α ≤ ∥AαT (t)x∥ = ∥T (t)Aαx∥ ≤ ∥T (t)∥∥Aαx∥ = ∥T (t)∥∥x∥α, and as

t decreases to 0, ∥T (t)x−x∥α = ∥AαT (t)x−Aαx∥ = ∥T (t)Aαx−Aαx∥ → 0, for all

x ∈ Xα, it follows that {T (t), t ≥ 0} is a family of strongly continuous semigroup

on Xα and ∥Tα(t)∥ ≤ ∥T (t)∥ ≤M for all t ≤ 0.

In the sequel, we will also use ∥f∥Lp(J,R+) to denote the Lp(J,R+) norm of

f whenever f ∈ Lp(J,R+) for some p with 1 < p < ∞. We will set α ∈ (0, 1)

and denote by Cα, the Banach space C(J,Xα) endowed with supnorm given by

∥x∥∞ ≡ supt∈J ∥x∥α, for x ∈ Cα.
Based on Subsection 4.3.2, we use the following definition of α-mild solution for

the problem below.

Definition 4.4. By the α-mild solution of system (4.40), we mean that the function

x ∈ Cα which satisfies

x(t) = S(t)x0 +

∫ t

0

(t− s)q−1P (t− s)f (s, x(s)) ds, t ∈ J,

where

S(t) =

∫ ∞

0

Mq(θ)T (t
qθ)dθ, P (t) =

∫ ∞

0

qθMq(θ)T (t
qθ)dθ.

The following results will be used throughout this section.

Lemma 4.21. The operators S and P have the following properties:
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(i) For any fixed t ≥ 0, S(t) and P (t) are linear and bounded operators, i.e., for

any x ∈ X,

∥S(t)x∥ ≤M∥x∥, ∥P (t)x∥ ≤ M

Γ(q)
∥x∥.

(ii) {S(t)}t≥0 and {P (t)}t≥0 are strongly continuous.

(iii) Assume that {T (t)}t>0 is compact operator. Then {S(t)}t>0 and {P (t)}t>0

are also compact operators.

(iv) For any x ∈ X, β ∈ (0, 1) and α ∈ (0, 1), we have

AP (t)x = A1−βP (t)Aβx, t ∈ J,

∥AαP (t)∥ ≤ NαqΓ(2− α)

Γ(1 + q(1− α))
t−αq, 0 < t ≤ T.

(v) For fixed t ≥ 0 and any x ∈ Xα, we have

∥S(t)x∥α ≤M∥x∥α, ∥P (t)x∥α ≤ M

Γ(q)
∥x∥α.

(vi) Sα(t) and Pα(t), t > 0 are uniformly continuous, that is for each fixed t > 0,

and ϵ > 0, there exists h > 0 such that

∥Sα(t+ ϵ)− Sα(t)∥α < ε, for t+ ϵ ≥ 0 and |ϵ| < h,

∥Pα(t+ ϵ)− Pα(t)∥α < ε, for t+ ϵ ≥ 0 and |ϵ| < h,

where

Sα(t) =

∫ ∞

0

Mq(θ)Tα(t
qθ)dθ, Pα(t) =

∫ ∞

0

qθMq(θ)Tα(t
qθ)dθ.

Proof. We only check (v) and (vi) as follows.

(v) For fixed t ≥ 0 and any x ∈ Xα, using (iii) of Theorem 4.11,

∥S(t)x∥α ≤
∫ ∞

0

Mq(θ)∥AαT (tqθ)x∥dθ

≤
∫ ∞

0

Mq(θ)∥T (tqθ)∥∥Aαx∥dθ

≤M

∫ ∞

0

Mq(θ)∥Aαx∥dθ

=M∥x∥α
and

∥P (t)x∥α ≤
∫ ∞

0

qθMq(θ)∥AαT (tqθ)x∥dθ

≤
∫ ∞

0

qθMq(θ)∥T (tqθ)∥∥Aαx∥dθ

≤M

∫ ∞

0

qθMq(θ)∥Aαx∥dθ
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=
M

Γ(q)
∥x∥α.

(vi) For each fixed t > 0, and h > ϵ > 0, one can obtain

∥Sα(t+ ϵ)− Sα(t)∥α ≤
∫ ∞

0

Mq(θ)∥Tα((t+ ϵ)qθ)− Tα(t
qθ)∥αdθ

≤M

∫ ∞

0

Mq(θ)∥Tα((t+ ϵ)qθ − tqθ)− I∥αdθ,

∥Pα(t+ ϵ)− Pα(t)∥α ≤
∫ ∞

0

qθMq(θ)∥Tα((t+ ϵ)qθ)− Tα(t
qθ)∥αdθ

≤M

∫ ∞

0

qθMq(θ)∥Tα((t+ ϵ)qθ − tqθ)− I∥αdθ.

By Lemma 3.3 of Liu and Chang, 2009, we know that the uniformly continuous of

Tα(t), t > 0. As a result,

∥Tα((t+ ϵ)qθ − tqθ)− I∥α → 0, as ϵ→ 0.

It comes from ∫ ∞

0

Mq(θ)dθ = 1 and

∫ ∞

0

θMq(θ)dθ =
1

Γ(1 + q)
,

that Sα(t) and Pα(t), t > 0 is uniformly continuous.

Lemma 4.22. (Zeidler, 1990) For each ψ ∈ Lp(J,X) with 1 ≤ p < +∞,

lim
h→0

∫ T

0

∥ψ(t+ h)− ψ(t)∥pdt = 0

where ψ(s) = 0 for s does not belong to J .

4.5.3 Existence of α-Mild Solutions

In this subsection, we give the existence of the α-mild solutions for system (4.40).

We make the following assumptions.

[Hf]: f : J ×Xα → X satisfies:

(1) For each x ∈ Xα, t→ f(t, x) is measurable.

(2) For arbitrary x1, x2 ∈ Xα satisfying ∥x1∥α, ∥x2∥α ≤ ρ, there exists a constant

Lf (ρ) > 0 such that

∥f(t, x1)− f(t, x2)∥ ≤ Lf (ρ)∥x1 − x2∥α, for all t ∈ J.

(3) There exists a constant af > 0 such that

∥f(t, x)∥ ≤ af (1 + ∥x∥α), for all x ∈ Xα and t ∈ J.

Now we are ready to state and prove the main result in this subsection.

Theorem 4.12. Assume that the condition [Hf] is satisfied. If x0 ∈ Xα and αq < 1
2

for some 1
2 < q < 1, then system (4.40) has an unique α-mild solution on J .
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Proof. Define the function F : Cα → Cα by

(Fx)(t) = S(t)x0 +

∫ t

0

(t− s)q−1P (t− s)f (s, x(s)) ds.

It is not difficult to verify that Fx ∈ Cα. In fact, for 0 ≤ t1 < t2 ≤ T , by Lemma

4.21, Hölder inequality and αq < 1
2 , one can deduce the following inequality

∥(Fx)(t1)− (Fx)(t2)∥α
≤ ∥S(t1)x0 − S(t2)x0∥α

+

∫ t1

0

(t1 − s)q−1∥P (t1 − s)f (s, x(s))− P (t2 − s)f (s, x(s)) ∥αds

+

∫ t1

0

|(t1 − s)q−1 − (t2 − s)q−1|∥P (t2 − s)f (s, x(s)) ∥αds

+

∫ t2

t1

(t2 − s)q−1∥P (t2 − s)f (s, x(s)) ∥αds

≤ ∥Sα(t1)− Sα(t2)∥α∥x0∥α

+

∫ t1

0

(t1 − s)q−1∥Aα[P (t2 − s)− P (t1 − s)]∥∥f (s, x(s)) ∥ds

+

∫ t1

0

|(t1 − s)q−1 − (t2 − s)q−1|∥AαP (t2 − s)∥∥f (s, x(s)) ∥ds

+

∫ t2

t1

(t2 − s)q−1∥AαP (t2 − s)∥∥f (s, x(s)) ∥ds

≤ ∥Sα(t1)− Sα(t2)∥α∥x0∥α

+
qNα+1Γ(2− α)

αΓ(1 + q(1− α))
∥f∥C(J,X)

∫ t1

0

(t1 − s)q−1|(t2 − s)−qα − (t1 − s)−qα|ds

+
NαqΓ(2− α)

Γ(1 + q(1− α))

∫ t1

0

|(t1 − s)q−1 − (t2 − s)q−1|(t2 − s)−αq∥f (s, x(s)) ∥ds

+
NαqΓ(2− α)

Γ(1 + q(1− α))

∫ t2

t1

(t2 − s)q−αq−1∥f (s, x(s)) ∥ds

≤ ∥Sα(t1)− Sα(t2)∥α∥x0∥α

+
qNα+1Γ(2− α)

αΓ(1 + q(1− α))
∥f∥C(J,X)

(∫ t1

0

|(t2 − s)−qα − (t1 − s)−qα|2ds
) 1

2

×
(∫ t1

0

(t1 − s)2(q−1)ds

) 1
2

+
NαqΓ(2− α)

Γ(1 + q(1− α))

(∫ t1

0

|(t1 − s)q−1 − (t2 − s)q−1|2ds
) 1

2

×
(∫ t1

0

(t2 − s)−2αqds

) 1
2

∥f∥C(J,X)
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+
NαqΓ(2− α)

Γ(1 + q(1− α))

1

q(1− α)
(t2 − t1)

q(1−α)∥f∥C(J,X)

≤ ∥Sα(t1)− Sα(t2)∥α∥x0∥α

+

√
1

2q − 1
t
q− 1

2
1

qNα+1Γ(2− α)

αΓ(1 + q(1− α))
∥f∥C(J,X)

×

(∫ T

0

|(t2 − s)−qα − (t1 − s)−qα|2ds

) 1
2

+
NαqΓ(2− α)

Γ(1 + q(1− α))

(∫ T

0

|(t1 − s)q−1 − (t2 − s)q−1|2ds

) 1
2

×
√

1

1− 2αq

(
t1−2αq
2 − (t2 − t1)

1−2αq
) 1

2 ∥f∥C(J,X)

+
NαqΓ(2− α)

Γ(1 + q(1− α))

1

q(1− α)
(t2 − t1)

q(1−α)∥f∥C(J,X),

which implies that Fx ∈ Cα.
Then we proceed in four steps.

Step I. F is a continuous operator on Cα.
In fact, let x1, x2 ∈ Cα and ∥x1 − x2∥∞ ≤ 1, then ∥x1∥∞ ≤ 1 + ∥x2∥∞ = ρ, and

∥(Fx1)(t)− (Fx2)(t)∥α

≤
∫ t

0

(t− s)q−1∥P (t− s)[f (s, x1(s))− f (s, x2(s))]∥αds

≤
∫ t

0

(t− s)q−1∥AαP (t− s)∥∥f (s, x1(s))− f (s, x2(s)) ∥ds

≤ Lf (ρ)
NαqΓ(2− α)

Γ(1 + q(1− α))

∫ t

0

(t− s)q−1−αq∥x1(s)− x2(s)∥αds

≤ Lf (ρ)
NαqΓ(2− α)

Γ(1 + q(1− α))

∫ t

0

(t− s)q−1−αq∥x1(s)− x2(s)∥αds

≤ Lf (ρ)
NαqΓ(2− α)

Γ(1 + q(1− α))

(∫ t

0

(t− s)q−1−αqds

)
∥x1 − x2∥∞

≤ Lf (ρ)
NαqΓ(2− α)

Γ(1 + q(1− α))

1

q(1− α)
tq(1−α)∥x1 − x2∥∞.

Therefore, it can easily been shown that

∥Fx1 − Fx2∥∞ ≤ Lf (ρ)
NαqΓ(2− α)

Γ(1 + q(1− α))

1

q(1− α)
T q(1−α)∥x1 − x2∥∞,

that is, F is continuous.

Step II. F is compact.

Let B is bounded subset of Cα, there exists a constant µ such that ∥x∥∞ ≤ µ for

all x ∈ B. By [Hf](3), there exists a constant N such that ∥f(t, x(t))∥ ≤ af (1+µ) =
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N . Then FB is a bounded subset of Cα. In fact, let x ∈ B, using Lemma 4.21 (i)

and (iv), one can obtain

∥(Fx)(t)∥α ≤ ∥S(t)x0∥α +

∫ t

0

(t− s)q−1
∥∥P (t− s)f(s, x(s))

∥∥
α
ds

≤M∥x0∥α +

∫ t

0

(t− s)q−1
∥∥AαP (t− s)∥∥f(s, x(s))∥ds

≤M∥x0∥α +
NαqΓ(2− α)

Γ(1 + q(1− α))
N

∫ t

0

(t− s)q−αq−1ds

≤M∥x0∥α +
NαqΓ(2− α)

Γ(1 + q(1− α))
N

1

q(1− α)
tq(1−α).

Thus,

∥Fx∥∞ ≤Mµ+
NαqΓ(2− α)

Γ(1 + q(1− α))

NT q(1−α)

q(1− α)
,

which implies that FB is bounded.

Define Π = FB and Π(t) = {(Fx)(t) | x ∈ B} for t ∈ J . Clearly, Π(0) =

{(Fx)(0) | x ∈ B} = {x0} is compact, and hence, it is only necessary to consider

t > 0. For each h ∈ (0, t), t ∈ (0, T ], arbitrary δ > 0, define

Πh,δ(t) = (Fh,δB)(t) =

{
(Fh,δx)(t) | x ∈ B

}
where

(Fh,δx)(t)

= T (hqδ)

∫ ∞

δ

Mq(θ)T (t
qθ − hqδ)x0dθ

+ T (hqδ)

∫ t−h

0

(t− s)q−1

(
q

∫ ∞

δ

θMq(θ)T ((t− s)qθ − hqδ)dθ

)
f (s, x(s)) ds

=

∫ ∞

δ

Mq(θ)T (t
qθ)x0dθ + q

∫ t−h

0

∫ ∞

δ

θ(t− s)q−1Mq(θ)T ((t− s)qθ)f (s, x(s)) dθds.

Then the sets {(Fh,δx)(t) | x ∈ B} are relatively compact in Xα since the

operator T (hqδ), hqδ > 0 is compact in Xα. It comes from the following inequalities

∥(Fx)(t)− (Fh,δx)(t)∥α

≤
∥∥∥∥∫ δ

0

Mq(θ)T (t
qθ)x0dθ

∥∥∥∥
α

+ q

∥∥∥∥∫ t

0

∫ δ

0

θ(t− s)q−1Mq(θ)T ((t− s)qθ)f (s, x(s)) dθds

∥∥∥∥
α

+ q

∥∥∥∥∫ t

0

∫ ∞

δ

θ(t− s)q−1Mq(θ)T ((t− s)qθ)f (s, x(s)) dθds

−
∫ t−h

0

∫ ∞

δ

θ(t− s)q−1Mq(θ)T ((t− s)qθ)f (s, x(s)) dθds

∥∥∥∥
α
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≤
∫ δ

0

Mq(θ)∥T (tqθ)x0∥αdθ

+ q

∫ t

0

∫ δ

0

θ(t− s)q−1Mq(θ)∥AαT ((t− s)qθ)∥∥f (s, x(s)) ∥dθds

+ q

∫ t

t−h

∫ ∞

δ

θ(t− s)q−1Mq(θ)∥AαT ((t− s)qθ)∥∥f (s, x(s)) ∥dθds

≤M∥x0∥α
∫ δ

0

Mq(θ)dθ +NαNq

∫ t

0

∫ δ

0

θ(t− s)q−1Mq(θ)((t− s)qθ)−αdθds

+NαNq

∫ t

t−h

∫ ∞

δ

θ(t− s)q−1Mq(θ)((t− s)qθ)−αdθds

≤M∥x0∥α
∫ δ

0

Mq(θ)dθ +NαNq

∫ t

0

∫ δ

0

θ1−α(t− s)q−qα−1Mq(θ)dθds

+NαNq

∫ t

t−h

∫ ∞

δ

θ1−α(t− s)q−qα−1Mq(θ)dθds

≤M∥x0∥α
∫ δ

0

Mq(θ)dθ +NαNq

(∫ t

0

(t− s)q−qα−1ds

)∫ δ

0

θ1−αMq(θ)dθ

+NαNq

(∫ t

t−h
(t− s)q−qα−1ds

)∫ ∞

0

θ1−αMq(θ)dθ

≤M∥x0∥α
∫ δ

0

Mq(θ)dθ +NαNq

(∫ t

0

(t− s)q−qα−1ds

)∫ δ

0

θ1−αMq(θ)dθ

+NαNq
Γ(2− α)

Γ(1 + q(1− α))

(∫ t

t−h
(t− s)q−qα−1ds

)
and∫ t

0

(t− s)q−qα−1ds ≤ 1

q(1− α)
tq(1−α),

∫ t

t−h
(t− s)q−qα−1ds ≤ 1

q(1− α)
hq(1−α)

that

∥(Fx)(t)− (Fh,δx)(t)∥α

≤M∥x0∥α
∫ δ

0

Mq(θ)dθ +
NαNq

q(1− α)
T q(1−α)

∫ δ

0

θ1−αMq(θ)dθ

+
NαNqΓ(2− α)

Γ(1 + q(1− α))

1

q(1− α)
hq(1−α).

Therefore, Π(t) = {(Fx)(t) | x ∈ B} is relatively compact in Xα for all t ∈ (0, T ]

and since it is compact at t = 0 we have the relatively compactness in Xα for all

t ∈ J .

Next, let us prove that Π = FB is equicontinuous. For T > h ≥ 0,

∥(Fx)(h)− (Fx)(0)∥α ≤ ∥Sα(h)− I∥α∥x0∥α

+
NαqΓ(2− α)

Γ(1 + q(1− α))
N

1

q(1− α)
hq(1−α),
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and for 0 < s < t1 < t2 ≤ T ,

∥(Fx)(t1)− (Fx)(t2)∥α ≤ I1 + I2 + I3 + I4,

where

I1 = ∥Sα(t1)− Sα(t2)∥α∥x0∥α,

I2 = N

√
1

2q − 1
t
q− 1

2
1

qNα+1Γ(2− α)

αΓ(1 + q(1− α))

(∫ T

0

|(t2 − s)−qα − (t1 − s)−qα|2ds

) 1
2

,

I3 = N
NαqΓ(2− α)

Γ(1 + q(1− α))

(∫ T

0

|(t1 − s)q−1 − (t2 − s)q−1|2ds

) 1
2

×
√

1

1− 2αq

(
t1−2αq
2 − (t2 − t1)

1−2αq
) 1

2

,

I4 = N
NαqΓ(2− α)

Γ(1 + q(1− α))

1

q(1− α)
(t2 − t1)

q(1−α).

Now, we need to check that I1, I2, I3, I4 tend to 0 independently of x ∈ B when

t2 → t1. In fact, let x ∈ B, one can deduce that limt2→t1 I1 = 0 and limt2→t1 I2 = 0

since by (iii) and (vi) of Lemma 4.21. Moreover, using the fact |(t1 − s)q−1 − (t2 −
s)q−1| → 0 as t2 → t1, and Lemma 4.22, we can deduce∫ T

0

|(t1 − s)q−1 − (t2 − s)q−1|2ds→ 0, as t2 → t1.

Thus, limt2→t1 I3 = 0 since αq < 1
2 . It is also easy to see limt2→t1 I4 = 0.

In summary, we have proven that FB is relatively compact, for t ∈ J , Π =

{Fx | x ∈ B} is a family of equicontinuous functions. Hence by the Arzela-Ascoli

theorem, F is compact.

Step III. F has a fixed point in Cα.
According to Schauder fixed point theorem, it is sufficient to show that the set

Σ = {x ∈ Cα | x = σFx, σ ∈ [0, 1]} is a bounded subset of Cα.
In fact, let x ∈ Σ,

∥x(t)∥α = ∥σ(Fx)(t)∥α

≤ ∥S(t)x0∥α +

∫ t

0

(t− s)q−1
∥∥P (t− s)f(s, x(s))

∥∥
α
ds

≤M∥x0∥α +

∫ t

0

(t− s)q−1
∥∥AαP (t− s)∥∥f(s, x(s))∥ds

≤M∥x0∥α +
afNαqΓ(2− α)

Γ(1 + q(1− α))

∫ t

0

(t− s)q−αq−1(1 + ∥x(s)∥α)ds

≤M∥x0∥α +
afNαqΓ(2− α)

Γ(1 + q(1− α))

T q(1−α)

q(1− α)

+
afNαqΓ(2− α)

Γ(1 + q(1− α))

∫ t

0

(t− s)q−αq−1∥x(s)∥αds,
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using the well known singular version Gronwall inequality, we can deduce that there

exists a constant M∗ > 0 such that ∥x∥∞ ≤ M∗. Thus, Σ is a bounded subset of

Cα. By Schauder fixed point theorem F has a fixed point Cα. Consequently, system
(4.40) has at least one α-mild solution x on J .

Step IV. x(·) is unique.
Let y(·) be another α-mild solution of system (4.40) with the initial value y0. It

is not difficult to verify that there exists a constant ρ > 0 such that ∥x∥α, ∥y∥α ≤ ρ.

From

∥x(t)− y(t)∥α

≤ ∥S(t)(x0 − y0)∥α +

∫ t

0

(t− s)q−1∥P (t− s)(f(s, x(s))− f(s, y(s)))∥αds,

we can deduce that

∥x(t)− y(t)∥α ≤M∥(x0 − y0)∥α

+
Lf (ρ)NαqΓ(2− α)

Γ(1 + q(1− α))

∫ t

0

(t− s)q−αq−1∥x(s)− y(s)∥αds.

By singular version Gronwall inequality again, there exists a constant M̃ > 0 such

that

∥x(t)− y(t)∥α ≤ M̃M∥x0 − y0∥α,
which yields the uniqueness of x(·).

4.5.4 Existence of Fractional Optimal Controls

We suppose that Y is another separable reflexive Banach space from which the

controls u take the value. We denote a class of nonempty closed and convex subsets

of Y by Wf (Y ). The multifunction ω : J −→ Wf (Y ) is measurable and ω(·) ⊂ E

where E is a bounded set of Y , the admissible control set Uad = Spω = {u ∈ Lp(E) |
u(t) ∈ ω(t) a.e.}, 1 < p < ∞. Then Uad ̸= ∅ (see Proposition 1.7 and Lemma 3.2

of Hu and Papageorgiou, 1997).

Consider the following controlled system{
Dqx(t) = −Ax(t) + f(t, x(t)) + C(t)u(t), t ∈ J, u ∈ Uad, q ∈ (0, 1),

x(0) = x0.
(4.41)

Assumption [HC]: C ∈ L∞(J, L(Y,Xα)).

It is easy to see that Cu ∈ Lp(J,Xα) for all u ∈ Uad.

By Theorem 4.12, we have the following result.

Theorem 4.13. In addition to assumptions of Theorem 4.12, suppose assumption

[HC] holds. For every u ∈ Uad and pq(1 − α) > 1, system (4.41) has a α-mild

solution corresponding to u given by

xu(t) = S(t)x0 +

∫ t

0

(t− s)q−1P (t− s)f(s, x(s))ds

+

∫ t

0

(t− s)q−1P (t− s)C(s)u(s)ds.
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Proof. Compared with Theorem 4.12, the key step is to check the term containing

control policy. Consider

Ψ(t) =

∫ t

0

(t− s)q−1P (t− s)C(s)u(s)ds,

using Lemma 4.21(iv) and Hölder inequality again, we have

∥Ψ(t)∥α ≤
∥∥∥∥∫ t

0

(t− s)q−1P (t− s)C(s)u(s)ds

∥∥∥∥
α

≤
∫ t

0

(t− s)q−1∥AαP (t− s)∥∥C(s)u(s)∥ds

≤ ∥C∥∞NαqΓ(2− α)

Γ(1 + q(1− α))

∫ t

0

(t− s)q−qα−1∥u(s)∥Y ds

≤ ∥C∥∞NαqΓ(2− α)

Γ(1 + q(1− α))

(∫ t

0

(t− s)
p
p−1 (q−qα−1)ds

) p−1
p
(∫ t

0

∥u(s)∥pY ds
) 1
p

≤ ∥C∥∞NαqΓ(2− α)

Γ(1 + q(1− α))

(
p− 1

pq(1− α)− 1

) p−1
p

T
pq(1−α)−1

p−1 ∥u∥Lp(J,Y ),

where ∥C∥∞ is the norm of operator C in Banach space L∞(J, L(Y,Xα)). Thus,

∥(t − s)q−1P (t − s)C(s)u(s)∥α is Lebesgue integrable with respect to s ∈ [0, t] for

all t ∈ J . From Lemma 1.6, it follows that (t − s)q−1P (t − s)C(s)u(s) is Bochner

integral with respect to s ∈ [0, t] for all t ∈ J . Hence Ψ(·) ∈ Cα. Using Theorem

4.12, one can verify it immediately.

Assumption [HL]:

(1) The functional L : J ×Xα × Y −→ R ∪ {∞} is Borel measurable.

(2) L(t, ·, ·) is sequentially lower semicontinuous on Xα × Y for almost all t ∈ J .

(3) L(t, x, ·) is convex on Y for each x ∈ Xα and almost all t ∈ J .

(4) There exist constants d ≥ 0, e > 0, φ is nonnegative and φ ∈ L1(J,R) such

that

L(t, x, u) ≥ φ(t) + d∥x∥α + e∥u∥pY .

We consider the Lagrange problem (P):

Find (x0, u0) ∈ C(J,Xα)× Uad such that

J(x0, u0) ≤ J(xu, u), for all u ∈ Uad

where

J(xu, u) =

∫ T

0

L(t, xu(t), u(t))dt,

xu denotes the α-mild solution of system (4.41) corresponding to the control u ∈
Uad.

In order to obtain the existence of fractional optimal controls we need the fol-

lowing important lemma.
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Lemma 4.23. Operator Q : Lp(J, Y ) −→ Cα for some pq(1− α) > 1, given by

(Qu)(·) =
∫ ·

0

P (· − s)C(s)u(s)ds

is strongly continuous.

Proof. Suppose that {un} ⊆ Lp(J, Y ) is bounded, we define Θn(t) = (Qun)(t),

t ∈ J . Similar to the proof of Theorem 4.13, one can know that for any fixed

t ∈ J and pq(1 − α) > 1, ∥Θn(t)∥α is bounded. By Lemma 4.21, it is not difficult

to verify that Θn(t) is compact in Xα and is also equicontinuous. Due to Arzela-

Ascoli theorem again, {Θn(t)} is relatively compact in Cα. Obviously, Q is linear

and continuous. Hence, Q is a strongly continuous operator.

Now we can give the following result on existence of optimal controls for problem

(P).

Theorem 4.14. If the assumption [HL] and the assumptions of Theorem 4.13 hold,

then the problem (P) admits at least one optimal pair.

Proof. If inf{J(xu, u) | u ∈ Uad} = +∞, there is nothing to prove.

Assume that inf{J(xu, u) | u ∈ Uad} = ϵ < +∞. Using assumption [HL], we

have ϵ > −∞. By definition of infimum there exists a minimizing sequence feasible

pair {(xm, um)} ⊂ Aad ≡ {(x, u) | x is a α-mild solution of system (4.41) corre-

sponding to u ∈ Uad}, such that J(xm, um) → ϵ as m → +∞. Since {um} ⊆ Uad,

m = 1, 2, . . ., {um} is bounded in Lp(J, Y ), there exists a subsequence, relabeled as

{um}, and u0 ∈ Lp(J, Y ) such that

um
w−→ u0 in Lp(J, Y ), as m→ +∞.

Since Uad is closed and convex, thanks to Marzur Lemma, u0 ∈ Uad.

Suppose xm (x0) is the mild solution of system (4.41) corresponding to um (u0).

xm and x0 satisfy the following integral equation respectively

xm(t) = S(t)x0 +

∫ t

0

(t− s)q−1P (t− s)f(s, xm(s))ds

+

∫ t

0

(t− s)q−1P (t− s)C(s)um(s)ds,

x0(t) = S(t)x0 +

∫ t

0

(t− s)q−1P (t− s)f(s, x0(s))ds

+

∫ t

0

(t− s)q−1P (t− s)C(s)u0(s)ds.

It follows from the boundedness of {um} ({u0}) and Theorem 4.12, one can verify

that there exists a positive number ρ such that ∥xm∥∞, ∥x0∥∞ ≤ ρ.

For t ∈ J , we have

∥xm(t)− x0(t)∥α ≤ ∥η(1)m (t)∥α + ∥η(2)m (t)∥α
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where

η(1)m (t) =

∫ t

0

(t− s)q−1P (t− s)[f(s, xm(s))− f(s, x0(s))]ds,

η(2)m (t) =

∫ t

0

(t− s)q−1P (t− s)C(s)
(
um(s)− u0(s)

)
ds.

Using Lemma 4.21(iv) and [Hf](2), one has

∥η(1)m (t)∥α ≤ Lf (ρ)NαqΓ(2− α)

Γ(1 + q(1− α))

∫ t

0

(t− s)q−1−αq∥x1(s)− x2(s)∥αds.

Using Lemma 4.23, one has

η(2)m (t)
s−→ 0 in Xα, as m→ ∞.

Thus,

∥xm(t)− x0(t)∥α

≤ ∥η(2)m (t)∥α +
Lf (ρ)NαqΓ(2− α)

Γ(1 + q(1− α))

∫ t

0

(t− s)q−1−αq∥x1(s)− x2(s)∥αds.

By virtue of singular version Gronwall inequality again, there exists M̂∗ > 0

such that

∥xm(t)− x0(t)∥α ≤ M̂∗∥η(2)m (t)∥α
which yields that

xm −→ x0 in C(J,Xα), as m→ ∞.

Since C(J,Xα) ↪→ L1(J,Xα), using the assumption [HL] and Balder’s theorem,

we can obtain

ϵ = lim
m→∞

∫ T

0

L (t, xm(t), um(t)) dt ≥
∫ T

0

L
(
t, x0(t), u0(t)

)
dt = J

(
x0, u0

)
≥ ϵ.

This show that J attains its minimum at u0 ∈ Uad.

At last, an example is given to illustrate our theory. Consider the following

problem:
C
0D

q
tx(t, y)−∆x(t, y) = x(t, y) + 2u(t, y), y ∈ Ω, t ∈ [0, 1], q = 25

26 ,

x(t, y) |y∈∂Ω= 0, t > 0,

x(0, y) = 0

(4.42)

where Ω ⊂ R3 is a bounded domain, ∂Ω ∈ C3.

DefineX = Y = L2(Ω),D(A) = H2(Ω)
⋂
H1

0 (Ω), and Ax = −
(
∂2x
∂y21

+∂2x
∂y22

+∂2x
∂y23

)
for x ∈ D(A). The admissible control set Uad = {u ∈ Y | ∥u∥L2([0,1],Y ) ≤ 1}. By

Sobolev embedded theorem, we can choose α = 11
24 then X 11

24
↪→ C1(Ω). Find the

control u(t, y) that minimizes the performance index

J(x, u) =

∫ 1

0

∫
Ω

|x(t, y)|2dydt+
∫ 1

0

∫
Ω

|u(t, y)|2dydt

subject to the problem (4.42).
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Define x(t)(y) = x(t, y), C(t)u(t)(y) = 2u(t, y), f (t, x(t)) (y) = x(t)(y). Thus

problem (4.42) can be rewritten as{
C
0D

q
tx(t) = −Ax(t) + f (t, x(t)) + C(t)u(t), t ∈ [0, 1], q ∈ (0, 1),

x(0) = x0
(4.43)

with the cost function

J(u) =

∫ 1

0

(
∥x(t)∥2 + ∥u(t)∥2E

)
dt.

It is not difficult to verify that qα = 25
26 ×

4
5 = 275

624 <
1
2 and pq(1−α) = 2× 25

26 ×
13
24 =

25
24 > 1. Then it satisfies all the assumptions given in Theorem 4.14. Therefore, the

problem (4.42) has at least one optimal pair.

4.6 Abstract Cauchy Problems with Almost Sectorial Operators

4.6.1 Introduction

Let X be a complex Banach space with norm | · |. As usual, for a linear operator A,

we denote by D(A) the domain of A, by σ(A) its spectrum, while ρ(A) := C−σ(A)
is the resolvent set of A, and denote by the family R(z;A) = (zI −A)−1, z ∈ ρ(A)

of bounded linear operators the resolvent of A. Moreover, we denote by B(X,Y )

the space of all bounded linear operators from Banach space X to Banach space Y

with the usual operator norm ∥ · ∥B(X,Y ), and we abbreviate this notation to B(X)

when Y = X, and write ∥T∥B(X) as ∥T∥ for every T ∈ B(X).

When dealing with parabolic evolution equations, it is usually assumed that the

partial differential operator in the linear part is a sectorial operator, stimulated by

the fact that this class of operators appears very often in the applications. For

example, one can find from Henry, 1981; Lunardi, 1995 and Pazy, 1983 that many

elliptic differential operators equipped with homogeneous boundary conditions are

sectorial when they are considered in Lebesgue spaces (e.g., Lp-space) or in the

space of continuous functions. We here mention that the operator Aε in Example

4.2, which acts on a domain of “dumb-bell with a thin handle”, is sectorial on V pϵ .

However, as presented in Example 4.2 and Example 4.3, though the resolvent set of

some partial differential operators considered in some special domains such as the

limit “domain” of dumb-bell with a thin handle or in some spaces of more regular

functions such as the space of Hölder continuous functions, contains a sector, but for

which the resolvent operators do not satisfy the required estimate to be a sectorial

operator.

Example 4.2. In this notation the “dumb-bell with a thin handle” has the form

Ωε = D1 ∪Qε ∪D2 (ε ∈ (0, 1]; small),

where D1 and D2 are mutually disjoint bounded domains in RN (N ≥ 2) with

smooth boundaries, joined by a thin channel, Qε (which is not required to be
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cylindrical), which degenerates to a 1-dim line segment Q0 as ε approaches zero.

This implies that passing to the limit as ε → 0, the limit “domain” of Ωε consists

of the fixed part D1, D2 and the line segment Q0. Without loss of generality, we

may assume that Q0 = {(x, 0, . . . , 0); 0 < x < 1}. Let P0 = (0, 0, . . . , 0), P1 =

(1, 0, . . . , 0) be the points where the line segment touches the boundary of D1 and

D2. Put Ω = D1 ∪D2.

Firstly, consider the evolution equation of parabolic type equipped with Neu-

mann boundary condition in the form
ut −∆u+ u = f(u), x ∈ Ωϵ, t > 0,

∂u

∂n
= 0, x ∈ ∂Ωϵ,

(4.44)

where ∆ stands for the Laplacian operator with respect to the spatial variable

x ∈ Ωϵ, ∂Ωϵ is the boundary of Ωϵ,
∂
∂n denotes the outward normal derivative on

∂Ωϵ and f : R → R is a nonlinearity. Let V pϵ (1 ≤ p < ∞) denote the family of

spaces based on Lp(Ωϵ), equipped with the norm

∥u∥V pϵ =

(∫
Ω

|u|p + 1

εN−1

∫
Qϵ

|u|p
)1/p

.

Define the linear operator Aε : D(Aε) ⊂ V pϵ 7→ V pϵ by

D(Aε) =

{
u ∈W 2,p(Ωϵ) : ∆u ∈ V pϵ ,

∂u

∂n

∣∣∣∣
∂Ωϵ

= 0

}
,

Aεu = −∆u+ u, u ∈ D(Aε).

It follows from a standard argument that the operator Aε generates an analytic

semigroup on V pϵ . Moreover, the following estimate holds

∥R(λ;−Aε)∥B(Lp(Ωϵ)) ≤
C

|λ|
, for λ ∈ Σ′

θ,

where Σ′
θ = {λ ∈ C : | arg(λ− 1)| ≤ θ} with θ > π

2 , and C is a constant that does

not depend on ε (see, e.g., Henry, 1981 and Pazy, 1983).

The limit problem of (4.44) as ε → 0 is the following problem studied in Car-

valho, Dlotko and Neseimento, 2008

wt −∆w + w = f(w), x ∈ Ω, t > 0,

∂w

∂n
= 0, x ∈ ∂Ω,

vt −
1

g
(gvx)x + v = f(v), x ∈ Q0 = (0, 1),

v(0) = w(P0) , v(1) = w(P1),

where w is a function that lives in Ω and v lives in the line segment Q0, the function

g : [0, 1] → (0,∞) is a smooth function related to the geometry of the channel Qε,

more exactly, on the way the channel Qε collapses to the segment line Q0. Observe
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that the vector (w, v) is continuous in the junction between Ω and Q0 and the

variable w does not depend on the variable v, but v depends on w.

We identify V p0 with Lp(Ω)⊕ Lpg(0, 1) (1 ≤ p <∞) endowed with the norm

∥(w, v)∥V p0 =

(∫
Ω

|w|p +
∫ 1

0

g|v|p
)1/p

.

Consider the operator A0 : D(A0) ⊂ V p0 7→ V p0 defined by

D(A0) = {(w, v) ∈ V P0 ;w ∈ D(∆Ω), v ∈ Lpg(0, 1), w(P0) = v(0), w(P1) = v(1)},

A0(w, v) =

(
−∆w + w,−1

g
(gv′)′ + v

)
, (w, v) ∈ V p0 , (4.45)

where ∆Ω is the Laplace operator with homogeneous Neumann boundary conditions

in Lp(Ω) and

D(∆Ω) =

{
u ∈W 2,p(Ω) :

∂u

∂n

∣∣∣∣
∂Ω

= 0

}
.

As pointed out by Arrieta, Carvalho and Lozada-Cruz, 2009a, the operator A0

defined by (4.45) is not a sectorial operator. Its spectrum is all real and, therefore,

it is contained in a sector but the resolvent estimate is different from the case of

sectorial operator. More precisely, the operator A0 has the following properties (see

also Arrieta, Carvalho and Lozada-Cruz, 2006, 2009a):

(a) the domain D(A0) is dense in V P0 ;

(b) if p > N
2 , then A0 is a closed operator;

(c) A0 has compact resolvent;

(d) for some µ ∈ (0, π2 ), Σµ := {λ ∈ C \ {0} : | arg λ| ≤ π − µ} ∪ {0} ⊂ ρ(−A0),

and for N
2 < q ≤ p, the following estimate holds:

∥R(λ;−A0)∥B(V q0 ,V
p
0 ) ≤

C

1 + |λ|γ′ , λ ∈ Σµ, (4.46)

for each 0 < γ′ < 1− N
2q −

1
2 (

1
q −

1
p ) < 1, where C is a positive constant.

Remark 4.9. In fact, it is easy to prove that the estimate (4.46) with p = q > N
2

is equivalent to

∥R(λ;−A0)∥B(V p0 ) ≤
C̃

|λ|γ′ , λ ∈ Σµ \ {0},

for 0 < γ′ < 1− N
2p , where C̃ is a positive constant.

We refer to Section 2 of Arrieta, Carvalho and Lozada-Cruz, 2006 for a complete

and rigorous definition of the dumb-bell domain, and to Arrieta, 1995; Arrieta, Car-

valho and Lozada-Cruz, 2006, 2009a,b; Dancer and Daners, 1997; Gadyl’shin, 2005;

Jimbo, 1989 for related studies of partial differential equations involving dumb-bell

domain.
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Example 4.3. Assume that Ω is a bounded domain in RN (N ≥ 1) with boundary

∂Ω of class C4m (m ∈ N). Let Cl(Ω), l ∈ (0, 1), denote the usual Banach space with

norm | · |l. Consider the elliptic differential operator A′ : D(A′) ⊂ Cl(Ω) 7→ Cl(Ω)

in the form

D(A′) =
{
u ∈ C2m+l(Ω) : Dβu|∂Ω = 0, |β| ≤ m− 1

}
,

A′u =
∑

|β|≤2m

a
β
(x)Dβu(x), u ∈ D(A′),

where β is a multiindex in (N
⋃

{0})n,

|β| =
n∑
j=1

βj , Dβ =
n∏
j=1

(
−i ∂
∂xj

)βj
.

The coefficients a
β
: Ω 7→ C of A′ are assumed to satisfy

(i) a
β
∈ Cl(Ω) for all |β| ≤ 2m;

(ii) a
β
(x) ∈ R for all x ∈ Ω and |β| = 2m;

(iii) there exists a constant M > 0 such that

M−1|ξ|2 ≤
∑

|β|=2m

a
β
(x)ξβ ≤M |β|2, for all ξ ∈ RN and x ∈ Ω.

Then, the following statements hold.

(a) A′ is not densely defined in Cl(Ω);

(b) there exist ν, ε > 0 such that

σ(A′ + ν) ⊂ Sπ
2 −ε =

{
λ ∈ C \ {0} : | arg λ| ≤ π

2
− ε
}
∪ {0},

∥R(λ;A′ + ν)∥B(Cl(Ω)) ≤
C

|λ|1− l
2m

, λ ∈ C \ Sπ
2 −ε;

(c) the exponent l
2m − 1 ∈ (−1, 0) is sharp. In particular, the operator A′ + ν is

not sectorial.

Notice in particular that the Laplace operator satisfies the conditions (a)-(c) in

Example 4.3. For more details we refer to Wahl, 1972.

Observe that from Example 4.2 and Remark 4.9, if p > N
2 , then A0 ∈ Θ−γ′

µ (V p0 )

for some γ′ ∈ (0, 1− N
2p ) and µ ∈ (0, π2 ), that is, A0 is an almost sectorial operator

on V p0 . Also, from Example 4.3 one can find that (A′ + ν) ∈ Θ
l

2m−1
π
2 −ε (Cl(Ω)), which

implies that A′ + ν is an almost sectorial operator on Cl(Ω).

In this section, motivated by the above consideration, we are interested in study-

ing the Cauchy problem for the linear evolution equation{
C
0D

α
t u(t) +Au(t) = f(t), t > 0,

u(0) = u0,
(4.47)
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as well as the Cauchy problem for the corresponding semilinear fractional evolution

equation {
C
0D

α
t u(t) +Au(t) = f(t, u(t)), t > 0,

u(0) = u0
(4.48)

in X, where C
0D

α
t , 0 < α < 1, is Caputo fractional derivative of order α and A is

an almost sectorial operator, that is, A ∈ Θγω(X) (−1 < γ < 0, 0 < ω < π/2).

The main purpose is to study the existence and uniqueness of mild solutions and

classical solutions of Cauchy problems (4.47) and (4.48). To do this, we construct

two operator families based on the generalized Mittag-Leffler functions and the

resolvent operators associated with A, present deep anatomy on basic properties

for these families consisting on the study of the compactness, and prove that, under

natural assumptions, reasonable concept of solutions can be given to problems (4.47)

and (4.48), which in turn is used to find solutions to the Cauchy problems.

Remark 4.10. We make no assumption on the density of the domain of A.

Remark 4.11.

(i) M. M. Dzhrbashyan and A. B. Nersessyan in Dzhrbashyan and Nersessyan, 1968

(see also Miller and Ross, 1993) showed that the solution of the Cauchy

problem {
C
0D

α
t u(t) + λu(t) = 0, t > 0,

u(0) = 1, 0 < α < 1

has the form u(t) = Eα(−λtα), where Eα is the known Mittag-Leffler func-

tion. This result issues a warning to us that no matter how smooth the data

u0 is, it is inappropriate to define the mild solution of problem (4.47) as

follows

u(t) = T (t)u0 +
1

Γ(α)

∫ t

0

(t− s)α−1T (t− s)f(s)ds,

where T (t) is the semigroup generated by A (see Remark 1.7(i)), though this

fashion was used in some situations of previous research (see, e.g., Jaradat,

Ao-Omari and Momani, 2008).

(ii) Let us point out that in the treatment of problems (4.47) and (4.48), one of the

difficult points is to give reasonable concept of solutions (see also the works

of Zhou and Jiao, 2010a; Hernandez, O’Regan and Balachandran, 2010).

Another is that even though the operator A generates a semigroup T (t) in

X, it is not continuous at t = 0 for nonsmooth initial data u0.

(iii) It is worth mentioning that if it is the case when A is a matrix (or even

bounded linear operators) then Kilbas, Srivastava and Trujill, 2006, obtained

an explicit representation of mild solution to problem (4.47).



August 14, 2023 16:41 ws-book961x669 Basic Theory of Fractional Differential Equations 13289-main page 205

Fractional Abstract Evolution Equations 205

Let us now give a short summary of this section, which is organized in a way close to

that given by Carvalho, Dlotko and Nescimento, 2008. In Subsection 4.6.2, we con-

struct a pair of families of operators and present deep anatomy on the properties for

these families. Based on the families of operators defined in Subsection 4.6.2, a rea-

sonable concept of solution is given in Subsection 4.6.3 to problems (4.47), which in

turn is used to analyze the existence of mild solutions and classical solutions to the

Cauchy problem. The corresponding semilinear problem (4.48) is studied in Sub-

section 4.6.4. We investigate the existence of mild solutions, and then the existence

of classical solutions. Finally, based mainly in Carvalho, Dlotko and Nescimento,

2008; Periago and Straub, 2002, we present three examples in Subsection 4.6.5 to

illustrate our results.

Remark 4.12. Let us note that results in this section can be easily extended to

the case of (general) sectorial operators.

4.6.2 Properties of Operators

Throughout this subsection we let A be an operator in the class Θγω(X) and

−1 < γ < 0, 0 < ω < π/2. In the sequel, we succeed in defining two families

of operators based on the generalized Mittag-Leffler functions and the resolvent op-

erators associated with A. They are two families of linear and bounded operators.

In order to check the properties of the families, we need a third object, namely the

semigroup associated with A. We stress that these families are used very frequently

throughout the rest of this section. Below the letter C denotes various positive

constants.

Define operator families {Sα(t)}|t∈S0
π
2

−ω
, {Pα(t)}|t∈S0

π
2

−ω
by

Sα(t) := Eα(−ztα)(A) =
1

2πi

∫
Γθ

Eα(−ztα)R(z;A)dz,

Pα(t) := eα(−ztα)(A) =
1

2πi

∫
Γθ

eα(−ztα)R(z;A)dz,

where the integral contour Γθ := {R+e
iθ}∪{R+e

−iθ}, is oriented counter-clockwise

and ω < θ < µ < π
2 − |arg t|.

We need some basic properties of these families which are used further in this

section.

Theorem 4.15. For each fixed t ∈ S0
π
2 −ω, Sα(t) and Pα(t) are linear and bounded

operators on X. Moreover, there exists constants Cs = C(α, γ) > 0, Cp = C(α, γ) >

0 such that for all t > 0,

∥Sα(t)∥B(X) ≤ Cst
−α(1+γ), ∥Pα(t)∥B(X) ≤ Cpt

−α(1+γ). (4.49)

Proof. Note, from the asymptotic expansion of Eα,β that for each fixed t ∈ S0
π
2 −ω,

Eα(−ztα), eα(−ztα) ∈ Fγ
0 (S

0
µ).
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Therefore, by (1.24), the operators families {Sα(t)}|t∈S0
π
2

−ω
, {Pα(t)}|t∈S0

π
2

−ω
are

well-defined, and for each t ∈ S0
π
2 −ω, Sα(t) and Pα(t) are linear bounded operators

on X. So, to prove the theorem, it is sufficient to prove that the estimates in (4.49)

hold.

Let T (t), t ∈ S0
π
2 −ω, be the semigroup defined by (1.25). Then by (W4) and the

Fubini Theorem, we get

Sα(t)x =
1

2πi

∫
Γθ

Eα(−ztα)R(z;A)xdz

=
1

2πi

∫ ∞

0

Mα(λ)

∫
Γθ

e−λzt
α

R(z;A)xdzdλ

=

∫ ∞

0

Mα(s)T (st
α)xds, t ∈ S0

π
2 −ω, x ∈ X.

(4.50)

A similar argument shows that

Pα(t)x =

∫ ∞

0

αsMα(s)T (st
α)xds, t ∈ S0

π
2 −ω, x ∈ X. (4.51)

Hence, by (4.50), (4.51), Proposition 4.56 (iii), (W1) and (W3), we have

|Sα(t)x| ≤ C0

∫ ∞

0

Mα(s)s
−(1+γ)t−α(1+γ)|x|ds

≤ C0
Γ(−γ)

Γ(1− α(1 + γ))
t−α(1+γ)|x|, t > 0, x ∈ X,

|Pα(t)x| ≤ αC0

∫ ∞

0

Mα(s)s
−γt−α(1+γ)|x|ds

≤ αC0
Γ(1− γ)

Γ(1− αγ)
t−α(1+γ)|x| t > 0, x ∈ X.

Therefore, the estimates in (4.49) hold. This completes the proof.

From now on, we frequently use the representations (4.50) and (4.51) for oper-

ators Sα(t) and Pα(t), respectively.

Theorem 4.16. For t > 0, Sα(t) and Pα(t) are continuous in the uniform operator

topology. Moreover, for every r > 0, the continuity is uniform on [r,∞).

Proof. Let ϵ > 0 be given. For every r > 0, it follows from (W3) that we may

choose δ1, δ2 > 0 such that

2C0

rα(1+γ)

∫ δ1

0

Ψα(s)s
−(1+γ)ds ≤ ϵ

3
,

2C0

rα(1+γ)

∫ ∞

δ2

Ψα(s)s
−(1+γ)ds ≤ ϵ

3
. (4.52)

Then we deduce, by Proposition 1.25(i), that there exists a positive constant δ such

that ∫ δ2

δ1

Mα(s)∥T (tα1 s)− T (tα2 s)∥B(X)ds ≤
ϵ

3
, (4.53)

for t1, t2 ≥ r and |t1 − t2| < δ.
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On the other hand, using (4.52), (4.53) and Theorem 4.15, we get

|Sα(t1)x− Sα(t2)x| ≤
∫ δ1

0

Mα(s)
(
∥T (tα1 s)∥B(X) + ∥T (tα2 s)∥B(X)

)
|x|ds

+

∫ δ2

δ1

Mα(s)∥T (tα1 s)− T (tα2 s)∥B(X)|x|ds

+

∫ ∞

δ2

Mα(s)
(
∥T (tα1 s)∥B(X) + ∥T (tα2 s)∥B(X)

)
|x|ds

≤ 2C0

rα(1+γ)

∫ δ1

0

Ψα(s)s
−(1+γ)|x|ds

+

∫ δ2

δ1

Mα(s)∥T (tα1 s)− T (tα2 s)∥B(X)|x|ds

+
2C0

rα(1+γ)

∫ ∞

δ2

Ψα(s)s
−(1+γ)|x|ds

≤ ϵ|x|, for any x ∈ X,

that is,

∥Sα(t1)− Sα(t2)∥B(X) ≤ ϵ,

which implies that Sα(t) is uniformly continuous on [r,∞) in the uniform opera-

tor topology and hence, by the arbitrariness of r > 0, Sα(t) is continuous in the

uniform operator topology for t > 0. A similar argument enables us to give the

characterization of continuity on Pα(t). This completes the proof.

Theorem 4.17. Let 0 < β < 1− γ. Then

(i) The range R(Pα(t)) of Pα(t) for t > 0, is contained in D(Aβ);

(ii) S ′
α(t)x = −tα−1APα(t)x (x ∈ X), and S ′

α(t)x for x ∈ D(A) is locally inte-

grable on (0,∞);

(iii) for all x ∈ D(A) and t > 0, |ASα(t)x| ≤ Ct−α(1+γ)|Ax|, here C is a constant

depending on γ, α.

Proof. It follows from Proposition 1.25(iv) that for all x ∈ X, t > 0, T (t)x ∈
D(Aβ) with β > 0. Therefore, in view of (4.51), Proposition 1.25(iv) and (W3) we

have

|AβPα(t)x| ≤
∫ ∞

0

αsMα(s)∥AβT (tαs)∥B(X)|x|ds

≤ αC ′t−α(γ+β+1)

∫ ∞

0

Mα(s)s
−(β+γ)ds|x|

≤ αC ′ Γ(1− β − γ)

Γ(1− α(β + γ + 1))
t−α(1+β+γ)|x|,

which implies that the assertion (i) holds.

From (i), it is easy to see that for all x ∈ X,

S ′
α(t)x = −tα−1APα(t)x.
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Moreover, for every x ∈ D(A), one has by Proposition 4.56(iv),

|tα−1APα(t)x| ≤ tα−1

∫ ∞

0

αsMα(s)∥T (tαs)∥B(X)|Ax|ds

≤ αC0
Γ(1− γ)

Γ(1− αγ)
t−αγ−1|Ax|.

Since −αγ−1 > −1, this shows that S ′
α(t)x for each x ∈ D(A), is locally integrable

on (0,∞), that is, (ii) is true.

Moreover, Proposition 1.25(iv) and (4.50) imply that

|ASα(t)x| ≤ C0t
−α(1+γ)

∫ ∞

0

Mα(s)s
−1−γds|Ax|

≤ C0
Γ(−γ)

Γ(1− α(1 + γ))
t−α(1+γ)|Ax|, x ∈ D(A).

This means that (iii) holds, and completes the proof.

Remark 4.13. Particularly, from the proof of Theorem 4.17(i), we can conclude

that

∥APα(t)∥B(X) ≤ Ct−α(2+γ),

where C is a constant depending on γ, α. Moreover, using a similar argument with

that in Theorem 4.16, we have that APα(t) for t > 0 is continuous in the uniform

operator topology.

Theorem 4.18. The following properties hold.

(i) Let β > 1 + γ. For all x ∈ D(Aβ), limt→0;t>0 Sα(t)x = x;

(ii) for all x ∈ D(A),(Sα(t)− I)x =
∫ t
0
−sα−1APα(s)xds;

(iii) for all x ∈ D(A), t > 0, 0D
α
t Sα(t)x = −ASα(t)x;

(iv) for all t > 0, Sα(t) = 0D
α−1
t (tα−1Pα(t)).

Proof. For any x ∈ X, note by (4.50) and (W3) that

Sα(t)x− x =

∫ ∞

0

Ψα(s)(T (t
αs)x− x)ds.

On the other hand, by Proposition 1.25(v) it follows that D(Aβ) ⊂ ΣT in view of

β > 1+γ. Therefore, we deduce, using Proposition 1.25(iii), that for any x ∈ D(Aβ),

there exits a function η(s) ∈ L1(0,+∞) depending on Ψα(s) such that

∥Ψα(s)(T (tαs)x− x)∥B(X) ≤ η(s).

Hence, by means of Lebesgue dominated convergence theorem we obtain that

Sα(t)x− x→ 0, as t→ 0,

that is, the assertion (i) remains true.
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From (i) and Theorem 4.17(ii) we get for all x ∈ D(A),

(Sα(t)− I)x = lim
s→0

(Sα(t)x− Sα(s)x) =
∫ t

0

−λα−1APα(λ)xdλ,

which implies that the assertion (ii) holds.

To prove (iii), first it is easy to see that 1
φ0

∈ F(S0
µ) and the operator φ0(A) is

injective. Taking x ∈ D(A), by Proposition 4.55(iii) one has

Sα(t)x = Eα(−ztα)(A)x = (Eα(−ztα)φ0)(A)

(
1

φ0

)
(A)x.

Moreover, by (1.14) we have supz→∞ |ztαEα(−ztα)| <∞, which implies that

|zEα(−ztα)(1 + z)−1| ≤ C|z|−1t−α, as z → ∞,

where C is a constant which is independent of t. Consequently,

−zEα(−ztα)(1 + z)−1 ∈ Fγ
0 (S

0
µ). (4.54)

Notice also that

C
0D

α
t Eα(−ztα)(1+z)−1R(z;A) = (−z)Eα(−ztα)(1+z)−1R(z;A).

Combining Proposition 1.24(ii) and (4.54), we get

C
0D

α
t ((Eα(−ztα)(1 + zβ)−1)(A)) =

1

2πi

∫
Γθ

(−z)Eα(−ztα)(1+ z)−1R(z;A)dz

= (−z)(A)
(
Eα(−ztα)(1 + z)−1

)
(A)

= −A
(
Eα(−ztα)(1 + z)−1

)
(A).

Hence, we obtain

0D
α
t Sα(t)x = −A

(
Eα(−ztα)(1 + z)−1

)
(A)(1 + z)(A)x

= −A(Eα(−ztα))(A)x
= −ASα(t)x.

This proves (iii).

For (iv), by a similar argument with (iii), one can prove that tα−1eα(−ztα)
belongs to Fγ

0 (S
0
µ) for t > 0 and hence

0D
α−1
t (tα−1Pα(t)) = 0D

α−1
t ((tα−1eα(−ztα)(A)) = (Eα(−ztα))(A) = Sα(t),

in view of

0D
α−1
t

(
tα−1eα(−ztα)

)
= Eα(−ztα).

This completes the proof.

Before proceeding with our theory further, we present the following result.

Lemma 4.24. If R(λ;−A) is compact for every λ > 0, then T (t) is compact for

every t > 0.
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Proof. Note first that as a consequence of Theorem 3.13 in Periago and Straub,

2002, for every λ ∈ C with Re(λ) > 0, R(λ;−A) =
∫∞
0
e−λsT (s)ds defines a

bounded linear operator on X. Therefore, we obtain

λR(λ;−A)T (t)− T (t) = λ

∫ ∞

0

e−λs(T (t+ s)− T (t))ds. (4.55)

Let ϵ > 0 be given. For every λ > 0 and t > 0, it follows from Theorem 4.16 that

there exists a ν > 0 such that

sup
s∈[0,ν]

∥T (s+ t)− T (t)∥B(X) ≤
ϵ

2
.

So

λ

∫ ν

0

e−sλ∥T (t+ s)− T (t)∥B(X)ds ≤
ϵ

2
. (4.56)

On the other hand, by Proposition 1.25(iii) we get

λ

∥∥∥∥∫ ∞

ν

e−sλ(T (s+ t)− T (t))ds

∥∥∥∥
B(X)

≤ λC

∫ ∞

ν

e−sλ((t+ s)−1−γ+ t−γ−1)ds

≤ 2Ct−γ−1e−λν ,

which implies that there exits a λ0 > 0 such that

λ

∥∥∥∥∫ ∞

ν

e−sλ(T (s+ t)− T (t))ds

∥∥∥∥
B(X)

≤ ϵ

2
, λ ≥ λ0. (4.57)

Thus, for all λ ≥ λ0, using (4.55), (4.56) and (4.57) we deduce that

∥λR(λ;−A)T (t)− T (t)∥B(X) ≤ λ

∫ ν

0

e−sλ∥T (t+ s)− T (t)∥B(X)ds

+ λ

∫ ∞

ν

e−sλ∥T (s+ t)− T (t)∥B(X)ds

≤ ϵ.

It follows from the arbitrariness of ν > 0 that

lim
λ→∞

∥λR(λ;−A)T (t)− T (t)∥B(X) = 0.

Since λR(λ;−A)T (t) is compact for every λ > 0 and t > 0, T (t) is compact for

every t > 0.

With the help of this lemma we now show the following result.

Theorem 4.19. If R(λ;−A) is compact for every λ > 0, then Sα(t), Pα(t) are

compact for every t > 0.
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Proof. Let ϵ > 0 be arbitrary. Put

ςϵ(t) =

∫ ∞

ϵ

Ψα(s)T (st
α − ϵtα)ds, ζϵ(t) =

∫ ∞

ϵ

Ψα(s)T (st
α)ds.

Then, one has ζϵ(t) = T (ϵtα)ςϵ(t), and it is easy to prove that for every t > 0, ςϵ(t)

is bounded linear operators on X. Therefore, from the compactness of T (t), t > 0,

we see that ζϵ(t) is compact for every t > 0.

On the other hand, note that

∥ζϵ(t)− Sα(t)∥B(X) ≤
∥∥∥∥∫ ϵ

0

Ψα(s)T (st
α)ds

∥∥∥∥
B(X)

≤ C0t
−α(1+γ)

∫ ϵ

0

Ψα(s)s
−1−γds.

Hence, it follows from the compactness of ζϵ(t), t > 0 that Sα(t) is compact for

every t > 0. By a similar technique we can conclude that Pα(t) is compact for

every t > 0. The proof is completed.

4.6.3 Linear Problems

Let A ∈ Θγω(X) with −1 < γ < 0 and 0 < ω < π/2. We discuss the existence

and uniqueness of mild solutions and classical solutions for inhomogeneous linear

abstract Cauchy problem (4.47). We assume the following condition.

(H∗) u ∈ C([0, T ], X), g1−α ∗ u ∈ C1((0, T ], X), u(t) ∈ D(A) for t ∈ (0, T ], Au ∈
L1((0, T ), X), and u satisfies (4.47).

Then, by Definitions 1.1 and 1.3, one can rewrite (4.47) as

u(t) = u0 −
1

Γ(α)

∫ t

0

(t− s)α−1Au(s)ds+
1

Γ(α)

∫ t

0

(t− s)α−1f(s)ds, (4.58)

for t ∈ [0, T ].

Before presenting the definition of mild solution of problem (4.47), we first prove

the following lemma.

Lemma 4.25. If u : [0, T ] → X is a function satisfying the assumption (H∗), then

u(t) satisfies the following integral equation

u(t) = Sα(t)u0 +
∫ t

0

(t− s)α−1Pα(t− s)f(s)ds, t ∈ (0, T ].

Proof. Note that the Laplace transform of a abstract function f ∈ L1(R+, X) is

defined by f̄(λ) =
∫∞
0
e−λtf(t)dt, λ > 0. Applying Laplace transform to (4.58) we

get ū(λ) = u0

λ − 1
λαAū(λ) +

f̄(λ)
λα , that is,

ū(λ) = λα−1(λα +A)−1u0 + (λα +A)−1f̄(λ).

On the other hand, using Proposition 1.26 and (W2) we deduce that

λα−1(λα +A)−1u0 + (λα +A)−1f̄(λ)

= λα−1

∫ ∞

0

e−λ
αtT (t)u0dt+

∫ ∞

0

e−λ
αtT (t)f̄(λ)dt
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=

∫ ∞

0

d

dλ
e−(λt)αT (tα)u0dt+

∫ ∞

0

∫ ∞

0

αtα−1e−(λt)αtT (tα)f(s)e−sλdsdt

=

∫ ∞

0

∫ ∞

0

αt

τα
Ψα

(
1

τα

)
e−λtτT (tα)u0dτdt

+

∫ ∞

0

∫ ∞

0

∫ ∞

0

α

τ2α
tα−1Ψ

(
1

τα

)
e−λtT (

tα

τα
)f(s)e−sλdτdsdt

=

∫ ∞

0

∫ ∞

0

α

τα+1
Ψα

(
1

τα

)
e−λtT (

tα

τα
)u0dτdt

+

∫ ∞

0

∫ ∞

0

∫ ∞

0

ατtα−1Ψ(τ)T (tατ)f(s)e−(s+t)λdτdsdt

=

∫ ∞

0

e−λt
∫ ∞

0

Ψα(τ)T (t
ατ)u0dτ

+

∫ ∞

0

e−tλ
∫ t

0

(t− s)α−1f(s)

(∫ ∞

0

ατΨ(τ)T ((t− s)ατ)dτ

)
dsdt

=

∫ ∞

0

e−λtSα(t)u0dt+
∫ ∞

0

e−λt
∫ t

0

(t− s)αPα(t− s)f(s)dsdt

=

∫ ∞

0

e−λt
(
Sα(t)u0 +

∫ t

0

(t− s)α−1Pα(t− s)f(s)ds

)
dt.

This implies that

ū(λ) =

∫ ∞

0

e−λt
(
Sα(t)u0 +

∫ t

0

(t− s)α−1Pα(t− s)f(s)ds

)
dt.

Now using the uniqueness of the Laplace transform (cf. Theorem 1.1.6 of Xiao and

Liang, 1998), we deduce that the assertion of lemma holds. This completes this

proof.

Motivated by Lemma 4.25, we adopt the following concept of mild solution to

problem (4.47).

Definition 4.5. By a mild solution of problem (4.47), we mean a function u ∈
C((0, T ], X) satisfying

u(t) = Sα(t)u0 +
∫ t

0

(t− s)α−1Pα(t− s)f(s)ds, t ∈ (0, T ].

Remark 4.14. It is to be noted that

(a) unlike the case of strongly continuous operator semigroups, we do not require

the mild solution of problem (4.47) to be continuous at t = 0. Moreover, in

general, since the operator Sα(t) is singular at t = 0, solutions to problem

(4.47) are assumed to have the same kind of singularity at t = 0 as the

operator Sα(t). This is the case, for instance, if f ≡ 0 so that we have that

u(t) = Sα(t)u0, which presents a discontinuity at the initial time;
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(b) when u0 ∈ D(Aβ), β > 1 + γ, it follows from Theorem 4.18(i) that the mild

solution is continuous at t = 0.

For f ∈ L1((0, T ), X), the initial problem (4.47) has a unique mild solution for

every u0 ∈ X. We now are interested in imposing further condition on f and u0 so

that the mild solution becomes a classical solution. To this end we first introduce

the following definition.

Definition 4.6. By a classical solution to problem (4.47), we mean a function

u(t) ∈ C([0, T ], X) with C
0D

α
t u(t) ∈ C((0, T ], X), which, for all t ∈ (0, T ], takes

values in D(A) and satisfies (4.47).

We are now ready to state our main result in this subsection.

Theorem 4.20. Let A ∈ Θγω(X) with 0 < ω < π
2 . Suppose that f(t) ∈ D(A) for all

0 < t ≤ T , Af(t) ∈ L∞((0, T ), X), and f(t) is Hölder continuous with an exponent

θ′ > α(1 + γ), that is,

|f(t)− f(s)| ≤ K|t− s|θ
′
, for all 0 < t, s ≤ T.

Then, for every u0 ∈ D(A), there exists a classical solution to problem (4.47) and

this solution is unique.

Proof. For u0 ∈ D(A), let u(t) = Sα(t)u0 (t > 0). Then it follows from Theorem

4.18(i, iii) that u(t) is a classical solution of the following problem{
C
0D

α
t u(t) +Au(t) = 0, 0 < t ≤ T,

u(0) = u0.
(4.59)

Moreover, from Lemma 4.25, it is easy to see that u(t) is the only solution to

problem (4.59). Put

w(t) =

∫ t

0

(t− s)α−1Pα(t− s)f(s)ds, 0 < t ≤ T.

Then from the assumptions on f and Theorem 4.15 we obtain

|Aw(t)| ≤
∫ t

0

(t− s)α−1∥Pα(t− s)∥B(X)∥Af(t)∥L∞(0,T )ds

≤ Cp∥Af(t)∥L∞(0,T )
1

−αγ
t−γα,

which implies that w(t) ∈ D(A) for all 0 < t ≤ T .

Next, we show C
0D

α
t w(t) ∈ C((0, T ], X). Since w(0) = 0 and hence

C
0D

α
t w(t) = 0D

1
t 0D

α−1
t w(t) =

d

dt

∫ t

0

Sα(t− s)f(s)ds, (4.60)

in view of Propositions 1.4, 1.8, 1.9 and Theorem 4.18(iv). Let

v(t) =

∫ t

0

Sα(t− s)f(s)ds,
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it remains to prove v(t) ∈ C1((0, T ], X). Let h > 0 and h ≤ T − t. Then it is easy

to verify the identity

v(t+ h)− v(t)

h
=

∫ t

0

Sα(t+ h− s)− Sα(t− s)

h
f(s)ds

+
1

h

∫ t+h

t

Sα(t+ h− s)f(s)ds.

Again by the assumptions on f and Theorem 4.15, we have, for t > 0 fixed,

|(t− s)α−1APα(t− s)f(s)| ≤ Cp(t− s)−αγ−1|Af(s)| ∈ L1((0, T ), X),

for all s ∈ [0, t). Therefore, using Theorem 4.17(ii) and the Lebesgue dominated

convergence theorem we get

lim
h→0

∫ t

0

Sα(t+ h− s)− Sα(t− s)

h
f(s)ds

=

∫ t

0

(t− s)α−1(−A)Pα(t− s)f(s)ds

= −Aw(t).

(4.61)

Furthermore, note that

1

h

∫ t+h

t

Sα(t+ h− s)f(s)ds

=
1

h

∫ h

0

Sα(s)f(t+ h− s)ds

=
1

h

∫ h

0

Sα(s)(f(t+ h− s)− f(t− s))ds

+
1

h

∫ h

0

Sα(s)(f(t− s)− f(t))ds+
1

h

∫ h

0

Sα(s)f(t)ds.

From Theorem 4.15 and the Hölder continuity on f we have

1

h

∣∣∣∣ ∫ h

0

Sα(s)(f(t+ h− s)− f(t− s))ds

∣∣∣∣ ≤ CsKh
θ′−α(1+γ)

1− α(1 + γ)
,

and

1

h

∣∣∣∣ ∫ h

0

Sα(s)(f(t− s)− f(t))ds

∣∣∣∣ ≤ CsKh
θ′−α(1+γ)

1 + θ − α(1 + γ)
.

And since f(t) ∈ D(A) (0 < t ≤ T ), limh→0
1
h

∫ h
0
Sα(s)f(t)ds = f(t) in view of

Theorem 4.18(i). Hence,

1

h

∫ t+h

t

Sα(t+ h− s)f(s)ds→ f(t), as h→ 0+. (4.62)

Combining (4.61) and (4.62) we deduce that v is differentiable from the right at t

and v′+(t) = f(t) − Aw(t), t ∈ (0, T ]. By a similar argument with the above one
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has that v is differentiable from the left at t and v′−(t) = f(t) − Aw(t), t ∈ (0, T ].

Next, we prove Aw(t) ∈ C((0, T ], X). To the end, let Aw(t) = I1(t) + I2(t), where

I1(t) =

∫ t

0

(t− s)α−1APα(t− s)
(
f(s)− f(t)

)
ds,

I2(t) =

∫ t

0

A(t− s)α−1Pα(t− s)f(t)ds.

By Theorem 4.18(ii), we obtain

I2(t) = −(Sα(t)− I)f(t).

So, by the assumption of f and Theorem 4.16 note that I2(t) is continuous for

0 < t ≤ T . To prove the same conclusion for I1(t), we let 0 < h ≤ T − t and write

I1(t+ h)− I1(t)

=

∫ t

0

(
(t+ h− s)α−1APα(t+ h− s)− (t− s)α−1APα(t− s)

) (
f(s)− f(t)

)
ds

+

∫ t

0

(t+ h− s)α−1APα(t+ h− s)(f(t)− f(t+ h))ds

+

∫ t+h

t

(t+ h− s)α−1APα(t+ h− s)
(
f(s)− f(t+ h)

)
ds

=: h1(t) + h2(t) + h3(t).

For h1(t), on the one hand, it follows from Theorem 4.16 that

lim
h→0

(t+ h− s)α−1APα(t+ h− s)(f(s)− f(t))

= (t− s)α−1APα(t− s)(f(s)− f(t)).

On the other hand, for t ∈ (0, T ] fixed, by Remark 4.13 and the assumption on

f , we get

|(t+ h− s)α−1APα(t+ h− s)
(
f(s)− f(t)

)
|

≤ C ′
pK(t+ h− s)−α(1+γ)−1(t− s)θ

′

≤ C ′
pK(t− s)(θ

′−α−αγ)−1 ∈ L1((0, t), X).

Thus, by mean of the Lebesgue dominated convergence theorem one has

lim
h→0

∫ t

0

(t+ h− s)α−1APα(t+ h− s)
(
f(s)− f(t)

)
ds

=

∫ t

0

(t− s)α−1APα(t− s)
(
f(s)− f(t)

)
ds,

which implies that h1(t) → 0 as h→ 0+.

For h2(t), using Theorem 4.17(i), Remark 4.13,∫ t

0

(t+ h− s)α−1∥APα(t+ h− s)∥B(X)|f(t)− f(t+ h)|ds
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≤
∫ t

0

C ′
pK(t+ h− s)−α(1+γ)−1hθ

′
ds

=
C ′
pKh

θ′

α(1 + γ)
(h−α(1+γ) − (h+ t)−α(1+γ)).

This yields h2(t) → 0 as h→ 0+.

Moreover, h3(t) → 0 as h→ 0+ by the following estimate∣∣∣∣ ∫ t+h

t

(t+ h− s)α−1Pα(t+ h− s)
(
Af(s)−Af(t+ h)

)
ds

∣∣∣∣
≤ 2Cp

−αγ
∥Af(s)∥L∞(0,T )h

−αγ

in view of Af(s) ∈ L∞((0, T ), X) and Theorem 4.16.

The same reasoning establishes I1(t− h)− I1(h) → 0 as h→ 0+. Consequently,

Aw ∈ C((0, T ], X), which implies that v′ ∈ C((0, T ], X), provided that f is con-

tinuous on (0, T ]. Then, by (4.60) we have C
0D

α
t w ∈ C((0, T ], X). Hence, we prove

that u + w is a classical solution to problem (4.47), and Lemma 4.25 implies that

it is unique. This completes the proof.

4.6.4 Nonlinear Problems

In this subsection we apply the theory developed in the previous sections to non-

linear abstract Cauchy problem (4.48).

Definition 4.7. By a mild solution to problem (4.48), we mean a function u ∈
C((0, T ], X) satisfying

u(t) = Sα(t)u0 +
∫ t

0

(t− s)α−1Pα(t− s)f(s, u(s))ds, t ∈ (0, T ].

Theorem 4.21. Let A ∈ Θγω(X) with −1 < γ < − 1
2 and 0 < ω < π

2 . Suppose that

the nonlinear mapping f : (0, T ]×X → X is continuous with respect to t and there

exist constants M,N > 0 such that

|f(t, x)− f(t, y)| ≤M
(
1 + |x|ν−1 + |y|ν−1

)
|x− y|,

|f(t, x)| ≤ N(1 + |x|ν),

for all t ∈ (0, T ] and for each x, y ∈ X, where ν is a constant in [1,− γ
1+γ ). Then,

for every u0 ∈ X, there exists a T0 > 0 such that the problem (4.48) has a unique

mild solution defined on (0, T0].

Proof. For fixed r > 0, we introduce the metric space

Fr(T, u0) = {u ∈ C((0, T ], X) : ρ
T
(u,Sα(t)u0) ≤ r},

ρ
T
(u1, u2) = sup

t∈(0,T ]

|u1(t)− u2(t)|.
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It is not difficult to see that, with this metric, Fr(T, u0) is a complete metric space.

Take L = Tα(1+γ)r + Cs|u0|, then for any u ∈ Fr(T, u0), we have

|sα(1+γ)u(s)| ≤ sα(1+γ)|u− Sα(t)u0|+ sα(1+γ)|Sα(t)u0| ≤ L.

Choose 0 < T0 ≤ T such that

CpN
T−αγ
0

−αγ
+ CpNL

νT
−α(ν(1+γ)+γ)
0 B(−γα, 1− να(1 + γ)) ≤ r, (4.63)

MCp
T−αγ
0

−αγ
+ 2Lρ−1T

−α(γ+(1+γ)(ν−1))
0 B(−αγ, 1− α(1 + γ)(ν − 1)) ≤ 1

2
, (4.64)

where B(η1, η2) with ηi > 0, i = 1, 2, denotes the Beta function. Assume that

u0 ∈ X. Consider the mapping Γα given by

(Γαu)(t) = Sα(t)u0 +
∫ t

0

(t− s)α−1Pα(t− s)f(s, u(s))ds, u ∈ Fr(T0, u0).

By the assumptions on f , Theorem 4.15 and Theorem 4.16, we see that (Γαu)(t) ∈
C((0, T ], X) and

|(Γαu)(t)− Sα(t)u0| ≤ CpN

∫ t

0

(t− s)−αγ−1(1 + |u(s)|ν)ds

≤ CpN
T−αγ
0

−αγ
+

∫ t

0

CpNL
ν(t− s)−αγ−1s−να(1+γ)ds

≤ CpN
T−αγ
0

−αγ
+ CpNL

νT
−α(ν(1+γ)+γ)
0 B(−γα, 1− να(1 + γ))

≤ r,

in view of (4.63). So, Γα maps Fr(T0, u0) into itself. Next, for any u, v ∈ Fr(T0, u0),

by the assumptions on f and Theorem 4.15, we have

|(Γαu)(t)− (Γαv)(t)|

=

∣∣∣∣∫ t

0

(t− s)α−1Pα(t− s)
(
f(s, u(s))− f(s, v(s))

)
ds

∣∣∣∣
≤ CpM

∫ t

0

(t− s)−αγ−1
(
1 + |u(s)|ρ−1 + |v(s)|ρ−1

)
|u(s)− v(s)|ds

≤ CpMρ
t
(u, v)

∫ t

0

(t− s)−αγ−1
(
1 + 2Lν−1s−α(ν−1)(1+γ)

)
ds

≤ 2Lρ−1T
−α(γ+(1+γ)(ν−1))
0 B(−αγ, 1− α(1 + γ)(ν − 1))ρ

T0
(u, v)

+MCp
T−αγ
0

−αγ
ρ
T0
(u, v).

This yields that Γα is a contraction on Fr(T0, u0) due to (4.64). So, Γα has a unique

fixed point u ∈ Fr(T0, u0) in view of Banach contraction mapping principle, this

means that u is a mild solution to problem (4.48) defined on (0, T0]. The proof is

completed.
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By a similar argument with the proof of Theorem 4.21 we have:

Corollary 4.1. Assume that A ∈ Θγω(X) with −1 < γ < − 2
3 and 0 < ω < π

2 .

Suppose in addition that the nonlinear mapping f : (0, T ] × Xβ → X, β ∈ (1 +

γ,−1−2γ), is continuous with respect to t and there exist constants M,N > 0 such

that

|f(t, x)− f(t, y)| ≤M
(
1 + |x|ν−1

β + |y|ν−1
β

)
|x− y|β ,

|f(t, x)| ≤ N
(
1 + |x|νβ

)
,

for all t ∈ (0, T ] and for each x, y ∈ Xβ, where ν is a constant in [1,−γ+β
1+γ ). Then,

for every u0 ∈ Xβ, there exists a T0 > 0 such that the problem (4.48) has a unique

mild solution u ∈ C((0, T0], X
β).

Remark 4.15. If A ∈ Θγω(X) with −1 < γ < 0 and 0 < ω < π
2 , then we can derive

the local existence and uniqueness of mild solutions to problem (4.48), under the

conditions:

(i) u0 ∈ Xβ with β > 1 + γ;

(ii) the nonlinear mapping f : [0, T ]×X → X is continuous with respect to t and

there exists a continuous function Lf (·) : R+ → R+ such that

|f(t, x)− f(t, y)| ≤ Lf (r)|x− y|,
for all 0 ≤ t ≤ T and for each x, y ∈ X satisfying |x|, |y| ≤ r.

Indeed, for r >
CpT

−αγ
0

−αγ supt∈[0,T ] |f(t, u0)| fixed, we may choose 0 < T0 ≤ T

such that

sup
t∈[0,T0]

|(Sα(t)− I)u0|+
CpT

−αγ
0

−αγ

(
Lf (r)r + sup

t∈[0,T0]

|f(t, u0)|
)
< r (4.65)

in view of Theorem 4.18(i). Assume that the map Γα is defined the same as in

Theorem 4.21 and the space Fr(T0, u0) is replaced by the following Banach space:

F ′
r(T0, u0) =

{
u ∈ C([0, T0], X) : u(0) = u0 and sup

t∈[0,T0]

|u− u0| ≤ r

}
.

Then, it is easy to verify, thanks to the assumptions on f and (4.65), that Γα

maps F ′
r(T0, u0) into itself and is a contraction on F ′

r(T0, u0), which implies that

the problem (4.48) has a unique mild solution defined on [0, T0].

Since 1 > 1 + γ (−1 < γ < − 1
2 ), X

1 = D(A) is a Banach space endowed with

the graph norm |x|X1 = |Ax|, for x ∈ X1.

The following is the existence of X1-smooth solutions.

Theorem 4.22. Let A ∈ Θγω(X) with −1 < γ < − 1
2 and 0 < ω < π

2 and u0 ∈ X1.

Assume that there exists a continuous function Mf (·) : R+ → R+ and a constant

Nf > 0 such that the nonlinear mapping f : (0, T ]×X1 → X1 satisfies

|f(t, x)− f(t, y)|X1 ≤Mf (r)|x− y|X1 ,
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|f(t,Sα(t)u0)|X1 ≤ Nf
(
1 + t−α(1+γ)|u0|X1

)
,

for all 0 < t ≤ T and for each x, y ∈ X1 satisfying supt∈(0,T ] |x(t) − Sα(t)u0|X1 ≤
r, supt∈(0,T ] |y(t) − Sα(t)u0|X1 ≤ r. Then there exists a T0 > 0 such that the

problem (4.48) has a unique mild solution defined on (0, T0].

Proof. For u0 ∈ X1 and r > 0, set

F ′′
r (T, u0) =

{
u ∈ C((0, T ], X1) : sup

t∈(0,T ]

|u− Sα(t)u0|X1 ≤ r
}
.

For any u ∈ F ′′
r (T, u0), by the assumptions on f and Theorem 4.15 we have

|(Γαu)(t)− Sα(t)u0|X1

≤
∫ t

0

(t− s)α−1∥Pα(t− s)∥B(X)|f(s, u(s))− f(s,Sα(t)u0)|X1ds

+

∫ t

0

(t− s)α−1∥Pα(t− s)∥B(X)|f(s,Sα(t)u0))|X1ds

≤ Cp

∫ t

0

(t− s)−αγ−1
(
Mf (r)r +Nf +Nfs

−α(1+γ)|u0|
)
ds

≤ Cp(Mf (r)r +Nf )
T−αγ

−αγ
+ CpNfT

−α(1+2γ)β(−γα, 1− α(1 + γ))|u0|.

Using this result, it follows from an analogous idea with Theorem 4.21 that the

claim of theorem follows. Here we omit the details.

Next, we derive mild solutions under the condition of compactness on the resol-

vent of A.

Theorem 4.23. Let A ∈ Θγω(X) with −1 < γ < 0 and 0 < ω < π
2 . Let

(H1) R(λ;−A) is compact for every λ > 0;

(H2) f : [0, T ]×X → X is a Carathéodory function and for any r > 0, there exists

a function mr(t) ∈ Lp((0, T ),R+) with p > − 1
αγ such that

|f(t, x)| ≤ mr(t), and lim inf
r→+∞

|mr(t)|Lp(0,T )

r
= σ <∞

for a.e. t ∈ [0, T ] and all x ∈ X satisfying |x| ≤ r.

Then for every u0 ∈ D(Aβ) with β > 1 + γ, the problem (4.48) has at least one

mild solution, provided that

Cpσ

(
T 1−(1+αγ) q

1− (1 + αγ)q

)1/q

< 1, (4.66)

where q = p/(p− 1).
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Proof. Assume that u0 ∈ D(Aβ). On C([0, T ], X) define the map

(Γαu)(t) = Sα(t)u0 +
∫ t

0

(t− s)α−1 Pα(t− s)f(s, u(s))ds.

From our assumptions it is easy to see that Γµ is well defined and maps C([0, T ], X)

into itself. Put

Ωr = {u ∈ C([0, T ], X) : ∥u∥ ≤ r, for all 0 ≤ t ≤ T},

for r > 0 as selected below. We seek for solutions in Ωr. We claim that there exists

an integer r > 0 such that Γα maps Ωr into Ωr. In fact, if this is not the case, then

for each r > 0, there would exist ur ∈ Ωr and t
r ∈ [0, T ] such that ∥(Γαur)(tr)∥ > r.

On the other hand, by (H2) and Theorem 4.15 we get

r < |(Γαur)(tr)|

≤ |Sα(tr)u0|+
∫ tr

0

|(tr − s)α−1Pα(tr − s)f(s, u(s))|ds

≤ sup
t∈[0,T ]

|Sα(t)u0|+
∫ tr

0

Cp(t
r − s)−1−αγmr(s)ds

≤ sup
t∈[0,T ]

|Sα(t)u0|+ Cp

(∫ tr

0

s−(1+αγ)qds

) 1
q
(∫ tr

0

mp
r(s)ds

) 1
p

≤ sup
t∈[0,T ]

|Sα(t)u0|+ Cp∥mr∥Lp(0,T )

(
T 1−(1+αγ) q

1− (1 + αγ)q

) 1
q

,

where q = p/(p − 1). Dividing on both sides by r and taking the lower limit as

r → ∞, one has

1 ≤ Cpσ

(
T 1−(1+αγ) q

1− (1 + αγ)q

)1/q

,

which contradicts (4.66). Hence for some positive integer r, Γα(Ωr) ⊂ Ωr.

The rest of the proof is divided into three steps.

Claim I. Γα is continuous on Ωr.

Take {un}∞n=1 ⊂ Ωr with un → u as n → ∞ in C([0, T ], X). Then by the

continuity of f with respect to the second argument we deduce that

f(s, un(s)) → f(s, u(s)), as n→ ∞, a.e. s ∈ [0, T ].

Moreover, observe from (H2) and Theorem 4.15, that for fixed 0 < t ≤ T ,

(t− s)α−1|Pα(t− s)f(s, un(s))| ≤ Cp(t− s)−1−αγmr(s).

Thus, by means of Lebesgue dominated convergence theorem we obtain that∫ t

0

(t− s)α−1∥Pα(t− s)∥B(X)|f(s, un(s))− f(s, u(s))|ds→ 0, as n→ ∞,

which means that limn→∞ ∥Γαun − Γαu∥∞ = 0, that is, Γα is continuous on Ωr.

Claim II. P = {(Γαu) : u ∈ Ωr} is equicontinuous.
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For 0 < t1 < t2 ≤ T and δ > 0 small enough, we have

|(Γαu)(t1)− (Γαu)(t2)| ≤ I1 + I2 + I3 + I4 + I5,

where

I1 = |Sα(t1)u0 − Sα(t2)u0|,

I2 =

∫ t2

t1

(t2 − s)α−1|Pα(t2 − s)f(s, u(s))|ds,

I3 =

∫ t1−δ

0

(t1 − s)α−1∥Pα(t2 − s)− Pα(t1 − s)∥B(X)|f(s, u(s))|ds,

I4 =

∫ t1

t1−δ
(t1 − s)α−1∥Pα(t2 − s)− Pα(t1 − s)∥B(X)|f(s, u(s))|ds,

I5 =

∫ t1

0

|(t2 − s)α−1 − (t1 − s)α−1|∥Pα(t2 − s)∥B(X)|f(s, u(s))|ds.

From Theorem 4.16 and Theorem 4.18(i) it is easy to see that I1 → 0 when t1 → t2.

Moreover, using (H2) and Theorem 4.15 we get

I2 ≤ Cp

(
(t2 − t1)

1−(1+αγ)q

1− (1 + αγ)q

)1/q

∥mr∥Lp(0,T ),

I3 ≤ sup
s∈[0,t1−δ]

∥Pα(t2 − s)− Pα(t1 − s)∥B(X)

(∫ t1−δ

0

(t1−s)qα−qqds
)1/q

∥mr∥Lp(0,T )

≤ sup
s∈[0,t1−δ]

∥Pα(t2 − s)−Pα(t1 − s)∥B(X)

(
t
1+q(α−1)
1 − δ1+q(α−1)

1+q(α−1)

)1/q

∥mr∥Lp(0,T ),

I4 ≤ Cp

∫ t1

t1−δ
(t1 − s)α−1 · 2(t1 − s)−α(γ+1)mr(s)ds

≤ 2Cp
δ1−(1+αγ)q

1− (1 + αγ)q
∥mr∥Lp(0,T ),

I5 ≤
∫ t1

0

Cp
(
(t1 − s)α−1 − (t2 − s)α−1

)
(t2 − s)−α(1+γ)mr(s)ds

≤
∫ t1

0

Cp
(
(t1 − s)−γα−1 − (t2 − s)−αγ−1

)
mr(s)ds

≤ Cp

(∫ t1

0

(t1 − s)−q(γα+1) − (t2 − s)−q(αγ+1)ds

)1/q

∥mr∥Lp(0,T )

= Cp

(
(t2 − t1)

1−(1+αγ)q

1− (1 + αγ)q
+
t
1−(1+αγ)q
1 − t

1−(1+αγ)q
2

1− (1 + αγ)q

)1/q

∥mr∥Lp(0,T ).

It follows from Theorem 4.16 that Ii (i = 2, 3, 4, 5) tends to zero independent of

u ∈ Ωr as t2 − t1 → 0, δ → 0. Hence, we can conclude that

|(Γαu)(t1)− (Γαu)(t2)| → 0, as t2 − t1 → 0,
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and the limit is independent of u ∈ Ωr. For the case when 0 = t1 < t2 ≤ T , since∫ t2

0

(t2 − s)α−1|P (t2 − s)f(s, u(s))|ds ≤ Cp

(
t
1−q(αγ+1)
2

1− q(αγ + 1)

)1/q

∥mr∥Lp(0,T ),

in view of (H2) and Theorem 4.15, |(Γαu)(t2)| can be made small when t2 is small

independently of u ∈ Ωr. Thus, we prove that the assertion in Claim II holds.

Claim III. For each t ∈ [0, T ], {(Γαu)(t);u ∈ Ωr} is precompact in X.

For the case when t = 0, it is not difficult to see that {(Γαu)(0) : u ∈ Ωr} =

{u0 : u ∈ Ωr} is compact. Let t ∈ (0, T ] be fixed and ϵ, δ > 0. For u ∈ Ωr, define

the map Γαϵ,δ by

(Γαϵ,δu)(t) = Sα(t)u0 +
∫ t−ϵ

0

∫ ∞

δ

ατ(t− s)α−1Mα(τ)T ((t− s)ατ)f(s, u(s))dτds.

Since A has compact resolvent, {T (t)}t>0 is compact in view of Theorem 4.19.

Thus, for each t ∈ (0, T ], {(Fϵ,δu)(t) : u ∈ Ωr, δ > 0, 0 < ϵ < t} is precompact in

X. On the other hand, using (H2) and Theorem 4.15, a direct calculation yields

|(Γαu)(t)− (Γαϵ,δu)(t)|

≤
∣∣∣∣ ∫ t

0

∫ δ

0

ατ(t− s)α−1Mα(τ)T ((t− s)ατ)f(s, u(s))dτds

∣∣∣∣
+

∣∣∣∣ ∫ t

t−ϵ

∫ ∞

δ

ατ(t− s)α−1Mα(τ)T ((t− s)ατ)f(s, u(s))dτds

∣∣∣∣
≤
∫ t

0

Cp(t− s)−1−αγmr(s)ds

∫ δ

0

τ−γMα(τ)dτ

+

∫ t

t−ϵ
Cp(t− s)−1−αγmr(s)ds

∫ ∞

δ

τ−γMα(τ)dτ

≤ Cp

(
T 1−(1+αγ)q

1− (1 + αγ)q

)1/q

∥mr∥Lp(0,T )

∫ δ

0

τ−γMα(τ)dτ

+ Cp

(
ϵ1−(1+αγ)q

1− (1 + αγ)q

)1/q

∥mr∥Lp(0,T )
Γ(1− γ)

Γ(1− γα)
.

Using the total boundedness we have that for each t ∈ (0, T ] {(Γαu)(t) : u ∈ Ωr} is

precompact in X. Therefore, for each t ∈ [0, T ], {(Γαu)(t) : u ∈ Ωr} is precompact

in X.

Finally, by Claims I-III and Arzela-Ascoli theorem, we conclude that Γα is a

compact operator. Hence, Γα has a fixed point, which gives rise to a mild solution.

This completes the proof.

Theorem 4.24. Let A ∈ Θγω(X) with 0 < ω < π
2 and −1 < γ < − 1

2 . Suppose that

there exists a continuous function M ′
f (·) : R+ → R+ and a constant κ > α(1 + γ)

such that the nonlinear mapping f : [0, T ]×X → X satisfies

|f(t, x)− f(s, y)| ≤M ′
f (r)(|t− s|κ + |x− y|),
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for all 0 ≤ t ≤ T and x, y ∈ X satisfying |x|, |y| ≤ r. In addition, let the assump-

tions of Theorem 4.22 be satisfies and u be a mild solution corresponding to u0,

defined on [0, T0]. Then u is in fact the unique classical solution to problem (4.48),

existing on [0, T0], provided that u0 ∈ D(A) with Au0 ∈ D(Aβ), β > (1 + γ).

Proof. In order to prove that u is a classical solution, by Theorem 4.20 and the

condition on f , we only have to verify that u is Hölder continuous with an exponent

ς > α(1 + γ) on (0, T0]. For fixed t ∈ (0, T0], take 0 < h < 1 such that h + t ≤ T0.

We estimate the difference

|u(t+ h)− u(t)| ≤ |Sα(t+ h)u0 − Sα(t)u0|

+

∣∣∣∣ ∫ h

0

(t+ h− s)α−1P(t+ h− s)f(s, u(s))ds

∣∣∣∣
+

∣∣∣∣ ∫ t

0

(t− s)α−1P(t− s)
(
f(s+ h, u(s+ h))− f(s, u(s))

)
ds

∣∣∣∣
= I1 + I2 + I3.

According to Theorem 4.15, Theorem 4.17(ii) and the assumptions on f we obtain

I1 =

∣∣∣∣ ∫ t

0

−sα−1APα(s)u0ds
∣∣∣∣ ≤ Cp

−αγ
(
(t+ h)−αγ − t−αγ

)
,

I3 ≤M ′Cp

∫ t

0

(t− s)−αγ−1(|h|κ + |u(s+ h)− u(s)|)ds

≤ M ′Cp
−αγ

T−αγ
0 hκ +M ′Cp

∫ t

0

(t− s)−αγ−1|u(s+ h)− u(s)|ds.

Put N2 = supt∈(0,T0) |f(t, u(t))|. Then, it follows from Theorem 4.15 that

I2 ≤ Cp

∫ h

0

(t+ h− s)−αγ−1|f(s, u(s))|ds

≤ CpN2

−αγ
(
(t+ h)−αγ − t−αγ

)
.

Collecting these estimates and using the inequality (t+h)−αγ−t−αγ ≤ h−αγ (0 <

−αγ < 1) we have

|u(t+ h)− u(t)|

≤ CpN2 + Cp
−αγ

(
(t+ h)−αγ − t−αγ

)
+

M ′
p

−αγ
T−αγ
0 hκ

+M ′Cp

∫ t

0

(t− s)−αγ−1|u(s+ h)− u(s)|ds

≤ CpN2 + Cp +M ′Cp
−αγ

hς +M ′Cp

∫ t

0

(t− s)−αγ−1|u(s+ h)− u(s)|ds,

where ς = min{κ,−αγ} > α(γ + 1). Now, it follows from the usual Gronwall

inequality that u has Hölder continuity on (0, T0]. This completes the proof of

theorem.
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4.6.5 Applications

In this subsection, we present three examples (Examples 4.4-4.6) motivated from

physics, which do not aim at generality but indicate how our theorems can be

applied to concrete problems. Examples 4.4 and 4.5 are inspired directly from

the work of Carvalho, Dlotko and Nescimento, 2008, and they describe anomalous

diffusion on fractals (physical objects of fractional dimension, like some amorphous

semiconductors or strongly porous materials; see Anh and Leonenko, 2001; Metzler

and Klafter, 2000 and references therein). Example 4.4 is the limit problem of

certain fractional diffusion equations in complex systems on domains of “dumb-

bell with a thin handle”(see, e.g., Anh and Leonenko, 2001; Metzler and Klafter,

2000). Example 4.5 displays anomalous dynamical behavior of anomalous transport

processes (see, e.g., Anh and Leonenko, 2001; Metzler and Klafter, 2000). Example

4.6 is a modified fractional Schrödinger equation with fractional Laplacians whose

physical background is statistical physics and fractional quantum mechanics (see,

e.g., Hu and Kallianpur, 2000; Podlubny, 1999). We refer the reader to Kirane,

Laskri and Tatar, 2005 and references therein for more research results related to

fractional Laplacians.

Example 4.4. Consider the system of fractional partial differential equations in

the form

C
0D

α
t w −∆w + w = f(w), x ∈ Ω, t > 0,

∂w

∂n
= 0, x ∈ ∂Ω,

C
0D

α
t v −

1

g
(gvx)x + v = f(v), x ∈ (0, 1),

v(0) = w(P0) , v(1) = w(P1),

w(x, 0) = w0(x) x ∈ Ω, v(x, 0) = v0(x), x ∈ (0, 1),

(4.67)

where Ω = D1 ∪ D2 and D1 and D2 are mutually disjoint bounded domains in

RN (N ≥ 2) with smooth boundaries, joined by the line segment Q0, and
C
0D

α
t , 0 <

α < 1, is the regularized Caputo fractional derivative of order α, that is,

(C0D
α
t u)(t, x) =

1

Γ(1− α)

(
∂

∂t

∫ t

0

(t− s)−αu(s, x)ds− t−αu(0, x)

)
. (4.68)

When α = 1, we regard (4.67) as the limit problem of (4.44) as ε → 0, which is

described in more detail in Example 4.2. Here, our objective is to show that system

(4.67) is well posed in V p0 = Lp(Ω)⊕ Lpg(0, 1) (1 ≤ p <∞).

Let the operators A0 : D(A0) ⊂ V p0 7→ V p0 be defined by

D(A0) = {(w, v) ∈ V P0 : w ∈ D(∆Ω), v ∈ Lpg(0, 1), w(P0) = v(0), w(P1) = v(1)},

A0(w, v) =

(
−∆w + w,−1

g
(gv′)′ + v

)
, (w, v) ∈ V p0 ,
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where ∆Ω is the Laplace operator with homogeneous Neumann boundary conditions

in Lp(Ω) and

D(∆Ω) =

{
u ∈W 2,p(Ω) :

∂u

∂n

∣∣∣∣
∂Ω

= 0

}
.

From Example 4.2, if p > N
2 , then A0 ∈ Θ−γ′

µ (V p0 ) for some γ′ ∈ (0, 1 − N
2p ) and

µ ∈ (0, π2 ). Therefore, system (4.67) can be seen as an abstract evolution equation

in the form {
C
0D

α
t u+A0u = f(u), t > 0,

u(0) = u0 = (w0, v0) ∈ V p0 .
(4.69)

We assume that the nonlinearity f : R → R is globally Lipschitz continuous. It

can define a Nemitskǐı operator from V p0 into itself by f(w, v) = (fΩ(w), fI(v)) with

fΩ(w)(x) = f(w(x)), x ∈ Ω and fI(v)(x) = f(v(x)), x ∈ (0, 1) such that

|f(u)− f(u′)|V p0 ≤ L′′(r)|u− u′|V p0 ,

for all u, u′ ∈ V p0 satisfying |u|V p0 , |u
′|V p0 ≤ r. Hence, from Remark 4.15, (4.69) (that

is, (4.67)) has a unique mild solution provided that u0 ∈ D(Aβ0 ) with β > 1− γ′ (in
particular, u0 ∈ D(A0)).

Example 4.5. Let Ω be a bounded domain in RN (N ≥ 1) with boundary ∂Ω of

class C4. Consider the fractional initial-boundary value problem of form
(C0D

α
t u)(t, x)−∆u(t, x) = f(u(t, x)), t > 0, x ∈ Ω,

u|∂Ω = 0,

u(0, x) = u0(x), x ∈ Ω,

(4.70)

in the space Cl(Ω) (0 < l < 1), where ∆ stands for the Laplacian operator with

respect to the spatial variable and C
0D

α
t , representing the regularized Caputo frac-

tional derivative of order α (0 < α < 1), is given by (4.68). Set

Ã = −∆, D(Ã) = {u ∈ C2+l(Ω) : u = 0 on ∂Ω}.

It follows from Example 4.3 that there exist ν, ε > 0 such that Ã+ν ∈ Θ
l
2−1
π
2 −ε(C

l(Ω)).

Then, problem (4.70) can be written abstractly as

C
0D

α
t u(t) + Ãu(t) = f(u), t > 0.

With respect to the nonlinearity f , we assume that f : R → R is continuously

differentiable and satisfies the condition

|f(x)− f(y)| ≤ k(r)

r
|x− y|, |x|, |y| ≤ r, (4.71)

for any r > 0. It defines a Nemitskǐı operator from Cl(Ω) into itself by f(u)(x) =

f(u(x)) with

|f(u)− f(v)|Cl(Ω) ≤ k(r)|u− v|Cl(Ω), |v|Cl(Ω), |u|Cl(Ω) ≤ r.
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Noting l
2 − 1 ∈ (−1,− 1

2 ), we then obtain the following conclusion: (i) according

to Remark 4.15, (4.70) has a unique mild solution for each u0 ∈ D(Ãβ) with β >
l
2 . Moreover, (ii) if f ′, f ′′ are continuously differentiable functions satisfying the

condition (4.71), then one finds that the Nemitskǐı operator satisfies the assumptions

of Theorem 4.22 and Theorem 4.24, which implies that for each u0 ∈ D(Ã) with

Ãu0 ∈ D(Ãβ) (β > l
2 ), the corresponding mild solution to (4.70) is also a unique

classical solution.

Example 4.6. Consider the following fractional Cauchy problem{
(C0D

α
t y)(t, x) + (−i∆+ σ)1/2u(t, x) = f(u(t, x)), t > 0, x ∈ R2,

u(0, x) = u0(x), x ∈ R2,
(4.72)

in L3(R2), where σ > 0 is a suitable constant, i∆ is the Schrödinger operator and
C
0D

α
t (0 < α < 1) is given by (4.68). Let

Â = (−i∆+ σ)1/2, D(Â) =W 1,3(R2) (a Sobolev space).

Then i∆ generates a β-times integrated semigroup Sβ(t) with β = 5
12 on L3(R2)

such that ∥Sβ(t)∥B(L3(R2)) ≤ M̂tβ for all t ≥ 0 and some constants M̂ > 0 (see

Neerven and Straub, 1998). Therefore, by virtue of Theorem 1.3.5 and Definition

1.3.1 for C = I of Xiao and Liang, 1998, we deduce that the operator −i∆ + σ

belongs to Θβ−1
π
2

(L3(R2)), which denotes the family of all linear closed operators

A : D(A) ⊂ L3(R2) → L3(R2) satisfying

σ(A) ⊂ Sπ
2
= {z ∈ C \ {0} : | arg z| ≤ π

2
} ∪ {0},

and for every π
2 < µ < τ there exists a constant Cµ such that ∥R(z;A)∥ ≤

Cµ|z|β−1. Thus, it follows from Proposition 3.6 of Periago and Straub, 2002 that

Â ∈ Θ−1+2β
ω (L3(R2)) for some 0 < ω < 2

π . Moreover, the system (4.72) can be

rewritten as follows: {
(C0D

α
t y)(t, x) + Âu = f(u), t > 0,

u(0, x) = u0 ∈ L3(R2).

Assume that f : C → C is globally Lipschitz continuous. Then we have a Nemitskǐı

operator from L3(R2) to itself given by f(u)(x) = f(u(x)), and for a constant L̂(r)

and all u, v ∈ L3(R2) such that |u|L3(R2) ≤ r and |v|L3(R2) ≤ r. Consequently,

it follows from Remark 4.15 that (4.72) has a unique mild solution provided u0 ∈
D(Â)τ with τ > 5

6 .

4.7 Evolution Equations with Hilfer Derivative

4.7.1 Introduction

In this section, we consider the Cauchy problem of fractional evolution equations

with an almost sectorial operator{
HDµ,ν

0+ x(t) = Ax(t) + f(t, x(t)), t ∈ (0, T ],

0D
−(1−µ)(1−ν)
t x(0) = x0,

(4.73)



August 14, 2023 16:41 ws-book961x669 Basic Theory of Fractional Differential Equations 13289-main page 227

Fractional Abstract Evolution Equations 227

where HDµ,ν
0+ is the Hilfer fractional derivative of order 0 < µ < 1 and type 0 ≤ ν ≤

1, 0D
−(1−µ)(1−ν)
t is Riemann-Liouville fractional integral of order (1− µ)(1− ν), A

is an almost sectorial operator in Banach space X, that is, A ∈ Θ−k
ω (X) (0 < k < 1

and 0 < ω < π
2 ). We denote the semigroup associated with A by {Q(t)}t≥0. Let

g : [0, T ]×X → X be a function to be defined later, x0 ∈ X,T ∈ (0,∞).

The Hilfer fractional derivative is a natural generalization of Caputo deriva-

tive and Riemann-Liouville derivative. It is obvious that fractional differential

equations with Hilfer derivatives include fractional differential equations with a

Riemann-Liouville derivative or Caputo derivative as special cases. In this section,

we will prove two existence theorems of mild solutions for (4.73) in the cases that

the semigroup associated with the almost sectorial operator is compact as well as

noncompact. In Subsection 4.7.2, we will construct three families of operators and

present some properties for these families. In Subsection 4.7.3, we will give some

useful lemmas before proving the main results. In Subsection 4.7.4, we will show

some new existence results of mild solutions for Cauchy problem (4.73).

4.7.2 Preliminaries

Assume that X is a Banach space with the norm | · |. Let J be a finite interval of

R. By C(J,X) we denote the Banach space of all continuous functions from J to

X with the norm ∥u∥ = supt∈J |u(t)| < ∞. We denote by L(X) the space of all

bounded linear operators from X to X with the usual operator norm ∥ · ∥L(X).

Let A be a linear operator from X to itself. Denote by D(A) the domain of

A, by σ(A) its spectrum, while ρ(A) := C − σ(A) is the resolvent set of A. Let

S0
λ = {z ∈ C\{0} : |arg z| < λ} be the open sector for 0 < λ < π, and Sλ be its

closure, i.e., Sλ = {z ∈ C\{0} : |arg z| ≤ λ} ∪ {0}.

Definition 4.8. Let 0 < k < 1 and 0 < ω < π
2 . We denote Θ−k

ω (X) as a family of

all closed linear operators A : D(A) ⊂ X → X such that

(i) σ(A) ⊂ Sω = {z ∈ C \ {0} : | arg z| ≤ ω} ∪ {0} and

(ii) for any λ ∈ (ω, π), there exists Cλ such that

∥R(z;A)∥L(X) ≤ Cλ|z|−k, for all z ∈ C \ Sλ,

where R(z;A) = (zI − A)−1, z ∈ ρ(A) is the resolvent operator of A. The linear

operator A will be called an almost sectorial operator on X if A ∈ Θ−k
ω (X).

Define the power of A as

Aβ =
1

2πi

∫
Γρ

zβR(z;A)dz, β > 1− k,

where Γρ = {R+eiρ}
⋃
{R+e−iρ} is an appropriate path oriented counterclockwise

and ω < ρ < λ. Then, the linear power space Xβ := D(Aβ) can be defined and Xβ

is a Banach space with the graph norm ∥x∥β = |Aβx|, x ∈ D(Aβ).
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Next, let us introduce the semigroup associated with A. We denote the semi-

group associated with A by {Q(t)}t≥0. For t ∈ S0
π
2 −ω

Q(t) = e−tz(A) =
1

2πi

∫
Γρ

e−tzR(z;A)dz,

where the integral contour Γρ = {R+eiρ}
⋃
{R+e−iρ} is oriented counter-clockwise

and ω < ρ < λ < π
2 − | arg t|, forms an analytic semigroup of growth order 1− k.

Define the Wright function Mµ(θ) by (see Definition 1.9)

Mµ(θ) =
∞∑
n=1

(−θ)n−1

(n− 1)!Γ(1− µn)
, 0 < µ < 1, θ ∈ C,

with the following property∫ ∞

0

θδMµ(θ)dθ =
Γ(1 + δ)

Γ(1 + µδ)
, for δ ≥ 0.

Lemma 4.26. (Gu, 2015) The problem (4.73) is equivalent to the integral equation

x(t) =
x0

Γ(ν(1− µ) + µ)
t−(1−µ)(1−ν)

+
1

Γ(µ)

∫ t

0

(t− s)µ−1[Ax(s) + f(s, x(s))]ds, t ∈ (0, T ].

(4.74)

Lemma 4.27. Assume that x(t) satisfies integral equation (4.74). Then

x(t) = Sµ,ν(t)x0 +

∫ t

0

Kµ(t− s)f(s, x(s))ds, t ∈ (0, T ],

where

Sµ,ν(t) = 0D
−ν(1−µ)
t Kµ(t), Kµ(t) = tµ−1Pµ(t), and Pµ(t) =

∫ ∞

0

µθMµ(θ)Q(tµθ)dθ.

Proof. This proof is similar to Gu, 2015, so we omit it.

In view of Lemma 4.27, we have the following definition.

Definition 4.9. If x ∈ C((0, T ], X) satisfies

x(t) = Sµ,ν(t)x0 +

∫ t

0

Kµ(t− s)f(s, x(s))ds, t ∈ (0, T ],

then x(t) is called a mild solution of the Cauchy problem (4.73).

Lemma 4.28. (Jaiwal, 2022) If {Q(t)}t>0 is a compact operator, then {Sµ,ν(t)}t>0

and {Pµ(t)}t>0 are also compact operators.

Lemma 4.29. (Zhou, 2016) Let β > 1 − k. For all x ∈ D(Aβ), we have

limt→0+ Pµ(t)x = x
Γ(µ) .

Lemma 4.30. Assume that {Q(t)}t>0 is a compact operator. Then {Q(t)}t>0 is

equicontinuous.
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Lemma 4.31. For any fixed t > 0, Pµ(t), Kµ(t) and Sµ,ν(t) are linear operators,

and for any x ∈ X,

|Pµ(t)x| ≤ L1t
µ(k−1)|x|, |Kµ(t)x| ≤ L1t

µk−1|x|, and |Sµ,ν(t)x| ≤ L2t
−1+ν−µν+µk|x|,

where

L1 =
C0Γ(k)

Γ(µk)
, L2 =

C0Γ(k)

Γ(ν(1− µ) + µk)
.

Proof. By ∫ ∞

0

θδMµ(θ)dθ =
Γ(1 + δ)

Γ(1 + µδ)
, for δ ≥ 0,

we have

|Pµ(t)x| =
∣∣∣∣ ∫ ∞

0

µθMµ(θ)Q(tµθ)xdθ

∣∣∣∣
≤ µC0

∫ ∞

0

Mµ(θ)θ
ktµ(k−1)|x|dθ

≤ L1t
µ(k−1)|x|, for t ∈ (0, T ] and x ∈ X.

Moreover, for t ∈ (0, T ] and x ∈ X,

|Kµ(t)x| = |tµ−1Pµ(t)x| ≤ L1t
µk−1|x|,

and

|Sµ,ν(t)x| = |0D−ν(1−µ)
t Kµ(t)x| =

∣∣∣∣ 1

Γ(ν(1− µ))

∫ t

0

(t− s)ν(1−µ)−1Kµ(s)xds

∣∣∣∣
≤ C0Γ(k)

Γ(µk)Γ(ν(1− µ))

∫ t

0

(t− s)ν(1−µ)−1sµk−1|x|ds

≤ L2t
−1+ν−µν+µk|x|.

This completes the proof.

Lemma 4.32. (Jaiwal, 2022) Assume that {Q(t)}t>0 is equicontinuous. Then

{Pµ(t)}t>0, {Kµ(t)}t>0 and {Sµ,ν(t)}t>0 are strongly continuous, that is, for any

x ∈ X and t′′ > t′ > 0,

|Pµ(t′)x− Pµ(t
′′)x| → 0, |Kµ(t

′)x−Kµ(t
′′)x| → 0,

|Sµ,ν(t′)x− Sµ,ν(t
′′)x| → 0, as t′′ → t′.

4.7.3 Some Lemmas

Throughout this section, we assume that A ∈ Θ−k
ω (X), 0 < k < 1 and 0 < ω < π

2 .

Furthermore, we suppose that x0 ∈ D(Aβ) with β > 1− k.

We introduce the following hypotheses:

(H1) Q(t) is continuous in the uniform operator topology for t > 0, i.e., {Q(t)}t>0

is equicontinuous;
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(H2) the map t → f(t, x) is measurable for all x ∈ X and the map x → f(t, x) is

continuous for a.e. t ∈ [0, T ];

(H3) there exists a function m ∈ L((0, T ],R+) satisfying

0D
−µk
t m ∈ C((0, T ],R+), lim

t→0+
t1−ν+µν−µk0D

−µk
t m(t) = 0

and |f(t, x)| ≤ m(t), for a.e. t ∈ [0, T ] and any x ∈ X;

(H4) there exists a constant r > 0 such that

L2|x0|+ L1 sup
t∈[0,T ]

{
t1−ν+µν−µk

∫ t

0

(t− s)µk−1m(s)ds

}
≤ r,

where

L1 =
C0Γ(k)

Γ(µk)
, L2 =

C0Γ(k)

Γ(ν(1− µ) + µk)
.

Let

Cµ((0, T ], X) =
{
x ∈ C((0, T ], X) : lim

t→0+
t1−ν+µν−µk|x(t)| exists and is finite

}
,

with the norm

∥x∥µ = sup
t∈(0,T ]

{t1−ν+µν−µk|x(t)|}.

Then (Cµ((0, T ], X), ∥ · ∥µ) is a Banach space.

For any x ∈ Cµ((0, T ], X), define an operator T as follows

(T x)(t) = (T1x)(t) + (T2x)(t),

where

(T1x)(t) = Sµ,ν(t)x0, (T2x)(t) =
∫ t

0

Kµ(t− s)f(s, x(s))ds, for t ∈ (0, T ].

Clearly, the problem (4.73) has a mild solution x∗ ∈ Cµ((0, T ], X) if and only if

T has a fixed point x∗ ∈ Cµ((0, T ], X).

It is easy to show that

lim
t→0+

t1−ν+µν−µkSµ,ν(t)x0 = 0. (4.75)

In fact,

t1−ν+µν−µkSµ,ν(t)x0 =
t1−ν+µν−µk

Γ(ν(1− µ))

∫ t

0

(t− s)ν(1−µ)−1sµ−1Pµ(s)x0ds

=
1

Γ(ν(1− µ))

∫ 1

0

(1− z)ν(1−µ)−1zµ−1tµ(1−k)Pµ(tz)x0dz.

By Lemma 4.29, limt→0+ t
µ(1−k)Pµ(tz)x0 = 0 and

∫ 1

0
(1 − z)ν(1−µ)−1zµ−1dz

exists, so (4.75) holds.
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In addition, from Lemma 4.31 and (H3), we have∣∣∣∣t1−ν+µν−µk ∫ t

0

Kµ(t− s)f(s, x(s))ds

∣∣∣∣ ≤ L1t
1−ν+µν−µk

∫ t

0

(t− s)µk−1m(s)ds

→ 0, as t→ 0.
(4.76)

For any u ∈ C([0, T ], X), set

x(t) = t−1+ν−µν+µku(t), t ∈ (0, T ].

Clearly, x ∈ Cµ((0, T ], X). Define an operator F as follows

(Fu)(t) = (F1u)(t) + (F2u)(t),

where

(F1u)(t) =

{
t1−ν+µν−µk(T1x)(t), for t ∈ (0, T ],

0, for t = 0,

(F2u)(t) =

{
t1−ν+µν−µk(T2x)(t), for t ∈ (0, T ],

0, for t = 0.

Let

Ωr = {u ∈ C([0, T ], X) : ∥u∥ ≤ r},

and

Ω̃r = {x ∈ Cµ((0, T ], X) : ∥x∥µ ≤ r}.

Clearly, Ωr and Ω̃r are nonempty, convex and closed subsets of C([0, T ], X) and

Cµ((0, T ], X), respectively.

Before giving the main results, we first prove the following lemmas.

Lemma 4.33. Assume that (H1)-(H4) hold. Then, the set
{
Fu : u ∈ Ωr

}
is

equicontinuous.

Proof. Step I. We first prove that
{
F1u : u ∈ Ωr

}
is equicontinuous.

For t1 = 0, t2 ∈ (0, T ], by (4.75), we obtain∣∣(F1u)(t2)− (F1u)(0)
∣∣ ≤ ∣∣t21−ν+µν−µkSµ,ν(t2)x0 − 0

∣∣→ 0, as t2 → 0.

For any t1, t2 ∈ (0, T ] and t1 < t2, we have∣∣(F1u)(t2)− (F1u)(t1)
∣∣ ≤ ∣∣t21−ν+µν−µkSµ,ν(t2)x0 − t1

1−ν+µν−µkSµ,ν(t1)x0
∣∣

≤ |t21−ν+µν−µk||Sµ,ν(t2)x0 − Sµ,ν(t1)x0|
+ |t21−ν+µν−µk − t1

1−ν+µν−µk||Sµ,ν(t1)x0|
→ 0, as t2 → t1.

Hence,
{
F1u : u ∈ Ωr

}
is equicontinuous.

Step II. We prove that
{
F2u : u ∈ Ωr

}
is equicontinuous.
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Let x(t) = t−1+ν−µν+µku(t), for any u ∈ Ωr, t ∈ (0, T ]. Then x ∈ Ω̃r.

For t1 = 0, 0 < t2 < T , by (4.76), we have∣∣(F2u)(t2)− (F2u)(0)
∣∣ = ∣∣∣∣t21−ν+µν−µk ∫ t2

0

Kµ(t2 − s)f(s, x(s))ds

∣∣∣∣
→ 0, as t2 → 0.

For 0 < t1 < t2 ≤ T , we get

|(F2u)(t2)− (F2u)(t1)|

≤
∣∣∣∣t11−ν+µν−µk ∫ t2

t1

(t2 − s)µ−1Pµ(t2 − s)f(s, x(s))ds

∣∣∣∣
+

∣∣∣∣t11−ν+µν−µk ∫ t1

0

(
(t2 − s)µ−1 − (t1 − s)µ−1

)
Pµ(t2 − s)f(s, x(s))ds

∣∣∣∣
+

∣∣∣∣t11−ν+µν−µk ∫ t1

0

(t1 − s)µ−1
(
Pµ(t2 − s)− Pµ(t1 − s)

)
f(s, x(s))ds

∣∣∣∣
+ |t21−ν+µν−µk − t1

1−ν+µν−µk|
∣∣∣∣ ∫ t2

0

(t2 − s)µ−1Pµ(t2 − s)f(s, x(s))ds

∣∣∣∣
≤ I1 + I2 + I3 + I4,

where

I1 = L1t1
1−ν+µν−µk

∣∣∣∣ ∫ t2

0

(t2 − s)µk−1m(s)ds−
∫ t1

0

(t1 − s)µk−1m(s)ds

∣∣∣∣,
I2 = 2L1t1

1−ν+µν−µk
∫ t1

0

(
(t1 − s)µ−1 − (t2 − s)µ−1

)
(t2 − s)µ(k−1)m(s)ds,

I3 = t1
1−ν+µν−µk

∣∣∣∣ ∫ t1

0

(t1 − s)µ−1
(
Pµ(t2 − s)− Pµ(t1 − s)

)
f(s, x(s))ds

∣∣∣∣,
I4 = |t21−ν+µν−µk − t1

1−ν+µν−µk|
∣∣∣∣L1

∫ t2

0

(t2 − s)µk−1m(s)ds

∣∣∣∣.
One can deduce that limt2→t1 I1 = 0, since 0D

−µk
t m ∈ C((0, T ],R+). Noting

that

((t1 − s)µ−1 − (t2 − s)µ−1)(t2 − s)µ(k−1)m(s) ≤ (t1 − s)µk−1m(s), for s ∈ [0, t1),

then by Lebesgue dominated convergence theorem, we have∫ t1

0

(
(t1 − s)µ−1 − (t2 − s)µ−1

)
(t2 − s)µ(k−1)m(s)ds→ 0, as t2 → t1,

which implies I2 → 0 as t2 → t1.

By (H3), for ε > 0, we have

I3 ≤ t1
1−ν+µν−µk

∫ t1−ε

0

(t1 − s)µ−1
∥∥Pµ(t2 − s)− Pµ(t1 − s)

∥∥
L(X)

|f(s, x(s))|ds

+ t1
1−ν+µν−µk

∣∣∣∣ ∫ t1

t1−ε
(t1 − s)µ−1

(
Pµ(t2 − s)− Pµ(t1 − s)

)
f(s, x(s))ds

∣∣∣∣
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≤ t1
1−ν+µν−µk

∫ t1

0

(t1 − s)µ−1m(s)ds sup
s∈[0,t1−ε]

∥Pµ(t2 − s)− Pµ(t1 − s)∥L(X)

+ 2L1t1
1−ν+µν−µk

∫ t1

t1−ε
(t1 − s)µk−1m(s)ds

≤ I31 + I32 + I33,

where

I31 = t1
1−ν+µν−µk

∫ t1

0

(t1 − s)µ−1m(s)ds sup
s∈[0,t1−ε]

∥Pµ(t2 − s)− Pµ(t1 − s)∥L(X),

I32 = 2L1t1
1−ν+µν−µk

∣∣∣∣ ∫ t1

0

(t1 − s)µk−1m(s)ds−
∫ t1−ε

0

(t1 − ε− s)µk−1m(s)ds

∣∣∣∣,
I33 = 2L1t1

1−ν+µν−µk
∫ t1−ε

0

((t1 − ε− s)µk−1 − (t1 − s)µk−1)m(s)ds.

By (H1) and Lemma 4.32, it is easy to see that I31 → 0 as t2 → t1. Similar to

the proof that I1, I2 tend to zero, we get I32 → 0 and I33 → 0 as ε → 0. Thus, I3
tends to zero as t2 → t1. Clearly, I4 → 0 as t2 → t1.

Therefore,
{
F2u : u ∈ Ωr

}
is equicontinuous. Furthermore,

{
Fu : u ∈ Ωr

}
is

equicontinuous.

Lemma 4.34. Assume that (H2)-(H4) hold. Then FΩr ⊂ Ωr.

Proof. Let x(t) = t−1+ν−µν+µku(t), for u ∈ Ωr, t ∈ (0, T ]. Then x ∈ Ω̃r.

From Lemma 4.33, we know that FΩr ⊂ C([0, T ], X). For t > 0 and any u ∈ Ωr,

by (H4), we have

|(Fu)(t)| ≤
∣∣t1−ν+µν−µkSµ,ν(t)x0∣∣+ ∣∣∣∣t1−ν+µν−µk ∫ t

0

Kµ(t− s)f(s, x(s))ds

∣∣∣∣
≤ L2|x0|+ L1t

1−ν+µν−µk
∫ t

0

(t− s)µk−1m(s)ds ≤ r.

For t = 0, we have |(Fu)(0)| = 0 < r. Therefore, FΩr ⊂ Ωr.

Lemma 4.35. Assume that (H2)-(H4) hold. Then F is continuous.

Proof. Let {un}∞n=1 be a sequence in Ωr which is convergent to u ∈ Ωr. Conse-

quently,

lim
n→∞

un(t) = u(t), and lim
n→∞

t−1+ν−µν+µkun(t) = t−1+ν−µν+µku(t), for t ∈ (0, T ].

Let x(t) = t−1+ν−µν+µku(t), xn(t) = t−1+ν−µν+µkun(t), t ∈ (0, T ]. Then

x, xn ∈ Ω̃r. In view of (H2), we have

lim
n→∞

f(t, xn(t)) = lim
n→∞

f(t, t−1+ν−µν+µkun(t)) = f(t, t−1+ν−µν+µku(t)) = f(t, x(t)).
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For each t ∈ (0, T ], (t− s)µk−1|f(s, xn(s))− f(s, x(s))| ≤ 2(t− s)µk−1m(s). By

Lebesgue dominated convergence theorem, we obtain∫ t

0

(t− s)µk−1|f(s, xn(s))− f(s, x(s))|ds→ 0, as n→ ∞.

Thus, for t ∈ [0, T ],∣∣(Fun)(t)− (Fu)(t)
∣∣

≤ t1−ν+µν−µk
∫ t

0

|Kµ(t− s)(f(s, xn(s))− f(s, x(s)))|ds

≤ L1t
1−ν+µν−µk

∫ t

0

(t− s)µk−1|f(s, xn(s))− f(s, x(s))|ds→ 0, as n→ ∞.

Therefore, ∥Fun − Fu∥ → 0 as n → ∞. Hence, F is continuous. The proof is

completed.

4.7.4 Existence Results

Theorem 4.25. Assume that Q(t)(t > 0) is compact. Furthermore suppose that

(H2)-(H4) hold. Then the Cauchy problem (4.73) has at least one mild solution

in Ω̃r.

Proof. Clearly, the problem (4.73) exists a mild solution x ∈ Ω̃r if and only if the

operator F has a fixed point u ∈ Ωr, where u(t) = t1−ν+µν−µkx(t). Hence, we only

need to prove that the operator F has a fixed point in Ωr. From Lemmas 4.34

and 4.35, we know that FΩr ⊂ Ωr and F is continuous. In view of Lemma 4.33,

the set
{
Fu : u ∈ Ωr

}
is equicontinuous. It remains to prove that for t ∈ [0, T ],{

(Fu)(t) : u ∈ Ωr
}
is relatively compact in X. Clearly,

{
(Fu)(0) : u ∈ Ωr

}
is

relatively compact in X. We only consider the case t > 0. For any ε ∈ (0, t) and

δ > 0, define Fε,δ on Ωr as follows

(Fε,δu)(t) := t1−ν+µν−µk(Tε,δx)(t)

:= t1−ν+µν−µk
(
Sµ,ν(t)x0 +

∫ t−ε

0

∫ ∞

δ

µθ(t− s)µ−1Mµ(θ)

×Q((t− s)µθ)f(s, x(s))dθds

)
.

Thus,

(Fε,δu)(t) = t1−ν+µν−µk
(
Sµ,ν(t)x0 +Q(εµδ)

∫ t−ε

0

∫ ∞

δ

µθ(t− s)µ−1Mµ(θ)

×Q((t− s)µθ − εµδ)f(s, x(s))dθds

)
.

By Lemma 4.28, we know that Sµ,ν(t) is compact because Q(t) is compact for

t > 0. Furthermore, Q(εµδ) is compact, then the set {(Fε,δu)(t), u ∈ Ωr} is
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relatively compact in X for any ε ∈ (0, t) and for any δ > 0. Moreover, for every

u ∈ Ωr, we find∣∣∣∣(Fu)(t)− (Fε,δu)(t)
∣∣∣∣

≤ t1−ν+µν−µk
∣∣∣ ∫ t

0

∫ δ

0

µθ(t− s)µ−1Mµ(θ)Q((t− s)µθ)f(s, x(s))dθds
∣∣∣

+ t1−ν+µν−µk
∣∣∣∣ ∫ t

t−ε

∫ ∞

δ

µθ(t− s)µ−1Mµ(θ)Q((t− s)µθ)f(s, x(s))dθds

∣∣∣∣
≤ µC0t

1−ν+µν−µk
∫ t

0

(t− s)µk−1|f(s, x(s))|ds
∫ δ

0

θkMµ(θ)dθ

+ µC0t
1−ν+µν−µk

∫ t

t−ε
(t− s)µk−1|f(s, x(s))|ds

∫ ∞

0

θkMµ(θ)dθ

≤ µC0t
1−ν+µν−µk

∫ t

0

(t− s)µk−1m(s)ds

∫ δ

0

θkMµ(θ)dθ

+ µC0t
1−ν+µν−µk

∫ t

t−ε
(t− s)µk−1m(s)ds

∫ ∞

0

θkMµ(θ)dθ

→ 0, as ε→ 0, δ → 0.

Therefore,
{
(Fu)(t) : u ∈ Ωr

}
is also a relatively compact set in X for t ∈ [0, T ].

Thus,
{
Fu : u ∈ Ωr

}
is relatively compact by Arzela-Ascoli theorem. Hence, F is

a completely continuous operator. Schauder fixed point theorem shows that F has

at least a fixed point u∗ ∈ Ωr. Let x
∗(t) = t−1+ν−µν+µku∗(t). Thus,

x∗(t) = Sµ,ν(t)x0 +

∫ t

0

Kµ(t− s)f(s, x∗(s))ds, t ∈ (0, T ],

which implies that x∗ is a mild solution of (4.73) in Ω̃r. The proof is completed.

In the case that Q(t) is noncompact for t > 0, we give an assumption as follows:

(H5) there exists a constant K > 0 such that for any bounded D ⊆ X,

α1(f(t,D)) ≤ Kt1−ν+µν−µkα1(D), for a.e. t ∈ [0, T ],

where α1 is the Kuratowski measure of noncompactness.

Theorem 4.26. Assume that (H1)-(H5) hold. Then the Cauchy problem (4.73)

has at least one mild solution in Ω̃r.

Proof. Let u0(t) = t1−ν+µν−µkSµ,ν(t)x0 for all t ∈ [0, T ] and un+1 = Fun, n =

0, 1, 2, . . .. By Lemma 4.34, Fun ∈ Ωr, for un ∈ Ωr. Consider set V =
{
Fun) :

un ∈ Ωr}∞n=0, and we will prove set V is relatively compact. In view of Lemma 4.33,

the set V is equicontinuous. We only need to prove V(t) =
{
(Fun)(t), un ∈ Ωr}∞n=0

is relatively compact in X for t ∈ [0, T ].



August 14, 2023 16:41 ws-book961x669 Basic Theory of Fractional Differential Equations 13289-main page 236

236 Basic Theory of Fractional Differential Equations

By the properties of measure of noncompactness, for any t ∈ [0, T ] we have

α1

({
un(t)

}∞
n=0

)
= α1

({
u0(t)

}
∪
{
un(t)

}∞
n=1

)
= α1

({
un(t)

}∞
n=1

)
= α1(V(t)).

(4.77)

Let xn(t) = t−1+ν−µν+µkun(t), t ∈ (0, T ], n = 0, 1, 2, . . .. By the condition (H5)

and Proposition 1.18, we have

α1(V(t))
= α1

({
(Fun)(t)

}∞
n=0

)
= α1

({
t1−ν+µν−µkSµ,ν(t)x0 + t1−ν+µν−µk

∫ t

0

Kµ(t− s)f(s, xn(s))ds

}∞

n=0

)
= α1

({
t1−ν+µν−µk

∫ t

0

Kµ(t− s)f(s, xn(s))ds

}∞

n=0

)
≤ 2L1t

1−ν+µν−µk
∫ t

0

(t− s)µk−1α1

(
f(s, {s−1+ν−µν+µkun(s)}∞n=0)

)
ds

≤ 2L1KT
1−ν+µν−µk

∫ t

0

(t− s)µk−1s1−ν+µν−µkα1

(
{s−1+ν−µν+µkun(s)}∞n=0

)
ds

≤ 2L1KT
1−ν+µν−µk

∫ t

0

(t− s)µk−1α1

({
un(s)

}∞
n=0

)
ds.

In view of (4.77), we obtain

α1(V(t)) ≤ 2L1KT
1−ν+µν−µk

∫ t

0

(t− s)µk−1α1(V(s))ds.

Therefore, by the inequality in Henry, 1981 (p. 188), we obtain that α1(V(t)) =
0, then V(t) is relatively compact. Consequently, it follows from Arzela-Ascoli

theorem that set V is relatively compact, i.e., there exists a convergent subsequence

of {un}∞n=0. With no confusion, let limn→∞ un = u∗ ∈ Ωr.

Thus, by continuity of the operator F , we have

u∗ = lim
n→∞

un = lim
n→∞

Fun−1 = F
(
lim
n→∞

un−1

)
= Fu∗.

Let x∗(t) = t−1+ν−µν+µku∗(t). Thus, x∗ is a mild solution of (4.73) in Ω̃r. The

proof is completed.

In the following, we prove the existence and uniqueness of a mild solution of the

Cauchy problem (4.73).

(H6) There exists a function L ∈ C([0, T ],R+) such that Iµk0+L ∈ C([0, T ],R+),

|f(t, x1(t))− f(t, x2(t))| ≤ L(t)∥x1 − x2∥µ, for any x1, x2 ∈ Ω̃r,

and

sup
t∈[0,T ]

{
L1T

1−ν+µν−µk
∫ t

0

(t− s)µk−1L(s)ds

}
≤ l0 < 1.
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Theorem 4.27. Assume that the conditions (H2)-(H4) and (H6) hold. Then the

Cauchy problem (4.73) has a unique mild solution in Ω̃r.

Proof. From Lemma 4.34, we know that FΩr ⊂ Ωr. For any u1, u2 ∈ Ωr, t ∈ [0, T ],

we have ∣∣(Fu1)(t)− (Fu2)(t)
∣∣

≤ T 1−ν+µν−µk
∫ t

0

|Kµ(t− s)(f(s, x1(s))− f(s, x2(s)))|ds

≤ L1T
1−ν+µν−µk

∫ t

0

(t− s)µk−1|f(s, x1(s))− f(s, x2(s))|ds

≤ L1T
1−ν+µν−µk

∫ t

0

(t− s)µk−1L(s)∥x1 − x2∥µds

≤ l0∥u1 − u2∥.

Thus

∥(Fu1)− (Fu2)∥ ≤ l0∥u1 − u2∥,

which implies that F is a contraction mapping. In view of the contraction mapping

principle, F has the unique fixed point u∗ ∈ Ωr. Let x∗(t) = t−1+ν−µν+µku∗(t).

Thus, x∗ is a unique mild solution of (4.73) in Ω̃r. The proof is completed.

4.8 Infinite Interval Problems with Hilfer Derivative

4.8.1 Introduction

Consider the Cauchy problem of fractional evolution equations on an infinite interval{
H
0D

µ,ν
t x(t) = Ax(t) + f(t, x(t)), t ∈ (0,∞),

0D
−(1−µ)(1−ν)
t x(0) = x0,

(4.78)

where H
0D

µ,ν
t is the Hilfer fractional derivative of order 0 < µ < 1 and type 0 ≤

ν ≤ 1, 0D
−(1−µ)(1−ν)
t is Riemann-Liouville integral of order (1 − µ)(1 − ν), A is

the infinitesimal generator of a strongly continuous semigroup of bounded linear

operators (i.e., C0-semigroup) {Q(t)}t≥0 in Banach space X, f : [0,∞) ×X → X

is a function to be defined later.

Most of the results involve the existence of solutions for fractional evolution

equations on a finite interval [0, T ], where T ∈ (0,∞). It seems that there are few

works concerned with fractional evolution equations on an infinite interval. The

Arzela-Ascoli theorem and various fixed point theorems are widely used to study

the existence of solutions. It is well known that the classical Arzela-Ascoli theorem

is powerful technique to give a necessary and sufficient condition for judging the

relative compactness of a family of abstract continuous functions, while it is limited

to finite closed interval.
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In this section, by using the generalized Arzela-Ascoli theorem and some new

techniques, we give sufficient conditions of the existence for global mild solutions

when the semigroup is compact as well as noncompact. In particular, we do not

need to assume that the f(t, ·) satisfies the Lipschitz condition.

4.8.2 Preliminaries

Assume that X is a Banach space with the norm | · |. Let J be an infinite interval

of R. By C(J,X) we denote the space of all continuous functions from J to X with

the norm ∥u∥0 = supt∈J |u(t)| < ∞. We denote by L(X) the space of all bounded

linear operators from X to X with the usual operator norm ∥ · ∥L(X).

Lemma 4.36. (K. M. Furati, 2012) The Cauchy problem (4.78) is equivalent to

the integral equation

x(t) =
x0

Γ(ν(1− µ) + µ)
t(ν−1)(1−µ)

+
1

Γ(µ)

∫ t

0

(t− s)µ−1[Ax+ f(s, x(s))]ds, t ∈ (0,∞).

(4.79)

The Wright function Mµ(θ) is defined by (see Definition 1.9)

Mµ(θ) =

∞∑
n=1

(−θ)n−1

(n− 1)!Γ(1− µn)
, 0 < µ < 1, θ ∈ C,

which satisfies the following equality.∫ ∞

0

θδMµ(θ)dθ =
Γ(1 + δ)

Γ(1 + µδ)
, for θ ≥ 0.

Lemma 4.37. If integral equation (4.79) holds, then we have

x(t) = Sν,µ(t)x0 +

∫ t

0

Kµ(t− s)f(s, x(s))ds, t ∈ (0,∞), (4.80)

where

Kµ(t) = tµ−1Pµ(t), Pµ(t) =

∫ ∞

0

µθMµ(θ)Q(tµθ)dθ, Sν,µ(t) = 0D
−ν(1−µ)
t Kµ(t).

Proof. Let λ > 0. Applying the Laplace transform

χ(λ) =

∫ ∞

0

e−λsx(s)ds and ω(λ) =

∫ ∞

0

e−λsf(s, x(s))ds

to (4.79), we have

χ(λ) = λ(1−ν)(1−µ)−1x0 +
1

λµ
Aχ(λ) +

1

λµ
ω(λ)

= λν(µ−1)(λµI −A)−1x0 + (λµI −A)−1ω(λ)

= λν(µ−1)

∫ ∞

0

e−λ
µsQ(s)x0ds+

∫ ∞

0

e−λ
µsQ(s)ω(λ)ds,

(4.81)
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provided that the integrals in (4.81) exist, where I is the identity operator defined

on X.

Let

ψµ(θ) =
µ

θµ+1
Mµ(θ

−µ),

whose Laplace transform is given by∫ ∞

0

e−λθψµ(θ)dθ = e−λ
µ

, where µ ∈ (0, 1). (4.82)

Using (2.4), we have∫ ∞

0

e−λ
µsQ(s)x0ds =

∫ ∞

0

µtµ−1e−(λt)µQ(tµ)x0dt

=

∫ ∞

0

∫ ∞

0

µψµ(θ)e
−(λtθ)Q(tµ)tµ−1x0dθdt

=

∫ ∞

0

∫ ∞

0

µψµ(θ)e
−λtQ

(
tµ

θµ

)
tµ−1

θµ
x0dθdt

=

∫ ∞

0

e−λt
[
µ

∫ ∞

0

ψµ(θ)Q

(
tµ

θµ

)
tµ−1

θµ
x0dθ

]
dt

=

∫ ∞

0

e−λttµ−1Pµ(t)x0dt,

(4.83)

and ∫ ∞

0

e−λ
µsQ(s)ω(λ)ds

=

∫ ∞

0

∫ ∞

0

µtµ−1e−(λt)µQ(tµ)e−λsf(s, x(s))dsdt

=

∫ ∞

0

∫ ∞

0

∫ ∞

0

µψµ(θ)e
−(λtθ)Q(tµ)e−λstµ−1f(s, x(s))dθdsdt

=

∫ ∞

0

∫ ∞

0

∫ ∞

0

µψµ(θ)e
−λ(t+s)Q

(
tµ

θµ

)
tµ−1

θµ
f(s, x(s))dθdsdt

=

∫ ∞

0

e−λt
[
µ

∫ t

0

∫ ∞

0

ψµ(θ)Q

(
(t− s)µ

θµ

)
(t− s)µ−1

θµ
f(s, x(s))dθds

]
dt

=

∫ ∞

0

e−λt
[ ∫ t

0

(t− s)µ−1Pµ(t− s)f(s, x(s))ds

]
dt.

(4.84)

Since the Laplace inverse transform of λν(µ−1) is

L−1(λν(µ−1)) =


tν(1−µ)−1

Γ(ν(1− µ))
, 0 < ν ≤ 1,

δ(t), ν = 0,
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where δ(t) is the Delta function, by (4.81), (4.83) and (4.84), for t ∈ (0,∞) we

obtain

x(t) =
(
L−1(λν(µ−1)) ∗Kµ(t)

)
x0 +

∫ t

0

Kµ(t− s)f(s, x(s))ds

=
(
0D

−ν(1−µ)
t Kµ(t)

)
x0 +

∫ t

0

Kµ(t− s)f(s, x(s))ds

= Sν,µ(t)x0 +

∫ t

0

Kµ(t− s)f(s, x(s))ds.

(4.85)

This completes the proof.

Due to Lemma 4.37, we give the following definition of the mild solution of

(4.78).

Definition 4.10. By the mild solution of the Cauchy problem (4.78), we mean that

the function x ∈ C((0,∞), X) which satisfies

x(t) = Sν,µ(t)x0 +

∫ t

0

Kµ(t− s)f(s, x(s))ds, t ∈ (0,∞).

Throughout this section, we introduce the following hypotheses:

(H0) Q(t) is continuous in the uniform operator topology for t > 0, and {Q(t)}t≥0

is uniformly bounded, i.e., there existsM > 1 such that supt∈[0,+∞) |Q(t)| <
M .

Lemma 4.38. (Jaiwal, 2022) If {Q(t)}t>0 is a compact operator, then {Sν,µ(t)}t>0

and {Pµ(t)}t>0 are also compact operators.

Lemma 4.39. (Zhou and Jiao, 2010a) Assume that {Q(t)}t>0 is a compact oper-

ator. Then {Q(t)}t>0 is equicontinuous.

Lemma 4.40. Under assumption (H0), Pµ(t) is continuous in the uniform operator

topology for t > 0.

Proof. For any t > 0, h > 0 and x ∈ X, we have

|Pµ(t+ h)x− Pµ(t)x| =
∣∣∣∣ ∫ ∞

0

µθMµ(θ)[Q((t+ h)µθ)−Q(tµθ)]xdθ

∣∣∣∣.
Since∣∣∣∣ ∫ ∞

0

µθMµ(θ)[Q((t+ h)µθ)−Q(tµθ)]xdθ

∣∣∣∣ ≤ 2M

∫ ∞

0

µθMµ(θ)dθ|x| =
2M

Γ(µ)
|x|,

then by Lebesgue dominated convergence theorem, we have

|Pµ(t+ h)x− Pµ(t)x| → 0 indepently of t and x, as h→ 0.

Therefore, Pµ(t) is continuous in the uniform operator topology for t > 0. This

completes the proof.
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Lemma 4.41. Under assumption (H0), for any fixed t > 0, {Kµ(t)}t>0 and

{Sν,µ(t)}t>0 are linear operators, and for any x ∈ X

|Kµ(t)x| ≤
Mtµ−1

Γ(µ)
|x| and |Sν,µ(t)x| ≤

Mt(ν−1)(µ−1)

Γ(ν(1− µ) + µ)
|x|.

Proof. From the equality ∫ ∞

0

θδMµ(θ)dθ =
Γ(1 + δ)

Γ(1 + µδ)
,

we know that

|Pµ(t)x| =
∣∣∣∣ ∫ ∞

0

µθMµ(θ)Q(tµθ)xdθ

∣∣∣∣ ≤ M

Γ(µ)
|x|, for t ∈ [0,∞) and x ∈ X,

then we have

|Kµ(t)x| ≤
Mtµ−1

Γ(µ)
|x|, for t ∈ (0,∞) and x ∈ X.

For t ∈ (0,∞) and x ∈ X,

|Sν,µ(t)x| =
∣∣
0D

−ν(1−µ)
t Kµ(t)x

∣∣
=

∣∣∣∣ 1

Γ(ν(1− µ))

∫ t

0

(t− s)ν(1−µ)−1Kµ(s)xds

∣∣∣∣
=

∣∣∣∣ 1

Γ(ν(1− µ))

∫ t

0

(t− s)ν(1−µ)−1sµ−1Pµ(s)xds

∣∣∣∣
=

∣∣∣∣ t(ν−1)(1−µ)

Γ(ν(1− µ))

∫ 1

0

(1− s)ν(1−µ)−1sµ−1Pµ(ts)xds

∣∣∣∣
≤ t(ν−1)(1−µ)M

Γ(ν(1− µ))Γ(µ)

∫ 1

0

(1− s)ν(1−µ)−1sµ−1ds|x|

=
t(ν−1)(1−µ)M

Γ(ν(1− µ) + µ)
|x|.

(4.86)

This completes the proof.

Lemma 4.42. Under assumption (H0), {Kµ(t)}t>0 and {Sν,µ(t)}t>0 are strongly

continuous, which means that, for any x ∈ X and 0 < t′ < t′′ ≤ b, we have

|Kµ(t
′)x−Kµ(t

′′)x| → 0 and |Sν,µ(t′)x− Sν,µ(t
′′)x| → 0, as t′′ → t′.

Proof. By Lemma 4.40, we know that{Pµ(t)}t>0 is strongly continuous, then we

easily obtain {Kµ(t)}t>0 is also strongly continuous.
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For any x ∈ X and 0 < t1 < t2 ≤ b, we have

|Sν,µ(t2)x− Sν,µ(t1)x|

=
1

Γ(ν(1− µ))

∣∣∣∣ ∫ t2

0

(t2 − s)ν(1−µ)−1Kµ(s)xds−
∫ t1

0

(t1 − s)ν(1−µ)−1Kµ(s)xds

∣∣∣∣
=

1

Γ(ν(1− µ))

×
∣∣∣∣ ∫ t2

0

(t2 − s)ν(1−µ)−1sµ−1Pµ(s)xds−
∫ t1

0

(t1 − s)ν(1−µ)−1sµ−1Pµ(s)xds

∣∣∣∣
≤ 1

Γ(ν(1− µ))

∣∣∣∣ ∫ t2

t1

(t2 − s)ν(1−µ)−1sµ−1Pµ(s)xds

∣∣∣∣
+

1

Γ(ν(1− µ))

∣∣∣∣∣
∫ t1

0

(
(t2 − s)ν(1−µ)−1 − (t1 − s)ν(1−µ)−1

)
sµ−1Pµ(s)xds

∣∣∣∣
≤ Mtµ−1

1

Γ(ν(1− µ))Γ(µ)

1

ν(1− µ)
(t2 − t1)

ν(1−µ)|x|

+
M

Γ(ν(1− µ))Γ(µ)

∣∣∣∣∣
∫ t1

0

(
(t2 − s)ν(1−µ)−1 − (t1 − s)ν(1−µ)−1

)
sµ−1ds

∣∣∣∣∣|x|.
(4.87)

Since∣∣∣∣ ∫ t1

0

(
(t2 − s)ν(1−µ)−1 − (t1 − s)ν(1−µ)−1

)
sµ−1ds

∣∣∣∣ ≤ 2

∫ t1

0

(t1 − s)ν(1−µ)−1sµ−1ds

exists, then by Lebesgue dominated convergence theorem, we have∣∣∣∣ ∫ t1

0

(
(t2 − s)ν(1−µ)−1 − (t1 − s)ν(1−µ)−1

)
sµ−1ds

∣∣∣∣→ 0, as t2 → t1.

Consequently, we have

|Sν,µ(t2)x− Sν,µ(t1)x| → 0, as t2 → t1,

i.e., {Sν,µ(t)}t>0 is strongly continuous. This completes the proof.

4.8.3 Lemmas

Let

C1([0,∞), X) =

{
u ∈ C([0,∞), X) : lim

t→∞

|u(t)|
1 + t

= 0

}
.

Then, C1([0,∞), X) is a Banach space with the norm ∥u∥ = supt∈[0,∞) |u(t)|/(1 +
t) <∞.

We introduce the following hypotheses:

(H1) f(t, ·) is Lebesgue measurable with respect to t on [0,∞). f(·, x) is continuous
with respect to x on X.
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(H2) There exists a function m : (0,∞) → (0,∞) such that

0D
−µ
t m(t) ∈ C((0,∞), (0,∞)), |f(t, x)| ≤ m(t), for all x ∈ X, t ∈ (0,∞),

and

lim
t→0+

t(1−µ)(1−ν)0D
−µ
t m(t) = 0, lim

t→∞

t(1−µ)(1−ν)

1 + t
0D

−µ
t m(t) = 0.

Let

Cµ((0,∞), X) =
{
x ∈ C((0,∞), X) : lim

t→0+
t(1−µ)(1−ν)|x(t)| exists and is finite,

lim
t→∞

t(1−µ)(1−ν)|x(t)|
1 + t

= 0
}
.

Then (Cµ((0,∞), X), ∥ · ∥µ) is a Banach space with the norm

∥x∥µ = sup
t∈[0,∞)

t(1−µ)(1−ν)|x(t)|
1 + t

.

For any x ∈ Cµ((0,∞), X), define an operator Ψ as follows

(Ψx)(t) = (Ψ1x)(t) + (Ψ2x)(t),

where

(Ψ1x)(t) = Sν,µ(t)x0, (Ψ2x)(t) =

∫ t

0

Kµ(t− s)f(s, x(s))ds, for t ∈ (0,∞).

For any u ∈ C1([0,∞), X), set

x(t) = t−(1−µ)(1−ν)u(t), for t ∈ (0,∞).

Then, x ∈ Cµ((0,∞), X). Define an operator Φ as follows

(Φu)(t) = (Φ1u)(t) + (Φ2u)(t),

where

(Φ1u)(t) =

t
(1−µ)(1−ν)(Ψ1x)(t), for t ∈ (0,∞),

x0
Γ(ν(1− µ) + µ)

, for t = 0,

(Φ2u)(t) =

{
t(1−µ)(1−ν)(Ψ2x)(t), for t ∈ (0,∞),

0, for t = 0.

Obviously, x ∈ Cµ((0,∞), X) is a mild solution of (4.78) if and only if the

operator equation x = Ψx has a solution x ∈ Cµ((0,∞), X).

In view of (H2), we have

lim
t→0+

t(1−µ)(1−ν)

1 + t
0D

−µ
t m(t) = 0, lim

t→∞

t(1−µ)(1−ν)

1 + t
0D

−µ
t m(t) = 0.

Thus, there exists a constant r > 0 such that

sup
t∈[0,∞)

{
L|x0|

Γ(ν(1− µ) + µ)
+
Lt(1−µ)(1−ν)

1 + t
0D

−µ
t m(t)

}
≤ r,
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i.e.,

sup
t∈[0,∞)

{
L|x0|

Γ(ν(1− µ) + µ)
+

L

Γ(µ)

t(1−µ)(1−ν)

1 + t

∫ t

0

(t− s)µ−1m(s)ds

}
≤ r. (4.88)

Let

Ωr = {u ∈ C1([0,∞), X) : ∥u∥ ≤ r}, Ω̃r = {x ∈ Cµ((0,∞), X) : ∥x∥µ ≤ r}.

Clearly, Ωr is a nonempty, convex, and closed subset of C1([0,∞), X), and Ω̃r
is a nonempty, convex, and closed subset of Cµ((0,∞), X).

Let

V :=
{
v : v(t) = (Φu)(t)/(1 + t), u ∈ Ωr

}
.

Lemma 4.43. Assume that (H0), (H1) and (H2) hold. Then the set V is equi-

continuous.

Proof. Step I. We first prove that
{
v : v(t) = (Φ1u)(t)/(1 + t), u ∈ Ωr

}
is

equicontinuous.

As limt→0+ Pµ(t)x0 = x0/Γ(µ), we find

lim
t→0+

t(1−µ)(1−ν)Sν,µ(t)x0 = lim
t→0+

t(1−µ)(1−ν)

Γ(ν(1− µ))

∫ t

0

(t− s)ν(1−µ)−1sµ−1Pµ(s)x0ds

= lim
t→0+

1

Γ(ν(1− µ))

∫ 1

0

(1− z)ν(1−µ)−1zµ−1Pµ(tz)x0dz

=
1

Γ(ν(1− µ))Γ(µ)

∫ 1

0

(1− z)ν(1−µ)−1zµ−1x0dz

=
x0

Γ(ν(1− µ) + µ)
.

Hence, for t1 = 0, t2 ∈ (0,∞), we obtain∣∣∣∣ (Φ1u)(t2)

1 + t2
− (Φ1u)(0)

∣∣∣∣
≤
∣∣∣∣ 1

1 + t2
t2

(1−µ)(1−ν)Sν,µ(t2)x0 −
x0

Γ(ν(1− µ) + µ)

∣∣∣∣
→ 0, as t2 → 0.

For any t1, t2 ∈ (0,∞) and t1 < t2, we have∣∣∣∣ (Φ1u)(t2)

1 + t2
− (Φ1u)(t1)

1 + t1

∣∣∣∣
=

∣∣∣∣ t2(1−µ)(1−ν)Sν,µ(t2)x01 + t2
− t1

(1−µ)(1−ν)Sν,µ(t1)x0
1 + t1

∣∣∣∣
≤
∣∣∣∣ t2(1−µ)(1−ν)Sν,µ(t2)x01 + t2

− t2
(1−µ)(1−ν)Sν,µ(t2)x0

1 + t1

∣∣∣∣
+

∣∣∣∣ t2(1−µ)(1−ν)Sν,µ(t2)x01 + t1
− t1

(1−µ)(1−ν)Sν,µ(t1)x0
1 + t1

∣∣∣∣
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≤
∣∣t2(1−µ)(1−ν)Sν,µ(t2)x0| |t2 − t1

∣∣
(1 + t2)(1 + t1)

+
∣∣t2(1−µ)(1−ν)Sν,µ(t2)x0 − t1

(1−µ)(1−ν)Sν,µ(t1)x0
∣∣ 1

1 + t1

≤
∣∣t2(1−µ)(1−ν)Sν,µ(t2)x0∣∣ |t2 − t1|

(1 + t2)(1 + t1)

+
∣∣t2(1−µ)(1−ν)∣∣∣∣Sν,µ(t2)x0 − Sν,µ(t1)x0

∣∣ 1

1 + t1

+
∣∣t2(1−µ)(1−ν) − t1

(1−µ)(1−ν)∣∣∣∣Sν,µ(t1)x0∣∣ 1

1 + t1

→ 0, as t2 → t1.

Hence,
{
v : v(t) = (Φ1u)(t)/(1 + t), u ∈ Ωr

}
is equicontinuous.

Step II. We prove that
{
v : v(t) = (Φ2u)(t)/(1+ t), u ∈ Ωr

}
is equicontinuous.

Let x(t) = t−(1−µ)(1−ν)u(t), for any u ∈ Ωr, t ∈ (0,∞). Then x ∈ Ω̃r. For

ε > 0, in view of (H2), there exists T > 0 such that

L

Γ(µ)

t(1−µ)(1−ν)

1 + t

∫ t

0

(t− s)µ−1m(s)ds <
ε

2
, for t > T. (4.89)

For t1, t2 > T , in virtue of (H2) and (4.89), we find∣∣∣∣ (Φ2u)(t2)

1 + t2
− (Φ2u)(t1)

1 + t1

∣∣∣∣ ≤ ∣∣∣∣ t2(1−µ)(1−ν)1 + t2

∫ t2

0

Kµ(t2 − s)f(s, x(s))ds

∣∣∣∣
+

∣∣∣∣ t1(1−µ)(1−ν)1 + t1

∫ t1

0

Kµ(t1 − s)f(s, x(s))ds

∣∣∣∣
≤ L

Γ(µ)

t2
(1−µ)(1−ν)

1 + t2

∫ t2

0

(t2 − s)µ−1m(s)ds

+
L

Γ(µ)

t1
(1−µ)(1−ν)

1 + t1

∫ t1

0

(t1 − s)µ−1m(s)ds

< ε.

When t1 = 0, 0 < t2 < T , we have∣∣∣∣ (Φ2u)(t2)

1 + t2
− (Φ2u)(0)

∣∣∣∣ = ∣∣∣∣ t2(1−µ)(1−ν)1 + t2

∫ t2

0

Kµ(t2 − s)f(s, x(s))ds

∣∣∣∣
≤ L

Γ(µ)

t2
(1−µ)(1−ν)

1 + t2

∫ t2

0

(t2 − s)µ−1m(s)ds

→ 0, as t2 → 0.

For 0 < t1 < t2 ≤ T , we find∣∣∣∣ (Φ2u)(t2)

1 + t2
− (Φ2u)(t1)

1 + t1

∣∣∣∣
≤
∣∣∣∣ t1(1−µ)(1−ν)1 + t1

∫ t2

t1

(t2 − s)µ−1Pµ(t2 − s)f(s, x(s))ds

∣∣∣∣
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+

∣∣∣∣ t1(1−µ)(1−ν)1 + t1

∫ t1

0

(
(t2 − s)µ−1 − (t1 − s)µ−1

)
Pµ(t2 − s)f(s, x(s))ds

∣∣∣∣
+

∣∣∣∣ t1(1−µ)(1−ν)1 + t1

∫ t1

0

(t1 − s)µ−1
(
Pµ(t2 − s)− Pµ(t1 − s)

)
f(s, x(s))ds

∣∣∣∣
+

∣∣∣∣ t2(1−µ)(1−ν)1 + t2
− t1

(1−µ)(1−ν)

1 + t1

∣∣∣∣∣∣∣∣ ∫ t2

0

(t2 − s)µ−1Pµ(t2 − s)f(s, x(s))ds

∣∣∣∣
≤ I1 + I2 + I3 + I4,

where

I1 =
L

Γ(µ)

t1
(1−µ)(1−ν)

1 + t1

∣∣∣∣ ∫ t2

0

(t2 − s)µ−1m(s)ds−
∫ t1

0

(t1 − s)µ−1m(s)ds

∣∣∣∣,
I2 =

2L

Γ(µ)

t1
(1−µ)(1−ν)

1 + t1

∫ t1

0

(
(t1 − s)µ−1 − (t2 − s)µ−1

)
m(s)ds,

I3 =
t1

(1−µ)(1−ν)

1 + t1

∣∣∣∣ ∫ t1

0

(t1 − s)µ−1

(
Pµ(t2 − s)− Pµ(t1 − s)

)
f(s, x(s))ds

∣∣∣∣,
I4 =

∣∣∣∣ t2(1−µ)(1−ν)1 + t2
− t1

(1−µ)(1−ν)

1 + t1

∣∣∣∣ L

Γ(µ)

∫ t2

0

(t2 − s)µ−1m(s)ds.

One can deduce that limt2→t1 I1 = 0, as 0D
−µ
t m(t) ∈ C((0,∞), (0,∞)). Noting

that

((t1 − s)µ−1 − (t2 − s)µ−1)m(s) ≤ (t1 − s)µ−1m(s), for s ∈ [0, t1),

then by Lebesgue dominated convergence theorem, we find∫ t1

0

(
(t1 − s)µ−1 − (t2 − s)µ−1

)
m(s)ds→ 0, as t2 → t1,

so, I2 → 0 as t2 → t1.

For ε > 0 be enough small, we have

I3 ≤ t1
(1−µ)(1−ν)

1 + t1

∫ t1−ε

0

(t1 − s)µ−1
∥∥Pµ(t2 − s)− Pµ(t1 − s)

∥∥
L(X)

|f(s, x(s))|ds

+
t1

(1−µ)(1−ν)

1 + t1

∫ t1

t1−ε
(t1 − s)µ−1

∥∥Pµ(t2 − s)− Pµ(t1 − s)
∥∥
L(X)

|f(s, x(s))|ds

≤ t1
(1−µ)(1−ν)

1 + t1

∫ t1−ε

0

(t1 − s)µ−1m(s)ds sup
s∈[0,t1−ε]

∥Pµ(t2 − s)− Pµ(t1 − s)
∥∥
L(X)

+
2L

Γ(µ)

t1
(1−µ)(1−ν)

1 + t1

∫ t1

t1−ε
(t1 − s)µ−1m(s)ds

≤ I31 + I32 + I33,

where

I31 =
t1

(1−µ)(1−ν)

1 + t1

∫ t1−ε

0

(t1 − s)µ−1m(s)ds sup
s∈[0,t1−ε]

∥∥Pµ(t2 − s)− Pµ(t1 − s)
∥∥
L(X)

,
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I32 =
2L

Γ(µ)

t1
(1−µ)(1−ν)

1 + t1

∣∣∣∣ ∫ t1

0

(t1 − s)µ−1m(s)ds−
∫ t1−ε

0

(t1 − ε− s)µ−1m(s)ds

∣∣∣∣,
I33 =

2L

Γ(µ)

t1
(1−µ)(1−ν)

1 + t1

∫ t1−ε

0

((t1 − ε− s)µ−1 − (t1 − s)µ−1)m(s)ds.

By (H0) and Lemma 4.42, it is easy to see that I31 → 0 as t2 → t1. Similar to

the proof that I1, I2 tend to zero, we obtain I32 → 0 and I33 → 0 as ε → 0. Thus,

I3 tends to zero as t2 → t1. Clearly, I4 → 0 as t2 → t1.

For 0 < t1 < T < t2, if t2 → t1, then t2 → T and t1 → T . Thus, for u ∈ Ωr∣∣∣∣ (Φ2u)(t2)

1 + t2
− (Φ2u)(t1)

1 + t1

∣∣∣∣
≤
∣∣∣∣ (Φ2u)(t2)

1 + t2
− (Φ2u)(T )

1 + T

∣∣∣∣+ ∣∣∣∣ (Φ2u)(T )

1 + T
− (Φ2u)(t1)

1 + t1

∣∣∣∣→ 0, as t2 → t1.

Consequently, ∣∣∣∣ (Φ2u)(t2)

1 + t2
− (Φ2u)(t1)

1 + t1

∣∣∣∣→ 0, as t2 → t1.

Therefore,
{
v : v(t) = (Φ2u)(t)/(1+t), u ∈ Ωr

}
is equicontinuous. Furthermore,

V is equicontinuous.

Lemma 4.44. Assume that (H1) and (H2) hold. Then, limt→∞ |(Φu)(t)|/(1+ t) =
0 uniformly for u ∈ Ωr.

Proof. In fact, for any u ∈ Ωr, by (H2) and Lemma 4.41, we find

|(Φu)(t)|
1 + t

≤
∣∣∣∣ t(1−µ)(1−ν)1 + t

Sν,µ(t)x0

∣∣∣∣+ ∣∣∣∣ t(1−µ)(1−ν)1 + t

∫ t

0

Kµ(t− s)f(s, x(s))ds

∣∣∣∣
≤ L|x0|

Γ(ν(1− µ) + µ)(1 + t)
+

L

Γ(µ)

t(1−µ)(1−ν)

1 + t

∫ t

0

(t− s)µ−1m(s)ds, t > 0.

(4.90)

By (H2), we derive

|(Φu)(t)|
1 + t

→ 0, as t→ ∞,

which implies that limt→∞ |(Φu)(t)|/(1 + t) = 0 uniformly for u ∈ Ωr. This com-

pletes the proof.

Lemma 4.45. Assume that (H1) and (H2) hold. Then ΦΩr ⊂ Ωr.

Proof. From Lemmas 4.43 and 4.44, we know that ΦΩr ⊂ C1([0,∞), X). For t > 0

and any u ∈ Ωr, by (4.88) and (4.90), we have

|(Φu)(t)|
1 + t

≤ L|x0|
Γ(ν(1− µ) + µ)

+
L

Γ(µ)

t(1−µ)(1−ν)

1 + t

∫ t

0

(t− s)µ−1m(s)ds ≤ r.

For t = 0, we find

|(Φu)(0)| = x0
Γ(ν(1− µ) + µ)

≤ Lx0
Γ(ν(1− µ) + µ)

≤ r.

Therefore, ΦΩr ⊂ Ωr.
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Lemma 4.46. Suppose that (H1) and (H2) hold. Then Φ is continuous.

Proof. Indeed, let {un}∞n=1 be a sequence in Ωr which is convergent to u ∈ Ωr.

Consequently,

lim
n→∞

un(t) = u(t), and lim
n→∞

t−(1−µ)(1−ν)un(t) = t−(1−µ)(1−ν)u(t), for t ∈ (0,∞).

Let x(t) = t−(1−µ)(1−ν)u(t), xn(t) = t−(1−µ)(1−ν)un(t), t ∈ (0,∞). Then x, xn ∈
Ω̃r. In view of (H1), we have

lim
n→∞

f(t, xn(t)) = lim
n→∞

f(t, t−(1−µ)(1−ν)un(t)) = f(t, t−(1−µ)(1−ν)u(t)) = f(t, x(t)).

On the one hand, using (H2), we get for each t ∈ (0,∞),

(t− s)µ−1|f(s, xn(s))− f(s, x(s))| ≤ 2(t− s)µ−1m(s), a.e. in [0, t).

On the other hand, the function s→ 2(t− s)µ−1m(s) is integrable for s ∈ [0, t),

t ∈ [0,∞). By Lebesgue dominated convergence theorem, we obtain∫ t

0

(t− s)µ−1|f(s, xn(s))− f(s, x(s))|ds→ 0, as n→ ∞.

Thus, for t ∈ [0,∞),∣∣∣∣ (Φun)(t)1 + t
− (Φu)(t)

1 + t

∣∣∣∣
≤ t(1−µ)(1−ν)

1 + t

∫ t

0

|Kµ(t− s)(f(s, xn(s))− f(s, x(s)))|ds

≤ L

Γ(µ)

t(1−µ)(1−ν)

1 + t

∫ t

0

(t− s)µ−1|f(s, xn(s))− f(s, x(s))|ds→ 0, as n→ ∞.

Therefore, ∥Φun − Φu∥ → 0 as n → ∞. Hence, Φ is continuous. The proof is

completed.

4.8.4 Existence on Infinite Interval

Theorem 4.28. Assume that Q(t)(t > 0) is compact. Furthermore suppose that

(H1) and (H2) hold. Then the Cauchy problem (4.78) has at least one mild solution.

Proof. Clearly, the problem (4.78) exists a mild solution x ∈ Ω̃r if and only if the

operator Φ has a fixed point u ∈ Ωr, where u(t) = t(1−µ)(1−ν)x(t). Hence, we only

need to prove that the operator Φ has a fixed point in Ωr. From Lemmas 4.45 and

4.46, we know that ΦΩr ⊂ Ωr and Φ is continuous. In order to prove that Φ is a

completely continuous operator, we need to prove that ΦΩr is a relatively compact

set. In view of Lemmas 4.43 and 4.44, the set V =
{
v : v(t) = (Φu)(t)/(1 + t), u ∈

Ωr
}

is equicontinuous on [0, h] for any h > 0, and limt→∞ |(Φu)(t)|/(1 + t) = 0

uniformly for u ∈ Ωr. According to Lemma 1.4, we only need to prove V (t) ={
v(t) : v(t) = (Φu)(t)/(1 + t), u ∈ Ωr

}
is relatively compact in X for t ∈ [0,∞).
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Obviously, V (0) is relatively compact in X. We only consider the case t > 0.

For ∀ ε ∈ (0, t) and δ > 0, define Φε,δ on Ωr as follows:

(Φε,δu)(t) := t(1−µ)(1−ν)(Ψε,δx)(t)

= t(1−µ)(1−ν)
(
Sν,µ(t)x0 +

∫ t−ε

0

∫ ∞

δ

µθ(t− s)µ−1Mµ(θ)Q((t− s)µθ)f(s, x(s))dθds

)
.

Thus,

(Φε,δu)(t)

1 + t
=
t(1−µ)(1−ν)

1 + t

(
Sν,µ(t)x0

+Q(εµδ)

∫ t−ε

0

∫ ∞

δ

µθ(t− s)µ−1Mµ(θ)Q((t− s)µθ − εµδ)f(s, x(s))dθds

)
.

By Lemma 4.38, we know that Sν,µ(t) is compact because Q(t) is compact for

t > 0. Further, Q(εµδ) is compact, then the set { (Φε,δu)(t)
1+t , u ∈ Ωr} is relatively

compact in X for any ε ∈ (0, t) and for any δ > 0. Moreover, for every u ∈ Ωr, we

find ∣∣∣∣ (Φu)(t)1 + t
− (Φε,δu)(t)

1 + t

∣∣∣∣
≤ t(1−µ)(1−ν)

1 + t

∣∣∣∣ ∫ t

0

∫ δ

0

µθ(t− s)µ−1Mµ(θ)Q((t− s)µθ)f(s, x(s))dθds

∣∣∣∣
+
t(1−µ)(1−ν)

1 + t

∣∣∣∣ ∫ t

t−ε

∫ ∞

δ

µθ(t− s)µ−1Mµ(θ)Q((t− s)µθ)f(s, x(s))dθds

∣∣∣∣
≤ µLt(1−µ)(1−ν)

1 + t

∫ t

0

(t− s)µ−1m(s)ds

∫ δ

0

θMµ(θ)dθ

+
µLt(1−µ)(1−ν)

1 + t

∫ t

t−ε
(t− s)µ−1m(s)ds

∫ ∞

0

θMµ(θ)dθ

→ 0, as ε→ 0, δ → 0.

Thus, V (t) is also a relatively compact set in X for t ∈ [0,∞). Therefore,

Schauder fixed point theorem implies that Φ has at least a fixed point u∗ ∈ Ωr. Let

x∗(t) = t−(1−µ)(1−ν)u∗(t). Thus,

x∗(t) = Sν,µ(t)x0 +

∫ t

0

Kµ(t− s)f(s, x∗(s))ds, t ∈ (0,∞),

which implies that x∗ ∈ Ω̃r is a mild solution of (4.78). The proof is completed.

In the case that Q(t) is noncompact for t > 0, we need the following hypothesis:

(H3) there exists a constant K > 0 such that for any bounded set D ⊆ X,

α1(f(t,D)) ≤ Kt(1−µ)(1−ν)α1(D), for a.e. t ∈ [0,∞),

where α1 is the Kuratowski measure of noncompactness.
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Theorem 4.29. Assume that (H0), (H1), (H2) and (H3) hold. Then the Cauchy

problem (4.78) has at least one mild solution.

Proof. Let u0(t) = t(1−µ)(1−ν)Sν,µ(t)x0 for all t ∈ [0,∞) and un+1 = Φun, n =

0, 1, 2, . . .. By Lemma 4.45, Φun ∈ Ωr, for un ∈ Ωr, n = 0, 1, 2, . . .. Consider set

V =
{
vn : vn(t) = (Φun)(t)/(1 + t), un ∈ Ωr}∞n=0, and we will prove set V is

relatively compact.

In view of Lemmas 4.43 and 4.44, the set V is equicontinuous and

limt→∞ |(Φun)(t)|/(1 + t) = 0 uniformly for un ∈ Ωr. According to Lemma 1.4,

we only need to prove V(t) =
{
vn(t) : vn(t) = (Φun)(t)/(1 + t), un ∈ Ωr}∞n=0 is

relatively compact in X for t ∈ [0,∞).

Let xn(t) = t−(1−µ)(1−ν)un(t), t ∈ (0,∞), n = 0, 1, 2, . . .. By the condition (H3)

and Proposition 1.19, we have

α1(V(t)) = α1

({ (Φun)(t)
1 + t

}∞

n=0

)
= α1

({ t(1−µ)(1−ν)
1 + t

Sν,µ(t)x0 +
t(1−µ)(1−ν)

1 + t

∫ t

0

Kµ(t− s)f(s, xn(s))ds
}∞

n=0

)
= α1

({ t(1−µ)(1−ν)
1 + t

∫ t

0

Kµ(t− s)f(s, xn(s))ds
}∞

n=0

)
≤ 2L

Γ(µ)

t(1−µ)(1−ν)

1 + t

∫ t

0

(t− s)µ−1α1

(
f(s, {s−(1−µ)(1−ν)un(s)}∞n=0)

)
ds

≤ 2LK

Γ(µ)

t(1−µ)(1−ν)

1 + t

∫ t

0

(t− s)µ−1s(1−µ)(1−ν)α1

(
{s−(1−µ)(1−ν)un(s)}∞n=0

)
ds

≤ 2LK

Γ(µ)

t(1−µ)(1−ν)

1 + t

∫ t

0

(t− s)µ−1(1 + s)α1

({un(s)
1 + s

}∞

n=0

)
ds.

On the other hand, by the properties of measure of noncompactness, for any

t ∈ [0,∞) we have

α1

({un(t)
1 + t

}∞

n=0

)
= α1

({u0(t)
1 + t

}
∪
{un(t)
1 + t

}∞

n=1

)
= α1

({un(t)
1 + t

}∞

n=1

)
= α1(V(t)).

Thus

α1(V(t)) ≤
2LKM∗

Γ(µ)

∫ t

0

(t− s)µ−1(1 + s)α1(V(s))ds, (4.91)

where M∗ = maxt∈[0,∞)

{
t(1−µ)(1−ν)

1+t

}
. From (4.91), we know that

α1(V(t)) ≤
4LKM∗

Γ(µ)

∫ t

0

(t− s)µ−1α1(V(s))ds,

or

α1(V(t)) ≤
4LKM∗

Γ(µ)

∫ t

0

(t− s)µ−1sα1(V(s))ds

holds. Therefore, by the inequality in Henry, 1981, we obtain that α1(V(t)) = 0,

then V(t) is relatively compact. Consequently, it follows from Lemma 1.4 that set V
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is relatively compact, i.e., there exists a convergent subsequence of {un}∞n=0. With

no confusion, let limn→∞ un = u∗, u∗ ∈ Ωr.

Thus, by continuity of the operator Φ, we have

u∗ = lim
n→∞

un = lim
n→∞

Φun−1 = Φ
(
lim
n→∞

un−1

)
= Φu∗.

Let x∗(t) = t−(1−µ)(1−ν)u∗(t). Thus, x∗ ∈ Ω̃r is a mild solution of (4.78). The

proof is completed.

By Theorems 4.28 and 4.29, we have the following corollaries.

Corollary 4.2. Assume that Q(t) is compact for t > 0 and (H1) holds. Furthermore

suppose that

(H2)′ there exists a function m : (0,∞) → (0,∞) and α ∈ (0, 1),M > 0 such that

0D
−µ
t m(t) ∈ C((0,∞), (0,∞)), t(1−µ)(1−ν)0D

−µ
t m(t) ≤Mtα,

and

|f(t, x)| ≤ m(t), for all x ∈ X, t ∈ (0,∞).

Then the Cauchy problem (4.78) has at least one mild solution.

Corollary 4.3. Assume that (H0), (H1), (H2)′ and (H3) hold. Then the Cauchy

problem (4.78) has at least one mild solution.

Example 4.7. Let X = L2([0, π],R). Consider the following fractional partial

differential equations on infinite interval
H
0D

µ,ν
t x(t, z) = ∂2zx(t, z) + t−η, z ∈ [0, π], t > 0,

x(t, 0) = x(t, π) = 0, t > 0

0D
−(1−ν)(1−µ)
t x(0, z) = x0(z), z ∈ [0, π].

(4.92)

We define an operator A by Av = v′′ with the domain

D(A) = {v ∈ X : v, v′′ are absolutely continuous, v′′ ∈ X, v(0) = v(π) = 0}.
Then A generates a compact, analytic, self-adjoint semigroup {T (t)}t>0. Then

problem (4.92) can be rewritten as follows
H
0D

µ,ν
t x(t) = Ax(t) + f1(t, x(t)), t > 0,

0D
−(1−ν)(1−µ)
t x(0) = x0,

(4.93)

where f1(t, x) := t−η for η ∈ (µ, 1 − ν + νµ) satisfies (H1), and |f1(t, x(t))| ≤ t−η,

t ∈ (0,∞). Let m(t) = t−η, for t > 0. Then

0D
−µ
t m(t) =

Γ(1− η)

Γ(1 + µ− η)
tµ−η, t(1−µ)(1−ν)0D

−µ
t m(t) =

Γ(1− η)

Γ(1 + µ− η)
tα,

where α = 1− ν + µν − η ∈ (0, 1). This means that the condition (H2)′ is satisfied.

By Corollary 4.2, the problem (4.92) has at least a mild solution.
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4.9 Notes and Remarks

The results in Section 4.2 are taken from Zhou, Zhang and Shen, 2013. The material

in Section 4.3 due to Zhou, Shen and Zhang, 2013. The main results in Section 4.4

is taken from Wang, Zhou and Fec̆kan, 2014. The results in Section 4.5 are adopted

from Wang and Zhou, 2011a. The contents of Section 4.6 are taken from Wang,

Chen and Xiao, 2012. The results in Section 4.7 are taken from Zhou, Li and Zhou,

2022. The material in Section 4.8 due to Zhou, 2022.
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Chapter 5

Fractional Impulsive Differential
Equations

5.1 Introduction

The theory of impulsive differential equations has recently years been an object of

increasing interest because of its wide applicability in biology, in medicine and in

more and more fields. The reason for this applicability arises from the fact that

impulsive differential problems is an appropriate model for describing process which

at certain moments change their state rapidly and which cannot be described using

the classical differential problems. For a wide bibliography and exposition on this

object see for instance the monographs of Benchohra, Henderson and Ntouyas, 2006;

Bainov and Simeonov, 1993; Lakshmikantham, Bainov and Simeonov, 1989; Yang,

2001 and the papers of Abada, Benchohra and Hammouche, 2009; Ahmed, 2003 and

2007; Akhmet, 2005; Fan and Li, 2010; Fan, 2010; Liang, Liu and Xiao, 2009; Liu,

1999; Battelli and Fec̆kan, 1997; Mophou, 2010; Nieto and O’Regan, 2009; Wang,

Xiang and Peng, 2009; Wang and Wei, 2010; Wei, Xiang and Peng, 2006; Wei, Hou

and Teo, 2006.

Recently, a number of papers have been written on Cauchy problems, boundary

value problems and nonlocal problems for fractional impulsive differential equations,

one can see Ahmad et al., 2009 and 2010; Bench, 2009; Agarwal et al., 2010; Ahmad

and Wang, 2010; Balachandran, 2010; Tian and Bai, 2010; Cao and Chen, 2010;

Wang et al., 2010; Wang, Ahmad and Zhang, 2010; Wang, 2011; Wang, Zhang and

Song, 2011; Yang and Chen, 2011; Cao and Chen, 2012 and the references therein.

However, Fec̆kan, Zhou and Wang, 2012; Kosmatov, 2012, point out on the

error in former solutions for some fractional impulsive differential equations by

constructing a counterexample and establish a general framework to seek a natural

solution for fractional impulsive differential equations.

Section 5.2 is concerned with the existence and uniqueness of solutions for frac-

tional impulsive initial value equations. In Section 5.3, we give some sufficient

conditions for the existence of the solutions for fractional impulsive boundary value

equations, and use a new generalized singular Gronwall inequality to obtain the

data dependence. In Section 5.4, we establish the existence results of solutions

253
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for fractional impulsive Langevin equations by utilizing boundedness, continuity,

monotonicity and nonnegative of Mittag-Leffler function and fixed point methods.

Section 5.5 is devoted to the existence of PC-mild solutions for Cauchy problems

and nonlocal problems for fractional impulsive evolution equations.

5.2 Impulsive Initial Value Problems

5.2.1 Introduction

Consider the Cauchy problems for the following fractional impulsive differential

equations 
C
0D

q
tu(t) = f(t, u(t)), t ∈ J ′ := J\{t1, ..., tm}, J := [0, T ],

u(t+k ) = u(t−k ) + yk, yk ∈ R, k = 1, 2, ...,m,

u(0) = u0,

(5.1)

where C
0D

q
t is Caputo fractional derivative of order q ∈ (0, 1) with the lower limit

zero, u0 ∈ R, f : J ×R → R is jointly continuous, and tk satisfy 0 = t0 < t1 < · · · <
tm < tm+1 = T , u(t+k ) = limϵ→0+ u(tk + ϵ) and u(t−k ) = limϵ→0− u(tk + ϵ) represent

the right and left limits of u(t) at t = tk.

In Subsection 5.2.2, we introduce the definition of a solution of the problem

(5.1). Subsection 5.2.3 is concerned with the existence and uniqueness of solutions

for (5.1).

5.2.2 Formula of Solutions

Note that

u(t) = u0 −
1

Γ(q)

∫ a

0

(a− s)q−1h(s)ds+
1

Γ(q)

∫ t

0

(t− s)q−1h(s)ds,

solves the Cauchy problems
C
0D

q
tu(t) = h(t), t ∈ J,

u(0) = u0 −
1

Γ(q)

∫ a

0

(a− s)q−1h(s)ds.

One can obtain the following result immediately.

Lemma 5.1. Let q ∈ (0, 1) and h : J → R be continuous. A function u ∈ C(J,R)
is a solution of the fractional integral equation

u(t) = u0 −
1

Γ(q)

∫ a

0

(a− s)q−1h(s)ds+
1

Γ(q)

∫ t

0

(t− s)q−1h(s)ds,

if and only if u is a solution of the following fractional Cauchy problems{
C
0D

q
tu(t) = h(t), t ∈ J,

u(a) = u0, a > 0.
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As a consequence of Lemma 5.1, we have the following result which is useful in

what follows.

Lemma 5.2. Let q ∈ (0, 1) and h : J → R be continuous. A function u is a solution

of the fractional integral equation

u(t) =



u0 +
1

Γ(q)

∫ t

0

(t− s)q−1h(s)ds, for t ∈ [0, t1),

u0 + y1 +
1

Γ(q)

∫ t

0

(t− s)q−1h(s)ds, for t ∈ (t1, t2),

u0 + y1 + y2 +
1

Γ(q)

∫ t

0

(t− s)q−1h(s)ds, for t ∈ (t2, t3),

...

u0 +
m∑
i=1

yi +
1

Γ(q)

∫ t

0

(t− s)q−1h(s)ds, for t ∈ (tm, T ],

(5.2)

if and only if u is a solution of the following impulsive problem
C
0D

q
tu(t) = h(t), t ∈ (0, T ],

u(t+k ) = u(t−k ) + yk, k = 1, 2, ...,m,

u(0) = u0.

(5.3)

Proof. Assume u satisfies (5.3). If t ∈ [0, t1], then

C
0D

q
tu(t) = h(t), t ∈ (0, t1] with u(0) = u0. (5.4)

Integrating the expression (5.4) from 0 to t by virtue of Definition 1.1, one can

obtain

u(t) = u0 +
1

Γ(q)

∫ t

0

(t− s)q−1h(s)ds.

If t ∈ (t1, t2], then

C
0D

q
tu(t) = h(t), t ∈ (t1, t2] with u(t

+
1 ) = u(t−1 ) + y1.

By Lemma 5.1, one obtain

u(t) = u(t+1 )−
1

Γ(q)

∫ t1

0

(t1 − s)q−1h(s)ds+
1

Γ(q)

∫ t

0

(t− s)q−1h(s)ds

= u(t−1 ) + y1 −
1

Γ(q)

∫ t1

0

(t1 − s)q−1h(s)ds+
1

Γ(q)

∫ t

0

(t− s)q−1h(s)ds

= u0 + y1 +
1

Γ(q)

∫ t

0

(t− s)q−1h(s)ds.

If t ∈ (t2, t3], then using again Lemma 5.1, we get

u(t) = u(t+2 )−
1

Γ(q)

∫ t2

0

(t2 − s)q−1h(s)ds+
1

Γ(q)

∫ t

0

(t− s)q−1h(s)ds
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= u(t−2 ) + y2 −
1

Γ(q)

∫ t2

0

(t2 − s)q−1h(s)ds+
1

Γ(q)

∫ t

0

(t− s)q−1h(s)ds

= u0 + y1 + y2 +
1

Γ(q)

∫ t

0

(t− s)q−1h(s)ds.

If t ∈ (tk, tk+1], then again from Lemma 5.1 we get

u(t) = u0 +
k∑
i=1

yi +
1

Γ(q)

∫ t

0

(t− s)q−1h(s)ds.

Conversely, assume that u satisfies (5.2). If t ∈ (0, t1] then u(0) = u0 and

using the fact that C0D
q
t is the left inverse of 0D

−q
t we get (5.4). If t ∈ (tk, tk+1],

k = 1, 2, ...,m and using the fact of Caputo fractional derivative of a constant is

equal to zero, we obtain C
0D

q
tu(t) = h(t), t ∈ (tk, tk+1] and u(t

+
k ) = u(t−k )+yk. This

completes the proof.

Definition 5.1. A function u ∈ PC1(J,R) is said to be a solution of the problem

(5.1) if u satisfies the integral equation

u(t) =



u0 +
1

Γ(q)

∫ t

0

(t− s)q−1f(s, u(s))ds, for t ∈ [0, t1),

u0 + y1 +
1

Γ(q)

∫ t

0

(t− s)q−1f(s, u(s))ds, for t ∈ (t1, t2),

u0 + y1 + y2 +
1

Γ(q)

∫ t

0

(t− s)q−1f(s, u(s))ds, for t ∈ (t2, t3),

...

u0 +

m∑
i=1

yi +
1

Γ(q)

∫ t

0

(t− s)q−1f(s, u(s))ds, for t ∈ (tm, T ].

Theorem 5.1. (Ye, Gao and Ding, 2007) Suppose β > 0, ã(t) is a nonnegative

function locally integrable on [0, T ) and g̃(t) is a nonnegative, nondecreasing con-

tinuous function defined on g̃(t) ≤ M , t ∈ [0, T ), and suppose y(t) is nonnegative

and locally integrable on [0, T ) with

y(t) ≤ ã(t) + g̃(t)

∫ t

0

(t− s)β−1y(s)ds, t ∈ [0, T ).

Then

y(t) ≤ ã(t) +

∫ t

0

( ∞∑
n=1

(g̃(t)Γ(β))n

Γ(nβ)
(t− s)nβ−1ã(s)

)
ds, t ∈ [0, T ).

Theorem 5.2. Under the hypothesis of Theorem 5.1, let ã(t) be a nondecreasing

function on [0, T ). Then we have

y(t) ≤ ã(t)Eβ(g̃(t)Γ(β)t
β),

where Eβ is the Mittag-Leffler function.

Remark 5.1. There exists a constant M∗
g̃ > 0 independent of ã such that

y(t) ≤M∗
g̃ ã, for all 0 ≤ t < T.
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5.2.3 Existence

This subsection deals with the existence and uniqueness of solutions for the problem

(5.1). Before stating and proving the main results, we introduce the following

hypotheses.

(H1) f : J × R → R is jointly continuous;

(H2) there exists q1 ∈ (0, q) and a real function m(·) ∈ L
1
q1 (J,R) such that

|f(t, u)| ≤ m(t), for all u ∈ R;
(H3) there exists q2 ∈ (0, q) and a real function h(·) ∈ L

1
q2 (J,R) such that

|f(t, u1)− f(t, u2)| ≤ h(t)|u1 − u2|, for all u1, u2 ∈ R.

For brevity, let

γ =
T q

Γ(q + 1)
, β =

q − 1

1− q1
, α =

q − 1

1− q2
.

Theorem 5.3. Assume that (H1)-(H3) hold. If

T (1+α)(1−q2)∥h∥
L

1
q2 J

Γ(q)(1 + α)1−q2
< 1, (5.5)

then the problem (5.1) has a unique solution on J .

Proof. Transform the problem (5.1) into a fixed point problem. Consider the

operator F : PC(J,R) → PC(J,R) defined by

(Fu)(t) = u0 +
k∑
i=1

yi +
1

Γ(q)

∫ t

0

(t− s)q−1f(s, u(s))ds. (5.6)

It is obvious that F is well defined due to (H1).

Claim I. Fu ∈ PC(J,R) for every u ∈ PC(J,R).
If t ∈ [0, t1], then for every u ∈ C([0, t1],R) and any δ > 0, by using Hölder

inequality, we get

|(Fu)(t+ δ)− (Fu)(t)|

≤ 1

Γ(q)

∣∣∣∣∫ t

0

(
(t+ δ − s)q−1 − (t− s)q−1

)
f(s, u(s))ds

∣∣∣∣
+

1

Γ(q)

∣∣∣∣ ∫ t+δ

t

(t+ δ − s)q−1f(s, u(s))ds

∣∣∣∣
≤ 1

Γ(q)

(∫ t

0

(
(t+ δ − s)q−1 − (t− s)q−1

) 1
1−q1 ds

)1−q1 (∫ t

0

(m(s))
1
q1 ds

)q1
+

1

Γ(q)

(∫ t+δ

t

(
(t+ δ − s)q−1

) 1
1−q1 ds

)1−q1(∫ t+δ

t

(m(s))
1
q1 ds

)q1
,
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which implies that

|Fu(t+ δ)− Fu(t)| ≤
2δ(1+β)(1−q1)∥m∥

L
1
q1 [0,t1]

Γ(q)(1 + β)1−q1
.

It is easy to see that the right-hand side of the above inequality tends to zero as

δ → 0. Thus, Fu ∈ C([0, t1],R).
If t ∈ (t1, t2], then for every u ∈ C((t1, t2],R) and any δ > 0, repeating the same

process, one can obtain

|Fu(t+ δ)− Fu(t)| ≤
2δ(1+β)(1−q1)∥m∥

L
1
q1 [t1,t2]

Γ(q)(1 + β)1−q1
,

which implies that Fu ∈ C((t1, t2],R).
If t ∈ (tk, tk+1], k = 1, 2, ...,m, then for every u ∈ C((tk, tk+1],R) and any δ > 0,

repeating the same process again, one can obtain

|Fu(t+ δ)− Fu(t)| ≤
2δ(1+β)(1−q1)∥m∥

L
1
q1 [tk,tk+1]

Γ(q)(1 + β)1−q1
,

which implies that Fu ∈ C((tk, tk+1],R).
From the above discussion, we must have Fu ∈ PC(J,R) for every u ∈ PC(J,R).
Claim II. F is a contraction operator on PC(J,R).
In fact, for arbitrary u, v ∈ PC(J,R), we get

|(Fu)(t)− (Fv)(t)| ≤ 1

Γ(q)

∫ t

0

(t− s)q−1|f(s, u1(s))− f(s, u2(s))|ds

≤ 1

Γ(q)

∫ t

0

(t− s)q−1h(s)|u1(s)− u2(s)|ds

≤
∥h∥

L
1
q2 J

Γ(q)

(∫ t

0

(
(t− s)q−1

) 1
1−q2 ds

)1−q2

∥u1 − u2∥PC

=
T (1+α)(1−q2)∥h∥

L
1
q2 J

Γ(q)(1 + α)1−q2
∥u1 − u2∥PC .

Thus, F is a contraction mapping on PC(J,R) due to the condition (5.5). By

applying Banach contraction mapping principle we know that the operator F has a

unique fixed point on PC(J,R). Therefore, the problem (5.1) has a unique solution

u(t) =



u0 +
1

Γ(q)

∫ t

0

(t− s)q−1f(s, u(s))ds, for t ∈ [0, t1),

u0 + y1 +
1

Γ(q)

∫ t

0

(t− s)q−1f(s, u(s))ds, for t ∈ (t1, t2),

u0 + y1 + y2 +
1

Γ(q)

∫ t

0

(t− s)q−1f(s, u(s))ds, for t ∈ (t2, t3),

...

u0 +
m∑
i=1

yi +
1

Γ(q)

∫ t

0

(t− s)q−1f(s, u(s))ds, for t ∈ (tm, T ].

This completes the proof.
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The second result is based on Schaefer fixed point theorem.

Now, we replace (H2) into the following linear growth condition:

(H2)′ there exists a constant L > 0 such that

|f(t, u)| ≤ L(1 + |u|), for each t ∈ J and all u ∈ R.

Theorem 5.4. Assume that (H1) and (H2)′ hold. Then the problem (5.1) has at

least one solution.

Proof. Transform the problem (5.1) into a fixed point problem. Consider the

operator F : PC(J,R) → PC(J,R) defined as (5.6). For the sake of convenience,

we subdivide the proof into several steps.

Claim I. F is continuous.

Let {un} be a sequence such that un → u in PC(J,R). Then for each t ∈ J , we

have

|(Fun)(t)− (Fu)(t)| ≤ 1

Γ(q)

∫ t

0

(t− s)q−1|f(s, un(s))− f(s, u(s))|ds

≤ T q

Γ(q + 1)
∥f(·, un(·))− f(·, u(·))∥PC .

Due to (H1), f is jointly continuous, then we have

∥Fun − Fu∥PC → 0, as n→ ∞.

Claim II. F maps bounded sets into bounded sets in PC(J,R).
Indeed, it is enough to show that for any η∗ > 0, there exists a ℓ > 0 such that

for each u ∈ Bη∗ = {y ∈ PC(J,R) : ∥u∥PC ≤ η∗}, we have ∥Fu∥PC ≤ ℓ.

For each t ∈ J , we get

|(Fu)(t)| ≤ |u0|+
m∑
i=1

|yi|+
1

Γ(α)

∫ t

0

(t− s)q−1|f(s, u(s))|ds

≤ |u0|+
m∑
i=1

|yi|+
LT qη∗

Γ(q + 1)
,

which implies that

∥Fy∥PC ≤ |u0|+
m∑
i=1

|yi|+
LT qη∗

Γ(q + 1)
=: ℓ.

Claim III. F maps bounded sets into equicontinuous sets of PC(J,R).
For interval [0, t1], 0 ≤ s1 < s2 ≤ t1, u ∈ Bη∗ . Using (H2)′, we have

|(Fu)(s2)− (Fu)(s1)| ≤
1

Γ(q)

∫ s1

0

(
(s1 − s)q−1 − (s2 − s)q−1

)
|f(s, u(s))|ds

+
1

Γ(q)

∫ s2

s1

(s2 − s)q−1|f(s, y(s))|ds
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≤ L

Γ(q)

∫ s1

0

(
(s1 − s)q−1 − (s2 − s)q−1

)
(1 + |u(s)|)ds

+
L

Γ(q)

∫ s2

s1

(s2 − s)q−1(1 + |u(s)|)ds

≤ L(1 + η∗)

Γ(q)

∫ s1

0

(s1 − s)q−1 − (s2 − s)q−1ds

+
L(1 + η∗)

Γ(q)

∫ s2

s1

(s2 − s)q−1ds

≤ L(1 + η∗)

Γ(q + 1)

(
|sq1 − sq2|+ 2(s2 − s1)

q
)

≤ 3L(1 + η∗)(s2 − s1)
q

Γ(q + 1)
.

As s2 → s1, the right-hand side of the above inequality tends to zero, therefore F

is equicontinuous on interval [0, t1].

In general, for the time interval (tk, tk+1], we similarly obtain the following

inequality

|(Fu)(s2)− (Fu)(s1)| ≤
3L(1 + η∗)(s2 − s1)

q

Γ(q + 1)
→ 0, as s2 → s1.

This yields that F is equicontinuous on interval (tk, tk+1].

As a consequence of Claim I-III together with PC-type Arzela-Ascoli theorem

(see Lemma 1.3 in the case of X = R), we can conclude that F : Bη∗ → Bη∗ is

continuous and completely continuous.

Claim IV. A priori bound.

Now it remains to show that the set

E(F ) = {u ∈ PC(J,R) : u = λFu, for some λ ∈ (0, 1)}
is bounded.

Let u ∈ E(F ), then u = λFu for some λ ∈ (0, 1).

Without loss of generality, for the time interval t ∈ (tk, tk+1],

|u(t)| ≤ |u0|+
k∑
i=1

|yi|+
1

Γ(q)

∫ t

0

(t− s)q−1|f(s, u(s))|ds

≤ |u0|+
k∑
i=1

|yi|+
LT q

Γ(q + 1)
+

L

Γ(q)

∫ t

0

(t− s)q−1|u(s)|ds.

By Lemma 5.1, there exists a M∗
k > 0 such that

|u(t)| ≤M∗
k , t ∈ (tk, tk+1].

Set M∗ = max1≤k≤mM
∗
k . Thus for every t ∈ J , we have

∥u∥PC ≤M∗.

This shows that the set E(F ) is bounded.

As a consequence of Schaefer fixed point theorem, we deduce that F has a fixed

point which is a solution of the problem (5.1). The proof is completed.
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Remark 5.2. Let the assumptions of Theorem 5.4 hold. If f is uniformly Lipschtiz

continuous with respect to the second variable, then one can obtain the uniqueness

of solutions by virtue of Lemma 5.1 again.

In the following theorem we apply the nonlinear alternative of Leray-Schauder

type in which the condition (H2)′ is weakened.

(H2)′′ There exists a constant q3 ∈ (0, q) such that real valued function ϕf (t) ∈
L

1
q3 (J,R) and there exists a L1-integrable and nondecreasing ψ : [0,+∞) →

(0,+∞) such that

|f(t, u)| ≤ ϕf (t)ψ(|u|) for each t ∈ J and all u ∈ R;
(H4) the following inequality

r

(
χ+

ψ(r)T q−q3(1− q3)
1−q3ϑ

Γ(q)(q − q3)1−q3

)−1

> 1

has at least one positive solution, where χ = |u0| +
∑m
i=1 |yi| and ϑ =

∥ϕf∥
L

1
q3 J

.

Theorem 5.5. Assume that (H1), (H2)′′ and (H4) hold. Then the problem (5.1)

has at least one solution.

Proof. Consider the operator F defined in Theorem 5.4. It can be easily shown

that F is continuous and completely continuous. Repeating the same process in

Claim IV in Theorem 5.4, using (H2)′′ and Hölder inequality again, for each t ∈ J ,

we have

|u(t)| ≤ |(Fu)(t)|

≤ |u0|+
m∑
i=1

|yi|+
1

Γ(q)

∫ t

0

(t− s)q−1ϕf (s)ψ(|u(s)|)ds

≤ |u0|+
m∑
i=1

|yi|+
ψ(∥u∥PC)

Γ(q)

∫ t

0

(t− s)q−1ϕf (s)ds

≤ |u0|+
m∑
i=1

|yi|+
ψ(∥u∥PC)

Γ(q)

(∫ t

0

(t− s)
q−1
1−q3 ds

)1−q3 (∫ t

0

(ϕf (s))
1
q3 ds

)q3
≤ χ+

ψ(∥u∥PC)T q−q3(1− q3)
1−q3ϑ

Γ(q)(q − q3)1−q3
.

Thus r

|u0|+
∑m
i=1 |yi|+

ψ(r)T q−q3 (1−q3)1−q3ϑ
Γ(q)(q−q3)1−q3

≤ 1.

By (H4), there exists a N∗ > 0 such that ∥u∥PC ̸= N∗.

Let U = {u ∈ PC(J,R) : ∥u∥PC < N∗}. The operator F : U → PC(J,R) is

continuous and completely continuous. From the choice of U , there is no u ∈ ∂U

such that u = λ∗F (u), λ∗ ∈ [0, 1]. As a consequence of the nonlinear alternative

of Leray-Schauder type, we deduce that F has a fixed point u ∈ U , which implies

that the problem (5.1) has at least one solution u ∈ PC(J,R). This completes the

proof.
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5.3 Impulsive Boundary Value Problems

5.3.1 Introduction

In the present section, we consider the boundary value problems for the following

fractional impulsive differential equations
C
0D

q
tu(t) = f(t, u(t)), t ∈ J ′ := J \ {t1, ..., tm} , J := [0, 1],

∆u(tk) = yk, ∆u
′(tk) = ȳk, k = 1, 2, ...,m,

u(0) = 0, u′(1) = 0,

(5.7)

where C
0D

q
t is Caputo fractional derivative of order q ∈ (1, 2) with the lower limit

zero, tk satisfy 0 = t0 < t1 < · · · < tm < tm+1 = 1, and yk, ȳk ∈ R.
In Subsection 5.3.2, we give a formula of solutions to the problem (5.7). Sub-

section 5.3.3 is concerned with the existence and uniqueness of solutions for (5.7).

5.3.2 Formula of Solutions

In this subsection, we give a formula of solutions to boundary problem for impulsive

fractional differential equations
C
0D

q
tu(t) = h(t), t ∈ J ′, q ∈ (1, 2),

∆u(tk) = yk, ∆u
′(tk) = ȳk, k = 1, 2, ...,m,

u(0) = 0, u′(1) = 0,

(5.8)

where yk, ȳk ∈ R.

Lemma 5.3. Let q ∈ (1, 2) and h : J → R be continuous. A function u given by

u(t) =



1

Γ(q)

∫ t

0

(t− s)q−1h(s)ds

−

(
1

Γ(q − 1)

∫ 1

0

(1− s)q−2h(s)ds+
m∑
k=1

ȳk

)
t, for t ∈ [0, t1),

1

Γ(q)

∫ t

0

(t− s)q−1h(s)ds+ ȳ1(t− t1) + y1

−

(
1

Γ(q − 1)

∫ 1

0

(1− s)q−2h(s)ds+

m∑
k=1

ȳk

)
t, for t ∈ (t1, t2),

...

1

Γ(q)

∫ t

0

(t− s)q−1h(s)ds+
k∑
i=1

ȳi(t− ti) +
k∑
i=1

yi

−

(
1

Γ(q − 1)

∫ 1

0

(1− s)q−2h(s)ds+
m∑
k=1

ȳk

)
t, for t ∈ (tk, tk+1],

k = 1, 2, ...,m,
(5.9)

is a unique solution of the impulsive problem (5.8).
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Proof. A general solution u of the first equation of (5.8) on each interval (tk, tk+1)

(k = 0, 1, ...,m) is given by

u(t) =
1

Γ(q)

∫ t

0

(t− s)q−1h(s)ds+ ak + bkt, for t ∈ (tk, tk+1), (5.10)

where t0 = 0 and tm+1 = 1.

Then, we have

u′(t) =
1

Γ(q − 1)

∫ t

0

(t− s)q−2h(s)ds+ bk, for t ∈ (tk, tk+1). (5.11)

Applying the boundary conditions of (5.8), we find that

a0 = 0, bm = − 1

Γ(q − 1)

∫ 1

0

(1− s)q−2h(s)ds. (5.12)

Next, using the right impulsive condition of (5.8), we derive

bk = bk−1 + ȳk,

which by (5.12) implies

bj = − 1

Γ(q − 1)

∫ 1

0

(1− s)q−2h(s)ds−
m∑

k=j+1

ȳk, j = 0, 1, 2, ...,m− 1. (5.13)

Furthermore, using the left impulsive condition of (5.8), we derive

ak + bktk = ak−1 + bk−1tk + yk,

which is equivalent to

ak = ak−1 + (bk−1 − bk)tk + yk = ak−1 + yk − ȳktk,

so by (5.12) we obtain

aj =

j∑
k=1

(yk − ȳktk), j = 1, 2, ...,m. (5.14)

Hence for j = 1, 2, ...,m, (5.13) and (5.14) imply

aj + bjt =

j∑
k=1

(yk − ȳktk) +

(
− 1

Γ(q − 1)

∫ 1

0

(1− s)q−2h(s)ds−
m∑

k=j+1

ȳk

)
t

=

j∑
k=1

ȳk(t− tk) +

j∑
k=1

yk −

(
1

Γ(q − 1)

∫ 1

0

(1− s)q−2h(s)ds+
m∑
k=1

ȳk

)
t.

(5.15)

Now it is clear that (5.10), (5.12) and (5.15) imply (5.9).

Conversely, assume that u satisfies (5.9). By a direct computation, it follows

that the solution given by (5.9) satisfies (5.8). This completes the proof.
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Motivated by the above results, we give the following concept of the solution for

the problem (5.7).

Definition 5.2. A function u ∈ PC1(J,R) is said to be a solution of the problem

(5.7) if u satisfies the integral equation

u(t) =



1

Γ(q)

∫ t

0

(t− s)q−1h(s)ds

−

(
1

Γ(q − 1)

∫ 1

0

(1− s)q−2f(s, u(s))ds+
m∑
k=1

ȳk

)
t, for t ∈ [0, t1),

1

Γ(q)

∫ t

0

(t− s)q−1h(s)ds+ ȳ1(t− t1) + y1

−

(
1

Γ(q − 1)

∫ 1

0

(1− s)q−2h(s)ds+
m∑
k=1

ȳk

)
t, for t ∈ (t1, t2),

...

1

Γ(q)

∫ t

0

(t− s)q−1f(s, u(s))ds+
k∑
i=1

ȳi(t− ti) +
k∑
i=1

yi

−

(
1

Γ(q − 1)

∫ 1

0

(1− s)q−2f(s, u(s))ds+

m∑
k=1

ȳk

)
t, for t ∈ (tk, tk+1],

k = 1, 2, ...,m.

Moreover, we need the following known results.

Lemma 5.4. (Wang, Xiang and Peng, 2009) Let u ∈ C(J,R) satisfy the following

inequality:

|u(t)| ≤ a+ b

∫ t

0

|u(θ)|λ1dθ + c

∫ 1

0

|u(θ)|λ2dθ, t ∈ J,

where λ1 ∈ [0, 1], λ2 ∈ [0, 1), a, b, c ≥ 0 are constants. Then there exists a constant

M∗ > 0 such that

|u(t)| ≤M∗.

Remark 5.3. For λ1 < 1 we can take M∗ to be the unique positive solution of

M∗ = a + bM∗λ1 + cM∗λ2 . Using the classical Gronwall inequality, for λ1 = 1 we

can take M∗ to be the unique positive solution of M∗ =
(
a+ cM∗λ2

)
eb.

Using Lemma 5.4, we can obtain the following generalized Gronwall inequality

with mixed integral term.

Lemma 5.5. Let u ∈ C(J,R) satisfy the following inequality:

|u(t)| ≤ a+ b

∫ t

0

(t− s)q−1|u(s)|λ1ds+ c

∫ 1

0

(1− s)q−2|u(s)|λ2ds, (5.16)
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where q ∈ (1, 2), a, b, c ≥ 0 are constants, λ1 ∈ [0, 1 − 1
p ], λ2 ∈ [0, 1 − 1

p ), and for

some p > 1 such that p(q − 2) + 1 > 0. Then there exists a constant M∗ > 0 such

that

|u(t)| ≤M∗.

Proof. It follows from (5.16) and Hölder inequality that

|u(t)| ≤ a+ b

(∫ t

0

(t− s)p(q−1)ds

) 1
p
(∫ t

0

|u(s)|
λ1p
p−1 ds

) p−1
p

+ c

(∫ 1

0

(1− s)p(q−2)ds

) 1
p
(∫ 1

0

|u(s)|
λ2p
p−1 ds

) p−1
p

≤ a+ b

(
1

p(q − 1) + 1

) 1
p
∫ t

0

|u(s)|
λ1p
p−1 ds+ c

(
1

p(q − 2) + 1

) 1
p
∫ 1

0

|u(s)|
λ2p
p−1 ds

≤ a+ b

∫ t

0

|u(s)|
λ1p
p−1 ds+ c

(
1

p(q − 2) + 1

) 1
p
∫ 1

0

|u(s)|
λ2p
p−1 ds.

Applying Lemma 5.4, there exists a constant M∗ > 0 such that

|u(t)| ≤M∗.

The proof is completed.

Remark 5.4. Constant M∗ can be determined by using Remark 5.3.

5.3.3 Existence

This subsection deals with the existence and uniqueness of solutions for the problem

(5.7).

Theorem 5.6. Let f : J ×R → R be a continuous function mapping. Assume that

there exists a positive constant L such that

(A1) |f(t, u)− f(t, v)| ≤ L|u− v|, for all t ∈ J, u, v ∈ R,

with L ≤ Γ(1+q)
2(1+q) . Then the problem (5.7) has a unique solution on J .

Proof. Setting supt∈J |f(t, 0)| =M and

Br =
{
u ∈ PC1(J,R) : ∥u∥PC1 ≤ r

}
,

where

r ≥ 2

(
1 + q

Γ(1 + q)
M +

m∑
i=1

|ȳi|+ 2
m∑
i=1

|yi|

)
.

Define an operator F : Br → PC1(J,R) by

(Fu)(t) =
1

Γ(q)

∫ t

0

(t− s)q−1f(s, u(s))ds+
k∑
i=1

ȳi(t− ti) +
k∑
i=1

yi
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−

(
1

Γ(q − 1)

∫ 1

0

(1− s)q−2f(s, u(s))ds+
m∑
i=1

ȳi

)
t,

t ∈ (tk, tk+1], k = 0, 1, 2, ...,m.

It is obvious that F is well defined due to f : J × R → R is jointly continuous and

maps bounded subsets of J × R to bounded subsets of R.
Claim I. FBr ⊂ Br.

For u ∈ Br, t ∈ J ′, we have

|(Fu)(t)|

=

∣∣∣∣∣ 1

Γ(q)

∫ t

0

(t− s)q−1f(s, u(s))ds+
k∑
i=1

ȳi(t− ti) +
k∑
i=1

yi

−

(
1

Γ(q − 1)

∫ 1

0

(1− s)q−2f(s, u(s))ds+
m∑
i=1

ȳi

)
t

∣∣∣∣∣
≤
∣∣∣∣ 1

Γ(q)

∫ t

0

(t− s)q−1f(s, u(s))ds

∣∣∣∣+ ∣∣∣∣ 1

Γ(q − 1)

∫ 1

0

(1− s)q−2f(s, u(s))ds

∣∣∣∣
+

m∑
i=1

|ȳi|+ 2
m∑
i=1

|yi|

≤ 1

Γ(q)

∫ t

0

(t− s)q−1|f(s, u(s))− f(s, 0)|ds+ 1

Γ(q)

∫ t

0

(t− s)q−1|f(s, 0)|ds

+
1

Γ(q − 1)

∫ 1

0

(1− s)q−2|f(s, u(s))− f(s, 0)|ds

+
1

Γ(q − 1)

∫ 1

0

(1− s)q−2|f(s, 0)|ds+
m∑
i=1

|ȳi|+ 2

m∑
i=1

|yi|

≤ L
1 + q

Γ(1 + q)
r +M

1 + q

Γ(1 + q)
+

m∑
i=1

|ȳi|+ 2

m∑
i=1

|yi|

≤ r.

Claim II. F is a contraction mapping.

For u, v ∈ Br and for each t ∈ J ′, we obtain

|(Fu)(t)− (Fv)(t)|

=

∣∣∣∣∣ 1

Γ(q)

∫ t

0

(t− s)q−1f(s, u(s))ds− t

Γ(q − 1)

∫ 1

0

(1− s)q−2f(s, u(s))ds

−
(

1

Γ(q)

∫ t

0

(t− s)q−1f(s, v(s))ds− t

Γ(q − 1)

∫ 1

0

(1− s)q−2f(s, v(s))ds

) ∣∣∣∣∣
≤ 1

Γ(q)

∫ t

0

(t− s)q−1|f(s, u(s))− f(s, v(s))|ds
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+
1

Γ(q − 1)

∫ 1

0

(1− s)q−2|f(s, u(s))− f(s, v(s))|ds

≤
(

L

Γ(q)

∫ t

0

(t− s)q−1ds

)
∥u− v∥PC1 +

(
L

Γ(q − 1)

∫ 1

0

(1− s)q−2ds

)
∥u− v∥PC1

≤ L
1 + q

Γ(1 + q)
∥u− v∥PC1

≤ 1

2
∥u− v∥PC1 ,

which implies that

∥Fu− Fv∥PC1 ≤ 1

2
∥u− v∥PC1 .

Therefore F is a contraction.

Thus, the conclusion of theorem follows by Banach contraction mapping princi-

ple. The proof is completed.

Now we are ready to state and prove the following existence result.

Theorem 5.7. Let f : J×R → R be a continuous function mapping with |f(t, u)| ≤
µ(t), for all (t, u) ∈ J ×R where µ ∈ L

1
σ (J,R) and σ ∈ (0, q−1). Then the problem

(5.7) has at least one solution on J .

Proof. Let’s choose

r ≥
∥µ∥

L
1
σ J

Γ(q)( q−σ1−σ )
1−σ

+
∥µ∥

L
1
σ J

Γ(q − 1)( q−σ−1
1−σ )1−σ

+ 2

m∑
i=1

|ȳi|+
m∑
i=1

|yi|,

and denote

Br = {u ∈ PC1(J,R) : ∥u∥PC1 ≤ r}.

We define the operators P and Q on Br as

(Pu)(t) =
1

Γ(q)

∫ t

0

(t− s)q−1f(s, u(s))ds−
(

1

Γ(q − 1)

∫ 1

0

(1− s)q−2f(s, u(s))ds

)
t,

(Qu)(t) =
k∑
i=1

ȳi(t− ti) +
k∑
i=1

yi −
m∑
i=1

ȳit.

For any u, v ∈ Br and t ∈ J , using the estimation condition on f and Hölder

inequality,∫ t

0

∣∣(t− s)q−1f(s, u(s))
∣∣ ds ≤ (∫ t

0

(t− s)
q−1
1−σ ds

)1−σ (∫ t

0

(µ(s))
1
σ ds

)σ
≤

∥µ∥
L

1
σ J

( q−σ1−σ )
1−σ

,

∫ 1

0

∣∣(1− s)q−2f(s, u(s))
∣∣ ds ≤ (∫ 1

0

(1− s)
q−2
1−σ ds

)1−σ (∫ 1

0

(µ(s))
1
σ ds

)σ
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≤
∥µ∥

L
1
σ J

( q−σ−1
1−σ )1−σ

.

Therefore,

∥Pu+Qv∥PC1 ≤
∥µ∥

L
1
σ J

Γ(q)( q−σ1−σ )
1−σ

+
∥µ∥

L
1
σ J

Γ(q − 1)( q−σ−1
1−σ )1−σ

+ 2
m∑
i=1

|ȳi|+
m∑
i=1

|yi| ≤ r.

Thus Pu +Qv ∈ Br. It is obvious that Q is a contraction with the constant zero.

On the other hand, the continuity of f implies that the operator P is continuous.

Also, P is uniformly bounded on Br since

∥Pu∥PC1 ≤
∥µ∥

L
1
σ J

Γ(q)( q−σ1−σ )
1−σ

+
∥µ∥

L
1
σ J

Γ(q − 1)( q−σ−1
1−σ )1−σ

≤ r.

Now we need to prove the compactness of the operator P .

Letting Ω = J ×Br, we can define sup(t,x)∈Ω |f(t, u)| = fmax, and consequently

for any tk < τ2 < τ1 ≤ tk+1 we have

|(Pu)(τ2)− (Pu)(τ1)|

=

∣∣∣∣ 1

Γ(q)

∫ τ2

0

(τ2 − s)q−1f(s, u(s))ds− τ2
Γ(q − 1)

∫ 1

0

(1− s)q−2f(s, u(s))ds

−
(

1

Γ(q)

∫ τ1

0

(τ1 − s)q−1f(s, u(s))ds− τ1
Γ(q − 1)

∫ 1

0

(1− s)q−2f(s, u(s))ds

) ∣∣∣∣
≤
∣∣∣∣ 1

Γ(q)

∫ τ2

0

(
(τ2 − s)q−1 − (τ1 − s)q−1

)
f(s, u(s))ds

+
1

Γ(q)

∫ τ1

τ2

(τ1 − s)q−1f(s, u(s))ds

∣∣∣∣+ ∣∣∣∣ τ2 − τ1
Γ(q − 1)

∫ 1

0

(1− s)q−2f(s, u(s))ds

∣∣∣∣
≤ fmax

(
2(τ1 − τ2)

q + τ q1 − τ q2
Γ(1 + q)

+
τ1 − τ2
Γ(q)

)
,

which tends to zero as τ2 → τ1. This yields that P is equicontinuous on interval

(tk, tk+1]. So P is relatively compact on Br.

Hence, by PC-type Arzela-Ascoli theorem (see Lemma 1.3 in the case ofX = R),
P is compact on Br. Thus all the assumptions of Theorem 1.7 are satisfied and the

conclusion of Theorem 1.7 implies that the problem (5.7) has at least one solution

on J . The proof is completed.

In order to obtain the data dependence of solutions, we revise (A1) to the as-

sumption:

(A2) there exist L > 0 and λ ∈ (0, 1− 1
p ) where p(q − 2) + 1 > 0 with p > 1 such

that

|f(t, u)− f(t, v)| ≤ L|u− v|λ, for each t ∈ J, and all u, v ∈ R.
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Further, we give the following data dependence result.

Theorem 5.8. Assume that the conditions of Theorem 5.7 and the additional con-

dition (A2) hold. Let v(·) be another solution of the problem (5.7) with impul-

sive conditions ∆v(tk) = yk, ∆v′(tk) = ȳk, k = 1, 2, ...,m, and boundary value

conditions v(0) = 0, v′(1) = 0. Then there exists a constant M∗ > 0 such that

∥u− v∥PC1 ≤M∗.

Proof. By Theorem 5.7, the problem (5.7) has a solution u(·) in PC1(J,X). Keep-

ing in mind our conditions, v(·) be another solution of the problem (5.7) with im-

pulsive conditions ∆v(tk) = yk, ∆v
′(tk) = ȳk, k = 1, 2, ...,m, and boundary value

conditions v(0) = 0, v′(1) = 0. Note the condition (A2), we obtain

|u(t)− v(t)| ≤ L

Γ(q)

∫ t

0

(t− s)q−1|u(s)− v(s)|λds

+
L

Γ(q − 1)

∫ 1

0

(1− s)q−2|u(s)− v(s)|λds.

By Lemma 5.5, we obtain ∥u− v∥PC1 ≤M∗. This completes the proof.

Remark 5.5. Under the assumptions of Theorem 5.8, we do not obtain the unique-

ness of the solutions.

Remark 5.6. By Remark 5.4 we see that M∗ is the unique positive solution of

M∗ =
L

Γ(q)
M

λp
p−1
∗ +

L

Γ(q − 1)

(
1

p(q − 2) + 1

) 1
p

M
λp
p−1
∗ ,

so

M∗ =

(
L

Γ(q)
+

L

Γ(q − 1)

(
1

p(q − 2) + 1

) 1
p

) 1

1− λp
p−1

.

5.4 Impulsive Langevin Equations

5.4.1 Introduction

In 1908, Langevin introduced a concept of a equation of motion of a Brownian

particle which is named after Langevin equation, thereafter, Langevin is regarded

as one of the founder of the subject of stochastic differential equations. Langevin

equations have been widely used to describe stochastic problems in physics, chem-

istry and electrical engineering. For example, Brownian motion is well described by

the Langevin equation when the random fluctuation force is assumed to be white

noise. For systems in complex media, standard Langevin equation does not provide

the correct description of the dynamics. As a results, various generalizations of

Langevin equations have been offered to describe dynamical processes in a fractal

medium. One such generalization is the generalized Langevin equation which incor-

porates the fractal and memory properties with a dissipative memory kernel into
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the Langevin equation. This gives rise to study Langevin equation with fractional

derivatives, see for instance Mainardi and Pironi, 1996; Lutz, 2001; Fa, 2006, 2007;

Kobolev and Romanov, 2000; Picozzi and West, 2002; Bazzani, Bassi and Turchetti,

2003; Lim, Li and Teo, 2008; Ahmad and Eloe, 2010; Ahmad, Nieto, Alsaedi et al.,

2012; Sandev, Tomovski and Dubbeldam, 2011; Sandev, Metzler and Tomovski,

2012, and the references therein.

It is remarkable that many evolution processes are characterized by the fact

that at certain moments of time they experience a change of state abruptly. These

processes are subject to short term perturbations whose duration is negligible in

comparison with the duration of the processes. Consequently, it is natural to as-

sume that these perturbations act instantaneously, that is in the form of impulses.

In particular, when we want to describe fractional Langevin equations subject to

abrupt changes as well as other phenomena such as earthquake, it is nature to use

fractional impulsive Langevin equations to describe such problems. Thus, we offer

to study the following fractional impulsive Langevin equations
C
0D

β
t (
C
0D

α
t + λ)x(t) = f(t, x(t)), t ∈ J ′ := J \ {t1, ..., tm} , J := [0, 1],

∆x(tk) := x(t+k )− x(t−k ) = Ik, Ik ∈ R,
x(0) = 0, x(ηk) = 0, x(1) = 0, ηk ∈ (tk, tk+1), k = 0, 1, ...,m− 1,

(5.17)

where f : J × R → R is a given function, 0 < α, β < 1 with 0 < α + β < 1,

λ > 0, 0 = t0 < t1 < t2 < · · · < tm < tm+1 = 1, x(t+k ) = limϵ→0+ x(tk + ϵ) and

x(t−k ) = limϵ→0− x(tk + ϵ) represent the right and left limits of x(t) at t = tk, the

constants Ik denotes the size of the jump.

Moreover, we also study the following nonlinear impulsive problems:
C
0D

β
t (
C
0D

α
t + λ)x(t) = f(t, x(t)), t ∈ J ′,

∆x(tk) := x(t+k )− x(t−k ) = Ik(x(t
−
k )),

x(0) = 0, x(ηk) = 0, x(1) = 0, ηk ∈ (tk, tk+1), k = 0, 1, 2, ...,m− 1,
(5.18)

where the nonlinear impulsive terms Ik : R → R are specified latter.

Subsection 5.4.2 is devoted to giving the formula of solutions for the linear

Langevin equations and some basic properties of classical and generalized Mittag-

Leffler functions, then proceed to obtain the general solutions of the linear fractional

impulsive Langevin equations. In Subsection 5.4.3, we deal with the existence and

uniqueness of solution for the problem (5.17), and extend the existence results to

problem (5.18).

5.4.2 Formula of Solutions

Firstly, we study the following linear Langevin equations with two different frac-

tional derivatives

C
0D

β
t (
C
0D

α
t + λ)x(t) = f(t), t ∈ Ji, i = 0, 1, 2, ...,m, (5.19)

where J0 := [0, t1], Ji := (ti, ti+1], i = 1, 2, ...,m− 1, Jm := (tm, 1].
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Lemma 5.6. For q > 0, the general solution of fractional differential equation
C
0D

q
tu(t) = 0 is given by

u(t) = c0 + c1t+ c2t
2 + · · ·+ cn−1t

n−1

where ci ∈ R, i = 0, 1, 2, . . . , n − 1 (n = [q] + 1) and [q] denotes the integer part of

the real number q.

Remark 5.7. In view of Lemma 5.6, it follows that

0D
−q
t (C0D

q
tu)(t) = u(t) + c0 + c1t+ c2t

2 + · · ·+ cn−1t
n−1

where ci ∈ R, i = 0, 1, 2, . . . , n− 1, n = [q] + 1.

It is remarkable that Ahmad, Nieto and Alsaedi et al., 2012 studied existence

of solutions of linear Langevin equations with two different fractional derivatives

by finding a fixed point of a suitable fractional integral equation (see Lemma 2.1

in Ahmad, Nieto and Alsaedi et al.), however, the general presentation of solutions

for such equations have not been deduced. Here, we try to find a general solution

the equation (5.19).

Lemma 5.7. A function u ∈ C(Ji,R), i = 0, 1, 2, ...,m, is a solution of the equation

(5.19) if and only if u is a solution of the integral equation

x(t) = Eα(−tαλ)bi −
1

λ
(1− Eα(−tαλ)) ai

+

∫ t

0

(t− z)α+β−1Eα,α+β(−(t− z)αλ)f(z)dz.

(5.20)

Proof. In view of Remark 5.7 and by integrating the equation (5.19) from zero to

t we have

(C0D
α
t + λ)x(t) =

∫ t

0

(t− s)β−1

Γ(β)
f(s)ds− ai, i = 0, 1, ...,m,

where ai are constants.

By adopting the same idea and techniques in Zhou and Jiao, 2010, the general

solution of

(C0D
α
t + λ)x(t) = h(t) (5.21)

is

x(t) = T (t)bi +

∫ t

0

(t− s)α−1S (t− s)h(s)ds, (5.22)

where

T (t) :=

∫ ∞

0

Mα(θ)e
−tαθλdθ, S (t) := α

∫ ∞

0

θMα(θ)e
−tαθλdθ.
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Here Mα is the Wright function (see Definition 1.9). Meanwhile, the solution of

the equation (5.21) have been considered in the monograph Kilbas, Srivastava and

Trujillo, 2006, (see pp. 140-141, (3.1.32)-(3.1.34)), and it is given by the following

expression:

x(t) = Eα(−tαλ)bi +
∫ t

0

(t− s)α−1eα(−(t− s)αλ)h(s)ds. (5.23)

Combined (5.22) and (5.23), we can rewrite T (t) = Eα(−tαλ), S (t) = eα(−tαλ).
Note eα(z) = αE′

α(z) and so

(t− s)α−1eα(−(t− s)αλ) =
d

ds

(
1

λ
Eα(−(t− s)αλ)

)
.

This yields that∫ t

0

(t− s)α−1eα(−(t− s)αλ)ds =
1

λ
(1− Eα(−tαλ)) .

So the final formula of solution of the equation (5.19) should be

x(t) = Eα(−tαλ)bi +
∫ t

0

(t− s)α−1eα(−(t− s)αλ)

×
(∫ s

0

(s− z)β−1

Γ(β)
f(z)dz − ai

)
ds

= Eα(−tαλ)bi −
(∫ t

0

(t− s)α−1eα(−(t− s)αλ)ds

)
ai

+
1

Γ(β)

∫ t

0

∫ s

0

(s− z)β−1(t− s)α−1eα(−(t− s)αλ)f(z)dzds

= Eα(−tαλ)bi −
1

λ
(1− Eα(−tαλ)) ai

+
1

Γ(β)

∫ t

0

f(z)

∫ t

z

(t− s)α−1(s− z)β−1eα(−(t− s)αλ)dsdz

= Eα(−tαλ)bi −
1

λ
(1− Eα(−tαλ)) ai

+

∫ t

0

(t− z)α+β−1Eα,α+β(−(t− z)αλ)f(z)dz,

where we use the fact in Theorem 4 of Prabhakar, 1971. Hence

x(t) = Eα(−tαλ)bi −
1

λ
(1− Eα(−tαλ)) ai

+

∫ t

0

(t− z)α+β−1Eα,α+β(−(t− z)αλ)f(z)dz,

where Eα,α+β is the generalized Mittag-Leffler function:

Eα,α+β(z) =

∞∑
k=0

zk

Γ(kα+ α+ β)
=

1

Γ(β)

∞∑
k=0

zk

Γ(kα+ α)
B(kα+ α, β)



August 14, 2023 16:41 ws-book961x669 Basic Theory of Fractional Differential Equations 13289-main page 273

Fractional Impulsive Differential Equations 273

=
1

Γ(β)

∞∑
k=0

zk

Γ(kα+ α)

∫ 1

0

ukα+α−1(1− u)β−1du

=
1

Γ(β)

∫ 1

0

∞∑
k=0

(uz)k

Γ(kα+ α)
uα−1(1− u)β−1du

=
1

Γ(β)

∫ 1

0

uα−1(1− u)β−1eα(uz)du,

with B denoting Beta function, which is coincided with

Eα,α+β(−z) =
1

Γ(β)

∫ 1

0

uα−1(1− u)β−1eα(−uz)du

=
α

Γ(β)

∫ 1

0

uα−1(1− u)β−1

∫ ∞

0

θMα(θ)e
−uzθdθdu

=
α

Γ(β)

∫ ∞

0

θMα(θ)

(∫ 1

0

uα−1(1− u)β−1e−uzθdu

)
dθ

=
Γ(α+ 1)

Γ(α+ β)

∫ ∞

0

θMα(θ)1F1(α, α+ β,−zθ)dθ,

(5.24)

where

1F1(α, α+ β, z) =
1

B(α, β)

∫ 1

0

uα−1(1− u)β−1euzdu

is the hypergeometric function (see, Seaborn, 1991).

It is well known that classical and generalized Mittag-Leffler functions have

played important role in the study of fractional ordinary differential equation with

constant coefficients Bonilla, 2007, and fractional diffusion equations Atkinson and

Osseiran, 2011. However, it seems that the known properties of these special func-

tions are not explicit and complete. For example, the literature usually address

that the classical and generalized Mittag-Leffler functions are boundedness, but

not give a explicit boundedness. Meanwhile, other important properties such as

continuity, monotonicity, nonnegative and etc seems have not been systematically

reported. Here, we try to revisit some basic properties of classical and generalized

Mittag-Leffler functions by using one-side probability density function.

Lemma 5.8. Let 0 < α, β < 1. The functions Eα, eα and Eα,α+β are nonnegative

and have the following properties:

(i) For any λ > 0 and t ∈ J ,

Eα(−tαλ) ≤ 1, eα(−tαλ) ≤
1

Γ(α)
, Eα,α+β(−tαλ) ≤

1

Γ(α+ β)
.

Moreover, Eα(0) = 1, eα(0) =
1

Γ(α) , Eα,α+β(0) =
1

Γ(α+β) .
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(ii) For any λ > 0 and t1, t2 ∈ J ,

Eα(−tα2λ) → Eα(−tα1λ) as t2 → t1,

eα(−tα2λ) → eα(−tα1λ) as t2 → t1, (5.25)

Eα,α+β(−tα2λ) → Eα,α+β(−tα1λ) as t2 → t1.

Or rather,

|Eα(−tα2λ)− Eα(−tα1λ)| := O(|t2 − t1|α) as t2 → t1,

|eα(−tα2λ)− eα(−tα1λ)| := O(|t2 − t1|α) as t2 → t1,

|Eα,α+β(−tα2λ)− Eα,α+β(−tα1λ)| := O(|t2 − t1|α) as t2 → t1.

(iii) For any λ > 0, t1, t2 ∈ J and t1 ≤ t2,

Eα(−tα2λ) ≤ Eα(−tα1λ),
eα(−tα2λ) ≤ eα(−tα1λ),

Eα,α+β(−tα2λ) ≤ Eα,α+β(−tα1λ). (5.26)

(iv) For any λ > 0 and t∗ > 0,

1− Eα(−tα∗λ) > 0.

Proof. (i) For any λ > 0 and t ∈ J ,

Eα(−tαλ) ≤
∫ ∞

0

Mα(θ)e
−tαθλdθ ≤

∫ ∞

0

Mα(θ)dθ = Eα(0) = 1,

eα(−tαλ) ≤ α

∫ ∞

0

θMα(θ)e
−tαθλdθ ≤ α

∫ ∞

0

θMα(θ)dθ = eα(0) =
1

Γ(α)
,

Eα,α+β(−tαλ) ≤
1

Γ(α)Γ(β)

∫ 1

0

uα−1(1− u)β−1du = Eα,α+β(0) =
1

Γ(α+ β)
.

(ii) We only check the result (5.25) for 0 ≤ t1 < t2 ≤ 1. In fact, using the

inequality tα2 − tα1 ≤ (t2 − t1)
α and Lagrange mean value theorem, we have

|eα(−tα2λ)− eα(−tα1λ)| ≤ α

∫ ∞

0

θMα(θ)
∣∣∣e−tα2 θλ − e−t

α
1 θλ
∣∣∣ dθ

= α

∫ ∞

0

θMα(θ)

(∫ 1

0

e−ηt
α
2 θλ−(1−η)tα1 θλdη

)
|tα2 − tα1 |θλdθ

≤ |t2 − t1|ααλ
∫ ∞

0

θ2Mα(θ)dθ

≤ |t2 − t1|α
2αλ

Γ(1 + 2α)

= O(|t2 − t1|α), as t2 → t1.

Next, one can use the formula (5.24) via the above facts and Beta function to derive

|Eα,α+β(−tα2λ)− Eα,α+β(−tα1λ)|
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≤ 1

Γ(β)

∫ 1

0

uα−1(1− u)β−1|eα(−tα2λu)− eα(−tα1λu)|du

≤ |t2 − t1|α
2αλB(α, β)

Γ(1 + 2α)Γ(β)

= O(|t2 − t1|α), as t2 → t1.

(iii) Similar to the proof in (ii), for any t1, t2 ∈ J and t1 ≤ t2, we obtain

eα(−tα1λ)− eα(−tα2λ) = α

∫ ∞

0

θMα(θ)
(
e−t

α
1 θλ − e−t

α
2 θλ
)
dθ

= αλ(tα2 − tα1 )

∫ ∞

0

θ2Mα(θ)

(∫ 1

0

e−ηt
α
2 θλ−(1−η)tα1 θλdη

)
dθ

≥ 0.

Next, one can use the formula (5.24) via the above facts and Beta function to derive

the result (5.26).

(iv) In fact,

Eα(−tα∗λ) =
∫ ∞

0

Mα(θ)e
−tα∗ θλdθ <

∫ ∞

0

Mα(θ)dθ = 1,

where we use the fact e−t
α
∗ θλ < 1 for θ ∈ (0,∞) and λ > 0. The proof is completed.

Secondly, we deduce the general solutions of the following linear fractional im-

pulsive Langevin equations
C
0D

β
t (
C
0D

α
t + λ)x(t) = f(t), t ∈ J ′,

∆x(tk) := x(t+k )− x(t−k ) = Ik, Ik ∈ R,
x(0) = 0, x(ηk) = 0, x(1) = 0, ηk ∈ (tk, tk+1), k = 0, 1, 2, ...,m− 1.

(5.27)

For brevity, we denote

(Ff)(t) :=

∫ t

0

(t− z)α+β−1Eα,α+β(−(t− z)αλ)f(z)dz, t ∈ J,

(T0f)(t) := − 1− Eα(−tαλ)
1− Eα(−ηα0 λ)

(Ff)(η0), t ∈ J0,

(Tif)(t) :=
Eα(−tαλ)− Eα(−ηαi λ)
Eα(−tαi λ)− Eα(−ηαi λ)

[(Ti−1f)(ti)

+ (Ff)(ηi) + Ii]− (Ff)(ηi), t ∈ Ji, i = 1, 2, ...,m− 1,

(Tmf)(t) :=
Eα(−tαλ)− Eα(−λ)
Eα(−tαmλ)− Eα(−λ)

[(Tm−1f)(tm)

+ (Ff)(1) + Im]− (Ff)(1), t ∈ Jm.

Clearly, by Lemma 5.8(iii), the above symbols are well defined.
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Lemma 5.9. A general solution x of the equation (5.27) on the interval J is given

by

x(t) =



(Ff)(t) + (T0f)(t), for t ∈ J0,

(Ff)(t) + (T1f)(t), for t ∈ J1,

...

(Ff)(t) + (Tif)(t), for t ∈ Ji,

...

(Ff)(t) + (Tmf)(t), for t ∈ Jm.

(5.28)

Proof. For t ∈ J0, integrating both sides of the first equation of (5.27), one can

obtain that (see (5.20))

x(t) = Eα(−tαλ)b0 −
1

λ
(1− Eα(−tαλ)) a0

+

∫ t

0

(t− z)α+β−1Eα,α+β(−(t− z)αλ)f(z)dz.

(5.29)

Using the conditions x(0) = 0 and x(η0) = 0, we get

a0 =
λ

1− Eα(−ηα0 λ)

∫ η0

0

(η0 − z)α+β−1Eα,α+β(−(η0 − z)αλ)f(z)dz,

b0 = 0.

(5.30)

Submitting (5.30) to (5.29), we obtain

x(t) = − 1− Eα(−tαλ)
1− Eα(−ηα0 λ)

∫ η0

0

(η0 − z)α+β−1Eα,α+β(−(η0 − z)αλ)f(z)dz

+

∫ t

0

(t− z)α+β−1Eα,α+β(−(t− z)αλ)f(z)dz,

x(t1) = (Ff)(t1) + (T0f)(t1).

For t ∈ J1, integrating both sides of the first equation of (5.27), one can obtain

that

x(t) = Eα(−tαλ)b1 −
1

λ
(1− Eα(−tαλ)) a1

+

∫ t

0

(t− z)α+β−1Eα,α+β(−(t− z)αλ)f(z)dz.

Since

x(t+1 ) = Eα(−tα1λ)b1 −
1

λ
(1− Eα(−tα1λ)) a1 + (Ff)(t1),

x(t−1 ) = (Ff)(t1) + (T0f)(t1),
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from x(t+1 ) = x(t−1 ) + I1, x(η1) = 0, it follows

Eα(−tα1λ)b1 −
1

λ
(1− Eα(−tα1λ)) a1 = (T0f)(t1) + I1,

Eα(−ηα1 λ)b1 −
1

λ
(1− Eα(−ηα1 λ)) a1 + (Ff)(η1) = 0

and solving the above equations, we can get

a1 =
λEα(−ηα1 λ)

Eα(−tα1λ)− Eα(−ηα1 λ)
[(T0f)(t1) + (Ff)(η1) + I1] + λ(Ff)(η1),

b1 = −(Ff)(η1) +
1− Eα(−ηα1 λ)

Eα(−tα1λ)− Eα(−ηα1 λ)
[(T0f)(t1) + (Ff)(η1) + I1].

Hence, we obtain

x(t) = (Ff)(t) + (T1f)(t), for t ∈ J2,

x(t2) = (Ff)(t2) + (T1f)(t2).

Repeating the above methods on the subinterval Ji, i = 2, 3, ...,m − 1 respec-

tively, one can obtain that x(t) = (Ff)(t) + (Tif)(t) for t ∈ Ji.

Finally, for t ∈ Jm, integrating both side of the first equation of (5.27) again,

one can obtain that

x(t) = Eα(−tαλ)bm − 1

λ
(1− Eα(−tαλ)) am

+

∫ t

0

(t− z)α+β−1Eα,α+β(−(t− z)αλ)f(z)dz.

Note that x(t+m) = x(t−m) + Im = (Fx)(tm) + (Tm−1x)(tm) + Im, x(1) = 0, one can

obtain

am =
λEα(−λ)

Eα(−tαmλ)− Eα(−λ)
[(Tm−1f)(tm) + (Ff)(1) + Im] + λ(Ff)(1),

bm =
1− Eα(−λ)

Eα(−tαmλ)− Eα(−λ)
[(Tm−1f)(tm) + (Ff)(1) + Im]− (Ff)(1).

Then, we get

x(t) = (Ff)(t) + (Tmf)(t), for t ∈ Jm.

This completes the proof.

Remark 5.8. If we denote

(T0f)(t) := − 1− Eα(−tαλ)
1− Eα(−ηα0 λ)

(Ff)(η0), t ∈ J0,

(Tif)(t) := [(Ti−1f)(ti) + Ii +Mi(ti)(Ff)(ηi)]
Eα(−tαλ)− Eα(−ηαi λ)
Eα(−tαi λ)− Eα(−ηαi λ)

−Mi(t)(Ff)(ηi), t ∈ Ji, i = 1, 2, ...,m− 1,

(Tmf)(t) := [(Tm−1f)(tm) + Im +Mm(tm)(Ff)(1)]
Eα(−tαλ)− Eα(−λ)
Eα(−tαmλ)− Eα(−λ)
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−Mm(t)(Ff)(1), t ∈ Jm,

Mi(t) :=
1− Eα(−tαλ)
1− Eα(−ηαi λ)

, t ∈ Ji, i = 1, 2, ...,m− 1,

Mm(t) :=
1− Eα(−tαλ)
1− Eα(−λ)

,

then an alternative formula of general solutions of the equation (5.27) on J is given

by

x(t) =



(Ff)(t) + (T0f)(t), for t ∈ J0,

(Ff)(t) + (T1f)(t), for t ∈ J1,

...

(Ff)(t) + (Tif)(t), for t ∈ Ji,

...

(Ff)(t) + (Tmf)(t), for t ∈ Jm.

(5.31)

By directly computation, one can verify that (5.31) is coincided with (5.28). But,

(5.28) seems more suitable than (5.31).

5.4.3 Existence

This subsection deals with the existence and uniqueness of solution for the problem

(5.17). A number of papers have been recently written on fractional impulsive ini-

tial and boundary value problems. However, both Fec̆kan, Zhou and Wang, 2012

and Kosmatov, 2012, point out on the error in former solutions for some impul-

sive fractional differential equations by construct a counterexample and establish

a general framework to seek a nature solution for such problems. Motivated by

Fec̆kan, Zhou and Wang, 2012 and Kosmatov, 2012, we define what it means for

the problem (5.17) to have a solution.

Definition 5.3. A function x ∈ PC(J,R) whose Caputo fractional derivative ex-

isting on J is said to be a solution of the problem (5.17) if x(t) satisfies

x(t) =



(Fx)(t) + (T0x)(t), for t ∈ J0,

(Fx)(t) + (T1x)(t), for t ∈ J1,

...

(Fx)(t) + (Tix)(t), for t ∈ Ji,

...

(Fx)(t) + (Tmx)(t), for t ∈ Jm,

where

(Fx)(t) =

∫ t

0

(t− z)α+β−1Eα,α+β(−(t− z)αλ)f(z, x(z))dz, t ∈ J,
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(T0x)(t) = − 1− Eα(−tαλ)
1− Eα(−ηα0 λ)

(Fx)(η0), t ∈ J0,

(Tix)(t) =
Eα(−tαλ)− Eα(−ηαi λ)
Eα(−tαi λ)− Eα(−ηαi λ)

[(Ti−1x)(ti) + (Fx)(ηi) + Ii]− (Fx)(ηi),

t ∈ Ji, i = 1, 2, ...,m− 1,

(Tmx)(t) =
Eα(−tαλ)− Eα(−λ)
Eα(−tαmλ)− Eα(−λ)

[(Tm−1x)(tm) + (Fx)(1) + Im]− (Fx)(1),

t ∈ Jm.

Before stating the main results, we introduce the following hypotheses.

(H1) f : J × R → R is jointly continuous;

(H2) there exists a function n(·) ∈ L
1
q1 (J,R+) such that |f(t, x)| ≤ n(t) for all

t ∈ J and all x ∈ R, where q1 ∈ (0, α+ β);

(H3) there exists a function h(·) ∈ L
1
q2 (J,R+) such that |f(t, x)−f(t, y)| ≤ h(t)|x−

y| for all t ∈ J and all x, y ∈ R, where q2 ∈ (0, α+ β).

Consider an operator N : PC(J,R) → PC(J,R) defined by

(Nx)(t) =



(Fx)(t) + (T0x)(t), for t ∈ J0,

(Fx)(t) + (T1x)(t), for t ∈ J1,

...

(Fx)(t) + (Tix)(t), for t ∈ Ji,

...

(Fx)(t) + (Tmx)(t), for t ∈ Jm.

(5.32)

It is obvious thatN is well defined due to (H1). Then, we can transform existence

of solutions of the problem (5.17) into a fixed point problem of the operator N .

For brevity, denote p1 = α+β−1
1−q1 , p2 = α+β−1

1−q2 .

We are ready to state the first existence and uniqueness result in this subsection.

Theorem 5.9. Assume that (H1)-(H3) hold. If

MF +Mm < 1, (5.33)

then the problem (5.17) has a unique solution, where

MF =
∥h∥

L
1
q2 J

Γ(α+ β)(1 + p2)1−q2
, (5.34)

and

Mm =
1− Eα(−λ)

Eα(−tαmλ)− Eα(−λ)
(MF +Mm−1) +MF , ..., M0 =

MF

1− Eα(−ηα0 λ)
.
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Proof. We verify that N defined by (5.32) is a contraction mapping. We divide

our proof into two steps.

Claim I. Nx ∈ PC(J,R) for every x ∈ PC(J,R).
If t ∈ J0, then for every x ∈ C(J0,R) and any δ > 0, 0 < t < t + δ ≤ t1, by

(H2), Lemma 5.8 and Hölder inequality, we get

|(Nx)(t+ δ)− (Nx)(t)|
≤ |(Fx)(t+ δ)− (Fx)(t)|+ |(T0x)(t+ δ)− (T0x)(t)|

≤
∣∣∣∣ ∫ t+δ

0

(t+ δ − z)α+β−1Eα,α+β(−(t+ δ − z)αλ)f(z, x(z))dz

−
∫ t

0

(t− z)α+β−1Eα,α+β(−(t− z)αλ)f(z, x(z))dz

∣∣∣∣
+

∣∣∣∣Eα(−(t+ δ)αλ)− Eα(−tαλ)
1− Eα(−ηα0 λ)

(Fx)(η0)

∣∣∣∣
≤
∫ t

0

(t+ δ − z)α+β−1|Eα,α+β(−(t+ δ − z)αλ)− Eα,α+β(−(t− z)αλ)|n(z)dz

+

∫ t

0

∣∣(t+ δ − z)α+β−1 − (t− z)α+β−1
∣∣ |Eα,α+β(−(t− z)αλ)|n(z)dz

+

∫ t+δ

t

(t+ δ − z)α+β−1|Eα,α+β(−(t+ δ − z)αλ)|n(z)dz

+
|Eα(−(t+ δ)αλ)− Eα(−tαλ)|

1− Eα(−ηα0 λ)
|(Fx)(η0)|

≤ O(δα)

(∫ t

0

(t+ δ − z)
α+β−1
1−q1 dz

)1−q1 (∫ t

0

n(z)
1
q1 dz

)q1
+

1

Γ(α+ β)

(∫ t

0

(
(t− z)α+β−1 − (t+ δ − z)α+β−1

) 1
1−q1 dz

)1−q1

×
(∫ t

0

n(z)
1
q1 dz

)q1
+

1

Γ(α+ β)

(∫ t+δ

t

(t+ δ − z)
α+β−1
1−q1 dz

)1−q1

×

(∫ t+δ

t

n(z)
1
q1 dz

)q1
+O(δα)

|(Fx)(η0)|
1− Eα(−ηα0 λ)

≤ O(δα)

(
|(Fx)(η0)|

1− Eα(−ηα0 λ)
+

∥n∥
L

1
q1 J0

(1 + p1)1−q1

)
+

2δ(1+p1)(1−q1)∥n∥
L

1
q1 J0

Γ(α+ β)(1 + p1)1−q1

→ 0, as δ → 0,

where we use the facts∫ t

0

(t+ δ − z)
α+β−1
1−q1 dz =

(t+ δ)1+p1 − δ1+p1

1 + p1
≤ 1

1 + p1
,∫ t

0

(
(t− z)α+β−1 − (t+ δ − z)α+β−1

) 1
1−q1 dz
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≤
∫ t

0

(
(t− z)

α+β−1
1−q1 − (t+ δ − z)

α+β−1
1−q1

)
dz

≤ δ1+p1

1 + p1
,∫ t+δ

t

(t+ δ − z)
α+β−1
1−q1 dz =

δ1+p1

1 + p1
,

and

|(Fx)(η0)| ≤
1

Γ(α+ β)

(∫ η0

0

(η0 − z)
α+β−1
1−q1 dz

)1−q1(∫ η0

0

n(z)
1
q1 dz

)q1
≤

∥n∥
L

1
q1 J0

Γ(α+ β)(1 + p1)1−q1
.

Thus we obtain Nx ∈ C(J0,R).
If t ∈ J1, then for every x ∈ C(J1,R) and any δ > 0, t1 < t < t + δ ≤ t2,

repeating the above process, one can obtain

|(Nx)(t+ δ)− (Nx)(t)|

≤ O(δα)

(
(1− Eα(−ηα1 λ))(|(Fx)(η1)|+ |(T0x)(t1)|+ |I1|)

Eα(−tα1λ)− Eα(−ηα1 λ)
+

∥n∥
L

1
q1 J1

(1 + p1)1−q1

)

+
2δ(1+p1)(1−q1)∥n∥

L
1
q1 J1

Γ(α+ β)(1 + p1)1−q1
→ 0

as δ > 0, where we use the fact

|(T0x)(t1)| ≤
1

1− Eα(−ηα0 λ)
|(Fx)(η0)|,

and

|(Fx)(η1)| ≤
∥n∥

L
1
q1 J1

Γ(α+ β)(1 + p1)1−q1
.

Thus Nx ∈ C(J1,R).
With the same argument, one can verify that Nx ∈ C(Ji,R), for every x ∈

C(Ji,R), i = 2, ...,m.

From the above fact, we can conclude that Nx ∈ PC(J,R), for every x ∈
PC(J,R).

Claim II. N is a contraction mapping on PC(J,R).
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For arbitrary x, y ∈ PC(J,R) and t ∈ J , by (H3), Lemma 5.8 and Hölder

inequality, we get

|(Fx)(t)− (Fy)(t)|

≤ 1

Γ(α+ β)

∫ t

0

(t− z)α+β−1|f(z, x(z))− f(z, y(z))|dz

≤ 1

Γ(α+ β)

(∫ t

0

(t− z)
α+β−1
1−q2 dz

)1−q2 (∫ t

0

h(z)
1
q2 dz

)q2
∥x− y∥PC

≤
∥h∥

L
1
q2 J

Γ(α+ β)(1 + p2)1−q2
∥x− y∥PC

=:MF ∥x− y∥PC .

(5.35)

If t ∈ J0, for arbitrary x, y ∈ C(J0,R), we get

|(T0x)(t)− (T0y)(t)| ≤
1

1− Eα(−ηα0 λ)
|(Fx)(η0)− (Fy)(η0)|

≤ 1

1− Eα(−ηα0 λ)
MF ∥x− y∥PC

=:M0∥x− y∥PC .

Thus, ∥Nx−Ny∥PC ≤ (MF +M0) ∥x− y∥PC .
If t ∈ J1, for arbitrary x, y ∈ C(J1,R), we get

|(T1x)(t)− (T1y)(t)|

≤ 1− Eα(−ηα1 λ)
Eα(−tα1λ)− Eα(−ηα1 λ)

|(Fx)(η1)− (Fy)(η1) + (T0x)(t1)− (T0y)(t1)|

+ |(Fx)(η1)− (Fy)(η1)|

≤
(

1− Eα(−ηα1 λ)
Eα(−tα1λ)− Eα(−ηα1 λ)

(MF +M0) +MF

)
∥x− y∥PC

=:M1∥x− y∥PC .

Thus, ∥Nx−Ny∥PC ≤ (MF +M1)∥x− y∥PC .
If t ∈ Ji, for arbitrary x, y ∈ C(Ji,R), i = 2, ...,m− 1, with the same argument,

we get ∥Nx−Ny∥PC ≤ (MF +Mi)∥x− y∥PC .
If t ∈ Jm, for arbitrary x, y ∈ C(Jm,R), we get

|(Tmx)(t)− (Tmy)(t)|

≤ 1− Eα(−λ)
Eα(−tαmλ)− Eα(−λ)

|(Fx)(1)− (Fy)(1) + (Tm−1x)(tm)− (Tm−1y)(tm)|

+ |(Fx)(1)− (Fy)(1)|

≤
(

1− Eα(−λ)
Eα(−tαmλ)− Eα(−λ)

(MF +Mm−1) +MF

)
∥x− y∥PC

=:Mm∥x− y∥PC .

Thus, ∥Nx−Ny∥PC ≤ (MF +Mm)∥x− y∥PC .
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Moreover, it is easy to see M0 < M1 < M2 < · · · < Mm. Due to the condition

(5.33), N has a unique fixed point on PC(J,R) by Banach contraction mapping

principle. This completes the proof.

Our second result is based on the well-known fixed point theorem due to Kras-

noselskii (see Theorem 1.7).

Theorem 5.10. Assume the conditions (H1)-(H3) hold. If MF < 1, then the

problem (5.17) has at least a solution on PC(J,R).

Proof. Setting Br = {x ∈ PC(J,R) : ∥x∥PC ≤ r}, where r ≥ MF +Mm, and

Mm, MF are finite positive constants defined by

Mm =MF +
1− Eα(−λ)

Eα(−tαmλ)− Eα(−λ)
(|Im|+Mm−1 +MF ), ...,M0 =

MF

1− Eα(−ηα0 λ)
,

and

MF :=
∥n∥

L
1
q1 J

Γ(α+ β)(1 + p1)1−q1
.

Claim I. (Fx)(t) + (Tiy)(t) ∈ Br for any t ∈ Ji and x, y ∈ Br.

By the Claim I of Theorem 5.9, (Fx)(t) and (Tix)(t) are obviously continuous

in Ji for every x ∈ Br.

For every x, y ∈ Br and t ∈ J0, by (H2), Lemma 5.8 and Hölder inequality

again, we get

|(Fx)(t) + (T0y)(t)| ≤
∣∣∣∣∫ t

0

(t− z)α+β−1Eα,α+β(−(t− z)αλ)f(z, x(z))dz

∣∣∣∣
+

1− Eα(−tαλ)
1− Eα(−ηα0 λ)

|(Fy)(η0)|

≤
∥n∥

L
1
q1 J0

Γ(α+ β)(1 + p1)1−q1
+

∥n∥
L

1
q1 J0

Γ(α+ β)(1 + p1)1−q1
1

1− Eα(−ηα0 λ)
≤MF +M0 ≤ r.

For every x, y ∈ Br and t ∈ Ji, i = 1, 2, ...,m − 1, by (H2), Lemma 5.8 and

Hölder inequality, we have

|(Fx)(t) + (Tiy)(t)|

≤
∣∣∣∣∫ t

0

(t− z)α+β−1Eα,α+β(−(t− z)αλ)f(z, x(z))dz

∣∣∣∣
+

∣∣∣∣Eα(−tαλ)− Eα(−ηαi λ)
Eα(−tαi λ)− Eα(−ηαi λ)

[(Ti−1y)(ti) + (Fy)(ηi) + Ii]− (Fy)(ηi)

∣∣∣∣
≤

∥n∥
L

1
q1 Ji

Γ(α+ β)(1 + p1)1−q1

+
1− Eα(−ηαi λ)

Eα(−tαi λ)− Eα(−ηαi λ)

(
|Ii|+ |(Ti−1x)(ti)|+

∥n∥
L

1
q1 Ji

Γ(α+ β)(1 + p1)1−q1

)
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+
∥n∥

L
1
q1 Ji

Γ(α+ β)(1 + p1)1−q1

≤MF +

(
MF +

1− Eα(−ηαi λ)
Eα(−tαi λ)− Eα(−ηαi λ)

(|Ii|+Mi−1 +MF )

)
=:MF +Mi ≤ r.

For every x, y ∈ Br and t ∈ Jm, after a similar computation we obtain

|(Fx)(t) + (Tmy)(t)| ≤MF +

(
MF +

1− Eα(−λ)
Eα(−tαmλ)− Eα(−λ)

(|Im|+Mm−1 +MF )

)
:=MF +Mm ≤ r.

Clearly, Mm > Mm−1 > · · · > M0. Due to the definition of the ball Br, we must

have Fx+ Tiy ∈ Br for any t ∈ Ji and x, y ∈ Br.

Claim II. F is a contraction mapping on Br.

By (5.35) we have ∥Fx − Fy∥PC ≤ MF ∥x − y∥PC . The assumption MF < 1

implies that F is a contraction mapping.

Claim III. Ti is a completely continuous operator on Br|Ji , i = 0, 1, 2, ...,m.

Similar to the Claim I of Theorem 5.9, one can easy to verify that Ti is continuous

and {Tix : x ∈ Br} is an equicontinuous set. Moreover, {Tix : x ∈ Br} is uniformly

bounded. Thus, Ti is a completely continuous operator on Br|Ji , i = 0, 1, 2, ...,m

due to Arzela-Ascoli theorem.

Applying Theorem 1.7, the problem (5.17) has at least a solution on PC(J,R).
The proof is completed.

To end this section, we extend the above existence results to the equation (5.18).

Now, we denote

(Ff)(t) :=

∫ t

0

(t− z)α+β−1Eα,α+β(−(t− z)αλ)f(z, x(z))dz, t ∈ J,

(
T0f

)
(t) := − 1− Eα(−tαλ)

1− Eα(−ηα0 λ)
(Ff)(η0), t ∈ J0,(

Tif
)
(t) :=

Eα(−tαλ)− Eα(−ηαi λ)
Eα(−tαi λ)− Eα(−ηαi λ)

[(
Ti−1f

)
(ti)

+ (Ff)(ηi) + Ii(x(t
−
k ))
]
− (Ff)(ηi), t ∈ Ji, i = 1, 2, ...,m− 1,(

Tmf
)
(t) :=

Eα(−tαλ)− Eα(−λ)
Eα(−tαmλ)− Eα(−λ)

[(
Tm−1f

)
(tm)

+ (Ff)(1) + Im(x(t−k ))
]
− (Ff)(1), t ∈ Jm.

Using the same method as in Lemma 5.9, one can obtain the following result

immediately.
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Lemma 5.10. A general solution x of the equation (5.18) on the interval J is given

by

x(t) =



(Ff)(t) + (T0f)(t), for t ∈ J0,

(Ff)(t) + (T1f)(t), for t ∈ J1,

...

(Ff)(t) + (Tif)(t), for t ∈ Ji,

...

(Ff)(t) + (Tmf)(t), for t ∈ Jm.

We make a necessary assumption on the nonlinear impulsive terms.

(H4) There exist constants L > 0 and M > 0 such that |Ik(x)− Ik(y)| ≤ L|x− y|,
with |Ik(x)| ≤M , for all x, y ∈ R, k = 1, 2, . . . ,m.

Now the reader can apply the same methods as in the above theorems to obtain

the following existence results. So we omit details of the proof here.

Theorem 5.11. Assume the assumptions (H1)-(H4) hold. If

MF + M̃m < 1,

then the problem (5.18) has a unique solution, where MF is defined in (5.34) and

M̃m =
1− Eα(−λ)

Eα(−tαmλ)− Eα(−λ)
(MF + M̃m−1 + L) +MF , ...,

M0 =
1

1− Eα(−ηα0 λ)
MF .

Theorem 5.12. Assume the assumptions (H1)-(H4) hold. If MF < 1, then the

problem (5.18) has at least a solution on PC(J,R).

5.5 Impulsive Evolution Equations

5.5.1 Introduction

Consider the nonlocal Cauchy problems for fractional impulsive evolution equations:
C
0D

α
t x(t) = Ax(t) + f (t, x(t)) , t ∈ J, t ̸= tk,

x(0) = x0 + g(x),

x(t+k ) = x(t−k ) + yk, k = 1, 2, ..., δ,

(5.36)

where C
0D

α
t is Caputo fractional derivative of order α, A: D(A) ⊆ X → X is the

generator of a C0-semigroup {Q(t)}t≥0 on a Banach space X, f : J × X → X is

continuous, x0, yk are the element of X, g is a given function, 0 = t0 < t1 < t2 <

· · · < tδ < tδ+1 = b, x(t+k ) = limh→0+ = x(tk + h) and x(t−k ) = x(tk) represent

respectively the right and left limits of x(t) at t = tk.
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In Subsection 5.5.2, we give the definition of mild solution of problem (5.36).

Subsection 5.5.3 is devoted to the existence and uniqueness results under the dif-

ferent assumptions on nonlinear term.

5.5.2 Cauchy Problems

In this subsection, we introduce a concept of solutions for our problems. We first

consider an nonhomogeneous impulsive linear fractional equation of the form
C
0D

α
t x(t) = Ax(t) + h(t), α ∈ (0, 1), t ∈ J = [0, b], t ̸= tk,

x(0) = x0,

x(t+k ) = x(t−k ) + yk, k = 1, 2, ..., δ,

(5.37)

where h ∈ PC(J,X). We observe that x(·) can be decomposed to v(·)+w(·) where
v is the continuous mild solution for{

C
0D

α
t v(t) = Av(t) + h(t), t ∈ J,

v(0) = x0,
(5.38)

on J , and w is the PC-mild solution for
C
0D

α
t w(t) = Aw(t), t ∈ J, t ̸= tk,

w(0) = 0,

w(t+k ) = w(t−k ) + yk, k = 1, 2, ..., δ.

(5.39)

Indeed, by adding together (5.38) with (5.39), it follows (5.37). Note v is continuous,

so v(t+k ) = v(t−k ), k = 1, 2, ..., δ. On the other hand, any solution of (5.37) can be

decomposed to (5.38) and (5.39).

A mild solution of (5.38) is given by

v(t) = Sα(t)x0 +

∫ t

0

(t− s)α−1Pα(t− s)h(s)ds, t ∈ J,

where

Sα(t) =

∫ ∞

0

Mα(θ)Q(tαθ)dθ, Pα(t) =

∫ ∞

0

αθMα(θ)Q(tαθ)dθ.

Now we rewrite system (5.39) in the equivalent integral equation

w(t) =



1

Γ(α)

∫ t

0

(t− s)α−1Aw(s)ds, for t ∈ [0, t1],

y1 +
1

Γ(α)

∫ t

0

(t− s)α−1Aw(s)ds, for t ∈ (t1, t2],

y1 + y2 +
1

Γ(α)

∫ t

0

(t− s)α−1Aw(s)ds, for t ∈ (t2, t3],

...

δ∑
i=1

yi +
1

Γ(α)

∫ t

0

(t− s)α−1Aw(s)ds, for t ∈ (tδ, b].

(5.40)
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Then the above equation (5.40) can be expressed as

w(t) =
δ∑
i=1

χi(t)yi +
1

Γ(α)

∫ t

0

(t− s)α−1Aw(s)ds, for t ∈ J, (5.41)

where

χi(t) =

{
0, for t ∈ [0, ti),

1, for t ∈ [ti, b] ∪ (b,∞).

We adopt the idea used in Section 4.3 and apply the Laplace transform for (5.41)

to get

u(λ) =
δ∑
i=1

e−tiλ

λ
yi +

1

λα
Au(λ),

which implies

u(λ) =

δ∑
i=1

e−tiλλα−1 (λαI −A)
−1
yi.

Note that the Laplace transform of Sα(t)yi is λ
α−1 (λαI −A)

−1
yi. Thus we can

derive the mild solution of (5.39) as

w(t) =
δ∑
i=1

χi(t)Sα(t− ti)yi.

Summarizing, the mild solution of (5.37) is given by

x(t) = Sα(t)x0 +
δ∑
i=1

χi(t)Sα(t− ti)yi +

∫ t

0

(t− s)α−1Pα(t− s)h(s)ds,

i.e.,

x(t) =



Sα(t)x0 +

∫ t

0

(t− s)α−1Pα(t− s)h(s)ds, for t ∈ [0, t1],

Sα(t)x0 + Sα(t− t1)y1 +

∫ t

0

(t− s)α−1Pα(t− s)h(s)ds, for t ∈ (t1, t2],

...

Sα(t)x0 +
δ∑
i=1

Sα(t− ti)yi +

∫ t

0

(t− s)α−1Pα(t− s)h(s)ds, for t ∈ (tδ, b].

By using the above results, we can introduce the following definition of the mild

solution for system (5.36).
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Definition 5.4. By a PC-mild solution of the system (5.36) we mean that a func-

tion x ∈ PC(J,X) which satisfies the following integral equation

x(t) =



Sα(t)x0 +

∫ t

0

(t− s)α−1Pα(t− s)f (s, x(s)) ds, for t ∈ [0, t1],

Sα(t)x0 + Sα(t− t1)y1

+

∫ t

0

(t− s)α−1Pα(t− s)f (s, x(s)) ds, for t ∈ (t1, t2],

...

Sα(t)x0 +
δ∑
i=1

Sα(t− ti)yi

+

∫ t

0

(t− s)α−1Pα(t− s)f (s, x(s)) ds, for t ∈ (tδ, b].

5.5.3 Nonlocal Problems

In this subsection, we derive some existence and uniqueness results concerning the

PC-mild solution for system (5.36) under the different assumptions on f .

Case I. f is Lipschitz.

Let us list the following hypotheses:

(HA) A is the infinitesimal generator of a compact semigroup {T (t)}t≥0 in X;

(HF1) f : J ×X → X is continuous and there exists a constant q1 ∈ (0, α) and a

real-valued function Lf (t) ∈ L
1
q1 (J,R+) such that

|f(t, x)− f(t, y)| ≤ Lf (t)|x− y|, t ∈ J, x, y ∈ X.

For brevity, let us take

T ∗ =

[(
1− q1
α− q1

)
b
α−q1
1−q1

]1−q1
∥Lf∥

L
1
q1 J

.

Theorem 5.13. Let (HA) and (HF1) be satisfied. Then for every x0 ∈ X, the

system (5.36) has a unique PC-mild solution on J provided that

0 <
αMT ∗

Γ(1 + α)
< 1. (5.42)
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Proof. Let x0 ∈ X be fixed. Define an operator T on PC(J,X) by

(Tx)(t) =



Sα(t)x0 +

∫ t

0

(t− s)α−1Pα(t− s)f (s, x(s)) ds, for t ∈ [0, t1],

Sα(t)x0 + Sα(t− t1)y1

+

∫ t

0

(t− s)α−1Pα(t− s)f (s, x(s)) ds, for t ∈ (t1, t2],

...

Sα(t)x0 +
δ∑
i=1

Sα(t− ti)yi

+

∫ t

0

(t− s)α−1Pα(t− s)f (s, x(s)) ds, for t ∈ (tδ, b].

By our assumptions and Lemma 1.6, T is well defined on PC(J,X).

Claim I. Tx ∈ PC(J,X) for x ∈ PC(J,X).

For 0 ≤ τ < t ≤ t1, taking into account the imposed assumptions and applying

Proposition 4.5, we obtain

|(Tx)(t)− (Tx)(τ)|

≤ |Sα(t)x0 − Sα(τ)x0|+
∫ t

τ

(t− s)α−1 |Pα(t− s)f (s, x(s))| ds

+

∫ τ

0

(t− s)α−1 |Pα(t− s)f (s, x(s))− Pα(τ − s)f (s, x(s))| ds

+

∫ τ

0

|(t− s)α−1 − (τ − s)α−1| |Pα(τ − s)f (s, x(s))| ds

≤ ∥Sα(t)− Sα(τ)∥B(X)|x0|+
αM

Γ(1 + α)

∫ t

τ

(t− s)α−1|f (s, x(s)) |ds

+ sup
s∈[0,τ ]

∥Pα(t− s)− Pα(τ − s)∥B(X)

∫ τ

0

(t− s)α−1|f (s, x(s)) |ds

+
αM∥f∥C([0,t1],X)

Γ(1 + α)

∣∣∣∣ ∫ τ

0

(τ − s)α−1ds−
∫ τ

0

(t− s)α−1ds

∣∣∣∣
≤ ∥Sα(t)− Sα(τ)∥B(X)|x0|

+
tα1 ∥f∥PC

α
sup
s∈[0,τ ]

∥Pα(t− s)− Pα(τ − s)∥B(X)

+
3M∥f∥PC(t− τ)α

Γ(1 + α)
,

where we use the inequality tα− τα ≤ (t− τ)α. Keeping in mind of Proposition 4.7,

the first and second terms tend to zero as t → τ . Moreover, it is obvious that the

last terms tends to zero too as t→ τ . Thus, we can deduce that Tx ∈ C([0, t1], X).

For t1 ≤ τ < t < t2, keeping in mind our assumptions and applying Proposition

4.5 again, we have

|(Tx)(t)− (Tx)(τ)|
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≤ ∥Sα(t)− Sα(τ)∥|x0|+ ∥Sα(t− t1)− Sα(τ − t1)∥B(X)|y1|

+
tα2 ∥f∥PC

α
sup
s∈[0,τ ]

∥Pα(t− s)− Pα(τ − s)∥B(X)

+
3M∥f∥PC(t− τ)α

Γ(1 + α)
.

As t → τ , the right hand side of the above inequality tends to zero. Thus, we can

deduce that Tx ∈ C((t1, t2], X).

Similarly, we can also obtain that Tx ∈ C((t2, t3], X), ..., Tx ∈ C((tδ, b], X).

That is, Tx ∈ PC(J,X).

Claim II. T is contraction on PC(J,X).

For each t ∈ [0, t1], it comes from our assumptions and Proposition 4.5 that

|(Tx)(t)− (Ty)(t)|

≤ αM

Γ(1 + α)

∫ t

0

(t− s)α−1Lf (s)|x(s)− y(s)|ds

≤ αM∥x− y∥PC
Γ(1 + α)

∫ t

0

(t− s)α−1Lf (s)ds

≤ αM∥x− y∥PC
Γ(1 + α)

(∫ t

0

(t− s)
α−1
1−q1 ds

)1−q1

∥Lf∥
L

1
q1 [0,t1]

≤ αM∥x− y∥PC
Γ(1 + α)

[(
1− q1
α− q1

)
t
α−q1
1−q1
1

]1−q1
∥Lf∥

L
1
q1 [0,t1]

.

In general, for each t ∈ (tk, tk+1], using our assumptions and Proposition 4.5

again,

|(Tx)(t)− (Ty)(t)|

≤ αM∥x− y∥PC
Γ(1 + α)

[(
1− q1
α− q1

)
t
α−q1
1−q1
k+1

]1−q1
∥Lf∥

L
1
q1 [tk,tk+1]

.

Thus,

∥Tx− Ty∥PC ≤ αMT ∗

Γ(1 + α)
∥x− y∥PC .

Hence, the condition (5.42) allows us to conclude in view of Banach contraction

mapping principle, that T has a unique fixed point x ∈ PC(J,X) which is just the

unique PC-mild solution of system (5.36).

Case II. f is not Lipschitz.

We make the following assumptions.

(C1) f : J ×X → X is continuous and maps a bounded set into a bounded set;

(C2) for each x0 ∈ X, there exists a constant r > 0 such that

M

(
|x0|+

δ∑
k=1

|yk|+
bα

Γ(1 + α)
sup

s∈J,ϕ∈YΓ

|f (s, ϕ(s))|

)
≤ r,

where

YΓ = {ϕ ∈ PC(J,X) | ∥ϕ∥ ≤ r for t ∈ J} .
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Theorem 5.14. Suppose that (HA), (C1) and (C2) are satisfied. Then for every

x0 ∈ X, the system (5.36) has at least a PC-mild solution on J .

Proof. Let x0 ∈ X be fixed. We introduce that map

T : PC(J,X) → PC(J,X)

by

(Tv)(t) = (T1v)(t) + (T2v)(t),

where

(T1v)(t) = Sα(t)x0 +

∫ t

0

(t− s)α−1Pα(t− s)f (s, v(s)) ds, t ∈ J \ {t1, t2, ..., tδ},

and

(T2v)(t) =


0, t ∈ [0, t1],

k∑
i=1

Sα(t− ti)yi, t ∈ (tk, tk+1], k = 1, ..., δ.
(5.43)

For each t ∈ [0, t1], v ∈ YΓ,

|(Tv)(t)| ≤ |(T1v)(t)|+ |(T2v)(t)|

≤M |x0|+
bαM

Γ(1 + α)
sup

s∈J,ϕ∈YΓ

|f (s, ϕ(s))| .

For each t ∈ (tk, tk+1], v ∈ YΓ,

|(Tv)(t)| ≤ |(T1v)(t)|+ |(T2v)(t)|

≤M |x0|+M
δ∑

k=1

|yk|+
bαM

Γ(1 + α)
sup

s∈J,ϕ∈YΓ

|f (s, ϕ(s))| .

Noting that the condition (C2), we see that T : YΓ → YΓ.

Claim I. T is a continuous mapping from YΓ to YΓ.

In order to derive the continuity of T , we only check that T1 and T2 are all

continuous.

For this purpose, we assume that vn → v in YΓ. It comes from the continuity of

f that (· − s)α−1f (s, vn(s)) → (· − s)α−1f (s, v(s)) , as n→ ∞. Noting that

(t− s)α−1|f (s, vn(s))− f (s, v(s)) | ≤ (t− s)α−1 sup
s∈J,ϕ∈YΓ

|f (s, ϕ(s))| ,

for s ∈ [0, t], t ∈ J , by means of Lebesgue dominated convergence theorem, we

obtain that ∫ t

0

(t− s)α−1|f (s, vn(s))− f (s, v(s)) |ds→ 0, as n→ ∞.

It is easy to see that for each t ∈ J ,

|(T1vn)(t)− (T1v)(t)| ≤
αM

Γ(1 + α)

∫ t

0

(t− s)α−1|f (s, vn(s))− f (s, v(s)) |ds
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→ 0, as n→ ∞.

Thus, T1 is continuous. On the other hand, it is obvious that T2 is continuous.

Since T1 and T2 are continuous, T is continuous.

Claim II. T is a compact operator, or T1 and T2 are compact operators.

The compactness of T2 is clear since it is a constant map (see (5.43)).

Now we prove the compactness of T1. For each t ∈ J , the set {Sα(t)x0} is

precompact in X since Sα(t), t > 0 is compact.

Also, for each t ∈ J , arbitrary b > h > 0, ε > 0, the set{
T (hαε)

∫ t−h

0

(t− s)q−1

(
α

∫ ∞

ε

θMα(θ)T ((t− s)αθ − hαε)dθ

)
× f (s, v(s)) ds | v ∈ YΓ

}
=

{
α

∫ t−h

0

∫ ∞

ε

θ(t− s)α−1Mα(θ)T ((t− s)αθ)f (s, v(s)) dθds | v ∈ YΓ

}
is precompact in X since T (hαε) is compact.

Proceeding as in the proof of Theorem 3.1 in our previous work Zhou and Jiao,

2010b, one can obtain

α

∫ t−h

0

∫ ∞

ε

θ(t− s)α−1Mα(θ)T ((t− s)αθ)f (s, v(s)) dθds

→ α

∫ t

0

∫ ∞

0

θ(t− s)α−1Mα(θ)T ((t− s)αθ)f (s, v(s)) dθds,

as h→ 0, ε→ 0.

Thus, we can conclude that{∫ t

0

(t− s)α−1Pα(t− s)f (s, v(s)) ds | v ∈ YΓ

}
=

{
α

∫ t

0

∫ ∞

0

θ(t− s)α−1Mα(θ)T ((t− s)αθ)f (s, v(s)) dθds | v ∈ YΓ

}
is precompact in X.

Therefore, the set{
Sα(t)x0 +

k∑
i=1

Sα(t− ti)yi +

∫ t

0

(t− s)α−1Pα(t− s)f (s, v(s)) ds | v ∈ YΓ

}
is precompact in X.

Thus, for each t ∈ J , {(T1v)(t) | v ∈ YΓ} is precompact in X.

Next, we show the equicontinuity of M = {(T1v)(·) | v ∈ YΓ}.
The equicontinuity of {Sα(t)x0 | t ∈ J \ {t1, t2, ..., tδ}}, can be shown using the

fact of Sα(·) is continuous.
Now, we only need to check the equicontinuity of the second term in M.



August 14, 2023 16:41 ws-book961x669 Basic Theory of Fractional Differential Equations 13289-main page 293

Fractional Impulsive Differential Equations 293

For t ∈ J , let 0 ≤ t′ < t′′ ≤ t1, set

I1 =

∣∣∣∣ ∫ t′′

t′
(t′′ − s)α−1Pα(t

′′ − s)f(s, v(s))ds

∣∣∣∣,
I2 =

∣∣∣∣ ∫ t′

0

(
(t′′ − s)α−1 − (t′ − s)α−1

)
Pα(t

′′ − s)f(s, v(s))ds

∣∣∣∣,
I3 =

∣∣∣∣ ∫ t′

0

(t′ − s)α−1 (Pα(t
′′ − s)− Pα(t

′ − s)) f(s, v(s))ds

∣∣∣∣.
After some computation, we have∣∣∣∣ ∫ t′′

0

(t′′ − s)α−1Pα(t
′′ − s)f(s, v(s))ds−

∫ t′

0

(t′ − s)α−1Pα(t
′ − s)f(s, v(s))ds

∣∣∣∣
≤ I1 + I2 + I3.

Now repeating the previous discussion in Theorem 3.1 of Zhou and Jiao, 2010, we

derive that I1, I2, I2 tend to zero as t′′ → t′.

Accordingly, we see that the functions in M are equicontinuous. Therefore, T1
is a compact operator by Arzela-Ascoli theorem, and hence T is also a compact

operator. Now, Schauder fixed point theorem implies that T has a fixed point,

which gives rise to a PC-mild solution.

To end this section, we make the following assumptions.

(D1) f : J ×X → X is continuous and there exists a function m(·) ∈ L∞(J,R+)

such that

|f(t, x)| ≤ m(t), for all x ∈ X and t ∈ J.

Theorem 5.15. Suppose that (HA) and (D1) are satisfied. Then system (5.36) has

at least a PC-mild solution on J .

Proof. We defined that T : PC(J,X) → PC(J,X) as in Theorem 5.14 by

(Tv)(t) = (T1v)(t) + (T2v)(t). Then we proceed in several steps.

Claim I. T is a continuous mapping from PC(J,X) to PC(J,X).

Let {vn} be a sequence in PC(J,X) such that vn → v in PC(J,X). It comes

from (D1) that (· − s)α−1f (s, vn(s)) → (· − s)α−1f (s, v(s)) , as n → ∞, and note

that

(t− s)α−1|f (s, vn(s))− f (s, v(s)) | ≤ 2m(s)(t− s)α−1 ∈ L1(J,R+),

for s ∈ [0, t], t ∈ J . Similar to the discussion in Theorem 5.14, one can prove that

T is a continuous mapping from PC(J,X) to PC(J,X).

Claim II. T maps bounded sets into bounded sets in PC(J,X).

So, let us prove that for any r > 0 there exits a M∗ > 0 such that for each

v ∈ Br = {v ∈ PC(J,X) | ∥v∥PC ≤ r}, we have ∥Tv∥PC ≤M∗.

Indeed, for any v ∈ Br,

|(Tv)(t)| ≤ |(T1v)(t)|+ |(T2v)(t)|
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≤M |x0|+M
δ∑
i=1

|yi|+
bαM

Γ(1 + α)
∥m∥L∞J ,

which implies

∥Tv∥PC ≤M |x0|+M
δ∑
i=1

|yi|+
bαM

Γ(1 + α)
∥m∥L∞J ≡M∗.

Claim III. T is a compact operator.

In order to verify that T is a compact operator, one can repeat the same process

in Claim II of Theorem 5.14 only need replace sups∈J,ϕ∈YΓ
∥f (s, ϕ(s))∥ by ∥m∥L∞J .

Claim IV. The set Θ = {x ∈ PC(J,X) | x = λTx, λ ∈ [0, 1]} is bounded.

Let v ∈ Θ. Then v(t) = λ(Tv)(t) for some λ ∈ [0, 1]. Thus, for t ∈ J , directly

calculation implies that ∥Tv∥PC ≤M∗. Hence, we deduce that Θ is a bounded set.

Since we have already proven that T is continuous and compact, thanks to the

Schaefer fixed point theorem, T has a fixed point which is a PC-mild solution of

system (5.36) on J .

Remark 5.9. In the assumption (D1), the condition m(·) ∈ L∞(J,R+) can be

replaced by m(·) ∈ L
1
q2 (J,R+) where 1

q2
∈ [0, α).

5.6 Notes and Remarks

The material in Section 5.2 due to Fečkan, Zhou and Wang, 2012. The results in

Section 5.3 are adopted from Wang, Zhou and Fečkan, 2012. The main results of

Section 5.4 are from Wang, Fečkan and Zhou, 2013. The material in Section 5.5

due to Wang, Fečkan and Zhou, 2011.
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Chapter 6

Fractional Boundary Value Problems

6.1 Introduction

Critical point theory and variational methods are crucial in the study of many

mathematical models of real-world problems. We realized that critical point theory,

which has been mostly developed by specialist in ordinary differential equations,

partial differential equations, differential topology, optimization, should be made

more popular among people working in fractional differential equations.

The main purpose of this chapter is to present a new approach via critical point

theory to study the existence of solutions for the boundary value problem of frac-

tional differential equations. In Section 6.2, we consider the existence of solutions for

fractional boundary value problems by using the critical point theory. Section 6.3

is devoted to the existence of multiple solutions to the boundary value problem

which arises from studying the steady fractional advection dispersion equation. In

Section 6.4, according to variational methods, we investigate the multiplicity results

for the solutions for boundary value problem.

6.2 Solutions for BVP with Left and Right Fractional Integrals

6.2.1 Introduction

In this section, we consider the fractional boundary value problem (BVP for short)

of the following form
d

dt

(
1

2
0D

−β
t (u′(t)) +

1

2
tD

−β
T (u′(t))

)
+∇F (t, u(t)) = 0, a.e. t ∈ [0, T ],

u(0) = u(T ) = 0,

(6.1)

where 0D
−β
t and tD

−β
T are the left and right Riemann-Liouville fractional integrals

of order 0 ≤ β < 1, respectively, F : [0, T ]× RN → R is a given function satisfying

some assumptions and ∇F (t, x) is the gradient of F at x. In particular, if β = 0,

BVP (6.1) reduces to the standard second order BVP.

Physical models containing fractional differential operators have recently re-

newed attention from scientists which is mainly due to applications as models for

295
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physical phenomena exhibiting anomalous diffusion. A strong motivation for inves-

tigating the BVP (6.1) comes from fractional advection dispersion equation (ADE

for short). A fractional ADE is a generalization of the classical ADE in which the

second-order derivative is replaced with a fractional-order derivative. In contrast to

the classical ADE, the fractional ADE has solutions that resemble the highly skewed

and heavy-tailed breakthrough curves observed in field and laboratory studies (see,

Benson, Schumer, Meerschaert et al., 2001; Benson, Wheatcraft and Meerschaert,

2000a), in particular in contaminant transport of ground-water flow (see, Benson,

Wheatcraft and Meerschaert, 2000b). Benson et al. stated that solutes moving

through a highly heterogeneous aquifer violations violates the basic assumptions of

local second-order theories because of large deviations from the stochastic process

of Brownian motion.

Let ϕ(t, x) represents the concentration of a solute at a point x at time t in an

arbitrary bounded connected set Ω ⊂ RN . According to Benson, Wheatcraft and

Meerschaert, 2000a; Fix and Roop, 2004, the N -dimensional form of the fractional

ADE can be written as

∂ϕ

∂t
= −∇(vϕ)−∇(∇−β(−k∇ϕ)) + f, in Ω, (6.2)

where v is a constant mean velocity, k is a constant dispersion coefficient, vϕ and

−k∇ϕ denote the mass flux from advection and dispersion respectively. The compo-

nents of ∇−β in (6.2) are linear combination of the left and right Riemann-Liouville

fractional integral operators

(∇−β(−k∇ϕ))i = (q −∞D
−β
xi + (1− q) xiD

−β
+∞)

(
− k

∂ϕ

∂xi

)
, i = 1, ..., N, (6.3)

where q ∈ [0, 1] describes the skewness of the transport process, and β ∈ [0, 1) is the

order of the left and right Liouville-Weyl fractional integral operators on the real

line (see Definition 1.5). This equation may be interpreted as stating that the mass

flux of a particle is related to the negative gradient via a combination of the left

and right fractional integrals. Equation (6.3) is physically interpreted as a Fick’s

law for concentrations of particles with a strong nonlocal interaction.

For discussions of equation (6.2), see Benson, Wheatcraft and Meerschaert,

2000b; Fix and Roop, 2004. When β = 0, the dispersion operators in (6.2) are

identical and the classical ADE is recovered. In a more general version of (6.2), k

is replaced by a symmetric positive definite matrix.

A special case of the fractional ADE (equation (6.2)) describes symmetric tran-

sitions. In this case, ∇−β is equivalent to the symmetric operator

(∇−β)i =
1

2
−∞D

−β
xi +

1

2
xiD

−β
+∞, i = 1, ..., N. (6.4)

Combining (6.2) and (6.4) gives the mass balance equation for advection and sym-

metric fractional dispersion.

The fractional ADE has been studied in one dimension (see, e.g., Benson,

Wheatcraft and Meerschaert, 2000b), and in three dimension (see Lu, Molz and
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Fix, 2002), over infinite domains by using the Fourier transform of fractional differ-

ential operators to determine a classical solution. Variational methods, especially

the Galerkin approximation has been investigated to find the solutions of BVP (see,

e.g., Fix and Roop, 2004) and fractional ADE (see, e.g., Ervin and Roop, 2006) on

a finite domain by establishing some suitable fractional derivative spaces. A La-

grangian structure for some partial differential equations is obtained by using the

fractional embedding theory of continuous Lagrangian systems (see, Cresson, 2010).

We note that for nonlinear BVP, some fixed point theorems were already applied

successfully to investigate the existence of solutions (see, e.g., Agarwal, Benchohra

and Hamani, 2010; Ahmad and Nieto, 2009; Benchohra, Hamani and Ntouyas, 2009;

Zhang, 2010). However, it seems that fixed point theorem is not appropriate for dis-

cussing BVP (6.1) since the equivalent integral equation is not easy to be obtained.

On the other hand, there is another effective approach, calculus of variation, which

proved to be very useful in determining the existence of solutions for integer order

differential equation provided that equation with certain boundary conditions pos-

sesses a variational structure on some suitable Sobolev spaces, for example, one can

refer to Corvellec, Motreanu and Saccon, 2010; Li, Liang and Zhang, 2005; Mawhin

and Willem, 1989; Rabinowitz, 1986; Tang and Wu, 2010 and the references therein

for detailed discussions.

However, to the best of author’s knowledge, there are few results on the solu-

tions to BVP which were established by the critical point theory, since it is often

very difficult to establish a suitable space and variational functional for fractional

differential equations with some boundary conditions. These difficulties are mainly

caused by the following properties of fractional integral and fractional derivative

operators. These are:

(i) the composition rule in general fails to be satisfied by fractional integral and

fractional derivative operators (e.g., Lemma 2.21 in Kilbas, Srivastava and

Trujillo, 2006);

(ii) the fractional integral is a singular integral operator and fractional derivative

operator is non-local (see Definitions 1.1, 1.2 and 1.3), and

(iii) the adjoint of a fractional differential operator is not the negative of itself (e.g.,

Lemma 2.7 in Kilbas, Srivastava and Trujillo, 2006).

It should be mentioned here that the fractional variational principles were

started to be investigated deeply. The fractional calculus of variations was in-

troduced by Riewe, 1996, where he presented a new approach to mechanics that

allows one to obtain the equations for a nonconservative system using certain func-

tionals. Klimek, 2002, gave another approach by considering fractional derivatives,

and corresponding Euler-Lagrange equations were obtained, using both Lagrangian

and Hamiltonian formalisms. Agrawal, 2002, presented Euler-Lagrange equations

for unconstrained and constrained fractional variational problems, and as a contin-

uation of Agrawal’s work, the generalized mechanics are considered to obtain the
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Hamiltonian formulation for the Lagrangian depending on fractional derivative of

coordinates (see, Rabei, Nawafleh, Hijjawi et al., 2007). The recent book by Mali-

nowska and Torres, 2012, provides a broad introduction to the important subject

of fractional calculus of variations.

In Section 6.2, we investigate the existence of solutions for BVP (6.1). The

technical tool is the critical point theory. In Subsection 6.2.2, we develop a fractional

derivative space and some propositions are proven which aid in our analysis, and

in Subsection 6.2.3, we shall exhibit a variational structure for BVP (6.1). The

results presented in Subsections 6.2.2 and 6.2.3 are basic, but crucial to limpidly

reveal that under some suitable assumptions, the critical points of the variational

functional defined on a suitable Hilbert space are the solutions of BVP (6.1). In

Subsection 6.2.4, we introduce some critical point theorems. Also, various criteria

on the existence of solutions for BVP (6.1) is established.

As it was already mentioned, if β = 0, then BVP (6.1) reduces to the standard

second order BVP of the following form{
u′′(t) +∇F (t, u(t)) = 0, a.e. t ∈ [0, T ],

u(0) = u(T ) = 0,

where F : [0, T ] × RN → R is a given function and ∇F (t, x) is the gradient of F

at x. Although many excellent results have been worked out on the existence of

solutions for second order BVP (e.g., Li, Liang and Zhang, 2005; Rabinowitz, 1986),

it seems that no similar results were obtained in the literature for fractional BVP.

The present results in Section 6.2 are to show that the critical point theory is an

effective approach to tackle the existence of solutions for fractional BVP.

6.2.2 Fractional Derivative Space

Let us recall that for any fixed t ∈ [0, T ] and 1 ≤ p <∞,

∥u∥Lp[0,t] =
(∫ t

0

|u(ξ)|pdξ
) 1
p

, ∥u∥Lp =

(∫ T

0

|u(t)|pdt
) 1
p

and ∥u∥ = max
t∈[0,T ]

|u(t)|.

The following result yields the boundedness of the Riemann-Liouville fractional

integral operators from the space Lp([0, T ],RN ) to the space Lp([0, T ],RN ), where

1 ≤ p <∞. It should be mentioned here that the similar results have been presented

in Fix and Roop, 2004; Kilbas, Srivastava and Trujillo, 2006; Samko, Kilbas and

Marichev, 1993.

Lemma 6.1. Let 0 < α ≤ 1 and 1 ≤ p <∞. For any f ∈ Lp([0, T ],RN ), we have

∥0D−α
ξ f∥Lp[0,t] ≤

tα

Γ(α+ 1)
∥f∥Lp[0,t], for ξ ∈ [0, t], t ∈ [0, T ]. (6.5)

Proof. Inspired by the proof of Young theorem in Adams, 1975, we can prove (6.5).
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In fact, if p = 1, we have

∥0D−α
ξ f∥L1[0,t] =

1

Γ(α)

∣∣∣∣ ∫ t

0

∫ ξ

0

(ξ − τ)α−1f(τ)dτdξ

∣∣∣∣
≤ 1

Γ(α)

∫ t

0

∫ ξ

0

(ξ − τ)α−1|f(τ)|dτdξ

=
1

Γ(α)

∫ t

0

|f(τ)|dτ
∫ t

τ

(ξ − τ)α−1dξ

=
1

Γ(α+ 1)

∫ t

0

|f(τ)|(t− τ)αdτ

≤ tα

Γ(α+ 1)
∥f∥L1[0,t], for t ∈ [0, T ].

(6.6)

Now, suppose that 1 < p < ∞ and g ∈ Lq([0, T ],RN ), where 1
p + 1

q = 1. We

have ∣∣∣∣ ∫ t

0

g(ξ)

∫ ξ

0

(ξ − τ)α−1f(τ)dτdξ

∣∣∣∣
=

∣∣∣∣ ∫ t

0

g(ξ)

∫ ξ

0

τα−1f(ξ − τ)dτdξ

∣∣∣∣
≤
∫ t

0

|g(ξ)|
∫ ξ

0

τα−1|f(ξ − τ)|dτdξ

=

∫ t

0

τα−1dτ

∫ t

τ

|g(ξ)∥f(ξ − τ)|dξ

≤
∫ t

0

τα−1dτ

(∫ t

τ

|g(ξ)|qdξ
) 1
q
(∫ t

τ

|f(ξ − τ)|pdξ
) 1
p

≤ tα

α
∥f∥Lp[0,t]∥g∥Lq [0,t], for t ∈ [0, T ].

(6.7)

For any fixed t ∈ [0, T ], consider the functional Hξ∗f : Lq([0, T ],RN ) → R

Hξ∗f (g) =

∫ t

0

(∫ ξ

0

(ξ − τ)α−1f(τ)dτ

)
g(ξ)dξ. (6.8)

According to (6.7), it is obvious that Hξ∗f ∈ (Lq([0, T ],RN ))∗, where

(Lq([0, T ],RN ))∗ denotes the dual space of Lq([0, T ],RN ). Therefore, by (6.7),

(6.8) and Riesz representation theorem, there exists h ∈ Lp([0, T ],RN ) such that∫ t

0

h(ξ)g(ξ)dξ =

∫ t

0

(∫ ξ

0

(ξ − τ)α−1f(τ)dτ

)
g(ξ)dξ (6.9)

and

∥h∥Lp[0,t] ≤
tα

α
∥f∥Lp[0,t] (6.10)

for all g ∈ Lq([0, T ],RN ). Hence, we have by (6.9)

1

Γ(α)
h(ξ) =

1

Γ(α)

∫ ξ

0

(ξ − τ)α−1f(τ)dτ = 0D
−α
ξ f(ξ), for ξ ∈ [0, t],



August 14, 2023 16:41 ws-book961x669 Basic Theory of Fractional Differential Equations 13289-main page 300

300 Basic Theory of Fractional Differential Equations

which means that

∥0D−α
ξ f∥Lp[0,t] =

1

Γ(α)
∥h∥Lp[0,t] ≤

tα

Γ(α+ 1)
∥f∥Lp[0,t] (6.11)

according to (6.10). Combining (6.6) and (6.11), we obtain the inequality (6.5).

In order to establish a variational structure for BVP (6.1), it is necessary to

construct appropriate function spaces. Denote by C∞
0 ([0, T ],RN ) the set of all

functions h ∈ C∞([0, T ],RN ) with h(0) = h(T ) = 0. According to Lemma 6.1,

for any h ∈ C∞
0 ([0, T ],RN ) and 1 < p < ∞, we have h ∈ Lp([0, T ],RN ) and

C
0D

α
t h ∈ Lp([0, T ],RN ). Therefore, one can construct a set of space Eα,p0 , which

depend on Lp-integrability of Caputo fractional derivative of a function.

Definition 6.1. Let 0 < α ≤ 1 and 1 < p < ∞. The fractional derivative space

Eα,p0 is defined by the closure of C∞
0 ([0, T ],RN ) with respect to the norm

∥u∥α,p =
(∫ T

0

|u(t)|pdt+
∫ T

0

|C0Dα
t u(t)|pdt

) 1
p

, ∀u ∈ Eα,p0 .

Remark 6.1.

(i) It is obvious that the fractional derivative space Eα,p0 is the space of functions

u ∈ Lp([0, T ],RN ) having an α-order Caputo fractional derivative C
0D

α
t u ∈

Lp([0, T ],RN ) and u(0) = u(T ) = 0.

(ii) For any u ∈ Eα,p0 , noting the fact that u(0) = 0, we have C
0D

α
t u(t) =

0D
α
t u(t), t ∈ [0, T ] according to Proposition 1.1.

(iii) It is easy to verify that Eα,p0 is a reflexive and separable Banach space.

Proposition 6.1. Let 0 < α ≤ 1 and 1 < p < ∞. The fractional derivative space

Eα,p0 is a reflexive and separable Banach space.

Proof. In fact, owing to Lp([0, T ],RN ) be reflexive and separable, the Cartesian

product space

Lp2([0, T ],R
N ) = Lp([0, T ],RN )× Lp([0, T ],RN )

is also a reflexive and separable Banach space with respect to the norm

∥v∥Lp2 =

( 2∑
i=1

∥vi∥pLp[0,T ]

) 1
p

, (6.12)

where v = (v1, v2) ∈ Lp2([0, T ],RN ).

Consider the space Ω = {(u,C0Dα
t u) : u ∈ Eα,p0 }, which is a closed subset of

Lp2([0, T ],RN ) as Eα,p0 is closed. Therefore, Ω is also a reflexive and separable

Banach space with respect to the norm (6.12) for v = (v1, v2) ∈ Ω.

We form the operator A : Eα,p0 → Ω as follows

A : u→ (u, C0D
α
t u), ∀ u ∈ Eα,p0 .
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It is obvious that

∥u∥α,p = ∥Au∥Lp2 ,
which means that the operator A : u → (u,C0D

α
t u) is an isometric isomorphic

mapping and the space Eα,p0 is isometric isomorphic to the space Ω. Thus Eα,p0 is

a reflexive and separable Banach space, and this completes the proof.

Applying Proposition 1.9 and Lemma 6.1, we now can give the following useful

estimates.

Proposition 6.2. Let 0 < α ≤ 1 and 1 < p <∞. For all u ∈ Eα,p0 , we have

∥u∥Lp[0,T ] ≤
Tα

Γ(α+ 1)
∥C0Dα

t u∥Lp[0,T ]. (6.13)

Moreover, if α > 1
p and 1

p +
1
q = 1, then

∥u∥ ≤ Tα−
1
p

Γ(α)((α− 1)q + 1)
1
q

∥C0Dα
t u∥Lp[0,T ]. (6.14)

Proof. For any u ∈ Eα,p0 , according to (1.11) and noting the fact that u(0) = 0,

we have that

0D
−α
t (C0D

α
t u(t)) = u(t), t ∈ [0, T ].

Therefore, in order to prove inequalities (6.13) and (6.14), we only need to prove

that

∥0D−α
t (C0D

α
t u)∥Lp[0,T ] ≤

Tα

Γ(α+ 1)
∥C0Dα

t u∥Lp[0,T ], (6.15)

where 0 < α ≤ 1 and 1 < p <∞, and

∥0D−α
t (C0D

α
t u)∥ ≤ Tα−

1
p

Γ(α)((α− 1)q + 1)
1
q

∥C0Dα
t u∥Lp[0,T ], (6.16)

where α > 1
p and 1

p +
1
q = 1.

Firstly, we note that C0D
α
t u ∈ Lp([0, T ],RN ), the inequality (6.15) follows from

(6.5) directly.

We are now in a position to prove (6.16). For α > 1
p , choose q such that

1
p +

1
q = 1. ∀ u ∈ Eα,p0 , we have

|0D−α
t (C0D

α
t u(t))| =

1

Γ(α)

∣∣∣∣ ∫ t

0

(t− s)α−1 C
0D

α
s u(s)ds

∣∣∣∣
≤ 1

Γ(α)

(∫ t

0

(t− s)(α−1)qds

) 1
q

∥C0Dα
t u∥Lp[0,T ]

≤ T
1
q+α−1

Γ(α)((α− 1)q + 1)
1
q

∥C0Dα
t u∥Lp[0,T ]

=
Tα−

1
p

Γ(α)((α− 1)q + 1)
1
q

∥C0Dα
t u∥Lp[0,T ],

and this completes the proof.
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According to (6.13), we can consider Eα,p0 with respect to the norm

∥u∥α,p = ∥C0Dα
t u∥Lp[0,T ] =

(∫ T

0

|C0Dα
t u(t)|pdt

) 1
p

(6.17)

in the following analysis.

Proposition 6.3. Let 0 < α ≤ 1 and 1 < p < ∞. Assume that α > 1
p and

the sequence {uk} converges weakly to u in Eα,p0 , i.e., uk ⇀ u. Then uk → u in

C([0, T ],RN ), i.e., ∥u− uk∥ → 0, as k → ∞.

Proof. If α > 1
p , then by (6.14) and (6.17), the injection of Eα,p0 into C([0, T ],RN ),

with its natural norm ∥ · ∥, is continuous, i.e., if uk → u in Eα,p0 , then uk → u in

C([0, T ],RN ).

Since uk ⇀ u in Eα,p0 , it follows that uk ⇀ u in C([0, T ],RN ). In fact, for

any h ∈ (C([0, T ],RN ))∗, if uk → u in Eα,p0 , then uk → u in C([0, T ],RN ), and

thus h(uk) → h(u). Therefore, h ∈ (Eα,p0 )∗, which means that (C([0, T ],RN ))∗ ⊆
(Eα,p0 )∗.

Hence, if uk ⇀ u in Eα,p0 , then for any h ∈ (C([0, T ],RN ))∗, we have h ∈ (Eα,p0 )∗,

and thus h(uk) → h(u), i.e., uk ⇀ u in C([0, T ],RN ).

By the Banach-Steinhaus theorem, {uk} is bounded in Eα,p0 and, hence, in

C([0, T ],RN ). We are now in a position to prove that the sequence {uk} is equi-

uniformly continuous.

Let 1
p + 1

q = 1 and 0 ≤ t1 < t2 ≤ T . ∀ f ∈ Lp([0, T ],RN ), by using Hölder

inequality and noting that α > 1
p , we have

|0D−α
t1 f(t1)− 0D

−α
t2 f(t2)|

=
1

Γ(α)

∣∣∣∣ ∫ t1

0

(t1 − s)α−1f(s)ds−
∫ t2

0

(t2 − s)α−1f(s)ds

∣∣∣∣
≤ 1

Γ(α)

∣∣∣∣ ∫ t1

0

(t1 − s)α−1f(s)ds−
∫ t1

0

(t2 − s)α−1f(s)ds

∣∣∣∣
+

1

Γ(α)

∣∣∣∣ ∫ t2

t1

(t2 − s)α−1f(s)ds

∣∣∣∣
≤ 1

Γ(α)

∫ t1

0

(
(t1 − s)α−1 − (t2 − s)α−1

)
|f(s)|ds

+
1

Γ(α)

∫ t2

t1

(t2 − s)α−1|f(s)|ds

(6.18)
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≤ 1

Γ(α)

(∫ t1

0

(
(t1 − s)α−1 − (t2 − s)α−1

)q
ds

) 1
q

∥f∥Lp[0,T ]

+
1

Γ(α)

(∫ t2

t1

(t2 − s)(α−1)qds

) 1
q

∥f∥Lp[0,T ]

≤ 1

Γ(α)

(∫ t1

0

(t1 − s)(α−1)q − (t2 − s)(α−1)qds

) 1
q

∥f∥Lp[0,T ]

+
1

Γ(α)

(∫ t2

t1

(t2 − s)(α−1)qds

) 1
q

∥f∥Lp[0,T ]

=
∥f∥Lp[0,T ]

Γ(α)(1 + (α− 1)q)
1
q

(
t
(α−1)q+1
1 − t

(α−1)q+1
2 + (t2 − t1)

(α−1)q+1
) 1
q

+
∥f∥Lp[0,T ]

Γ(α)(1 + (α− 1)q)
1
q

(
(t2 − t1)

(α−1)q+1
) 1
q

≤
2∥f∥Lp[0,T ]

Γ(α)(1 + (α− 1)q)
1
q

(t2 − t1)
α−1+ 1

q

=
2∥f∥Lp[0,T ]

Γ(α)(1 + (α− 1)q)
1
q

(t2 − t1)
α− 1

p .

Therefore, the sequence {uk} is equi-uniformly continuous since, for 0 ≤ t1 < t2 ≤
T , by applying (6.18) and in view of (6.17), we have

|uk(t1)− uk(t2)| =
∣∣
0D

−α
t1

(
C
0D

α
t1uk(t1)

)
− 0D

−α
t2

(
C
0D

α
t2uk(t2)

)∣∣
≤ 2(t2 − t1)

α− 1
p

Γ(α)(1 + (α− 1)q)
1
q

∥∥C
0D

α
t uk

∥∥
Lp[0,T ]

=
2(t2 − t1)

α− 1
p

Γ(α)(1 + (α− 1)q)
1
q

∥uk∥α,p

≤ c(t2 − t1)
α− 1

p ,

where 1
p + 1

q = 1 and c ∈ R+ is a constant. By Arzela-Ascoli theorem, {uk}
is relatively compact in C([0, T ],RN ). By the uniqueness of the weak limit in

C([0, T ],RN ), every uniformly convergent subsequence of {uk} converges uniformly

on [0, T ] to u. The proof is completed.

6.2.3 Variational Structure

In this subsection, we establish a variational structure which enables us to reduce

the existence of solutions of BVP (6.1) to the one of critical points of corresponding

functional defined on the space Eα,p0 with p = 2 and 1
2 < α ≤ 1.

First of all, making use of Proposition 1.4, for any u ∈ AC([0, T ],RN ), BVP
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(6.1) transforms to
d

dt

(
1

2
0D

− β
2

t (0D
− β

2
t u′(t)) +

1

2
tD

− β
2

T (tD
− β

2

T u′(t))

)
+∇F (t, u(t)) = 0,

u(0) = u(T ) = 0,

(6.19)

for almost every t ∈ [0, T ], where β ∈ [0, 1).

Furthermore, in view of Definition 1.3 and Proposition 1.2, it is obvious that

u ∈ AC([0, T ],RN ) is a solution of BVP (6.19) if and only if u is a solution of the

following problem
d

dt

(
1

2
0D

α−1
t (C0D

α
t u(t))−

1

2
tD

α−1
T (CtD

α
Tu(t))

)
+∇F (t, u(t)) = 0,

u(0) = u(T ) = 0,

(6.20)

for almost every t ∈ [0, T ], where α = 1− β
2 ∈ ( 12 , 1]. Therefore, we seek a solution u

of BVP (6.20) which, of course, corresponds to the solution u of BVP (6.1) provided

that u ∈ AC([0, T ],RN ).

Let us denote by

Dα(u(t)) =
1

2
0D

α−1
t (C0D

α
t u(t))−

1

2
tD

α−1
T (CtD

α
Tu(t)). (6.21)

We are now in a position to give a definition of the solution of BVP (6.20).

Definition 6.2. A function u ∈ AC([0, T ],RN ) is called a solution of BVP (6.20)

if

(i) Dα(u(t)) is derivable for almost every t ∈ [0, T ], and

(ii) u satisfies (6.20).

In the sequel, we treat BVP (6.20) in the Hilbert space Eα = Eα,20 with the

corresponding norm ∥u∥α = ∥u∥α,2 which we defined in (6.17).

Consider the functional u → −
∫ T
0
(C0D

α
t u(t),

C
tD

α
Tu(t))dt on E

α. The following

estimate is useful for our further discussion.

Proposition 6.4. If 1
2 < α ≤ 1, then for any u ∈ Eα, we have

|cos(πα)|∥u∥2α ≤ −
∫ T

0

(C0D
α
t u(t),

C
tD

α
Tu(t))dt ≤

1

|cos(πα)|
∥u∥2α. (6.22)

Proof. Let u ∈ Eα and ũ be the extension of u by zero on R \ [0, T ]. Then

supp(ũ) ⊆ [0, T ]. However, as the left and right fractional derivatives are nonlocal,

supp(−∞D
α
t ũ) ⊆ [0,∞) and supp(tD

α
+∞ũ) ⊆ (−∞, T ].

Nonetheless, the product (−∞D
α
t ũ, tD

α
+∞ũ) has support in [0, T ].

On the other hand, according to Theorem 2.3 and Lemma 2.4 in Ervin and

Roop, 2006, we have∫ ∞

−∞
(−∞D

α
t ũ(t), tD

α
+∞ũ(t))dt = cos(πα)

∫ ∞

−∞
|−∞D

α
t ũ(t)|2dt

= cos(πα)

∫ ∞

−∞
|tDα

+∞ũ(t)|2dt,
(6.23)
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where −∞D
α
t and tD

α
+∞ are Liouville-Weyl fractional derivatives on the real line (see

Definition 1.5). Helpful in establishing (6.23) is the Fourier transform of Liouville-

Weyl fractional derivative on the real line (see, Podlubny, 1999). Hence, according

to Remark 6.1, (6.23) and noting that cos(πα) ∈ [−1, 0) as α ∈ ( 12 , 1], we have

−
∫ T

0

(C0D
α
t u(t),

C
tD

α
Tu(t))dt = −

∫ T

0

(0D
α
t u(t), tD

α
Tu(t))dt

= −
∫ T

0

(−∞D
α
t ũ(t), tD

α
+∞ũ(t))dt

= −
∫ ∞

−∞
(−∞D

α
t ũ(t), tD

α
+∞ũ(t))dt

= −cos(πα)

∫ ∞

−∞
|−∞D

α
t ũ(t)|2dt

= −cos(πα)

∫ ∞

0

|0Dα
t ũ(t)|2dt

≥ −cos(πα)

∫ T

0

|0Dα
t u(t)|2dt

= |cos(πα)|
∫ T

0

|C0Dα
t u(t)|2dt

= |cos(πα)|∥u∥2α.

(6.24)

On the other hand, by using Young inequality, we obtain∣∣∣∣ ∫ T

0

(C0D
α
t u(t),

C
tD

α
Tu(t))dt

∣∣∣∣ = ∣∣∣∣ ∫ T

0

(0D
α
t u(t), tD

α
Tu(t))dt

∣∣∣∣
≤
∫ T

0

1√
2ε

|0Dα
t u(t)|

√
2ε |tDα

Tu(t)|dt

≤ 1

4ε

∫ T

0

|0Dα
t u(t)|2dt+ ε

∫ T

0

|tDα
Tu(t)|2dt

=
1

4ε

∫ T

0

|C0Dα
t u(t)|2dt+ ε

∫ ∞

0

|tDα
+∞ũ(t)|2dt

≤ 1

4ε
∥u∥2α + ε

∫ ∞

−∞
|tDα

+∞ũ(t)|2dt

=
1

4ε
∥u∥2α +

ε

|cos(πα)|

∣∣∣∣ ∫ ∞

−∞
(−∞D

α
t ũ(t), tD

α
+∞ũ(t))dt

∣∣∣∣
=

1

4ε
∥u∥2α +

ε

|cos(πα)|

∣∣∣∣ ∫ T

0

(0D
α
t u(t), tD

α
Tu(t))dt

∣∣∣∣
=

1

4ε
∥u∥2α +

ε

|cos(πα)|

∣∣∣∣ ∫ T

0

(C0D
α
t u(t),

C
tD

α
Tu(t))dt

∣∣∣∣.
Therefore, by taking ε = |cos(πα)|/2, we have∣∣∣∣ ∫ T

0

(C0D
α
t u(t),

C
tD

α
Tu(t))dt

∣∣∣∣ ≤ 1

|cos(πα)|
∥u∥2α. (6.25)



August 14, 2023 16:41 ws-book961x669 Basic Theory of Fractional Differential Equations 13289-main page 306

306 Basic Theory of Fractional Differential Equations

The inequality (6.22) follows then from (6.24) and (6.25), and the proof is com-

pleted.

Remark 6.2. According to (6.22) and (6.23), for any u ∈ Eα, it is obvious that∫ T

0

|CtDα
Tu(t)|2dt ≤

∫ ∞

−∞
|tDα

+∞ũ(t)|2dt

= −
∫ T

0

(C0D
α
t u(t),

C
tD

α
Tu(t))

|cos(πα)|
dt

≤ 1

|cos(πα)|2
∥u∥2α,

which means that CtD
α
Tu ∈ L2([0, T ],RN ).

In the following, we establish a variational structure on Eα with α ∈ ( 12 , 1].

Also, we show that the critical points of that functional are indeed solutions of

BVP (6.20), and therefore, are solutions of BVP (6.1).

Theorem 6.1. Let L : [0, T ]× RN × RN × RN → R be defined by

L(t, x, y, z) = −1

2
(y, z)− F (t, x),

where F : [0, T ]× RN → R satisfies the following assumption:

(A) F (t, x) is measurable in t for each x ∈ RN , continuously differentiable in x

for almost every t ∈ [0, T ] and there exist m1 ∈ C(R+,R+) and m2 ∈
L1([0, T ],R+) such that

|F (t, x)| ≤ m1(|x|)m2(t), |∇F (t, x)| ≤ m1(|x|)m2(t)

for all x ∈ RN and a.e. in t ∈ [0, T ].

If 1
2 < α ≤ 1, then the functional defined by

φ(u) =

∫ T

0

L(t, u(t),C0D
α
t u(t),

C
tD

α
Tu(t))dt

=

∫ T

0

(
− 1

2
(C0D

α
t u(t),

C
tD

α
Tu(t))− F (t, u(t))

)
dt

(6.26)

is continuously differentiable on Eα, and ∀u, v ∈ Eα, we have

⟨φ′(u), v⟩ =
∫ T

0

(
DxL(t, u(t),

C
0D

α
t u(t),

C
tD

α
Tu(t)), v(t)

)
dt

+

∫ T

0

(
DyL(t, u(t),

C
0D

α
t u(t),

C
tD

α
Tu(t)),

C
0D

α
t v(t)

)
dt

+

∫ T

0

(
DzL(t, u(t),

C
0D

α
t u(t),

C
tD

α
Tu(t)),

C
tD

α
T v(t)

)
dt

= −
∫ T

0

1

2

(
(C0D

α
t u(t),

C
tD

α
T v(t)) + (CtD

α
Tu(t),

C
0D

α
t v(t))

)
dt

−
∫ T

0

(∇F (t, u(t)), v(t))dt.

(6.27)
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Proof. First, we note that for a.e. t ∈ [0, T ] and every [x, y, z] ∈ RN × RN × RN ,

one has

|L(t, x, y, z)| ≤ m1(|x|)m2(t) +
1

4
(|y|2 + |z|2), (6.28)

|DxL(t, x, y, z)| ≤ m1(|x|)m2(t), (6.29)

|DyL(t, x, y, z)| ≤
1

2
|z| and |DzL(t, x, y, z)| ≤

1

2
|y|. (6.30)

Then, inspired by the proof of Theorem 1.4 in Mawhin and Willem, 1989, it suffices

to prove that at every point u,φ has a directional derivative φ′(u) ∈ (Eα)∗ given

by (6.27) and that the mapping

φ′ : Eα → (Eα)∗, u→ φ′(u)

is continuous.

1) It follows easily from Remark 6.2 and (6.28) that φ is everywhere finite on

Eα. Let us define, for u and v fixed in Eα, t ∈ [0, T ], λ ∈ [−1, 1],

G(λ, t) = L(t, u(t) + λv(t),C0D
α
t u(t) + λ C

0D
α
t v(t),

C
tD

α
Tu(t) + λ C

tD
α
T v(t))

and

ψ(λ) =

∫ T

0

G(λ, t)dt = φ(u+ λv).

We shall apply Leibniz formula of differentiation under integral sign to ψ. By (6.29)

and (6.30), we have

|DλG(λ, t)|
=
∣∣(DxL(t, u(t) + λv(t),C0D

α
t u(t) + λ C

0D
α
t v(t),

C
tD

α
Tu(t) + λ C

tD
α
T v(t)), v(t))

∣∣
+
∣∣(DyL(t, u(t) + λv(t),C0D

α
t u(t) + λ C

0D
α
t v(t),

C
tD

α
Tu(t) + λ C

tD
α
T v(t)),

C
0D

α
t v(t))

∣∣
+
∣∣(DzL(t, u(t) + λv(t),C0D

α
t u(t) + λ C

0D
α
t v(t),

C
tD

α
Tu(t) + λ C

tD
α
T v(t)),

C
tD

α
T v(t))

∣∣
≤ m1(|u(t) + λv(t)|)m2(t)|v(t)|+

1

2
|CtDα

Tu(t) + λ C
tD

α
T v(t)∥C0Dα

t v(t)|

+
1

2

∣∣C
0D

α
t u(t) + λ C

0D
α
t v(t)

∣∣∣∣C
tD

α
T v(t)

∣∣
≤ m0m2(t)|v(t)|+

1

2

∣∣C
tD

α
Tu(t)

∣∣∣∣C
0D

α
t v(t)

∣∣+ 1

2

∣∣C
0D

α
t u(t)∥CtDα

T v(t)
∣∣

+
∣∣C
0D

α
t v(t)∥CtDα

T v(t)
∣∣,

where

m0 = max
(λ,t)∈[−1,1]×[0,T ]

m1(|u(t) + λv(t)|).

Since m2 ∈ L1([0, T ],R+), v is continuous on [0, T ], and in view of Remark 6.2, we

have

|DλG(λ, t)| ≤ d(t),
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where d ∈ L1([0, T ],R+). Thus Leibniz formula is applicable and

d

dλ
ψ(0) =

∫ T

0

DλG(0, t)dt

=

∫ T

0

(DxL(t, u(t),
C
0D

α
t u(t),

C
tD

α
Tu(t)), v(t))dt

+

∫ T

0

(DyL(t, u(t),
C
0D

α
t u(t),

C
tD

α
Tu(t)),

C
0D

α
t v(t))dt

+

∫ T

0

(DzL(t, u(t),
C
0D

α
t u(t),

C
tD

α
Tu(t)),

C
tD

α
T v(t))dt.

Moreover, ∣∣DxL(t, u(t),
C
0D

α
t u(t),

C
tD

α
Tu(t))

∣∣ ≤ m1(|u(t)|)m2(t),∣∣DyL(t, u(t),
C
0D

α
t u(t),

C
tD

α
Tu(t))

∣∣ ≤ 1

2
v|CtDα

Tu(t)
∣∣

and

|DzL(t, u(t),
C
0D

α
t u(t),

C
tD

α
Tu(t))| ≤

1

2
|C0Dα

t u(t)|.

Thus, by Remark 6.2 and (6.14),

⟨φ′(u), v⟩ =
∫ T

0

(DxL(t, u(t),
C
0D

α
t u(t),

C
tD

α
Tu(t)), v(t))dt

+

∫ T

0

(DyL(t, u(t),
C
0D

α
t u(t),

C
tD

α
Tu(t)),

C
0D

α
t v(t))dt

+

∫ T

0

(DzL(t, u(t),
C
0D

α
t u(t),

C
tD

α
Tu(t)),

C
tD

α
T v(t))dt

≤ c1∥v∥+ c2∥C0Dα
t v(t)∥L2 + c3∥CtDα

T v(t)∥L2

≤ c1∥v∥+ c2∥v∥α +
c3

|cos(πα)|
∥v∥α

≤ c4∥v∥α,

where c1, c2, c3 and c4 are some positive constants. Therefore, φ has, at u, a direc-

tional derivative φ′(u) ∈ (Eα)∗ given by (6.27).

2) By a theorem of Krasnoselskii, (6.29) and (6.30) imply that the mapping from

Eα into L1([0, T ],RN )× L2([0, T ],RN )× L2([0, T ],RN ) defined by

u→ (DxL(·, u,C0Dα
t u,

C
tD

α
Tu), DyL(·, u,C0Dα

t u,
C
tD

α
Tu), DzL(·, u,C0Dα

t u,
C
tD

α
Tu))

is continuous, so that φ′ is continuous from Eα into (Eα)∗, and the proof is com-

pleted.

Theorem 6.2. Let 1
2 < α ≤ 1 and φ be defined by (6.26). If condition (A) is

satisfied and u ∈ Eα is a solution of corresponding Euler equation φ′(u) = 0, then

u is a solution of BVP (6.20) which, of course, corresponding to the solution of

BVP (6.1).
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Proof. By Theorem 6.1 and Proposition 1.10, we have

0 = ⟨φ′(u), v⟩

= −
∫ T

0

1

2
[(C0D

α
t u(t),

C
tD

α
T v(t)) + (CtD

α
Tu(t),

C
0D

α
t v(t))]dt

−
∫ T

0

(∇F (t, u(t)), v(t))dt

=

∫ T

0

(
1

2
(0D

α−1
t (C0D

α
t u(t)), v

′(t))− 1

2
(tD

α−1
T (CtD

α
Tu(t)), v

′(t))

)
dt

−
∫ T

0

(∇F (t, u(t)), v(t))dt

(6.31)

for all v ∈ Eα.

Let us define w ∈ C([0, T ],RN ) by

w(t) =

∫ t

0

∇F (s, u(s))ds, t ∈ [0, T ],

so that ∫ T

0

(w(t), v′(t))dt =

∫ T

0

(∫ t

0

(∇F (s, u(s)), v′(t))ds
)
dt.

By the Fubini theorem and noting that v(T ) = 0, we obtain∫ T

0

(w(t), v′(t))dt =

∫ T

0

(∫ T

s

(∇F (s, u(s)), v′(t))dt
)
ds

=

∫ T

0

(∇F (s, u(s)), v(T )− v(s))ds

= −
∫ T

0

(∇F (s, u(s)), v(s))ds.

Hence, by (6.31) we have, for every v ∈ Eα,∫ T

0

(
1

2
0D

α−1
t (C0D

α
t u(t))−

1

2
tD

α−1
T (CtD

α
Tu(t)) + w(t), v′(t)

)
dt = 0. (6.32)

If (ej) denotes the canonical basis of RN , we can choose v ∈ Eα such that

v(t) = sin
2kπt

T
ej or v(t) = ej − cos

2kπt

T
ej , k = 1, 2, ... and j = 1, ..., N.

The theory of Fourier series and (6.32) imply that

1

2
0D

α−1
t (C0D

α
t u(t))−

1

2
tD

α−1
T (CtD

α
Tu(t)) + w(t) = C,

a.e. t ∈ [0, T ], for some C ∈ RN . According to the definition of w ∈ C([0, T ],RN ),

we have

1

2
0D

α−1
t (C0D

α
t u(t))−

1

2
tD

α−1
T (CtD

α
Tu(t)) = −

∫ t

0

∇F (s, u(s))ds+ C,

a.e. t ∈ [0, T ], for some C ∈ RN .
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In view of ∇F (·, u(·)) ∈ L1([0, T ],RN ), we shall identify the equivalence class

Dα(u(t)) given by (6.21) and its continuous representation

Dα(u(t)) =
1

2
0D

α−1
t (C0D

α
t u(t))−

1

2
tD

α−1
T (CtD

α
Tu(t))

= −
∫ t

0

∇F (s, u(s))ds+ C

(6.33)

for t ∈ [0, T ].

Therefore, it follows from (6.33) and a classical result of Lebesgue theory that

−∇F (·, u(·)) is the classical derivative of Dα(u(t)) a.e. on [0, T ] which means that

(i) in Definition 6.2 is verified.

Since u ∈ Eα implies that u ∈ AC([0, T ],RN ), it remains to show that u satisfies

(6.20). In fact, according to (6.33), we can get that

d

dt
Dα(u(t)) =

d

dt

(
1

2
0D

α−1
t (C0D

α
t u(t))−

1

2
tD

α−1
T (CtD

α
Tu(t))

)
= −∇F (t, u(t)).

Moreover, u ∈ Eα implies that u(0) = u(T ) = 0, and therefore (6.1) is verified. The

proof is completed.

From now on, φ given by (6.26) is considered as a functional on Eα with 1
2 <

α ≤ 1.

6.2.4 Existence under Ambrosetti-Rabinowitz Condition

According to Theorem 6.2, we know that in order to find solutions of BVP (6.1),

it suffices to obtain the critical points of functional φ given by (6.26). We need to

use some critical point theorems.

First, we use Theorem 1.14 to consider the existence of solutions for BVP (6.1).

Assume that condition (A) is satisfied. Recall that, in our setting in (6.26), the

corresponding functional φ on Eα given by

φ(u) =

∫ T

0

(
− 1

2
(C0D

α
t u(t),

C
tD

α
Tu(t))− F (t, u(t))

)
dt

is continuously differentiable according to Theorem 6.1 and is also weakly lower

semi-continuous functional on Eα as the sum of a convex continuous function (see

Theorem 1.2 in Mawhin and Willem, 1989) and of a weakly continuous one (see

Proposition 1.2 in Mawhin and Willem, 1989).

In fact, according to Proposition 6.3, if uk ⇀ u in Eα, then uk → u in

C([0, T ],RN ). Therefore, F (t, uk(t)) → F (t, u(t)) a.e. t ∈ [0, T ]. By Lebesgue

dominated convergence theorem, we have
∫ T
0
F (t, uk(t))dt →

∫ T
0
F (t, u(t))dt,

which means that the functional u →
∫ T
0
F (t, u(t))dt is weakly continuous

on Eα. Moreover, the following lemma implies that the functional u →
−
∫ T
0
[(C0D

α
t u(t),

C
tD

α
Tu(t))/2]dt is convex and continuous on Eα.
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Lemma 6.2. Let 1
2 < α ≤ 1 and condition (A) be satisfied. If u ∈ Eα, then the

functional H : Eα → RN denoted by

H(u) = −1

2

∫ T

0

(C0D
α
t u(t),

C
tD

α
Tu(t))dt

is convex and continuous on Eα.

Proof. The continuity follows from (6.22) and (6.17) directly. We are now in a

position to prove the convexity of H.

Let λ ∈ (0, 1), u, v ∈ Eα and ũ, ṽ be the extension of u and v by zero on R/[0, T ]
respectively. Since Caputo fractional derivative operator is linear operator, we have

by Remark 6.2 and (6.23) that

H((1− λ)u+ λv)

= −1

2

∫ T

0

(C0D
α
t ((1− λ)u(t) + λv(t)),CtD

α
T ((1− λ)u(t) + λv(t)))dt

= −1

2

∫ T

0

(0D
α
t ((1− λ)u(t) + λv(t)), tD

α
T ((1− λ)u(t) + λv(t)))dt

= −1

2

∫ ∞

−∞
(−∞D

α
t ((1− λ)ũ(t) + λṽ(t)), tD

α
+∞((1− λ)ũ(t) + λṽ(t)))dt

=
|cos(πα)|

2

∫ ∞

−∞
|−∞D

α
t ((1− λ)ũ(t) + λṽ(t))|2dt

≤ |cos(πα)|
2

∫ ∞

−∞

(
(1− λ)|−∞D

α
t ũ(t)|2 + λ|−∞D

α
t ṽ(t)|2

)
dt

=

∫ ∞

−∞

(
− 1− λ

2
(−∞D

α
t ũ(t), tD

α
+∞ũ(t))−

λ

2
(−∞D

α
t ṽ(t), tD

α
+∞ṽ(t))

)
dt

=

∫ T

0

(
− 1− λ

2
(C0D

α
t u(t),

C
tD

α
Tu(t))−

λ

2
(C0D

α
t v(t),

C
tD

α
T v(t))

)
dt

= (1− λ)H(u) + λH(v),

which implies that H is a convex functional defined on Eα. This completes the

proof.

According to the arguments above, if φ is coercive, by Theorem 1.14, φ has a

minimum so that BVP (6.1) is solvable. It remains to find conditions under which

φ is coercive on Eα, i.e. lim∥u∥α→∞ φ(u) = +∞, for u ∈ Eα. We shall see that it

suffices to require that F (t, x) is bounded by a function for a.e., t ∈ [0, T ] and all

x ∈ RN .

Theorem 6.3. Let α ∈ ( 12 , 1] and assume that F satisfies condition (A). If

|F (t, x)| ≤ ā|x|2 + b̄(t)|x|2−γ + c̄(t), t ∈ [0, T ], x ∈ RN , (6.34)

where ā ∈ [0, |cos(πα)|Γ2(α + 1)/2T 2α), γ ∈ (0, 2), b̄ ∈ L2/γ([0, T ],R), and c̄ ∈
L1([0, T ],R), then BVP (6.1) has at least one solution which minimizes φ on Eα.
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Proof. According to arguments above, our problem reduces to prove that φ is

coercive on Eα. For u ∈ Eα, it follows from (6.22), (6.34) and (6.13) that

φ(u) = −1

2

∫ T

0

(C0D
α
t u(t),

C
tD

α
Tu(t))dt−

∫ T

0

F (t, u(t))dt

≥ |cos(πα)|
2

∫ T

0

|C0Dα
t u(t)|2dt− ā

∫ T

0

|u(t)|2dt

−
∫ T

0

b̄(t)|u(t)|2−γdt−
∫ T

0

c̄(t)dt

=
|cos(πα)|

2
∥u∥2α − ā∥u∥2L2 −

∫ T

0

b̄(t)|u(t)|2−γdt− c̄1

≥ |cos(πα)|
2

∥u∥2α − ā∥u∥2L2 −
(∫ T

0

|b̄(t)|2/γdt
)γ/2(∫ T

0

|u(t)|2dt
)1−γ/2

− c̄1

=
|cos(πα)|

2
∥u∥2α − ā∥u∥2L2 − b̄1∥u∥2−γL2 − c̄1

≥ |cos(πα)|
2

∥u∥2α − āT 2α

Γ2(α+ 1)
∥u∥2α − b̄1

(
Tα

Γ(α+ 1)

)2−γ

∥u∥2−γα − c̄1

=

(
|cos(πα)|

2
− āT 2α

Γ2(α+ 1)

)
∥u∥2α − b̄1

(
Tα

Γ(α+ 1)

)2−γ

∥u∥2−γα − c̄1,

where b̄1 =
( ∫ T

0
|b̄(t)|2/γdt

)γ/2
and c̄1 =

∫ T
0
c̄(t)dt.

Noting that ā ∈ [0, |cos(πα)|Γ2(α+ 1)/2T 2α) and γ ∈ (0, 2), we have

φ(u) = +∞ as ∥u∥α → ∞,

and hence φ is coercive, which completes the proof.

Our task is now to use Theorem 1.15 (Mountain pass theorem) to find a nonzero

critical point of functional φ on Eα.

Theorem 6.4. Let α ∈ ( 12 , 1] and suppose that F satisfies condition (A). If

(A1) F ∈ C([0, T ] × RN ,R) and there exists µ ∈ [0, 12 ) and M > 0 such that

0 < F (t, x) ≤ µ(∇F (t, x), x) for all x ∈ RN with |x| ≥M and t ∈ [0, T ];

(A2) lim sup|x|→0 F (t, x)/|x|2 < |cos(πα)|Γ2(α + 1)/2T 2α uniformly for t ∈ [0, T ]

and x ∈ RN ;

are satisfied, then BVP (6.1) has at least one nonzero solution on Eα.

Proof. We will verify that φ satisfies all conditions of Theorem 1.15.

First, we will prove that φ satisfies (PS) condition. Since F (t, x)−µ(∇F (t, x), x)
is continuous for t ∈ [0, T ] and |x| ≤M , there exists c ∈ R+, such that

F (t, x) ≤ µ(∇F (t, x), x) + c, t ∈ [0, T ], |x| ≤M.

By condition (A1), we obtain

F (t, x) ≤ µ(∇F (t, x), x) + c, t ∈ [0, T ], x ∈ RN . (6.35)
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Let {uk} ⊂ Eα, |φ(uk)| ≤ K, k = 1, 2, ..., φ′(uk) → 0. Notice that

⟨φ′(uk), uk⟩ = −
∫ T

0

[(C0D
α
t uk(t),

C
tD

α
Tuk(t)) + (∇F (t, uk(t)), uk(t))]dt. (6.36)

It follows from (6.35), (6.36) and (6.22) that

K ≥ φ(uk) = −1

2

∫ T

0

(C0D
α
t uk(t),

C
tD

α
Tuk(t))dt−

∫ T

0

F (t, uk(t))dt

≥ −1

2

∫ T

0

(C0D
α
t uk(t),

C
tD

α
Tuk(t))dt− µ

∫ T

0

(∇F (t, uk(t)), uk(t))dt− cT

=

(
µ− 1

2

)∫ T

0

(C0D
α
t uk(t),

C
tD

α
Tuk(t))dt+ µ⟨φ′(uk), uk⟩ − cT

≥
(
1

2
− µ

)
|cos(πα)|∥uk∥2α − µ∥φ′(uk)∥α∥uk∥α − cT, k = 1, 2, ... .

Since φ′(uk) → 0, there exists N0 ∈ N such that

K ≥
(
1

2
− µ

)
|cos(πα)|∥uk∥2α − ∥uk∥α − cT, k > N0,

and this implies that {uk} ⊂ Eα is bounded. Since Eα is a reflexive space, going

to a subsequence if necessary, we may assume that uk ⇀ u weakly in Eα, thus we

have

⟨φ′(uk)− φ′(u), uk − u⟩ = ⟨φ′(uk), uk − u⟩ − ⟨φ′(u), uk − u⟩
≤ ∥φ′(uk)∥α∥uk − u∥α − ⟨φ′(u), uk − u⟩
→ 0, as k → ∞.

(6.37)

Moreover, according to (6.14) and Proposition 6.3, we have uk is bounded in

C([0, T ],RN ) and ∥uk − u∥ → 0 as k → ∞. Hence, we have∫ T

0

∇F (t, uk(t))dt→
∫ T

0

∇F (t, u(t))dt, as k → ∞. (6.38)

Noting that

⟨φ′(uk)− φ′(u), uk − u⟩

= −
∫ T

0

(C0D
α
t (uk(t)− u(t)),CtD

α
T (uk(t)− u(t)))dt

−
∫ T

0

(
(∇F (t, uk(t))−∇F (t, u(t))), (uk(t)− u(t))

)
dt

≥ |cos(πα)|∥uk − u∥2α −
∣∣∣∣ ∫ T

0

(∇F (t, uk(t))−∇F (t, u(t)))dt
∣∣∣∣∥uk − u∥.

Combining (6.37) and (6.38), it is easy to verify that ∥uk − u∥2α → 0 as k → ∞,

and hence that uk → u in Eα. Thus, we obtain the desired convergence property.

From lim sup|x|→0 F (t, x)/|x|2 < |cos(πα)|Γ2(α + 1)/2T 2α uniformly for t ∈
[0, T ], there exists ϵ ∈ (0, |cos(πα)|) and δ > 0 such that F (t, x) ≤ (|cos(πα)| −
ϵ)(Γ2(α+ 1)/2T 2α)|x|2 for all t ∈ [0, T ] and x ∈ RN with |x| ≤ δ.
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Let ρ = Γ(α)((α−1)/2+1)
1
2

Tα− 1
2

δ and σ = ϵρ2/2 > 0. Then it follows from (6.14) that

∥u∥ ≤ Tα−
1
2

Γ(α)((α− 1)/2 + 1)
1
2

∥u∥α = δ

for all u ∈ Eα with ∥u∥α = ρ. Therefore, we have

φ(u) = −1

2

∫ T

0

(C0D
α
t u(t),

C
tD

α
Tu(t))dt−

∫ T

0

F (t, u(t))dt

≥ |cos(πα)|
2

∥u∥2α − (|cos(πα)| − ϵ)
Γ2(α+ 1)

2T 2α

∫ T

0

|u(t)|2dt

≥ |cos(πα)|
2

∥u∥2α − 1

2
(|cos(πα)| − ϵ)∥u∥2α

=
1

2
ϵ∥u∥2α

= σ

for all u ∈ Eα with ∥u∥α = ρ. This implies (ii) in Theorem 1.15 is satisfied.

It is obvious from the definition of φ and (A2) that φ(0) = 0, and therefore, it

suffices to show that φ satisfies (iii) in Theorem 1.15.

Since 0 < F (t, x) ≤ µ(∇F (t, x), x) for all x ∈ RN and |x| ≥ M , a simple

regularity argument then shows that there exists r1, r2 > 0 such that

F (t, x) ≥ r1|x|1/µ − r2, x ∈ RN , t ∈ [0, T ].

For any u ∈ Eα with u ̸= 0, κ > 0 and noting that µ ∈ [0, 12 ) and (6.22), we have

φ(κu) = −1

2

∫ T

0

(C0D
α
t κu(t),

C
tD

α
Tκu(t))dt−

∫ T

0

F (t, κu(t))dt

≤ κ2

2|cos(πα)|
∥u∥2α − r1

∫ T

0

|κu(t)|1/µdt+ r2T

=
κ2

2|cos(πα)|
∥u∥2α − r1κ

1/µ∥u∥1/µ
L1/µ + r2T

→ −∞

as κ → ∞. Then there exists a sufficiently large κ0 such that φ(κ0u) ≤ 0. Hence

(iii) in Theorem 1.15 holds.

Lastly noting that φ(0) = 0 while for our critical point u, φ(u) ≥ σ > 0. Hence

u is a nontrivial weak solution of BVP (6.1), and this completes the proof.

Corollary 6.1. ∀ α ∈ ( 12 , 1], suppose that F satisfies conditions (A) and (A1). If

(A2)′ F (t, x) = o(|x|2), as |x| → 0 uniformly for t ∈ [0, T ] and x ∈ RN

is satisfied, then BVP (6.1) has at least one nonzero solution on Eα.
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6.2.5 Superquadratic Case

Under the usual Ambrosetti-Rabinowitz condition, it is easy to show that the en-

ergy functional associated with the system has the Mountain Pass geometry and

satisfies the (PS) condition. However, the A.R. condition is so strong that many

potential functions can not satisfy it, then the problem becomes more delicate and

complicated.

Assume that F : [0, T ] × RN → R satisfies the condition (A) which is assumed

as in Subsection 6.2.3.

In the following, we introduce the function space Eα, where α ∈ ( 12 , 1]. For

u ∈ Eα, where

Eα :=
{
u ∈ L2(0, T ;RN ) : C

0D
α
t u ∈ L2(0, T ;RN )

}
is a reflexive Banach space with the norm defined by

∥u∥α = ∥C0Dα
t u∥L2

and

∥u∥ = max
t∈[0, T ]

|u(t)|.

It follows from Theorem 6.1 that the functional φ on Eα given by

φ(u) =

∫ T

0

(
−1

2
(C0D

α
t u(t),

C
tD

α
Tu(t))− F (t, u(t))

)
dt

is continuously differentiable on Eα. Moreover, we have

⟨φ′(u), v⟩ = −
∫ T

0

1

2

(
(C0D

α
t u(t),

C
tD

α
T v(t)) + (CtD

α
Tu(t),

C
0D

α
t v(t))

)
dt

−
∫ T

0

(
∇F

(
t, u(t)), v(t)

)
dt.

Recall that a sequence {un} ⊂ Eα is said to be a (C) sequence of φ if φ(un) is

bounded and (1 + ∥un∥α)∥φ(un)∥α → 0 as n→ ∞. The functional φ satisfies con-

dition (C) if every (C) sequence of φ has a convergent subsequence. This condition

is due to Cerami, 1978.

For the superquadratic case, we make the following assumptions:

(A3) lim
|x|→0

F (t,x)
|x|2 = 0, lim inf

|x|→∞
F (t,x)
|x|2 ≥ L > π2

|cos(πα)|Γ2(2−α)T 2α(3−2α) uniformly for

some L > 0 and a.e. t ∈ [0, T ];

(A4) lim sup
|x|→+∞

F (t,x)
|x|r ≤M < +∞ uniformly for some M > 0 and a.e. t ∈ [0, T ];

(A5) lim inf
|x|→+∞

(∇F (t,x),x)−2F (t,x)
|x|µ ≥ Q > 0 uniformly for some Q > 0 and a.e. t ∈

[0, T ], where r > 2 and µ > r − 2.

We will first establish the following lemma.

Lemma 6.3. Assume (A), (A4), (A5) hold, then the functional φ satisfies condition

(C).
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Proof. Let {un} ⊂ Eα is a (C) sequence of φ, that is φ(un) is bounded and

(1 + ∥un∥α)∥φ′(un)∥α → 0 as n→ ∞. Then there exists M0 such that

|φ(un)| ≤M0 and (1 + ∥un∥α)∥φ′(un)∥α ≤M0, (6.39)

for all n ∈ N.
By (A4), there exist positive constants B1 and M1 such that

F (t, x) ≤ B1|x|r

for all |x| ≥M1 and a.e. t ∈ [0, T ].

It follows from (A) that

|F (t, x)| ≤ max
s∈[0,M1]

a(s)b(t)

for all |x| ≤M1 and a.e. t ∈ [0, T ]. Therefore, we obtain

F (t, x) ≤ B1|x|r + max
s∈[0,M1]

a(s)b(t), (6.40)

for all x ∈ RN and a.e. t ∈ [0, T ].

Combining (6.22) and (6.40), we get

|cos(πα)|
2

∥un∥2α ≤ φ(un) +

∫ T

0

F (t, un(t))dt

≤M0 + max
s∈[0,M1]

a(s)

∫ T

0

b(t)dt+B1

∫ T

0

|un(t)|rdt.
(6.41)

On the other hand, by (A5), there exist η > 0 and M2 > 0 such that(
∇F (t, x), x

)
− 2F (t, x) ≥ η|x|µ

for a.e. t ∈ [0, T ] and |x| ≥M2.

By (A), we have

| (∇F (t, x), x)− 2F (t, x)| ≤ (2 +M2) max
s∈[0,M2]

a(s)b(t)

for all |x| ≤M2 and a.e. t ∈ [0, T ].

Therefore, we obtain

(∇F (t, x), x)− 2F (t, x) ≥ η|x|µ − (2 +M2) max
s∈[0,M2]

a(s)b(t), (6.42)

for all x ∈ RN and a.e. t ∈ [0, T ].

It follows from (6.39) and (6.42) that

3M0 ≥ 2φ(un)− ⟨φ′(un), un⟩

= 2

∫ T

0

[
− 1

2
(C0D

α
t un(t),

C
tD

α
Tun(t))− F (t, un(t))

]
dt

−
∫ T

0

[
− (C0D

α
t un(t),

C
tD

α
Tun(t))− (∇F (t, un(t)), un(t))

]
dt
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=

∫ T

0

[(
∇F (t, un(t)), un(t)

)
− 2F (t, un(t))

]
dt

≥ η

∫ T

0

|un(t)|µdt− (2 +M2) max
s∈[0,M2]

a(s)

∫ T

0

b(t)dt,

thus,
∫ T
0
|un(t)|µdt is bounded.

If µ > r, then ∫ T

0

|un(t)|rdt ≤ T
µ−r
µ

(∫ T

0

|un(t)|µdt
)r/µ

,

which combining (6.41) implies that ∥un∥α is bounded.

If µ ≤ r, then∫ T

0

|un(t)|rdt ≤ ∥un∥r−µ∞

∫ T

0

|un(t)|µdt ≤ Cr−µ1 ∥un∥r−µα

∫ T

0

|un(t)|µdt,

where

C1 :=
Tα−

1
2

Γ(α)(2α− 1)
1
2

by (6.14).

Since µ > r − 2, it follows from (6.41) that ∥un∥α is bounded too. Thus ∥un∥α
is bounded in Eα.

By Proposition 6.3, the sequence {un} has a subsequence, also denoted by {un},
such that

un ⇀ u in Eα and un → u in C([0, T ],RN ).

Then we obtain un → u in Eα by use of the same argument of Theorem 6.4.

The proof of Lemma 6.3 is completed.

We state our first existence result as follows.

Theorem 6.5. Assume that (A3)-(A5) hold and that F (t, x) satisfies the condition

(A). Then BVP (6.1) has at least one solution on Eα.

Proof. By (A3), there exist ϵ1 ∈ (0, |cos(πα)|) and δ > 0 such that

F (t, x) ≤ (|cos(πα)| − ϵ1)
Γ2(α+ 1)

2T 2α
|x|2

for a.e. t ∈ [0, T ] and x ∈ RN with |x| ≤ δ.

Let

ρ =
Γ(α)(2(α− 1) + 1)

1
2

Tα−
1
2

δ and σ =
ϵ1ρ

2

2
> 0.

Then it follows from (6.14) that

∥u∥ ≤ Tα−
1
2

Γ(α)(2(α− 1) + 1)
1
2

∥u∥α = δ

for all u ∈ Eα with ∥u∥α = ρ.
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Therefore, we have

φ(u) =

∫ T

0

[
− 1

2
(C0D

α
t u(t),

C
tD

α
Tu(t))− F (t, u(t))

]
dt

≥ |cos(πα)|
2

∥u∥2α − (|cos(πα)| − ϵ1)
Γ2(α+ 1)

2T 2α

∫ T

0

|u(t)|2dt

≥ |cos(πα)|
2

∥u∥2α − |cos(πα)| − ϵ1
2

∥u∥2α

=
ϵ1
2
∥u∥2α

= σ

for all u ∈ Eα with ∥u∥α = ρ. This implies that (ii) in Theorem 1.15 is satisfied.

It is obvious from the definition of φ and (A3) that φ(0) = 0, and therefore, it

suffices to show that φ satisfies (iii) in Theorem 1.15.

By (A3), there exist ϵ2 > 0 and M3 > 0 such that

F (t, x) >

(
π2

|cos(πα)|Γ2(2− α)T 2α(3− 2α)
+ ϵ2

)
|x|2

for all |x| ≥M3 and a.e. t ∈ [0, T ].

It follows from (A) that

|F (t, x)| ≤ max
s∈[0,M3]

a(s)b(t),

for all |x| ≤M3 and a.e. t ∈ [0, T ].

Therefore, we obtain

F (t, x) ≥
(

π2

|cos(πα)|Γ2(2− α)T 2α(3− 2α)
+ ϵ2

)
(|x|2 −M2

3 )

− max
s∈[0,M3]

a(s)b(t),
(6.43)

for all x ∈ RN and a.e. t ∈ [0, T ].

Choosing u0 =

(
T
π sin πt

T , 0, ..., 0

)
∈ Eα, then

∥u0∥2L2 =
T 3

2π2
and ∥u0∥2α ≤ T 3−2α

Γ2(2− α)(3− 2α)
. (6.44)
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For ς > 0 and noting that (6.43) and (6.44), we have

φ(ςu0) =

∫ T

0

[
− 1

2
(C0D

α
t ςu0(t),

C
tD

α
T ςu0(t))− F (t, ςu0(t))

]
dt

≤ ς2

2|cos(πα)|
∥u0∥2α

−
(

ς2π2

|cos(πα)|T 2αΓ2(2− α)(3− 2α)
+ ς2ϵ2

)∫ T

0

|u0(t)|2dt+ C2

≤ ς2

2|cos(πα)|
· T 3−2α

Γ2(2− α)(3− 2α)

− ς2π2

|cos(πα)|T 2αΓ2(2− α)(3− 2α)
· T

3

2π2
− ς2ϵ2T

3

2π2
+ C2

→ −∞
as ς → ∞, where C2 is a positive constant. Then there exists a sufficiently large ς0
such that φ(ς0u0) ≤ 0. Hence (iii) in Theorem 1.15 holds.

Finally, noting that φ(0) = 0 while for critical point u, φ(u) ≥ σ > 0. Hence u

is a nontrivial solution of BVP (6.1), and this completes the proof.

We give an example to illustrate our results.

Example 6.1. In BVP (6.1), let

F (t, x) = ln(1 + 2|x|2)|x|2.
These show that all conditions of Theorem 6.5 are satisfied, where

r = 2.5, µ = 2.

By Theorem 6.5, BVP (6.1) has at least one solution u ∈ Eα.

6.2.6 Asymptotically Quadratic Case

For the asymptotically quadratic case, we assume:

(A4)′ lim sup
|x|→+∞

F (t,x)

|x|2 ≤M < +∞ uniformly for some M > 0 and a.e. t ∈ [0, T ];

(A6) there exists τ(t) ∈ L1([0, T ],R+) such that (∇F (t, x), x)−2F (t, x) ≥ τ(t) for

all x ∈ RN and a.e. t ∈ [0, T ];

(A7) lim
|x|→+∞

[(∇F (t, x), x)− 2F (t, x)] = +∞ for a.e. t ∈ [0, T ].

Theorem 6.6. Assume that F (t, x) satisfies (A), (A3), (A4)′, (A6) and (A7).

Then BVP (6.1) has at least one solution on Eα.

The following lemmas are needed in the proof of Theorem 6.6.

Lemma 6.4. Assume that (A7) holds. Then for any ε > 0, there exists a subset

Eε ⊂ [0, T ] with α([0, T ]\Eε) < ε such that

lim
|x|→∞

[(∇F (t, x), x)− 2F (t, x)] = +∞

uniformly for t ∈ Eε.
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The proof is similar to that of Lemma 2 in Tang and Wu, 2001, and is omitted.

Lemma 6.5. Assume that (A), (A4)′, (A6) and (A7) hold. Then the functional φ

satisfies condition (C).

Proof. Suppose that {un} ⊂ Eα is a (C) sequence of φ, that is φ(un) is bounded

and (1 + ∥un∥α)∥φ′(un)∥α → 0 as n→ ∞. Then we have

lim inf
n→∞

[⟨φ′(un), un⟩ − 2φ(un)] > −∞,

which implies that

lim sup
n→∞

∫ T

0

[(∇F (t, un), un)− 2F (t, un)]dt < +∞. (6.45)

We only need to show that {un} is bounded in Eα. If {un} is unbounded, we may

assume, without loss of generality, that ∥un∥α → ∞ as n → ∞. Put zn = un
∥un∥α ,

we then have ∥zn∥α = 1. Going to a sequence if necessary, we assume that zn ⇀ z

in Eα, zn → z in C([0, T ],RN ) and L2([0, T ],RN ).

By (A2)′, it follows that there exist constants B2 > 0 and M4 > 0 such that

F (t, x) ≤ B2|x|2

for all |x| ≥M4 and a.e. t ∈ [0, T ].

By condition (A), it follows that

|F (t, x)| ≤ max
s∈[0,M4]

a(s)b(t)

for all |x| ≤ M4 and a.e. t ∈ [0, T ]. Therefore, we obtain

F (t, x) ≤ B2|x|2 + max
s∈[0,M4]

a(s)b(t)

for all x ∈ RN and a.e. t ∈ [0, T ]. Therefore, we have

φ(u) =

∫ T

0

[
− 1

2
(c0D

α
t u(t),

c
tD

α
Tu(t))− F (t, u(t))

]
dt

≥ |cos(πα)|
2

∥u∥2α −B2

∫ T

0

|u|2dt− max
s∈[0,M4]

a(s)

∫ T

0

b(t)dt,

from which, it follows that

φ(un)

∥un∥2α
≥ |cos(πα)|

2
−B2∥zn∥2L2

− 1

∥un∥2α
max

s∈[0,M4]
a(s)

∫ T

0

b(t)dt.

Passing to the limit in the last inequality, we get

|cos(πα)|
2

−B2∥z∥2L2
≤ 0,

which yields z ̸= 0. Therefore, there exists a subset E ⊂ [0, T ] with α(E) > 0 such

that z(t) ̸= 0 on E.
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By virtue of Lemma 6.4, for ε = 1
2α(E) > 0, we can choose a subset Eε ⊂ [0, T ]

with α([0, T ]\Eε) < ε such that

lim
|x|→∞

[(∇F (t, x), x)− 2F (t, x)] = +∞, (6.46)

uniformly for t ∈ Eε.

We assert that α(E
⋂
Eε) > 0. If not, α(E

⋂
Eε) = 0.

Since E = (E
⋂
Eε)

⋃
(E\Eε), it follows that

0 < α(E) = α(E
⋂
Eε) + α(E\Eε)

≤ α([0, T ]\Eε)

< ε =
1

2
α(E),

which leads to a contradiction and establishes the assertion.

By (A6), we obtain∫ T

0

[(∇F (t, un), un)− 2F (t, un)]dt

=

∫
E

⋂
Eε

[(∇F (t, un), un)− 2F (t, un)]dt

+

∫
[0,T ]\(E

⋂
Eε)

[(∇F (t, un), un)− 2F (t, un)]dt

≥
∫
E

⋂
Eε

[(∇F (t, un), un)− 2F (t, un)]dt−
∫ T

0

|τ(t)|dt.

(6.47)

By (6.46), (6.47) and Fatou lemma, it follows that

lim
n→∞

∫ T

0

[(∇F (t, un), un)− 2F (t, un)]dt = +∞,

which contradicts (6.45). This contradiction shows that ∥un∥α is bounded in Eα

and this completes the proof.

Theorem 6.7. Assume that F (t, x) satisfies (A), (A3), (A4)′ and the following

conditions:

(A6)′ there exists τ(t) ∈ L1(0, T ;R+) such that (∇F (t, x), x)− 2F (t, x) ≤ τ(t) for

all x ∈ RN and a.e. t ∈ [0, T ];

(A7)′ lim
|x|→+∞

[(∇F (t, x), x)− 2F (t, x)] = −∞ for a.e. t ∈ [0, T ].

Then BVP (6.1) has at least one solution on Eα.

By virtue of Lemma 6.4 and Lemma 6.5, similar to Theorem 6.5, we can complete

the proof of Theorem 6.6 by using the similar proof of Theorem 6.5. Theorem 6.7

can be proved similarly.

We give an example to illustrate our results.
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Example 6.2. In BVP (6.1), let T = 2π and F (t, x) = κf(x)(2 + sin t) arctan |x|2,
where κ > 0 and f(x) will be specified below.

Let f(x) = |x|2 + ln(1 + |x|2). Noting that 0 ≤ ln(1 + |x|2) ≤ |x|2, we see that

(A) and (A4)′ hold. It is also easy to see that (A3) hold for

κ >
(2π)1−2α

|cos(πα)|Γ2(2− α)(3− 2α)
.

Furthermore, we have

(∇f(x), x)− 2f(x) =
2|x|2

1 + |x|2
− 2 ln(1 + |x|2) → −∞

as |x| → +∞. Therefore, we have

(∇F (t, x), x)− 2F (t, x)

= κ
2|x|2

1 + |x|4
f(x)(2 + sin t) + κ[(∇f(x), x)− 2f(x)](2 + sin t) arctan |x|2

→ −∞

uniformly for all t ∈ [0, 2π] as |x| → +∞. Thus (A6)′ and (A7)′ hold. By virtue of

Theorem 6.7, we conclude that BVP (6.1) has at least one solution on Eα.

If f(x) = |x|2 − ln(1+ |x|2), then exact the same conclusions as above hold true

by Theorem 6.6.

6.3 Multiple Solutions for BVP with Parameters

6.3.1 Introduction

In this section, we study the existence of three solutions to BVP of the form
d

dt

(1
2
0D

−β
t (u′(t)) +

1

2
tD

−β
T (u′(t))

)
+ λ∇F (t, u(t)) = 0, t ∈ [0, T ],

u(0) = u(T ) = 0,
(6.48)

where T > 0, λ > 0 is a parameter, 0 ≤ β < 1, 0D
−β
t and tD

−β
T are the left and

right Riemann-Liouville fractional integrals of order β, respectively, N ≥ 1 is an

integer, F : [0, T ] × RN → R is a given function such that F (t,x) is measurable

in t for each x = (x1, . . . , xN ) ∈ RN and continuously differentiable in x for a.e.

t ∈ [0, T ], F (t, 0, . . . , 0) ≡ 0 on [0, T ], and ∇F (t,x) = (∂F/∂x1, . . . , ∂F/∂xN ) is

the gradient of F at x. By a solution of (6.48), we mean an absolutely continuous

function u : [0, T ] → RN such that u(t) satisfies both equation for a.e. t ∈ [0, T ] and

the boundary conditions in (6.48). We notice that when β = 0, problem (6.48) has

the form {
u′′(t) + λ∇F (t, u(t)) = 0, t ∈ [0, T ],

u(0) = u(T ) = 0,
(6.49)

which has been extensively studied.
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The equation in (6.48) is motivated by the steady fractional advection dispersion

equation studied in Ervin and Roop, 2006,

−Da (p 0D
−β
t + q tD

−β
T )Du+ b(t)Du+ c(t)u = f, (6.50)

where D represents a single spatial derivative, 0 ≤ p, q ≤ 1 satisfying p + q = 1,

a > 0 is a constant, and b, c, f are functions satisfying some suitable conditions.

The interest in (6.50) arises from its application as a model for physical phenom-

ena exhibiting anomalous diffusion; i.e., diffusion not accurately modeled by the

usual advection dispersion equation. Anomalous diffusion has been used in mod-

eling turbulent flow (see, Carreras, Lynch and Zaslavsky, 2001; Shlesinger, West

and Klafter, 1987), and chaotic dynamics of classical conservative systems (see,

Zaslavsky, Stevens and Weitzner, 1993). The reader may find more background

information and applications on (6.50) in Benson, Wheatcraft and Meerschaert,

2000a; Ervin and Roop, 2006.

Example 6.3. When N = 1, problem (6.48) reduces to the scalar BVP
d

dt

(1
2
0D

−β
t (u′(t)) +

1

2
tD

−β
T (u′(t))

)
+ λf(t, u(t)) = 0, t ∈ [0, T ],

u(0) = u(T ) = 0,
(6.51)

where f : [0, T ]× R → R is such that f(t, x) is measurable in t for each x ∈ R and

continuous in x for a.e. t ∈ [0, T ].

It is clear that the equation in (6.51) is of the special form of (6.50) with D =

d/dt, a = 1, p = q = 1
2 , b(t) = c(t) = 0, and f = λf(t, u).

We also notice that since (6.50) is the steady fractional advection dispersion

equation, it has no dependence on the time variable and it just depends on the

space variable t (here, the notation t stands for the space variable in (6.50)). Since

the space we studied is one dimensional and has the form of an interval, say [0, T ],

the boundary conditions in the space reduce to the conditions at the two endpoints

t = 0 and t = T of the interval. In Subsection 6.3.2, we discuss the existence of

Dirichlet type boundary conditions.

6.3.2 Existence

For 0 ≤ β < 1 given in (6.48), let α = 1− β
2 ∈ ( 12 , 1] and define

ρα =
16N

T 2Γ2(2− α)

(
1

3− 2α

(T
4

)3−2α

+

∫ 3T/4

T/4

g2(t)dt+

∫ T

3T/4

h2(t)dt

)
, (6.52)

where

g(t) = t1−α − (t− T/4)1−α, (6.53)

h(t) = t1−α − (t− T/4)1−α − (t− 3T/4)1−α. (6.54)
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In the remainder of this section, for some c, d, l,m, p ∈ R, let the bold letters c,

d, l, m, and p be the constant vectors in RN defined by

c = (c, ..., c), d = (d, ..., d), l = (l, ..., l), m = (m, ...,m), p = (p, ..., p),

and any other bold letter, such as x, is used to denote an arbitrary vector in RN .

Let Eα be the space of functions u ∈ L2([0, T ],RN ) having an α-order Caputo

fractional derivatives C
0D

α
t u ∈ L2([0, T ],RN ) and u(0) = u(T ) = 0. Then, by

Remark 6.1(i) and Proposition 6.1, Eα is a reflexive and separable Banach space

with the norm

∥u∥α =
(∫ T

0

|u(t)|2dt+
∫ T

0

|C0Dα
t u(t)|2dt

) 1
2

, for any u ∈ Eα.

We see that the norm ∥u∥α is equivalent to the norm defined as the follow

∥u∥α =
(∫ T

0

|C0Dα
t u(t)|2dt

) 1
2

, for any u ∈ Eα.

We recall the norms

∥u∥L2 =
(∫ T

0

|u(t)|2dt
) 1

2

and ∥u∥ = max
t∈[0,T ]

|u(t)|.

For u ∈ Eα, let the functionals Φ and Ψ be defined as follows

Φ(u) = −1

2

∫ T

0

(
C
0D

α
t u(t),

C
tD

α
Tu(t)

)
dt, (6.55)

Ψ(u) =

∫ T

0

F (t, u(t))dt. (6.56)

Then, by Theorem 6.1, we see that Φ and Ψ are continuously differentiable, and for

any u, v ∈ Eα, we have

⟨Φ′(u), v⟩ = −1

2

∫ T

0

[(
C
0D

α
t u(t),

C
tD

α
T v(t)

)
+
(
C
tD

α
Tu(t),

C
0D

α
t v(t)

)]
dt, (6.57)

⟨Ψ′(u), v⟩ =
∫ T

0

(
∇F (t, u(t)), v(t)

)
dt.

Parts (i) and (ii) of Lemma 6.6 below are taken from Lemma 6.2 and Theorem 6.2,

respectively.

Lemma 6.6. We have that

(i) The functional Φ is convex and continuous on Eα.

(ii) If u ∈ Eα is a critical point of the functional Φ − λΨ, then u is a solution of

BVP (6.48).

We now state the results of this subsection.

Theorem 6.8. Assume that there exist four positive constants c, d, l and m, with

d < m and c <
Tα−

1
2 ρ

1
2
αd

Γ(α)(2α− 1)
1
2

< |cos(πα)|l < |cos(πα)|m, (6.58)
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such that

F (t,x) ≥ 0, for (t,x) ∈ [0, T ]× [−m,m]N , (6.59)

max
|x|≤c

F (t,x) ≤ F (t, c), max
|x|≤l

F (t,x) ≤ F (t, l), max
|x|≤m

F (t,x) ≤ F (t,m), (6.60)

∫ T
0
F (t, c)dt

c2
<

Γ2(α)cos2(πα)(2α− 1)

T 2α−1ραd2

(∫ 3T/4

T/4

F (t,d)dt−
∫ T

0

F (t, c)dt

)
, (6.61)∫ T

0
F (t, l)dt

l2
<

Γ2(α)cos2(πα)(2α− 1)

T 2α−1ραd2

(∫ 3T/4

T/4

F (t,d)dt−
∫ T

0

F (t, c)dt

)
, (6.62)∫ T

0
F (t,m)dt

m2 − l2
<

Γ2(α)cos2(πα)(2α− 1)

T 2α−1ραd2

(∫ 3T/4

T/4

F (t,d)dt−
∫ T

0

F (t, c)dt

)
.

(6.63)

Then, for each λ ∈ (λ, λ̄), the system (6.48) has at least three solutions u1, u2 and u3
such that maxt∈[0,T ] |u1(t)| < c, maxt∈[0,T ] |u2(t)| < l, and maxt∈[0,T ] |u3(t)| < m,

where

λ =
ραd

2

2|cos(πα)|
( ∫ 3T/4

T/4
F (t,d)dt−

∫ T
0
F (t, c)dt

) (6.64)

and

λ̄ = min

{
Γ2(α)(2α− 1)|cos(πα)|c2

2T 2α−1
∫ T
0
F (t, c)dt

,
Γ2(α)(2α− 1)|cos(πα)|l2

2T 2α−1
∫ T
0
F (t, l)dt

,

Γ2(α)(2α− 1)|cos(πα)|(m2 − l2)

2T 2α−1
∫ T
0
F (t,m)dt

}
.

(6.65)

Proof. For any x ∈ R, let p(x) = max{−m, min{x,m}}. For any x =

(x1, . . . , xN ) ∈ Eα, let F̃ (t,x) = F (t, x̃), where x̃ = (p(x1), . . . , p(xN )). Then,

F̃ (t,x) is measurable in t for each x ∈ RN and continuously differentiable in x for

a.e. t ∈ [0, T ], and F̃ (t, 0, . . . , 0) = 0 on [0, T ]. Note that −m ≤ p(ui) ≤ m for any

u = (u1, . . . , uN ) ∈ Eα and i = 1, . . . , N . Then, (6.59) implies that

F̃ (t, u) ≥ 0, for (t, u) ∈ [0, T ]× Eα. (6.66)

Note that d < m and c < l < m by (6.58). Then, we have

F̃ (t,x) = F (t,x), for (t,x) ∈ [0, T ]× RN with |x| < m,

F̃ (t, c) = F (t, c), F̃ (t,d) = F (t,d),

F̃ (t, l) = F (t, l), F̃ (t,m) = F (t,m).

(6.67)

Let the continuously differentiable functional Φ be given by (6.55) and the func-

tional Ψ̃ be defined by

Ψ̃(u) =

∫ T

0

F̃ (t, u(t))dt, for u ∈ Eα. (6.68)
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Then, by Proposition 6.4 and (6.55), we have

1

2
|cos(πα)| ∥u∥2α ≤ Φ(u) ≤ 1

2|cos(πα)|
∥u∥2α, for u ∈ Eα. (6.69)

Moreover, Ψ̃ is continuously differentiable, and for any u, v ∈ Eα, in view of (6.66),

we have

Ψ̃(u) ≥ 0 and ⟨Ψ̃′(u), v⟩ =
∫ T

0

(
∇F̃ (t, u(t)), v(t)

)
dt. (6.70)

In the following, we will apply Theorem 1.19 with X = Eα to the functionals Φ

and Ψ̃.

We first show that some basic assumptions of Theorem 1.19 are satisfied. The

convexity and coercivity of Φ follow from Lemma 6.6(i) and (6.69), respectively.

For any u, v ∈ Eα, from Proposition 6.4 and (6.57),

⟨Φ′(u)− Φ′(v), u− v⟩

= −1

2

∫ T

0

[(
C
0D

α
t u(t),

C
tD

α
T (u(t)− v(t))

)
+
(
C
tD

α
Tu(t),

C
0D

α
t (u(t)− v(t))

)]
dt

+
1

2

∫ T

0

[(
C
0D

α
t v(t),

C
tD

α
T (u(t)− v(t))

)
+
(
C
tD

α
T v(t),

C
0D

α
t (u(t)− v(t))

)]
dt

= −
∫ T

0

(
C
0D

α
t (u(t)− v(t)),CtD

α
T (u(t)− v(t))

)
dt

≥ |cos(πα)| ∥u− v∥2α.

Thus, Φ′ is uniformly monotone. Hence, by Theorem 26.A(d) in Zeidler, 1990,

(Φ′)−1 : (Eα)∗ → Eα exists and is continuous. Suppose that un ⇀ u ∈ Eα.

Then, by Proposition 6.3 un → u in C([0, T ],RN ). Since F̃ (t,x) is continuously

differentiable in x for a.e. t ∈ [0, 1], from the derivative formula in (6.70), we have

Ψ̃′(un) → Ψ̃′(u), i.e., Ψ̃′ is strongly continuous. Therefore, Ψ̃′ is a compact operator

by Proposition 26.2 in Zeidler, 1990.

Next, note that the facts that F̃ (t, 0, ..., 0) = 0 on [0, T ] and the inequality in

(6.70), from Proposition 6.4, (6.55) and (6.68), we see that conditions (i) and (ii)

of Theorem 1.19 are satisfied.

Now, we show that condition (iii) of Theorem 1.19 holds. For i = 1, ..., N , let

wi(t) =


4d

T
t, t ∈ [0, T/4),

d, t ∈ [T/4, 3T/4],

4d

T
(T − t), t ∈ (3T/4, T ],

and w(t) = (w1(t), ..., wN (t)). Then, w ∈ Eα and

C
0D

α
t wi(t) =

4d

TΓ(2− α)


t1−α, t ∈ [0, T/4),

g(t), t ∈ [T/4, 3T/4],

h(t), t ∈ (3T/4, T ],

(6.71)
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where g(t) and h(t) are defined by (6.53) and (6.54). From (6.52) and (6.71),∫ T

0

|C0Dα
t w(t)|2dt

= N

(∫ T

0

|C0Dα
t w1(t)|2dt+

∫ 3T/4

T/4

|C0Dα
t w1(t)|2dt+

∫ T

3T/4

|C0Dα
t w1(t)|2dt

)
=

16Nd2

T 2Γ2(2− α)

(∫ T/4

0

t2−2αdt+

∫ 3T/4

T/4

g2(t)dt+

∫ T

3T/4

|h(t)|2dt
)

=
16Nd2

T 2Γ2(2− α)

(
1

3− 2α

(
T

4

)3−2α

+

∫ 3T/4

T/4

g2(t)dt+

∫ T

3T/4

h2(t)dt

)
= ραd

2.

Then, ∥w∥2α = ραd
2. Thus, from (6.69) with u = w,

1

2
|cos(πα)|ραd2 ≤ Φ(w) ≤ 1

2|cos(πα)|
ραd

2. (6.72)

Let

r1 =
Γ2(α)(2α− 1)|cos(πα)|

2T 2α−1
c2, r2 =

Γ2(α)(2α− 1)|cos(πα)|
2T 2α−1

l2,

r3 =
Γ2(α)(2α− 1)|cos(πα)|

2T 2α−1
(m2 − l2).

(6.73)

Then, from (6.58) and (6.72), we have r1 < Φ(w) < r2 and r3 > 0. For any u ∈ Eα,

from the first inequality in (6.69), we see that ∥u∥2α ≤ 2Φ(u)/|cos(πα)|. Then, by

(6.14) and (6.17), we have

∥u∥2 ≤ T 2α−1

Γ2(α)(2α− 1)
∥u∥2α ≤ 2T 2α−1Φ(u)

Γ2(α)(2α− 1)|cos(πα)|
.

Thus, by (6.73), we have the following implications

Φ(u) < r1 ⇒ ∥u∥ < c,

Φ(u) < r2 ⇒ ∥u∥ < l,

Φ(u) < r2 + r3 ⇒ ∥u∥ < m.

(6.74)

This, together with (6.60) and (6.67), implies

sup
u∈Φ−1(−∞,r1)

∫ T

0

F̃ (t, u(t))dt ≤
∫ T

0

max
|x|≤c

F (t,x)dt ≤
∫ T

0

F (t, c)dt, (6.75)

sup
u∈Φ−1(−∞,r2)

∫ T

0

F̃ (t, u(t))dt ≤
∫ T

0

max
|x|≤l

F (t,x)dt ≤
∫ T

0

F (t, l)dt,

sup
u∈Φ−1(−∞,r2+r3)

∫ T

0

F̃ (t, u(t))dt ≤
∫ T

0

max
|x|≤m

F (t,x)dt ≤
∫ T

0

F (t,m)dt.

Let φ, β, γ and α be defined by (1.20)-(1.23). Then, taking into account the fact

that 0 ∈ Φ−1(−∞, ri), i = 1, 2, from (6.68) and (6.73), it follows that

φ(r1) ≤
supu∈Φ−1(−∞,r1) Ψ̃(u)

r1
≤

2T 2α−1
∫ T
0
F (t, c)dt

Γ2(α)(2α− 1)|cos(πα)|c2
, (6.76)
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φ(r2) ≤
supu∈Φ−1(−∞,r2) Ψ̃(u)

r2
≤

2T 2α−1
∫ T
0
F (t, l)dt

Γ2(α)(2α− 1)|cos(πα)|l2
, (6.77)

γ(r2, r3) =
supu∈Φ−1(−∞,r2+r3) Ψ̃(u)

r3
≤

2T 2α−1
∫ T
0
F (t,m)dt

Γ2(α)(2α− 1)|cos(πα)|(m2 − l2)
. (6.78)

On the other hand, in view of the fact that w(t) = d <m on [T/4, 3T/4] and from

(6.66) and (6.67),∫ T

0

F̃ (t, w(t))dt ≥
∫ 3T/4

T/4

F̃ (t, w(t))dt =

∫ 3T/4

T/4

F̃ (t,d)dt.

Note that w ∈ Φ−1[r1, r2), from (1.21) and (6.75), we obtain

β(r1, r2) ≥ inf
u∈Φ−1(−∞,r1)

Ψ̃(w)− Ψ̃(u)

Φ(w)− Φ(u)

≥ inf
u∈Φ−1(−∞,r1)

Ψ̃(w)− Ψ̃(u)

Φ(w)

≥

∫ 3T/4

T/4
F̃ (t,d)dt−

∫ T
0
F̃ (t, c)dt

Φ(w)
.

By (6.72), 1/Φ(w) ≥ 2|cos(πα)|/(ραd2). Then

β(r1, r2) ≥
2|cos(πα)|
ραd2

(∫ 3T/4

T/4

F̃ (t,d)dt−
∫ T

0

F̃ (t, c)dt

)
. (6.79)

For λ and λ̄ defined by (6.64) and (6.65), from (6.61)-(6.63) and (6.76)-(6.79),

we have

φ(r1) <
1

λ̄
<

1

λ
< β(r1, r2),

φ(r2) <
1

λ̄
<

1

λ
< β(r1, r2),

γ(r2, r3) <
1

λ̄
<

1

λ
< β(r1, r2).

In view of (1.23), α(r1, r2, r3) < 1/λ̄ < 1/λ < β(r1, r2); i.e., condition (iii)

of Theorem 1.19 holds. Hence, all the assumptions of Theorem 1.19 are satisfied.

Then, by Theorem 1.19, for each λ ∈
(
λ, λ̄

)
, the functional Φ−λΨ̃ has three distinct

critical points u1, u2 and u3 such that u1 ∈ Φ−1(−∞, r1), u2 ∈ Φ−1[r1, r2), and

u3 ∈ Φ−1(−∞, r2 + r3). From (6.74), we have

∥u1∥ < c, ∥u2∥ < l, ∥u3∥ < m.

Then, in view of (6.65), (6.67) and (6.68), we have Ψ̃(u) = Ψ(u). Therefore,

u1, u2 and u3 are three distinct critical points of the functional Φ − λΨ. Thus,

by Proposition 6.6(ii), u1, u2 and u3 are three distinct solutions of (6.48). This

completes the proof of the theorem.
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The following results are consequences of Theorem 6.8. In particular, Corollaries

6.2 and 6.4 give some conditions for the system (6.49) to have at least three solutions,

and Corollary 6.3 provide some relatively simpler existence criteria for the system

(6.48).

Corollary 6.2. Assume that there exist four positive constants c, d, l and m, with

c < (8N)
1
2 d < l < m,

such that (6.59) and (6.60) hold, and∫ T
0
F (t, c)dt

c2
<

1

8Nd2

(∫ 3T/4

T/4

F (t,d)dt−
∫ T

0

F (t, c)dt

)
,∫ T

0
F (t, l)dt

l2
<

1

8Nd2

(∫ 3T/4

T/4

F (t,d)dt−
∫ T

0

F (t, c)dt

)
,∫ T

0
F (t,m)dt

m2 − l2
<

1

8Nd2

(∫ 3T/4

T/4

F (t,d)dt−
∫ T

0

F (t, c)dt

)
.

Then, for each λ ∈ (λ1, λ̄1), system (6.49) has at least three solutions u1, u2, and u3
such that maxt∈[0,T ] |u1(t)| < c, maxt∈[0,T ] |u2(t)| < l, and maxt∈[0,T ] |u3(t)| < m,

where

λ1 =
4Nd2

T
( ∫ 3T/4

T/4
F (t,d)dt−

∫ T
0
F (t, c)dt

) ,
λ̄1 = min

{
c2

2T
∫ T
0
F (t, c)dt

,
l2

2T
∫ T
0
F (t, l)dt

,
m2 − l2

2T
∫ T
0
F (t,m)dt

}
.

Proof. When α = 1, from (6.52), we have ρα = 8N/T . Then, under the assump-

tions of Corollary 6.2, it is easy to see that all the conditions of Theorem 6.8 hold for

α = 1. Note that the system (6.49) is a special case of the system (6.48) with α = 1.

The conclusion then follows directly from Theorem 6.8. The proof is completed.

Corollary 6.3. Assume that there exist three positive constants c, d and p, with

d < p and c <
Tα−

1
2 ρ

1
2
αd

Γ(α)(2α− 1)
1
2

<
|cos(πα)|p√

2
, (6.80)

such that

F (t,x) ≥ 0 for (t,x) ∈ [0, T ]× [−p, p]N , (6.81)

max
|x|≤c

F (t,x) ≤ F (t, c), max
|x|≤p/

√
2
F (t,x) ≤ F

(
t,

p√
2

)
, max

|x|≤p
F (t,x) ≤ F (t,p),

(6.82)∫ T
0
F (t, c)dt

c2
<

Γ2(α)cos2(πα)(2α− 1)

T 2α−1ραd2(1 + cos2(πα))

∫ 3T/4

T/4

F (t,d)dt, (6.83)
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∫ T
0
F (t,p)dt

p2
<

Γ2(α)cos2(πα)(2α− 1)

2T 2α−1ραd2(1 + cos2(πα))

∫ 3T/4

T/4

F (t,d)dt. (6.84)

Then, for each λ ∈ (λ2, λ̄2), system (6.48) has at least three solutions u1, u2, and u3
such that maxt∈[0,T ] |u1(t)| < c, maxt∈[0,T ] |u2(t)| < p/

√
2, and maxt∈[0,T ] |u3(t)| <

p, where

λ2 =
ραd

2(1 + cos2(πα))

2|cos(πα)|
∫ 3T/4

T/4
F (t,d)dt

, (6.85)

λ̄2 = min

{
Γ2(α)(2α− 1)|cos(πα)|c2

2T 2α−1
∫ T
0
F (t, c)dt

,
Γ2(α)(2α− 1)|cos(πα)|p2

4T 2α−1
∫ T
0
F (t,p)dt

}
. (6.86)

Proof. Let l = p/
√
2 and m = p. Then, from (6.80)-(6.82), we see that (6.58)-

(6.60) hold. By (6.82) and (6.84), we have∫ T
0
F (t, l)dt

l2
=

2
∫ T
0
F (t,p/

√
2)dt

p2
≤

2
∫ T
0
F (t,p)dt

p2

<
Γ2(α)cos2(πα)(2α− 1)

T 2α−1ραd2(1 + cos2(πα))

∫ 3T/4

T/4

F (t,d)dt,

(6.87)

and ∫ T
0
F (t,m)dt

m2 − l2
=

2
∫ T
0
F (t,p)dt

p2

<
Γ2(α)cos2(πα)(2α− 1)

T 2α−1ραd2(1 + cos2(πα))

∫ 3T/4

T/4

F (t,d)dt.

(6.88)

Note from (6.80) it follows that

Γ2(α)(2α− 1)

T 2α−1ραd2
<

1

c2
.

Combining this inequality with (6.83), we obtain

Γ2(α)cos2(πα)(2α− 1)

T 2α−1ραd2

(∫ 3T/4

T/4

F (t,d)dt−
∫ T

0

F (t, c)dt

)
>

Γ2(α)cos2(πα)(2α− 1)

T 2α−1ραd2

∫ 3T/4

T/4

F (t,d)dt− cos2(πα)

c2

∫ T

0

F (t, c)dt

>
Γ2(α)cos2(πα)(2α− 1)

T 2α−1ραd2

∫ 3T/4

T/4

F (t,d)dt

− Γ2(α)cos4(πα)(2α− 1)

T 2α−1ραd2(1 + cos2(πα))

∫ 3T/4

T/4

F (t, c)dt

=
Γ2(α)cos2(πα)(2α− 1)

T 2α−1ραd2(1 + cos2(πα))

∫ 3T/4

T/4

F (t,d)dt.

(6.89)

By (6.83) and (6.87)-(6.89), we see that (6.61)-(6.62) hold. From (6.64), (6.65),

(6.85), (6.86) and (6.89), we have λ < λ2 and λ̄ = λ̄2. Therefore, the conclusion

now follows from Theorem 6.8. The proof is completed.
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Corollary 6.4. Assume that there exist three positive constants c, d and p, with

c < (8N)
1
2 d <

p√
2
, (6.90)

such that (6.81) and (6.82) hold, and∫ T
0
F (t, c)dt

c2
<

1

16Nd2

∫ 3T/4

T/4

F (t,d)dt, (6.91)

and ∫ T
0
F (t,p)dt

p2
<

1

32Nd2

∫ 3T/4

T/4

F (t,d)dt. (6.92)

Then, for each λ ∈ (λ3, λ̄3), system (6.49) has at least three solutions u1, u2, and u3
such that maxt∈[0,T ] |u1(t)| < c, maxt∈[0,T ] |u2(t)| < p/

√
2, and maxt∈[0,T ] |u3(t)| <

p, where

λ3 =
8Nd2

T
∫ 3T/4

T/4
F (t,d)dt

,

λ̄3 = min

{
c2

2T
∫ T
0
F (t, c)dt

,
p2

4T
∫ T
0
F (t,p)dt

}
.

Proof. When α = 1, from (6.52), we have ρα = 8N/T . Under the assumptions

of Corollary 6.4, it is easy to see that all the conditions of Corollary 6.3 hold for

α = 1. Note that system (6.49) is a special case of system (6.48) with α = 1. The

conclusion then follows directly from Corollary 6.3. The proof is completed.

Remark 6.3. We want to point out that when F does not depend on t, (6.91) and

(6.92) reduce to

F (c)

c2
<

F (d)

32Nd2
and

F (p)

p2
<

F (d)

64Nd2
, (6.93)

and λ3 and λ̄3 become

λ3 =
16Nd2

T 2F (d)
and λ̄3 = min

{
c2

2T 2F (c)
,

p2

4T 2F (p)

}
. (6.94)

Remark 6.4. We observe that, in our results, no asymptotic condition on F is

needed and only local conditions on F are imposed to guarantee the existence

of solutions. Moreover, in the conclusions of the above results, one of the three

solutions may be trivial since ∇F (t, 0, ..., 0) may be zero.

In the remainder of this subsection, we give two examples to illustrate the ap-

plicability of our results.
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Example 6.4. Let T > 0. For (t, x, y) ∈ [0, T ]×R2, let F (t, x, y) = tG(x, y), where

G : R2 → R satisfies that G(−x,−y) = G(x, y), and that for x ∈ [0,∞) and y ∈ R,

G(x, y) =


x3 + |y|3, 0 ≤ x ≤ 1, 0 ≤ |y| ≤ 1,

x3 + 2|y|3/2 − 1, 0 ≤ x ≤ 1, |y| > 1,

2x3/2 + |y|3 − 1, x > 1, 0 ≤ |y| ≤ 1,

2x3/2 + 2|y|3/2 − 2, x > 1, |y| > 1.

(6.95)

It is easy to verify that F : [0, T ] × R2 → R is measurable in t for (x, y) ∈ R2 and

continuously differentiable in x and y for t ∈ [0, T ], and F (t, 0, 0) ≡ 0 on [0, T ].

Let 0 ≤ β < 1, α = 1 − β
2 ∈ ( 12 , 1], ρα be defined by (6.52), and u(t) =

(u1(t), u2(t)). We claim that for each

λ ∈
(
ρα(1 + cos2(πα))

T 2|cos(πα)|
,∞
)
,

the system
d

dt

(1
2

0D
−β
t (u′(t)) +

1

2
tD

−β
T (u′(t))

)
+ λ∇F (t, u(t)) = 0, t ∈ [0, T ],

u(0) = u(T ) = 0
(6.96)

has at least three solutions.

In fact, system (6.96) is a special case of system (6.48) withN = 2. For 0 < c < 1

and p > 1, in view of (6.95), we have∫ T
0
F (t, c, c)dt

c2
=

2c3
∫ T
0
tdt

c2
= T 2c, (6.97)∫ T

0
F (t, p, p)dt

p2
=

(4p3/2 − 2)
∫ T
0
tdt

p2
=
T 2(2p3/2 − 1)

p2
. (6.98)

Choose d = 1. Then, ∫ 3T/4

T/4

F (t, d, d)dt = 2

∫ 3T/4

T/4

tdt =
1

2
T 2. (6.99)

By (6.97)-(6.99), we see that there exist 0 < c∗ < 1 and p∗ > 1 such that (6.80),

(6.83) and (6.84) hold for any 0 < c < c∗ and p > p∗. Moreover, (6.81) and (6.82)

hold for any c, p > 0. Finally, note from (6.85) and (6.86) that

λ2 =
ρα(1 + cos2(πα))

T 2|cos(πα)|
,

λ̄2 → ∞ as c→ 0+ and p→ ∞.

Then, the claim follows from Corollary 6.3.
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Example 6.5. Let F : R2 → R satisfy that F (−x,−y) = F (x, y), and that for

x ∈ [0,∞) and y ∈ R,

F (x, y) =


x3, 0 ≤ x ≤ 1, 0 ≤ |y| ≤ 1,

x3 + 2|y|3/2 − 3|y|+ 1, 0 ≤ x ≤ 1, |y| > 1,

2x3/2 − 1, x > 1, 0 ≤ |y| ≤ 1,

2x3/2 + 2|y|3/2 − 3|y|, x > 1, |y| > 1.

(6.100)

It is easy to verify that F : R2 → R is continuously differentiable in x and y and

F (0, 0) = 0.

Let T > 0 and u(t) = (u1(t), u2(t)). We claim that for each λ ∈ (32/T 2,∞), the

system {
u′′(t) + λ∇F (u(t)) = 0, t ∈ [0, T ],

u(0) = u(T ) = 0
(6.101)

has at least three solutions. In fact, the system (6.101) is a special case of the

system (6.49) with N = 2. For 0 < c < 1 and p > 1, from (6.100), we have

F (c, c)

c2
=
c3

c2
= c, (6.102)

F (p, p)

p2
=

4p3/2 − 3p

p2
=

4p
1
2 − 3

p
. (6.103)

Choose d = 1. Then

F (d, d)

32Nd2
=

1

64
and

F (d, d)

64Nd2
=

1

128
. (6.104)

By (6.102)-(6.104), we see that there exist 0 < c∗ < 1 and p∗ > 1 such that (6.90)

and (6.93) hold for any 0 < c < c∗ and p > p∗. Moreover, (6.81) and (6.82) hold

for any c, p > 0. Finally, note from (6.94) that

λ3 =
32

T 2
and λ̄3 → ∞, as c→ 0+ and p→ ∞.

Then, the claim follows from Corollary 6.4 and Remark 6.3.

Remark 6.5. As noted in Remark 6.4, one of the three solutions in the conclusions

of the above examples may be trivial.

6.4 Infinite Solutions for BVP with Left and Right Fractional

Integrals

6.4.1 Introduction

In this section, we consider BVP (6.1), i.e.,
d

dt

(
1

2
0D

−β
t (u′(t)) +

1

2
tD

−β
T (u′(t))

)
+∇F (t, u(t)) = 0, a.e. t ∈ [0, T ],

u(0) = u(T ) = 0,
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where 0D
−β
t and tD

−β
T are the left and right Riemann-Liouville fractional integrals

of order 0 ≤ β < 1 respectively. Assume that F : [0, T ] × RN → R satisfies the

condition (A) which is assumed as in Subsection 6.2.3.

In particular, if β = 0, BVP (6.1) reduces to the standard second-order BVP.

In the Subsection 6.4.2, using variational methods we prove the multiplicity

results for the solutions of problem (6.1).

6.4.2 Existence

Making use of the Proposition 1.4 and Definition 1.3, for any u ∈ AC([0, T ],RN ),

BVP (6.1) is equivalent to (6.20).

In the following, we will treat BVP (6.20) in the Hilbert space Eα = Eα,20 with

the corresponding norm ∥u∥α = ∥u∥α,2.
As Eα is a reflexive and separable Banach space, then there are ej ∈ Eα and

e∗j ∈ (Eα)∗ such that

Eα = span{ej : j = 1, 2, ...} and (Eα)∗ = span{e∗j : j = 1, 2, ...}.

For k = 1, 2, ..., denote

Xj := span{ej}, Yk :=
k⊕
j=1

Xj , Zk :=
∞⊕
j=k

Xj .

Theorem 6.9. Assume that F (t, x) satisfies the condition (A), and suppose the

following conditions hold:

(A1) there exist κ > 2 and r > 0 such that

κF (t, x) ≤ (∇F (t, x), x)

for a.e. t ∈ [0, T ] and all |x| ≥ r in RN ;

(A2) there exist positive constants µ > 2 and Q > 0 such that

lim sup
|x|→+∞

F (t, x)

|x|µ
≤ Q

uniformly for a.e. t ∈ [0, T ];

(A3) there exist µ′ > 2 and Q′ > 0 such that

lim sup
|x|→+∞

F (t, x)

|x|µ′ ≥ Q′

uniformly for a.e. t ∈ [0, T ];

(A4) F (t, x) = F (t,−x) for t ∈ [0, T ] and all x in RN .

Then BVP (6.1) has infinite solutions {un} on Eα for every positive integer n such

that ∥un∥∞ → ∞, as n→ ∞.
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Proof. Let {un} ⊂ Eα such that φ(un) is bounded and φ′(un) → 0 as n → ∞,

where φ(u) and φ′(u) are defined by (6.26) and (6.27) respectively. First we prove

{un} is a bounded sequence, otherwise, {un} would be unbounded sequence, passing

to a subsequence, still denoted by {un}, such that ∥un∥α ≥ 1 and ∥un∥α → ∞, as

n→ ∞.

Noting that

⟨φ′(un), un⟩ = −
∫ T

0

(
(C0D

α
t un(t),

C
tD

α
Tun(t)) + (∇F (t, un(t)), un(t))

)
dt.

In view of the condition (A1) and (6.22) that

φ(un)−
1

κ
⟨φ′(un), un⟩

=

(
1

κ
− 1

2

)∫ T

0

(C0D
α
t un(t),

C
tD

α
Tun(t))dt

+

∫ T

0

(
1

κ
(∇F (t, un(t)), un(t))− F (t, un(t))

)
dt

≥
(
1

2
− 1

κ

)
|cos(πα)|∥un∥2α

+

(∫
Ω1

+

∫
Ω2

)(
1

κ
(∇F (t, un(t)), un(t))− F (t, un(t))

)
dt

≥
(
1

2
− 1

κ

)
|cos(πα)|∥un∥2α − C1,

where Ω1 := {t ∈ [0, T ] : |un(t)| ≤ r}, Ω2 := [0, T ]\Ω1 and C1 is a positive constant.

Since φ(un) is bounded, there exists a positive constant C2, such that |φ(un)| ≤
C2. Hence, we have

C2 ≥ φ(un) ≥
(
1

2
− 1

κ

)
|cos(πα)|∥un∥2α +

1

κ
⟨φ′(un), un⟩ − C1

≥
(
1

2
− 1

κ

)
|cos(πα)|∥un∥2α − 1

κ
∥φ′(un)∥α∥un∥α − C1,

(6.105)

so {un} is a bounded sequence in Eα by (6.105).

Since Eα is a reflexive space, going to a subsequence if necessary, we may assume

that un ⇀ u weakly in Eα, thus we have

⟨φ′(un)− φ′(u), un − u⟩ = ⟨φ′(un), un − u⟩ − ⟨φ′(u), un − u⟩
≤ ∥φ′(un)∥α∥un − u∥α − ⟨φ′(u), un − u⟩
→ 0, as n→ ∞.

(6.106)

Moreover, according to (6.14) and Proposition 6.3, we have un is bounded in

C([0, T ],RN ) and ∥un − u∥ → 0 as n→ ∞.
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Observing that

⟨φ′(un)− φ′(u), un − u⟩

= −
∫ T

0

(C0D
α
t (un(t)− u(t)),CtD

α
T (un(t)− u(t)))dt

−
∫ T

0

(∇F (t, un(t))−∇F (t, u(t)), un(t)− u(t))dt

≥ |cos(πα)|∥un(t)− u(t)∥2α

−
∣∣∣∣ ∫ T

0

(∇F (t, un(t))−∇F (t, u(t)))dt
∣∣∣∣∥un(t)− u(t)∥.

Combining this with (6.106), it is easy to verify that ∥un(t)−u(t)∥α → 0 as n→ ∞,

and hence that un → u in Eα. Thus, {un} admits a convergent subsequence.

For any u ∈ Yk, let

∥u∥∗ :=

(∫ T

0

|u(t)|µ
′
dt

)1/µ′

, (6.107)

and it is easy to verify that ∥ · ∥∗ define by (6.107) is a norm of Yk. Since all the

norms of a finite dimensional normed space are equivalent, so there exists positive

constant C3 such that

C3∥u∥α ≤ ∥u∥∗ for u ∈ Yk. (6.108)

In view of (A3), there exist two positive constants M1 and C4 such that

F (t, x) ≥M1|x|µ
′
, (6.109)

for a.e. t ∈ [0, T ] and |x| ≥ C4.

It follows from (6.22), (6.108) and (6.109) that

φ(u) = −
∫ T

0

1

2
(C0D

α
t u(t),

C
tD

α
Tu(t))dt−

∫ T

0

F (t, u(t))dt

≤ 1

|2cos(πα)|
∥u∥2α −

∫
Ω3

F (t, u(t))dt−
∫
Ω4

F (t, u(t))dt

≤ 1

|2cos(πα)|
∥u∥2α −M1

∫
Ω3

|u(t)|µ
′
dt−

∫
Ω4

F (t, u(t))dt

=
1

|2cos(πα)|
∥u∥2α −M1

∫ T

0

|u(t)|µ
′
dt+M1

∫
Ω4

|u(t)|µ
′
dt−

∫
Ω4

F (t, u(t))dt

≤ 1

|2cos(πα)|
∥u∥2α − Cµ

′

3 M1∥u∥µ
′

α + C5,

where Ω3 := {t ∈ [0, T ] : |u(t)| ≥ C4}, Ω4 := [0, T ]\Ω3 and C5 is a positive

constant.

Since µ′ > 2, then there exist positive constants dk such that

φ(u) ≤ 0, for u ∈ Yk, and ∥u∥α ≥ dk. (6.110)
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For any u ∈ Zk, let

∥u∥µ :=

(∫ T

0

|u(t)|µdt
)1/µ

and βk := sup
u∈Zk

∥u∥α=1

∥u∥µ,

then we conclude βk → 0 as k → ∞.

In fact, it is obvious that βk ≥ βk+1 > 0, so βk → β as k → ∞. For every k ∈ N,
there exists uk ∈ Zk such that

∥uk∥α = 1 and ∥uk∥µ > βk/2. (6.111)

As Eα is reflexive, {uk} has a weakly convergent subsequence, still denoted by

{uk}, such that uk ⇀ u. We claim u = 0.

In fact, for any fm ∈ {fn : n = 1, 2, ...}, we have fm(uk) = 0, when k > m, so

fm(uk) → 0, as k → ∞

for any fm ∈ {fn : n = 1, 2, ...}, therefore u = 0.

By Proposition 6.3, when uk ⇀ 0, in Eα, then uk → 0 strongly in C([0, T ],RN ).

So we conclude β = 0 by (6.111).

In view of (A2), there exist two positive constants M2 and C6 such that

F (t, x) ≤M2|x|µ

uniformly for a.e. t ∈ [0, T ] and |x| ≥ C6. We have

φ(u) = −
∫ T

0

1

2
(C0D

α
t u(t),

C
tD

α
Tu(t))dt−

∫ T

0

F (t, u(t))dt

≥ |cos(πα)|
2

∥u∥2α −
∫
Ω5

F (t, u(t))dt−
∫
Ω6

F (t, u(t))dt

≥ |cos(πα)|
2

∥u∥2α −M2

∫
Ω5

|u(t)|µdt−
∫
Ω6

F (t, u(t))dt

=
|cos(πα)|

2
∥u∥2α −M2

∫ T

0

|u(t)|µdt+M2

∫
Ω6

|u(t)|µdt−
∫
Ω6

F (t, u(t))dt

≥ |cos(πα)|
2

∥u∥2α −M2βk
µ∥u∥µα − C7,

where Ω5 := {t ∈ [0, T ] : |u(t)| ≥ C6}, Ω6 := [0, T ]\Ω5 and C7 is a positive constant.

Choosing rk = 1/βk, it is obvious that rk → ∞ as k → ∞, then

bk := inf
u∈Zk

∥u∥α=ρk

φ(u) → ∞, as k → ∞,

that is, the condition (H3) in Theorem 1.17 is satisfied.

In view of (6.110), let ρk := max{dk, rk + 1}, then

ak := max
u∈Yk

∥u∥α=ρk

φ(u) ≤ 0,

and this shows the condition of (H2) in Theorem 1.17 is satisfied.
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We have proved the functional φ satisfies all the conditions of Theorem 1.17,

then φ has an unbounded sequence of critical values cn = φ(un) by Theorem 1.17.

We only need to show ∥un∥ → ∞ as n→ ∞.

In fact, since un is a critical point of the functional φ, that is

⟨φ′(un), un⟩ = −
∫ T

0

[(
C
0D

α
t un(t),

C
tD

α
Tun(t)

)
+ (∇F (t, un(t)), un(t))

]
dt = 0.

Hence, we have

cn = φ(un) = −
∫ T

0

1

2

(
C
0D

α
t un(t),

C
tD

α
Tun(t)

)
dt−

∫ T

0

F (t, un(t))dt,

=
1

2

∫ T

0

(∇F (t, un(t)), un(t))dt−
∫ T

0

F (t, un(t))dt,

≤ 1

2

∫ T

0

|∇F (t, un(t))∥un(t)|dt+
∫ T

0

|F (t, un(t))|dt,

(6.112)

since cn → ∞, we conclude

∥un∥ → ∞, as n→ ∞

by (6.112). In fact, if not, going to a subsequence if necessary, we may assume that

∥un∥ ≤M3,

for all n ∈ N and some positive constant M3.

Combining condition (A) and (6.112), we have

cn ≤ 1

2

∫ T

0

|∇F (t, un(t))∥un(t)|dt+
∫ T

0

|F (t, un(t))|dt

≤ 1

2
(M3 + 1) max

0≤s≤M3

m1(s)

∫ T

0

m2(t)dt,

which contradicts the unboundness of cn. This completes the proof of Theorem

6.6.

Example 6.6. In BVP (6.1), let F (t, x) = |x|4, and choose

κ = 4, r = 2, µ = µ′ = 4 and Q = Q′ = 1,

so it is easy to verify that all the conditions (A1)-(A4) are satisfied. Then by

Theorem 6.9, BVP (6.1) has infinite solutions {uk} on Eα for every positive integer

k such that ∥uk∥ → ∞, as k → ∞.

Theorem 6.10. Assume that F (t, x) satisfies the following assumption:

(A5) F (t, x) := a(t)|x|γ , where a(t) ∈ L∞([0, T ],R+) and 1 < γ < 2 is a constant.

Then BVP (6.1) has infinite solutions {un} on Eα for every positive integer n with

∥un∥α bounded.
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Proof. Let us show that φ satisfies conditions in Theorem 1.18 item by item. First,

we show that φ satisfies the (PS)∗c condition for every c ∈ R.
Suppose nj → ∞, unj ∈ Ynj , φ(un) → c and (φ|Ynj )

′(unj ) → 0, then {unj} is

a bounded sequence, otherwise, {unj} would be unbounded sequence, passing to a

subsequence, still denoted by {unj} such that ∥unj∥α ≥ 1 and ∥unj∥α → ∞. Note

that

⟨φ′(unj ), unj ⟩ − γφ(unj ) =
(
−1 +

γ

2

)∫ T

0

(C0D
α
t unj (t),

C
tD

α
Tunj (t))dt. (6.113)

However, from (6.113), we have

−γφ(unj ) ≥
(
1− γ

2

)
|cos(πα)|∥unj∥2α − ∥(φ|Ynj )

′(unj )∥∥unj∥α,

thus ∥unj∥α is a bounded sequence in Eα. Going, if necessary, to a subsequence,

we can assume that unj ⇀ u in Eα. As Eα =
⋃
nj

Ynj , we can choose vnj ∈ Ynj such

that vnj → u.

Hence

lim
nj→∞

⟨φ′(unj ), unj − u⟩

= lim
nj→∞

⟨φ′(unj ), unj − vnj ⟩+ lim
nj→∞

⟨φ′(unj ), vnj − u⟩

= lim
nj→∞

⟨(φ|Ynj )
′(unj ), unj − vnj ⟩

= 0.

So we have

lim
nj→∞

⟨φ′(unj )− φ′(u), unj − u⟩

= lim
nj→∞

⟨φ′(unj ), unj − u⟩ − lim
nj→∞

⟨φ′(u), unj − u⟩

= 0,

and

⟨φ′(unj )− φ′(u), unj − u⟩

= −
∫ T

0

(C0D
α
t (unj (t)− u(t)),CtD

α
T (unj (t)− u(t)))dt

−
∫ T

0

(∇F (t, unj (t))−∇F (t, u(t)), unj (t)− u(t))dt

≥ |cos(πα)|∥unj (t)− u(t)∥2α

−
∣∣∣∣ ∫ T

0

(∇F (t, unj (t))−∇F (t, u(t)))dt
∣∣∣∣∥unj (t)− u(t)∥,

we can conclude unj → u in Eα, furthermore, we have φ′(unj ) → φ′(u).

Let us prove φ′(u) = 0 below. Taking arbitrarily wk ∈ Yk, notice when nj ≥ k,

we have

⟨φ′(u), wk⟩ = ⟨φ′(u)− φ′(unj ), wk⟩+ ⟨φ′(unj ), wk⟩
= ⟨φ′(u)− φ′(unj ), wk⟩+ ⟨(φ|Ynj )

′(unj ), wk⟩.
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Let nj → ∞ in the right side of above equation. Then

⟨φ′(u), wk⟩ = 0, ∀ wk ∈ Yk,

so φ′(u) = 0, this shows that φ satisfies the (PS)∗c for every c ∈ R.
For any finite dimensional subspace E ⊂ Eα, there exists ε > 0 such that

α{t ∈ [0, T ] : a(t)|u(t)|γ ≥ ε∥u∥γα} ≥ ε, ∀ u ∈ E\{0}. (6.114)

Otherwise, for any positive integer n, there exists un ∈ E\{0} such that

α

{
t ∈ [0, T ] : a(t)|un(t)|γ ≥ 1

n
∥un∥γα

}
<

1

n
.

Set vn := un(t)
∥un∥α ∈ E\{0}, then ∥vn∥α = 1 for all n ∈ N and

α

{
t ∈ [0, T ] : a(t)|vn(t)|γ ≥ 1

n

}
<

1

n
. (6.115)

Since dimE < ∞, it follows from the compactness of the unit sphere of E that

there exists a subsequence, denoted also by {vn}, such that {vn} converges to some

v0 in E. It is obvious that ∥v0∥α = 1.

By the equivalence of the norms on the finite-dimensional space, we have vn → v0
in L2([0, T ],RN ), i.e., ∫ T

0

|vn − v0|2dt→ 0, as n→ ∞. (6.116)

By (6.116) and Hölder inequality, we have∫ T

0

a(t)|vn − v0|γdt ≤
(∫ T

0

a(t)
2

2−γ dt

) 2−γ
2
(∫ T

0

|vn − v0|2dt
) γ

2

= ∥a∥ 2
2−γ

(∫ T

0

|vn − v0|2dt
) γ

2

→ 0, as n→ ∞.

(6.117)

Thus, there exist ξ1, ξ2 > 0 such that

α{t ∈ [0, T ] : a(t)|v0(t)|γ ≥ ξ1} ≥ ξ2. (6.118)

In fact, if not, we have

α

{
t ∈ [0, T ] : a(t)|v0(t)|γ ≥ 1

n

}
= 0

for all positive integer n.

It implies that

0 ≤
∫ T

0

a(t)|v0|γ+2dt <
T

n
∥v0∥2 ≤ C2

8T

n
∥v0∥2α → 0,

as n→ ∞, where

C8 :=
Tα−

1
2

Γ(α)(2α− 1)
1
2
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by (6.14). Hence v0 = 0 which contradicts that ∥v0∥α = 1. Therefore, (6.118) holds.

Now let

Ω0 = {t ∈ [0, T ] : a(t)|v0(t)|γ ≥ ξ1}, Ωn = {t ∈ [0, T ] : a(t)|vn(t)|γ <
1

n
},

and Ωcn = [0, T ] \ Ωn = {t ∈ [0, T ] : a(t)|vn(t)|γ ≥ 1
n}.

By (6.115) and (6.118), we have

α(Ωn ∩ Ω0) = α(Ω0 \ (Ωcn ∩ Ω0))

≥ α(Ω0)− α(Ωcn ∩ Ω0)

≥ ξ2 −
1

n
for all positive integer n. Let n be large enough such that

ξ2 −
1

n
≥ 1

2
ξ2 and

1

2γ−1
ξ1 −

1

n
≥ 1

2γ
ξ1,

then we have∫ T

0

a(t)|vn − v0|γdt ≥
∫
Ωn∩Ω0

a(t)|vn − v0|γdt

≥ 1

2γ−1

∫
Ωn∩Ω0

a(t)|v0|γdt−
∫
Ωn∩Ω0

a(t)|vn|γdt

≥
(

1

2γ−1
ξ1 −

1

n

)
α(Ωn ∩ Ω0)

≥ ξ1
2γ
ξ2
2

=
ξ1ξ2
2γ+1

> 0

for all large n, which is a contradiction to (6.117). Therefore, (6.114) holds.

For any u ∈ Zk, let

∥u∥2 :=

(∫ T

0

|u(t)|2dt
) 1

2

and γk := sup
u∈Zk

∥u∥α=1

∥u∥2,

then we conclude γk → 0 as k → ∞ in the same way as in the proof of Theorem

6.6.

φ(u) = −
∫ T

0

1

2
(C0D

α
t u(t),

C
tD

α
Tu(t))dt−

∫ T

0

F (t, u(t))dt

≥ 1

2
|cos(πα)|∥u∥2α −

∫ T

0

a(t)|u(t)|γdt

≥ 1

2
|cos(πα)|∥u∥2α −

(∫ T

0

a(t)
2

2−γ dt

) 2−γ
2

∥u∥γ2

≥ 1

2
|cos(πα)|∥u∥2α −

(∫ T

0

a(t)
2

2−γ dt

) 2−γ
2

γγk∥u∥
γ
α.

(6.119)

Let ρk :=
(

4cγγk
|cos(πα)|

) 1
2−γ

, where c :=
( ∫ T

0
a(t)

2
2−γ dt

) 1
2−γ , it is obvious that

ρk → 0, as k → ∞.
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In view of (6.119), we conclude

inf
u∈Zk

∥u∥α=ρk

φ(u) ≥ |cos(πα)|
4

ρ2k > 0,

so the condition (H7) in Theorem 1.18 is satisfied.

Furthermore, by (6.119), for any u ∈ Zk with ∥u∥α ≤ ρk, we have

φ(u) ≥ −cγαk ∥u∥γα.
Therefore,

−cγγkρ
γ
k ≤ inf

u∈Zk
∥u∥α≤ρk

φ(u) ≤ 0.

So we have

inf
u∈Zk

∥u∥α≤ρk

φ(u) → 0,

for ρk, γk → 0, as k → ∞. Hence (H5) in Theorem 1.18 is satisfied.

For any u ∈ Yk \ {0},

φ(u) = −
∫ T

0

1

2
(C0D

α
t u(t),

C
tD

α
Tu(t))dt−

∫ T

0

F (t, u(t))dt

≤ 1

2|cos(πα)|
∥u∥2α −

∫ T

0

a(t)|u(t)|γdt

≤ 1

2|cos(πα)|
∥u∥2α − ε∥u∥γαα(Ωu)

≤ 1

2|cos(πα)|
∥u∥2α − ε2∥u∥γα,

where ε is given in (6.114), and Ωu := {t ∈ [0, T ] : a(t)|u(t)|γ ≥ ε∥u∥γα}.
Choosing 0 < rk < min{ρk, (|cos(πα)|ε2)

1
2−γ }, we conclude

ik := max
u∈Yk

∥u∥α=rk

φ(u) < − 1

2|cos(πα)|
r2k < 0, ∀ k ∈ N,

that is, the condition (H6) in Theorem 1.18 is satisfied.

We have proved the functional φ satisfies all the conditions of Theorem 1.18,

then φ has a bounded sequence of negative critical values cn = φ(un) converging to

0 by Theorem 1.18, we only need to show ∥un∥α is bounded as for every positive

integer n. Since

cn = φ(un = −
∫ T

0

1

2
(C0D

α
t un(t),

C
tD

α
Tun(t))dt−

∫ T

0

F (t, un(t))dt

= −
∫ T

0

1

2
(C0D

α
t un(t),

C
tD

α
Tun(t))dt−

∫ T

0

a(t)|un(t)|γdt

≥ |cos(πα)|
2

∥un∥2α − a0∥un∥γT

≥ |cos(πα)|
2

∥un∥2α − a0TC
γ
8 ∥un∥γα,

(6.120)
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where a0 = ess sup{a(t) : t ∈ [0, T ]}, by Theorem 1.18, cn → 0 as n → ∞. If

∥un∥α has an unbounded sequence, then cn is unbounded by (6.120), which is a

contradiction. The proof is completed.

Example 6.7. In BVP (6.1), let F (t, x) = a(t)|x| 32 , where

a(t) =

{
T, t = 0,

t, 0 < t ≤ T.

By Theorem 6.10, BVP (6.1) has infinite solutions {uk} on Eα for every positive

integer k with ∥uk∥α bounded.

6.5 Solutions for BVP with Left and Right Fractional Derivatives

6.5.1 Introduction

In Section 6.5, we consider the BVP of the following form{
tD

α
T (0D

α
t u(t)) = ∇F (t, u(t)), a.e. t ∈ [0, T ],

u(0) = u(T ) = 0,
(6.121)

where tD
α
T and 0D

α
t are the right and left Riemann-Liouville fractional derivatives

of order 0 < α ≤ 1 respectively, F : [0, T ] × RN → R is a given function satisfying

some assumptions and ∇F (t, x) is the gradient of F at x.

In particular, if α = 1, BVP (6.121) reduces to the standard second order

boundary value problem of the following form{
u′′(t) +∇F (t, u(t)) = 0, a.e. t ∈ [0, T ],

u(0) = u(T ) = 0,

where F : [0, T ]×RN → R is a given function and ∇F (t, x) is the gradient of F at x.

Although many excellent results have been worked out on the existence of solutions

for second order BVP (e.g., Li, Liang and Zhang, 2005; Nieto and O’Regan, 2009;

Rabinowitz, 1986), it seems that no similar results were obtained in the literature

for fractional BVP.

According to Benson, Wheatcraft and Meerschaert, 2000a, the one-dimensional

form of the fractional ADE can be written as

∂C
∂t

= −v ∂C
∂x

+Dj ∂
γC
∂xγ

+D(1− j)
∂γC

∂(−x)γ
, (6.122)

where C is the expected concentration, t is time, v is a constant mean velocity, x

is distance in the direction of mean velocity, D is a constant dispersion coefficient,

0 ≤ j ≤ 1 describes the skewness of the transport process, and γ is the order of

left and right fractional differential operators. For discussions of this equation, see

Benson, Wheatcraft and Meerschaert, 2000b; Fix and Roop, 2004, when γ = 2, the

dispersion operators are identical and the classical ADE is recovered. Fundamental

(Green function) solutions are Lévy’s γ-stable densities.
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A special case of the fractional ADE (equation (6.122)) describes symmetric

transitions, where j = 1
2 . Defining the symmetric operator equivalent to the Riesz

potential in Samko, Kilbas and Marichev, 1993,

2∇γ ≡ Dγ
+ +Dγ

−

gives the mass balance equation for advection and symmetric fractional dispersion

∂C
∂t

= −v∇C +D∇γC.

In Subsection 6.5.2, we shall establish a variational structure for BVP (6.121).

We show that under some suitable assumptions, the critical points of the variational

functional defined on a suitable Hilbert space are the solutions of BVP (6.121). In

Subsection 6.5.3, the existence of weak solutions for BVP (6.121) with 1
2 < α ≤ 1

will be established, where α is the order of fractional derivative in BVP (6.121). In

Subsection 6.5.4, we will give some existence results of solutions for BVP (6.121).

6.5.2 Variational Structure

Proposition 6.5. Let 0 < α ≤ 1 and 1 < p < ∞. For all u ∈ Eα,p0 , if α > 1
p , we

have 0D
−α
t (0D

α
t u(t)) = u(t). Moreover, we can get that Eα,p0 ∈ C0([0, T ],RN ).

Proof. Let 1
p + 1

q = 1 and 0 ≤ t1 < t2 ≤ T . ∀ f ∈ Lp([0, T ],RN ), by using Hölder

inequality and noting that α > 1
p , we have

|0D−α
t1 f(t1)− 0D

−α
t2 f(t2)|

=
1

Γ(α)

∣∣∣∣ ∫ t1

0

(t1 − s)α−1f(s)ds−
∫ t2

0

(t2 − s)α−1f(s)ds

∣∣∣∣
=

1

Γ(α)

∣∣∣∣ ∫ t1

0

(t1 − s)α−1f(s)ds−
∫ t1

0

(t2 − s)α−1f(s)ds

∣∣∣∣
+

1

Γ(α)

∣∣∣∣ ∫ t2

t1

(t2 − s)α−1f(s)ds

∣∣∣∣
≤ 1

Γ(α)

∫ t1

0

(
(t1 − s)α−1 − (t2 − s)α−1

)
|f(s)|ds

+
1

Γ(α)

∫ t2

t1

(t2 − s)α−1|f(s)|ds

≤ 1

Γ(α)

(∫ t1

0

(
(t1 − s)α−1 − (t2 − s)α−1

)q
ds

) 1
q

∥f∥Lp[0,T ]

+
1

Γ(α)

(∫ t2

t1

(t2 − s)(α−1)qds

) 1
q

∥f∥Lp[0,T ]

≤ 1

Γ(α)

(∫ t1

0

(t1 − s)(α−1)q − (t2 − s)(α−1)qds

) 1
q

∥f∥Lp[0,T ]

(6.123)
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+
1

Γ(α)

(∫ t2

t1

(t2 − s)(α−1)qds

) 1
q

∥f∥Lp[0,T ]

=
∥f∥Lp[0,T ]

Γ(α)(1 + (α− 1)q)
1
q

(
t
(α−1)q+1
1 − t

(α−1)q+1
2 + (t2 − t1)

(α−1)q+1
) 1
q

+
∥f∥Lp[0,T ]

Γ(α)(1 + (α− 1)q)
1
q

(
(t2 − t1)

(α−1)q+1
) 1
q

≤
2∥f∥Lp[0,T ]

Γ(α)(1 + (α− 1)q)
1
q

(t2 − t1)
α−1+ 1

q

=
2∥f∥Lp[0,T ]

Γ(α)(1 + (α− 1)q)
1
q

(t2 − t1)
α− 1

p .

For any u ∈ Eα,p0 , as 0D
α
t u(t) ∈ Lp([0, T ],RN ), we apply (6.123) to obtain the

continuity of the function 0D
−α
t (0D

α
t u(t)) on [0, T ]. We complete the argument by

using Propositions 1.6-1.7, and we have

0D
−α
t (0D

α
t u(t)) = u(t) + Ctα−1, t ∈ [0, T ],

where C ∈ RN .

Since u(0) = 0 and 0D
−α
t (0D

α
t u(t)) is continuous in [0, T ], we can get that

C = 0, which means that 0D
−α
t (0D

α
t u(t)) = u(t) and u is continuous in [0, T ].

Remark 6.6. In the case that 1 − α ≥ 1
p , for any u ∈ Eα,p0 , we also have

0D
−α
t (0D

α
t u(t)) = u(t). In fact, set f(t) = 0D

α−1
t u(t). According to Proposi-

tions 1.6-1.7, we only need to prove that f(0) = [0D
α−1
t u(t)]t=0 = 0. Noting that

1 − α ≥ 1
p , by using Hölder inequality, Lemma 6.1 and the similar method in the

proof of Lemma 7 in Fix and Roop, 2004, we can obtain the desired result, i.e.

f(0) = 0. We skip the proof since it is similar to Lemma 7 in Fix and Roop, 2004.

If α > 1
p , the following theorem is useful for us to establish the variational

structure on the space Eα,p0 for BVP (6.121).

Theorem 6.11. Let 1 < p < ∞, 1
p < α ≤ 1 and L : [0, T ] × RN × RN → R,

(t, x, y) → L(t, x, y) be measurable in t for each [x, y] ∈ RN ×RN and continuously

differentiable in [x, y] for almost every t ∈ [0, T ]. If there exist m1 ∈ C(R+,R+),

m2 ∈ L1([0, T ],R+) and m3 ∈ Lq([0, T ],R+), 1 < q < ∞, such that, for a.e.

t ∈ [0, T ] and every [x, y] ∈ RN × RN , one has

|L(t, x, y)| ≤ m1(|x|)(m2(t) + |y|p),
|DxL(t, x, y)| ≤ m1(|x|)(m2(t) + |y|p),
|DyL(t, x, y)| ≤ m1(|x|)(m3(t) + |y|p−1),

where 1
p +

1
q = 1, then the functional φ defined by

φ(u) =

∫ T

0

L(t, u(t), 0D
α
t u(t))dt
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is continuously differentiable on Eα,p0 , and ∀u, v ∈ Eα,p0 , we have

⟨φ′(u), v⟩ =
∫ T

0

[(DxL(t, u(t), 0D
α
t u(t)), v(t))

+ (DyL(t, u(t), 0D
α
t u(t)), 0D

α
t v(t))]dt.

(6.124)

Proof. It suffices to prove that φ has at every point u a directional derivative

φ′(u) ∈ (Eα,p0 )∗ given by (6.124) and that the mapping

φ′ : Eα,p0 → (Eα,p0 )∗, u→ φ′(u)

is continuous.

We omit the rather technical proof which is similar to the proof of Theorem 1.4

in Mawhin and Willem, 1989. In fact, the only change we need is to replace the

weak derivatives for u and v of Theorem 1.6 in Mawhin and Willem, 1989, by 0D
α
t u

and 0D
α
t v respectively. The proof is completed.

We are now in a position to give the definition for the solution of BVP (6.121).

Definition 6.3. A function u : [0, T ] → RN is called a solution of BVP (6.121) if

(i) tD
α−1
T (0D

α
t u(t)) and 0D

α−1
t u(t) are differentiable for almost every t ∈ [0, T ],

and

(ii) u satisfies (6.121).

For a solution u ∈ Eα of BVP (6.121) such that ∇F (·, u(·)) ∈ L1([0, T ],RN ),

multiplying (6.121) by v ∈ C∞
0 ([0, T ],RN ) yields∫ T

0

[(tD
α
T (0D

α
t u(t)), v(t))− (∇F (t, u(t)), v(t))]dt

=

∫ T

0

[(0D
α
t u(t), 0D

α
t v(t))− (∇F (t, u(t)), v(t))]dt

= 0

(6.125)

after applying (1.13) and Definition 6.3. Therefore, we can give the definition of

weak solution for BVP (6.121) as follows.

Definition 6.4. By the weak solution of BVP (6.121), we mean that the function

u ∈ Eα such that ∇F (·, u(·)) ∈ L1([0, T ],RN ) and satisfies (6.125) for all v ∈
C∞

0 ([0, T ],RN ).

Any solution u ∈ Eα of BVP (6.121) is a weak solution provided that

∇F (·, u(·)) ∈ L1([0, T ],RN ). Our task is now to establish a variational structure on

Eα with α ∈ ( 12 , 1], which enables us to reduce the existence of weak solutions of

BVP (6.121) to the one of finding critical points of corresponding functional.

Corollary 6.5. Let L : [0, T ]× RN × RN → R be defined by

L(t, x, y) =
1

2
|y|2 − F (t, x),
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where F : [0, T ] × RN → R satisfies the condition (A) which is assumed as in

Subsection 6.2.3.

If 1
2 < α ≤ 1 and u ∈ Eα is a solution of corresponding Euler equation φ′(u) = 0,

where φ is defined as

φ(u) =

∫ T

0

(
1

2
|0Dα

t u(t)|2 − F (t, u(t))

)
dt, for u ∈ Eα, (6.126)

then u is a weak solution of BVP (6.121) with 1
2 < α ≤ 1.

Proof. By Theorem 6.11, we have

0 = ⟨φ′(u), v⟩ =
∫ T

0

[(0D
α
t u(t), 0D

α
t v(t))− (∇F (t, u(t)), v(t))]dt

for all u ∈ Eα and hence for all v ∈ C∞
0 ([0, T ],RN ). Thus, according to Definition

6.4, u is a weak solution of BVP (6.121). The proof is completed.

Remark 6.7. Generally speaking, a critical point u of φ on Eα will be a weak

solution of BVP (6.121). However, we shall show that every weak solution is also a

solution of BVP (6.121).

6.5.3 Existence of Weak Solutions

According to Corollary 6.5, we know that in order to find weak solutions of BVP

(6.121), it suffices to obtain the critical points of functional φ given by (6.126). We

need to use some critical point theorems.

First, we use Theorem 1.14 to consider the existence of weak solutions for BVP

(6.121). Assume that the condition (A) is satisfied. Recall that, in our setting in

(6.126), the corresponding functional φ on Eα is continuously differentiable accord-

ing to Corollary 6.5 and is also weakly lower semi-continuous functional on Eα as

the sum of a convex continuous function (see Theorem 1.2 in Mawhin and Willem,

1989) and of a weakly continuous one (see Proposition 1.2 in Mawhin and Willem,

1989).

In fact, according to Proposition 6.3, if uk ⇀ u in Eα, then uk → u in

C([0, T ],RN ). Therefore, F (t, uk(t)) → F (t, u(t)) a.e. t ∈ [0, T ]. By Lebesgue dom-

inated convergence theorem, we have
∫ T
0
F (t, uk(t))dt →

∫ T
0
F (t, u(t))dt, which

means that the functional u →
∫ T
0
F (t, u(t))dt is weakly continuous on Eα.

Moreover, since fractional derivative operator is linear operator, the functional

u→
∫ T
0
(|0Dα

t u(t)|2/2)dt is convex and continuous on Eα.

If φ is coercive, by Theorem 1.14, φ has a minimum so that BVP (6.121)

is solvable. It remains to find conditions under which φ is coercive on Eα, i.e.

lim∥u∥α→∞ φ(u) = +∞, for u ∈ Eα. We shall see that it suffices to require that

F (t, x) is bounded for a.e. t ∈ [0, T ] and all x ∈ RN .

Theorem 6.12. Let α ∈ ( 12 , 1] and assume that F satisfies (A). If

|F (t, x)| ≤ ā|x|2 + b̄(t)|x|2−γ + c̄(t), a.e. t ∈ [0, T ], x ∈ RN , (6.127)
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where ā ∈ [0,Γ2(α+ 1)/2T 2α), γ ∈ (0, 2), b̄ ∈ L2/γ([0, T ],R), and c̄ ∈ L1([0, T ],R),
then BVP (6.121) has at least one weak solution which minimizes φ on Eα.

Proof. According to the arguments above, our problem reduces to prove that φ is

coercive on Eα. For u ∈ Eα, it follows from (6.127) and (6.13) that

φ(u) =
1

2

∫ T

0

|0Dα
t u(t)|2dt−

∫ T

0

F (t, u(t))dt

≥ 1

2

∫ T

0

|0Dα
t u(t)|2dt− ā

∫ T

0

|u(t)|2dt−
∫ T

0

b̄(t)|u(t)|2−γdt−
∫ T

0

c̄(t)dt

=
1

2
∥u∥2α − ā∥u∥2L2 −

∫ T

0

b̄(t)|u(t)|2−γdt− c̄1

≥ 1

2
∥u∥2α − ā∥u∥2L2 −

(∫ T

0

|b̄(t)|2/γdt
)γ/2(∫ T

0

|u(t)|2dt
)1−γ/2

− c̄1

=
1

2
∥u∥2α − ā∥u∥2L2 − b̄1∥u∥2−γL2 − c̄1

≥ 1

2
∥u∥2α − āT 2α

Γ2(α+ 1)
∥u∥2α − b̄1

(
Tα

Γ(α+ 1)

)2−γ

∥u∥2−γα − c̄1

=

(
1

2
− āT 2α

Γ2(α+ 1)

)
∥u∥2α − b̄1

(
Tα

Γ(α+ 1)

)2−γ

∥u∥2−γα − c̄1,

where b̄1 = (
∫ T
0
|b̄(t)|2/γdt)γ/2 and c̄1 =

∫ T
0
c̄(t)dt. Noting that ā ∈ [0,Γ2(α +

1)/2T 2α) and γ ∈ (0, 2), we have φ(u) = +∞ as ∥u∥α → ∞, and hence φ is

coercive, which completes the proof.

Let a0 = minλ∈[ 12 ,1]
{Γ2(λ+ 1)/2T 2λ}. The following result follows immediately

from Theorem 6.12.

Corollary 6.6. ∀α ∈ ( 12 , 1] and if F satisfies the condition (A) and (6.127) with

a ∈ [0, a0), then BVP (6.121) has at least one weak solution which minimizes φ

on Eα.

Our task is now to use Theorem 1.15 (Mountain pass theorem) to find a nonzero

critical point of functional φ on Eα.

Theorem 6.13. Let α ∈ ( 12 , 1] and suppose that F satisfies the condition (A). If

(A1) F ∈ C([0, T ] × RN ,R) and there exists µ ∈ [0, 12 ) and M > 0 such that

0 < F (t, x) ≤ µ(∇F (t, x), x) for all x ∈ RN with |x| ≥M and t ∈ [0, T ];

(A2) lim sup
|x|→0

F (t, x)/|x|2 < Γ2(α+ 1)/2T 2α uniformly for t ∈ [0, T ] and x ∈ RN

are satisfied, then BVP (6.121) has at least one nonzero weak solution on Eα.

Proof. We will verify that φ satisfies all the conditions of Theorem 1.15.
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First, we will prove that φ satisfies (PS) condition. Since F (t, x)−µ(∇F (t, x), x)
is continuous for t ∈ [0, T ] and |x| ≤M , there exists c ∈ R+, such that

F (t, x) ≤ µ(∇F (t, x), x) + c, t ∈ [0, T ], |x| ≤M.

By assumption (A1), we obtain

F (t, x) ≤ µ(∇F (t, x), x) + c, t ∈ [0, T ], x ∈ RN . (6.128)

Let {uk} ⊂ Eα, |φ(uk)| ≤ K, k = 1, 2, ..., φ′(uk) → 0. Notice that

⟨φ′(uk), uk⟩ =
∫ T

0

[(0D
α
t uk(t), 0D

α
t uk(t))− (∇F (t, uk(t)), uk(t))]dt

= ∥uk∥2α −
∫ T

0

(∇F (t, uk(t)), uk(t))dt.
(6.129)

It follows from (6.128) and (6.129) that

K ≥ φ(uk) =
1

2
∥uk∥2α −

∫ T

0

F (t, uk(t))dt

≥ 1

2
∥uk∥2α − µ

∫ T

0

(∇F (t, uk(t)), uk(t))dt− cT

=

(
1

2
− µ

)
∥uk∥2α + µ⟨φ′(uk), uk⟩ − cT

≥
(
1

2
− µ

)
∥uk∥2α − µ∥φ′(uk)∥α∥uk∥α − cT, k = 1, 2, ... .

Since φ′(uk) → 0, there exists N0 ∈ N such that

K ≥
(
1

2
− µ

)
∥uk∥2α − ∥uk∥α − cT, k > N0,

and this implies that {uk} ⊂ Eα is bounded. Since Eα is a reflexive space, going

to a subsequence if necessary, we may assume that uk ⇀ u weakly in Eα, thus we

have

⟨φ′(uk)− φ′(u), uk − u⟩ = ⟨φ′(uk), uk − u⟩ − ⟨φ′(u), uk − u⟩
≤ ∥φ′(uk)∥α∥uk − u∥α − ⟨φ′(u), uk − u⟩
→ 0, as k → ∞.

(6.130)

Moreover, according to (6.14) and Proposition 6.3, we get that uk is bounded in

C([0, T ],RN ) and ∥uk − u∥ = 0 as k → ∞. Hence, we have∫ T

0

∇F (t, uk(t))dt→
∫ T

0

∇F (t, u(t))dt, as k → ∞. (6.131)

Noting that

⟨φ′(uk)− φ′(u), uk − u⟩

=

∫ T

0

(0D
α
t uk(t)− 0D

α
t u(t))

2dt−
∫ T

0

(∇F (t, uk(t))−∇F (t, u(t)))(uk(t)− u(t))dt
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≥ ∥uk − u∥2α −
∣∣∣∣ ∫ T

0

(∇F (t, uk(t))−∇F (t, u(t)))dt
∣∣∣∣∥uk − u∥.

Combining (6.130) and (6.131), it is easy to verify that ∥uk − u∥2α → 0 as k → ∞,

and hence uk → u in Eα. Thus, we obtain the desired convergence property.

From lim sup|x|→0 F (t, x)/|x|2 < Γ2(α + 1)/2T 2α uniformly for t ∈ [0, T ], there

exists ϵ ∈ (0, 1) and δ > 0 such that F (t, x) ≤ (1 − ϵ)(Γ2(α + 1)/2T 2α)|x|2 for all

t ∈ [0, T ] and x ∈ RN with |x| ≤ δ.

Let ρ = Γ(α)((α−1)/2+1)
1
2

Tα− 1
2

δ and σ = ϵρ2/2 > 0. Then it follows from (6.14) that

∥u∥ ≤ Tα−
1
2

Γ(α)((α− 1)/2 + 1)
1
2

∥u∥α = δ

for all u ∈ Eα with ∥u∥α = ρ. Therefore, we have

φ(u) =
1

2
∥u∥2α −

∫ T

0

F (t, u(t))dt

≥ 1

2
∥u∥2α − (1− ϵ)

Γ2(α+ 1)

2T 2α

∫ T

0

|u(t)|2dt

≥ 1

2
∥u∥2α − 1

2
(1− ϵ)∥u∥2α

=
1

2
ϵ∥u∥2α = σ

for all u ∈ Eα with ∥u∥α = ρ. This implies (ii) in Theorem 1.15 is satisfied.

It is obvious from the definition of φ and (A2) that φ(0) = 0, and therefore, it

suffices to show that φ satisfies (iii) in Theorem 1.15.

Since 0 < F (t, x) ≤ µ(∇F (t, x), x) for all x ∈ RN and |x| ≥ M , a simple

regularity argument then shows that there exists r1, r2 > 0 such that

F (t, x) ≥ r1|x|1/µ − r2, x ∈ RN , t ∈ [0, T ].

For any u ∈ Eα with u ̸= 0, κ > 0 and noting that µ ∈ [0, 12 ), we have

φ(κu) =
1

2
∥κu∥2α −

∫ T

0

F (t, κu(t))dt

≤ 1

2
κ2∥u∥2α − r1

∫ T

0

|κu(t)|1/µdt+ r2T

=
1

2
κ2∥u∥2α − r1κ

1/µ∥u∥1/µ
L1/µ + r2T

→ −∞, as κ→ ∞.

Then there exists a sufficiently large κ0 such that φ(κ0u) ≤ 0. Hence (iii) holds.

Lastly noting that φ(0) = 0 while for our critical point u, φ(u) ≥ σ > 0. Hence

u is a nontrivial weak solution of BVP (6.121), and this completes the proof.

Theorem 6.14. ∀α ∈ ( 12 , 1], suppose that F satisfies conditions (A) and (A1). If
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(A2)′ F (t, x) = o(|x|2), as |x| → 0 uniformly for t ∈ [0, T ] and x ∈ RN

is satisfied, then BVP (6.121) has at least one nonzero weak solution on Eα.

Remark 6.8. The assumptions in Theorem 6.12 and Theorem 6.13 are classical

and the examples can be found in many papers which use critical point theory to

discuss differential equations, see, e.g., Li, Liang and Zhang, 2005; Mawhin and

Willem, 1989; Rabinowitz, 1986 and references therein.

6.5.4 Existence of Solutions

We firstly give the following lemma which is useful for our further discussion.

Lemma 6.7. Let 0 < α ≤ 1. If u ∈ Eα is a weak solution of BVP (6.121), then

there exists a constant C ∈ RN such that

0D
α
t u(t) = tD

−α
T ∇F (t, u(t)) + C(T − t)α−1, a.e. t ∈ [0, T ].

Proof. Since u ∈ Eα is a weak solution of BVP (6.121), i.e. ∀h ∈ C∞
0 ([0, T ],RN ),

we have ∫ T

0

[(0D
α
t u(t), 0D

α
t h(t))− (∇F (t, u(t)), h(t))]dt = 0. (6.132)

Noting that ∇F (·, u(·)) ∈ L1([0, T ],RN ), and applying a similar argument as that

for (6.5) in the proof of Lemma 6.1, we get that tD
−α
T ∇F (·, u(·)) ∈ L1([0, T ],RN ).

Let us define w ∈ L1([0, T ],RN ) by

w(t) = tD
−α
T ∇F (t, u(t)), t ∈ [0, T ],

so that ∫ T

0

(w(t), 0D
α
t h(t))dt =

∫ T

0

(tD
α
Tw(t), h(t))dt

=

∫ T

0

(tD
α
T (tD

−α
T ∇F (t, u(t))), h(t))dt

=

∫ T

0

(∇F (t, u(t)), h(t))dt,

by applying (1.13) and Proposition 1.5.

Hence, by (6.132) we have, for every h ∈ C∞
0 ([0, T ],RN ),∫ T

0

(0D
α
t u(t)− w(t), 0D

α
t h(t))dt = 0. (6.133)

According to Proposition 1.1 and in view of h ∈ C∞
0 ([0, T ],RN ), we have 0D

α
t h(t) =

0D
α−1
t h′(t). Since 0D

α
t u ∈ L2([0, T ],RN ) and w ∈ L1([0, T ],RN ), using (1.12) and

(6.133), we get that∫ T

0

(
tD

α−1
T (0D

α
t u(t)− w(t)), h′(t)

)
dt = 0.
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If (ej) denotes the Canonical basis of RN , we can choose

h(t) = sin
2kπt

T
ej or h(t) = ej − cos

2kπt

T
ej , k = 1, ... and j = 1, ..., N.

In view of tD
α−1
T (0D

α
t u − w) ∈ L1([0, T ],RN ), and the theory of Fourier series

implies that

tD
α−1
T (0D

α
t u(t)− w(t)) = C̃ (6.134)

a.e. on [0, T ] for some C̃ ∈ RN . Using Proposition 1.5 and Proposition 1.3, we can

get that

0D
α
t u(t) = w(t) + C(T − t)α−1, a.e. t ∈ [0, T ],

for some C ∈ RN and this completes the proof.

Remark 6.9.

(i) According to (6.134) and Proposition 1.4, we have

tD
α−1
T (0D

α
t u(t)) = tD

α−1
T (tD

−α
T ∇F (t, u(t))) + C̃ = tD

−1
T ∇F (t, u(t)) + C̃

a.e. on [0, T ] for some C̃ ∈ RN . In view of Definition 1.1 and ∇F (·, u(·)) ∈
L1([0, T ],RN ), we shall identify the equivalence class tD

α−1
T (0D

α
t u) and its

continuous representant

tD
α−1
T (0D

α
t u(t)) =

∫ T

t

∇F (s, u(s))ds+ C̃ (6.135)

for t ∈ [0, T ].

(ii) It follows from (6.135) and a classical result of Lebesgue theory that

−∇F (·, u(·)) is the classical derivative of tD
α−1
T (0D

α
t u) a.e. on [0, T ].

We are now in a position to show that every weak solution of BVP (6.121) is

also a solution of BVP (6.121).

Theorem 6.15. Let 0 < α ≤ 1. If u ∈ Eα is a weak solution of BVP (6.121), then

u is also a solution of BVP (6.121).

Proof. Firstly, we notice that 0D
α−1
t u(t) is derivative for almost every t ∈ [0, T ] and

(0D
α−1
t u(t))′ = 0D

α
t u(t) ∈ L2([0, T ],RN ) as u ∈ Eα. On the other hand, Remark

6.9 implies that tD
α−1
T (0D

α
t u(t)) is derivative a.e. on [0, T ] and (tD

α−1
T (0D

α
t u(t)))

′ ∈
L1([0, T ],RN ). Therefore, (i) in Definition 6.3 is verified.

It remains to show that u satisfies (6.121). In fact, according to Definition 1.2

and (6.135), we can get that

tD
α
T (0D

α
t u(t)) = −(tD

α−1
T (0D

α
t u(t)))

′ = ∇F (t, u(t)), a.e. t ∈ [0, T ].

Moreover, u ∈ Eα implies that u(0) = u(T ) = 0, and therefore (6.121) is verified.

The proof is completed.
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The conclusions in Subsection 6.5.3 and Theorem 6.15 imply that BVP (6.121)

with α ∈ ( 12 , 1] possesses at least one solution if F satisfies some hypotheses. How-

ever, we would like to consider the existence of solutions for BVP (6.121) with α = 1
2

under the same hypotheses.

For any given ϵ0 ∈ (0, 12 ), let ϵ ∈ (0, ϵ0) and δ = δ(ϵ) = 1
2 + ϵ. According to

Corollary 6.6 and Theorem 6.14, if (A) and (6.127) with a ∈ [0, a0), or (A), (A1)

and (A2)′ are satisfied, then ∀ϵ ∈ (0, ϵ0), the following BVP{
tD

δ
T

(
0D

δ
tu(t)

)
= ∇F (t, u(t)), a.e. t ∈ [0, T ],

u(0) = u(T ) = 0
(6.136)

has at least a weak solution uϵ ∈ Eδ. Moreover, according to Theorem 6.15, uϵ is

also the solution of BVP (6.136). Now, our idea is to obtain the solution of BVP

(6.121) with δ = 1
2 by considering the approximation of uϵ as ϵ→ 0.

Theorem 6.16. Assume that there exists ϵ0 ∈ (0, 12 ) such that ∀ϵ ∈ (0, ϵ0) and

δ = δ(ϵ) = 1
2 + ϵ, BVP (6.136) possesses a weak solution uϵ ∈ Eδ. Moreover, if the

following conditions are satisfied

(A3) there exist β > 2 and m ∈ Lβ([0, T ],R+) such that |∇F (t, uϵ(t))| ≤ m(t);

(A4) there exists β1 > 1/( 12 − ϵ0) such that 0D
δ
tuϵ ∈ Lβ1([0, T ],RN ).

Then there exists a sequence {ϵn} such that ϵ1 > ϵ2 > · · · > ϵn → 0 as n → ∞,

u(t) = limn→∞ uϵn(t) exists uniformly on [0, T ] and u is a solution of BVP (6.121)

with α = 1
2 .

Proof. According to Theorem 6.15, uϵ is also a solution of BVP (6.136). Thus, we

have

tD
δ
T

(
0D

δ
tuϵ(t)

)
= ∇F (t, uϵ(t)), a.e. t ∈ [0, T ]. (6.137)

Propositions 1.6-1.7 imply that the equation (6.137) is equivalent to the integral

equation

0D
δ
tuϵ(t) = tD

−δ
T (∇F (t, uϵ(t))) + C(T − t)δ−1, a.e. t ∈ [0, T ], (6.138)

where C = (1/Γ(δ))[tD
δ−1
T (0D

δ
tuϵ(t))]t=T . Noting that 0D

δ
tuϵ ∈ Lβ1([0, T ],RN )

according to (A4), direct calculation gives that∣∣
t
Dδ−1
T

(
0D

δ
tuϵ(t)

)∣∣ ≤ 1

Γ(1− δ)

∫ T

t

(s− t)−δ
∣∣
0D

δ
suϵ(s)

∣∣ds
≤ 1

Γ(1− δ)

(∫ T

t

(s− t)
−δβ1
β1−1 ds

)1−1/β1

∥0Dδ
tuϵ∥Lβ1

≤ c(T − t)1−δ−1/β1∥0Dδ
tuϵ∥Lβ1 ,

where c ∈ R+ is a constant. It is obvious that 1−δ−1/β1 > 0 since β1 > 1/( 12−ϵ0) >
1/(1− δ), then we have C = (1/Γ(δ))[tD

δ−1
T (0D

δ
tuϵ(t))]t=T = 0. Therefore, (6.138)

can be written as

0D
δ
tuϵ(t) = tD

−δ
T (∇F (t, uϵ(t))), a.e. t ∈ [0, T ]. (6.139)
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According to Proposition 6.5 and in view of the continuity of uϵ ∈ Eδ, (6.139) is

equivalent to the integral equation

uϵ(t) = 0D
−δ
t (tD

−δ
T ∇F (t, uϵ(t))), t ∈ [0, T ]. (6.140)

On the other hand, we observe that m ∈ Lβ([0, T ],R+) and β > 2 in (A3) imply

that ∣∣
tD

−δ
T m(t)

∣∣ ≤ 1

Γ(δ)

∫ T

t

(s− t)δ−1|m(s)|ds

≤ 1

Γ(δ)

(∫ T

t

(s− t)
(δ−1)β
β−1 ds

)1−1/β

∥m∥Lβ

≤ c1T
δ−1/β∥m∥Lβ

≤ c1∥m∥Lβ max
λ∈[ 12 ,1]

{Tλ−1/β}, t ∈ [0, T ],

where c1 ∈ R+ is a constant. Therefore, there exists a constant M ∈ R+ such

that ∥tD−δ
T m∥ ≤ M , which means that |tD−δ

T ∇F (t, uϵ(t))| ≤ M on [0, T ] since

|∇F (t, uϵ(t))| ≤ m(t).

Set G(t, uϵ(t)) = tD
−δ
T ∇F (t, uϵ(t)), and we have by (6.140)

|uϵ(t)| ≤
1

Γ(δ)

∫ t

0

(t− s)δ−1|G(s, uϵ(s))|ds

≤ M

Γ(δ)

∫ t

0

(t− s)δ−1ds

≤ M

Γ(δ + 1)
T δ

≤M max
λ∈[ 12 ,1]

{
Tλ

Γ(λ+ 1)

}
, t ∈ [0, T ].

(6.141)

The last inequality follows from the continuity of Tλ/Γ(λ+1) with respect to λ > 0

and the fact that Γ(λ) > 0 for λ > 0. Furthermore, letting 0 ≤ t1 < t2 ≤ T , we see

that

|uϵ(t1)− uϵ(t2)|

=
1

Γ(δ)

∣∣∣∣ ∫ t1

0

(t1 − s)δ−1G(s, uϵ(s))ds−
∫ t2

0

(t2 − s)δ−1G(s, uϵ(s))ds

∣∣∣∣
=

1

Γ(δ)

∣∣∣∣ ∫ t1

0

(
(t1 − s)δ−1 − (t2 − s)δ−1

)
G(s, uϵ(s))ds

+

∫ t2

t1

(t2 − s)δ−1G(s, uϵ(s))ds

∣∣∣∣
≤ M

Γ(δ)

∣∣∣∣ ∫ t1

0

(t1 − s)δ−1 − (t2 − s)δ−1ds+

∫ t2

t1

(t2 − s)δ−1ds

∣∣∣∣
=

M

Γ(δ + 1)

(
2(t2 − t1)

δ + tδ1 − tδ2
)

(6.142)
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≤ 2M

Γ(δ + 1)
(t2 − t1)

δ

≤ 2M max
λ∈[ 12 ,1]

{
(t2 − t1)

λ

Γ(λ+ 1)

}
.

It then follows from (6.141) and (6.142) that the family {uϵ} forms an equicontinu-

ous and uniformly bounded functions. Application of Arzela-Ascoli theorem shows

the existence of a sequence {ϵn} such that ϵ1 > ϵ2 > · · · > ϵn → 0 as n → ∞, and

u(t) = limn→∞ uϵn(t) exists uniformly on [0, T ]. Since the continuity and boundness

of ∇F (t, ·) imply the continuity of tD
−δ
T ∇F (t, ·), we obtain that

tD
−δ
T ∇F (t, uϵn(t)) → tD

−δ
T ∇F (t, u(t)), as n→ ∞,

and combining (6.139) yields

u(t) = 0D
−δ
t (tD

−δ
T ∇F (t, u(t))), t ∈ [0, T ].

This proves that u is a solution of BVP (6.121) by using the Proposition 1.5 and

Lemma 6.1. The proof is completed.

Example 6.8. Set F (t, x) = m(t) sin(|x|), where m ∈ Lβ([0, T ],R+) and x ∈ RN .

Then (A3) is verified since |F (t, x)| ≤ m(t) for x ∈ RN . If for any ϵ ∈ (0, ϵ0), we

have uϵ ∈ AC([0, T ],RN ) and u′ϵ ∈ Lβ1([0, T ],RN ), then 0D
δ
tuϵ ∈ Lβ1([0, T ],RN )

by using Proposition 1.1 and (6.5). Thus, (A4) is satisfied.

6.6 Notes and Remarks

The results in Subsections 6.2.1-6.2.4 are taken from Jiao and Zhou, 2011. The

material in Subsections 6.2.5-6.2.6 due to Chen and Tang, 2012. The results in

Section 6.3 are adopted from Kong, 2013. The main results of Section 6.4 are from

Chen and Tang, 2013. The material in Section 6.5 due to Jiao and Zhou, 2012.
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Chapter 7

Fractional Hamiltonian Systems

7.1 Introduction

The existence of homoclinic solutions is one of the most important problems in the

history of Hamiltonian systems. It has been intensively studied by many mathe-

maticians (see Ambrosetti and Zelati, 1993; Ding and Jeanjean, 2007; Izydorek and

Janczewska, 2005; Makita, 2012; Omana and Willem, 1992; Paturel, 2001; Rabi-

nowitz, 1990; Séré, 1992; Szulkin and Zou, 2001; Zelati, Ekeland and Séré, 1990;

Zelati and Rabinowitz, 1991; Zou and Li, 2002). Variational methods to prove the

existence of homoclinic solutions for second order Hamiltonian systems were first

used by Rabinowitz, 1990, while the first multiplicity result, later improved by Pa-

turel, 2001, is due to Ambrosetti and Zelati, 1993. In recent years, the existence and

multiplicity of homoclinic solutions for the second order Hamiltonian systems have

been extensively studied via variational methods in many papers (e.g. Ambrosetti

and Zelati, 1993; Ding and Jeanjean, 2007; Izydorek and Janczewska, 2005; Makita,

2012; Paturel, 2001; Rabinowitz, 1990; Zelati and Rabinowitz, 1991; Zou and Li,

2002). It is worth to mention that the fractional Hamiltonian systems are not

uniquely defined and many researchers have explored this area giving new insight

into this problem (e.g. Baleanu, Golmankaneh and Golmankaneh, 2009; Tarasov,

2010; Toress, 2013; Nyamoradi and Zhou, 2016, 2017; Nyamoradi, Alsaedi, Ahmad

and Zhou, 2017; Nyamoradi, Zhou, Alsaedi and Ahmad, 2017).

In this chapter, we give some results on existence and multiplicity of homoclinic

solutions for fractional Hamiltonian systems.

7.2 Existence and Multiplicity of Homoclinic Solutions (I)

7.2.1 Fractional Derivative Space

In this section, we consider the following fractional Hamiltonian systems{
tD

α
∞(−∞D

α
t u(t)) + L(t)u(t) = ∇W (t, u(t)), t ∈ R,

u ∈ Hα(R),
(7.1)

357
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where −∞D
α
t and tD

α
∞ are left and right Liouville-Weyl fractional derivatives of

order α ∈ ( 12 , 1) on the whole axis R respectively, u ∈ Rn, W (t, u) is of indefinite

sign and subquadratic as |u| → +∞ and L ∈ C(R,Rn×n) is a positive definite

symmetric matrix for all t ∈ R.
As usual, we say that a solution u(t) of (7.1) is homoclinic (to 0) if u(t) → 0

as t → ±∞. In addition, if u(t) ̸= 0 then u(t) is called a nontrivial homoclinic

solution.

In particular, if α = 1, (7.1) reduces to the standard second order Hamiltonian

system of the following form

u′′(t) + L(t)u(t)−∇W (t, u(t)) = 0, t ∈ R. (7.2)

We define the Fourier transform F(u)(ξ) of u(x) as

F(u)(ξ) =

∫ ∞

−∞
e−ix·ξu(x)dx.

For any α > 0, we define the semi-norm and norm respectively as Torres, 2013.

|u|Iα−∞
= ||−∞D

α
xu||L2 ,

||u||Iα−∞
=
(
||u||2L2 + |u|2Iα−∞

) 1
2

, (7.3)

and let the space Iα−∞(R) denote the completion of C∞
0 (R) with respect to the norm

|| · ||Iα−∞
.

Next, for 0 < α < 1, we give the relationship between classical fractional Sobolev

space Hα(R) and Iα−∞(R), where Hα(R) is defined by

Hα(R) = C∞
0 (R)

∥·∥α
,

with the norm

||u||α =
(
||u||2L2 + |u|2α

) 1
2

, (7.4)

and semi-norm

|u|α = |||ξ|αF(u)||L2 .

Observe that the spaces Hα(R) and Iα−∞(R) are isomorphic and have equivalent

norms (see Torres, 2013).

Therefore, we define

Hα(R) =
{
u ∈ L2(R)| |ξ|αF(u) ∈ L2(R)

}
.

7.2.2 Some Lemmas

We suppose the following conditions for L(t) and W (t, u):

(L) There exists a l ∈ C(R, (0,+∞)) such that l(t) → +∞ as |t| → +∞ and

(L(t)u, u) ≥ l(t)|u|2, for all t ∈ R, u ∈ Rn.
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(Lν) There exists a constant ν < 2 such that

lim inf
|t|→+∞

[
|t|ν−2 inf

|ξ|=1
(L(t)ξ, ξ)

]
> 0.

(W1) W (t, 0) = 0 for all t ∈ R and there exist constants max{1, 2/(3−ν)} < γi < 2

and ai ≥ 0 (i = 1, 2, . . . ,m) such that

|W (t, u)| ≤
m∑
i=1

ai|u|γi , ∀ (t, u) ∈ R× Rn.

(W2) There exists a function φ ∈ C([0,+∞), [0,+∞)) such that

|∇W (t, u)| ≤ φ(|u|), ∀ (t, u) ∈ R× Rn,

where φ(x) = O(xγm+1−1) as x→ 0+, max{1, 2/(3− ν)} < γm+1 < 2.

(W3) There exists a constant δ0 > 0 such that

W (t, u) ≥
l∑

k=1

bk(t)|u|νk , ∀ t ∈ Ω, u ∈ Rn, |u| ≤ δ0,

for some positive measure subset Ω of R, where max{1, 2/(3− ν)} < νk < 2

are constants, bk : R → R+ are bounded continuous functions for k =

1, 2, . . . , l.

(W4) There exist t0 ∈ R and max{1, 2/(3− ν)} < ϑ < 2 such that

lim
(t,u)→(t0,0)

W (t, u)

|u|ϑ
> 0.

(W5) W (t,−u) =W (t, u) for all t ∈ R and u ∈ Rn.

In order to establish our results via variational methods and the critical point

theory, we firstly describe some properties of the space on which the variational

associated with (7.1) is defined. Let

Xα =

{
u ∈ Hα(R)|

∫
R

(
|−∞D

α
t u(t)|2 + (L(t)u(t), u(t))

)
dt <∞

}
.

The space Xα is a Hilbert space with the inner product

⟨u, v⟩Xα =

∫
R

(
(−∞D

α
t u(t),−∞D

α
t v(t)) + (L(t)u(t), v(t))

)
dt,

and the corresponding norm

∥u∥2Xα = ⟨u, u⟩Xα .

Lemma 7.1. (Torres, 2013) Let α > 1
2 , then Hα(R,Rn) ⊂ C(R,Rn) and there is

a constant C = Cα such that

∥u∥∞ = sup
x∈R

|u(x)| ≤ C||u||α. (7.5)
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So by Lemma 7.1, there exists a constant Cα > 0 such that

∥u∥∞ ≤ Cα||u||Xα . (7.6)

By (Lν), there exist integers T0 > 0 and M0 > 0 such that

|t|ν−2 inf
|ξ|=1

(L(t)ξ, ξ) ≥M0, |t| > T0,

which implies that

|t|ν−2(L(t)ξ, ξ) ≥M0|ξ|2, |t| > T0, ξ ∈ Rn. (7.7)

Lemma 7.2. Suppose that L satisfies (Lν). Then, for 1 ≤ q ∈ (2/(3 − ν), 2), Xα

is compactly embedded in Lq(R,Rn). Moreover∫
|t|>T

|u(t)|qdt ≤ ρ(q)

T
(3−ν)q−2

2

∥u∥qXα , ∀ u ∈ Xα, T ≥ T0, (7.8)

and

∥u∥qLq ≤

(∫
|t|≤T

[l(t)]
−q
2−q dt

)1− q
2

+
ρ(q)

T
(3−ν)q−2

2

 ∥u∥qXα , ∀ u ∈ Xα, T ≥ T0,

(7.9)

where

ρ(q) =

[
2(2− q)

(3− ν)q − 2

]1− q
2

M
− q

2
0 , (7.10)

and

l(t) = inf
x∈Rn, |x|=1

(L(t)x, x). (7.11)

Proof. Let ς = (3−ν)q−2
2−q . Then ς > 0. For u ∈ Xα and T ≥ T0, it follows from

(7.7) and (7.10) together with the Hölder inequality that∫
|t|>T

|u(t)|qdt ≤

(∫
|t|>T

|t|−
(2−ν)q
2−q dt

)1− q
2
(∫

|t|>T
|t|2−ν |u(t)|2dt

) q
2

≤
(

2

ςT ς

)1− q
2

(
1

M0

∫
|t|>T

(L(t)u(t), u(t))dt

) q
2

≤ 2
2−q
2

M
q
2
0 ς

2−q
2 T

(3−ν)q−2
2

∥u∥qXα

≤ ρ(q)

T
(3−ν)q−2

2

∥u∥qXα .

This shows that (7.8) holds. Hence, from (7.8) and (7.11) and the Hölder in-

equality, one can get

∥u∥qLq =
∫
|t|≤T

|u(t)|qdt+
∫
|t|>T

|u(t)|qdt
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≤

(∫
|t|≤T

[l(t)]−
q

2−q dt

)1− q
2
(∫

|t|≤T
l(t)|u(t)|2dt

) q
2

+
ρ(q)

T
(3−ν)q−2

2

∥u∥qXα

≤

(∫
|t|≤T

[l(t)]−
q

2−q dt

)1− q
2

∥u∥qXα +
ρ(q)

T
(3−ν)q−2

2

∥u∥qXα .

This shows that (7.9) holds.

Finally, we prove that Xα is compactly embedded in Lq(R,Rn). Let {uk} ⊂ Xα

be a bounded sequence. Then by (7.6), there exists a constant Λ > 0 such that

∥uk∥∞ ≤ Cα∥uk∥Xα ≤ Λ, k ∈ N. (7.12)

Since Xα is reflexive, {uk} possesses a weakly convergent subsequence in Xα.

Passing to a subsequence if necessary, we may assume that uk ⇀ u0 weakly in Xα.

It is easy to verify that

lim
k→∞

uk(t) = u0(t), ∀ t ∈ R. (7.13)

For any given number ε > 0, we can choose Tε > 0 such that

2q−1ρ(q)

T
(3−ν)q−2

2
ε

[(
Λ

Cα

)q
+ ∥u0∥qXα

]
< ε. (7.14)

It follows from (7.13) that there exists k0 ∈ N such that∫
|t|≤Tε

|uk(t)− u0(t)|qdt < ε, ∀ k ≥ k0. (7.15)

On the other hand, it follows from (7.8), (7.12) and (7.14) that∫
|t|>Tε

|uk(t)− u0(t)|qdt ≤ 2q−1

∫
|t|>Tε

(
|uk(t)|q + |u0(t)|q

)
dt

≤ 2q−1ρ(q)

T
(3−ν)q−2

2
ε

(∥uk∥qXα + ∥u0∥qXα)

≤ 2q−1ρ(q)

T
(3−ν)q−2

2
ε

[(
Λ

Cα

)q
+ ∥u0∥qXα

]
< ε, k ∈ N.

(7.16)

Since ε > 0 is arbitrary, we obtain by (7.15) and (7.16) that

∥uk − u0∥qLq =
∫
R
|uk(t)− u0(t)|qdt→ 0, as k → +∞.

This shows that {uk} possesses a convergent subsequence in Lq(R,Rn). There-
fore, Xα is compactly embedded in Lq(R,Rn) for 1 ≤ q ∈ (2/(3− ν), 2). Therefore,

the proof is completed.

Also, by (L), since l ∈ C(R, (0,∞)) and l is coercive, then lmin = mint∈R l(t)

exists, then we have

(L(t)u(t), u(t)) ≥ l(t)|u(t)|2 ≥ lmin|u(t)|2, ∀ t ∈ R. (7.17)
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Lemma 7.3. Suppose that L satisfies (L). Then for 2 ≤ q < ∞, Xα is compactly

embedded in Lq(R,Rn); moreover∫
|t|>T

|u(t)|qdt ≤ Cq−2
α

min|s|≥T l(s)
∥u∥qXα , ∀ u ∈ Xα, T ≥ 1, (7.18)

and

∥u∥qLq ≤ l−1
minC

q−2
α ∥u∥qXα , ∀ u ∈ Xα. (7.19)

Proof. From (7.6) and (7.17), one can get∫
|t|>T

|u(t)|qdt ≤ ∥u∥q−2
∞

∫
|t|>T

|u(t)|2dt

≤ ∥u∥q−2
∞

∫
|t|>T

[l(t)]−1(L(t)u(t), u(t))dt

≤ ∥u∥q−2
∞

min|s|≥T l(s)
∥u∥2Xα

≤ Cq−2
α

min|s|≥T l(s)
∥u∥qXα ,

(7.20)

and

∥u∥qLq ≤ ∥u∥q−2
∞

∫
t∈R

|u(t)|2dt

≤ l−1
min∥u∥

q−2
∞

∫
t∈R

(L(t)u(t), u(t))dt

≤ l−1
minC

q−2
α ∥u∥qXα ,

which, together with (7.20), shows that (7.18) and (7.19) hold.

We now can prove that Xα is compactly embedded in Lq(R,Rn) for 2 ≤ q <∞
by (L). By Lemma 2.2 in Torres, 2013, we know that the embedding of Xα in

L2(R,Rn) is continuous and compact. On the other hand, from Lemma 7.1, we

know that if u ∈ Hα with 1
2 < α < 1, then u ∈ Lq(R,Rn) for all q ∈ [2,+∞),

because ∫
R
|u(x)|qdx ≤ ∥u∥q−2

∞ ∥u∥2L2 .

So, it is easy to verify that the embedding of Xα in Lq(R,Rn) is also continuous

and compact for 2 ≤ q <∞. Therefore, combining this with Lemma 2.2 in Torres,

2013, we have the desired conclusion for 2 ≤ q < ∞. Therefore, the proof is

completed.

Now, we establish the corresponding variational framework to obtain solutions

of (7.1). To this end, define the functional I : Xα → R by

I(u) =
1

2

∫
R

(
|−∞D

α
t u(t)|2 + (L(t)u(t), u(t))

)
dt−

∫
R
W (t, u(t))dt

=
1

2
∥u∥2Xα −

∫
R
W (t, u(t))dt.

(7.21)



August 14, 2023 16:41 ws-book961x669 Basic Theory of Fractional Differential Equations 13289-main page 363

Fractional Hamiltonian Systems 363

Lemma 7.4. Assume that the conditions (Lν), (W1) and (W2) hold. Then the

functional I is well defined and of class C1(Xα,R) with

I ′(u)v =

∫
R

(
(−∞D

α
t u(t),−∞D

α
t v(t))

+ (L(t)u(t), v(t))− (∇W (t, u(t)), v(t))
)
dt.

(7.22)

Furthermore, the critical points of I in Xα are solutions of (7.1) with u(t) → 0 as

t→ ±∞.

Proof. We firstly show that I : Xα → R. For T ≥ T0, in view of (W1) and (7.19),

we have∣∣∣∣∫
R
W (t, u(t))dt

∣∣∣∣ ≤ m∑
i=1

ai

∫
R
|u(t)|γidt

≤
m∑
i=1

ai

(∫
|t|≤T

[l(t)]
−γi
2−γi dt

)1− γi
2

+
ρ(γi)

T
(3−ν)γi−2

2

 ∥u∥γiXα

≤
m∑
i=1

ϕi(T )∥u∥γiXα ,

(7.23)

where

ϕi(T ) := ai

(∫
|t|≤T

[l(t)]
−γi
2−γi dt

)1− γi
2

+
ρ(γi)

T
(3−ν)γi−2

2

 .
Combining this with (7.21), it follows that I : Xα → R.

Next, we prove that I ∈ C1(Xα,R). Rewrite I as I = I1 − I2, where

I1(u) :=
1

2

∫
R

(
|−∞D

α
t u(t)|2 + (L(t)u(t), u(t))

)
dt,

I2(u) :=

∫
R
W (t, u(t))dt.

(7.24)

It is easy to check that I1 ∈ C1(Xα,R), and that

I ′1(u)v =

∫
R

(
(−∞D

α
t u(t),−∞D

α
t v(t)) + (L(t)u(t), v(t))

)
dt.

Then, it is sufficient to show that I2 ∈ C1(Xα,R). So, we have

I ′2(u)v =

∫
R
(∇W (t, u(t)), v(t))dt, ∀ u, v ∈ Xα. (7.25)

By (W2), one can choose a constant φ0 > 0 such that

φ(|u|) ≤ φ0|u|γm+1−1, ∀ u ∈ Rn, |u| ≤ 1. (7.26)
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For any u, v ∈ Xα, there exists T1 > 0 such that |u(t)| + |v(t)| < 1 as |t| > T1.

Then for any function θ : R → (0, 1) and any number h ∈ (0, 1), by (W2), (7.26)

and Lemma 7.2, we have∫
R
|(∇W (t, u(t) + θ(t)hv(t)), v(t))|dt

≤
∫
|t|≤T1

|(∇W (t, u(t) + θ(t)hv(t))||v(t))|dt

+

∫
|t|>T1

|(∇W (t, u(t) + θ(t)hv(t))||v(t))|dt

≤
∫
|t|≤T1

max
|x|≤∥u∥∞+∥v∥∞

|∇W (t, x)||v(t))|dt

+ φ0

∫
|t|>T1

(|u(t)|+ |v(t)|)γm+1−1|v(t))|dt

≤
∫
|t|≤T1

max
|x|≤∥u∥∞+∥v∥∞

|∇W (t, x)||v(t))|dt+ φ0

∫
|t|>T1

|v(t)|γm+1dt

+ φ0

(∫
|t|>T1

|u(t)|γm+1dt

)1− 1
γm+1

(∫
|t|>T1

|v(t)|γm+1dt

) 1
γm+1

≤
∫
|t|≤T1

max
|x|≤∥u∥∞+∥v∥∞

|∇W (t, x)||v(t))|dt

+ φ0
ρ(γm+1)

T
(3−ν)γm+1−2

2

(∥u∥γm+1−1
Xα + ∥v∥γm+1−1

Xα )∥v∥Xα < +∞.

(7.27)

Then by (7.21) and (7.27), the mean value theorem and Lebesgue dominated

convergence theorem, we get

I ′2(u)v = lim
h→0+

I2(u+ hv)− I2(u)

h

= lim
h→0+

[∫
R

W (t, u(t) + hv(t))−W (t, u(t))

h
dt

]
= lim
h→0+

[∫
R
(∇W (t, u(t) + θ(t)hv(t)), v(t))dt

]
=

∫
R
(∇W (t, u(t)), v(t))dt.

This shows that (7.25) holds.

It remains to prove that I ′2 is continuous. Suppose that uk → u0 in Xα as

k → ∞, then, by the Banach-Steinhaus theorem, there exists a constant ϱ > 0 such

that

∥u0∥Xα ≤ 1

Cα
ϱ, sup

k∈N
∥uk∥Xα ≤ 1

Cα
ϱ. (7.28)

In view of (7.6), we have

∥u0∥∞ ≤ ϱ, sup
k∈N

∥uk∥∞ ≤ ϱ. (7.29)
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Now, by (W2), we can choose a constant φ1 > 0 such that

φ(|u|) ≤ φ1|u|γm+1−1, ∀ u ∈ Rn, |u| ≤ ϱ. (7.30)

Thus by (7.8), (7.22), (7.28)–(7.30), (W2) and the Hölder inequality, we obtain

|I ′2(uk)v − I ′2(u0)v|

=

∫
R
|(∇W (t, uk(t))−∇W (t, u0(t)), v(t))|dt

≤
∫
|t|≤T

|(∇W (t, uk(t))−∇W (t, u0(t))||v(t))|dt

+

∫
|t|>T

|(∇W (t, uk(t))−∇W (t, u0(t))||v(t))|dt

≤ o(1) + φ1

∫
|t|>T1

(
|uk(t)|γm+1−1 + |u0(t)|γm+1−1

)
|v(t))|dt

≤ o(1) + φ1

(∫
|t|>T

|uk(t)|γm+1dt

)1− 1
γm+1

(∫
|t|>T1

|v(t)|γm+1dt

) 1
γm+1

+ φ1

(∫
|t|>T

|u0(t)|γm+1dt

)1− 1
γm+1

(∫
|t|>T1

|v(t)|γm+1dt

) 1
γm+1

≤ o(1) + φ1
ρ(γm+1)

T
(3−ν)γm+1−2

2

(∥uk∥γm+1−1
Xα + ∥u0∥γm+1−1

Xα )∥v∥Xα

= o(1), as k → +∞, T → +∞, ∀ v ∈ Xα,

which shows the continuity of I ′2.

Finally, by a standard argument, it is easy to show that the critical points of I in

Xα are solutions of (7.1) with u(±∞) = 0. Therefore, the proof is completed.

7.2.3 Existence of Homoclinic Solutions

Now, we can state existence results.

Theorem 7.1. Suppose that L and W satisfy (Lν) and (W1)–(W3). Then, (7.1)

has at least one nontrivial homoclinic solution.

Proof. In view of Lemma 7.4, I ∈ C1(Xα,R). We show that I satisfies the hy-

potheses of Theorem 1.12.

Claim I. We first show that I is bounded from below. Selecting T2 > T0, it

follows from (7.23) that∫
R
W (t, u(t))dt ≤

m∑
i=1

ϕi(T2)∥u∥γiXα , ∀ u ∈ Xα. (7.31)

From (7.21) and (7.31), we get

I(u) =
1

2
∥u∥2Xα −

∫
R
W (t, u(t))dt ≥ 1

2
∥u∥2Xα −

m∑
i=1

ϕi(T2)∥u∥γiXα . (7.32)
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Since max{1, 2/(3−ν)} < γi < 2, (7.32) implies that I(u) → +∞ as ∥u∥Xα → +∞.

Therefore, I is bounded from below.

Claim II. We show that I satisfies the Palais-Smale condition. Assume that

{uk}k∈N ⊂ Xα is a sequence such that {I(uk)}k∈N is bounded and I ′(uk) → 0 as

k → +∞. So by (7.6) and (7.32), there exists a constant Λ1 > 0 such that

∥uk∥∞ ≤ Cα∥uk∥Xα ≤ Λ1, k ∈ N. (7.33)

Hence, passing to a subsequence if necessary, one may assume that uk ⇀ u

weakly in Xα. It is easy to verify that

lim
k→∞

uk(t) = u(t), ∀ t ∈ R. (7.34)

So,

(I ′(uk)− I ′(u))(uk − u) → 0, as k → ∞, (7.35)

it follows from (7.33) and (7.34) that

∥u∥Xα ≤ Λ1. (7.36)

By (W2), we can choose φ2 > 0 such that

φ(|u|) ≤ φ2|u|γm+1−1, ∀ u ∈ Rn, |u| ≤ Λ1. (7.37)

For any given number ε > 0, we can choose T3 > 0 such that

ρ(γm+1)

T
(3−ν)γm+1−2

2
3

[(
Λ1

Cα

)γm+1

+ ∥u∥γm+1

Xα

]
< ε. (7.38)

It follows from (7.34) and the continuity of ∇W (t, x) on x that there exists

k1 ∈ N such that∫
|t|≤T3

|∇W (t, uk(t))−∇W (t, u(t))||uk(t)− u(t)|dt < ε, ∀ k ≥ k1. (7.39)

Therefore, in view of (7.8), (7.33), (7.36)-(7.38) and (W2), we obtain∫
|t|>T3

|∇W (t, uk(t))−∇W (t, u(t))||uk(t)− u(t)|dt

≤ φ2

∫
|t|>T3

(
|uk(t)|γm+1−1 + |u(t)|γm+1−1

) (
|uk(t)|+ |u(t)|

)
dt

≤ 2φ2

∫
|t|>T3

(|uk(t)|γm+1 + |u(t)|γm+1) dt

≤ 2φ2
ρ(γm+1)

T
(3−ν)γm+1−2

2
3

[
∥uk∥γm+1

Xα + ∥u∥γm+1

Xα

]
≤ 2φ2

ρ(γm+1)

T
(3−ν)γm+1−2

2
3

[(
Λ1

Cα

)γm+1

+ ∥u∥γm+1

Xα

]
< 2φ2ε, k ∈ N.

(7.40)
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Since ε > 0 is arbitrary, so by (7.39) and (7.40), we get∫
R
(∇W (t, uk(t))−∇W (t, u(t)), uk(t)− u(t))dt→ 0, as k → +∞. (7.41)

On the other hand, we have

(I ′(uk)− I ′(u))(uk − u)

= ∥uk − u∥2Xα −
∫
R
(∇W (t, uk(t))−∇W (t, u(t)), uk(t)− u(t))dt.

(7.42)

Hence, it follows from (7.35), (7.41) and (7.42) that ∥uk−u∥Xα → 0 as k → +∞.

Therefore, I satisfies Palais-Smale condition.

Then, by Theorem 1.12, c = infXα I(u) is a critical value of I, that is, there

exists a critical point e such that I(e) = c.

Finally, we show that e ̸= 0. Take some u ∈ Xα such that ∥u∥Xα = 1. Then

there exists a subset Ω of positive measure |Ω| < ∞ of R such that u(t) ̸= 0 for

t ∈ Ω. Take σ > 0 small enough so that σ|u(t)| ≤ δ0 for t ∈ Ω. By (W3), there

exists a constant η > 0 such that

W (t, u) ≥ η
l∑

k=1

|u|νk , ∀ t ∈ Ω, u ∈ Rn, |u| ≤ δ0. (7.43)

Then by (7.43), one can get

I(σu) =
σ2

2
∥u∥2Xα −

∫
R
W (t, σu(t))dt

≤ σ2

2
− η

l∑
k=1

σνk
∫
Ω

|u(t)|νkdt.
(7.44)

Since max{1, 2/(3 − ν)} < νk < 2 (k = 1, 2, . . . , l) and
∫
Ω
|u(t)|µdt > 0, (7.44)

implies that I(σu) < 0 for some σ > 0 with σ|u(t)| ≤ δ0 for t ∈ Ω. Thus, I(e) =

c = infXα I(u) < 0, therefore e is a nontrivial critical point of I, and hence e = e(t)

is a nontrivial homoclinic solution of system (7.1). The proof is completed.

Theorem 7.2. Suppose that L and W satisfy (Lν), (W1), (W2), (W4) and (W5).

Then, (7.1) has at least d (∈ N) distinct pairs of nontrivial homoclinic solutions.

Proof. In view of Lemma 7.4 and the Proof of Theorem 7.1, I ∈ C1(Xα,R) is

bounded from below and satisfies the Palais-Smale condition. It is obvious that I

is even and I(0) = 0. In order to apply Theorem 1.13, we show that there is a set

K ⊂ Xα such that K is homeomorphic to Sd−1 by an odd map, and supK I < 0.

By (W4), there exist an open set D ⊂ R with t0 ∈ D, σ1 > 0 and η > 0 such

that

W (t, u) ≥ η|u|ϑ, ∀ (t, u) ∈ D × Rn, |u| < σ1. (7.45)
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For any d ∈ N, we take d disjoint open sets Di such that
⋃d
i=1Di ⊂ D. For

i = 1, 2, . . . , d, let ui ∈ (Hα
0 (Di)

⋂
Xα)\{0} (for detail of Hα

0 (Di), see Ervin, 2006)

and ∥ui∥Xα = 1, and

Xd = span{u1, . . . , ud}, Sd = {u ∈ Xd : ∥u∥Xα = 1}. (7.46)

For u ∈ Xd, there exist λi ∈ R, i = 1, 2, . . . , d such that

u(t) =
d∑
i=1

λiui(t), for t ∈ R. (7.47)

So

∥u∥Lϑ =

(∫
R
|u(t)|ϑdt

) 1
ϑ

=

(
d∑
i=1

|λi|ϑ
∫
Di

|ui(t)|ϑdt

) 1
ϑ

, (7.48)

and

∥u∥2Xα =

∫
R

(
|−∞D

α
t u(t)|2 + (L(t)u(t), u(t))

)
dt

=
d∑
i=1

λ2i

∫
Di

(
|−∞D

α
t ui(t)|2 + (L(t)ui(t), ui(t))

)
dt

=
d∑
i=1

λ2i

∫
R

(
|−∞D

α
t ui(t)|2 + (L(t)ui(t), ui(t))

)
dt

=
d∑
i=1

λ2i ∥ui∥2Xα =
d∑
i=1

λ2i .

(7.49)

As all norms of a finite-dimensional normed space are equivalent, there is a

constant C ′ > 0 such that

C ′∥u∥Xα ≤ ∥u∥Lϑ , for u ∈ Xd. (7.50)

Note that W (t, 0) = 0, and so according to (7.45), (7.47)-(7.50), one can get

I(su) =
s2

2
∥u∥2Xα −

∫
R
W (t, su(t))dt

=
s2

2
∥u∥2 −

d∑
i=1

∫
Di

W (t, sλiui(t))

≤ s2

2
∥u∥2Xα − ηsϑ

d∑
i=1

|λi|ϑ
∫
Di

|ui(t)|ϑdt

≤ s2

2
∥u∥2Xα − ηsϑ∥u∥ϑLϑ

≤ s2

2
∥u∥2Xα − η(C ′s)ϑ∥u∥ϑXα , ∀ u ∈ Sd,

(7.51)
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and sufficiently small s > 0. In this case (7.45) is applicable, since u is continuous

on D and so |sλiui(t)| ≤ σ1 for any t ∈ D, i = 1, 2, . . . , d can be true for sufficiently

small s. Hence, it follows from (7.51) that there exist ε > 0 and σ2 > 0 such that

I(σ2u) < −ε, ∀ u ∈ Sd. (7.52)

Let

Sσ2

d = {σ2u : u ∈ Sd}, Sd−1 =

{(
λ1
σ2
,
λ2
σ2
, . . . ,

λd
σ2

)T
∈ Rd :

d∑
i=1

λ2i
σ2
2

= 1

}
.

Then it follows from (7.49) that

Sσ2

d =

{
d∑
i=1

λiui :
d∑
i=1

λ2i = σ2
2

}
.

By (7.45), we define a map Ψ : Sσ2

d → Sd−1 as follows

Ψ(u) = σ−1
2

(
λ1
σ2
,
λ2
σ2
, . . . ,

λd
σ2

)T
, ∀ u ∈ Sσd .

It is easy to verify that Ψ : Sσ2

d → Sd−1 is an odd homeomorphic map. On the

other hand, by (7.52), we have

I(u) < −ε, ∀ u ∈ Sσ2

d ,

and thus supSσ2d
I < −ε < 0. By Theorem 1.13, I has at least d distinct pairs of

critical points, and so system (7.1) possesses at least d distinct pairs of nontrivial

homoclinic solutions. The proof is completed.

Next, we replace the conditions (W1)–(W4) with the following conditions:

(W6) W (t, 0) = 0 for all t ∈ R, there exist constants ϖi ∈ [0, 2 − ν), gi ≥ 0 and

max{1, 2(1 +ϖi)/(3− ν)} < τi < 2 (i = 1, 2, . . . , r) such that

|W (t, u)| ≤
r∑
i=1

gi(1 + |t|ϖi)|u|τi , ∀ (t, u) ∈ R× Rn.

(W7) There exist r functions χi ∈ C([0,+∞), [0,+∞)) such that

|∇W (t, u)| ≤
r∑
i=1

(1 + |t|ϖi)χi(|u|), ∀ (t, u) ∈ R× Rn,

where χ(x) = O(xτr+i−1) as x → 0+, max{1, 2(1 + ϖi)/(3 − ν)} < τr+i <

2 (i = 1, 2, . . . , r).

(W8) There exists a constant δ10 > 0 such that

W (t, u) ≥
l∑

k=1

b1k(t)|u|ν
1
k , ∀ t ∈ Ω, u ∈ Rn, |u| ≤ δ10 ,

for some positive measure subset Ω of R, and where max{1, 2(1 +ϖi)/(3−
ν)} < ν1k < 2 are constants, b1k : R → R+ are bounded continuous functions

for k = 1, 2, . . . , l.
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(W9) There exist t0 ∈ R and max{1, 2(1 +ϖi)/(3− ν)} < ϑ < 2 such that

lim
(t,u)→(t0,0)

W (t, u)

|u|ϑ
> 0.

Then, we have the following results.

Theorem 7.3. Suppose that L and W satisfy (Lν) and (W6)–(W8). Then, (7.1)

has at least one nontrivial homoclinic solution.

Theorem 7.4. Suppose that L and W satisfy (Lν), (W5), (W6), (W7) and (W9).

Then, (7.1) has at least d (∈ N) distinct pairs of nontrivial homoclinic solutions.

Lemma 7.5. Suppose that L satisfies (Lν). Then for ϖ ∈ [0, ν) and 1 ≤ q ∈
(2(1 +ϖ)/(3− ν), 2), Xα is compactly embedded in Lq(R,Rn); moreover∫

|t|>T
(1 + |t|ϖ)|u(t)|qdt ≤ ρ(ϖ, q)

T
(3−ν)q−2(1+ϖ)

2

∥u∥qXα , ∀ u ∈ Xα, T ≥ T0, (7.53)

and∫
R
(1 + |t|ϖ)|u(t)|qdt ≤

[(∫
|t|≤T

(1 + |t|ϖ)
2

2−q [l(t)]
−q
2−q dt

)1− q
2

+
ρ(ϖ, q)

T
(3−ν)q−2(1+ϖ)

2

]
∥u∥qXα , ∀ u ∈ Xα, T ≥ T0,

(7.54)

where

ρ(ϖ, q) = 2

[
2(2− q)

(3− ν)q − 2(1 +ϖ)

]1− q
2

M
− q

2
0 , (7.55)

and l(t) is defined in (7.11).

Proof. Let ζ = (3−ν)q−2(1+ϖ)
2−q . Then ζ > 0. For u ∈ Xα and T ≥ T0, it follows

from (7.7) and (7.55) and the Hölder inequality that∫
|t|>T

(1 + |t|ϖ)|u(t)|qdt ≤ 2

(∫
|t|>T

|t|−
(2−ν)q−2ϖ

2−q dt

)1− q
2
(∫

|t|>T
|t|2−ν |u(t)|2dt

) q
2

= 2

(∫
|t|>T

|t|−(ζ+1)dt

)1− q
2
(∫

|t|>T
|t|2−ν |u(t)|2dt

) q
2

≤ 2

(
2

ζT ζ

)1− q
2

(
1

M0

∫
|t|>T

(L(t)u(t), u(t))dt

) q
2

≤ 21+
2−q
2

M
q
2
0 ζ

2−q
2 T

(3−ν)q−2(1+ϖ)
2

∥u∥qXα

=
ρ(ϖ, q)

T
(3−ν)q−2(1+ϖ)

2

∥u∥qXα .
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This shows that (7.53) holds. Hence, from (7.53) and (7.11) and the Hölder

inequality, one can get∫
R
(1 + |t|ϖ)|u(t)|qdt

=

∫
|t|≤T

(1 + |t|ϖ)|u(t)|qdt+
∫
|t|>T

(1 + |t|ϖ)|u(t)|qdt

≤

(∫
|t|≤T

(1 + |t|ϖ)
2

2−q [l(t)]−
q

2−q dt

)1− q
2
(∫

|t|≤T
l(t)|u(t)|2dt

) q
2

+
ρ(ϖ, q)

T
(3−ν)q−2(1+ϖ)

2

∥u∥qXα

≤

(∫
|t|≤T

(1 + |t|ϖ)
2

2−q [l(t)]−
q

2−q dt

)1− q
2

∥u∥qXα

+
ρ(ϖ, q)

T
(3−ν)q−2(1+ϖ)

2

∥u∥qXα .

This shows that (7.54) holds.

Finally, by similar argument in the proof of Lemma 7.2, it is easy to show that

Xα is compactly embedded in Lq(R,Rn). Therefore, the proof is completed.

In this case Lemma 7.5 holds again with replacing (W1) and (W2) by (W6) and

(W7), and in view of (W6) and (7.54), we have∣∣∣∣∫
R
W (t, u(t))dt

∣∣∣∣ ≤ r∑
i=1

gi

∫
R
(1 + |t|ϖi)|u(t)|τidt

≤
r∑
i=1

gi

[(∫
|t|≤T

(1 + |t|ϖi)
2

2−τi [l(t)]
−τi
2−τi dt

)1− τi
2

+
ρ(ϖi, τi)

T
(3−ν)γi−2(1+ϖi)

2

]
∥u∥τiXα

≤
r∑
i=1

Πi(T )∥u∥τiXα ,

(7.56)

where

Πi(T ) := gi

(∫
|t|≤T

(1 + |t|ϖi)
2

2−τi [l(t)]
−τi
2−τi dt

)1− τi
2

+
ρ(ϖi, τi)

T
(3−ν)γi−2(1+ϖi)

2

 .
Therefore, the proof of Theorems 7.3 and 7.4 are similar to Theorems 7.1 and

7.2, respectively, and are omitted.

We will use the following conditions onW (t, u) to find infinitely many homoclinic

solutions:

(W10) lim|u|→∞
W (t,u)
|u|2 = +∞ uniformly for all t ∈ R.
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(W11) There exists ϱ > 0 such that W (t, u) ≥ −ϱ|u|2 for all (t, u) ∈ R× Rn.
(W12) W (t, 0) = 0 and there exist D > 0 and γj > 2 (j = 1, . . . , l) such that

|∇W (t, u)| ≤ D
(
|u|+

l∑
j=1

|u|γj−1
)
, ∀ (t, u) ∈ R× Rn.

(W13) There exist ρ > 0, pj , qj > 0, 0 ≤
∑l
j=1 qj < ρ−2

2 and 0 < θj < 2

(j = 1, . . . , l) such that for ∀(t, u) ∈ R× Rn,

(∇W (t, u), u)− ρW (t, u) ≥ −
l∑

j=1

[
pj |u|2 + qj(L(t)u, u) +Mj(t)|u|θj

]
,

where Mj ∈ L
2

2−θj (R,R+) (j = 1, . . . , l).

(W14) There exist ϑ ≥ γj − 1 (j = 1, . . . , l), c > 0 and R1 > 0 such that

(∇W (t, u), u)− 2W (t, u) ≥ c|u|ϑ, ∀ t ∈ R, ∀ |u| ≥ R1,

(∇W (t, u), u) ≥ 2W (t, u), ∀ t ∈ R, ∀ |u| ≤ R1.

Remark 7.1. In view of (W12), we have

W (t, u) =

∫ 1

0

(∇W (t, su), u)ds ≤ D
(1
2
|u|2 +

l∑
j=1

1

γj
|u|γj

)
, ∀ (t, u) ∈ R× Rn.

Now, we can state our main results.

Theorem 7.5. Suppose that L and W satisfy (L), (W5) and (W10)–(W13). Then,

system (7.1) possesses an unbounded sequence of homoclinic solutions.

Proof. Let {ej}∞j=1 be the standard orthogonal basis of Xα and define Xj := Rej ,
then Zk and Yk can be defined as that in Theorem 1.17. From (7.22) and (W5), we

can obtain that Φ ∈ C1(Xα,R) is even. Let us prove that the functional Φ satisfies

the required conditions in Theorem 1.17.

We firstly verify condition (H2) in Theorem 1.17. Let

λk = sup
u∈Zk,∥u∥Xα=1

∥u∥L2 ,

βjk = sup
u∈Zk,∥u∥Xα=1

∥u∥Lγj , for any j = 1, . . . , l,

then λk → 0 and βjk → 0 as k → +∞ for any j = 1, . . . , l. Clearly the sequence

{λk} is nonnegative and nonincreasing, so we assume that λk → λ ≥ 0, k → +∞.

For every k ≥ 0, there exists uk ∈ Zk such that ∥uk∥Xα = 1 and ∥uk∥L2 > λk
2 .

Then, up to a subsequence, we may assume that uk ⇀ u weakly in Xα. Noticing

that Zk is a closed subspace of Xα, by Mazur theorem, we have u ∈ Zk, for all

k > ñ. Consequently, we get u ∈
⋂∞
k=ñ Zk = {0}, which implies uk ⇀ 0 weakly

in Xα. By Lemma 7.3, we have uk → 0 in L2(R,Rn). Thus we have proved that
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λ = 0. Similarly, we can prove that βjk → 0 as k → +∞ for any j = 1, . . . , l. In

view of (7.21) and (W3), one can get

Φ(u) =
1

2
∥u∥2Xα −

∫
R
W (t, u(t))dt

≥ 1

2
∥u∥2Xα −D

1

2
∥u∥2L2 +

l∑
j=1

1

γj
∥u∥γj

Lγj


≥ 1

2
∥u∥2Xα − 1

2
Dλ2k∥u∥2Xα −D

l∑
j=1

1

γj
β
γj
k ∥u∥γjXα .

(7.57)

Since λk → 0 as k → +∞, there exists a positive constant N0 such that

Dλ2k ≤ 1

2
, ∀ k ≥ N0. (7.58)

By (7.57) and (7.58), we have

Φ(u) ≥ 1

4
∥u∥2Xα −D

l∑
j=1

1

γj
β
γj
k ∥u∥γjXα , ∀ k ≥ N0. (7.59)

If we choose rk = 1
l max

{(
8Dγ1 β

γ1
k

) 1
2−γ1

, . . . ,
(
8Dγl β

γl
k

) 1
2−γl

}
, then

bk = inf
u∈Zk,∥u∥Xα=rk

Φ(u) ≥ 1

8
r2k, ∀ k ≥ N0. (7.60)

Since βk → 0 as k → ∞ and γj > 2 for any j = 1, . . . , l, we can obtain

bk → +∞, as k → ∞.

We now verify condition (H1) in Theorem 1.17. Since dimYk <∞ and all norms

of a finite-dimensional normed space are equivalent, there exists a constant M0 > 0

such that

∥u∥Xα ≤M0∥u∥L2 , ∀ u ∈ Yk. (7.61)

By (W1), for ε1 =
(
1 + ϱl−1

min

)
M2

0 where ϱ is given in (W2), there exists δ =

δ(ε1) > 0 such that

W (t, u) ≥ ε1|u|2, ∀ |u| ≥ δ, ∀ t ∈ R. (7.62)

Then, for any u ∈ Yk, in view of (7.19), (7.21) and (7.62), one has

Φ(u) =
1

2
∥u∥2Xα −

∫
R
W (t, u(t))dt

=
1

2
∥u∥2Xα −

∫
{t∈R; |u(t)≥δ}

W (t, u(t))dt−
∫
{t∈R; |u(t)<δ}

W (t, u(t))dt

≤ 1

2
∥u∥2Xα − ε1∥u∥2L2 + ϱ∥u∥2L2

≤ 1

2
∥u∥2Xα − ε1

M2
0

∥u∥2Xα + ϱl−1
min∥u∥

2
Xα
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=

(
1

2
− ε1
M2

0

+ ϱl−1
min

)
∥u∥2Xα = −1

2
∥u∥2Xα .

Hence, we can choose ∥u∥Xα = ϱk large enough (ϱk > rk > 0) such that

ak = max
u∈Yk,∥u∥=ϱk

Φ(u) ≤ 0.

Finally, we prove that Φ satisfies the Palais-Smale condition. Let {ui}i∈N ⊂ Xα

be a Palais-Smale sequence, that is, {Φ(ui)}n∈N is bounded and Φ′(ui) → 0 as

i→ +∞. Then there exists a constant M1 > 0 such that

|Φ(ui)| ≤M1, ∥Φ′(ui)∥(Xα)∗ ≤M1 (7.63)

for every i ∈ N, where (Xα)∗ is the dual space of Xα.

We now prove that {ui} is bounded in Xα. In fact, if not, we may assume

that by contradiction that ∥ui∥Xα → ∞ as i → +∞. Set vi =
ui

∥ui∥Xα . Clearly,

∥vi∥Xα = 1 and there is v0 ∈ Xα such that, up to a subsequence{
vi ⇀ v0, weakly in Xα,

vi → v0, strongly in Lq(R,Rn), 2 ≤ q < +∞,
(7.64)

as i→ +∞. Since vi ⇀ v0 in Xα, it is easy to verify that

lim
i→+∞

vi(t) = v0(t), ∀ t ∈ R. (7.65)

Now, we consider the following two cases:

Case I. v0 = 0. From (7.19), (7.63), (W13) and the Hölder inequality, we can

obtain
ρM1 +M1∥ui∥Xα ≥ ρΦ(ui)− Φ′(ui)ui

=
(ρ
2
− 1
)
∥ui∥2Xα +

∫
R
[(∇W (t, ui(t)), ui(t))− ρW (t, ui(t))]dt

≥
(ρ
2
− 1
)
∥ui∥2Xα

−
l∑

j=1

∫
R

[
pj |ui(t)|2 + qj(L(t)ui(t), ui(t)) +Mj(t)|ui(t)|θj

]
dt

≥

ρ− 2

2
−

l∑
j=1

qj

 ∥ui∥2Xα −
l∑

j=1

pj∥ui∥2L2 −
l∑

j=1

∥Mj∥
L

2
2−θj

∥ui∥
θj
L2

≥

ρ− 2

2
−

l∑
j=1

qj

 ∥ui∥2Xα −
l∑

j=1

pj∥ui∥2L2

−
l∑

j=1

∥Mj∥
L

2
2−θj

(l−1
min)

θj
2 ∥ui∥

θj
Xα .

(7.66)

Divided by ∥ui∥2Xα on both sides of (7.66), noting that 0 ≤
∑l
j=1 qj <

ρ−2
2 and

0 < θj < 2 (j = 1, . . . , l), one has

∥vi∥2L2 ≥
ρ−2
2 −

∑l
j=1 qj∑l

j=1 pj
> 0, as i→ ∞. (7.67)
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It follows from (7.64) and (7.67) that v0 ̸= 0. This is a contradiction.

Case II. v0 ̸= 0. Since {Φ(ui)}n∈N is bounded, then by (7.63), we have

Φ(ui) =
1

2
∥ui∥2Xα −

∫
R
W (t, ui(t))dt ≥ −M1. (7.68)

Divided by ∥ui∥2Xα on both sides of (7.68), we have

∫
R

W (t, ui(t))

∥ui∥2Xα
dt ≤ 1

2
+

M1

∥ui∥2Xα
< +∞. (7.69)

Let Λ := {t ∈ R : v0(t) ̸= 0}, then Λ ̸= ∅. Hence, by (7.65), we can obtain

lim
i→+∞

ui(t) = lim
i→+∞

vi(t)∥ui∥Xα = +∞, ∀ t ∈ Λ.

Combining (W10) and (W11), one has

lim
i→+∞

(
W (t, ui(t))

|ui(t)|2
+ ϱ

)
|vi(t)|2 = +∞, ∀ t ∈ Λ. (7.70)

So, by (W11), (7.64), (7.70) and Fatou lemma, one can get

∫
R

W (t, ui(t))

∥ui∥2Xα
dt =

∫
t∈Λ

W (t, ui(t))

∥ui∥2Xα
dt+

∫
t∈R\Λ

W (t, ui(t))

∥ui∥2Xα
dt

≥
∫
t∈Λ

W (t, ui(t))

∥ui∥2Xα
dt− ϱ

∫
t∈R\Λ

|vi(t)|2dt

=

∫
t∈Λ

W (t, ui(t)) + ϱ|ui(t)|2

|ui(t)|2
|vi(t)|2dt− ϱ

∫
R
|vi(t)|2dt

→ +∞, as i→ +∞.

This contradicts (7.69). Therefore, {ui} is bounded in Xα, that is, there exists

ξ1 > 0 such that

∥ui∥Xα ≤ ξ1. (7.71)

Then the sequence {ui} has a subsequence, again denoted by {ui}, and there

exists u ∈ Xα such that ui ⇀ u in Xα. Hence we will prove that ui → u in Xα.
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By (W13), (7.19) and (7.71), we have∫
R
(∇W (t, ui(t))−∇W (t, u(t)), ui(t)− u(t))dt

≤
∫
R
(|∇W (t, ui(t))|+ |∇W (t, u(t))|)|ui(t)− u(t)|dt

≤ D

∫
R

(
|ui(t)|+

l∑
j=1

|ui(t)|γj−1
)
|ui(t)− u(t)|dt

+D

∫
R

(
(|u(t)|+

l∑
j=1

|u(t)|γj−1
)
|ui(t)− u(t)|dt

≤ D
(
∥ui∥L2 +

l∑
j=1

∥ui∥
γj−1

L2(γj−1)

)
∥ui − u∥L2

+D
(
∥u∥L2 +

l∑
j=1

∥u∥γj−1

L2(γj−1)

)
∥ui − u∥L2

≤ D
(√

l−1
min∥ui∥Xα +

l∑
j=1

√
l−1
minC

γj−2
α ∥ui∥

γj−1
Xα

)
∥ui − u∥L2

+D
(
∥u∥L2 +

l∑
j=1

∥u∥γj−1

L2(γj−1)

)
∥ui − u∥L2

≤ D
(√

l−1
minξ1 +

l∑
j=1

√
l−1
minC

γj−2
α ξ

γj−1
1

)
∥ui − u∥L2 → 0, as i→ +∞.

(7.72)

It follows from ui ⇀ u weakly in Xα and (7.72) that

(Φ′(ui)−Φ′(u), ui−u) = ∥ui−u∥2Xα−
∫
R
(∇W (t, ui(t))−∇W (t, u(t)), ui(t)−u(t))dt.

It is easy to deduce that ∥ui − u∥Xα → 0 as i = +∞. Therefore, Φ satisfies the

Palais-Smale condition.

Therefore, it follows from Theorem 1.17 that Φ possesses an unbounded sequence

{di} of critical values with di = Φ(ui), where ui is such that Φ′(ui) = 0 for i =

1, 2, . . .. If ∥ui∥Xα is bounded, then there exists R > 0 such that

∥ui∥Xα ≤ R, for i ∈ N. (7.73)

Hence, by virtue of (7.19) and (W12), we have

1

2
∥ui∥2Xα = di +

∫
R
W (t, ui(t))dt

≥ di −D

∫
R

(1
2
|ui(t)|2 +

l∑
j=1

1

γj
|ui(t)|γj

)
dt
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≥ di −D
(1
2
l−1
min∥ui∥

2
Xα +

l∑
j=1

1

γj
l−1
minC

γj−2
α ∥ui∥

γj
Xα

)
.

Thus, this follows that

di ≤
1

2
∥ui∥2Xα +D

(1
2
l−1
min∥ui∥

2
Xα +

l∑
j=1

1

γj
l−1
minC

γj−2
α ∥ui∥

γj
Xα

)
< +∞.

This contradicts the fact that {di} is unbounded, and so ∥ui∥Xα is unbounded.

The proof is completed.

Theorem 7.6. Suppose that L andW satisfy (L), (W5), (W10)–(W12) and (W14).

Then, system (7.1) possesses an unbounded sequence of homoclinic solutions.

Proof. By a similar argument as that in Theorem 7.2, we can prove Theorem 7.6.

In fact, we only need to prove that Φ satisfies the Palais-Smale condition. Let

{ui}i∈N ⊂ Xα be a Palais-Smale sequence, that is, {Φ(ui)}n∈N is bounded and

Φ′(ui) → 0 as i→ +∞. We now prove that {ui} is bounded in Xα. In fact, if not,

we may assume that by contradiction that ∥ui∥Xα → ∞ as i → +∞. We take vi
as in the proof of Theorem 7.2.

Case I. v0 = 0. From (W14), one has

2Φ(ui)− Φ′(ui)ui =

∫
R
[(∇W (t, ui(t)), ui(t))− 2W (t, ui(t))]dt

≥
∫
{t∈R,|ui(t)|≥R1}

[(∇W (t, ui(t)), ui(t))− 2W (t, ui(t))]dt

≥ c

∫
{t∈R,|ui(t)|≥R1}

|ui(t)|ϑdt,

(7.74)

which implies that

∫
t∈R,|ui(t)|≥R1

|ui(t)|ϑdt
∥ui∥Xα

→ 0, as i→ ∞. (7.75)
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It follows from (7.6), (W12), (W14) and Remark 7.1 that

M2 ≥ Φ(ui)

=
1

2
∥ui∥2Xα −

∫
R
W (t, ui(t))dt

≥ 1

2
∥ui∥2Xα −D

∫
R

(1
2
|ui(t)|2 +

l∑
j=1

1

γj
|ui(t)|γj

)
dt

≥ 1

2
∥ui∥2Xα − 1

2
D∥ui∥2L2 −D

l∑
j=1

1

γj

∫
{t∈R,|ui(t)|≥R1}

|ui(t)|γjdt

−D
l∑

j=1

1

γj

∫
{t∈R,|ui(t)|<R1}

|ui(t)|γjdt

≥ 1

2
∥ui∥2Xα − 1

2
D∥ui∥2L2 −D∥ui∥∞

l∑
j=1

1

γj

∫
{t∈R,|ui(t)|≥R1}

|ui(t)|γj−1dt

−D
l∑

j=1

1

γj
R
γj−2
1

∫
{t∈R,|ui(t)|<R1}

|ui(t)|2dt

≥ 1

2
∥ui∥2Xα − 1

2
D∥ui∥2L2 −D∥ui∥∞

l∑
j=1

1

γj
R
γj−ϑ−1
1

∫
{t∈R,|ui(t)|≥R1}

|ui(t)|ϑdt

−D
l∑

j=1

1

γj
R
γj−2
1

∫
{t∈R,|ui(t)|<R1}

|ui(t)|2dt

≥ 1

2
∥ui∥2Xα −D

1

2
+

l∑
j=1

1

γj
R
γj−2
1

 ∥ui∥2L2

−DCα∥ui∥Xα
l∑

j=1

1

γj
R
γj−ϑ−1
1

∫
{t∈R,|ui(t)|≥R1}

|ui(t)|ϑdt,
(7.76)

for some M2 > 0. Divided by ∥ui∥2Xα on both sides of (7.76), noting that (7.75),

we have

∥vi∥2L2 ≥ 1

2D
(

1
2 +

∑l
j=1

1
γj
R
γj−2
1

) > 0, as i→ ∞. (7.77)

It follows from (7.64) and (7.77) that v0 ̸= 0. This is a contradiction.

Case II. v0 ̸= 0. The proof is the same as that in Theorem 7.2, and we omit

it here. Hence, {ui} is bounded in Xα. Similar to the proof of Theorem 7.2, we

can prove that {ui} has a convergent subsequence in Xα. Hence, Φ satisfies the

Palais-Smale condition. The proof is completed.
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7.3 Existence and Multiplicity of Homoclinic Solutions (II)

7.3.1 Introduction

In this section, we investigate the existence and multiplicity of the solutions of the

following fractional Hamiltonian systems{
tD

α
∞(−∞D

α
t u(t)) + L(t)u(t) = ∇W (t, u(t)), t ∈ R,

u ∈ Hα(R),
(7.78)

where α ∈ ( 12 , 1], −∞D
α
t and tD

α
∞ are left and right Liouville-Weyl fractional deriva-

tives of order 0 < α < 1 on the whole axis R respectively, u ∈ Rn, L ∈ C(R,Rn×n)
is a positive definite symmetric matrix for all t ∈ R and W : R×Rn → R is a func-

tion that satisfy conditions which will be stated later and ∇W (t, u) is the gradient

of W at u.

Throughout this section, we need the following assumptions:

[L]: There exists an M > 0 such that

(L(t)x, x) ≥M |x|2, for all t ∈ R, x ∈ Rn;

and W (t, x) = b(t)π(x) with the following assumptions:

[W1]: b : R → (0,+∞) is a continuous function such that b(t) → 0 as |t| → ∞;

[W2]: π ∈ C1(Rn,R) and there is a constant µ > 2 such that

0 < µπ(x) ≤ (∇π(x), x), ∀ x ∈ Rn \ {0};

[W3]: ∇π(x) = o(|x|) as |x| → 0;

[W4]: π(−x) = π(x), for all x ∈ Rn;
[W5]: for any r > 0, there exits α0, β0 > 0 and ϱ < 2 such that

0 ≤
(
2 +

1

α0 + β0|x|ϱ

)
W (t, x) ≤ (∇W (t, x), x),

for all (t, x) ∈ R× {x ∈ Rn : |x| ≥ r}.

In this section, we present a new approach via variational methods and critical

point theory to obtain sufficient conditions under which the Hamiltonian system

has at least one homoclinic solution or multiple homoclinic solutions.

7.3.2 Some Lemmas

In order to establish our results via variational methods and the critical point theory,

we firstly describe some properties of the space on which the variational associated

with (7.1) is defined. Let

Xα =

{
u ∈ Hα(R)|

∫
R

(
|−∞D

α
t u(t)|2 + (b(t)u(t), u(t))

)
dt <∞

}
.
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The space Xα is a Hilbert space with the inner product

⟨u, v⟩Xα =

∫
R

(
(−∞D

α
t u(t),−∞D

α
t v(t)) + (L(t)u(t), v(t))

)
dt,

and the corresponding norm

∥u∥2Xα = ⟨u, u⟩Xα .

Similar to the proofs of Lemmas 2.1 and 2.2 in Torres, 2013, we can get the

following lemmas.

Lemma 7.6. Suppose that L(t) satisfies [L]. Then the space Xα is continuously

embedded in Hα(R).

Let Lpb(R,Rn) denote the weighted space of measurable functions u : R → Rn
with the norm

∥u∥p,b :=
(∫

R
b(t)|u(t)|pdt

) 1
p

.

Lemma 7.7. Suppose that [L] and [W1] hold. Then the imbedding of Xα in

L2
b(R,Rn) is continuous and compact.

Proof. It is easy to check that the embedding of Xα ↪→ L2
b(R,Rn) is continuous.

Next, we prove that the embedding is compact. Let {un}n∈N ⊂ Xα be a sequence

such that un ⇀ u in Xα, we show that un → u in L2
b(R,Rn). Suppose, without loss

of generality, that un ⇀ 0 in Xα. The Banach-Steinhaus theorem implies that

A = sup
n∈N

∥un∥ <∞.

For any ε > 0, there is T0 < 0 such that b(t) ≤ ε for all t ≤ T0. Similarly, there is

T1 > 0 such that b(t) ≤ ε for all t ≥ T1. Sobolev theorem (see Stuart, 1995) implies

that un → u uniformly on Ω = [T0, T1], so there is k0 such that∫
Ω

b(t)|un(t)|2dt < ε, ∀ k ≥ k0. (7.79)

Since b(t) ≤ ε on (−∞, T0], we have∫ T0

−∞
b(t)|un(t)|2dt ≤

ε

M

∫ T0

−∞
M |un(t)|2dt <

ε

M
A2. (7.80)

Similarly, since b(t) ≤ ε on (T1,+∞), one can get∫ +∞

T1

b(t)|un(t)|2dt ≤
ε

M

∫ +∞

T1

M |un(t)|2dt <
ε

M
A2. (7.81)

Combining (7.79)-(7.81), we get un → 0 in L2
b(R,Rn).

Remark 7.2. From Lemma 7.7, there is a constant Cb such that

∥u∥2,b ≤ Cb∥u∥Xα , ∀ u ∈ Xα.
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Lemma 7.8. (Torres, 2013) Let α > 1
2 , then H

α(R) ⊂ C(R) and there is a constant

C = Cα such that

sup
x∈R

|u(x)| ≤ C∥u∥α.

Also by Lemma 7.8, there is a constant Cα > 0 such that

∥u∥∞ ≤ Cα∥u∥Xα . (7.82)

Let I : Xα → R be defined by

I(u) :=
1

2

∫
R

(
|−∞D

α
t u(t)|2 + (L(t)u(t), u(t))

)
dt−

∫
R
W (t, u(t))dt

:=
1

2
∥u∥2Xα −

∫
R
W (t, u(t))dt.

(7.83)

For convenience, we denote

J(u) :=
1

2

∫
R

(
|−∞D

α
t u(t)|2 + (L(t)u(t), u(t))

)
dt,

W (u) :=

∫
R
W (t, u(t))dt.

Under the assumptions [L] and [W1]-[W5], with Lemma 3.1 in Riewe, 1996, we have

I ′(u)v =

∫
R

(
(−∞D

α
t u(t),−∞D

α
t v(t)) + (L(t)u(t), v(t))− (∇W (t, u(t)), v(t))

)
dt,

(7.84)

for all u, v ∈ Xα. Moreover, I is a continuously Fréchet-differentiable functional

defined on Xα, i.e., I ∈ C1(Xα,R).

Lemma 7.9. Suppose that [L], [W1] and [W3] are satisfied. If un ⇀ u in Xα, then

∇π(un) → ∇π(u) in L2
b(R,Rn) as n→ ∞.

Proof. The proof is similar to Lemma 2.4 in Torres, 2013 and is omitted.

Now, from Lemma 7.8, it is well known that Xα ⊂ Hα(R,Rn) ⊂ C(R,Rn), the
space of continuous functions u on R such that u(t) → 0 as |t| → +∞.

Lemma 7.10. We have

π(u) ≤ π

(
u

|u|

)
|u|µ, |u| ≤ 1,

π(u) ≥ π

(
u

|u|

)
|u|µ, |u| ≥ 1.

(7.85)

The proof is similar to Lemma 2.3 in Riewe, 1996 and is omitted.
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7.3.3 Existence and Multiplicity

The main results are the following theorems.

Theorem 7.7. Let α > 1
2 . Assume that L satisfies assumptions [L] and [W1]-[W3].

Then system (7.78) possesses a nontrivial homoclinic solution.

Proof. It is clear that I(0) = 0. We show that I satisfies the hypotheses of the

Theorem 1.15.

Step I. We show that I satisfies the Palais-Smale condition. Assume that

{un}n∈N ⊂ Xα is a sequence such that {I(un)}n∈N is bounded and I ′(un) → 0 as

n→ +∞. Then there exists a constant c > 0 such that

|I(un)| ≤ c, ∥I ′(un)∥Xα ≤ c, for every n ∈ N. (7.86)

We firstly prove that {un}n∈N is bounded in Xα. By (7.83), (7.84), (7.86) and

[W2], one can get

c+
c

µ
∥un∥Xα ≥ I(un)−

1

µ
I ′(un)un

=

(
1

2
− 1

µ

)∫
R

(
|−∞D

α
t un(t)|2 + (L(t)un(t), un(t))

)
dt

−
∫
R
W (t, un(t))dt+

1

µ

∫
R
(∇W (t, un(t)), un(t))dt

=

(
1

2
− 1

µ

)
∥un∥2Xα +

1

µ

∫
R
((∇W (t, un(t)), un(t))− µW (t, un(t)))dt

≥
(
1

2
− 1

µ

)
∥un∥2Xα , n ∈ N.

Since µ > 2, the above inequality shows that {un}n∈N is bounded in Xα, i.e., that

there exists a constant θ > 0 such that

∥un∥Xα ≤ θ, for every n ∈ N.

Since Xα is a reflexive space (Xα is a Hilbert space), thus passing to a subse-

quence if necessary, by Lemma 7.7, we may assume that

un ⇀ u, weakly in Xα, un → u, a.e. in L2
b(R,Rn).

Thus,

(I ′(un)− I ′(u))(un − u) → 0, n→ ∞

and by Lemma 7.9 and the Hölder inequality, one can get∫
R
(∇W (t, un(t))−∇W (t, u(t)), un(t)− u(t))dt→ 0,

as n→ +∞. On the other hand, we have

(I ′(un)− I ′(u))(un − u)
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= ∥un − u∥2Xα −
∫
R
(∇W (t, un(t))−∇W (t, u(t)), un(t)− u(t))dt.

Hence, ∥un − u∥Xα → 0 as n→ +∞. Therefore, I satisfies Palais-Smale condition.

Step II. We now show that there exist constants ρ > 0 and α > 0 such that I

satisfies assumption (ii) of Theorem 1.15. For any given number ε > 0, from [W3],

we can choose δ > 0 such that

π(x) ≤ ε|x|2, for every |x| ≤ δ.

By (7.82), if ∥u∥Xα = δ
Cα

=: ρ, then |u(t)| ≤ Cα · ρ = δ, so π(u(t)) ≤ ε|u(t)|2 for all

t ∈ R. Integrating on R and by Remark 7.2, we have∫
R
W (t, u(t))dt ≤ ε∥u∥22,b ≤ εC2

b ∥u∥2Xα . (7.87)

Let

β =
1

4

(
δ

Cα

)2

.

For ∥u∥Xα = ρ ≤ 1, from (7.83) and (7.87), we obtain

I(u) =
1

2

∫
R

(
|−∞D

α
t u(t)|2 + (L(t)u(t), u(t))

)
dt−

∫
R
W (t, u(t))dt

≥ 1

2
∥u∥2Xα − εC2

b ∥u∥2Xα

=

(
1

2
− εC2

b

)
∥u∥2Xα .

(7.88)

Setting ε = 1
4C2

b
, the inequality (7.88) implies that

I|∂Bρ ≥
1

4

(
δ

Cα

)2

= β. (7.89)

Clearly, (7.89) shows that ∥u∥Xα = ρ implies I(u) ≥ β, i.e., I satisfies assumption

(ii) of Theorem 1.15.

Step III. We prove (iii) of Theorem 1.15, i.e., there exists e ∈ Xα such that

∥e∥Xα > ρ and I(e) ≤ 0, where ρ is defined in Step II. By (7.85), there is c1 > 0

such that

π(u(t)) ≥ c1|u(t)|µ, for all |u(t)| ≥ 1. (7.90)

Take some u ∈ Xα such that ∥u∥Xα = 1. Then there exists a subset Ω of positive

measure |Ω| <∞ of R such that u(t) ̸= 0 for t ∈ Ω. Take σ > 0 such that σ|u(t)| ≥ 1

for t ∈ Ω. Then by (7.83) and (7.90), one can get

I(σu) ≤ σ2

2
− c1σ

µ

∫
Ω

b(t)|u(t)|µdt. (7.91)

Since µ > 2, b(t) > 0 and
∫
Ω
b(t)|u(t)|µdt > 0, (7.91) implies that I(σu) < 0 for

some σ > 0 with σ|u(t)| ≥ 1 for t ∈ Ω and ∥σu∥Xα > ρ. Therefore, I possesses a

critical value c ≥ β given by

c = inf
g∈Γ

max
s∈[0,1]

I(g(s)),
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where Bρ(0) is an open ball in E of radius ρ centered at 0, and

Γ = {g ∈ C([0, 1], E) : g(0) = 0, g(1) = e}.

Here, there is u∗ ∈ Xα such that

I(u∗) = c, I ′(u∗) = 0.

Since c > 0, u∗ is a nontrivial homoclinic solution. The proof is completed.

Theorem 7.8. Let α > 1
2 . Assume that L and W satisfy [L] and [W1]-[W4]. Then

there exists an unbounded sequence of homoclinic solutions for system (7.78).

Proof. The conditions [W1] and [W4] imply that I is even. In view of the proof of

Theorem 7.7, we see that I ∈ C1(Xα,R), and I satisfies the Palais-Smale condition

and assumptions (i) and (ii) of Theorem 1.16. To apply Theorem 1.16, it suffices

to prove that I satisfies the condition (iv) of Theorem 1.16. Let E′ ⊂ Xα be a

finite-dimensional subspace. From Step III of Theorem 7.7, we know that, for any

u0 ∈ E′ ⊂ Xα such that ∥u0∥Xα = 1, there is mu0
> 0 such that

I(mu0
) < 0, for |m| ≥ mu0

> 0.

Since E′ ⊂ Xα is a finite-dimensional subspace, we can choose an R = r(E′) > 0

such that

I(ω) < 0, ∀ ω ∈ E′ \BR(0).

Therefore, by Theorem 1.16, I possesses an unbounded sequence of critical values

{cj}j∈N with cj → +∞. Let uj be the critical point of I corresponding to cj , then

(7.78) has infinitely many distinct homoclinic solutions.

Theorem 7.9. Let α > 1
2 . Assume that L and W satisfy [L] and [W1], [W3]-[W5].

Then there exists an unbounded sequence of homoclinic solutions for system (7.78).

Proof. In view of the proof of Theorem 7.8, we see that I ∈ C1(Xα,R), and I

satisfies assumptions (i), (ii) and (iv) of Theorem 1.16. To apply Theorem 1.16, it

suffices to prove that I satisfies the condition (iv). Suppose that {un}n∈N ⊂ Xα is a

(iv) sequence of I, that is, {I(un)} is bounded and (1+ ∥un∥Xα)∥I ′(un)∥(Xα)∗ → 0

as n→ ∞. Then, in view of (7.83) and (7.84), for a constant C0 > 0, we have

C0 ≥ 2I(un)− I ′(un)un

=

∫
R
[(∇W (t, un(t)), un(t))− 2W (t, un(t))] dt.

(7.92)

Since π(0) = 0, then from [W3] that there exists η ∈ ]0, 1[ such that

|W (t, x)| ≤ 1

4
b(t)|x|2, for every t ∈ R, |x| ≤ η. (7.93)

By [W5], we have

(∇W (t, x), x) ≥ 2W (t, x) ≥ 0, ∀(t, x) ∈ R× Rn, (7.94)
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W (t, x) ≤ (α0 + β0|x|ϱ) [(∇W (t, x), x)− 2W (t, x)] , (7.95)

for all (t, x) ∈ R× {x ∈ Rn : |x| > η}.
Now from (7.83), (7.82), (7.92)-(7.95) and Remark 7.2, we get

1

2
∥un∥2Xα

= I(un) +

∫
R
W (t, un(t))dt

= I(un) +

∫
{t∈R, |un(t)|≤η}

W (t, un(t))dt+

∫
{t∈R, |un(t)|>η}

W (t, un(t))dt

= I(un) +
1

4

∫
{t∈R, |un(t)|≤η}

b(t)|un(t)|2dt

+

∫
{t∈R, |un(t)|>η}

(α0 + β0|un(t)|ϱ) [(∇W (t, un(t)), un(t))− 2W (t, un(t))] dt

≤ C1 +
1

4
∥un∥22,b +

∫
R
(α0 + β0|un(t)|ϱ) [(∇W (t, un(t)), un(t))− 2W (t, un(t))] dt

≤ C1 +
1

4
C2
b ∥un∥2Xα + C0(α0 + β0∥un∥ϱ∞)

≤ C1 +
1

4
C2
b ∥un∥2Xα + C0(α0 + β0C

ϱ
α∥un∥

ϱ
Xα).

Since ϱ < 2, it follows that {∥un∥} is bounded. Next, similar to the proof of

Theorem 7.7, we can also prove that {un} has a convergent subsequence in Xα.

Thus, I satisfies condition (iv). Therefore, the proof is completed.

7.4 Notes and Remarks

The material in Section 7.2 are adopted Nyamoradi, Alsaedi, Ahmad and Zhou,

2017. The results in Section 7.3 are taken from Nyamoradi and Zhou, 2017.
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Chapter 8

Fractional Partial Differential Equations

8.1 Introduction

Fractional calculus has become important topics thanks to its effective characteriza-

tion of the ubiquitous power-law phenomena as well as its widespread applications in

many areas of science and engineering such as porous media, turbulence, bioscience,

geoscience, and viscoelastic material and so on. The most important mathematical

equations among such models are fractional partial differential equations, which can

be more relevant for describing the underlying anomalous features, non-local inter-

actions, manifesting in memory-effects, sharp peaks, power law distributions, and

self-similar structures. For such a kind of equations there are a large and rapidly

growing number of publications. Although some results of qualitative analysis for

fractional partial differential equations (FPDEs) can be similarly obtained, many

classical PDEs’ methods are hardly applicable directly to FPDEs. New theories

and methods are thus required to be specifically developed for FPDEs, whose in-

vestigation becomes more challenging. Comparing with PDEs’ classical theory, the

researches on FPDEs are only on their initial stage of development.

The main objective of this chapter is to investigate the existence and regularity

for a variety of time-fractional partial differential equations with applications. Sec-

tion 8.2 is devoted to study of global and local existence, regularity of mild solutions

for Navier-Stokes equations. In Section 8.3, an initial-boundary value problem for

the nonlinear fractional Rayleigh-Stokes equation is studied in two cases, namely

when the source term is globally Lipschitz or locally Lipschitz. In Section 8.4,

we investigate the existence of a weak solution for Euler-Lagrange equations. In

Section 8.5, we investigate the regularity and unique existence of the solution for

initial-boundary value problems of diffusion equation with multiple time-fractional

derivatives. Section 8.6 discusses the well-posedness and regularity results of the

weak solution for a fractional wave equation.

387
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8.2 Fractional Navier-Stokes Equations

8.2.1 Introduction

The Navier-Stokes equations describe the motion of the incompressible Newtonian

fluid flows ranging from large scale atmospheric motions to the lubrication of ball

bearings, and express the conservation of mass and momentum. For more details

we refer to the monographs of Cannone, 1995 and Varnhorn, 1994. We find this

system which is so rich in phenomena that the whole power of mathematical theory

is needed to discuss the existence, regularity and boundary conditions; see, e.g.,

Lemarié-Rieusset, 2002 and von Wahl, 2013.

It is worth mentioning that Leray carried out an initial study that a boundary-

value problem for the time-dependent Navier-Stokes equations possesses a unique

smooth solution on some intervals of time provided the data are sufficiently smooth.

Since then many results on the existence for weak, mild and strong solutions for

the Navier-Stokes equations have been investigated intensively by many authors;

see, e.g., de Almeida and Ferreira, 2013; Heck, Kim and Kozono, 2013; Iwabuchi

and Takada, 2013; Koch et al., 2009; Masmoudi and Wong, 2015 and Weissler,

1980. Moreover, one can find results on regularity of weak and strong solution from

Amrouche and Rejaiba, 2014; Chemin and Gallagher, 2010; Chemin, Gallagher and

Paicu, 2011; Choe, 2015; Danchin, 2000; Giga and Yoshikazu, 1991; Kozono, 1998;

Raugel and Sell, 1993 and the references therein.

Theoretical analysis and experimental data have shown that classical diffusion

equation fails to describe diffusion phenomenon in heterogeneous porous media that

exhibits fractal characteristics. How is the classical diffusion equation modified to

make it appropriate to depict anomalous diffusion phenomena? This problem is

interesting for researchers. Fractional calculus have been found effective in mod-

elling anomalous diffusion processes since it has been recognized as one of the best

tools to characterize the long memory processes. Consequently, it is reasonable

and significative to propose the generalized Navier-Stokes equations with Caputo

fractional derivative operator, which can be used to simulate anomalous diffusion in

fractal media. Its evolutions behave in a much more complex way than in classical

inter-order case and the corresponding investigation becomes more challenging.

The main effort on time-fractional Navier-Stokes equations has been put into

attempts to derive numerical solutions and analytical solutions; see Ganji et al.,

2010; El-Shahed and Salem, 2004 and Momani and Zaid, 2006. However, to the

best of our knowledge, there are very few results on the existence and regularity of

mild solutions for time-fractional Navier-Stokes equations. Recently, De Carvalho-

Neto and Gabriela, 2015 dealt with the existence and uniqueness of global and local

mild solutions for the time-fractional Navier-Stokes equations.

Motivated by above discussion, in this section we study the following
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time-fractional Navier-Stokes equations in an open set Ω ⊂ Rn (n ≥ 3):
∂αt u− ν∆u+ (u · ∇)u = −∇p+ f, t > 0,

∇ · u = 0,

u|∂Ω = 0,

u(0, x) = a,

(8.1)

where ∂αt is Caputo fractional derivative of order α ∈ (0, 1), u = (u1(t, x),

u2(t, x), . . . , un(t, x)) represents the velocity field at a point x ∈ Ω and time t > 0,

p = p(t, x) is the pressure, ν the viscosity, f = f(t, x) is the external force and

a = a(x) is the initial velocity. From now on, we assume that Ω has a smooth

boundary.

Firstly, we get rid of the pressure term by applying Helmholtz projector P to

equation (8.1), which converts equation (8.1) to
∂αt u− νP∆u+ P (u · ∇)u = Pf, t > 0,

∇ · u = 0,

u|∂Ω = 0,

u(0, x) = a.

The operator −νP∆ with Dirichlet type boundary conditions is, basically, the

Stokes operator A in the divergence-free function space under consideration. Then

we rewrite (8.1) as the following abstract form{
C
0D

α
t u = −Au+ F (u, u) + Pf, t > 0,

u(0) = a,
(8.2)

where F (u, v) = −P (u · ∇)v. If one can give sense to the Helmholtz projector P

and the Stokes operator A, then the solution of equation (8.2) is also the solution

of equation (8.1).

The objective of this section is to establish the existence and uniqueness of global

and local mild solutions of problem (8.2) in Hβ,q. Further, we prove the regularity

results which state essentially that if Pf is Hölder continuous then there is a unique

classical solution u(t) such that Au and C
0D

α
t u(t) are Hölder continuous in Jq.

In Subsection 8.2.2, we recall some notations, definitions, and preliminary facts.

Subsection 8.2.3 is devoted to the existence and uniqueness of global mild solution

in Hβ,q of problem (8.2). In Subsection 8.2.4, we proceed to study the local mild

solution inHβ,q and use the iteration method to obtain the existence and uniqueness

of local mild solution in Jq of problem (8.2). Finally, Subsection 8.2.5 is concerned

with the existence and regularity of classical solution in Jq of problem (8.2).

8.2.2 Preliminaries

In this subsection, we introduce notations, definitions, and preliminary facts which

are used throughout this section.
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Let Ω = {(x1, . . . , xn) : xn > 0} be open subset of Rn, where n ≥ 3. Let

1 < q <∞. Then there is a bounded projection P called on (Lq(Ω))n, whose range

is the closure of

C∞
σ (Ω) := {u ∈ (C∞(Ω))n : ∇ · u = 0, u has compact support in Ω},

and whose null space is the closure of

{u ∈ (C∞(Ω))n : u = ∇ϕ, ϕ ∈ C∞(Ω)}.

For notational convenience, let Jq := C∞
σ (Ω)

|·|q
, which is a closed subspace of

(Lq(Ω))n. (Wm,q(Ω))n is a Sobolev space with the norm | · |m,q.
A = −νP∆ denotes the Stokes operator in Jq whose domain is D(A) = D(∆)∩

Jq; here,

D(∆) = {u ∈ (W 2,q(Ω))n : u|∂Ω = 0}.

It is known that −A is a closed linear operator and generates the bounded analytic

semigroup {e−tA} on Jq.

So as to state our results, we need to introduce the definitions of the fractional

power spaces associated with −A. For β > 0 and u ∈ Jq, define

A−βu =
1

Γ(β)

∫ ∞

0

tβ−1e−tAudt.

Then A−β is a bounded, one-to-one operator on Jq. Let A
β be the inverse of A−β .

For β > 0, we denote the space Hβ,q by the range of A−β with the norm

|u|Hβ,q = |Aβu|q.

It is easy to check that e−tA extends (or restricts) to a bounded analytic semigroup

on Hβ,q. For more details, we refer to von Wahl, 2013.

Let X be a Banach space and J be an interval of R. C(J,X) denotes the set of

all continuous X-valued functions. For 0 < ϑ < 1, Cϑ(J,X) stands for the set of

all functions which are Hölder continuous with the exponent ϑ.

Let α ∈ (0, 1] and u : [0,∞) × Rn → Rn, Caputo fractional derivative with

respect to time of the function u can be written as

∂αt u(t, x) = ∂t

(∫ t

0

g1−α(t− s)
(
u(t, x)− u(0, x)

)
ds

)
, t > 0,

where gα(t) =
tα−1

Γ(α) .

Let us introduce the generalized Mittag-Leffler functions:

Eα(−tαA) =
∫ ∞

0

Mα(s)e
−stαAds, eα(−tαA) =

∫ ∞

0

αsMα(s)e
−stαAds,

where Mα is the Wright function (see Definition 1.9).

In the following, we give some properties of the generalized Mittag-Leffler func-

tions:
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Proposition 8.1.

(i) eα(−tαA) = 1
2πi

∫
Γθ

eα(−µtα)(µI +A)−1dµ;

(ii) Aγeα(−tαA) = 1
2πi

∫
Γθ

µγeα(−µtα)(µI +A)−1dµ.

Proof. (i) In view of
∫∞
0
αsMα(s)e

−stds = eα(−t) and Fubini theorem, we get

eα(−tαA) =
∫ ∞

0

αsMα(s)e
−stαAds

=
1

2πi

∫ ∞

0

αsMα(s)

∫
Γθ

e−µst
α

(µI +A)−1dµds

=
1

2πi

∫
Γθ

eα(−µtα)(µI +A)−1dµ,

where Γθ is a suitable integral path.

(ii) A similar argument shows that

Aγeα(−tαA) =
∫ ∞

0

αsMα(s)A
γe−st

αAds

=
1

2πi

∫ ∞

0

αsMα(s)

∫
Γθ

µγe−µst
α

(µI +A)−1dµds

=
1

2πi

∫
Γθ

µγeα(−µtα)(µI +A)−1dµ.

Moreover, we have the following results.

Lemma 8.1. (Wang, Chen and Xiao, 2012) For t > 0, Eα(−tαA) and eα(−tαA)
are continuous in the uniform operator topology. Moreover, for every r > 0, the

continuity is uniform on [r,∞).

Lemma 8.2. (Wang, Chen and Xiao, 2012) Let 0 < α < 1. Then

(i) for all u ∈ X, limt→0+ Eα(−tαA)u = u;

(ii) for all u ∈ D(A) and t > 0, C0D
α
t Eα(−tαA)u = −AEα(−tαA)u;

(iii) for all u ∈ X, E′
α(−tαA)u = −tα−1Aeα(−tαA)u;

(iv) for t > 0, Eα(−tαA)u = I1−αt

(
tα−1eα(−tαA)u

)
.

Before presenting the definition of mild solution of problem (8.2), we give the

following lemma for a given function h : [0,∞) → X. For more details we refer to

Zhou, 2014, 2016.

Lemma 8.3. If

u(t) = a+
1

Γ(α)

∫ t

0

(t− s)α−1
(
−Au(s) + h(s)

)
ds, for t ≥ 0 (8.3)

holds, then we have

u(t) = Eα(−tαA)a+
∫ t

0

(t− s)α−1eα(−(t− s)αA)h(s)ds.
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We rewrite (8.2) as

u(t) = a+
1

Γ(α)

∫ t

0

(t− s)α−1
(
−Au(s) + F (u(s), u(s)) + Pf(s)

)
ds, for t ≥ 0.

Inspired by above discussion, we adopt the following concepts of mild solution to

problem (8.2).

Definition 8.1. A function u : [0,∞) → Hβ,q is called a global mild solution of

problem (8.2) in Hβ,q, if u ∈ C([0,∞), Hβ,q) and for t ∈ [0,∞)

u(t) = Eα(−tαA)a+
∫ t

0

(t− s)α−1eα(−(t− s)αA)F (u(s), u(s))ds

+

∫ t

0

(t− s)α−1eα(−(t− s)αA)Pf(s)ds.

(8.4)

Definition 8.2. Let 0 < T < ∞. A function u : [0, T ] → Hβ,q (or Jq) is called

a local mild solution of problem (8.2) in Hβ,q (or Jq), if u ∈ C([0, T ], Hβ,q) (or

C([0, T ], Jq)) and u satisfies (8.4) for t ∈ [0, T ].

For convenience, we define two operators Φ and G as follows:

Φ(t) =

∫ t

0

(t− s)α−1eα(−(t− s)αA)Pf(s)ds,

G(u, v)(t) =
∫ t

0

(t− s)α−1eα(−(t− s)αA)F (u(s), v(s))ds.

In subsequent proof, we use the following fixed point result.

Lemma 8.4. (Cannone, 1995) Let (X, | · |X) be a Banach space, G : X ×X → X

a bilinear operator and L a positive real number such that

|G(u, v)|X ≤ L|u|X |v|X , ∀ u, v ∈ X.

Then for any u0 ∈ X with |u0|X < 1
4L , the equation u = u0 +G(u, u) has a unique

solution u ∈ X.

8.2.3 Global Existence

Our main purpose in this subsection is to establish sufficient conditions for existence

and uniqueness of mild solution to problem (8.2) in Hβ,q. To this end we assume

that:

(f) Pf is continuous for t > 0 and |Pf(t)|q = o(t−α(1−β)) as t→ 0 for 0 < β < 1.

Lemma 8.5. (Galdi, 1998; Weissler, 1980) Let 1 < q < ∞ and β1 ≤ β2. Then

there is a constant C = C(β1, β2) such that

|e−tAv|Hβ2,q ≤ Ct−(β2−β1)|v|Hβ1,q , t > 0

for v ∈ Hβ1,q. Furthermore, limt→0 t
(β2−β1)|e−tAv|Hβ2,q = 0.
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Now, we study an important technical lemma, that helps us to prove the main

theorems of this subsection.

Lemma 8.6. Let 1 < q < ∞ and β1 ≤ β2. Then for any T > 0, there exists a

constant C1 = C1(α, β1, β2) > 0 such that

|Eα(−tαA)v|Hβ2,q ≤ C1t
−α(β2−β1)|v|Hβ1,q

and

|eα(−tαA)v|Hβ2,q ≤ C1t
−α(β2−β1)|v|Hβ1,q

for all v ∈ Hβ1,q and t ∈ (0, T ]. Furthermore,

lim
t→0

tα(β2−β1)|Eα(−tαA)v|Hβ2,q = 0.

Proof. Let v ∈ Hβ1,q. By Lemma 8.5, we estimate

|Eα(−tαA)v|Hβ2,q ≤
∫ ∞

0

Mα(s)|e−st
αAv|Hβ2,qds

≤
(
C

∫ ∞

0

Mα(s)s
−(β2−β1)ds

)
t−α(β2−β1)|v|Hβ1,q

≤ C1t
−α(β2−β1)|v|Hβ1,q .

More precisely, Lebesgue dominated convergence theorem shows

lim
t→0

tα(β2−β1)|Eα(−tαA)v|Hβ2,q ≤
∫ ∞

0

Mα(s) lim
t→0

tα(β2−β1)|e−st
αAv|Hβ2,qds = 0.

Similarly,

|eα(−tαA)v|Hβ2,q ≤
∫ ∞

0

αsMα(s)|e−st
αAv|Hβ2,qds

≤
(
αC

∫ ∞

0

Mα(s)s
1−(β2−β1)ds

)
t−α(β2−β1)|v|Hβ1,q

≤ C1t
−α(β2−β1)|v|Hβ1,q ,

where the constant C1 = C1(α, β1, β2) is such that

C1 ≥ Cmax

{
Γ(1− β2 + β1)

Γ(1 + α(β1 − β2))
,

αΓ(2− β2 + β1)

Γ(1 + α(1 + β1 − β2))

}
.

For convenience, we denote

M(t) = sup
s∈(0,t]

{sα(1−β)|Pf(s)|q},

B1 = C1 max{B(α(1− β), 1− α(1− β)), B(α(1− γ), 1− α(1− β))},

L ≥MC1 max

{
B(α(1− β), 1− 2α(γ − β)), B(α(1− γ), 1− 2α(γ − β))

}
,

where M will be given later.
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Theorem 8.1. Let 1 < q < ∞, 0 < β < 1 and (f) hold. For every a ∈ Hβ,q,

suppose that

C1|a|Hβ,q +B1M∞ <
1

4L
, (8.5)

where M∞ := sups∈(0,∞){sα(1−β)|Pf(s)|q}. If n
2q − 1

2 < β, then there is a γ >

max{β, 12} and a unique function u : [0,∞) → Hβ,q satisfying:

(a) u : [0,∞) → Hβ,q is continuous and u(0) = a;

(b) u : (0,∞) → Hγ,q is continuous and limt→0 t
α(γ−β)|u(t)|Hγ,q = 0;

(c) u satisfies (8.4) for t ∈ [0,∞).

Proof. Let γ = (1+β)
2 . Define X∞ = X[∞] as the space of all curves u : (0,∞) →

Hβ,q such that:

(i) u : [0,∞) → Hβ,q is bounded and continuous;

(ii) u : (0,∞) → Hγ,q is bounded and continuous, moreover,

lim
t→0

tα(γ−β)|u(t)|Hγ,q = 0

with its natural norm

∥u∥X∞ = max

{
sup
t≥0

|u(t)|Hβ,q , sup
t≥0

tα(γ−β)|u(t)|Hγ,q
}
.

It is obvious that X∞ is a non-empty complete metric space.

From an argument of Weissler, 1980, we know that F : Hγ,q ×Hγ,q → Jq is a

bounded bilinear map, then there exists M such that for u, v ∈ Hγ,q

|F (u, v)|q ≤M |u|Hγ,q |v|Hγ,q ,
|F (u, u)− F (v, v)|q ≤M(|u|Hγ,q + |v|Hγ,q )|u− v|Hγ,q . (8.6)

Claim I. The operator G(u(t), v(t)) belongs to C([0,∞), Hβ,q) as well as

C((0,∞), Hγ,q) for u, v ∈ X∞. For arbitrary t0 ≥ 0 fixed and ε > 0 enough

small, consider t > t0 (the case t < t0 follows analogously), we have

|G(u(t), v(t))− G(u(t0), v(t0))|Hβ,q

≤
∫ t

t0

(t− s)α−1|eα(−(t− s)αA)F (u(s), v(s))|Hβ,qds

+

∫ t0

0

∣∣((t− s)α−1 − (t0 − s)α−1
)
eα(−(t− s)αA)F (u(s), v(s))

∣∣
Hβ,q

ds

+

∫ t0−ε

0

(t0 − s)α−1
∣∣(eα(−(t− s)αA)− eα(−(t0 − s)αA)

)
F (u(s), v(s))

∣∣
Hβ,q

ds

+

∫ t0

t0−ε
(t0 − s)α−1

∣∣(eα(−(t− s)αA)− eα(−(t0 − s)αA)
)
F (u(s), v(s))

∣∣
Hβ,q

ds

=: I11(t) + I12(t) + I13(t) + I14(t).
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We estimate each of the four terms separately. For I11(t), in view of Lemma 8.6,

we obtain

I11(t) ≤ C1

∫ t

t0

(t− s)α(1−β)−1|F (u(s), v(s))|qds

≤MC1

∫ t

t0

(t− s)α(1−β)−1|u(s)|Hγ,q |v(s)|Hγ,qds

≤MC1

∫ t

t0

(t− s)α(1−β)−1s−2α(γ−β)ds sup
s∈[0,t]

{
s2α(γ−β)|u(s)|Hγ,q |v(s)|Hγ,q

}
=MC1

∫ 1

t0/t

(1− s)α(1−β)−1s−2α(γ−β)ds sup
s∈[0,t]

{
s2α(γ−β)|u(s)|Hγ,q |v(s)|Hγ,q

}
.

By the properties of the Beta function, there exists δ > 0 small enough such that

for 0 < t− t0 < δ, ∫ 1

t0/t

(1− s)α(1−β)−1s−2α(γ−β)ds→ 0,

which follows that I11(t) tends to 0 as t− t0 → 0. For I12(t), since

I12(t) ≤ C1

∫ t0

0

(
(t0 − s)α−1 − (t− s)α−1

)
(t− s)−αβ |F (u(s), v(s))|qds

≤MC1

∫ t0

0

(
(t0 − s)α−1 − (t− s)α−1

)
(t− s)−αβs−2α(γ−β)ds

× sup
s∈[0,t0]

{
s2α(γ−β)|u(s)|Hγ,q |v(s)|Hγ,q

}
,

noting that∫ t0

0

∣∣(t0 − s)α−1 − (t− s)α−1
∣∣ (t− s)−αβs−2α(γ−β)ds

≤
∫ t0

0

(t− s)α−1(t− s)−αβs−2α(γ−β)ds+

∫ t0

0

(t0 − s)α−1(t− s)−αβs−2α(γ−β)ds

≤ 2

∫ t0

0

(t0 − s)α(1−β)−1s−2α(γ−β)ds

= 2B(α(1− β), 1− 2α(γ − β)),

then by Lebesgue dominated convergence theorem, we have∫ t0

0

(
(t0 − s)α−1 − (t− s)α−1

)
(t− s)−αβs−2α(γ−β)ds→ 0, as t→ t0,

one deduces that limt→t0 I12(t) = 0. For I13(t), since

I13(t) ≤
∫ t0−ε

0

(t0 − s)α−1
∣∣(eα(−(t− s)αA) + eα(−(t0 − s)αA)

)
F (u(s), v(s))

∣∣
Hβ,q

ds

≤ C1

∫ t0−ε

0

(t0 − s)α−1
(
(t− s)−αβ + (t0 − s)−αβ

)
|F (u(s), v(s))|qds
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≤ 2MC1

∫ t0−ε

0

(t0 − s)α(1−β)−1s−2α(γ−β)ds

× sup
s∈[0,t0]

{
s2α(γ−β)|u(s)|Hγ,q |v(s)|Hγ,q

}
,

using Lebesgue dominated convergence theorem again, the fact from the uniform

continuity of the operator eα(−tαA) due to Lemma 8.1 shows

lim
t→t0

I13(t) =

∫ t0−ε

0

(t0 − s)α−1

× lim
t→t0

∣∣(eα(−(t− s)αA)− eα(−(t0 − s)αA)
)
F (u(s), v(s))

∣∣
Hβ,q

ds

= 0.

For I14(t), by immediate calculation, we estimate

I14(t) ≤ C1

∫ t0

t0−ε
(t0 − s)α−1

(
(t− s)−αβ + (t0 − s)−αβ

)
|F (u(s), v(s))|qds

≤ 2MC1

∫ t0

t0−ε
(t0 − s)α(1−β)−1s−2α(γ−β)ds

× sup
s∈[t0−ε,t0]

{
s2α(γ−β)|u(s)|Hγ,q |v(s)|Hγ,q

}
→ 0, as ε→ 0

according to the properties of the Beta function. Thenceforth, it follows

|G(u(t), v(t))− G(u(t0), v(t0))|Hβ,q → 0, as t→ t0.

The continuity of the operator G(u, v) evaluated in C((0,∞), Hγ,q) follows by

the similar discussion as above. So, we omit the details.

Claim II. The operator G : X∞×X∞ → X∞ is a continuous bilinear operator.

By Lemma 8.6, we have

|G(u(t), v(t))|Hβ,q ≤
∣∣∣∣ ∫ t

0

(t− s)α−1eα(−(t− s)αA)F (u(s), v(s))ds

∣∣∣∣
Hβ,q

≤ C1

∫ t

0

(t− s)α(1−β)−1|F (u(s), v(s))|qds

≤MC1

∫ t

0

(t− s)α(1−β)−1s−2α(γ−β)ds

× sup
s∈[0,t]

{
s2α(γ−β)|u(s)|Hγ,q |v(s)|Hγ,q

}
≤MC1B(α(1− β), 1− 2α(γ − β))∥u∥X∞∥v∥X∞

and

|G(u(t), v(t))|Hγ,q ≤
∣∣∣∣ ∫ t

0

(t− s)α−1eα(−(t− s)αA)F (u(s), v(s))ds

∣∣∣∣
Hγ,q
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≤ C1

∫ t

0

(t− s)α(1−γ)−1|F (u(s), v(s))|qds

≤MC1

∫ t

0

(t− s)α(1−γ)−1s−2α(γ−β)ds

× sup
s∈[0,t]

{
s2α(γ−β)|u(s)|Hγ,q |v(s)|Hγ,q

}
≤MC1t

−α(γ−β)B(α(1− γ), 1− 2α(γ − β))∥u∥X∞∥v∥X∞ ,

it follows that

sup
t∈[0,∞)

tα(γ−β)|G(u(t), v(t))|Hγ,q ≤MC1B(α(1− γ), 1− 2α(γ − β))∥u∥X∞∥v∥X∞ .

More precisely,

lim
t→0

tα(γ−β)|G(u(t), v(t))|Hγ,q = 0.

Hence, G(u, v) ∈ X∞ and ∥G(u(t), v(t))∥X∞ ≤ L∥u∥X∞∥v∥X∞ .

Claim III. (c) holds. Let 0 < t0 < t. Since

|Φ(t)− Φ(t0)|Hβ,q

≤
∫ t

t0

(t− s)α−1|eα(−(t− s)αA)Pf(s)|Hβ,qds

+

∫ t0

0

(
(t0 − s)α−1 − (t− s)α−1

)
|eα(−(t− s)αA)Pf(s)|Hβ,qds

+

∫ t0−ε

0

(t0 − s)α−1
∣∣(eα(−(t− s)αA)− eα(−(t0 − s)αA)

)
Pf(s)

∣∣
Hβ,q

ds

+

∫ t0

t0−ε
(t0 − s)α−1

∣∣(eα(−(t− s)αA)− eα(−(t0 − s)αA)
)
Pf(s)

∣∣
Hβ,q

ds

≤ C1

∫ t

t0

(t− s)α(1−β)−1|Pf(s)|qds

+ C1

∫ t0

0

(
(t0 − s)α−1 − (t− s)α−1

)
(t− s)−αβ |Pf(s)|qds

+ C1

∫ t0−ε

0

(t0 − s)α−1
∣∣(eα(−(t− s)αA)− eα(−(t0 − s)αA)

)
Pf(s)

∣∣
Hβ,q

ds

+ 2C1

∫ t0

t0−ε
(t0 − s)α(1−β)−1|Pf(s)|qds

≤ C1M(t)

∫ t

t0

(t− s)α(1−β)−1s−α(1−β)ds

+ C1M(t)

∫ t0

0

(
(t0 − s)α−1 − (t− s)α−1

)
(t− s)−αβs−α(1−β)ds

+ C1M(t)

∫ t0−ε

0

(t0 − s)α−1
∣∣(eα(−(t− s)αA)− eα(−(t0 − s)αA)

)
Pf(s)

∣∣
Hβ,q

ds
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+ 2C1M(t)

∫ t0

t0−ε
(t0 − s)α(1−β)−1s−α(1−β)ds.

By the properties of the Beta function, the first two integrals and the last integral

tend to 0 as t→ t0 as well as ε→ 0. In view of Lemma 8.1, the third integral also

goes to 0 as t→ t0, which implies

|Φ(t)− Φ(t0)|Hβ,q → 0, as t→ t0.

The continuity of Φ(t) evaluated in Hγ,q follows by the similar argument as above.

On the other hand, we have

|Φ(t)|Hβ,q ≤
∣∣∣∣ ∫ t

0

(t− s)α−1eα(−(t− s)αA)Pf(s)ds

∣∣∣∣
Hβ,q

≤ C1

∫ t

0

(t− s)α(1−β)−1|Pf(s)|qds

≤ C1M(t)

∫ t

0

(t− s)α(1−β)−1s−α(1−β)ds

= C1M(t)B(α(1− β), 1− α(1− β)),

(8.7)

and

|Φ(t)|Hγ,q ≤
∣∣∣∣ ∫ t

0

(t− s)α−1eα(−(t− s)αA)Pf(s)ds

∣∣∣∣
Hγ,q

≤ C1

∫ t

0

(t− s)α(1−γ)−1|Pf(s)|qds

≤ C1M(t)

∫ t

0

(t− s)α(1−γ)−1s−α(1−β)ds

= t−α(γ−β)C1M(t)B(α(1− γ), 1− α(1− β)).

More precisely,

tα(γ−β)|Φ(t)|Hγ,q ≤ C1M(t)B(α(1− γ), 1− α(1− β)) → 0, as t→ 0,

since M(t) → 0 as t → 0 due to assumption (f). This ensures that Φ(t) ∈ X∞ and

∥Φ(t)∥X∞ ≤ B1M∞.

For a ∈ Hβ,q. By Lemma 8.1, it is easy to see that

Eα(−tαA)a ∈ C([0,∞), Hβ,q) and Eα(−tαA)a ∈ C((0,∞), Hγ,q).

This, together with Lemma 8.6, implies that for all t ∈ (0, T ],

Eα(−tαA)a ∈ X∞,

tα(γ−β)Eα(−tαA)a ∈ C([0,∞), Hγ,q),

∥Eα(−tαA)a∥X∞ ≤ C1|a|Hβ,q .
According to (8.5), the inequality

∥Eα(−tαA)a+Φ(t)∥X∞ ≤ ∥Eα(−tαA)a∥X∞ + ∥Φ(t)∥X∞ <
1

4L

holds, which yields that (8.4) has a unique solution.
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Claim IV. u(t) → a in Hβ,q as t→ 0. We need to verify

lim
t→0

∫ t

0

(t− s)α−1eα(−(t− s)αA)Pf(s)ds = 0,

lim
t→0

∫ t

0

(t− s)α−1eα(−(t− s)αA)F (u(s), u(s))ds = 0

in Hβ,q. In fact, it is obvious that limt→0 Φ(t) = 0 (limt→0M(t) = 0) owing to

(8.7). In addition,∣∣∣∣∫ t

0

(t− s)α−1eα(−(t− s)αA)F (u(s), u(s))ds

∣∣∣∣
Hβ,q

≤ C1

∫ t

0

(t− s)α(1−β)−1|F (u(s), u(s))|qds

≤MC1

∫ t

0

(t− s)α(1−β)−1|u(s)|2Hγ,qds

≤MC1

∫ t

0

(t− s)α(1−β)−1s−2α(γ−β)ds sup
s∈[0,t]

{
s2α(γ−β)|u(s)|2Hγ,q

}
=MC1B(α(1− β), 1− 2α(γ − β)) sup

s∈[0,t]

{
s2α(γ−β)|u(s)|2Hγ,q

}
→ 0, as t→ 0.

8.2.4 Local Existence

In this subsection, we study the local mild solution of problem (8.2) in Hβ,q and Jq.

Theorem 8.2. Let 1 < q <∞, 0 < β < 1 and (f) hold. Suppose

n

2q
− 1

2
< β. (8.8)

Then there is a γ > max{β, 12} such that for every a ∈ Hβ,q there exist T∗ > 0 and

a unique function u : [0, T∗] → Hβ,q satisfying:

(a) u : [0, T∗] → Hβ,q is continuous and u(0) = a;

(b) u : (0, T∗] → Hγ,q is continuous and limt→0 t
α(γ−β)|u(t)|Hγ,q = 0;

(c) u satisfies (8.4) for t ∈ [0, T∗].

Proof. Let γ = (1+β)
2 . Fix a ∈ Hβ,q. Let X = X[T ] be the space of all curves

u : (0, T ] → Hβ,q such that:

(i) u : [0, T ] → Hβ,q is continuous;

(ii) u : (0, T ] → Hγ,q is continuous and limt→0 t
α(γ−β)|u(t)|Hγ,q = 0;
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with its natural norm

∥u∥X = sup
t∈[0,T ]

{tα(γ−β)|u(t)|Hγ,q}.

Similar to the proof of Theorem 8.1, it is easy to claim that G : X ×X → X is

continuous linear map and Φ(t) ∈ X.

By Lemma 8.1, it is easy to see that for all t ∈ (0, T ],

Eα(−tαA)a ∈ C([0, T ], Hβ,q),

Eα(−tαA)a ∈ C((0, T ], Hγ,q).

From Lemma 8.6, it follows that

Eα(−tαA)a ∈ X,

tα(γ−β)Eα(−tαA)a ∈ C([0, T ], Hγ,q).

Hence, let T∗ > 0 be sufficiently small such that

∥Eα(−tαA)a+Φ(t)∥X[T∗] ≤ ∥Eα(−tαA)a∥X[T∗] + ∥Φ(t)∥X[T∗] <
1

4L
,

which implies that (8.4) has a unique solution due to Lemma 8.4.

In the following, we let γ = (1+β)
2 .

Theorem 8.3. Let 1 < q <∞, 0 < β < 1 and (f) hold. Suppose that

a ∈ Hβ,q with
n

2q
− 1

2
< β.

Then problem (8.2) has a unique mild solution u in Jq for a ∈ Hβ,q. Moreover, u

is continuous on [0, T ], Aγu is continuous in (0, T ] and tα(γ−β)Aγu(t) is bounded

as t→ 0.

Proof. Step I. Set

K(t) := sup
s∈(0,t]

sα(γ−β)|Aγu(s)|q

and

Ψ(t) := G(u, u)(t) =
∫ t

0

(t− s)α−1eα(−(t− s)αA)F (u(s), u(s))ds.

As an immediate consequence of Claim II in Theorem 8.1, Ψ(t) is continuous in

[0, T ], AγΨ(t) exists and is continuous in (0, T ] with

|AγΨ(t)|q ≤MC1B(α(1− γ), 1− 2α(γ − β))K2(t)t−α(γ−β). (8.9)

We also consider the integral Φ(t). Since (f) holds, the inequality

|Pf(s)|q ≤M(t)s−α(1−β)

is satisfied with a continuous function M(t). From Claim III in Theorem 8.1, we

derive that AγΦ(t) is continuous in (0, T ] with

|AγΦ(t)|q ≤ C1M(t)B(α(1− γ), 1− α(1− β))t−α(γ−β). (8.10)
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For |Pf(t)|q = o(t−α(1−β)) as t → 0, we have M(t) = 0. Here (8.10) means

|AγΦ(t)|q = o(t−α(γ−β)) as t→ 0.

We prove that Φ is continuous in Jq. In fact, take 0 ≤ t0 < t < T , we have

|Φ(t)− Φ(t0)|q

≤ C1

∫ t

t0

(t− s)α−1|Pf(s)|qds+ C1

∫ t0

0

(
(t0 − s)α−1 − (t− s)α−1

)
|Pf(s)|qds

+

∫ t0−ε

0

(t0 − s)α−1∥eα(−(t− s)αA)− eα(−(t0 − s)αA)∥|Pf(s)|qds

+ 2C1

∫ t0

t0−ε
(t0 − s)α−1|Pf(s)|qds

≤ C1M(t)

∫ t

t0

(t− s)α−1s−α(1−β)ds

+ C1M(t)

∫ t0

0

(
(t− s)α−1 − (t0 − s)α−1

)
s−α(1−β)ds

+ C1M(t)

∫ t0−ε

0

(t0 − s)α−1s−α(1−β)ds

× sup
s∈[0,t−ε]

∥eα(−(t− s)αA)− eα(−(t0 − s)αA)∥

+ 2C1M(t)

∫ t0

t0−ε
(t0 − s)α−1s−α(1−β)ds→ 0, as t→ t0

by previous discussion.

Further, we consider the function Eα(−tαA)a. It is obvious by Lemma 8.6 that

|AγEα(−tαA)a|q ≤ C1t
−α(γ−β)|Aβa|q = C1t

−α(γ−β)|a|Hβ,q ,

lim
t→0

tα(γ−β)|AγEα(−tαA)a|q = lim
t→0

tα(γ−β)|Eα(−tαA)a|Hγ,q = 0.

Step II. Now we construct the solution by the successive approximation:

u0(t) = Eα(−tαA)a+Φ(t),

un+1(t) = u0(t) + G(un, un)(t), n = 0, 1, 2... . (8.11)

Making use of above results, we know that

Kn(t) := sup
s∈(0,t]

sα(γ−β)|Aγun(s)|q

are continuous and increasing functions on [0, T ] with Kn(0) = 0. Furthermore, in

virtue of (8.9) and (8.11), Kn(t) fulfils the following inequality

Kn+1(t) ≤ K0(t) +MC1B(α(1− γ), 1− 2α(γ − β))K2
n(t). (8.12)

For K0(0) = 0, we choose a T > 0 such that

4MC1B(α(1− γ), 1− 2α(γ − β))K0(T ) < 1. (8.13)
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Then a fundamental consideration of (8.12) ensures that the sequence {Kn(T )} is

bounded, i.e.,

Kn(T ) ≤ ρ(T ), n = 0, 1, 2, ...,

where

ρ(t) =
1−

√
1− 4MC1B(α(1− γ), 1− 2α(γ − β))K0(t)

2MC1B(α(1− γ), 1− 2α(γ − β))
.

Analogously, for any t ∈ (0, T ], Kn(t) ≤ ρ(t) holds. In the same way we note that

ρ(t) ≤ 2K0(t).

Let us consider the equality

wn+1(t) =

∫ t

0

(t− s)α−1eα(−(t− s)αA)[F (un+1(s), un+1(s))− F (un(s), un(s))]ds,

where wn = un+1 − un, n = 0, 1, ..., and t ∈ (0, T ]. Writing

Wn(t) := sup
s∈(0,t]

sα(γ−β)|Aγwn(s)|q.

On account of (8.6), we have

|F (un+1(s), un+1(s))− F (un(s), un(s))|q ≤M(Kn+1(s) +Kn(s))Wn(s)s
−2α(γ−β),

which follows from Claim II in Theorem 8.1 that

tα(γ−β)|Aγwn+1(t)|q ≤ 2MC1B(α(1− γ), 1− α(1− β))ρ(t)Wn(t).

This inequality gives

Wn+1(T ) ≤ 2MC1B(α(1− γ), 1− 2α(γ − β))ρ(T )Wn(T )

≤ 4MC1B(α(1− γ), 1− 2α(γ − β))K0(T )Wn(T ).
(8.14)

According to (8.13) and (8.14), it is easy to see that

lim
n→∞

Wn+1(T )

Wn(T )
< 4MC1K0(T )B(α(1− γ), 1− 2α(γ − β)) < 1,

thus the series
∑∞
n=0Wn(T ) converges. It shows that

∑∞
n=0 t

α(γ−β)Aγwn(t) con-

verges uniformly for t ∈ (0, T ], therefore, the sequence {tα(γ−β)Aγun(t)} converges

uniformly in (0, T ]. This implies that

lim
n→∞

un(t) = u(t) ∈ D(Aγ)

and

lim
n→∞

tα(γ−β)Aγun(t) = tα(γ−β)Aγu(t) uniformly,

since A−γ is bounded and Aγ is closed. Accordingly, the function

K(t) = sup
s∈(0,t]

sα(γ−β)|Aγu(s)|q

also satisfies

K(t) ≤ ρ(t) ≤ 2K0(t), t ∈ (0, T ] (8.15)
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and

ςn := sup
s∈(0,T ]

s2α(γ−β)|F (un(s), un(s))− F (u(s), u(s))|q

≤M(Kn(T ) +K(T )) sup
s∈(0,T ]

sα(γ−β)|Aγ(un(s)− u(s))|q

→ 0, as n→ ∞.

Finally, it remains to verify that u is a mild solution of problem (8.2) in [0, T ].

Since

|G(un, un)(t)− G(u, u)(t)|q ≤ C1

∫ t

0

(t− s)α−1ςns
−2α(γ−β)ds

= C1B(α, 1− 2α(γ − β))tαβςn → 0, as n→ ∞,

we have G(un, un)(t) → G(u, u)(t). Taking the limits on both sides of (8.11), we

derive

u(t) = u0(t) + G(u, u)(t). (8.16)

Let u(0) = a, we find that (8.16) holds for t ∈ [0, T ] and u ∈ C([0, T ], Jq). What

is more, the uniform convergence of tα(γ−β)Aγun(t) to tα(γ−β)Aγu(t) derives the

continuity of Aγu(t) on (0, T ]. From (8.15) and K0(0) = 0, we get that |Aγu(t)|q =
o(t−α(γ−β)) is obvious.

Step III. We prove that the mild solution is unique. Suppose that u and v are

mild solutions of problem (8.2). Let w = u− v, we consider the equality

w(t) =

∫ t

0

(t− s)α−1eα(−(t− s)αA)[F (u(s), u(s))− F (v(s), v(s))]ds.

Introducing the functions

K̃(t) := max{ sup
s∈(0,t]

sα(γ−β)|Aγu(s)|q, sup
s∈(0,t]

sα(γ−β)|Aγv(s)|q}.

By (8.6) and Lemma 8.6, we get

|Aγw(t)|q ≤ 2MC1K̃(t)

∫ t

0

(t− s)α(1−γ)−1s−α(γ−β))|Aγw(s)|qds.

Gronwall inequality shows that Aγw(t) = 0 for t ∈ (0, T ]. This implies that w(t) =

u(t)− v(t) ≡ 0 for t ∈ [0, T ]. Therefore the mild solution is unique.

8.2.5 Regularity

In this subsection, we consider the regularity of a solution u which satisfies problem

(8.2). Throughout this part we assume that:

(f1) Pf(t) is Hölder continuous with an exponent ϑ ∈ (0, α(1 − γ)), that is, there

exists L > 0

|Pf(t)− Pf(s)|q ≤ L|t− s|ϑ, for all 0 < t, s ≤ T.
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Definition 8.3. A function u : [0, T ] → Jq is called a classical solution of problem

(8.2), if u ∈ C([0, T ], Jq) with
C
0D

α
t u(t) ∈ C((0, T ], Jq), which takes values in D(A)

and satisfies (8.2) for all t ∈ (0, T ].

Lemma 8.7. Let (f1) be satisfied. If

Φ1(t) :=

∫ t

0

(t− s)α−1eα(−(t− s)αA)
(
Pf(s)− Pf(t)

)
ds, for t ∈ (0, T ],

then Φ1(t) ∈ D(A) and AΦ1(t) ∈ Cϑ([0, T ], Jq).

Proof. For fixed t ∈ (0, T ], from Lemma 8.6 and (f1), we have

(t− s)α−1|Aeα(−(t− s)αA)
(
Pf(s)− Pf(t)

)
|q

≤ C1(t− s)−1|Pf(s)− Pf(t)|q
≤ C1L(t− s)ϑ−1 ∈ L1([0, T ], Jq),

(8.17)

then

|AΦ1(t)|q ≤
∫ t

0

(t− s)α−1|Aeα(−(t− s)αA)
(
Pf(s)− Pf(t)

)
|qds

≤ C1L

∫ t

0

(t− s)ϑ−1ds

=
C1L

ϑ
tϑ <∞.

By the closeness of A, we obtain Φ1(t) ∈ D(A).

We need to show that AΦ1(t) is Hölder continuous. Since

d

dt

(
tα−1eα(−µtα)

)
= tα−2Eα,α−1(−µtα),

then

d

dt

(
tα−1Aeα(−tαA)

)
=

1

2πi

∫
Γθ

tα−2Eα,α−1(−µtα)A(µI +A)−1dµ

=
1

2πi

∫
Γθ

tα−2Eα,α−1(−µtα)dµ− 1

2πi

∫
Γθ

tα−2µEα,α−1(−µtα)(µI +A)−1dµ

=
1

2πi

∫
Γ′
θ

−tα−2Eα,α−1(ξ)
1

tα
dξ − 1

2πi

∫
Γ′
θ

tα−2Eα,α−1(ξ)
ξ

tα
(− ξ

tα
I +A)−1 1

tα
dξ.

In view of ∥(µI +A)−1∥ ≤ C
|µ| , we derive that∥∥∥∥ ddt(tα−1Aeα(−tαA)

)∥∥∥∥ ≤ Cαt
−2, 0 < t ≤ T.
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By the mean value theorem, for every 0 < s < t ≤ T , we have∥∥tα−1Aeα(−tαA)− sα−1Aeα(−sαA)
∥∥

=

∥∥∥∥∫ t

s

d

dτ

(
τα−1Aeα(−ταA)

)
dτ

∥∥∥∥
≤
∫ t

s

∥∥∥∥ ddτ (τα−1Aeα(−ταA)
)∥∥∥∥dτ

≤ Cα

∫ t

s

τ−2dτ

= Cα
(
s−1 − t−1

)
.

(8.18)

Let h > 0 be such that 0 < t < t+ h ≤ T , then

AΦ1(t+ h)−AΦ1(t)

=

∫ t

0

(
(t+ h− s)α−1Aeα(−(t+ h− s)αA)

− (t− s)α−1Aeα(−(t− s)αA)
)(
Pf(s)− Pf(t)

)
ds

+

∫ t

0

(t+ h− s)α−1Aeα(−(t+ h− s)αA)
(
Pf(t)− Pf(t+ h)

)
ds

+

∫ t+h

t

(t+ h− s)α−1Aeα(−(t+ h− s)αA)
(
Pf(s)− Pf(t+ h)

)
ds

=: h1(t) + h2(t) + h3(t).

(8.19)

We estimate each of the three terms separately. For h1(t), from (8.18) and (f1), we

have

|h1(t)|q ≤
∫ t

0

∥(t+ h− s)α−1Aeα(−(t+ h− s)αA)

− (t− s)α−1Aeα(−(t− s)αA)∥|Pf(s)− Pf(t)|qds

≤ CαLh

∫ t

0

(t+ h− s)−1(t− s)ϑ−1ds

= CαLh

∫ t

0

(s+ h)−1(t− s)ϑ−1ds

≤ CαL

∫ h

0

h

s+ h
sϑ−1ds+ CαLh

∫ ∞

h

s

s+ h
sϑ−1ds

≤ CαLh
ϑ.

(8.20)

For h2(t), we use Lemma 8.6 and (f1),

|h2(t)|q ≤
∫ t

0

(t+ h− s)α−1|Aeα(−(t+ h− s)αA)
(
Pf(t)− Pf(t+ h)

)
|qds

≤ C1

∫ t

0

(t+ h− s)−1|Pf(t)− Pf(t+ h)|qds

≤ C1Lh
ϑ

∫ t

0

(t+ h− s)−1ds

= C1L
(
ln(t+ h)− lnh

)
hϑ.

(8.21)
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Furthermore, for h3(t), by Lemma 8.6 and (f1), we have

|h3(t)|q ≤
∫ t+h

t

(t+ h− s)α−1|Aeα(−(t+ h− s)αA)
(
Pf(s)− Pf(t+ h)

)
|qds

≤ C1

∫ t+h

t

(t+ h− s)−1|Pf(s)− Pf(t+ h)|qds

≤ C1L

∫ t+h

t

(t+ h− s)ϑ−1ds

= C1L
hϑ

ϑ
. (8.22)

Combining (8.20), (8.21) with (8.22), we get that AΦ1(t) is Hölder continuous.

Theorem 8.4. Let the assumptions of Theorem 8.3 be satisfied. If (f1) holds, then

for every a ∈ D(A), the mild solution of (8.2) is a classical one.

Proof. For a ∈ D(A). Then Lemma 8.2(ii) ensures that u(t) = Eα(−tαA)a (t > 0)

is a classical solution to the following problem{
C
0D

α
t u = −Au, t > 0,

u(0) = a.

Step I. We verify that

Φ(t) =

∫ t

0

(t− s)α−1eα(−(t− s)αA)Pf(s)ds

is a classical solution to the problem{
C
0D

α
t u = −Au+ Pf(t), t > 0,

u(0) = 0.

It follows from Theorem 8.3 that Φ ∈ C([0, T ], Jq). We rewrite Φ(t) = Φ1(t)+Φ2(t),

where

Φ1(t) =

∫ t

0

(t− s)α−1eα(−(t− s)αA)
(
Pf(s)− Pf(t)

)
ds,

Φ2(t) =

∫ t

0

(t− s)α−1eα(−(t− s)αA)Pf(t)ds.

According to Lemma 8.7, we know that Φ1(t) ∈ D(A). To prove the same conclusion

for Φ2(t). By Lemma 8.2(iii), we notice that

AΦ2(t) = Pf(t)− Eα(−tαA)Pf(t).

Since (f1) holds, it follows that

|AΦ2(t)|q ≤ (1 + C1)|Pf(t)|q,

thus

Φ2(t) ∈ D(A) for t ∈ (0, T ] and AΦ2(t) ∈ Cϑ((0, T ], Jq). (8.23)
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Next, we prove C
0D

α
t Φ ∈ C((0, T ], Jq). In view of Lemma 8.2(iv) and Φ(0) = 0,

we have

C
0D

α
t Φ(t) =

d

dt

(
0
Dα−1
t Φ(t)

)
=

d

dt

(
Eα(−tαA) ∗ Pf

)
.

It remains to prove that Eα(t
αA) ∗ Pf is continuously differentiable in Jq. Let

0 < h ≤ T − t, one derives the following:

1

h

(
Eα(−(t+ h)αA) ∗ Pf − Eα(−tαA) ∗ Pf

)
=

∫ t

0

1

h

(
Eα(−(t+ h− s)αA)Pf(s)− Eα(−(t− s)αA)Pf(s)

)
ds

+
1

h

∫ t+h

t

Eα(−(t+ h− s)αA)Pf(s)ds.

Notice that∫ t

0

1

h

∣∣Eα(−(t+ h− s)αA)Pf(s)− Eα(−(t− s)αA)Pf(s)
∣∣
q
ds

≤ 1

h

∫ t

0

|Eα(−(t+ h− s)αA)Pf(s)|qds+
1

h

∫ t

0

|Eα(−(t− s)αA)Pf(s)|qds

≤ C1M(t)
1

h

∫ t

0

(t+ h− s)−αs−α(1−β)ds+ C1M(t)
1

h

∫ t

0

(t− s)−αs−α(1−β)ds

≤ C1M(t)
1

h

(
(t+ h)1−α + t1−α

)
B(1− α, 1− α(1− β)),

then using the dominated convergence theorem, we find

lim
h→0

∫ t

0

1

h

(
Eα(−(t+ h− s)αA)Pf(s)− Eα(−(t− s)αA)Pf(s)

)
ds

=

∫ t

0

(t− s)α−1Aeα(−(t− s)αA)Pf(s)ds

= AΦ(t).

On the other hand,

1

h

∫ t+h

t

Eα(−(t+ h− s)αA)Pf(s)ds

=
1

h

∫ h

0

Eα(−sαA)Pf(t+ h− s)ds

=
1

h

∫ h

0

Eα(−sαA)
(
Pf(t+ h− s)− Pf(t− s)

)
ds

+
1

h

∫ h

0

Eα(−sαA)
(
Pf(t− s)− Pf(t)

)
ds+

1

h

∫ h

0

Eα(−sαA)Pf(t)ds.

From Lemmas 8.1, 8.6 and (f1), we have∣∣∣∣ 1h
∫ h

0

Eα(−sαA)
(
Pf(t+ h− s)− Pf(t− s)

)
ds

∣∣∣∣
q

≤ C1Lh
ϑ,
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∣∣∣∣ 1h
∫ h

0

Eα(−sαA)
(
Pf(t− s)− Pf(t)

)
ds

∣∣∣∣
q

≤ C1L
hϑ

ϑ+ 1
.

Also Lemma 8.2(i) gives that limh→0
1
h

∫ h
0
Eα(s

αA)Pf(t)ds = Pf(t). Hence

lim
h→0

1

h

∫ t+h

t

Eα((t+ h− s)αA)Pf(s)ds = Pf(t).

We deduce that Eα(t
αA) ∗ Pf is differentiable at t+ and d

dt

(
Eα(t

αA) ∗ Pf
)
+

=

AΦ(t) + Pf(t). Similarly, Eα(t
αA) ∗ Pf is differentiable at t− and d

dt

(
Eα(t

αA) ∗
Pf
)
− = AΦ(t) + Pf(t).

We show that AΦ = AΦ1 +AΦ2 ∈ C((0, T ], Jq). In fact, it is clear that Φ2(t) =

Pf(t)−Eα(tαA)Pf(t) due to Lemma 8.2(iii), which is continuous in view of Lemma

8.1. Furthermore, according to Lemma 8.7, we know that AΦ1(t) is also continuous.

Consequently, C0D
α
t Φ ∈ C((0, T ], Jq).

Step II. Let u be the mild solution of (8.2). To prove that F (u, u) ∈
Cϑ((0, T ], Jq), in view of (8.6), we have to verify that Aγu is Hölder continuous

in Jq. Take h > 0 such that 0 < t < t+ h.

Denote φ(t) := Eα(−tαA)a, by Lemmas 8.2(iv) and 8.6, then

|Aγφ(t+ h)−Aγφ(t)|q =
∣∣∣∣ ∫ t+h

t

−sα−1Aγeα(−sαA)ads
∣∣∣∣
q

≤
∫ t+h

t

sα−1|Aγ−βeα(−sαA)Aβa|qds

≤ C1

∫ t+h

t

sα(1+β−γ)−1ds|Aβa|q

=
C1|a|Hβ,q

α(1 + β − γ)

(
(t+ h)α(1+β−γ) − tα(1+β−γ)

)
≤ C1|a|Hβ,q
α(1 + β − γ)

hα(1+β−γ).

Thus, Aγφ ∈ Cϑ((0, T ], Jq).

For every small ε > 0, take h such that ε ≤ t < t+ h ≤ T , since

|AγΦ(t+ h)−AγΦ(t)|q

≤
∣∣∣∣ ∫ t+h

t

(t+ h− s)α−1Aγeα(−(t+ h− s)αA)Pf(s)ds

∣∣∣∣
q

+

∣∣∣∣ ∫ t

0

Aγ
(
(t+ h− s)α−1eα(−(t+ h− s)αA)

− (t− s)α−1eα(−(t− s)αA)
)
Pf(s)ds

∣∣∣∣
q

= ϕ1(t) + ϕ2(t).
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Applying Lemma 8.6 and (f), we get

ϕ1(t) ≤ C1

∫ t+h

t

(t+ h− s)α(1−γ)−1|Pf(s)|qds

≤ C1M(t)

∫ t+h

t

(t+ h− s)α(1−γ)−1s−α(1−β)ds

≤M(t)
C1

α(1− γ)
hα(1−γ)t−α(1−β)

≤M(t)
C1

α(1− γ)
hα(1−γ)ε−α(1−β).

To estimate ϕ2, we give the inequality

d

dt

(
tα−1Aγeα(−tαA)

)
=

1

2πi

∫
Γ

µγtα−2Eα,α−1(−µtα)(µI +A)−1dµ

=
1

2πi

∫
Γ′
−(− ξ

tα
)γtα−2Eα,α−1(ξ)(−

ξ

tα
I +A)−1 1

tα
dξ,

this yields that ∥ ddt
(
tα−1Aγeα(−tαA)

)
∥ ≤ Cαt

α(1−γ)−2. The mean value theorem

shows

∥tα−1Aγeα(−tαA)− sα−1Aγeα(−sαA)∥ ≤
∫ t

s

∥∥∥∥ ddτ (τα−1Aγeα(−ταA)
)∥∥∥∥dτ

≤ Cα

∫ t

s

τα(1−γ)−2dτ

= Cα
(
sα(1−γ)−1 − tα(1−γ)−1

)
,

thus

ϕ2(t) ≤
∫ t

0

|Aγ
(
(t+ h− s)α−1eα(−(t+ h− s)αA)

− (t− s)α−1eα(−(t− s)αA)
)
Pf(s)|qds

≤ Cα

∫ t

0

(
(t− s)α(1−γ)−1 − (t+ h− s)α(1−γ)−1

)
|Pf(s)|qds

≤ CαM(t)

∫ t

0

(t− s)α(1−γ)−1s−α(1−β)ds

− CαM(t)

∫ t+h

0

(t− s+ h)α(1−γ)−1s−α(1−β)ds

+ CαM(t)

∫ t+h

t

(t− s+ h)α(1−γ)−1s−α(1−β)ds

≤ CαM(t)
(
tα(β−γ) − (t+ h)α(β−γ)

)
B(α(1− γ), 1− α(1− β))

+ CαM(t)hα(1−γ)t−α(1−β)
1

α(1− γ)

≤ CαM(t)hα(γ−β)[ε(ε+ h)]α(β−γ) + CαM(t)hα(1−γ)ε−α(1−β)
1

α(1− γ)
,
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which ensures that AγΦ ∈ Cϑ([ε, T ], Jq). Therefore AγΦ ∈ Cϑ((0, T ], Jq) due to

arbitrary ε.

Recall

Ψ(t) =

∫ t

0

(t− s)α−1eα(−(t− s)αA)F (u(s), u(s))ds.

Since |F (u(s), u(s))|q ≤MK2(t)s−2α(γ−β), where

K(t) := sup
s∈[0,t]

sα(γ−β)|u(s)|Hγ,q

is continuous and bounded in (0, T ]. A similar argument enable us to give the

Hölder continuity of AγΨ in Cϑ((0, T ], Jq). Therefore, we have Aγu(t) = Aγφ(t) +

AγΦ(t) +AγΨ(t) ∈ Cϑ((0, T ], Jq).

Since F (u, u) ∈ Cϑ((0, T ], Jq) is proved, according to Step II, this yields that
C
0D

α
t Ψ ∈ C((0, T ], Jq), AΨ ∈ C((0, T ], Jq) and C

0D
α
t Ψ = −AΨ + F (u, u). In this

way we obtain that C0D
α
t u ∈ C((0, T ], Jq), Au ∈ C((0, T ], Jq) and C

0D
α
t u = −Au +

F (u, u) + Pf , we conclude that u is a classical solution.

Theorem 8.5. Assume that (f1) holds. If u is a classical solution of (8.2), then

Au ∈ Cϑ((0, T ], Jq) and
C
0D

α
t u ∈ Cϑ((0, T ], Jq).

Proof. If u is a classical solution of (8.2), then u(t) = φ(t) + Φ(t) + Ψ(t). It

remains to show that Aφ ∈ Cα(1−β)((0, T ], Jq), it suffices to prove that Aφ ∈
Cα(1−β)([ε, T ], Jq) for every ε > 0. In fact, take h such that ε ≤ t < t+ h ≤ T , by

Lemma 8.2(iii),

|Aφ(t+ h)−Aφ(t)|q =
∣∣∣∣ ∫ t+h

t

−sα−1A2eα(−sαA)ads
∣∣∣∣
q

≤ C1

∫ t+h

t

s−α(1−β)−1ds|a|Hβ,q

=
C1|a|Hβ,q

α

(
t−α(1−β) − (t+ h)−α(1−β)

)
≤ C1|a|Hβ,q

α

hα(1−β)

(ε(ε+ h))α(1−β)
.

Similar to Lemma 8.7, we write Φ(t) as

Φ(t) = Φ1(t) + Φ2(t) =

∫ t

0

(t− s)α−1eα(−(t− s)αA)
(
Pf(s)− Pf(t)

)
ds

+

∫ t

0

(t− s)α−1eα(−(t− s)αA)Pf(t)ds,

for t ∈ (0, T ]. It follows from Lemma 8.7 and (8.23) that AΦ1(t) ∈ Cϑ([0, T ], Jq)

and AΦ2(t) ∈ Cϑ((0, T ], Jq), respectively.

Since F (u, u) ∈ Cϑ((0, T ], Jq), the result related to the function Ψ(t) is proved

by similar argument, which means that AΨ ∈ Cϑ((0, T ], Jq). Therefore Au ∈
Cϑ((0, T ], Jq) and C

0D
α
t u = Au + F (u, u) + Pf ∈ Cϑ((0, T ], Jq). The proof is

completed.
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8.3 Fractional Rayleigh-Stokes Equations

8.3.1 Introduction

In real-world applications, many of fluids are treated as non-Newtonian fluids. For

instance, magma, lava, honey in natural substances, as well as paint, glue, ink in

industry, etc, and a lot of fluids in food products, biology, cosmetics are noted

as such fluids. In addition, it is well known that the fractional Rayleigh-Stokes

equation plays a significant role in describing the behavior of non-Newtonian fluids.

Therefore, the study on such equations is important in science and applications and

needs particular attention.

In this section, we consider the Rayleigh-Stokes problem with regard to the

time-fractional derivative and a nonlinear source term as follows
∂tu−∆u−m∂αt ∆u = F (u), (x, t) ∈ Ω× (0, T ),

u(x, t) = 0, x ∈ ∂Ω, t ∈ (0, T ),

u(x, 0) = u0(x), x ∈ Ω.

(8.24)

Here ∆ is the Laplacian, Ω ⊂ Rd(d ≥ 1) is a bounded domain with smooth boundary

∂Ω, and T > 0 is a given time. The real constant m is positive, u0 is the initial data

in L2(Ω), the notation ∂αt is the Riemann-Liouville fractional derivative of order

α ∈ (0, 1) defined by

∂αt v(x, t) =
1

Γ(1− α)

∂

∂t

(∫ t

0

(t− τ)−αv(x, τ)dτ

)
, (8.25)

where Γ(·) is the Gamma function. The function F : R → R is defined later.

The fractional Rayleigh-Stokes equation (8.24) has applications in describing

the non-Newtonian behavior of fluids. Numerical solutions for problem (8.24) were

considered by many authors, for example, the authors in Bazhlekova et al., 2015

considered the numerical approximation of the solution using the Galerkin finite

element method. To the best of author’s knowledge, the fractional Rayleigh-Stokes

problem with a nonlinear source, i.e., Problem (8.24), has not yet been studied. In

comparison with the linear problem, the nonlinear problem is considerable compli-

cated. The goal of this section is to develop a theory on existence and regularity

of mild solutions to Problem (8.24) with two main cases of the source term, the

globally Lipschitz case and the locally Lipschitz case. The behavior of the solution

is different in each case, and making this difference clear is one of the novelties of

this section. It is also worth emphasizing that in numerical analysis, the regular-

ity of the mild solution to Problem (8.24) considerably contributes to obtaining a

convergent scheme to approximate the solution.

In this section, the initial-boundary value problem (8.24) is studied in two cases,

namely when the source term is globally Lipschitz or locally Lipschitz. The time-

fractional derivative used in this work is the classical Riemann-Liouville derivative.

Thanks to the spectral decomposition, a fixed point argument, and some useful
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function spaces, we establish global well-posed results for our problem. Further-

more, we demonstrate that the mild solution exists globally or blows up in finite

time.

8.3.2 Preliminaries

8.3.2.1 Space Settings

We first set up some function spaces needed for our work. Let L2(Ω) be the usual

Lebesgue space with the norm ∥.∥L2(Ω). Note that this space is generated by the

inner product

⟨v, w⟩ =
∫
Ω

v(x)w(x)dx, v, w ∈ L2(Ω).

The notations Lp(Ω), W k,p(Ω) stand for the Lebesgue spaces with p ≥ 1 and the

usual Sobolev spaces with a non-negative number k, respectively. We let [s] denote

the integer part of a non-negative real number s, and {s} := s − [s] the decimal

part of s. If s = [s], we define Hs
p(Ω) = W s,p(Ω). If 0 < s < 1, we define the set of

all functions v ∈ Lp(Ω) by Hs
p(Ω) such that

∥v∥Hs
p(Ω) := ∥v∥Lp(Ω) +

(∫∫
Ω×Ω

|v(z)− v(x)|p

|z − x|n+ps
dzdx

) 1
p

<∞.

If s > 1 and s ̸= [s], we define the set of all functions v ∈ Lp(Ω) by Hs
p(Ω) as follows

∥v∥Hs
p(Ω) := ∥v∥H[s]

p (Ω)
+
∑

|α|=[s]

∥∥∥∥∂αv∂xα

∥∥∥∥
H{s}
p (Ω)

.

The space Hs
p(Ω), for s ∈ R and s ≥ 0, is called a Sobolev-Slobodeckij space. In

addition, we set
◦
Hs
p(Ω) = C∞

c (Ω)
Hs
p(Ω)

, and the duality H−s
p (Ω) =

[ ◦
Hs
p∗(Ω)

]∗
,

where p, p∗ are the dual numbers of each other, i.e., 1
p + 1

p∗ = 1. In this section,

we consider an operator A on V := W 2,2(Ω) ∩ W 1,2
0 (Ω), and A has eigenvalues

{λn}n∈N that satisfy 0 ≤ λ1 ≤ λ2 ≤ · · · ≤ λn ≤ . . . , approach ∞ as n goes to

∞, and λn ≥ Cn
2
d for all n ≥ 1. The corresponding eigenfunctions are denoted by

φn ∈ V. The most popular example of A is the negative Laplacian operator −∆ on

V. More generally A can be taken as the symmetric and uniformly elliptic operator.

For all s ≥ 0, we define the following operator

Ash :=
∞∑
n=1

⟨h, φn⟩λsnφn, h ∈ D(As):=

{
h ∈ L2(Ω) :

∞∑
n=1

|⟨h, φn⟩|2 λ2sn <∞

}
.

The domain D(As) is a Banach space equipped with the norm

∥h∥D(As) :=

( ∞∑
n=1

|⟨h, φn⟩|2 λ2sn

) 1
2

, h ∈ D(As).
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The definition of the negative fractional power A−s can be found in [7]. Its domain

D(A−s) is a Hilbert space endowed with the dual inner product ⟨., .⟩−s,s taken

between D(A−s) and D(As). This inner product generates the norm

∥h∥D(A−s):=

( ∞∑
n=1

∣∣∣⟨h, φn⟩−s,s∣∣∣2 λ−2s
n

) 1
2

.

Next, we recall some of the Sobolev embeddings necessary for the presentation

of the main evaluations of the section.

For convenience, we let Hs(Ω) := Hs
2(Ω). It is well-known that

H0
p(Ω) := Lp(Ω), if p ≥ 1, D(As) ↪→ H2s(Ω), if s ≥ 0,

Hσ(Ω) ↪→ Hγ(Ω), if 0 ≤ γ < σ, Hγ(Ω) ↪→ Hσ(Ω), if σ < γ ≤ 0,

and more generally, we have

Hσ
p (Ω) ↪→ Hγ

q (Ω), if


1 < p ≤ q <∞,

−∞ < γ ≤ σ <∞,

σ − γ ≥ d

p
− d

q
.

Throughout this section, for each s ≥ 0, we denote the positive constant Cs→2s as

follows

∥v∥H2s(Ω) ≤ Cs→2s∥v∥D(As),

for all v ∈ D(As). It is worth noting that ⟨h1, h2⟩−s,s = ⟨h1, h2⟩, if h1 ∈ L2(Ω), h2 ∈

D(As). Hence, if we have the spectral decomposition v(x) =

∞∑
n=1

vnφn(x), then

∥v∥D(A−s) =

( ∞∑
n=1

vnλ
−2s
n

) 1
2

.

This equality is used as a basic computation. In the next part, we provide the

formula for the mild solution to Problem (8.24).

8.3.2.2 Solution Representation

By using the Laplace transform, we find the formula for the mild solution to Problem

(8.24) in the form of the Fourier series. Suppose that the mild solution u is described

by the Fourier series u(x, t) =
∑∞
n=1

〈
u(·, t), φn(·)

〉
φn(x). Using Bazhlekova et al.,

2015, we get that〈
u(·, t), φn(·)

〉
= Pα(n, t)u0,n +

∫ t

0

Pα(n, t− τ)
〈
F (u(·, τ)), φn(·)

〉
dτ,

where u0,n =
〈
u0(·), φn(·)

〉
and Pα(n, t) has the Laplace transform (L) given by

L
(
Pα(n, t)

)
(ζ) =

1

ζ +mλnζα + λn
.
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Therefore, we find that

u(x, t) =
∞∑
n=1

[
Pα(n, t)u0,n +

∫ t

0

Pα(n, t− τ)
〈
F (u(·, τ)), φn(·)

〉
dτ

]
φn(x). (8.26)

We can rewrite the above equation (8.26) in the following way

u(t) = S(α, t)u0 +

∫ t

0

S(α, t− τ)F (u(·, τ))dτ,

where S(α, t)v =
∑∞
n=1 Pα(n, t)

〈
v, φn

〉
φn for any v ∈ L2(Ω).

Before introducing the main results of this section, we demonstrate the following

useful lemma.

Lemma 8.8. Let α ∈ (0, 1). Then, we get the following result

Pα(n, t) ≤ R(m,α)
(
1 + λnt

1−α)−1
, (8.27)

where

R(m,α) =
Γ(1− α)

πm sin(πα)
+ 1.

Proof. First, thanks to Bazhlekova et al., 2015, we obtain the equality

Pα(n, t) =
∫ ∞

0

e−rtKα(n, r)dr,

where

Kα(n, r) =
mλn sin(απ)r

α

π

[(
− r + λnmrα cos(απ) + λn

)2
+
(
λnmrα sin(απ)

)2] .
It is easy to see that

Kα(n, r) ≤
mλn sin(απ)r

α

π
(
mλnrα sin(απ)

)2 =
r−α

πm sin(απ)λn
.

The preceding observations imply that

Pα(n, t) ≤
∫∞
0
e−rtr−αdr

πm sin(απ)λn
=

∫∞
0
e−rt(rt)−αd(rt)

πm sin(απ)t1−αλn

≤
∫∞
0
e−νν−αdν

πm sin(απ)t1−αλn
=

Γ(1− α)

πm sin(απ)t1−αλn
.

It should be noted that ∫ ∞

0

e−ηη−αdη = Γ(1− α).

By virtue of 0 < Pα(n, t) ≤ 1, we obtain the desired result (8.27).
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8.3.3 Globally Lispchitz Source Term

In this subsection, we state the existence and regularity of the mild solution of

Problem (8.24) under a globally Lipschitz condition for the source function F .

Theorem 8.6. Suppose that F (0) = 0 and

|F (z1)− F (z2)| ≤ KF |z1 − z2|, z1, z2 ∈ R (8.28)

with constant KF > 0.

(a) If the initial data u0 belongs to L2(Ω), for any T ∈ (0,∞), there exists a unique

mild solution u on [0, T ] of Problem (8.24) and the regularity result below

holds

sup
0≤t≤T

∥u(·, t)∥L2(Ω) +
∥∥∥∂u
∂t

∥∥∥
Lq(0,T ;D(A−1))

+ ≤ RT ∥u0∥L2(Ω),

where RT is independent on x, t, and q satisfies 1 < q < 1
α .

(b) If u0 ∈ V, we have u ∈ C([0, T ];L2(Ω)). More generally, for any 0 ≤ t <

t+ h ≤ T ,

∥u(·, t+ h)− u(·, t)∥L2(Ω) ≤ Cmax{hα, h1−α},

where C is independent on h.

(c) Let u0 ∈ Lp(Ω) and p, ν, µ satisfy
p ≥ 1,

max{−1,−d
4} < ν ≤ min

{
(p−2)d

4p , 0
}
,

0 ≤ µ < min
{
1 + ν, d4

}
.

Then, there exists a mild solution u ∈ L∞(0, T ;L
2d

d−4µ (Ω)) to Problem (8.24).

Proof. Proof of the statement (a).

Step I. Existence and uniqueness.

We define a mapping J : E → E by

Jw(t) = S(α, t)u0 +

∫ t

0

S(α, t− τ)F (w(τ))dτ,

where

E :=

{
u : [0, T ] → L2(Ω); sup

0≤t≤T
∥exp(−pt)u(·, t)∥L2(Ω) <∞

}
.
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From the definition of J and Lemma 8.8, for any w1, w2 ∈ E, we get∥∥∥ exp(−pt) (Jw1(·, t)− Jw2(·, t))
∥∥∥
L2(Ω)

=

∥∥∥∥ exp(−pt)∫ t

0

S(α, t− τ) (F (w1(·, τ))− F (w2(·, τ))) dτ
∥∥∥∥
L2(Ω)

≤ KFR(m,α)λ1
−1 exp(−pt)

∫ t

0

(t− τ)α−1∥w1(·, τ)− w2(·, τ)∥L2(Ω)dτ

≤ KFR(m,α)λ1
−1

∫ t

0

(t− τ)α−1 exp(−p(t− τ))

× sup
τ∈[0,T ]

∥∥∥ exp(−pτ)(w1(·, τ)− w2(·, τ))
∥∥∥
L2(Ω)

dτ

= KFR(m,α)λ1
−1∥w1 − w2∥E

∫ t

0

(t− τ)α−1 exp(−p(t− τ))dτ.

(8.29)

With the aim of handling the integral I1 =
∫ t
0
(t− τ)α−1 exp(−p(t− τ))dτ , we set

τ = tθ, and immediately get

I1 =

∫ 1

0

(t− tθ)α−1 exp(−pt(1− θ))tdθ

=

∫ 1

0

tα(1− θ)α−1 exp(−pt(1− θ))dθ

=

∫ 1

0

[pt(1− θ)]
α
2 exp(−pt(1− θ))

(
t

p

)α
2

(1− θ)
α
2 −1dθ.

Applying the inequality z ≤ ez, we can find that

[pt(1− θ)]
α
2 ≤ exp

(
pt(1− θ)

α

2

)
≤ exp

(
pt(1− θ)

)
,

provided that α < 1. Furthermore, it is worth mentioning that∫ 1

0

(1− θ)
α
2 −1dθ =

2

α
.

Then, we obtain

I1 ≤ 2

α

(
T

p

)α
2

. (8.30)

Combining (8.29) and (8.30) allows us to arrive at∥∥∥ exp(−pt) (Jw1(·, t)− Jw2(·, t))
∥∥∥
L2(Ω)

≤ KFR(m,α)

λ1

2

α

(
T

p

)α
2

∥w1 − w2∥E.
(8.31)

Because the right-hand side of (8.31) is independent of t, we deduce that

∥Jw1 − Jw2∥E = sup
0≤t≤T

∥∥∥ exp(−pt) (Jw1(·, t)− Jw2(·, t))
∥∥∥
L2(Ω)

≤ 2KFR(m,α)

αλ1

(
T

p

)α
2

∥w1 − w2∥E.
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With a suitable choice of p, the last inequality implies

∥Jw1 − Jw2∥E ≤ 1
2∥w1 − w2∥E, ∀w1, w2 ∈ E.

Thus, J is a contraction mapping in E. Applying the Banach fixed point theorem,

we find that J has a unique fixed point u in E. As a result, the function u is also

the unique solution of Problem (8.24) in E.
Step II. Regularity of the mild solution.

Firstly, we have

∥S(α, t)u0∥2L2(Ω) =
∞∑
n=1

∣∣∣Pα(n, t)∣∣∣2|u0,n|2
≤ |R(m,α)|2

∞∑
n=1

|u0,n|2

≤ |R(m,α)|2∥u0∥2L2(Ω).

This implies that

∥S(α, t)u0∥L2(Ω) ≤ R(m,α)∥u0∥L2(Ω).

Using the triangle inequality, we obtain

∥u(·, t)∥L2(Ω) ≤ ∥S(α, t)u0∥L2(Ω) +

∫ t

0

∥S(α, t− τ)F (u(·, τ))∥L2(Ω)dτ.

Because ∥F (u(·, τ))∥L2(Ω) = ∥F (u(·, τ)) − F (0)∥L2(Ω) ≤ KF∥u(·, τ)∥L2(Ω), we see

that

∥u(·, t)∥L2(Ω) ≤ R(m,α)∥u0∥L2(Ω)

+KFR(m,α)

∫ t

0

(t− τ)α−1∥u(·, τ)∥L2(Ω)dτ.

Grönwall inequality (see Ye, Gao and Ding, 2007) guarantees that

∥u(·, t)∥L2(Ω) ≤ R(m,α)Eα,1

(
KFR(m,α)Γ(α)t

α
)
∥u0∥L2(Ω)

:= R(m,α, T )∥u0∥L2(Ω).
(8.32)

Step III. Estimate of the term
∥∥∥∂u∂t ∥∥∥

Lq(0,T ;D(A−1))
.

In view of the identity d
dt

∫ t
0
G(t, s)ds =

∫ t
0
Gt(t, s)ds+G(t, t), we obtain

∂u

∂t
(x, t) =

∞∑
n=1

Qα(n, t)u0,nφn(x)︸ ︷︷ ︸
I1(x,t)

+
∞∑
n=1

[∫ t

0

Qα(n, t− τ)
〈
F (u(·, τ)), φn(·)

〉
dτ

]
φn(x)︸ ︷︷ ︸

I2(x,t)

+ F (u(x, t)),
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where

Qα(n, t) =
dPα(n, t)

dt
.

Applying Theorem 2.1 of Bazhlekova et al., 2015, we see that if w ∈ V then

∞∑
n=1

|Qα(n, t)|2|wn|2 ≤ D(Ω, d, T, a)2t−2α∥w∥2V,

where D(Ω, d, T, a) depends only on Ω, d, T, a. Hence, if w ∈ L2(Ω), we have

∞∑
n=1

λ−2
n |Qα(n, t)|2

〈
w,φn(x)

〉2
≤ D2(Ω, N, T, a)t−2α∥w∥2L2(Ω). (8.33)

Consequently, we can estimate I1 in the following way

∥I1(., t)∥2D(A−1) =
∞∑
n=1

λ−2
n |Qα(n, t)|2|u0,n|2

≤ D2(Ω, N, T, a)t−2α∥u0∥2L2(Ω).

By means of q ∈ (1, 1
α ), by applying Hölder inequality, we immediately get that

∥I1∥Lq(0,T ;D(A−1)) =

(∫ T

0

∥I1(., t)∥qD(A−1)dt

) 1
q

≤ D(Ω, N, T, a)T 1−αq

1− αq
∥u0∥L2(Ω).

(8.34)

The term ∥I2(·, t)∥D(A−1) is estimated as follows:

∥I2(·, t)∥D(A−1) =

∥∥∥∥∥
∫ t

0

( ∞∑
n=1

Qα(n, t− τ)
〈
F (u(·, τ)), φn(·)

〉
φn(x)

)
dτ

∥∥∥∥∥
D(A−1)

≤
∫ t

0

∥∥∥∥∥
∞∑
n=1

Qα(n, t− τ)
〈
F (u(·, τ))− F (0), φn(·)

〉
φn(x)

∥∥∥∥∥
D(A−1)

dτ

=

∫ t

0

( ∞∑
n=1

λ−2
n

∣∣∣Qα(n, t− τ)
∣∣∣2〈F (u(·, τ))− F (0), φn(·)

〉2) 1
2

dτ.

(8.35)

In view of (8.33), we find that( ∞∑
n=1

λ−2
n

∣∣∣Qα(n, t− τ)
∣∣∣2〈F (u(·, τ))− F (0), φn(·)

〉2) 1
2

≤ D(Ω, N, T, a)(t− τ)−α∥F (u(·, τ))− F (0)∥L2(Ω)

≤ KFD(Ω, N, T, a)(t− τ)−α∥u(·, τ)∥L2(Ω).

(8.36)
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Combining (8.35) and (8.36) and (8.32) allows us to come to the conclusion

∥I2(·, t)∥D(A−1) ≤ KFD(Ω, d, T, a)

∫ t

0

(t− τ)−α∥u(·, τ)∥L2(Ω)dτ

≤ KFD(Ω, N, T, a)

(∫ t

0

(t− τ)−αdτ

)
sup

0≤t≤T

∥∥u(·, t)∥∥
L2(Ω)

≤ KFD(Ω, N, T, a)R(m,α, T )
t1−α

1− α
∥u0∥L2(Ω).

This implies that

∥I2∥Lq(0,T ;D(A−1)) =

(∫ T

0

∥I2(., t)∥qD(A−1)dt

) 1
q

≤ KFD(Ω, d, T, a)R(m,α, T )T 1−α+ 1
q

1− α
∥u0∥L2(Ω).

(8.37)

In addition, using the Lipschitz property of F and (8.32), we also have

∥F (u)(·, t)∥L2(Ω) ≤ KF ∥u(·, t)∥L2(Ω) ≤ KFR(m,α, T )∥u0∥L2(Ω). (8.38)

Combining (8.32), (8.34), (8.37), and (8.38), we get the desired results.

Proof of the statement (b).

By simple calculations, we get

u(x, t̃)− u(x, t) =
∞∑
n=1

[
Pα(n, t̃)− Pα(n, t)

]
u0,nφn(x)

+

∞∑
n=1

[ ∫ t̃

t

Pα(n, τ)
〈
F (u(·, t̃− τ)), φn(·)

〉
dτ
]
φn(x) +

∞∑
n=1

×

(∫ t

0

Pα(n, τ)
〈
F (u(·, t̃− τ))− F (u(·, t− τ)), φn(·)

〉
dτ

)
φn(x)

=:
3∑
i=1

Ii(x, t̃, t).

Thanks to Lemma 8.8, we get∥∥∥I2(·, t̃, t)∥∥∥
L2(Ω)

≤
∫ t̃

t

∥∥∥Pα(n, τ)〈F (u(·, t̃− τ)), φn(·)
〉∥∥∥

L2(Ω)
dτ

=

∫ t̃

t

√√√√ ∞∑
n=1

∣∣∣Pα(n, τ)∣∣∣2〈F (u(·, t̃− τ)), φn(·)
〉2
dτ

≤ R(m,α)λ−1
1

∫ t̃

t

τα−1∥F (u(·, t̃− τ))∥L2(Ω)dτ

≤ KFR(m,α)R(m,α, T )λ
−1
1 ∥u0∥L2(Ω)

(t̃)α − tα

α

≤ KFR(m,α)R(m,α, T )λ
−1
1 ∥u0∥L2(Ω)

(t̃− t)α

α
,
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it should be noted that

∥F (u(·, τ))∥L2(Ω) ≤ KF ∥u(·, τ)∥L2(Ω) ≤ KFR(m,α, T )∥u0∥L2(Ω),

and

(t̃)α − tα ≤ (t̃− t)α.

With the view to considering the term I1(x, t̃, t), we recall that Qα(n, t) = dPα(n,t)
dt .

This implies that

I1(x, t̃, t) =
∫ t̃

t

( ∞∑
n=1

Qα(n, τ)u0,nφn(x)
)
dτ.

It follows from the previous result that

∥∥∥I1(·, t̃, t)∥∥∥
L2(Ω)

≤
∫ t̃

t

√√√√ ∞∑
n=1

|Qα(n, τ)|2|u0,n|2dτ

≤ MT ∥u0∥V
∫ t̃

t

τ−αdτ

≤ MT (t̃− t)1−α

1− α
∥u0∥V,

where MT is a constant and it is worth noting that (t̃)1−α − t1−α ≤ (t̃− t)1−α.

In terms of the term I3(·, t̃, t), by using the argument similar to dealing with

the term I2(x, t̃, t), we get the following estimate∥∥∥I3(·, t̃, t)∥∥∥
L2(Ω)

≤ KFR(m,α)λ1
−1

∫ t

0

(t− τ)α−1∥u(·, t̃− τ)− u(·, t− τ)∥L2(Ω)dτ

= eptKFR(m,α)λ1
−1

∫ t

0

e−p(t−τ)(t− τ)α−1e−pτ∥u(·, t̃− τ)

− u(·, t− τ)∥L2(Ω)dτ.

We now set

Z(t) = e−pt∥u(·, t̃)− u(·, t)∥L2(Ω).

From the above observation, we deduce that

eptZ(t) ≤ KFR(m,α)R(m,α, T )

λ1

(t̃− t)α

α
∥u0∥L2(Ω)

+
MT (t̃− t)1−α

1− α
∥u0∥V

+ max
τ∈[0,T ]

Z(τ)KFR(m,α)λ1
−1ept

∫ t

0

(t− τ)α−1 exp(−p(t− τ))dτ.



August 14, 2023 16:41 ws-book961x669 Basic Theory of Fractional Differential Equations 13289-main page 421

Fractional Partial Differential Equations 421

Thanks to (8.30), we get

Z(t) ≤ Cν max
{
(t̃− t)α, (t̃− t)1−α

}
+

2

α

(
T

p

)α
2

KFR(m,α)λ1
−1 max

τ∈[0,T ]
Z(τ),

where

Cν = KFR(m,α)R(m,α, T )λ1
−1∥u0∥L2(Ω) +

MT

1− α
∥u0∥V.

Choosing p such that 2
α

(
T
p

)α
2

KFR(m,α)λ1
−1 < 1

2 , we have

∥u(·, t̃)− u(·, t)∥L2(Ω) ≤ 2Cνe
ptmax{(t̃− t)α, (t̃− t)1−α}.

This helps us to obtain the desired assertion.

Proof of the statement (c) To begin with, we note the following conclusion.

For d ≥ 1, we have

Lp(Ω) ↪→ D(Ab), if − d

4
< b ≤ 0, p ≥ 2d

d− 4b
,

D(Ab) ↪→ Lp(Ω), if 0 ≤ b <
d

4
, p ≤ 2d

d− 4b
.


Next, for a, ϑ > 0 we consider the Banach space

L∞
a,ϑ(0, T ;L

2d
d−4µ (Ω))

:=

{
w ∈ L∞

a,ϑ(0, T ;L
2d

d−4µ (Ω))
∣∣∣ tϑe−at∥∥w(·, t)∥∥

L
2d

d−4µ (Ω)
<∞, 0 ≤ t ≤ T

}
,

associated with the following norm

∥w∥L∞
a,ϑ(0,T ;Lq(Ω)) := esssup

0<t<T
tϑ
∥∥∥ exp(−at)w(·, t)∥∥∥

Lq(Ω)
.

On account of the assumptions u0 ∈ Lp(Ω) and max{−1,−d
4} < ν ≤

min
{

(p−2)d
4p , 0

}
, we note that u0 ∈ D(Aν). Furthermore, from µ − ν < 1, we

find that ∥∥∥S(α, t)u0∥∥∥2
D(Aµ)

=
∞∑
n=1

λ2µn

∣∣∣Pα(n, t)∣∣∣2|u0,n|2
≤

∞∑
n=1

λ2µn |R(m,α)|2
( 1

1 + λnt1−α

)2µ−2ν

×
( 1

1 + λnt1−α

)2−2µ+2ν

|u0,n|2

≤ |R(m,α)|2t2(1−α)(ν−µ)
∞∑
n=1

λ2νn |u0,n|2

= |R(m,α)|2t2(1−α)(ν−µ)∥u0∥2D(Aν).

The latter estimation and the embedding Lp(Ω) ↪→ D(Aν) gives

tϑe−at
∥∥∥S(α, t)u0∥∥∥

D(Aµ))
≤ R(m,α)t(1−α)(ν−µ)+ϑe−at∥u0∥Lp(Ω).
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Since (1 − α)(µ − ν) < 1, we can choose (1 − α)(µ − ν) ≤ ϑ < 1. Then, by using

the Sobolev embedding D(Aµ)) ↪→ L
2d

d−4µ (Ω), we find that

tϑe−at
∥∥∥S(α, t)u0∥∥∥

L
2d

d−4µ (Ω)
≲ tϑe−at

∥∥∥S(α, t)u0∥∥∥
D(Aµ))

≤ R(m,α)e−att(1−α)(ν−µ)+ϑ∥u0∥D(Aν)

≤ Cν,pe
−atR(m,α)T (1−α)(ν−µ)+ϑ∥u0∥Lp(Ω).

Therefore, we deduce that S(α, t)u0 ∈ L∞
a,ϑ(0, T ;L

2d
d−4µ (Ω)). By the same argument

as in the previous step, since µ < 1, for v1, v2 ∈ L
2d

d−4µ (Ω) we have

tϑe−at
∥∥∥∫ t

0

S(α, t− τ)
(
F (v1(s))− F (v2)(τ)

)
dτ
∥∥∥
D(Aµ))

≤ tϑ
∫ t

0

e−at
∥∥∥S(α, t− τ)

(
F (v1(s))− F (v2)(τ)

)∥∥∥
D(Aµ))

dτ

≤ R(m,α)λµ−1
1 tϑ

∫ t

0

e−a(t−τ)(t− τ)α−1τ−ϑτϑe−aτ∥F (v1(τ))

− F (v2)(τ)∥L2(Ω)dτ

≤ KFR(m,α)λ
µ−1
1

(
tϑ
∫ t

0

(t− τ)α−1e−a(t−τ)τ−ϑdτ
)

×
(
esssup
0<t<T

τϑe−aτ∥v1(τ)− v2(τ)∥L2(Ω)

)
.

(8.39)

Regarding the term
∫ t
0
e−a(t−τ)(t − τ)α−1τ−ϑdτ , using the inequality e−aτ ≤

Cϵ(aτ)
−ϵ, for any 0 < ϵ < α, we obtain∫ t

0

e−a(t−τ)(t− τ)α−1τ−ϑdτ ≤ Cϵa
−ϵ
∫ t

0

(t− τ)α−ϵ−1τ−ϑdτ

= Cϵa
−ϵtα−ϵ−ϑ

∫ 1

0

(1− τ)α−ϵ−1τ−ϑdτ

= Cϵa
−ϵB(α− ϵ, 1− ϑ)tα−ϵ−ϑ.

(8.40)

It follows from (8.39) and (8.40) that

tϑe−at
∥∥∥∫ t

0

S(α, t− τ)
(
F (v1(τ))− F (v2)(τ)

)
dτ
∥∥∥
L

2d
d−4µ (Ω)

≤ tϑe−at
∥∥∥∫ t

0

S(α, t− τ)
(
F (v1(τ))− F (v2)(τ)

)
dτ
∥∥∥
D(Aµ))

≤ KFλ
µ−1
1 R(m,α)Cϵa

−ϵB(α− ϵ, 1− ϑ)a−ϵtα−ϵ

×
(
esssup
0<t<T

τϑe−aτ∥v1(τ)− v2(τ)∥L2(Ω)

)
≤ KFλ

µ−1
1 R(m,α)Cϵa

−ϵB(α− ϵ, 1− ϑ)a−ϵtα−ϵ

×
(
esssup
0<t<T

τϑe−aτ∥v1(τ)− v2(τ)∥
L

2d
d−4µ (Ω)

)
,
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where we have used the Sobolev embeddings D(Aµ)) ↪→ L
2d

d−4µ (Ω) ↪→ L2(Ω). Thus,

we deduce that

∥Jv1 − Jv2∥
L∞
a,ϑ(0,T ;L

2d
d−4µ (Ω))

≤ KFλ
µ−1
1 R(m,α)CϵB(α− ϵ, 1− ϑ)a−ϵTα−ϵ∥v1 − v2∥

L∞
a,ϑ(0,T ;L

2d
d−4µ (Ω))

.

Choosing a such that KFR(m,α)CϵB(α − ϵ, 1 − ϑ)a−ϵTα−ϵ < 1, we come to the

conclusion that J is a strict contraction on the space L∞
a,ϑ(0, T ;L

2d
d−4µ (Ω)).

8.3.4 Locally Lispchitz Source Term

In this subsection, instead of (8.28) we consider the following assumption for the

source term F .

Assumption (H): For every z0 ∈ R, there exist an open neighborhood of z0 and

a positive constant Q depending on this neighborhood with

∥F (v)− F (w)∥L2(Ω) ≤ Q∥v − w∥L2(Ω),

∥F (v)∥L2(Ω) ≤ Q∥v∥L2(Ω)

for all v, w belonging to this neighborhood of z0.

8.3.4.1 Existence of the Mild Solution

Theorem 8.7. Suppose that F satisfies (H) and u0 ∈ D(Aν) for 0 < ν < 1. Then

we can find a suitable real number T ∗ > 0 depending only on u0 such that Problem

(8.24) has a unique mild solution on (0, T ∗).

Proof. Because of u0 ∈ D(Aν), by Lemma 8.8, we can deduce that

ũ0 := S(α, t)u0 ∈ D(Aν).

From (H), we can find a positive constant R′ > 0 and a Lipschitz constant Q =

Q (ũ0, R
′) such that

∥F (v)− F (w)∥L2(Ω) ≤ Q∥v − w∥L2(Ω), ∀v, w ∈ B(ũ0, R
′). (8.41)

We continue the proof by considering the following space

Xν,T∗ :=

{
u ∈ C([0, T ∗];D(Aν))

∣∣ u(t, 0) = u0,

and ∥u(·, t)− ũ0∥D(Aν) ≤ R⋆ < R′, ∀ t ∈ [0, T ∗]

}
,

and defining the mapping B on Xν,T∗ by

B(u)(t) =
∞∑
n=1

[
Pα(n, t)

〈
u0(·), φn(·)

〉
+

∫ t

0

Pα(n, t− τ)
〈
F (u(·, τ)), φn(·)

〉
dτ

]
φn(x).

(8.42)
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First, we can see that ∥u∥Xν,T∗ := supt∈[0,T∗] ∥u(·, t)∥D(Aν) defines a norm on

Xν,T∗ . Furthermore the Sobolev embedding D(Aν) ↪→ L2(Ω) yields ∥w∥L2(Ω) ≤
Cν∥w∥D(Aν), for all w ∈ D(Aν), for some Cν > 0. With the purpose of using the

Banach fixed point theorem, we take u ∈ Xν,T∗ and set

(I) :=
∞∑
n=1

[
Pα(n, t)

〈
u0(·), φn(·)

〉]
φn(x)

(II) :=
∞∑
n=1

[∫ t

0

Pα(n, t− τ)
〈
F (u(·, τ)), φn(·)

〉
dτ

]
φn(x).

Applying Lemma 8.8, we get

∥(II)∥D(Aν) =

( ∞∑
n=1

λ2νn

[∫ t

0

Pα(n, t− τ)
〈
F (u(·, τ)), φn(·)

〉
dτ

]2) 1
2

≤ R(m,α)λν−1
1

( ∞∑
n=1

[∫ t

0

(t− τ)α−1
〈
F (u(·, τ)), φn(·)

〉
dτ

]2) 1
2

.

Using the Hölder inequality, we have

∞∑
n=1

[∫ t

0

(t− τ)α−1
〈
F (u(·, τ)), φn(·)

〉
dτ

]2

=

∞∑
n=1

[∫ t

0

(t− τ)
α−1
2 (t− τ)

α−1
2

〈
F (u(·, τ)), φn(·)

〉
dτ

]2

≤
[∫ t

0

(t− τ)α−1dτ

][∫ t

0

(t− τ)α−1
∞∑
n=1

〈
F (u(·, τ)), φn(·)

〉2
dτ

]

≤ t2α

α2

(
sup
t∈[0,T ]

∥F (u(·, t))∥L2(Ω)

)2

.

This implies that

∥(II)∥D(Aν) ≤ R1(m,α)t
α sup
t∈[0,T ]

∥F (u(·, t))∥L2(Ω), (8.43)

where R1(m,α) =
R(m,α)λν−1

1

α . From the assumption (H), we obtain

∥F (u(·, t))∥L2(Ω) ≤ Q∥u(·, t)− ũ0∥L2(Ω) + ∥F (ũ0)∥L2(Ω)

≤ CνQ
(
R⋆ + ∥ũ0∥D(Aν)

)
,

for some Cν > 0. Hence, for t ∈ [0, T ∗], we get the following estimate

∥B(u(·, t))− (I)∥D(Aν) ≤ R1(m,α)t
α∥F (u)∥L∞((0,T );L2(Ω))

≤ R1(m,α)(T
∗)αCνQ

(
R⋆ + ∥ũ0∥D(Aν)

)
.

Then, there exists a small time T ∗ > 0 such that

R1(m,α)(T
∗)αCνQ

(
R⋆ + ∥ũ0∥D(Aν)

)
≤ R⋆.
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Therefore, B(u) ∈ Xν,T∗ for any u ∈ Xν,T∗ . Next, we prove that if T ∗ > 0 is small

enough, B : Xν,T∗ → Xν,T∗ is a contraction on C([0, T ∗];D(Aν)). Suppose that

u, v ∈ Xν,T∗ , and by the same argument in considering (8.43), we obtain

∥B(u)(·, t)− B(v)(·, t)∥D(Aν)

=

( ∞∑
n=1

λ2νn

[∫ t

0

Pn(α, t− τ)
〈
F (u(·, τ))− F (v(·, τ)), φn(·)

〉
dτ

]2) 1
2

≤ R(m,α)λ−1
1

( ∞∑
n=1

[∫ t

0

(t− τ)α−1
〈
F (u(·, τ))− F (v(·, τ)), φn(·)

〉
dτ

]2) 1
2

≤ R1(m,α)t
α sup
t∈[0,T ]

∥F (u)− F (v)∥L2(Ω).

(8.44)

Thus, there exists a constant C > 0 such that

∥B(u)− B(v)∥Xν,T∗ ≤ C(T ⋆)α∥u− v∥Xν,T∗ . (8.45)

As a result, if we choose a sufficiently small time T ∗, the mapping B will be a

contraction on Xν,T∗ . In other words, B has a unique fixed point u in Xν,T∗ .

8.3.4.2 Continuation and Blow-Up Alternative

In this subsection, we demonstrate a continuation result and a blow-up alternative

for the mild solution which is proposed in Theorem 8.7. In particular, we also obtain

the existence of a maximal time to this solution.

Theorem 8.8. Suppose that F satisfies (H) and u0 ∈ D(Aν) for any 0 < ν < 1.

Then the solution on (0, T ∗) of Problem (8.24) is extended to [0, T ∗ + ϵ], for some

ϵ > 0.

Proof. Letting T ∗ as in subsection 8.3.4.1, by virtue of (H), we can find a open

ball B (u(T ∗), R′′) and a constant Q1 = Q (u(T ∗), R′′) such that F is Lipschitz

continuous when restricted to this ball. For ϵ > 0, we introduce the following space

K :={
v ∈ C([0, T ∗ + ϵ];D(Aν))

∣∣∣∣∣ v(·, t) = u(·, t), t ∈ [0, T ∗] ,

∥v(·, t)− u(·, T ∗)∥D(Aν) ≤ R < R′′, t ∈ [T ∗, T ∗ + ϵ]

}
and define a mapping P : K → K by

P(v)(t) =

∞∑
n=1

[
Pα(n, t)u0,n +

∫ t

0

Pα(n, t− τ)
〈
F (u(·, τ)), φn(·)

〉
dτ

]
φn(x).

To show that P has a fixed point in K, we consider some steps.

Step I. It is easy to see that P(v) is continuously differentiable on [0, T ∗ + ϵ]

provided that ε is sufficiently small. First, we verify that P is a mapping from K
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to K. Let v ∈ K. If t ∈ [0, T ∗], then v(·, t) = u(·, t). Note P(v(·, t)) = P(u(·, t)) =
u(·, t). If t ∈ [T ∗, T ∗ + ϵ], then we get

∥P(v)(t)− u(·, T ∗)∥D(Aν)

≤
∥∥∥Sα(t)u0 − Sα(T

∗)u0

∥∥∥
D(Aν)

+

∫ t

T∗

∥∥∥∥∥
∞∑
n=1

Pn(α, t− τ)
〈
F (v(·, τ)), φn(·)

〉
φn(x)

∥∥∥∥∥
D(Aν)

dτ

+

∫ T∗

0

∥∥∥∥∥
∞∑
n=1

[Pn(α, t− τ)− Pn(α, T ∗ − τ)]

×
〈
F (v(·, τ)), φn(·)

〉
φn(x)

∥∥∥∥∥
D(Aν)

dτ.

From the fact that Sα(t)u0 ∈ C([0,∞), D(Aν)), we suppose that ϵ > 0 is small

enough to get the following inequality

M1 :=
∥∥∥Sα(t)u0 − Sα(T

∗)u0

∥∥∥
D(Aν)

≤ R

3
. (8.46)

Similar to the latter step, we have the following estimate

M2 :=

∫ t

T∗

∥∥∥∥∥
∞∑
n=1

Pn(α, t− τ)
〈
F (v(·, τ)), φn(·)

〉
φn(x)

∥∥∥∥∥
D(Aν)

dτ

=

∫ t

T∗

√√√√ ∞∑
n=1

λ2νn

∣∣∣Pn(α, t− τ)
∣∣∣2〈F (v(·, τ)), φn(·)〉2dτ

≤ R(m,α)

λ1−ν1

∥∥∥F (v)∥∥∥
L∞((0,T );L2(Ω))

(∫ t

T∗
(t− τ)α−1

)
dτ

=
R(m,α)

λ1−ν1

(
∥F (v)− F (v(T ∗))∥L∞((0,T );L2(Ω)) + ∥F (u(T ∗))∥L2(Ω)

)
× (t− T ∗)α

α
,

which implies that we can choose a number ϵ > 0 such that

M2 ≤ R

3
, for all t ∈ [T ∗, T ∗ + ϵ]. (8.47)

We consider the upper bound of Pn(α, t − τ) − Pn(α, T ∗ − τ) for 0 ≤ τ ≤ T ∗ ≤ t

for the following term

M3 :=

∫ T∗

0

∥∥∥∥∥
∞∑
n=1

[
Pn(α, t− τ)− Pn(α, T ∗ − τ)

]
×
〈
F (v(·, τ)), φn(·)

〉
φn(x)

∥∥∥∥∥
D(Aν)

dτ.
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It should be noted that∣∣∣Pn(α, t− τ)− Pn(α, T ∗ − τ)
∣∣∣ = ∫ ∞

0

∣∣∣e−r(t−τ) − e−r(T
∗−τ)

∣∣∣Kα(n, r)dr
≤ 1

mπ sin(απ)λn

∫ ∞

0

∣∣∣e−r(t−τ) − e−r(T
∗−τ)

∣∣∣
× r−αdr.

For 0 < β < α < 1, thanks to the fact that 1− e−w ≤ wβ ,∀w ≥ 0, we obtain∫ ∞

0

∣∣∣e−r(t−τ) − e−r(T
∗−τ)

∣∣∣ r−αdr ≤ (t− T ∗)

∫ ∞

0

e−r(t−τ)rβ−αdr

=
(t− T ∗)β

(t− τ)1+β−α

∫ ∞

0

e−yyβ−αdy

=
Γ(1 + β − α)(t− T ∗)β

(t− τ)1+β−α

(8.48)

where y = r(t− τ). This together with (8.43) and (8.48) yield∣∣∣Pn(α, t− τ)− Pn(α, T ∗ − τ)
∣∣∣ ≤ Γ(1 + β − α)(t− T ∗)β

mπ sin(απ)λn(t− τ)1+β−α

≤ Γ(1 + β − α)

mπ sin(απ)λn

(t− T ∗)β

(t− τ)1+β−α
.

Then we find that∥∥∥∥∥
∞∑
n=1

[
Pn(α, t− τ)− Pn(γ, T ∗ − τ)

]〈
F (v(·, τ)), φn(·)

〉
φn(x)

∥∥∥∥∥
D(Aν)

=

( ∞∑
n=1

λ2νn

[
Pn(α, t− τ)− Pn(γ, T ∗ − τ)

]2
×
〈
F (v(·, τ)), φn(·)

〉2) 1
2

≤ λν−1
1 Γ(1 + β − α)

mπ sin(απ)
(t− T ∗)β(t− τ)α−β−1∥F (v(·, τ))∥L2(Ω),

(8.49)

where we note that 0 < α < 1. This implies that

M3 =

∫ T∗

0

∥∥∥∥∥
∞∑
n=1

[
Pn(α, t− τ)− Pn(γ, T ∗ − τ)

]
×
〈
F (v(·, τ)), φn(·)

〉
φn(x)

∥∥∥∥∥
D(Aν)

dτ

≤ λν−1
1 Γ(1 + β − α)

mπ sin(απ)
(t− T ∗)β

∥∥∥F (v)∥∥∥
L∞((0,T );L2(Ω))

×

(∫ T∗

0

(t− τ)α−β−1dτ

)
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=
λν−1
1 Γ(1 + β − α)

mπ sin(απ)
(t− T ∗)β

tα−β − (t− T ∗)α−β

α− β

∥∥∥F (v)∥∥∥
L∞((0,T );L2(Ω))

.

By taking β = α
2 and using the inequality tα−β−(t−T ∗)α−β ≤ (T ∗)α−β , we deduce

that

M3 ≤ 2λν−1
1 Γ(1− β)

mαπ sin(απ)
(T ∗)β(t− T ∗)β

∥∥∥F (v)∥∥∥
L∞((0,T );L2(Ω))

.

Therefore, there exists a small ϵ > 0 such that

M3 ≤ R

3
, for t ∈ [T ∗, T ∗ + ϵ] (8.50)

In view of (8.46), (8.47) and (8.50), we have

∥P(v)(t)− u(·, T ∗)∥D(Aν) ≤ R, for t ∈ [T ∗, T ∗ + ϵ],

provided that ϵ is suitably small.

Step II. We prove that P is a contraction on K. Let v, w ∈ K and we have

P(v)(t)− P(w)(t) =
∞∑
n=1

[∫ t

0

Pα(n, t− τ)
〈
F (v(·, τ))− F (w(·, τ)), φn(·)

〉
dτ

]
φn.

If t ∈ [0, T ∗], then in view of Theorem 8.7 (see (8.44) and (8.45)), we can find a

constant C > 0 such that

∥P(v)(t)− P(w)(t)∥D(Aν) ≤ C(T ∗)α∥v − w∥C([0,T∗];D(Aν)).

If t ∈ [T ∗, T ∗ + ϵ], from Lemma 8.8, there exists C > 0 such that∥∥∥P(v)(t)− P(w)(t)
∥∥∥
D(Aν)

=

∥∥∥∥∥
∞∑
n=1

[∫ t

T∗
Pα(n, t− τ)

〈
F (v(·, τ))− F (w(·, τ)), φn(·)

〉
dτ

]
φn

∥∥∥∥∥
D(Aν)

=

∫ t

T∗

√√√√ ∞∑
n=1

λ2νn

∣∣∣Pα(n, t− τ)
∣∣∣2〈F (v(·, τ))− F (w(·, τ)), φn(·)

〉2
dτ

≤ R(m,α)

λ1−ν1

∥∥∥F (v)− F (w)
∥∥∥
L∞((T∗,t);L2(Ω))

(∫ t

T∗
(t− s)α−1

)
ds

=
R(m,α)

λ1−ν1

∥∥∥F (v)− F (w)
∥∥∥
L∞((T∗,t);L2(Ω))

(t− T ∗)α

α

≤ Cϵα∥F (v)− F (w)∥L∞((T∗,t);L2(Ω))

≤ CQϵα∥v − w∥C([T∗,T∗+ϵ];D(Aν).

(8.51)

Consequently, we can find a number C > 0 such that

∥P(v)− P(w)∥K ≤ Cϵα∥v − w∥K.

Then, it is possible to find a positive number ϵ small enough to ensure that P is

a contraction on K. Therefore P has a unique fixed point v on K. The proof is

completed.
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Lemma 8.9. Let T > 0 and u : Ω× [0, T ) → L2(Ω) satisfy

sup
t∈[0,T )

(
∥u(·, t)∥D(Aν)

)
<∞.

Let tn ∈ [0, T ) be a sequence such that limn→∞ tn = T . Then

lim
n→∞

∫ tn

0

∥∥∥∥∥
∞∑
k=1

[
Pα(k, tn − τ)− Pα(k, T − τ)

]
F (u(·, τ))φk

∥∥∥∥∥
D(Aν)

dτ = 0. (8.52)

Proof. Let £ := sups∈[0,T ) ∥F (u(·, s))∥L2(Ω) <∞. Given ϵ > 0, fix δ ∈ (0, T ) such

that

4B1(T − δ)
γ
2 T

γ
2 £ ≤ ϵ, B1 =

λν−1
1 Γ(1− α

2 )

mαπ sin(γπ)
. (8.53)

Similar to the argument in (8.49), we immediately infer that∥∥∥∥∥
∞∑
k=1

[
Pα(k, tn − τ)− Pα(k, T − τ)

]
F (u(·, τ))φk

∥∥∥∥∥
D(Aν)

≤ B1
(T − tn)

α
2

(tn − τ)1−
α
2

∥∥∥F (u)∥∥∥
L∞((0,T );L2(Ω))

.

By means of 0 < δ < T and limn→∞ tn = T , we can choose N1,δ ∈ N such that

tn > δ for n ≥ N1,δ. This implies∫ tn

δ

∥∥∥∥∥
∞∑
k=1

[
Pα(k, tn − τ)− Pα(k, T − τ)

]
F (u(·, τ))φk

∥∥∥∥∥
D(Aν)

dτ

≤ B1(T − tn)
α
2

∥∥∥F (u)∥∥∥
L∞((0,T );L2(Ω))

∫ tn

δ

(tn − τ)
α
2 −1dτ

≤ B1T
α
2 £(tn − δ)

α
2

≤ B1T
γ
2 (T − δ)

α
2 £.

Also ∫ δ

0

∥∥∥∥∥
∞∑
k=1

[
Pα(k, tn − τ)− Pα(k, T − τ)

]
F (u(·, τ))φk

∥∥∥∥∥
D(Aν)

dτ

≤ B1(T − tn)
γ
2

∥∥∥F (u)∥∥∥
L∞((0,T );L2(Ω))

∫ δ

0

(tn − τ)
γ
2 −1dτ

≤ B1(T − δ)
γ
2

[
(tn)

α
2 − (tn − δ)

γ
2

]
£

≤ B1(T − δ)
α
2 T

α
2 £,

(8.54)

provided that tn ≥ δ. Combining the latter, the former, and (8.53) allows us to

deduce that for n ≥ N1,δ∫ tn

0

∥∥∥∥∥
∞∑
k=1

[
Pα(k, tn − τ)− Pα(k, T − τ)

]
F (u(·, τ))φk

∥∥∥∥∥
D(Aν)

dτ ≤ ϵ.

This implies that (8.52) holds.
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The next theorem is a result on global existence or noncontinuation by blowup.

Namely, we have the following:

Theorem 8.9. Assume that F satisfies (H) and u0 ∈ D(Aν) for any 0 < ν < 1.

Let u be the mild solution of Problem (8.24), u is defined on [0, Tmax), where Tmax

is the maximal time of existence of u. Then we have Tmax = +∞ or

lim
t→T−

max

∥u(·, t)∥D(Aν) = ∞. (8.55)

Proof. Let

T :=

{
T ∈ [0,∞) : ∃ u : Ω× [0, T ] → L2(Ω) a solution to (8.24) in (0, T )

}
,

and set Tmax := sup T . Assume that Tmax < ∞ and we demonstrate that (8.55)

is true. Suppose that there exists K0 < ∞ such that ∥u(·, t)∥D(Aν) ≤ K0, ∀ t ∈
[0, Tmax). Let a sequence (tn)n∈N ⊂ [0, Tmax) satisfy limn→+∞ tn = Tmax. Let

tn > tm and K̃ := supt∈[0,Tmax) ∥F (u(·, t))∥L2(Ω) < ∞. Then using (8.54), we get

from Lemma 8.9 that∥∥∥∥∥
∫ tn

tm

∞∑
k=1

Pα(k, Tmax − τ)F (u(·, τ))φk dτ

∥∥∥∥∥
D(Aν)

≤
∫ tn

tm

∞∑
k=1

∥∥∥Pα(k, Tmax − τ)F (u(·, τ))φk
∥∥∥
D(Aν)

dτ

≤ R(m,α)

λ1−ν1

∫ tn

tm

(Tmax − s)α−1∥F (u(·, τ))∥L2(Ω)dτ

≤ K̃FR(m,α)

λ1−ν1

∫ tn

tm

(Tmax − τ)α−1dτ

= K̃FR(m,α)λ
ν−1
1 α−1

[
(Tmax − tn)

α − (Tmax − tm)α
]
→ 0, as n,m→ ∞.

Then, we find that

∥u(·, tn)− u(·, tm)∥D(Aν) ≤
∥∥∥Sα(tn)u0 − Sα(tm)u0

∥∥∥
D(Aν)

+

∥∥∥∥∥
∫ tn

0

∞∑
k=1

[
Pα(k, tn − τ)− Pα(k, Tmax − τ)

]
× F (u(·, τ))φkdτ

∥∥∥∥∥
D(Aν)

+

∥∥∥∥∥
∫ tm

0

∞∑
k=1

[
Pα(k, tn − τ)− Pα(k, Tmax − τ)

]
× F (u(·, τ))φkdτ

∥∥∥∥∥
D(Aν)
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+

∥∥∥∥∥
∫ tn

tm

∞∑
k=1

Pα(k, Tmax − τ)F (u(·, τ))φk dτ

∥∥∥∥∥
D(Aν)

→ 0, as n,m→ ∞,

where we have used Lemma 8.9. It follows that (u(·, tn))n∈N is a Cauchy sequence.

This sequence converges to a function uTmax
(·, t) ∈ D(Aν). Therefore, we may

extend u over [0, Tmax] and we have the following equality

u(·, t) = Sα(t)u0 +

∫ t

0

Sα(t− τ)F (u(τ))dτ

for all t ∈ [0, Tmax]. Applying Theorem 8.8, the solution is extended to some larger

interval, which leads to a contradiction with Tmax > 0. The proof is completed.

8.4 Fractional Euler-Lagrange Equations

8.4.1 Introduction

In this section, we consider a < b two reals, d ∈ N and the following Lagrangian

functional

L(u) =

∫ b

a

L(u, aD
α
t u, t)dt,

where L is a Lagrangian, i.e. a map of the form:

L : Rd × Rd × [a, b] → R,
(x, y, t) → L(x, y, t),

where aD
α
t is the left fractional derivative of Riemann-Liouville of order 0 < α < 1

and where the variable u is a function defined almost everywhere on (a, b) with values

in Rd. It is well-known that critical points of the functional L are characterized by

the solutions of the fractional Euler-Lagrange equation:

∂L

∂x
(u, aD

α
t u, t) + tD

α
b

(
∂L

∂y
(u, aD

α
t u, t)

)
= 0, (8.56)

where tD
α
b is the right fractional derivative of Riemann-Liouville, see detailed proofs

in Agrawal, 2002; Baleanu and Muslih, 2005 for example.

For any p ≥ 1, Lp := Lp((a, b),Rd) denotes the classical Lebesgue space of p-

integrable functions endowed with its usual norm ∥ · ∥Lp . We denote by | · | the
Euclidean norm of Rd and C := C([a, b],Rd) the space of continuous functions

endowed with its usual norm ∥ · ∥. We remind that a function f is an element of

AC if and only if f ′ ∈ L1 and the following equality holds

f(t) = f(a) +

∫ t

a

f ′(ξ)dξ, ∀ t ∈ [a, b],

where f ′ denotes the derivative of f . We refer to Kolmogorov, Fomine and Ti-

homirov, 1974 for more details concerning the absolutely continuous functions. In
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addition, we denote by Ca (resp. ACa or C∞
a ) the space of functions f ∈ C (resp.

AC or C∞) such that f(a) = 0. In particular, C∞
c ⊂ C∞

a ⊂ ACa.

Remark 8.1. In the whole section, an equality between functions must be under-

stood as an equality holding for almost all t ∈ (a, b). When it is not the case, the

interval on which the equality is valid will be specified.

Definition 8.4. A function u is said to be a weak solution of (8.56) if u ∈ C and

if u satisfies (8.56) a.e. on [a, b].

In the following, we will provide some properties concerning the left fractional

integral operators of Riemann-Liouville. One can easily derive the analogous ver-

sions for the right ones. Proposition 8.2 is well-known and one can find their proofs

in the classical literature on the subject (see Lemma 2.1 in Kilbas, Srivastava and

Trujillo, 2006).

Proposition 8.2. For any α > 0 and any p ≥ 1, aD
−α
t is linear and continuous

from Lp to Lp. Precisely, the following inequality holds

∥aD−α
t f∥Lp ≤ (b− a)α

Γ(1 + α)
∥f∥Lp , for f ∈ Lp.

The following classical property concerns the integration of fractional integrals.

It is occasionally called fractional integration by parts:

Proposition 8.3. Let 0 < 1
p < α < 1 and q = p

p−1 . Then, for any f ∈ Lp, we have

(i) aD
−α
t is Hölder continuous on [a, b] with exponent α− 1

p > 0;

(ii) lim
t→a

aD
−α
t f(t) = 0.

Consequently, aD
−α
t f(t) can be continuously extended by 0 in t = a. Finally,

for any f ∈ Lp, we have aD
−α
t f ∈ Ca. Moreover, the following inequality holds

∥aD−α
t f∥ ≤ (b− a)α−

1
p

Γ(α)((α− 1)q + 1)
1
q

∥f∥Lp , for f ∈ Lp.

Proof. Let us note that this result is mainly proved in Section 6.2. Let f ∈ Lp.

We first remind the following inequality

(ξ1 − ξ2)
q ≤ ξq1 − ξq2 , for ξ1 ≥ ξ2 ≥ 0.

Let us prove that aD
−α
t f(t) is Hölder continuous on [a, b]. For any a < t1 < t2 ≤ b,
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using Hölder inequality, we have

|aD−α
t f(t2)− aD

−α
t f(t1)| =

1

Γ(α)

∣∣∣∣ ∫ t2

a

(t2 − ξ)α−1f(ξ)dξ −
∫ t1

a

(t1 − ξ)α−1f(ξ)dξ

∣∣∣∣
≤ 1

Γ(α)

∣∣∣∣ ∫ t2

t1

(t2 − ξ)α−1f(ξ)dξ

∣∣∣∣
+

1

Γ(α)

∣∣∣∣ ∫ t1

a

((t2 − ξ)α−1 − (t1 − ξ)α−1)f(ξ)dξ

∣∣∣∣
≤ ∥f∥Lp

Γ(α)

(∫ t2

t1

(t2 − ξ)(α−1)qdξ

) 1
q

+
∥f∥Lp
Γ(α)

(∫ t1

a

((t1 − ξ)α−1 − (t2 − ξ)α−1)qdξ

) 1
q

≤ ∥f∥Lp
Γ(α)

(∫ t2

t1

(t2 − ξ)(α−1)qdξ

) 1
q

+
∥f∥Lp
Γ(α)

(∫ t1

a

(t1 − ξ)(α−1)q − (t2 − ξ)(α−1)qdξ

) 1
q

≤ 2∥f∥Lp
Γ(α)((α− 1)q + 1)

1
q

(t2 − t1)
α− 1

p .

The proof of the first point is completed. Let us consider the second point. For any

t ∈ [a, b], we can prove in the same manner that

|aD−α
t f(t)| ≤ ∥f∥Lp

Γ(α)((α− 1)q + 1)
1
q

(t− a)α−
1
p , as t→ 0.

The proof is now completed.

In Subsection 8.4.2, we introduce an appropriate space of functions. Subsection

8.4.3 is concerned with variational structure. Subsection 8.4.4 is devoted to the

existence theorem of weak solution for (8.56).

8.4.2 Functional Spaces

In order to prove the existence of a weak solution of (8.56) using a variational

method, we need the introduction of an appropriate space of functions. This space

has to present some properties like reflexivity, see Dacorogna, 2008.

For any 0 < α < 1 and any p ≥ 1, we define the following space of functions

Eα,p := {u ∈ Lp| aDα
t u ∈ Lp and aD

−α
t (aD

α
t u) = u a.e.}.

We endow Eα,p with the following norm

∥ · ∥α,p : Eα,p → R+,

u 7→
(
∥u∥pLp + ∥aDα

t u∥
p
Lp

) 1
p .
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Let us note that

| · |α,p : Eα,p → R+,

u 7→ ∥aDα
t u∥Lp

is an equivalent norm to ∥ · ∥α,p for Eα,p. Indeed, Proposition 8.2 leads to

∥u∥Lp = ∥aD−α
t (aD

α
t u)∥Lp ≤ (b− a)α

Γ(1 + α)
∥aDα

t u∥Lp , for u ∈ Eα,p. (8.57)

The goal of this section is to prove the following proposition:

Proposition 8.4. Assuming 0 < 1
p < α < 1, Eα,p is a reflexive separable Banach

space and the compact embedding Eα,p ↪→ Ca holds.

Proof. Consider that

0 <
1

p
< α < 1 and q =

p

p− 1
.

Now, we divide the proof into several steps.

Claim I. Eα,p is a reflexive separable Banach space.

Let us consider (Lp)2 the set Lp × Lp endowed with the norm ∥(u, v)∥(Lp)2 =

(∥u∥pLp + ∥v∥pLp)
1
p . Since p > 1, (Lp, ∥ · ∥Lp) is a reflexive separable Banach space

and therefore, ((Lp)2, ∥ · ∥(Lp)2) is also a reflexive separable Banach space. We

define Ω := {(u, aDα
t u) : u ∈ Eα,p}. Let us prove that Ω is a closed subspace of

((Lp)2, ∥ · ∥(Lp)2). Let (un, vn)n∈N ⊂ Ω such that

(un, vn)
(Lp)2−−−→ (u, v).

Then, we prove that (u, v) ∈ Ω. For any n ∈ N, (un, vn) ∈ Ω. Thus, un ∈ Eα,p and

vn = aD
α
t un. Consequently, we have

un
Lp−−→ u and aD

α
t un

Lp−−→ v.

For any n ∈ N, since un ∈ Eα,p and aD
−α
t is continuous from Lp to Lp, we have

un = aD
−α
t (aD

α
t un)

Lp−−→ aD
−α
t v.

Thus, u = aD
−α
t v, aD

α
t u = aD

α
t (aD

−α
t v) = v ∈ Lp and aD

−α
t (aD

α
t u) = aD

−α
t v =

u. Hence, u ∈ Eα,p and (u, v) = (u, aD
α
t u) ∈ Ω. In conclusion, Ω is a closed

subspace of ((Lp)2, ∥ · ∥(Lp)2) and then Ω is a reflexive separable Banach space.

Finally, defining the following operator

A : Eα,p → Ω,

u 7→ (u, aD
α
t u),

we prove that Eα,p is isometric isomorphic to Ω. This completes the proof of Claim I.

Claim II. The continuous embedding Eα,p ↪→ Ca.
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Let u ∈ Eα,p and then aD
α
t u ∈ Lp. Since 0 < 1

p < α < 1, Proposition 8.3 leads

to aD
−α
t (aD

α
t u) ∈ Ca. Furthermore, u = aD

−α
t (aD

α
t u) and consequently, u can be

identified to its continuous representative. Finally, Proposition 8.3 also gives

∥u∥ = ∥aD−α
t (aD

α
t u)∥ ≤ (b− a)α−

1
p

Γ(α)((α− 1)q + 1)
1
q

|u|α,p, for u ∈ Eα,p.

Since ∥ · ∥α,p and | · |α,p are equivalent norms, the proof of Claim II is completed.

Claim III. The compact embedding Eα,p ↪→ Ca.

Since Eα,p is a reflexive Banach space, we only have to prove that

∀ (un)n∈N ⊂ Eα,p such that un
Eα,p
⇀ u, then un

C−→ u.

Let (un)n∈N ⊂ Eα,p such that

un
Eα,p
⇀ u.

Since Eα,p ↪→ Ca, we have

un
C
⇀ u.

Since (un)n∈N converges weakly in Eα,p, (un)n∈N is bounded in Eα,p. Conse-

quently, (aD
α
t un)n∈N is bounded in Lp by a constant M ≥ 0. Let us prove that

(un)n∈N ⊂ Ca is uniformly Lipschitzian on [a, b]. According to the proof of Propo-

sition 8.3, for ∀ n ∈ N,∀ a ≤ t1 < t2 ≤ b, we have,

|un(t2)− un(t1)| ≤ |aD−α
t (aD

α
t un(t2))− aD

−α
t (aD

α
t un(t1))|

≤ 2∥aDα
t un∥Lp

Γ(α)((α− 1)q + 1)
1
p

(t2 − t1)
α− 1

p

≤ 2M

Γ(α)((α− 1)q + 1)
1
p

(t2 − t1)
α− 1

p .

Hence, from Arzela-Ascoli theorem, (un)n∈N is relatively compact in C. Conse-

quently, there exists a subsequence of (un)n∈N converging strongly in C and the

limit is u by uniqueness of the weak limit.

Now, let us prove by contradiction that the whole sequence (un)n∈N converges

strongly to u in C. If not, there exist ε > 0 and a subsequence (unk)k∈N such that

∥unk − u∥ > ε > 0, for k ∈ N. (8.58)

Nevertheless, since (unk)k∈N is a subsequence of (un)n∈N, then it satisfies

unk
Eα,p
⇀ u.

In the same way (using Arzela-Ascoli theorem), we can construct a subsequence

of (unk)k∈N converging strongly to u in C which is a contradiction to (8.58). The

proof of Claim III is now completed.
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Let us remind the following property

aD
−α
t φ ∈ C∞

a , for φ ∈ C∞
c .

From this result, we get the following results.

Proposition 8.5. C∞
a is dense in Eα,p.

Proof. Indeed, let us first prove that C∞
a ⊂ Eα,p. Let u ∈ C∞

a ⊂ Lp. Since

u ∈ ACa and u′ ∈ Lp, we have aD
α
t u = aD

α−1
t u′ ∈ Lp. Since u ∈ AC, we also have

aD
−α
t (aD

α
t u) = u. Finally, u ∈ Eα,p. Now, let us prove that C∞

a is dense in Eα,p.

Let u ∈ Eα,p, then aD
α
t u ∈ Lp. Consequently, there exists (vn)n∈N ⊂ C∞

c such that

vn
Lp−−→ aD

α
t u and then aD

−α
t vn

Lp−−→ aD
−α
t (aD

α
t u) = u,

since aD
−α
t is continuous from Lp to Lp. Defining un := aD

−α
t vn ∈ C∞

a for any

n ∈ N, we obtain

un
Lp−−→ u and aD

α
t un = aD

α
t (aD

−α
t vn) = vn

Lp−−→ aD
α
t u.

Finally, (un)n∈N ⊂ C∞
a and converges to u in Eα,p. The proof is completed.

Proposition 8.6. If 1
p < min{α, 1− α}, then Eα,p = {u ∈ Lp : aD

α
t u ∈ Lp}.

Proof. Indeed, let u ∈ Lp satisfying aD
α
t u ∈ Lp and let us prove that

aD
−α
t (aD

α
t u) = u. Let φ ∈ C∞

c ⊂ L1. Since aD
α
t u ∈ Lp, Proposition 1.10 leads to∫ b

a
aD

−α
t (aD

α
t u) · φdt =

∫ b

a
aD

α
t u · tD−α

b φdt =

∫ b

a

d

dt
(aD

α−1
t u) · tD−α

b φdt.

Then, an integration by parts gives∫ b

a
aD

−α
t (aD

α
t u) · φdt =

∫ b

a
aD

α−1
t u · tD1−α

b udt.

Indeed, tD
−α
b φ(b) = 0 since φ ∈ C∞

c and aD
α−1
t u(a) = 0 since u ∈ Lp and 1

p < 1−α.
Finally, using Proposition 1.10 again, we obtain∫ b

a
aD

−α
t (aD

α
t u) · φdt =

∫ b

a

u · tDα−1
b (tD

1−α
b φ)dt =

∫ b

a

u · φdt,

this completes the proof.

Remark 8.2. In the Proposition 8.6, let us note that such a definition of Eα,p could

lead us to name it fractional Sobolev space and to denote it by Wα,p. Nevertheless,

these notions and notations are already used, see Brezis, 2011.
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8.4.3 Variational Structure

In this subsection, we assume that Lagrangian L is of class C1 and we define the

Lagrangian functional L on Eα,p (with 0 < 1
p < α < 1). Precisely, we define

L : Eα,p → R,

u 7→
∫ b

a

L(u, aD
α
t u, t)dt.

L is said to be Gâteaux differentiable in u ∈ Eα,p if the map

DL(u) : Eα,p → R,

v 7→ DL(u)(v) := lim
h→0

L(u+ hv)− L(u)

h

is well-defined for any v ∈ Eα,p and if it is linear and continuous. A critical point

u ∈ Eα,p of L is defined by DL(u) = 0.

We introduce the following hypotheses:

(H1) there exist 0 ≤ d1 ≤ p and r1, s1 ∈ C(Rd × [a, b],R+) such that

|L(x, y, t)−L(x, 0, t)| ≤ r1(x, t)∥y∥d1+s1(x, t), for (x, y, t) ∈ Rd×Rd×[a, b];

(H2) there exist 0 ≤ d2 ≤ p and r2, s2 ∈ C(Rd × [a, b],R+) such that∥∥∥∥∂L∂x (x, y, t)
∥∥∥∥ ≤ r2(x, t)∥y∥d2 + s2(x, t), for (x, y, t) ∈ Rd × Rd × [a, b];

(H3) there exist 0 ≤ d3 ≤ p− 1 and r3, s3 ∈ C(Rd × [a, b],R+) such that∥∥∥∥∂L∂y (x, y, t)
∥∥∥∥ ≤ r3(x, t)∥y∥d3 + s3(x, t), for (x, y, t) ∈ Rd × Rd × [a, b];

(H4) coercivity condition: there exist γ > 0, 1 ≤ d4 < p, c1 ∈ C(Rd ×
[a, b], [γ,∞)), c2, c3 ∈ C([a, b],R) such that

∀ (x, y, t) ∈ Rd × Rd × [a, b], L(x, y, t) ≥ c1(x, t)∥y∥p + c2(t)∥x∥d4 + c3(t);

(H5) convexity condition:

∀ t ∈ [a, b], L(·, ·, t) is convex.

Hypotheses denoted by (H1)-(H3) are usually called regularity hypotheses (see

Cesari, 1983; Dacorogna, 2008).

Let us prove the following results.

Lemma 8.10. The following implications hold

(i) L satisfies (H1) ⇒ for any u ∈ Eα,p, L(u, aD
α
t u, t) ∈ L1 and then L(u) exists

in R;
(ii) L satisfies (H2) ⇒ for any u ∈ Eα,p, ∂L/∂x(u, aD

α
t u, t) ∈ L1;

(iii) L satisfies (H3) ⇒ for any u ∈ Eα,p, ∂L/∂y(u, aD
α
t u, t) ∈ Lq, where q = p

p−1 .



August 14, 2023 16:41 ws-book961x669 Basic Theory of Fractional Differential Equations 13289-main page 438

438 Basic Theory of Fractional Differential Equations

Proof. Let us assume that L satisfies (H1) and let u ∈ Eα,p ⊂ Ca. Then,

∥aDα
t u∥d1 ∈ Lp/d1 ⊂ L1 and the three maps t → r1(u(t), t), s1(u(t), t),

|L(u(t), 0, t)| ∈ C([a, b],R+) ⊂ L∞ ⊂ L1. Hypothesis (H1) implies for almost

all t ∈ [a, b]

|L(u(t), aDα
t u(t), t)| ≤ r1(u(t), t)∥aDα

t u(t)∥d1 + s1(u(t), t) + |L(u(t), 0, t)|.

Hence, L(u, aD
α
t u(t), t) ∈ L1 and then L(u) exists in R. We proceed in the same

manner in order to prove the second point of Lemma 8.10. Now, assuming that L

satisfies (H3), we have ∥aDα
t u∥d3 ∈ Lp/d3 ⊂ Lq for any u ∈ Eα,p. An analogous

argument gives the third point of Lemma 8.10. This completes the proof.

Lemma 8.11. Assuming that L satisfies hypotheses (H1)-(H3), L is Gâteaux dif-

ferentiable in any u ∈ Eα,p and

DL(u)(v) =

∫ b

a

(
∂L

∂x
(u, aD

α
t u, t) · v +

∂L

∂y
(u, aD

α
t u, t) · aDα

t v

)
dt, for u, v ∈ Eα,p.

Proof. Let u, v ∈ Eα,p ⊂ Ca. Let ψu,v defined for any h ∈ [−1, 1] and for almost

all t ∈ [a, b] by

ψu,v(t, h) := L
(
u(t) + hv(t), aD

α
t u(t) + haD

α
t v(t), t

)
.

Then, we define the following mapping

ϕu,v : [−1, 1] → R,

h 7→
∫ b

a

L
(
u+ hv(t), aD

α
t u+ haD

α
t v, t

)
dt =

∫ b

a

ψu,v(t, h)dt.

Our aim is to prove that the following term

DL(u)(v) = lim
h→0

L(u+ hv)− L(u)

h
= lim
h→0

ϕu,v(h)− ϕu,v(0)

h
= ϕu,v

′(0)

exists in R. In order to differentiate ϕu,v, we use the theorem of differentiation under

the integral sign. Indeed, we have for almost all t ∈ [a, b], ψu,v(t, ·) is differentiable
on [−1, 1] with

∂ψu,v
∂h

(t, h) =
∂L

∂x

(
u(t) + hv(t), aD

α
t u(t) + haD

α
t v(t), t

)
· v(t)

+
∂L

∂y

(
u(t) + hv(t), aD

α
t u(t) + haD

α
t v(t), t

)
· aDα

t v(t).

Then, from hypotheses (H2) and (H3), we have for any h ∈ [−1, 1] and for almost

all t ∈ [a, b]∣∣∣∣∂ψu,v∂h
(t, h)

∣∣∣∣
≤
[
r2(u(t) + hv(t), t)∥aDα

t u(t) + haD
α
t v(t)∥d2 + s2(u(t) + hv(t), t)

]
∥v(t)∥

+
[
r3(u(t) + hv(t), t)∥aDα

t u(t) + haD
α
t v(t)∥d3 + s3(u(t) + hv(t), t)

]
∥aDα

t v(t)∥.
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We define

r2,0 := max
(t,h)∈[a,b]×[−1,1]

r2(u(t) + hv(t), t)

and we define similarly s2,0, r3,0, s3,0. Finally, it holds∣∣∣∣∂ψu,v∂h
(t, h)

∣∣∣∣ ≤ 2d2r2,0 (∥aDα
t u(t)∥d2 + ∥aDα

t v(t)∥d2)︸ ︷︷ ︸
∈Lp/d2⊂L1

∥v(t)∥︸ ︷︷ ︸
∈Ca⊂L∞

+s2,0 ∥v(t)∥︸ ︷︷ ︸
∈Ca⊂L1

+ 2d3r3,0 (∥aDα
t u(t)∥d3 + ∥aDα

t v(t)∥d3)︸ ︷︷ ︸
∈Lp/d3⊂Lq

∥aDα
t v(t)∥︸ ︷︷ ︸
∈Lp

+s3,0 ∥aDα
t v(t)∥︸ ︷︷ ︸

∈Lp⊂L1

.

The right term is then a L1 function independent of h. Consequently, applying the

theorem of differentiation under the integral sign, ϕu,v is differentiable with

ϕu,v
′(h) =

∫ b

a

∂ψu,v
h

(t, h)dt, for h ∈ [−1, 1].

Hence

DL(u)(v) = ϕu,v
′(0) =

∫ b

a

∂ψu,v
h

(t, 0)dt

=

∫ b

a

(
∂L

∂x
(u, aD

α
t , t) v +

∂L

∂y
(u, aD

α
t u, t) aD

α
t v

)
dt.

From Lemma 8.10, it holds

∂L

∂x
(u, aD

α
t u, t) ∈ L1 and

∂L

∂y
(u, aD

α
t u, t) ∈ Lq.

Since v ∈ Ca ⊂ L∞ and aD
α
t ∈ Lp, DL(u)(v) exists in R. Moreover, we have

|DL(u)(v)| ≤
∥∥∥∥∂L∂x (u, aDα

t u, t)

∥∥∥∥
L1

∥v∥+
∥∥∥∥∂L∂y (u, aDα

t u, t)

∥∥∥∥
Lq
∥aDα

t v∥Lp

≤
(

(b− a)α−
1
p

Γ(α)((α− 1)q + 1)
1
q

∥∥∥∥∂L∂x (u, aDα
t u, t)

∥∥∥∥
L1

+

∥∥∥∥∂L∂y (u, aDα
t u, t)

∥∥∥∥
Lq

)
|v|α,p.

Consequently, DL(u) is linear and continuous from Eα,p to R. The proof is com-

pleted.

8.4.4 Existence of Weak Solution

In this subsection, we will present the existence theorem of weak solution for (8.56).

We firstly give two preliminary theorems.

Theorem 8.10. Assume that L satisfies hypotheses (H1)-(H3). If u is a critical

point of L, u is a weak solution of (8.56).
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Proof. Let u be a critical point of L. Then, we have in particular

DL(u)(v) =

∫ b

a

(
∂L

∂x
(u, aD

α
t u, t) · v +

∂L

∂y
(u, aD

α
t u, t) · aDα

t v

)
dt = 0, for v ∈ C∞

c .

For any v ∈ C∞
c ⊂ ACa, aD

α
t v = aD

α−1
t v′ ∈ C∞

a . Since ∂L/∂y(u, aD
α
t u, t) ∈ Lq,

Proposition 1.10 gives∫ b

a

[
∂L

∂x
(u, aD

α
t u, t) · v + tD

α−1
b

(
∂L

∂y
(u, aD

α
t u, t)

)
· v′
]
dt = 0, for v ∈ C∞

c .

Finally, we define

wu(t) =

∫ t

a

∂L

∂x
(u, aD

α
t u, t)dt, for t ∈ [a, b].

Since ∂L/∂x(u, aD
α
t , t) ∈ L1, wu ∈ ACa and w′

u = ∂L/∂x(u, aD
α
t u, t). Then, an

integration by parts leads to∫ b

a

(
tD

α−1
b

(∂L
∂y

(u, aD
α
t u, t)

)
− wu

)
v′dt = 0, for v ∈ C∞

c .

Consequently, there exists a constant C ∈ Rd such that

tD
α−1
b

(
∂L

∂y
(u, aD

α
t u, t)

)
= C + wu ∈ AC.

By differentiation, we obtain

−tDα
b

(
∂L

∂y
(u, aD

α
t u, t)

)
=
∂L

∂x
(u, aD

α
t u, t),

and then u ∈ Eα,p ⊂ C satisfies (8.56) a.e. on [a, b]. The proof is completed.

As usual in a variational method, in order to prove the existence of a global

minimizer of a functional, coercivity and convexity hypotheses need to be added

on the Lagrangian. We have already define hypotheses (H4) (coercivity) and (H5)

(convexity). Next, we introduce two different convexity hypotheses (H5)′ and (H5)′′:

(H5)′ ∀ (x, t) ∈ Rd × [a, b], L(x, ·, t) is convex and (L(·, y, t))(y,t)∈Rd×[a,b] is uni-

formly equicontinuous on Rd, i.e.,
∀ ε > 0, ∃ δ > 0, ∀ (x1, x2) ∈ (Rd)2, ∥x2 − x1∥ < δ

⇒ ∀ (y, t) ∈ Rd × [a, b], |L(x2, y, t)− L(x1, y, t)| < ε.

(H5)′′ ∀ (x, t) ∈ Rd × [a, b], L(x, ·, t) is convex.

Let us note that hypotheses (H5) and (H5)′ are independent, hypothesis (H5)′′ is

the weakest. Nevertheless, in this case, the detailed proof of Theorem 8.11 is more

complicated. Consequently, in the case of hypothesis (H5)′′, we do not develop

the proof and we use a strong result proved in Dacorogna, 2008. Let us prove the

following preliminary result.

Lemma 8.12. Assume that L satisfies hypothesis (H4). Then, L is coercive in the

sense that

lim
∥u∥α,p→+∞

L(u) = +∞.
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Proof. Let u ∈ Eα,p, we have

L(u) =

∫ b

a

L(u, aD
α
t u, t)dt ≥

∫ b

a

c1(u, t)∥aDα
t u∥p + c2(t)∥u∥d4 + c3(t)dt.

Equation (8.57) implies that

∥u∥d4
Ld4

≤ (b− a)1−
d4
p ∥u∥d4Lp ≤ (b− a)α+1− d4

p

Γ(α+ 1)
∥aDα

t u∥
d4
Lp =

(b− a)α+1− d4
p

Γ(α+ 1)
|u|d4α,p .

Finally, we conclude that

L(u) ≥ γ∥aDα
t u∥

p
Lp − ∥c2∥∥u∥d4Ld4 − (b− a)∥c3∥

≥ γ|u|pα,p −
∥c2∥(b− a)α+1− d4

p

Γ(α+ 1)
|u|d4α,p − (b− a)∥c3∥, for u ∈ Eα,p.

Since d4 < p and the norms | · |α,p and ∥ · ∥α,p are equivalent, the proof is

completed.

Theorem 8.11. Assume that L satisfies hypotheses (H1)-(H4) and one of hypothe-

ses (H5), (H5)′ or (H5)′′. Then, L admits a global minimizer.

Proof. Let (un)n∈N be a sequence in Eα,p satisfying

L(un) → inf
v∈Eα,p

L(v) =: K.

Since L satisfies hypothesis (H1), L(u) ∈ R for any u ∈ Eα,p. Hence, K < +∞. Let

us prove by contradiction that (un)n∈N is bounded in Eα,p. In the negative case, we

can construct a subsequence (unk)k∈N satisfying ∥unk∥α,p → ∞. Since L satisfies

hypothesis (H4), Lemma 8.12 gives:

K = lim
k∈N

L(unk) = +∞,

which is a contradiction. Hence, (un)n∈N is bounded in Eα,p. Since Eα,p is reflexive,

there exists a subsequence still denoted by (un)n∈N converging weakly in Eα,p to an

element denoted by u ∈ Eα,p. Let us prove that u is a global minimizer of L. Since

un
Eα,p
⇀ u and Eα,p ↪→ Ca,

we have

un
C−→ u and aD

α
t un

Lp
⇀ aD

α
t u. (8.59)

Case L satisfies (H5): by convexity, it holds for any n ∈ N

L(un) =

∫ b

a

L(un, aD
α
t un, t)dt

≥
∫ b

a

L(u, aD
α
t u, t)dt+

∫ b

a

∂L

∂x
(u, aD

α
t u, t) (un − u)dt

+

∫ b

a

∂L

∂y
(u, aD

α
t u, t) (aD

α
t un − aD

α
t u)dt.
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Since L satisfies hypotheses (H2) and (H3), ∂L/∂x(u, aD
α
t u, t) ∈ L1 and

∂L/∂y(u, aD
α
t u, t) ∈ Lq. Consequently, using (8.59) and making n tend to +∞,

we obtain

K = inf
v∈Eα,p

L(v) ≥
∫ b

a

L(u, aD
α
t u, t)dt = L(u).

Consequently, u is a global minimizer of L.

Case L satisfies (H5)′: let ε > 0. Since (un)n∈N converges strongly in C to u,

we have

∃ N ∈ N, ∀ n ≥ N, ∥un − u∥ < δ,

where δ is given in the definition of (H5)′. In consequence, it holds a.e. on [a, b]

|L(un(t), aDα
t un(t), t)− L(u(t), aD

α
t un(t), t)| < ε, for n ≥ N. (8.60)

Moreover, for any n ≥ N , we have

L(un) =

∫ b

a

L(u, aD
α
t u, t)dt+

∫ b

a

(
L(un, aD

α
t un, t)− L(u, aD

α
t un, t)

)
dt

+

∫ b

a

(
L(u, aD

α
t un, t)− L(u, aD

α
t u, t)

)
dt.

Then, for any n ≥ N , it holds by convexity

L(un) ≥
∫ b

a

L(u, aD
α
t u, t)dt−

∫ b

a

|L(un, aDα
t un, t)− L(u, aD

α
t un, t)|dt

+

∫ b

a

∂L

∂y
(u, aD

α
t u, t)

(
aD

α
t un − aD

α
t u
)
dt.

And, using equation (8.60), we obtain for any n ≥ N

L(un) ≥
∫ b

a

L(u, aD
α
t u, t)dt− ε(b− a) +

∫ b

a

∂L

∂y
(u, aD

α
t u, t)

(
aD

α
t un − aD

α
t u
)
dt.

We remind that ∂L/∂y(u, aD
α
t u, t) ∈ Lq since L satisfies (H3). Since (aD

α
t un)n∈N

converges weakly in Lp to aD
α
t u we obtain by making n tend to +∞ and then by

making ε tend to 0

K = inf
v∈Eα,p

L(v) ≥
∫ b

a

L(u, aD
α
t u, t)dt = L(u).

Consequently, u is a global minimizer of L.

Case L satisfies (H5)′′: we refer to Theorem 3.23 in Bacorogna, 2008.

Finally, we give the existence theorem of weak solution for (8.56).

Theorem 8.12. Let L be a Lagrangian of class C1 and 0 < 1
p < α < 1. If L

satisfies the hypotheses denoted by (H1)-(H5). Then (8.56) admits a weak solution.
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Combining Theorem 8.10 and Theorem 8.11, the proof of Theorem 8.12 is obvi-

ous.

Let us consider some examples of Lagrangian L satisfying hypotheses of Theorem

8.12. Consequently, the fractional Euler-Lagrange equation (8.56) associated admits

a weak solution u ∈ Eα,p.

Example 8.1. The most classical example is the Dirichlet integral, i.e. the La-

grangian functional associated to the Lagrangian L given by

L(x, y, t) =
1

2
∥y∥2.

In this case, L satisfies hypotheses (H1)-(H5) for p = 2. Hence, the fractional Euler-

Lagrange equation (8.56) associated admits a weak solution in Eα,p for 1
2 < α < 1.

In a more general case, the following Lagrangian L

L(x, y, t) =
1

p
∥y∥p + a(x, t),

where p > 1 and a ∈ C1(Rd × [a, b],R+), satisfies hypotheses (H1)-(H4) and (H5)′′.

Consequently, the fractional Euler-Lagrange equation (8.56) associated to L admits

a weak solution in Eα,p for any
1
p < α < 1. Let us note that if for any t ∈ [a, b], a(·, t)

is convex, then L satisfies hypothesis (H5).

In the unidimensional case d = 1, let us take a Lagrangian with a second term

linear in its first variable, i.e.

L(x, y, t) =
1

p
|y|p + f(t)x,

where p > 1 and f ∈ C1([a, b],R). Then, L satisfies hypotheses (H1)-(H5). Then,

the fractional Euler-Lagrange equation (8.56) associated admits a weak solution in

Eα,p for any 1
p < α < 1.

Theorem 8.12 is a result based on strong conditions on Lagrangian L. Conse-

quently, some Lagrangian do not satisfy all hypotheses of Theorem 8.12. We can

cite Bolza’s example in dimension d = 1 given by

L(x, y, t) = (y2 − 1)2 + x4.

L does not satisfy hypothesis (H4) neither hypothesis (H5)′′. Nevertheless, as usual

with variational methods, the conditions of regularity, coercivity and/or convexity

can often be replaced by weaker assumptions specific to the studied problem. As an

example, we can cite Ammi and Torres, 2008 and references therein about higher-

order integrals of the calculus of variations. Indeed, in this subsection, it is proved

that calculus of variations is still valid with weaker regularity assumptions.
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8.5 Fractional Diffusion Equations

8.5.1 Introduction

We assume Ω to be a bounded domain in Rd with sufficiently smooth boundary

∂Ω. We consider an initial-boundary value problem for a diffusion equation with

two fractional time derivatives
∂α1
t u(x, t) + q(x)∂α2

t u(x, t) = (−Au)(x, t), x ∈ Ω, t ∈ (0, T ),

u(x, t) = 0, x ∈ ∂Ω, t ∈ (0, T ),

u(x, 0) = a(x), x ∈ Ω.

(8.61)

Here 0 < α2 < α1 < 1. For α ∈ (0, 1), by ∂αt we denote the Caputo fractional

derivative with respect to t

∂αt g(t) =
1

Γ(1− α)

∫ t

0

(t− τ)−α
d

dt
g(τ)dτ

and Γ is the Gamma function and q ∈ W 2,∞(Ω). The space W 2,∞(Ω) is the usual

Sobolev space (see, e.g., Adams, 1999).

The operator A denotes a second-order partial differential operator in the fol-

lowing form

(−Au)(x) =
d∑

i,j=1

∂

∂xi

(
aij(x)

∂

∂xj
u(x)

)
+ b(x)u(x), x ∈ Ω,

for u ∈ H2(Ω)
⋂
H1

0 (Ω), and we assume that aij = aji ∈ C1(Ω̄), 1 ≤ i, j ≤ d, b ∈
C(Ω̄), b(x) ≤ 0 for x ∈ Ω̄ and that there exists a constant ν > 0 such that

ν
d∑
j=1

ξ2j ≤
d∑

j, k=1

ajk(x)ξjξk, x ∈ Ω̄, ξ ∈ Rd.

The classic diffusion models (diffusion equation with integer-order derivative)

have played important roles in modelling contaminants diffusion processes. How-

ever, in recent two decades, more and more experimental data (e.g., the diffusion

process in the highly heterogeneous media) showed that the classical model are

inadequate to explain the phenomenon described by the experimental data, e.g.,

Adams and Gelhar pointed out that the field data in the saturated zone of a highly

heterogeneous aquifer indicated the long-tailed profile in the spatial distribution

of densities as the time passes, which is very different from the classical one (see,

Adams and Gelhar, 1992). The above phenomenon of long-tailed profile has been

investigated by many researchers, see Berkowitz, Scher and Silliman, 2000; Giona,

Gerbelli and Roman, 1992; Hatano and Hatano, 1980, and the references therein.

In the many researches, there is an effective one that being used to explain the long-

tailed profile phenomenon, that is to replace the first-order time derivative with a

fractional derivative of order α ∈ (0, 1) since the fractional derivative possesses the

memory effect which leads to the not too fast diffusion. This modified model is pre-

sented as a useful approach for the description of transport dynamics in complex
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system that are governed by anomalous diffusion and non-exponential relaxation

patterns, and attracted great attention from different areas. For numerical calcu-

lation, see Benson, Schumer, Meerschaert et al., 2001; Meerschaert and Tadjeran

et al., 2004; Diethelm and Luchko, 2004 and the references therein. For the theo-

retics, see Gorenflo, Luchko and Zabrejko, 1999; Hanyaga, 2002; Luchko, 2009a,b,

2010; Luchko and Gorenflo, 1999; Sakamoto and Yamamoto, 2011; Xu, Cheng and

Yamamoto, 2011, etc. For the stochastic analysis, one can regard the time-fractional

diffusion equation as a macroscopic model derived from the continuous-time ran-

dom walk. Metzler and Klafter, 2000b demonstrated that a fractional diffusion

equation describes a non-Markovian diffusion process with a memory. Roman and

Alemany, 1994 investigated continuous-time random walks on fractals and showed

that the average probability density of random walks on fractals obeys a diffusion

equation with a fractional time derivative asymptotically. As for diffusion equa-

tions with multiple fractional time derivatives, see Jiang, Liu, Turner et al., 2012;

Daftardar-Gejji and Bhalekar, 2008; Luchko, 2011 and the references therein.

In this section, we consider the case of multiple fractional time derivatives. Such

equations can be considered as more feasible model equations than equations with

a single fractional time derivative in modeling diffusion in porous media. We apply

the perturbation method and the theory of evolution equations to prove regularity

as well as unique existence of solution to (8.61).

8.5.2 Regularity and Unique Existence

Let L2(Ω) be a usual L2-space with the scalar product (·, ·), and H l(Ω), Hm
0 (Ω)

denote the usual Sobolev spaces (e.g., Adams, 1999). We set ∥a∥L2(Ω) = (a, a)
1
2 .

We define the operator A in L2(Ω) by

(Au)(x) = (Au)(x), x ∈ Ω, D(A) = H2(Ω) ∩H1
0 (Ω).

Then the fractional power Aγ is defined for γ ∈ R (see, e.g., Pazy, 1983), and

D(Aγ) ⊂ H2γ(Ω), D(A
1
2 ) = H1

0 (Ω) for example. We note that ∥u∥D(Aγ) :=

∥Aγu∥L2(Ω) is stronger than ∥u∥L2(Ω) for γ > 0.

Since−A is a symmetric uniformly elliptic operator, the spectrum of A is entirely

composed of eigenvalues and counting according to the multiplicities, we can set

0 < λ1 ≤ λ2 ≤ ... . By ϕn ∈ D(A), we denote the orthonormal eigenfunction

corresponding to λn : Aϕn = λnϕn. Then the sequence {ϕn}n∈N is orthonormal

basis in L2(Ω). Then we see that

D(Aγ) =
{
ψ ∈ L2(Ω) :

∞∑
n=1

λ2γn |(ψ, ϕn)|2 <∞
}

and that D(Aγ) is a Hilbert space with the norm

∥ψ∥D(Aγ) =

( ∞∑
n=1

λ2γn |(ψ, ϕn)|2
) 1

2

.
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Henceforth we associate with u(x, t), provided that it is well-defined, a map

u(·) : (0, T ) → L2(Ω) by u(t)(x) = u(x, t), 0 < t < T , x ∈ Ω. Then we can write

(8.61) as {
∂α1
t u(t) + q∂α2

t u(t) = −Au(t), t > 0 in L2(Ω),

u(0) = a ∈ L2(Ω).
(8.62)

Remark 8.3. The interpretation of the initial condition should be made in a suit-

able function space. In our case, as Theorem 8.13 asserts, we have limt→0 ∥u(t) −
a∥L2(Ω) = 0.

Now we define the operator S(t) : L2(Ω) → L2(Ω), t ≥ 0, by

S(t)a :=
∞∑
n=1

(a, ϕn)Eα1,1(−λntα1)ϕn in L2(Ω)

for a ∈ L2(Ω). Then we can prove that S(t) : L2(Ω) → L2(Ω) is a bounded

linear operator for t ≥ 0 (see, e.g., Sakamoto and Yamamoto, 2011). Moreover the

term-wise differentiations are possible and give

S′(t)a := −
∞∑
n=1

λn(a, ϕn)t
α1−1Eα1,α1

(−λntα1)ϕn in L2(Ω)

and

S′′(t)a := −
∞∑
n=1

λn(a, ϕn)t
α1−2Eα1,α1−1(−λntα1)ϕn in L2(Ω)

for a ∈ L2(Ω).

For F ∈ L2(Ω×(0, T )) and a ∈ L2(Ω), there exists a unique solution in a suitable

class (see, e.g., Sakamoto and Yamamoto, 2011) to the problem{
∂α1
t u(t) = −Au(t) + F, 0 < t < T,

u(0) = a.

This solution is given by

u(t) =

∫ t

0

A−1S′(t− τ)F (τ)dτ + S(t)a, t > 0. (8.63)

In view of (8.63), we mainly discuss the equation

u(t) = S(t)a−
∫ t

0

A−1S′(t− τ)q∂α2
t u(τ)dτ, 0 < t < T, (8.64)

in order to establish unique existence of solutions to (8.62). Henceforth, C denotes

generic positive constants which are independent of a in (8.61), but may depend on

T, α1, α2 and the coefficients of the operator A and q.

Now we are ready to state first main result in this section.
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Theorem 8.13. We assume that u ∈ C((0, T ], L2(Ω)) satisfy (8.64) and

α1 + α2 > 1.

Then

∥u(t)∥H2γ(Ω) ≤ Ct−α1γ∥a∥L2(Ω), 0 < t ≤ T

for any γ ∈ (0, 1).

Proof. First we have

Aγ−1S′(t)a = −tα1−1
∞∑
n=1

λγn(a, ϕn)Eα1,α1(−λntα1)ϕn in L2(Ω)

for a ∈ L2(Ω) and γ ≥ 0. Moreover, since

|Eα1,α1
(−η)| ≤ C

1 + η
, η > 0

(see, e.g., Theorem 1.6 in Podlubny, 1999), we can prove

∥Aγ−1S′(t)∥ ≤ Ctα1−1−α1γ , t > 0 (8.65)

and

∥A−1S′′(t)∥ ≤ Ctα1−2, t > 0. (8.66)

Now we proceed to the proof of Theorem 8.13. We set

v(t) :=

∫ t

0

Aγ−1S′(t− η)q∂α2
t u(η)dη, 0 < t < T.

By (8.64), we have

Aγu(t) = AγS(t)a− v(t), 0 < t < T.

Therefore, using

∥u(t)∥H2γ(Ω) ≤ C∥Aγu(t)∥L2(Ω),

it is sufficient to estimate ∥AγS(t)a∥L2(Ω) + ∥v(t)∥L2(Ω). First we will estimate

∥v(t)∥L2(Ω). Substituting the definition of ∂α2
t u and changing the order of integra-

tion, we have

v(t) =

∫ t

0

Aγ−1S′(t− η)
1

Γ(1− α2)

(∫ η

0

(η − τ)−α2qu′(τ)dτ

)
dη

=
1

Γ(1− α2)

∫ t

0

H(t, τ)qu′(τ)dτ, 0 < t < T.

(8.67)

Here we have set

H(t, τ) =

∫ t

τ

Aγ−1S′(t− η)(η − τ)−α2dη.
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Decomposing the integrand and introducing the change of variables η − τ → η we

obtain

H(t, τ) =

∫ t

τ

Aγ−1S′(t− η)(η − τ)−α2dη,

=

∫ t

τ

Aγ−1S′(t− η)[(η − τ)−α2 − (t− τ)−α2 ]dη

+

∫ t

τ

Aγ−1S′(t− η)dη(t− τ)−α2

=

∫ t−τ

0

Aγ−1S′(t− η − τ)[η−α2 − (t− τ)−α2 ]dη

+

∫ t

τ

Aγ−1S′(t− η)dη(t− τ)−α2

=

∫ t−τ

0

Aγ−1S′(t− η − τ)[η−α2 − (t− τ)−α2 ]dη

−Aγ−1S(0)(t− τ)−α2 +Aγ−1S(t− τ)(t− τ)−α2

=: I1(t, τ) + I2(t, τ).

(8.68)

On the other hand, we have

∂τI1(t, τ) = −
∫ t−τ

0

Aγ−1S′′(t− η − τ)(η−α2 − (t− τ)−α2)dη

−α2

∫ t−τ

0

Aγ−1S′(t− η − τ)(t− τ)−α2−1dη

− lim
η→t−τ

Aγ−1S′(t− τ − η)[η−α2 − (t− τ)−α2 ].

By the estimate (8.65) we obtain

∥Aγ−1S′(t− τ − η)(η−α2 −(t− τ)−α2)∥L2(Ω)

≤ C(t− τ − η)α1−1−α1γ
|(t− τ)α2 − ηα2 |
ηα2(t− τ)α2

.

According to the mean value theorem, we can choose θ ∈ (η, t− τ) such that

|(t− τ)α2 − ηα2 | = |α2θ
α2−1(t− τ − η)| ≤ α2η

α2−1(t− τ − η).

Hence we obtain

∥Aγ−1S′(t− τ − η)(η−α2 − (t− τ)−α2)∥L2(Ω)

≤ Cα2η
−1(t− τ)−α2(t− τ − η)α1−α1γ → 0 as η → t− τ

by α1 − α1γ > 0. This implies

∂τI1(t, τ) = −
∫ t−τ

0

Aγ−1S′′(t− η − τ)(η−α2 − (t− τ)−α2)dη

−α2

∫ t−τ

0

Aγ−1S′(t− η − τ)(t− τ)−α2−1dη, 0 < t < T.

(8.69)
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On the other hand, we have

∂τI2(t, τ) = −α2A
γ−1S(t− τ)(t− τ)−α2−1 + α2A

γ−1S(0)(t− τ)−α2−1

+Aγ−1S′(t− τ)(t− τ)−α2

= α2

∫ t−τ

0

Aγ−1S′(t− η − τ)(t− τ)−α2−1dη

+Aγ−1S′(t− τ)(t− τ)−α2 .

Adding this and (8.69) we obtain

∂τH(t, τ) = −
∫ t−τ

0

Aγ−1S′′(t− η − τ)(η−α2 − (t− τ)−α2)dη

+Aγ−1S′(t− τ)(t− τ)−α2 .
(8.70)

Using (8.70) in (8.67), integrating by parts and using H(t, t) = 0 we obtain

(Γ(1− α2))v(t)

=

∫ t

0

H(t, τ)qu′(τ)dτ

= −H(t, 0)qa+

∫ t

0

[ ∫ t−τ

0

Aγ−1S′′(t− η − τ)(η−α2 − (t− τ)−α2)dη

−Aγ−1S′(t− τ)(t− τ)−α2

]
qu(τ)dτ

=: I3(t) + I4(t).

We set

B(α, β) =
Γ(α)Γ(β)

Γ(α+ β)
, α, β > 0.

First, by (8.65) and q ∈W 2,∞(Ω) we have

∥I3(t)∥L2(Ω) = ∥ −H(t, 0)qa∥L2(Ω)

=

∥∥∥∥− ∫ t

0

Aγ−1S′(t− η)η−α2dηqa

∥∥∥∥
L2(Ω)

≤ C∥a∥L2(Ω)

∫ t

0

(t− η)α1−α1γ−1η−α2dη

= C∥a∥L2(Ω)B(1− α2, α1 − α1γ)t
α1−α1γ−α2 ,

since 1− α2 > 0 and α1 − α1γ > 0.

On the other hand, by q ∈W 2,∞(Ω) and u|∂Ω = 0, we have

∥A(qu(τ))∥L2(Ω) ≤ C∥qu(τ)∥H2(Ω) ≤ C∥u(τ)∥H2(Ω) ≤ C∥Au(τ)∥L2(Ω)

and ∥qu(τ)∥L2(Ω) ≤ C∥u(τ)∥L2(Ω), that is,

∥A0(qu(τ))∥L2(Ω) ≤ C∥A0u(τ)∥L2(Ω).

Hence the interpolation theorem (see, e.g., Theorem 5.1 in Lions and Magenes,

1972) we obtain

∥Aγ(qu(τ))∥L2(Ω) ≤ C∥Aγu(τ)∥L2(Ω).
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Therefore by (8.65) and (8.66), the second term of I4(t) can be estimated as follows:

∥I4(t)∥L2(Ω) ≤ C

∫ t

0

[ ∫ t−τ

0

(t− η − τ)α1−2(η−α2 − (t− τ)−α2)dη

+(t− τ)α1−1−α2

]
∥Aγ(qu(τ))∥L2(Ω)dτ

≤ C

∫ t

0

[ ∫ t−τ

0

(t− η − τ)α1−2 (t− τ − η)α2

ηα2(t− τ)α2
dη

+(t− τ)α1−1−α2

]
∥Aγu(τ)∥L2(Ω)dτ

≤ C

∫ t

0

[ ∫ t−τ

0

(t− η − τ)α1+α2−2η−α2dη

+(t− τ)α1−1−α2

]
∥Aγu(τ)∥L2(Ω)dτ

= C

∫ t

0

(
B(1− α2, α1 + α2 − 1)(t− τ)α1−1

+(t− τ)α1−1−α2
)
∥Aγu(τ)∥L2(Ω)dτ.

For the last equality, we used α1 + α2 > 1. Therefore we have

∥Γ(1− α2)v(t)∥L2(Ω) ≤ C∥a∥2L2(Ω)B(1− α2, α1 − α1γ)t
α1−α1γ−α2

+C

∫ t

0

(t− τ)α1−1−α2∥Aγu(τ)∥L2(Ω)dτ.

Thus the estimate of ∥v(t)∥L2(Ω) is completed.

Next we estimate ∥AγS(t)a∥L2(Ω). By Theorem 1.6 in Podlubny, 1999, we obtain

∥AγS(t)a∥2L2(Ω) =

∥∥∥∥ ∞∑
n=1

(a, ϕn)λ
γ
nEα1,1(−λntα1)ϕn

∥∥∥∥2
L2(Ω)

≤ C
∞∑
n=1

(a, ϕn)
2t−2α1γ

(
(λnt

α1)γ

1 + λntα1

)2

≤ Ct−2α1γ∥a∥2L2(Ω),

and hence

∥Aγu(t) ∥L2(Ω) ≤ C∥a∥L2(Ω)(t
−α1γ + tα1−α1γ−α2)

+C

∫ t

0

(t− τ)α1−1−α2∥Aγu(τ)∥L2(Ω)dτ

≤ C∥a∥L2(Ω)t
−α1γ + C

∫ t

0

(t− τ)α1−1−α2∥Aγu(τ)∥L2(Ω)dτ, 0 < t < T.

Therefore by an inequality of Gronwall type (see, Exercise 3 (p. 190) in Henry,

1981), we obtain

∥Aγu(t)∥L2(Ω) ≤ C∥a∥L2(Ω)t
−α1γ , 0 < t ≤ T.

Thus the proof is completed.

Remark 8.4. We may be able to remove the condition α1 + α2 > 1. On the other

hand, Prüss established regularity in case γ = 1 for general α1, α2 ∈ (0, 1) under a

strong condition on a ∈ D(A) (see, Prüss, 1993).
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On the basis of Theorem 8.13, a standard argument (see, Henry, 1981) yields:

Theorem 8.14. For any γ ∈ (0, 1) there exists a mild solution to (8.64) in the

space u ∈ C((0, T ],D(Aγ))
⋂
C((0, T ], L2(Ω)).

The above results shall now be extended to the solution of linear diffusion equa-

tion with multiple fractional time derivatives

∂α1
t u(t) +

l∑
j=2

qj∂
αj
t u(t) = −Au(t), t > 0

and

u(0) = a ∈ L2(Ω),

where 0 < αl < · · · < α2 < α1 < 1 and qj ∈W 2,∞(Ω), 2 ≤ j ≤ l.

As before the lower-order derivatives are regarded as source terms and we con-

sider

u(t) = S(t)a−
∫ t

0

A−1S′(t− τ)
l∑

j=2

qj∂
αj
t u(τ)dτ, 0 < t < T. (8.71)

Similarly to Theorems 8.13 and 8.14, we can prove the following theorem.

Theorem 8.15. Assume that u ∈ C((0, T ], L2(Ω)) satisfies (8.71) and

0 < αl < · · · < α1, α1 + αl > 1.

Then

∥u(t)∥H2γ(Ω) ≤ Ct−α1γ∥a∥L2(Ω), 0 < t ≤ T

for any γ ∈ (0, 1). Moreover there exists a mild solution to (8.71) in the space

C((0, T ],D(Aγ)) ∩ C([0, T ], L2(Ω)) with γ ∈ (0, 1).

8.6 Fractional Wave Equations

8.6.1 Introduction

Fractional wave equations with time-dependent coefficients are natural generations

of classical wave equations, which can be used to characterize propagation of wave

in inhomogeneous media with frequency-dependent power-law behavior. This sec-

tion discusses the well-posedness and regularity results of the weak solution for a

fractional wave equation allowing that the coefficients may have low regularity. Our

analysis relies on mollification arguments, Galerkin methods and energy arguments.

Consider the following fractional wave equation in a bound domain Ω ⊂ RN (N >

2) with smooth boundary ∂Ω:
∂αt u(t, x)−Au(t, x) = f(t, x), (t, x) ∈ (0, T ]× Ω,

u(t, x) = 0, (t, x) ∈ [0, T ]× ∂Ω,

u(0, x) = u0, ∂tu(0, x) = u1, x ∈ Ω,

(8.72)
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where ∂αt is a fractional derivative of order α ∈ (1, 2), which will be defined in the

following contexts, and

Au(t, x) =
N∑

i,j=1

∂i
(
ai,j(t, x)∂ju(t, x)

)
+

N∑
j=1

bj(t, x)∂ju(t, x) + c(t, x)u(t, x),

∂i = ∂
∂xi

for i = 1, ..., N and bj ∈ L∞((0, T ) × Ω), c ∈ L∞(0, T, L
2q
q−2 (Ω)) with

q ∈ [2, 2N
N−2 ), ai,j ∈ W 1,∞(0, T ;L∞(Ω)) and ai,j = aj,i. What is more, we assume

that A is uniformly elliptic, i.e., there exist positive constants µ, ν such that

µ|ζ|2 ≤
N∑

i,j=1

ai,j(t, x)ζiζj ≤ ν|ζ|2 (8.73)

for a.a. (t, x) ∈ [0, T ]× Ω, ∀ ζ ∈ RN .

Recall that the initial boundary value problem (8.72) would resolve itself into

fractional diffusion equations when α ∈ (0, 1). It has attracted a growing inter-

est due to its widespread applications in sub-diffusive processes, the authors in

Eidelman, 2004, constructed fundamental solutions to the problem using Fox’s H-

functions and Levi method, then the parametrix estimates were established. Zacher,

2009 studied the well-posedness of weak solutions of abstract evolutionary integro-

differential equations based on the Galerkin method and energy estimates. Later,

Kubica and Yamamoto, 2018 used the same method to obtain well-posedness of

weak solutions of fractional diffusion equations with time-dependent coefficients.

In Kim, Kim and Lim, 2017, the authors considered the problem with Caputo

derivative on RN in Lq-framework and then the uniqueness, existence, and Lq(Lp)-

estimates of solutions are obtained. In Kian and Yamamoto, 2021, the authors

investigated the well-posedness for this problem with time independent elliptic op-

erators but general non-homogenous boundary conditions by mean of an eigenfunc-

tion representation involving the Mittag-Leffter functions.

Recently, the problem (8.72) has been the focus of many studies due to its signif-

icant application in super-diffusive model of anomalous diffusion such as diffusion in

heterogeneous media and viscoelastic problems such as propagation of stress waves

in viscoelastic solids. More specifically, significant development has been made in

well-posedness as well as regularity results of the weak solution to fractional wave

equations. For example, in Kian, 2017, the authors used Laplace transform to de-

fine weak solutions and used the Strichartz estimate to derive its well-posedness.

Later, Otárola and Salgado, 2018 also gave the definition of weak solutions similar

to that of inter-order case and established the well-posedness together with regular-

ity estimates. In Alvarez, Gal, Keyantuo and Warma, 2019; Djida, Fernandez and

Area, 2020, the authors obtained the results on existence and regularity of local and

global weak solutions of semi-linear case. In Keyantuo, Lizama and Warma, 2017,

the authors used integrated cosine family to give the representation of solutions

and then provided the existence and regularity results of mild solutions. For other

results for fractional wave equations, we refer to Bao, Caraballo, Tuan and Zhou,
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2021, for existence and regularity, Bazhlekova, 2018, for subordination principle,

D’Abbicco, Ebert, and Picon, 2017, for global existence of small data solutions, He

and Peng, 2019 for approximate controllability, Kim and Lim, 2016, for asymptotic

behavior, Zhou and He, 2021 for well-posedness and regularity, and the references

therein.

In the literature mentioned on fractional wave equations, the main technique

to construct solutions for deriving such existence and regularity results is based on

Fourier series, cosine family or resolvent operators, and solutions are expressed by

the Mittag-Leffler functions. In fact, as it is well known, the smoothness of solutions

is followed by the properties of Mittag-Leffler functions. The main novelties of the

present section lie in two aspects. Compared with the works of existing literatures

on fractional wave equations, our analysis is rather general and relies on Galerkin

methods and energy arguments, which can be applied to the general problem that

Fourier expansive of solutions can’t be used and it can’t be converted to ordinary

differential equations. On the other hand, in contrast with that on classical integer-

order case, the main technical difficulty in the rigorous analysis on well-posedness

and regularity of fractional wave equations stems from establishing the energy es-

timates of the problem. This is mainly due to the fact that integration by parts

formula for integer-order derivatives can not be generalized directly to fractional-

order case and properties of composition and conjugation on the fractional Caputo

derivative ∂αt (α ∈ (1, 2)) do not exist. Therefore, we found it more challenging in

dealing with the well-posedness and regularity of fractional wave equations.

The section is organized as follows. In Subsection 8.6.2 we recall some notations,

definitions, and preliminary facts used throughout this work. In Subsection 8.6.3 we

discuss approximation equations and show the existence of its solutions by means

of mollification arguments and the Galerkin methods, which reduces the regularity

of the coefficients ai,j , bj , c, f . The energy estimates of approximation solutions are

established in Subsection 8.6.4. Finally, we derive the well-posedness and regularity

results of fractional wave equations using the weak compactness arguments.

8.6.2 Preliminaries

Here we recall some notations, definitions, and preliminary facts which are used

throughout this section.

Let X be a Banach space and v : [0,∞) → X. The left Riemann-Liouville

fractional integral of order α > 0 for the function v is defined as

0D
−α
t v(t) = (gα ∗ v)(t), t > 0,

where gα(t) =
tα−1

Γ(α) and ∗ denotes the convolution.

Further, L∂αt v and ∂αt v represent the left Riemann-Liouville fractional derivative

and Caputo fractional derivative of order α > 0 for the function v, respectively,
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which are defined by

L∂αt v(t) =
dn

dtn
[0D

−(n−α)
t v(t)] and ∂αt v(t) =

L∂αt

[
v(t)−

n−1∑
k=0

v(k)(0)

k!
tk
]
, t > 0,

where n = [α] + 1, [α] denotes the integer part of α.

Here we denote by ACn([0, T ], X) the space of functions v that v ∈
Cn−1([0, T ], X) and v(n−1) ∈ AC([0, T ], X). In particular, AC1([0, T ], X) =

AC([0, T ], X). It is worth mentioning that if v ∈ ACn([0, T ], X), then the Caputo

fractional derivative ∂αt v(t) exists almost everywhere on [0, T ], which is represented

by

∂αt v(t) = [gn−α ∗ v(n)](t) for t ∈ [0, T ].

For more insight into the topic, see Kilbas, Srivastava and Trujillo, 2006 and Zhou,

2014.

Lemma 8.13. (Kilbas, Srivastava and Trujillo, 2006) If v ∈ AC2([0, T ], X) and

α ∈ (1, 2], then 0D
−α
t ∂αt v(t) = v(t)− v(0)− v′(0)t and ∂αt 0D

−α
t v(t) = v(t).

Lemma 8.14. Let α ∈ (1, 2). If v ∈ AC2([0, T ], X), then we have

∂αt v(t) =
d

dt
∂α−1
t v(t)− v′(0)g2−α(t) = ∂α−1

t v′(t)

for a.e. t ∈ (0, T ).

Proof. If v ∈ AC2([0, T ], X), then v′(t) exists for a.e. t ∈ (0, T ). From the defini-

tion of ∂αt we know that

∂αt v(t) =
d2

dt2

∫ t

0

g2−α(s)[v(t− s)− v(0)− v′(0)(t− s)]ds

=
d

dt

∫ t

0

g2−α(s)[v
′(t− s)− v′(0)]ds

=
d

dt

∫ t

0

g2−α(t− s)[v′(s)− v′(0)]ds

=
d

dt
∂α−1
t v(t)− v′(0)g2−α(t).

On the other hand, since α − 1 ∈ (0, 1), we see that d
dt

∫ t
0
g2−α(t − s)[v′(s) −

v′(0)]ds = L∂α−1
t [v′(t)− v′(0)] = ∂α−1

t v′(t). Thus the proof is completed.

Before proceeding further, we state an important lemma, which is a direct con-

sequence of an estimate borrowed from Zacher, 2009.

Lemma 8.15. Let T > 0 and H be a real Hilbert space with a scalar product

(·, ·). Assume k ∈ L1(0, T ), k′ ∈ L1,loc(0, T ), k ≥ 0, k′ ≤ 0. Then for any

v ∈ H1(0, T,H), there holds∫ t

0

(
d

ds
(k ∗ v)(s), v(s)

)
ds ≥ 1

2
(k ∗ ∥v∥2)(t) + 1

2

∫ t

0

k(s)∥v(s)∥2ds

for any t ∈ [0, T ].
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Next, a very significant example is given, which will pay the crucial role in the

proof of energy estimates.

Example 8.2. For α ∈ (1, 2), we choose k(t) = g2−α(t). Then for any v ∈
H2(0, T,H) and t ∈ [0, T ], there holds∫ t

0

( d
ds

[∂α−1
s v(s)], v′(s)

)
ds ≥ 1

2
(g2−α ∗ ∥v′∥2)(t) +

∫ t

0

g2−α(s)

2
∥v′(s)∥2ds.

The following property presents the lower bound of the uniformly elliptic op-

erator if the function has enough regularity, which was proved by Ladyzhenskaya,

1958 (see also Kubica and Yamamoto, 2018).

Lemma 8.16. Assume that Ω ⊂ RN is a bounded domain with the boundary of C2

class and (8.73) holds. If u ∈ H3(Ω) and u|∂Ω = 0 and ∆u|∂Ω = 0, then

µ

4
∥∇2u∥2 − C∥∇u∥2 ≤

N∑
i,j=1

∫
Ω

∂i(ai,j(t, x)∂ju)∆udx,

where C depends continuously on maxi,j ∥∇ai,j(t, x)∥L∞ and the C2-norm of ∂Ω,

and ∇2u = {uxixj}Ni,j=1.

We consider the space

0H
2(0, T ) = {v ∈ H2(0, T ) : v(0) = 0, v′(0) = 0}.

Next, we introduce the definition of the weak solution of the equation (8.72).

Definition 8.5. Let T ∈ (0,∞) and f ∈ L2(0, T, L2(Ω)). For given functions u0
and u1, we say a function

u ∈ L2(0, T,H1
0 (Ω)) with 0D

α−2
t (u− u0 − u1t) ∈ 0H

2(0, T,H−1(Ω))

is a weak solution of the equation (8.72) provided

∂2

∂t2

∫
Ω

0D
α−2
t (u(t, x)− u0 − u1t)ω(x)dx+

∫
Ω

N∑
i,j=1

ai,j(t, x)∂ju(t, x) · ∂iω(x)dx

=

∫
Ω

N∑
j=1

bj(t, x)∂ju(t, x)ω(x)dx+

∫
Ω

c(t, x)u(t, x)ω(x)dx+

∫
Ω

f(t)ω(x)dx

for each ω ∈ H1
0 (Ω) and a.e. t ∈ [0, T ].

The vector u0 and u1 can be regarded as initial data for u(t) and u′(t) at least

in a weak sense, respectively. If e.g. u ∈ AC2([0, T ], H−1(Ω)), then the condition

0D
α−2
t (u− u0 − u1t) ∈ 0H

2(0, T,H−1(Ω)) implies u(0) = u0 and ∂tu(0) = u1.

Remark 8.5. In view of Definition 8.5, we know u′ ∈ C([0, T ], H−1(Ω)) for α > 3
2 .
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Proof. Indeed, for t1, t2 ∈ [0, T ] with t1 < t2, it follows from Lemma 8.14 and

Hölder inequality that

∥u′(t2)− u′(t1)∥H−1

=

∥∥∥∥∫ t2

0

gα−1(t2 − s)∂αs u(s)ds−
∫ t1

0

gα−1(t1 − s)∂αs u(s)ds

∥∥∥∥
H−1

≤
∫ t2

t1

gα−1(t2 − s)∥∂αs u(s)∥H−1ds

+

∫ t1

0

[gα−1(t1 − s)− gα−1(t2 − s)]∥∂αs u(s)∥H−1ds

≤ (t2 − t1)
α− 3

2

(2α− 3)
1
2Γ(α− 1)

∥∂αt u∥L2(0,T,H−1)

+ ∥∂αt u∥L2(0,T,H−1)

(∫ t1

0

[gα−1(t1 − s)− gα−1(t2 − s)]2ds

) 1
2

.

In view of the inequality ξσ1 − ξσ2 ≤ (ξ1 − ξ2)
σ for ξ1, ξ2 > 0 and 0 ≤ σ ≤ 1, we

calculate the integral∫ t1

0

[gα−1(t1 − s)− gα−1(t2 − s)]2ds

≤ 1

Γ2(α− 1)

∫ t1

0

(t1 − s)2(α−2) − (t2 − s)2(α−2)ds

≤ (t2 − t1)
2α−3

(2α− 3)Γ2(α− 1)
.

The second term is bounded by ∥∂αt u∥L2(0,T,H−1)
(t2−t1)α− 3

2

(2α−3)
1
2 Γ(α−1)

. This ensures

∥u′(t2)− u′(t1)∥H−1 → 0, as t1 → t2.

The proof is completed.

8.6.3 Approximation Solution

In this subsection we provide the Galerkin approximate scheme and derive the

corresponding existence results. We will suppose initially that

A ∈ (W 1,∞(0, T ;L∞(Ω)))N×N , bj ∈ L∞((0, T )× Ω),

c ∈ L∞(0, T, L
2q
q−2 (Ω)), f ∈ L2(0, T, L2(Ω))

(8.74)

for q ∈ [2, 2N
N−2 ), where A(t, x) = {ai,j(t, x)}Ni,j=1 and b = (b1, b2, ..., bN ).

Let ϱε be the standard mollifier satisfying

ϱε ∈ C∞(R), supp ϱε = {t : |t| < ε

T
},

∫
R
ϱε(t)dt = 1.

Then we introduce the mollification vε of the function v ∈ L1,loc(R) as

vε(t) = (ϱε ∗ v)(t).
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We note first that vε ∈ C∞(R) and if v ∈ Lp(R) for p ≥ 1, then vε → v in Lp(R) as
ε→ 0.

Moreover, we denote ani,j , b
n
j , c

n, f 1
n

by the mollification of ai,j , bj , c, f , which

are defined by

ani,j(t, x) =
(
ϱ 1
n
∗ ai,j(·, x)

)
(t), bnj (t, x) =

(
ϱ 1
n
∗ bj(·, x)

)
(t),

cn(t, x) =
(
ϱ 1
n
∗ c(·, x)

)
(t), f 1

n
(t) =

(
ϱ 1
n
∗ f(·, x)

)
(t),

where ai,j is the continuation by even reflection to (−T, T ) and zero elsewhere,

bj and c are the continuation by zero for t /∈ (0, T ), and f is the continuation

by odd reflection to (−T, T ) and zero elsewhere. Then limn→∞ ani,j(t) = ai,j in

L2((0, T )× Ω) for ai,j ∈ L∞((0, T )× Ω) (due to (8.73)).

Next, we seek approximate solutions un(t, x) for the equation (8.72) in the form:

un(t, x) =
n∑
k=1

dn,k(t)ek(x), for n ∈ N, (8.75)

where {ek} denotes the complete orthonormal system of eigenfunctions which forms

an orthogonal basis of L2(Ω) ∩H1
0 (Ω) such that

−∆ek = λkek in Ω, ek|∂Ω = 0, k = 1, 2, . . . .

For the sake of selecting dn,k(t), one considers the following approximate equa-

tion: {
∂αt un(t, x)−Anun(t, x) = fn(t), (t, x) ∈ (0, T ]× Ω,

un(0, x) = un0, ∂tun(0, x) = un1,
(8.76)

where

Anun(t, x) =
N∑

i,j=1

∂i
(
ani,j(t, x)∂jun(t, x)

)
+

N∑
j=1

bnj (t, x)∂jun(t, x) + cn(t, x)un(t, x),

fn(t, x) =
n∑
k=1

(
f 1
n
(t, ·), ek(·)

)
ek(x),

un0(t, x) =

n∑
k=1

(
u0(·), ek(·)

)
ek(x), un1(t, x) =

n∑
k=1

(
u1(·), ek(·)

)
ek(x).

Let us introduce the time-dependent bilinear form

Bn[u, v; t] :=
∫
Ω

N∑
i,j=1

ani,j(t, x)∂ju · ∂iv −
N∑
j=1

bnj (t, x)∂juv − cn(t, x)uvdx.

Taking the scalar product of (8.76) with el for l = 1, ..., n, we obtain{(
∂αt un(t, ·), el

)
+ Bn[un, el; t] = (f 1

n
(t), el),

(un(0, ·), el) = (un0, el), (∂tun(0, ·), el) = (un1, el).
(8.77)

More precisely, write

dn(t) =
(
dn,1(t), . . . , dn,n(t)

)
,
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Ln(t) = {Lnk,l(t)
}n
k,l=1

, Lnk,l(t) = Bn[el, ek; t],

Fn(t) =
(
f 1
n
(t), el

)n
l=1

,

dn0 =
(
u0, el

)n
l=1

, dn1 =
(
u1, el

)n
l=1

.

Then (8.77) can be reduced to the following linear differential system for the func-

tions dn: {
∂αt dn(t) + Ln(t)dn(t) = Fn(t), for t ∈ (0, T ],

dn(0) = dn0, d
′
n(0) = dn1.

(8.78)

Now we consider the nonlinear integral system for the functions

dn(t) = dn0 + dn1t+
[
gα ∗

(
Ln(·)dn(·)

)]
(t) +

[
gα ∗ Fn

]
(t), for t ∈ [0, T ]. (8.79)

We shall show that the system (8.79) has a unique solution dn which belongs to

AC2[0, T ]. By Lemma 8.13, then the solution dn of the equation (8.79) is also the

solution of the equation (8.78). To do this, we introduce the space

ET =
{
d ∈ C1([0, T ],Rn) : d(0) = dn0, d

′(0) = dn1, t
2−αd′′(t) ∈ C([0, T ],Rn)

}
,

and define a metric on ET as

∥d∥ET = ∥d∥C[0,T ] + ∥d′∥C[0,T ] + ∥t2−αd′′∥C[0,T ].

It is easy to show that (ET , ∥ · ∥ET ) is a complete metric space. We notice that

ET ⊂ AC2([0, T ],Rn).

Theorem 8.16. Let T ∈ (0,∞) and (8.74) hold. For every n ∈ N, the equation

(8.79) has a unique solution in ET .

Proof. Consider the operator T : ET → ET given by

T d(t) = dn0 + dn1t+
[
gα ∗

(
Ln(·)d(·)

)]
(t) +

(
gα ∗ Fn

)
(t), for t ∈ [0, T ].

Then it is well-defined. Indeed, let d ∈ ET , then T d(0) = dn0. Further, we

immediately take the first and second derivatives of T d with respect to t to obtain

(T d)′(t) = dn1+gα(t)
[
Ln(0)d(0)+Fn(0)

]
+
[
gα∗
(
Ln(·)d(·)+Fn(·)

)′]
(t), for t ∈ [0, T ],

and

(T d)′′(t) = gα−1(t)
[
Ln(0)d(0) + Fn(0)

]
+ gα(t)

[
(Ln)′(0)d(0) + Ln(0)d′(0) + (Fn)′(0)

]
+ gα ∗

[
Ln(t)d(t) + Fn(t)

]′′
, for t ∈ (0, T ].

For convenience we let Gd(t) = Ln(t)d(t) + Fn(t). Then G′
d(t) = (Ln)′(t)d(t) +

Ln(t)d′(t) + (Fn)′(t) and Gd, G
′
d ∈ C([0, T ],Rn). We can easily check that T d

and (T d)′ are continuous on C([0, T ],Rn), which also ensures that (T d)′(0) = dn1.

Therefore it remains to consider the continuity of t2−α(T d)′′(t). It is easy to verify
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the continuity of the first two component. To deal with the third one we estimate

for 0 ≤ t1 < t2 ≤ T∣∣∣∣t2−α2

∫ t2

0

gα(s)G
′′
d(t2 − s)ds− t2−α1

∫ t1

0

gα(s)G
′′
d(t1 − s)ds

∣∣∣∣
≤ |t2−α2 − t2−α1 |

∫ t2

0

gα(s)|G′′
d(t2 − s)|ds+ t2−α1

∫ t2

t1

gα(s)|G′′
d(t2 − s)|ds

+ t2−α1

∫ t1

0

gα(s)|G′′
d(t2 − s)−G′′

d(t1 − s)|ds

=: I1(t1, t2) + I2(t1, t2) + I3(t1, t2).

On the other hand, from the definition of Gd and d ∈ ET , it follows that

G′′
d(t) = (Ln)′′(t)d(t) + 2(Ln)′(t)d′(t) + Ln(t)d′′(t) + (Fn)′′(t).

From the representation of Ln(t) and Fn, we know that Ln and Fn belong to the

space ET , which yields that Gd ∈ ET and

|G′′
d(t)| ≤ ∥Gd∥ET tα−2. (8.80)

Thus one can immediately calculate I1(t1, t2) and I2(t1, t2) as follows

I1(t1, t2) ≤ ∥Gd∥ET |t2−α2 − t2−α1 |
∫ t2

0

gα(s)(t2 − s)α−2ds

=
∥Gd∥ET
Γ(α)

B(α, α− 1)tα2

[
1−

( t1
t2

)2−α]
→ 0, as t2 → t1,

and

I2(t1, t2) ≤ ∥Gd∥ET t2−α1

∫ t2

t1

gα(s)(t2 − s)α−2ds

≤ ∥Gd∥ET
Γ(α)

tα2

( t1
t2

)2−α ∫ 1

t1/t2

sα−1(1− s)α−2ds→ 0, as t2 → t1.

Finally, for I3(t1, t2), choosing δ ∈ (0, t1) sufficient small for t1 > 0, one can derive

from the increasing property of gα and (8.80) that

I3(t1, t2) = t2−α1

∫ t1−δ

0

gα(s)|G′′
d(t2 − s)−G′′

d(t1 − s)|ds

+ t2−α1

∫ t1

t1−δ
gα(s)|G′′

d(t2 − s)−G′′
d(t1 − s)|ds

≤ t2−α1 gα(t1 − δ)

∫ t1−δ

0

|G′′
d(t2 − s)−G′′

d(t1 − s)|ds

+ 2∥Gd∥ET t2−α1

∫ t1

t1−δ
gα(s)(t1 − s)α−2ds

≤ t2−α1 gα(t1)

∫ t1

δ

|G′′
d(t2 − t1 + s)−G′′

d(s)|ds
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+
2∥Gd∥ET
Γ(α)

tα1

∫ 1

1−δ/t1
sα−1(1− s)α−2ds.

It is clear that the second term tends to zero for some sufficient small δ. Then

we choose one of such δ, it follows from the uniform continuity of G′′ (due to the

continuity of G′′
d on [δ, T ]) that for any ε > 0, there exists δ′ < δ with |t2 − t1| < δ′

such that |G′′
d(t2 − t1 + s) − G′′

d(s)| < ε. Thus this yields that the first term can

be bounded by εt2−α1 gα(t1)(t1 − δ), which together with I3(0, t2) = 0 shows that

I3(t1, t2) → 0 as t2 → t1 for 0 ≤ t1 < t2 ≤ T .

Therefore, we have T d ∈ ET for d ∈ ET .

Moreover, for d1, d2 ∈ ET , we have

|T d1(t)− T d2(t)| ≤
[
gα ∗

∣∣Gd1(·)−Gd2(·)
∣∣](t)

≤ ∥Ln∥
Γ(α)

∥d1 − d2∥ET
∫ t

0

(t− s)α−1ds

≤ ∥Ln∥tα

Γ(1 + α)
∥d1 − d2∥ET ,

(8.81)

where we have used∣∣Gd1(s)−Gd2(s)
∣∣ ≤ |Ln(s)||d1(s)− d2(s)|
≤ ∥Ln∥∥d1 − d2∥
≤ ∥Ln∥∥d1 − d2∥ET , for s ∈ [0, t].

(8.82)

Similarly, in view of∣∣G′
d1(s)−G′

d2(s)
∣∣ ≤ |(Ln)′(s)||d1(s)− d2(s)|+ |Ln(s)||d′1(s)− d′2(s)|
≤ ∥(Ln)′∥∥d1 − d2∥+ ∥Ln∥∥d′1 − d′2∥
≤ 2∥Ln∥C1[0,T ]∥d1 − d2∥ET , for s ∈ [0, t],

(8.83)

we proceed to estimate (T d1)′ − (T d2)′ as follows:

|(T d1)′(t)− (T d2)′(t)| ≤ gα(t)
∣∣Gd1(0)−Gd2(0)

∣∣+ [gα ∗
∣∣G′

d1(·)−G′
d2(·)

∣∣](t)
≤

2∥Ln∥C1[0,T ]

Γ(α)
∥d1 − d2∥ET

∫ t

0

(t− s)α−1ds

≤
2∥Ln∥C1[0,T ]

Γ(1 + α)
tα∥d1 − d2∥ET , (8.84)

where it is easy to show that Gd1(0) − Gd2(0) = 0 due to d1(0) − d2(0) = 0 and

(8.82).

Finally, we will estimate t2−α(T d1)′′ − t2−α(T d2)′′. Taking account of the fol-

lowing inequality∣∣G′′
d1(s)−G′′

d2(s)
∣∣ ≤ |(Ln)′′(s)||d1(s)− d2(s)|+ 2|(Ln)′(s)||d′1(s)− d′2(s)|

+ |Ln(s)||d′′1(s)− d′′2(s)|
≤ ∥(Ln)′′∥∥d1 − d2∥+ 2∥(Ln)′∥∥d′1 − d′2∥
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+ sα−2∥Ln∥∥s2−αd′′1 − s2−αd′′2∥
≤ 3∥Ln∥C2[0,T ](1 + sα−2)∥d1 − d2∥ET , for s ∈ (0, t],

it holds that

|t2−α(T d1)′′(t)− t2−α(T d2)′′(t)|
≤ t2−αgα−1(t)

∣∣Gd1(0)−Gd2(0)
∣∣+ t2−αgα(t)

∣∣G′
d1(0)−G′

d2(0)
∣∣

+ t2−α
[
gα ∗

∣∣G′′
d1(·)−G′′

d2(·)
∣∣](t)

≤
3∥Ln∥C2[0,T ]

Γ(α)
∥d1 − d2∥ET t2−α

∫ t

0

(t− s)α−1(1 + sα−2)ds

≤ 3∥Ln∥C2[0,T ]

(
t2

Γ(1 + α)
+

Γ(α− 1)

Γ(2α− 1)
tα
)
∥d1 − d2∥ET ,

(8.85)

where we know from (8.83) that G′
d1
(0)−G′

d2
(0) = 0.

For the sake of convenience, we let

M(t) = 3tα∥Ln∥C2[0,T ]

(
1

Γ(1 + α)
+

Γ(α− 1)

Γ(2α− 1)

)
+ ∥Ln∥C2[0,T ]

3t2

Γ(1 + α)
.

Then one can choose a T1 ∈ (0, T ) small enough which ensures that M(T1) < 1.

Therefore combining (8.81), (8.84) with (8.85), we deduce that

∥T d1 − T d2∥ET1 ≤M(T1)∥d1 − d2∥ET .

This also shows that the operator T is a strict contraction on E(T1). It follows that

T has a fixed point, thus the equation (8.79) has a unique solution in ET1 .

Now, we will deal with the continuation of the solution to the interval [0, T ].

Let us make the assumption that we have obtained the solution d̄ of the equation

(8.79) on the interval [0, Tl] for Tl > 0. We shall define the solution for t ∈ [Tl, Tl+1]

with Tl+1 > Tl. To do this, we introduce the complete space

ĒTl+1
=
{
d ∈ C2((0, Tl+1],Rn) : d(t) = d̄(t) for t ∈ [0, Tl]

}
,

with the distance ∥d∥ĒTl+1
= ∥d∥C2[Tl,Tl+1]. Let d ∈ ĒTl+1

, then d ∈ ETl+1
.

According to the previous proof, we have that T d ∈ ETl+1
, which implies that

T d ∈ C1([0, Tl+1],Rn) and t2−α(T d)′′ ∈ C([0, Tl+1],Rn). It holds that (T d)′′ ∈
C((0, Tl+1],Rn) and then T d ∈ ĒTl+1

.

Next, we will show that the operator T is also a strict contraction on ĒTl+1

when Tl+1 − Tl is sufficient small. We shall rewrite T in the following form:

T d(t) = dn0 + dn1t+
1

Γ(α)

∫ Tl

0

gα(t− s)Gd(s)ds+
1

Γ(α)

∫ t

Tl

gα(t− s)Gd(s)ds.

For d1, d2 ∈ ĒTl+1
, we have d1(t)− d2(t) = 0 and Gd1(t)−Gd2(t) = 0 for t ∈ [0, Tl].

Then

T d1(t)− T d2(t) =
1

Γ(α)

∫ t

Tl

gα(t− s)[Gd1(s)−Gd2(s)]ds.
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This follows from (8.82) that

∥T d1 − T d2∥C[Tl,Tl+1] ≤
∥Ln∥

Γ(1 + α)
∥d1 − d2∥C[Tl,Tl+1](Tl+1 − Tl)

α.

Similarly, we get

∥(T d1)′ − (T d2)′∥C[Tl,Tl+1]

≤ 1

Γ(1 + α)

(
∥(Ln)′∥∥d1 − d2∥C[Tl,Tl+1] + ∥Ln∥∥d′1 − d′2∥C[Tl,Tl+1]

)
(Tl+1 − Tl)

α,

and

∥(T d1)′′ − (T d2)′′∥C[Tl,Tl+1]

≤ (Tl+1 − Tl)
α

Γ(1 + α)

[
∥(Ln)′′∥∥d1 − d2∥C[Tl,Tl+1]

+ 2∥(Ln)′∥∥d′1 − d′2∥C[Tl,Tl+1] + ∥Ln∥∥d′′1 − d′′2∥C[Tl,Tl+1]

]
.

Therefore

∥T d1 − T d2∥ĒTl+1
≤

4∥Ln∥C2[0,T ]

Γ(1 + α)
∥d1 − d2∥ĒTl+1

(Tl+1 − Tl)
α.

Moreover, we can choose one Tl+1 ∈
(
Tl, Tl+

(
Γ(1+α)

4∥Ln∥C2[0,T ]

) 1
α

)
such that Tl+1−Tl

is small enough, it also ensures that

0 <
4∥Ln∥C2[0,T ]

Γ(1 + α)
(Tl+1 − Tl)

α < 1.

Hence, the operator T is a strict contraction on ĒTl+1
, this also shows that the

equation (8.79) has a unique solution on the interval [Tl, Tl+1]. We proceed to

repeat the process on the intervals [Tl+1, Tl+2], . . . , until the equation (8.79) has a

unique solution on the interval [0, T ]. The claim then follows.

8.6.4 Energy Estimates

The purpose of this subsection is to establish some priori estimates of approximation

solutions through a mathematic analysis, which plays an important role in getting

the main results, we can make it with the following lemma.

Lemma 8.17. Assume that u0 ∈ H1
0 (Ω), u1 ∈ L2(Ω) and recall the condition

imposed to the parameters ai,j, bj, c and f . Then, for every n ∈ N and t ∈ (0, T ]

the approximate solution un given by (8.75) and (8.79) satisfies the inequality

0D
α−2
t ∥∂tun(t, ·)∥2 +

∫ t

0

∥∂sun(s, ·)∥2ds+ ∥∇un(t, ·)∥2

≤ M̃1

(
∥un0∥2H1

0
+ ∥un1∥2t2−α

)
+ M̃2

∫ t

0

∥f 1
n
(s, ·)∥2ds,

where M̃1 and M̃2 are positive constants.
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Proof. Multiply the equation (8.77) by d′n,l(t), sum it up from 1 to n and recall

(8.75) to discover
(
∂αt un(t, ·), ∂tun(t, ·)

)
+ Bn[un, ∂tun; t]

=
(
f 1
n
(t, ·), ∂tun(t, ·)

)
, (t, x) ∈ (0, T ]× Ω,

un(0, ·) = un0, ∂tun(0, ·) = un1.

(8.86)

Taking into account Lemma 8.14, we have

∂αt un(t, ·) =
∂

∂t
[∂α−1
t un(t, ·)]−

un1
Γ(2− α)

t1−α.

Using Example 8.2, it follows that∫ t

0

(
∂αs un(s, ·), ∂sun(s, ·)

)
ds

=

∫ t

0

( ∂
∂s

[∂α−1
s un(s, ·)], ∂sun(s, ·)

)
ds−

∫ t

0

( un1
Γ(2− α)

s1−α, ∂sun(s, ·)
)
ds

≥ 1

2
0D

α−2
t ∥∂tun(t, ·)∥2 +

1

2

∫ t

0

g2−α(s)∥∂sun(s, ·)∥2ds

− 1

Γ(2− α)

∫ t

0

s1−α
(
un1, ∂sun(s, ·)

)
ds.

Therefore, we integrate the first equality of the equation (8.86) with respect to the

time variable from 0 to t to obtain that

1

2
0D

α−2
t ∥∂tun(t, ·)∥2 +

1

2

∫ t

0

g2−α(s)∥∂sun(s, ·)∥2ds

+
N∑

i,j=1

∫ t

0

∫
Ω

ani,j(s, x)∂jun(s, x)∂i∂sun(s, x)dxds

≤
N∑
j=1

∫ t

0

∫
Ω

bnj (s, x)∂jun(s, x)∂sun(s, x)dxds

+

∫ t

0

∫
Ω

cn(s, x)un(s, x)∂sun(s, x)dxds

+

∫ t

0

(
f 1
n
(s, ·), ∂sun(s, ·)

)
ds+

1

Γ(2− α)

∫ t

0

s1−α
(
un1, ∂sun(s, ·)

)
ds

=: J1(t) + J2(t).

(8.87)

First we estimate the third term of the left-hand side of the above inequality.

Using the integration by parts with respect to s, we derive that

N∑
i,j=1

∫ t

0

∫
Ω

ani,j(s, x)∂jun(s, x)∂i∂sun(s, x)dxds

=
N∑

i,j=1

∫
Ω

ani,j(s, x)∂jun(s, x)∂iun(s, x)dx

∣∣∣∣t
0
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−
N∑

i,j=1

∫ t

0

∫
Ω

[∂sa
n
i,j(s, x)∂jun(s, x) + ani,j(s, x)∂j∂sun(s, x)]∂iun(s, x)dxds.

It follows from ani,j = anj,i that

N∑
i,j=1

∫ t

0

∫
Ω

ani,j(s, x)∂jun(s, x)∂i∂sun(s, x)dxds

=
N∑

i,j=1

∫ t

0

∫
Ω

ani,j(s, x)∂j∂sun(s, x)∂iun(s, x)dxds.

In addition, in view of the definition of ani,j , we know that

∂sa
n
i,j(s, x) =

(
ϱ 1
n
∗ ∂tai,j(·, x)

)
(s),

this yields that

|∂sani,j(s, x)| ≤ ∥A∥W 1,∞ .

Therefore, using (8.73) again, one can obtain that

N∑
i,j=1

∫ t

0

∫
Ω

ani,j(s, x)∂jun(s, x)∂i∂sun(s, x)dxds

=
1

2

N∑
i,j=1

∫
Ω

ani,j(s, x)∂jun(s, x)∂iun(s, x)dx

∣∣∣∣t
0

− 1

2

N∑
i,j=1

∫ t

0

∫
Ω

∂sa
n
i,j(s, x)∂jun(s, x)∂iun(s, x)dxds

≥ µ

2

∫
Ω

|∇un(t, x)|2dx− ν

2

∫
Ω

|∇un(0, x)|2dx

− 1

2
∥A∥W 1,∞

∫ t

0

∫
Ω

N∑
i,j=1

|∂jun(s, x)∂iun(s, x)|dsdx

≥ µ

2
∥∇un(t, ·)∥2 −

ν

2
∥∇un(0, ·)∥2 −

1

2
∥A∥W 1,∞

∫ t

0

∥∇un(s, ·)∥2ds.

Next we will estimate the upper bound of the right-handed side of (8.87). For

J1(t), we use the Hölder inequality and Young inequality to obtain

J1(t) =
N∑
j=1

∫ t

0

∫
Ω

bnj (s, x)∂jun(s, x)∂sun(s, x)dxds

+

∫ t

0

∫
Ω

cn(s, x)un(s, x)∂sun(s, x)dxds

≤
∫ t

0

∥∇un(s, ·)∥∥∂sun(s, ·)∥∥bn(s, ·)∥L∞ds
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+

∫ t

0

∥un(s, ·)∥Lq∥∂sun(s, ·)∥∥cn(s, ·)∥
L

2q
q−2

ds

≤ Cε
2

∫ t

0

∥∇un(s, ·)∥2ds+
ε

2

∫ t

0

∥∂sun(s, ·)∥2∥bn(s, ·)∥2L∞ds

+
ε

2

∫ t

0

∥∂sun(s, ·)∥2ds+
Cε
2

∫ t

0

∥un(s, ·)∥2Lq∥cn(s, ·)∥2
L

2q
q−2

ds

≤ Cε
2
(1 + C2(q,N, ∂Ω)∥cn∥2

L∞(0,T,L
2q
q−2 )

)

∫ t

0

∥∇un(s, ·)∥2ds

+
ε

2

(
∥bn∥2L∞((0,T )×Ω) + 1

)∫ t

0

∥∂sun(s, ·)∥2ds,

where we have used ∥un(s, ·)∥Lq ≤ C(q,N,Ω)∥∇un(s, ·)∥ for q ∈ [2, 2N
N−2 ) obtained

by Evans, 2010. Moreover, J2(t) can be estimated by the Young’s inequality

J2(t) =

∫ t

0

(
f 1
n
(s), ∂sun(s, ·)

)
ds+

1

Γ(2− α)

∫ t

0

s1−α
(
un1, ∂sun(s, ·)

)
ds

≤
∫ t

0

∥f 1
n
(s, ·)∥∥∂sun(s, ·)∥ds+

1

Γ(2− α)

∫ t

0

s1−α∥un1∥∥∂sun(s, ·)∥ds

≤
∫ t

0

(
Cε
2
∥f 1

n
(s, ·)∥2 + ε

2
∥∂sun(s, ·)∥2)ds

+
1

Γ(2− α)

∫ t

0

s1−α(
Cε
2
∥un1∥2 +

ε

2
∥∂sun(s, ·)∥2)ds

≤ Cε
2

∥un1∥2

Γ(3− α)
t2−α +

Cε
2

∫ t

0

∥f 1
n
(s, ·)∥2ds

+
ε

2

∫ t

0

(g2−α(s) + 1)∥∂sun(s, ·)∥2ds.

Let

Qn = ∥bn∥2L∞((0,T )×Ω) + 2 and Q̃n = 1 + C2(q,N,Ω)∥cn∥2
L∞(0,T,L

2q
q−2 )

.

Then

Qn ≤ C

(
∥b∥2L∞((0,T )×Ω) + 2

)
:= Q,

and

Q̃n ≤ C

(
1 + C2(q,N,Ω)∥c∥2

L∞(0,T,L
2q
q−2 )

)
:= Q̃,

for each n. We use the above inequalities in (8.87) and the decreasing property of

g2−α to obtain that

1

2
0D

α−2
t ∥∂tun(t, ·)∥2 +

(1− ε)g2−α(T )

2

∫ t

0

∥∂sun(s, ·)∥2ds+
µ

2
∥∇un(t, ·)∥2

≤ ν

2
∥un0∥2H1

0
+
Cε
2

∥un1∥2

Γ(3− α)
t2−α +

1

2

(
CεQ̃+ ∥A∥W 1,∞

) ∫ t

0

∥∇un(s, ·)∥2ds
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+
εQ

2

∫ t

0

∥∂sun(s, ·)∥2ds+
Cε
2

∫ t

0

∥f 1
n
(s, ·)∥2ds.

For fixed 0 < ε < g2−α(T )
g2−α(T )+Q , it follows that

∥∇un(t, ·)∥2 ≤M1

(
∥un0∥2H1

0
+ ∥un1∥2t2−α

)
+M∗

1

∫ t

0

∥∇un(s, ·)∥2ds+
Cε
µ

∫ t

0

∥f 1
n
(s, ·)∥2ds,

where M1 = max

{
ν
µ ,

Cε
µΓ(3−α)

}
and M∗

1 = 1
µ (CεQ̃+∥A∥W 1,∞), it yields from using

the Gronwall inequality that

∥∇un(t, ·)∥2 ≤M2

(
∥un0∥2H1

0
+ ∥un1∥2t2−α +

∫ t

0

∥f 1
n
(s, ·)∥2ds

)
, for t ∈ [0, T ],

where M2 is a positive constant depending on M1, M
∗
1 and T . Therefore, we have

for t ∈ [0, T ]

0D
α−2
t ∥∂tun(t, ·)∥2 + [(1− ε)g2−α(T )− εQ]

∫ t

0

∥∂sun(s, ·)∥2ds+ µ∥∇un(t, ·)∥2

≤M1

(
∥un0∥2H1

0
+ ∥un1∥2t2−α

)
+ Cε

∫ t

0

∥f 1
n
(s, ·)∥2ds

+M2t
(
CεQ̃+ ∥A∥W 1,∞

)(
∥un0∥2H1

0
+ ∥un1∥2t2−α +

∫ t

0

∥f 1
n
(s, ·)∥2ds

)
.

The claim then follows.

Lemma 8.18. Assume that u0 ∈ H1
0 (Ω), u1 ∈ L2(Ω) and recall the condition

imposed to the parameters ai,j, bj, c and f . Then, for every n ∈ N and for every

t ∈ (0, T ] the approximate solution un given by by (8.75) and (8.79) satisfies the

inequality ∫ t

0

∥∂αs un(s, ·)∥2H−1ds ≤ 2M̃1M
2
3 t
(
∥un0∥2H1

0
+ ∥un1∥2t2−α

)
+ 2(M̃2M

2
3 t+ 1)

∫ t

0

∥f 1
n
(s, ·)∥2ds

for t ∈ (0, T ].

Proof. For fixed v ∈ H1
0 (Ω), ∥v∥H1

0
≤ 1, rewrite v = v1 + v2, where v1 ∈

span{ek}nk=1 and (v2, ek) = 0 (k = 1, ..., n). Observe ∥v1∥H1
0
≤ 1. Then (8.75)

and (8.77) imply〈
∂αt un(t, ·), v

〉
=
(
∂αt un(t, ·), v

)
=
(
∂αt un(t, ·), v1

)
= (f 1

n
(t, ·), v1)− Bn[un, v1; t].
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On the other hand, from the definition of Bn and Sobolev imbedding, we know that∣∣Bn[un, v1; t]∣∣
≤ ∥A∥W 1,∞∥∇un(t, ·)∥∥∇v1(·)∥+ ∥∇un(t, ·)∥∥v1(·)∥∥bn(t, ·)∥L∞

+ ∥un(t, ·)∥∥v1(·)∥q∥cn(t, ·)∥
L

2q
q−2

≤ ∥A∥W 1,∞∥∇un(t, ·)∥∥v1(·)∥H1
0
+ ∥∇un(t, ·)∥∥v1(·)∥H1

0
∥bn∥L∞((0,T )×Ω)

+ ∥un(t, ·)∥∥v1(·)∥H1
0
∥cn∥

L∞(0,T,L
q
q−2 )

≤M3∥∇un(t, ·)∥∥v1(·)∥H1
0
,

(8.88)

where M3 = C
(
∥A∥W 1,∞ + ∥b∥L∞((0,T )×Ω) + ∥c∥

L∞(0,T,L
q
q−2 )

)
. Moreover, we have

|(f 1
n
(t, x), v1)| ≤ ∥f 1

n
(t, ·)∥∥v1∥ ≤ ∥f 1

n
(t, ·)∥∥v1∥H1

0
. Thus∣∣〈∂αt un(t, ·), v〉∣∣ ≤ ∥f 1

n
(t, ·)∥+M3∥∇un(t, ·)∥

for ∥v1∥H1
0
≤ 1. Consequently, ∥∂αt un(t, ·)∥H−1 ≤ ∥f 1

n
(t)∥ +M3∥∇un(t, ·)∥, from

Lemma 8.17 we can show∫ t

0

∥∂αs un(s, ·)∥2H−1ds ≤ 2

∫ t

0

∥f 1
n
(s, ·)∥2ds+ 2M2

3 t
[
M̃1

(
∥un0∥2H1

0
+ ∥un1∥2t2−α

)
+ M̃2

∫ t

0

∥f 1
n
(s)∥2ds

]
.

The claim then follows.

8.6.5 Well-Posedness and Regularity

In this subsection, we take the limit in approximate sequences and present the

existence and uniqueness of weak solutions, and then we show the regularity results.

Theorem 8.17. Suppose that T > 0, u0 ∈ H1
0 (Ω), u1 ∈ L2(Ω) and let ai,j , bj , c

and f satisfy (3.1). Then there exists a weak solution u ∈ C([0, T ], L2(Ω)) ∩
L∞(0, T,H1

0 (Ω)) of the equation (8.72) satisfying u′ ∈ L2(0, T, L2(Ω)), ∂αt u ∈
L2(0, T,H−1(Ω)). Moreover, u also satisfies the following estimate

max
t∈[0,T ]

∥u(t)∥H1
0
+ ∥∂tu∥L2(0,T,L2) + ∥∂αt u∥L2(0,T,H−1)

≤ M̃
(
∥u0∥2H1

0
+ ∥u1∥2 + ∥f∥L2(0,T,L2)

)
,

(8.89)

where M̃ is a positive constant.

Proof. Step I. According to the energy estimate in Lemma 8.17, we see that

the sequence {un(t)}is bounded in H1
0 (Ω) for t ∈ [0, T ], {∂tun} is bounded in

L2(0, T, L2(Ω)), and Lemma 8.18 implies that the sequence ∂αt un is bounded

in L2(0, T,H−1(Ω)). This also implies that 0D
α−2
t (u − u0 − u1t) is uniformly

bounded in 0H
2(0, T,H−1(Ω)). As a consequence there exist u ∈ C([0, T ], L2(Ω))∩
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L∞(0, T,H1
0 (Ω)) with u

′ ∈ L2(0, T, L2(Ω)), v ∈ L2(0, T,H−1(Ω)) and a subsequence

of {un}, still denoted by {un}, such that

un → u in C([0, T ], L2(Ω)), un(t)⇀ u(t) in L2(0, T,H1
0 (Ω)),

∂tun ⇀ ∂tu in L2(0, T, L2(Ω)), ∂αt un ⇀ v in L2(0, T,H−1(Ω)).
(8.90)

Since the continuity of 0D
α−2
t in L2(0, T ) implies the weak continuity, it follows

that

0D
α−2
t ∂tun ⇀ 0D

α−2
t ∂tu in L2(0, T, L2(Ω)). (8.91)

Next we would like to prove that ∂αt u = v in a weak sense. We take φ ∈ C∞
0 (0, T )

and ψ ∈ H1
0 (Ω). Then∫ T

0

φ(t)⟨v, ψ⟩H−1×H1
0
dt

= lim
n→∞

∫ T

0

φ(t)⟨∂αt un, ψ⟩H−1×H1
0
dt

= lim
n→∞

∫ T

0

φ(t)
〈
∂tt[0D

α−2
t (un − un0 − un1t)], ψ

〉
H−1×H1

0

dt

= lim
n→∞

∫
Ω

ψ(x)dx

∫ T

0

φ(t)∂tt[0D
α−2
t (un − un0 − un1t)]dt

= − lim
n→∞

∫
Ω

ψ(x)dx

∫ T

0

φ′(t)∂t[0D
α−2
t (un − un0 − un1t)]dt

= − lim
n→∞

∫
Ω

ψ(x)dx

∫ T

0

φ′(t)0D
α−2
t (∂tun − un1)dt

= −
∫ T

0

φ′(t)
〈
0D

α−2
t (∂tu− u1), ψ

〉
dt

=

∫ T

0

φ(t)⟨∂αt u, ψ⟩H−1×H1
0
dt,

where we have used Lemma 8.14. So ∂αt u = v in a weak sense.

Step II. Fix an integer Λ and choose a function w ∈ H1
0 (Ω) of the form

ω(x) =
Λ∑
k=1

γkek(x), (8.92)

where {γk} are arbitrary numbers. We select n ≥ Λ, multiply (8.77) by γk and sum

it up from 1 to Λ. Then we proceed to multiply the equation by ϱε(t+ τ) for fixed

τ ∈ (0, T ) and integrate with respect to t to discover∫ T

0

ϱε(t+ τ)

∫
Ω

∂αt un(t, x)ω(x)dxdt+

∫ T

0

ϱε(t+ τ)Bn[un, ω; t]dt

=

∫ T

0

ϱε(t+ τ)

∫
Ω

f 1
n
(t, x)ω(x)dxdt.

(8.93)
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For ε < T − τ , we recall (8.91) to find that for a.e. τ ∈ (0, T ),

lim
ε→0

lim
n→∞

∫ T

0

ϱε(t+ τ)

∫
Ω

∂αt un(t, x)ω(x)dxdt

= − lim
ε→0

lim
n→∞

∫ T

0

ϱε
′(t+ τ)

∫
Ω

∂t[0D
α−2
t (un − un0 − un1t)]ω(x)dxdt

= − lim
ε→0

lim
n→∞

∫ T

0

ϱε
′(t+ τ)

∫
Ω

0D
α−2
t (∂tun − un1)ω(x)dxdt

= − lim
ε→0

∫ T

0

ϱε
′(t+ τ)

∫
Ω

0D
α−2
t (∂tu− u1)ω(x)dxdt

= lim
ε→0

∫ T

0

ϱε(t+ τ)

∫
Ω

∂αt u(t, x)ω(x)dxdt

=

∫
Ω

∂αt u(τ, x)ω(x)dx.

We proceed similarly with remaining terms. We see that ϱε(t + τ)∂iω(x) is

smooth in (0, T ) × Ω, From assumptions ani,j ∈ L∞((0, T ) × Ω) thus ani,j → ai,j in

L2((0, T )× Ω), and ∂jun(x, t)⇀ ∂ju(x, t) in L
2((0, T )× Ω) when n→ ∞, we get

lim
ε→0

lim
n→∞

∫ T

0

ϱε(t+ τ)

∫
Ω

ani,j(t, x)∂jun(t, x) · ∂iω(x)dxdt

= lim
ε→0

∫ T

0

ϱε(t+ τ)

∫
Ω

ai,j(t, x)∂ju(t, x) · ∂iω(x)dxdt

=

∫
Ω

ai,j(τ, x)∂ju(τ, x) · ∂iω(x)dx.

Similarly, since bnj (t) → bj in L∞((0, T ) × Ω) and cn(t) → c in L∞(0, T, L
2q
q−2 (Ω)),

thus bnj (t) → bj and c
n(t) → c in L2((0, T )×Ω), it together with (8.90) follows that

lim
ε→0

lim
n→∞

∫ T

0

ϱε(t+ τ)

∫
Ω

bnj (t, x)∂jun(t, x) · ω(x)dxdt =
∫
Ω

bj(τ, x)∂ju(τ, x)ω(x)dx,

lim
ε→0

lim
n→∞

∫ T

0

ϱε(t+ τ)

∫
Ω

cn(t, x)un(t, x) · ω(x)dxdt =
∫
Ω

c(τ, x)u(τ, x)ω(x)dx.

Therefore, one can find that

lim
ε→0

lim
n→∞

∫ T

0

ϱε(t+ τ)Bn[un, ω; t]dt = B[u, ω; τ ].

Moreover, we can derive that for a.e. τ ∈ (0, T ),

lim
ε→0

lim
n→∞

∫ T

0

ϱε(t+ τ)

∫
Ω

f 1
n
(t, x)ω(x)dxdt = lim

ε→0

∫ T

0

ϱε(t+ τ)

∫
Ω

f(t, x)ω(x)dxdt

= (f(τ, ·), ω).

Therefore the following equality holds

⟨∂αt u(t, ·), ω⟩+ B[u, ω; t] = (f(t, ·), ω) (8.94)
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for ω =
∑Λ
k=1 γkek(x) and a.e. t ∈ (0, T ), since functions of the form (8.92) are

dense in H1
0 (Ω), then the above equality also holds for all ω ∈ H1

0 (Ω) and a.e.

t ∈ (0, T ).

Finally, we note that∫ t

0

∥f 1
n
(s, ·)∥2ds ≤

∫ t

0

∥f(s, ·)∥2ds+
∫ t+ 1

n

t

∥f(s, ·)∥2ds,

by the assumption of f , we know that supt∈(0,T− 1
n )

∫ t+ 1
n

t
∥f(s, ·)∥2ds→ 0 uniformly

with respect to t as n → ∞. Therefore, Lemmas 8.17 and 8.18 give the estimate

(8.89).

Remark 8.6. If we give more smooth assumptions that the coefficients ai,j , bj , c ∈
C2((0, T ], L∞(Ω)) and f ∈ C2((0, T ], L2(Ω)), then the mollification arguments im-

posed to the coefficients a, b, c and f can be avoided. Similar to the proof as we

derived in Theorem 8.17, the existence result is obtained.

Theorem 8.18. Under the assumptions of Theorem 8.17, we suppose that bj ∈
W 1,∞(0, T,W 1,∞(Ω)), c ∈ W 1,∞(0, T, L

2q
q−2 (Ω)). Then a weak solution u of the

equation (8.72) is unique.

Proof. It suffices to show that the only weak solution of (8.72) with f ≡ u0 ≡ u1 ≡
0 is u ≡ 0. To verify this, fix 0 ≤ t ≤ T and set ω(τ) =

∫ t
τ
u(s, ·)ds if 0 ≤ τ ≤ t and

ω(t) = 0 if 0 ≤ t ≤ τ ≤ T . Then ω(τ) ∈ H1
0 (Ω) for each τ ∈ [0, T ] and we have∫ t

0

⟨∂ατ u(τ, ·), ω(τ)⟩+ B[u, ω; τ ]dτ = 0.

Since ∂tu(0, ·) = ω(t) = 0, then ∂αt u = ∂t∂
α−1
t u, and so we obtain after integrating

by parts in the first term above∫ t

0

−(∂α−1
τ u(τ, ·), ω′(τ)) + B[u, ω; τ ]dτ = 0.

Now ω′ = −u for 0 ≤ τ ≤ t ≤ T , and then∫ t

0

(∂α−1
τ u(τ, ·), u(τ, ·))− B[ω′, ω; τ ]dτ = 0.

From Lemma 8.15 and the decreasing property of g2−α we know∫ t

0

(∂α−1
τ u(τ, ·), u(τ, ·))dτ ≥ 1

2
[g2−α ∗ ∥u(τ, ·)∥2](t) + g2−α(t)

2

∫ t

0

∥u(τ, ·)∥2dτ

≥ g2−α(t)

2

∫ t

0

∥u(τ, ·)∥2dτ.

Thus

g2−α(t)

2

∫ t

0

∥u(τ, ·)∥2dτ − 1

2

∫ t

0

∂τB[ω, ω; τ ]dτ ≤ 1

2

∫ t

0

−C[ω, ω; τ ] +D[u, ω; τ ]dτ,
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due to 2B[ω′, ω; τ ] = ∂τB[ω, ω; τ ]− C[ω, ω; τ ]−D[u, ω; τ ], where

C[u, v; τ ] =
∫
Ω

N∑
i,j=1

∂τai,j(τ, x)∂ju · ∂iv −
N∑
j=1

∂τ bj(τ, x)∂juv − ∂τ c(τ, x)uvdx,

D[u, v; τ ] =

∫
Ω

N∑
j=1

∂jbj(τ, x)uv + 2
N∑
j=1

bj(τ, x)∂jvudx

for u, v ∈ H1
0 (Ω). Since

|C[ω, ω; τ ]| ≤ ∥∂τai,j(τ)∥L∞∥∇ω∥2 + ∥∇ω∥∥ω∥∥∂τ bj(τ)∥L∞

+ ∥ω∥∥ω∥Lq∥∂τ c(τ)∥
L

2q
q−2

≤ ∥∂τai,j(τ)∥L∞(Ω)∥∇ω∥2 + ∥∇ω∥2 + ∥ω∥2∥∂τ bj(τ)∥2L∞

+ ∥ω∥2 + C2(q,N,Ω)∥∇ω∥2∥∂τ c(τ)∥2
L

2q
q−2

≤ C∥ω∥2H1
0
,

and

|D[u, ω; τ ]| ≤ ∥∂jbj(τ)∥L∞∥u(τ, ·)∥∥ω∥+ 2∥bj(τ)∥L∞∥Dω∥∥u(τ, ·)∥
≤ ∥u(τ, ·)∥2 + ∥∂jbj(τ)∥2L∞∥ω∥2 + 2∥Dω∥2 + 2∥bj(τ)∥2L∞∥u(τ, ·)∥2

≤ C(∥ω∥2H1
0
+ ∥u(τ, ·)∥2).

Hence

g2−α(t)

2

∫ t

0

∥u(τ, ·)∥2dτ + 1

2
B[ω(0), ω(0); t] ≤ C

∫ t

0

∥ω(τ)∥2H1
0
+ ∥u(τ, ·)∥2dτ,

which together with

B[ω(0), ω(0); t] ≥ µ∥∇ω(0)∥2 − ∥∇ω(0)∥∥ω(0)∥∥bj(t)∥L∞

− ∥ω(0)∥∥ω(0)∥Lq∥c(t)∥
L

2q
q−2

≥ µ∥∇ω(0)∥2 − (
µ

4
∥∇ω(0)∥2 + 1

µ
∥ω(0)∥2∥bj(t)∥2L∞)

− (
1

4ε
∥ω(0)∥2 + εC2(q,N,Ω)∥c∥2

L∞(0,T,L
2q
q−2 )

∥∇ω(0)∥2)

≥ µ

2
∥ω(0)∥2H1

0
− C∥ω(0)∥2

for

ε =
µ

4

1

C2(q,N, ∂Ω)∥c∥2
L∞(0,T,L

2q
q−2 )

,

shows that

g2−α(t)

∫ t

0

∥u(τ, ·)∥2dτ + ∥ω(0)∥2H1
0

≤ C

(∫ t

0

(∥ω(τ)∥2H1
0
+ ∥u(τ, ·)∥2)dτ + ∥ω(0)∥2

)
.

(8.95)
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Let us write

W (t) :=

∫ t

0

u(τ, ·)dτ, t ∈ [0, T ],

whereupon (8.95) becomes

g2−α(t)

∫ t

0

∥u(τ, ·)∥2dτ + ∥W (t)∥2H1
0

≤ C

(∫ t

0

(∥W (t)−W (τ)∥2H1
0
+ ∥u(τ, ·)∥2)dτ + ∥W (t)∥2

)
.

Since ∥W (t)−W (τ)∥2
H1

0
≤ 2∥W (τ)∥2

H1
0
+2∥W (t)∥2

H1
0
, and ∥W (t)∥ ≤

∫ t
0
∥u(τ, ·)∥dτ ,

we can derive

g2−α(t)

∫ t

0

∥u(τ, ·)∥2dτ + (1− 2tC1)∥W (t)∥2H1
0
≤ C1

∫ t

0

(∥W (τ)∥2H1
0
+ ∥u(τ, ·)∥2)dτ.

Choose T1 so mall that

g2−α(T1)

2
≥ C1 and 1− 2T1C1 ≥ 1

2
.

Then if 0 < t ≤ T1, we have

[g2−α(t)− C1]

∫ t

0

∥u(τ, ·)∥2dτ + 1

2
∥W (t)∥2H1

0
≤ C1

∫ t

0

∥W (τ)∥2H1
0
dτ.

Consequently the Gronwall inequality implies W (t) ≡ 0 on [0, T1]. Then∫ t
0
∥u(τ)∥2dτ ≡ 0 on [0, T1]. This together with the continuity of u shows u(t) ≡ 0

on [0, T1].

We use the same argument on [T1, T2], [T2, T3],..., and then we can deduce u ≡ 0.

8.7 Notes and Remarks

The results in Section 8.2 are adopted from Zhou and Peng, 2017b. Section 8.3 due

to Luc, Lan, O’Regan, Tuan and Zhou, 2021. The results in Section 8.4 are taken

from Bourdin, 2013. Section 8.5 due to Beckers and Yamamoto, 2013. The material

in Section 8.6 are adopted from Peng and Zhou, 2022a.
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