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Preface

The fractional calculus started more than three centuries ago. In the last years,
the fractional calculus is playing a very important role in various scientific fields.
In fact, it has been recognized as one of the best tools to describe long-memory
processes. Fractional-order models are interesting not only for engineers and
physicists but also for mathematicians. Among such models those described by
partial differential equations (PDEs) containing fractional derivatives are of utmost
importance. Their evolution was more complex than for the classical integer-order
counterpart. Nonetheless, classical PDEs’ methods are hardly applicable directly to
fractional PDEs. Therefore, new theories and methods are required, with concepts
and algorithms specifically developed for fractional PDEs. In the recent years, the
theory of fractional PDEs has been highly developed and constitutes an important
branch of differential equations.

This monograph gives an introduction to the theory for time-fractional diffusion
and wave equations. Many of the basic results recently developed about this theory
are presented, including the well-posedness, regularity, approximate controllability
of initial value problems and the existence, regularity of terminal value problems.
Some examples of applications relating to these equations are also discussed in
detail. The materials in this monograph are based on the research work carried out by
myself and some collaborators during the past five years. It is useful for researchers,
graduates, or PhD students dealing with differential equations, applied analysis, and
related areas of research.

I would like to thank Professors R.P. Agarwal, B. Ahmad, D. O’Regan, M.
Feckan, M. Kirane, V. Kiryakova, S.K. Ntouyas, G.M. N’Guerekata, J.J. Trujillo,
and N.H. Tuan for their support. I also wish to express my appreciation to doctoral
students J.W. He, L. Peng, J.N. Wang, X.X. Xi, and Y.L. Zhou for their help. Finally,
I thank the editorial assistance of Springer, especially D. Chernyk.

I acknowledge with gratitude the support of National Natural Science Foundation
of China (12071396) and the Macau Science and Technology Development Fund
(0092/2022/A).

Macau, China Yong Zhou



Introduction

Fractional calculus has been attracting the attention of mathematicians and engi-
neers from long time ago. The concept of fractional (or, more precisely, noninteger)
differentiation appeared for the first time in a famous correspondence between
L’Hospital and Leibniz, in 1695. Many mathematicians have further developed
this area and we can mention the studies of Euler, Laplace, Abel, Liouville,
and Riemann. However, the fractional calculus remained for centuries a purely
theoretical topic, with little if any connections to practical problems of physics and
engineering. In the past 30 years, the fractional calculus has been recognized as an
effective modeling methodology for researchers. Fractional differential equations
are generalizations of classical differential equations to an arbitrary (noninteger)
order. Based on the wide applications in engineering and sciences such as physics,
mechanics, electricity, chemistry, biology, economics, and many others, research on
fractional differential equations is active and extensive around the world.

In the recent years, there has been a significant development in ordinary and
partial differential equations involving fractional derivatives, see the monographs
of Diethelm [52], Evangelista et al. [60], Hilfer [86], Jiao et al. [103], Kilbas et al.
[115], Miller et al. [165], Podlubny [180], Povstenko [181], Umarov [212], Zhou
[240, 241], and the references therein. A strong motivation for investigating this
class of equations comes mainly from a compelling reason: the fractional order
models of real systems are often more adequate than the classical integer order
models, since the description of some systems is more accurate when the fractional
derivative is used.

Diffusion equations with fractional time and space derivatives instead of the
integer ones are widely used to describe anomalous diffusion processes where
the mean squared displacement (MSD) scales as a power of time, (x2(1)) ~ 2.
Depending on the values of the anomalous diffusion exponent « one distinguishes
the cases of subdiffusion for 0 < « < 1, normal Brownian diffusion for « = 1,
superdiffusion for 1 < o < 2, and ballistic motion for @ = 2. Well-known examples
of anomalous transport include subdiffusion in artificially crowded systems and
protein-crowded lipid bilayer membranes [99, 100, 203], subiffusive charge carrier
motion in semiconductors [189], subdiffusive motion of submicron probes in living
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viii Introduction

biological cells [72], superdiffusive tracer motion in chaotic laminar flows [197],
diffusion in porous inhomogeneous media [239], and random search processes
[217].

The time-fractional diffusion equation 0}u = Au, o € (0, 1), can be used to
model the anomalous diffusion exhibiting subdiffusive behavior, due to particle
sticking and trapping phenomena (see [162, 163]). The fractional wave equation
ofu = Au, o € (1,2), governs the propagation of mechanical diffusive waves in
viscoelastic media (see [149]). In the general case « € (0, 2), we agree to refer to
the equation du = Au as the fractional diffusion-wave equation.

This monograph introduces the theory for time-fractional diffusion equations and
wave equations. Many of the basic results recently developed about this theory
are presented, including the well-posedness (i.e., the existence, uniqueness, and
continuous dependence), regularity, approximate controllability of initial value
problems and the existence, regularity of terminal value problems (or called final
value problem, initial inverse problem, backward problem). Some examples of
applications relating to these equations are also discussed in detail. This fundamen-
tal theory should be the starting point for further research concerning the dynamics,
numerical analysis, and applications of fractional partial differential equations.

This monograph is arranged and organized as follows.

In order to make the book self-contained, we devote the first chapter to a
description of general information on fractional calculus, Mittag-Leffler functions,
integral transforms, and semigroups.

The second chapter deals with initial value problems of time-fractional diffusion
equations. In Sect.2.1, we study a Cauchy problem for a space-time fractional
diffusion equation with exponential nonlinearity. Based on the standard L?-L? esti-
mates of strongly continuous semigroup generated by fractional Laplace operator,
we investigate the existence of global solutions for initial data with small norm in the
Orlicz space exp L?(R?) and a time weighted L” (R?) space. In the framework of
the Holder’s interpolation inequality, we also discuss the existence of local solutions
without the Orlicz space. Section 2.2 is devoted to the study of a semilinear diffusion
problem with distributed order fractional derivative on RY, which can be used to
characterize the ultra-slow diffusion processes with time-dependent logarithmical-
law attenuation. We use the resolvents approach to present the local well-posedness
of mild solutions belonging to L"(RY) (r > 2), in which the L?-L4 estimates and
continuity of the operator are first established. Then, under the assumption on the
initial value belonging to L?(R"), the global well-posedness of mild solutions is
derived. Moreover, a decay estimate in L”-norm is included. Section 2.3 discusses
an analysis of approximate controllability from the exterior of distributed order
fractional diffusion problem with the fractional Laplace operator subject to the
non-zero exterior condition. We first establish some well-posedness results, such
as the existence, uniqueness, and regularity of the solutions allowing the weighted
function x that may be non-continuous. Especially, we show that the solutions can
be represented by the series for the integral of a real-valued function. After giving
the unique continuation property of the adjoint system, approximate controllability
of the system is also included.
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The third chapter deals with inverse problems of time-fractional diffusion
equations of order ¢ € (0, 1). In Sect.3.1, we study a backward problem for an
inhomogeneous fractional diffusion equation in a bounded domain. By applying the
properties of the Mittag-Leffler functions and the method of eigenvalue expansion,
we establish some results about the existence, uniqueness, and regularity of the mild
solutions as well as the classical solutions of the proposed problem in a weighted
Holder continuous function space. In Sect. 3.2, we consider a final value problem
for a diffusion equation with time-space fractional differentiation on a bounded
domain D of R¥, k > 1, which includes the fractional power ZLP 0 < B <1,
of a symmetric uniformly elliptic operator . defined on L?(D). A representation
of solutions is given by using the Laplace transform and the spectrum of .Z#. We
present some existence and regularity results for our problem in both the linear and
nonlinear case.

The fourth chapter is devoted to the study of the well-posedness and regularity
for time-fractional wave equations of order ¢ € (1,2). In Sect.4.1, we study
the well-posedness and regularity of mild solutions for a class of time-fractional
damped wave equations. A concept of mild solutions is introduced to prove the
existence for the linear problem, as well as the regularity of the solutions. We
also establish a well-posedness result for nonlinear problem. As an application,
we discuss a case of time-fractional telegraph equations. In Sect. 4.2, we study the
semilinear time-fractional wave equation on a whole Euclidean space, also known
as the super-diffusive equations. Based on the initial data taken in the fractional
Sobolev spaces, and some known Sobolev embeddings, we prove the local/global
well-posedness results of L2-solutions for the linear and semilinear problems. In
Sect. 4.3, we concern with an exponential nonlinearity for a fractional wave equation
in the whole space, we establish the local existence of solutions in a dense subspace
of the Orlicz classification. Moreover, we obtain the global existence of solutions
for small initial data in lower dimension 1 < d < 3. Our proofs are based on the
analyticity of the Mittag-Leffler functions, the framework of prior estimates, and the
type of exponential nonlinearity.

In fifth chapter, we discuss inverse problems of time-fractional wave equations
of order « € (1,2). In Sect.5.1, we concern with a backward problem (or
called initial inverse problem) for a nonlinear time-fractional wave equation in a
bounded domain. By applying the properties of the Mittag-Leffler functions and the
method of eigenfunction expansion, we establish some results about the existence
and uniqueness of mild solutions of the proposed problem based on the compact
technique. Due to the ill-posedness of backward problem in the sense of Hadamard,
a general filter regularization method is utilized to approximate the solution and
further we prove the convergence rate for the regularized solutions. In Sect.5.2,
we consider the backward problem for an inhomogeneous time-fractional wave
equation in a general bounded domain. We show that the backward problem is
ill-posed, and we propose a regularizing scheme by using a fractional Landweber
regularization method. We also present error estimates between the regularized
solution and the exact solution under two parameter choice rules. In Sect. 5.3, we
consider the terminal value problem of determining the initial value, in a general



X Introduction

class of time-fractional wave equation with the Caputo derivative, from a given final
value. We are concerned with the existence and regularity upon the terminal value
data of the mild solutions. Under some assumptions of the nonlinear source function,
we address and show the well-posedness for the terminal value problem. Some
regularity results for the mild solutions and its derivatives of first and fractional
orders are also derived. The effectiveness of our methods are shown by applying the
results to two interesting models: time-fractional Ginzburg-Landau equation, and
time-fractional Burgers equation, where time and spatial regularity estimates are
obtained.

The materials in this monograph are based on the research work carried out
by the author and some experts during the past five years. The Sect. 2.1 is taken
from Peng, Zhou and He [179]. The material in Sect. 2.2 is taken from He, Zhou,
Alsaedi, and Ahmad [85]. The results in Sect.2.3 are taken from Peng and Zhou
[178]. The material in Sect. 3.1 are adopted from Zhou, He, Ahmad and Tuan [245].
The contents in Sect.3.2 are due to Tuan, Ngoc, Zhou and O’Regan [210]. The
material in Sect. 4.1 is due to Zhou and He [242]. The results in Sect. 4.2 are taken
from Zhou, He, Alsaedi and Ahmad [246]. The results in Sect. 4.3 are adopted from
He and Zhou [83]. The contents of Sect.5.1 are taken from He and Zhou [82].
The results in Sect.5.2 are adopted from Huynh, Zhou, O’Regan and Tuan [91].
Section 5.3 is from Tuan, Caraballo, Ngoc and Zhou [211].

Keywords and Phrases Fractional calculus, fractional diffusion equations, frac-
tional wave equations, damped wave equations, fractional Burgers equations,
fractional Ginzburg-Landau equations, terminal value problem, final value prob-
lem, initial inverse problem, backward problem, mild solution, well-posedness,
regularity, global existence, local existence, blow-up, uniqueness, compactness,
continuation, controllability, Co-Semigroup, analytic semigroup, integrated semi-
group, Laplace transform, Fourier transform, Mittag-Leffler function, distributed
order, error estimate, exponential growth, exponential nonlinearity.
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Chapter 1 ®
Preliminaries Check for

1.1 Fractional Calculus

1.1.1 Definitions

A number of definitions for the fractional derivative have emerged over the years,
and we refer the reader to Diethelm [52], Hilfer [86], Kilbas, Srivastava and Trujillo
[115], Miller and Ross [165], and Podlubny [180]. In this book, we restrict our
attention to the use of the Riemann-Liouville and Caputo fractional derivatives.
In this section, we introduce some basic definitions and properties of the fractional
integrals and fractional derivatives which are used further in this book. The materials
in this section are taken from [115].

As usual Z denotes the set of integer numbers, N denotes the set of positive
integer numbers, and Ny denotes the set of nonnegative integer numbers. R denotes
the set of real numbers, Ry denotes the set of nonnegative reals and R™ the set
of positive reals, and R~ denotes the set of nonpositive reals. Let C be the set of
complex numbers.

Let J = [a,b] (—00 < a < b < 00) be a finite interval of R. We assume
that X is a Banach space with the norm | - |. Denote C(J, X) be the Banach space
of all continuous functions from J into X with the norm |[x|| = sup,c; [x(®)],
where x € C(J,X). C*"(J,X) (n € Np) denotes the set of mappings having
n times continuously differentiable on J, AC(J, X) is the space of functions
which are absolutely continuous on J, and AC"(J, X) (n € NV) is the space of
functions f such that f € C"~!(J, X) and f®~ D e AC(J,X). In particular,
ACHJ, X) = ACWJ, X).

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2024 1
Y. Zhou, Fractional Diffusion and Wave Equations,
https://doi.org/10.1007/978-3-031-74031-2_1
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2 1 Preliminaries

Letl < p < oo. L?(J, X) denotes the Banach space of all measurable functions
f:J — X.LP(J, X) is normed by

1
(/ If(t)l”dt>p, 1 <p<oo,
J

inf { sup 17001}, p=oc,
w(H=0 % re\J

N fllry =

In particular, L' (J, X) is the Banach space of measurable functions f : J — X
with the norm || fllp; = fj | f(@®)|dt, and L*°(J, X) is the Banach space of
measurable functions f : J — X which are bounded, equipped with the norm
[ fllLees = inf{c > O] [f(1)| <, ae.t € ]}

The Gamma function I"(z) is defined by

I'z) = /Ootz“e"dt (Re(z) > 0),
0

where 171 = ¢@=DIn(® This integral is convergent for all complex z € C
(Re(z) > 0).
For this function, the reduction formula

I'z+1) =2zI'(z) (Re(z) >0)
holds. In particular, if z = n € Ny, then
I'n+1)=n! (neNp
with (as usual) 0! = 1.
Let us consider some of the starting points for a discussion of fractional calculus.

One development begins with a generalization of repeated integration. Thus if f is
locally integrable on (c, 00), then the n-fold iterated integral is given by

t s Sn—
D" () = / ds, / ds - / ' Fs)dsn

(n_l),/ (t — )" f(s)ds

for almost all t with —0o < ¢ <t < oo and n € N*. Writing (n — 1)! = I'(n), an
immediate generalization is the integral of f of fractional order « > 0,

t
D7f(t) = ﬁ/ (t —$)* ' f(s)ds (left hand)
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and similarly for —oo <t <d < o0

DA f() = I )f (s — )% lf(s)ds (right hand)

both being defined for suitable f.

Definition 1.1 (Left and right Riemann-Liouville fractional integrals) Let J =
[a, b] (—o0 < a < b < 00) be a finite interval of R. The left and right Riemann—
Liouville fractional integrals , D, f(¢) and ; D, ® f (¢) of order « € R are defined
by

D f(1) = e )/ (t—)*'f(s)ds, t>a, a>0 (1.1)

and

b
DY f(1) = %/ (s — t)“_lf(s)ds, t<b, a>0, (1.2)
t

respectively, provided that the right-hand sides are pointwise defined on [a, b].
When a = n € N7, the definitions (1.1) and (1.2) coincide with the n-th integrals
of the form

1 t
«D7f() = — / (t — )" f(s)ds

D!

and

D0 = o / (s =" Fs)ds,

Definition 1.2 (Left and right Riemann—Liouville fractional derivatives ) The left
and right Riemann-Liouville fractional derivatives , DY f (¢) and ,DZ‘ f(t) of order
a € Ry are defined by

n

d —(n—a
oDf f (1)) =D = £ (1)

1 n—o—1
i ([ o).

and

(DEF () =(— 1)"— D, " f@)

_—1 I"dn b el d f<b
_F(n—a)(_)ﬁ(/t (s—1) 1) S), < b,
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respectively, where n = [o] + 1, [«] means the integer part of . In particular, when
o = n € Ny, then

«DYf(t) =Dy f(t) = f(1),

JDIF) = fP @) and (D} f(t) = (=D)" (),

where f M (1) is the usual derivative of f(@) ofordern. If 0 < o < 1, then

an‘f(t)—ﬁdt(/ t—s)~ O‘f(s)ds) t>a

LA D= f(s)d t<b
‘mz([ (s =071 (s) s), <b.

Remark 1.1 If f € C([a,b]; RY), it is obvious that the Riemann—Liouville
fractional integral of order « > 0 exists on [a, b]. On the other hand, following
Lemma 2.2 in [115], we know that the Riemann—Liouville fractional derivative of
order @ € [n — 1, n) exists almost everywhere on [a, b] if f € AC"([a, b]; RM).

and

1Dy f(1) =

The left and right Caputo fractional derivatives are defined via above the
Riemann-Liouville fractional derivatives .

Definition 1.3 (Left and right Caputo fractional derivatives) The left and right
Caputo fractional derivatives SD;" f(t) and ,CDI;" f(t) of order « € R are defined
by

CDot o (k)() k
DF f() = aD; f(t)—Z —a)

and

® (p
,Csz(r)=,D;;‘(f<r>—Zf G2 )

k=0

respectively, where
=[a]+ 1fora & Ny; n =« fora € Np. (1.3)
In particular, when 0 < @ < 1, then

DY (1) = aDX(f(1) — f(@))
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and
Dy f(t) =Dy (f () = f(B)).
The Riemann-Liouville fractional derivative and the Caputo fractional derivative
are connected with each other by the following relations.
Proposition 1.1

(1) Ifx & No and f(t) is a function for which the Caputo fractional derivatives
D f(t) and tCDZ‘ f(t) of order a € R exist together with the Riemann—
Liowville fractional derivatives , DY f(t) and thf(t), then

n—1 (k)(a)
SDE S0 = DES O = 3 =Dt = a)f e
[ t g 'k—a+1)
and
n—1 (k)(b)
CDaf(t) =,D} f(t) — f—(b—t)k_‘x,
b tp
' 1; I'k—a+1)

where n = [a] + 1. In particular, when 0 < a < 1, we have

DY F(1) = o D (1) — %a oy
and
b
DY f(t) = DY f(1) — %(b -,

(ii) Ifa = n € Ny and the usual derivative £ (t) of order n exists, then aCDl” f@)
and ,CDZ f(t) are represented by

Dl f(t) = f™@) and EDYf(1) = (D" F ™M (@). (1.4)

Proposition 1.2 Let o € Ry and let n be given by (1.3). If f € AC"([a, b]; RY),
then the Caputo fractional derivatives SD;’ f() and ,CD,‘;‘ f(t) exist almost every-
where on [a, b]:

(1) If ¢ & Ny, ng‘f(t) and tCDZ‘f(t) are represented by

1 t
DI f(0) = m( / (r - s)"—“—1f<"><s)ds>
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and

D) = / = 0 O )

1b 'n—a)\ J; ’
respectively, where n = [a] + 1. In particular, when 0 < a < 1, f €

AC([a, b]; RY),

1 t
aCD;yf(f) = m(/ ( —s)_"‘f/(s)ds) (1.5)

and

1 b
Dy f@) = _m</ (s — r)—“f/(s)ds). (1.6)
t

() If « = n € Ny, then 5Df‘f(t) and tCDgf(t) are represented by (1.4). In
particular,

DY f(t)=CDYf() = f().

Remark 1.2 If f is an abstract function with values in Banach space X, then
integrals which appear in above definitions are taken in Bochner’s sense.

The fractional integrals and derivatives, defined on a finite interval [a, b] of R,
are naturally extended to whole axis R.

Definition 1.4 (Left and right Liouville—Weyl fractional integrals on the real
axis) The left and right Liouville-Weyl fractional integrals _oD;* f(#) and
D5 f(2) of order @ > 0 on the whole axis R are defined by

! ' 1
D S0 = s [ =9 s (1.7
and
! > 1
DO = s [ 6 =0 s
respectively, where € R and o > 0.
Definition 1.5 (Left and right Liouville~Weyl fractional derivatives on the real

axis) The left and right Liouville-Weyl fractional derivatives _oo DY f(¢) and
1 DY« f(t) of order o on the whole axis R are defined by
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n

o _d —(n—a)
—oo DY f (1) =5 (oo Dy ()

_ 1 d" ! t n—a—1 d
o= dr"</oo( — )" f(s) s)

and

DS f (1) =(— 1)"—0 DI (1))

1 1)"ﬂ( F s — et ()d)
Th—a /, o F5ds ).

respectively, where n = [a] + 1, ¢ > 0,and ¢ € R.
In particular, when o = n € Ny, then

_ooDVf (1) = DO f (1) = f(1),
—ooDIf(t) = f™(1) and (DL f(t) = (=" fP),

where f M (#) is the usual derivative of f@) ofordern. If 0 < o < landt € R,
then

pery=—>t ([ ~ f(s)d
—o0 zf(f)—ma(/; @ —95)""f(s) S)

o« f(t)—f(t—s)
TIr(l—ow) satl

and

DS f(t) = ﬁdt(,/ (s—1)" af(s)d5>

o« /f(t)—f(t+s)
Trd-a) satl

Formulas (1.5) and (1.6) can be used for the definition of the Caputo fractional
derivatives on the whole axis R.

Definition 1.6 (Left and right Caputo fractional derivatives on the real axis) The
left and right Caputo fractional derivatives _$ D¢ f(t) and € D% f (¢) of order «
(with @ > 0 and o & N*) on the whole axis R are defined by

t
DY () = ﬁ( / (t —s)”‘“‘lf(”)(s)ds> (1.8)

(_ —00
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and
fDioof(t)=l< f (s — )" lf(")(s)ds) (1.9)

respectively.
When 0 < @ < 1, the relations (1.8) and (1.9) take the following forms:

1 t
S DI f (1) = ﬂ(/ (r — s)_“f/(s)ds>

and

C pa — _ 1 * A
 Discf(1) = —F(l_a)<[ (s —1) f(s)ds).

1.1.2 Properties

We present here some properties of the fractional integral and fractional derivative
operators that will be useful throughout this book.

Proposition 1.3 If § > 0, then

I'(B) _
- A\B-1 _ _ \Bra—1
(t—a) TG+ )( a) (¢ > 0),
« - I'(B) —a—
aD; (t —a)P l=m(1‘—61)/S '@ >0
and
—u ra o
1D, (b — 1P~ m( b— )Pt (@ > 0),
r
Dy (b~ )P~ F(ﬁ(f) [ =0 @2 0.
In particular, if B = 1 and o > 0, then the Riemann—Liouville fractional

derivatives of a constant are, in general, not equal to zero:

O U e

DYl =-—" _wv-b
@ I'(l—a) P r'd—a)

On the other hand, for j = 1,2, ..., [a] + 1,

«DI(t —a)* ) =0, (Db —1)*" =0.
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The semigroup properties of the fractional integral operators , D, * and ; D, * are
given by the following results.

Proposition 1.4 Ifa > 0 and B > 0, then the equations

(D7D F ) = D F @) and D7 (0,7 F0) = D, p )
(1.10)
are satisfied at almost every point t € [a, b] for f € LP(a,b; RY) (1 < p < o0).
Ifa + B > 1, then the relations in (1.10) hold at any point of [a, b].

Proposition 1.5

() Ifa >0and f € LP(a,b; RY) (1 < p < 00), then the following equalities
WD (D7) = £) and (DR (D5 1)) = £ (1)

hold almost everywhere on [a, b].
(ii) Ifa > B > O, then, for f € L?(a, b; RN) (1 < p < 00), the relations

oDf (D7 F ) =D £ 0) and 1D (:D5 f ) = D, £ @)

hold almost everywhere on [a, b].

In particular, when 8 = k € Nt and o > k, then
JDF (D7 1)) = D7 (@) and (DE(:D7 F ) = (=11 D £ ).

To present the next property, we use the spaces of functions ,D, “(L?) and
D, * (L") defined fora > 0 and 1 < p < oo by

«D7(LPY ={f: f=aD;%p, ¢ € LP(a,b; RY)}
and
DLy ={f: f=:D;%, ¢ € LP(a,b; RV)},

respectively. The composition of the fractional integral operator ,D, * with the
fractional derivative operator ,D{ is given by the following results.

Proposition 1.6 Leta > 0, n = [a] + 1 and let f,—,(t) = (,D;(”fa)f(t) be the
fractional integral (1.1) of order n — «:

() If1 <p<ooand f € ;D;*(LP), then

D7 (D)) = f).
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(i) If f € L'Y(a,b;RY) and f,_o € AC"([a, b]; RY), then the equality

- (n=))
aD,‘a(aD?‘f(ﬂ) =fn-y rf:[_“—](fn

j=1

t —a)*/

holds almost everywhere on [a, b].

Proposition 1.7 Let o > 0 and n = [a] + 1. Also let g,_o(t) = ,Dh_(”_“)g(t) be
the fractional integral (1.2) of order n — «:

() If1 < p<ocandg €D, “(LP), then
Dy (1D8() = 8(0).
(i) Ifg e L! (a, b; RN) and gn—o € AC"([a, b]; RM), then the equality

n -1 n—j ,(n—j) )
Dy (tDZ‘g(t)) =g~ ( F)(ot _g;,: 1§a) b-n"

j=1
holds almost everywhere on [a, b].
In particular, if 0 < a < 1, then
Dy (D)) = g0y — £y e,
b ()

where g1—q(t) = ,Dg_lg(t), while for a = n € N7, the following equality holds:

n—1
)k e®
0" (1Ds0) = g~ 3 TE Dyt

k=0
Proposition 1.8 Let o > 0 and let y € L®(a, b; RY) or y € C([a, b]; RN). Then
D2 (uD7y®) = ¥ and £ D (:D;"¥() = y(@).

Proposition 1.9 Let a > 0 and let n be given by (1.3). If y € AC™([a, b]; RY) or
y € C"(la, b]; RN), then

¢ =P .
aDF"‘(a Df‘y(t)) =y() — Z X (t —a)

k=0
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and

n-l kyy (k)
-1 b
D (Ey0) = v - 3 TP

k=0

In particular, if0 < o < 1 and y € AC([a, b); RY) or y € C([a, b]; RY), then

aD,‘oe(,fo‘y(t)) = y(t) — y(a) and ;D,* (fp;;fy(t)) =y —y®). (111

1.2 Some Results from Analysis

1.2.1 Mittag—Leffler Function

Definition 1.7 ([165, 180]) The Mittag—Leffler function E, g is defined by

00 Zk 1 )La—ﬁek c
E =y dx, 0,€R, z€C,
a.p (2) 1; Tak+p)  2mi /r a7 «>0.p ¢

where 7 is a contour which starts and ends as —oo and encircles the disc |A| <
|z|'/¢ counter clockwise.

The function E, g(z) is an entire function, and so it is real analytic when
restricted to the real line. Moreover, the approximation form of Mittag—Leffler
function is given by

Eup(@) = —i;l+ 0 (L)
’ = I (B—ak) 2N+

with |z| — oo, u < |arg(z)| < 7 for w > 0, and N € N7 In particular,

1 1 1
Ea,l(Z):_mg+0<Z—2>, (1.12)

with |z] = oo, u < |arg(z)| <  for u > 0.
For short, set

Ey(z) := Ea,l(Z)v eq(2) = Ea,a(z)-

Then Mittag—Leffler functions have the following properties.
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Proposition 1.10 ([165, 180]) Fora € (0,1) and t € R:

(1) Ey(1), eq(t) > 0.
(i) (Ea()) = Leq(®).
(i) lim E,(r) = lim ey(t) =0.
——00 t——00
(iv) §DYEq(01®) = wEq(wt), oD~ (1% e (wt¥)) = Eq(wt®), w € C.
Proposition 1.11 ([180, 207]) Let 0 < oy < a1 < 1. Then there exist positive
constants My, My depending only on oy, a1 such that for all @ € [ag, o],

M gy <M E < fralix >0, peRr
—X _— —x) < ——, forallx >0, .
l+x — ¢ T 14x *p 1+x

Proposition 1.12 ([180]) Let 0 < « < 2, and B € R be arbitrary. Suppose
that p is such that ma/2 < pu < min{m, ra}. Then there exists a constant
M = M(«, B, u) > 0 such that

|Eap(2)| = p < larg(2)] < 7.

1+ 1z
Proposition 1.13 ([180]) Let0 < o < 1 and A > 0. Then:
d
@) ZEQ(—M“) = 1% leg (—At%), fort > 0.

d
(ii) E(r"‘—lea(—)\t"‘)) =12 Eyq_1(—At%), fort > 0.
a—1

o0
¢ S
(iii) /0 e S Eg(—AtY)dt = Y for Re(s) > A1/«
Proposition 1.14 Let 1 < a < 2 and ) > 0. Then:
d
@) ZEOZ,](—M“) = M Ey o (=A%), fort > 0.
d
(i) (" Eqa(=21%) = 172 Eq 1 (=11%), for > 0.
(i) $D¥Eq1(—Mt%) = —LEq41(—At%), fort > 0.
(V) DtV Eqo(—11%)) = —Mt* " Eq o (—A1%), fort > 0.

00 a—1

(v)/ e Ey 1 (—a)dt =
0
(vi) lirr(l) Eq1(—At%) = 1.

t—

(vii) The more accurate estimate |Eq , (—At%)| < 1/I'(y) holds for y € {1, 2, a}.

Y for Re(s) > A1/«
s

It is well known that E, 1(—t) is a positive and completely monotonic function
fora € (0,1),1 > 0, thatis, for all > 0, k € Ny, we have

d
(—1)"(5)"15&,1(—0 > 0.
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Additionally, one can find that w() := Eg4 1(At%) is a solution of equation
ng‘a)(t) = do(t), » € R, o € (0,2). We use the notation a < b that stands
for a < Cb, with a positive constant C that does not depend on a, b. The following
lemmas will be frequently used and can be found in [180].

Proposition 1.15 For A > 0, « > 0, B € R, and any arbitrary positive number m,
we have

d m
(E) (zﬂ—lEa,,g(—m“)) =P Ey g (—At), 1> 0.
In particular,

d
EEQ, 1(=A1%) = =A% Ey o (—A1%), 1> 0.

Proposition 1.16 If0 <o <2, B € R, ma/2 < 6 < min{rw, wa}, then

|Ea.p(2)| < , zeC, 0 <|argz| <m.

1
1+ |z]

Proposition 1.17 If0 < o < 2, B € R, 0 is such that ro/2 < 6 < min{w, Ta},
then

1
|Eap (@] < (14 12DTP/ exp (Re(z1/%)) + T C€ C, largz] < 6.

By the fractional order term-by-term integration of the series, there is a more
general relationship obtained as follows:

1 t
S / (t—s5)" VP E, g(AsPyds = PPV Ey g o MtP), 950, >0, 1>0.
r)Jo ’ ’

(1.13)

Proposition 1.18 ([10]) Let 1 < B < 2, B/ € R, and ). > 0. Then the following
estimates hold:
(i) Let0 <o < 1,0 < B’ < B. Then |A%tP Eg g (—atP)| St =P, 1> 0.
(ii) LetO < B < 1. Then [\ =P tP=2Eg g (—1tP)| S 1PP=2, 1> 0.

In what follows, let us state the definition and some properties of a function
Ay () which is also called the Wright-type function. This function is a special case
of the Wright function that plays an important role in different areas of fractional

calculus, and it is introduced by Mainardi to characterize the solution of initial value
problem for fractional diffusion-wave equations.
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Definition 1.8 ([153]) The Wright-type function .#, is defined by

e @]

. (—2)"
(@) = ,;) M (—an+ 1 —a)

I (-2 :
=— Z I'(na)sin(nra), for 0<a<1,zeC.
T - !
For —1 < r < 00, A > 0, the Wright-type function has the properties.
Proposition 1.19
(W1) ///(t)>0 t>0
(W2) / (-)e*“dt =,
0
rd+r)
r'd+ar)

(W4) / My(t)e dt = Ey(—z), zeC.
0

tﬂl+1

(W3)/ My (Dt dt =

0

(W5) / at My (e “dt =eqy(—2), zeC.
0

1.2.2 Laplace and Fourier Transforms

In this subsection we present definitions and some properties of Laplace and Fourier
transforms.

Definition 1.9 The Laplace transform of a function f(¢) of a real variable t € R™
is defined by

(L)) =ZLIfDO)s) = f(s) = /o e fnde (s € ). (1.14)

The inverse Laplace transform is given for x € RT by the formula

y+ioco
L' Hw) =27 I = —/ e f(s)ds (y = Re(s)).
(1.15)

Proposition 1.20 Ler f(t) be defined on (0, 00) and 0 < a < 1. Then the Laplace
transform of fractional integral and fractional differential operators satisfy:

1) oD; f(S)—S""f(S)
(ii) oDFf(s) = 5 f(s) = GDF™" ().
(i) SD;7%f(s) = s%f(s) —s*~L (0.
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Definition 1.10 The Fourier transform of a function f(¢) of a real variable r € R
is defined by

o0

(Z Hw) = FLFO)w) = fw) = / e f(ndr (weR).  (1.16)

—00

The inverse Fourier transform is given by the formula

1 1 .
(F'9w) =7 g0l(w) = 2—§(—w) = —/ e t)ydt (weR).
T 21 J_ o
(1.17)

The integrals in (1.16) and (1.17) converge absolutely for functions f, g € L'(R)
and in the norm of the space L%(R) for f, g € L*(R).

Proposition 1.21 Ler f(t) be defined on (—oo,00) and 0 < «a < 1. Then the
Fourier transform of Liouville-Weyl fractional integral and fractional differential
operators satisfy:

() —oo D *f (W) = ((w) ™ f(w).
(i) 1D’ f () = (=iw)™ f(w).
(iii) oo Df f (w) = (1w)* f (w).
(iv) (D% f (W) = (—iw)* f (w).

1.3 Semigroups

1.3.1 Cy-Semigroup

Let us recall the definitions and properties of operator semigroups, for details see
Pazy [175]. Let X be a Banach space and £(X) be the Banach space of linear
bounded operators with the norm || - ||.

Definition 1.11 A one parameter family {7 (¢)};>0 C £(X) is a semigroup of
bounded linear operators on X if:

G) TOT(s)=T(t +s),fort,s >0.
(ii)) T(0) = I; here, I denotes the identity operator in X.

Definition 1.12 A semigroup of bounded linear operators {7'(¢)};>0 is uniformly
continuous if

lim ||T(t) —I] =0.
t—07t
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From the definition it is clear that if {7 (f)};>0 is a uniformly continuous
semigroup of bounded linear operators, then

lim |7(s) = T @] = 0.

Definition 1.13 We say that the semigroup {7 (¢)};>0 is strongly continuous (or a
Cop-semigroup) if the mapping t — T (t)u is strongly continuous, for each u € X,
ie.,

lim T(\)u =u, YuceX.
t—0t
Definition 1.14 Let {7 (#)};>0 be a Cp-semigroup defined on X. The linear operator
A is the infinitesimal generator of {7 (t)},;>0 defined by

T () —
Au= Tim L1 ru e DA,

t—0t t

where D(A) = {u € X :lim,_, o+ T(t)l“_“ exists in X}.

Definition 1.15 The family R(x, A) = (A\] — A)~!, A € p(A) of bounded linear
operator is called of the resolvent of A, where p(A) is the set of all complex numbers
X for which AI — A is invertible.

If there are M > 0 and v € R such that | T (¢)|| < Me"!, then
o0
A — A)flu :/ e MTudt, Re(A) > v, u € X. (1.18)
0

A Cp-semigroup {7 (t)};>0 is called exponentially stable if there exist constants
M > 0and § > O such that

IT@| < Me™, t>0. (1.19)

The growth bound vp of {T'(¢)};>0 is defined by

vo = inf{8 € R : there exists Ms > O such that |7 (¢)|| < Mse®, V> 0}.
(1.20)
Furthermore, vy can also be obtained by the following formula:

. In |7 (@)l
Vo = lim sup ————.
t——+00 t

(1.21)
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Definition 1.16 A Co-semigroup {7 (¢)};>0 is called uniformly bounded if there
exists a constant M > 0 such that

ITOHI <M, t=0. (1.22)
Definition 1.17 A Cy-semigroup {7 (¢)},>0 is called compact if T (¢) is compact for

t > 0.

Proposition 1.22 If {T(¢)};~0 is compact, then {T (t)};~q is equicontinuous for
t>0.

Definition 1.18 A Cp-semigroup {7 (#)};>0 is called positive if 7' (#)u > 6 for all
u > 0 and tr > 0, where 9 is the zero element.

1.3.2 Analytic Semigroup

Definition 1.19 Let A := {z : ¢ < argz < ¢2, ¢1 < 0 < ¢2}. The family
{T(2)};ea C £(X) is called an analytic semigroup in A if:

(i) z + T(z)is analytic in A.
(i) T(0) =1 and limzea ;0 T (z2)x = x forevery x € X.
(iii) T(z1+22) = T(z1)T (z2) forz1, 22 € A.

A semigroup 7'(¢) is called analytic if it is analytic in some sector A containing
the nonnegative real axis.

Theorem 1.1 Let {T(¢)};>0 be a uniformly bounded Co-semigroup. Let A be the
infinitesimal generator of {T (t)};>0 and assume 0 € p(A). The following statements
are equivalent:

(i) T(t) can be extended to an analytic semigroup in a sector Xs := {z € C :
largz| < 8} and |T(2)| is uniformly bounded in every closed subsector
Ty, 8 <8, of Ts.

(ii) There exists a positive constant C such that for every o > 0, T # 0,

C
[R(o +it, Al = I

(iii) There exist 0 < 6 < % and M > 0 such that
p(A)D 5 :={AeC:|argh| < %+3}u{0}
and

M
IR(A, A)| < o forre X, A#£0.
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(iv) T(¢) is differentiable for t > 0, and there is a constant C such that

C
AT (O] < s fort > 0.

1.3.3 Integrated Semigroup

Definition 1.20 Let X be a Banach space. An integrated semigroup is a family of
bounded linear operators {S(¢)};>0 on X with the following properties:

(i) S(0)=0.
(i1) t + S(¢) is strongly continuous.
N

(iii) S(s)S@) = / (St +r)—S(r))dr forallz,s > 0.

0
Definition 1.21 An operator A is called a generator of an integrated semigroup if
there exists @ € R such that (w,00) C p(A) (p(A) is the resolvent set of A)

and there exists a strongly continuous exponentially bounded family {S(¢)};>0 of
bounded operators such that S(0) = 0 and

o0
RO A) =01 —A)" ' = x[ e M S(t)dt exists for all A with A > w.
0

Proposition 1.23 Let A be the generator of an integrated semigroup {S(t)}:>o0.
Then forallu € X andt > 0,

' t
/ S(s)ds € D(A) and S(t)u = A/ S(s)uds + tu.
0 0

Definition 1.22

(i) An integrated semigroup {S(#)};>0 is called locally Lipschitz continuous if for
all T > O there exists a positive constant L such that

1S() = S| < LIt —s]|, t,s €0, 7]

(i1) An integrated semigroup {S(#)};>0 is called nondegenerate if S(¢)u = O for all
t > 0 implies that u = 0.

Definition 1.23 We say that the linear operator A : D(A) C X — X satisfies the
Hille—Yosida condition if there exist two constants @ € R and M > 0 such that
(w, +00) C p(A) and

I —A)7F) < forallA > w, k > 1.

O — w)F’
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Theorem 1.2 The following assertions are equivalent:

(1) A is the generator of a nondegenerate, locally Lipschitz continuous integrated
semigroup.
(ii) A satisfies the Hille—Yosida condition.

If A is the generator of an integrated semigroup {S(#)};>o which is locally
Lipschitz, then S(¢)u is continuously differentiable if and only if # € D(A) and
{S8(t)}t>0 is a Co-semigroup on D(A).




Chapter 2 ®
Well-Posedness of Fractional Diffusion Creck o
Equations

2.1 Diffusion Equation with Exponential Growth

2.1.1 Introduction

In this section, we consider a Cauchy problem for space-time fractional diffusion
equation

u + (—A)u= fu), (x)e(0,o00) xR 2.1)

associated with an initial condition u(0, x) = ug(x), x € R, d > 1, where fis
. . . . 2 ;

the exponential growth function, like asymptotic growth f(u) ~ ¢**!“I" and with a

vanishing behavior at zero, and 9 stands for the Caputo fractional partial derivative

of order « € (0, 1) defined by

t
u(t,x) = ﬁ/o (t — s)_“aa—su(s,x)ds, (t, x) € (0, 00) x R?.

In (2.1), (—A)” (y € (0, 1)) stands for the fractional Laplacian operator defined by

u(x) = u(y)
s Jx =yl

)

(=) u(x) = Cy,d/
R

with Cy,. 4 = y22' I'((d +2y)/2)/(x?2 (1 — ).

Now we dwell on the literature dealing with the nonlinearity of exponential
growth problems of diffusion and wave equations. The Cauchy problem for heat
equation with exponential nonlinearity was studied by Ioku [94]. Inspired by this
paper, Furioli et al. [65] discussed the asymptotic behavior and decay estimates for
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solutions of a nonlinear parabolic equation with exponential growth. Ioku et al. [95]
obtained the existence and nonexistence results for a heat equation in the Orlicz
space exp L(R?). Fino and Kirane [62] investigated the global solutions for heat
equation with fractional Laplacian and exponential nonlinearity with small initial
data and also the local solution in the Orlicz space. Regarding the wave equation,
the global well-posed solutions with exponential growth type nonlinearity were
studied in the critical Sobolev space in [170]. In order to overcome the issue of
invalidity of the embedding H'(R?) < L% (R?), Ibrahim et al. [92] discussed
the existence and asymptotic behavior of finite energy solutions for large time for
the subcritical case of the wave operators via Trudinger-Moser-type inequality. On
the supercritical regime of large energies for smooth and radially symmetric initial
data, Struwe [199] established the global well-posedness of solutions for a nonlinear
wave equation with nonlinearity f(u) ~ ue"’ . Mahouachi and Saanouni [148]
derived the well-posed and ill-posed results for a wave equation with exponential
growth. Concerning the fractional derivatives, Bekkai et al. [17] discussed the local
existence and blow-up of solutions for a space-time fractional diffusion equation
with nonlocal nonlinearity of the form f (u) ~ OD,1 ~%(e'), where OD,1 % represents
the Riemann-Liouville fractional integral operator. Alsaedi et al. [9] proved the
existence and uniqueness of the local mild solutions for a system of space-time
fractional evolution equations with nonlocal nonlinearities of exponential growth.
They also established a blow-up result by applying the Pokhozhaev capacity method
and presented an estimate for the life span of blowing-up solutions under suitable
conditions.

We note that there is no work concerning the existence of global solutions for
space-time fractional diffusion equations with exponential growth data in R¢. For
this purpose, it is necessary to consider an appropriate space. Unlike the energy
functional techniques used in previous work, this section will concern on the global
solutions to the fractional Cauchy problem on the Orlicz spaces exp L” (R?) via
the subordinate principle and the semigroup theory. It is worthwhile to notice that
Cgo(Rd) is not dense in exp LP(RY), but it works in L?(R?) for 1 < p < 00. As
it is difficult to consider a generic global space C ([0, c0); exp L? (R9)Y), we shall
deal with this case in the sense of a weak topology. Furthermore, since L!(R%) N
L®(R?) — exp LP(R?) and to solve equation (2.1) under the minimum required
conditions, we will establish the local solutions in L!(R4) N L% (R?).

Our main goal in this section is to investigate the existence of solutions for the
problem (2.1). In the next subsection, we introduce the definition of the Orlicz
spaces and the relevant solution operators of the problem (2.1), and then we study
the space-time estimates in the frameworks of L”-L% and L?-exp L?. In Sect.2.1.3,
we establish the existence of global solution for initial data with small norm in
space exp L?(R?) and the decay estimate of solutions. In Sect. 2.1.4, we prove the
existence of local solutions in subspace LY (RY) N L®(RY) of the Orlicz spaces.
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2.1.2 Orlicz Spaces and Space-Time Estimates

Throughout this section, the notation a < b stands for a < Cb, and ~ stands for
a < Cband b < Ca for a positive generic constant C that does not depend on «a, b.
Symbols Vv and A are expressed by a V b = max{a, b} and a A b = min{a, b},
respectively. It is well known that the fractional Laplace operator (—A)Y can
generate a strongly continuous semigroup 7, (t) = exp(—t(—A)”)) on L? (R%)
for p > 1,d > 1 with its Fourier transformation (—A)Yu = .Z~1(|&|% .Z ().
Moreover, a space-time estimate of this semigroup is given by

_d(1_1
1Ty Pl Lpgay St (q p>||¢||Lq(Rd),

fort > 0 and forall ¢ € Lq(Rd), q > 1,see [164].
For any a € (0, 1), B € [0, 00), ¥y € (0, 1), we introduce a subordinate operator
Ay as

o
;afozﬂ(t)zfo aPof #,(0)T, (t°0)ds, t >0,

where .# (-) is the Wright-type function defined in Definition 1.8.
Obviously, the operator %y P (+) is well defined due to the estimate

o0 o0
ey g (D 1o ray < /0 P OF Mo O T, (1“0l Lo rayd® S fo oP0P My (0)do

and the properties of ., (-) (see [240])

I'(1+96)

—, d€e(—1,00).
(1 + ad)

My () =0, /OO 0° My, (9)do =
0

Specially, if u is a solution of the problem (2.1), by using the strategy employed
in [240], we have the following integral representation of the problem (2.1):

t
u(t) = %Vo(t)uo + / (t— s)“_l%yl(t — ) f(u(s))ds. (2.2)
: 0 .
Recall that a space is Orlicz type if it can be expressed as

exp LP(RY) = {u € L}OC(Rd) D lullexp Lrway < +oo} ,
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endowed with the Luxemburg norm

ltllexp Lr ety 2= inf{r >0: /Rd (exp (|u(x)|p/r”) — 1) dx < 1for some 7 > 0} .

Clearly, an Orlicz space is a Banach space.
Lemma 2.1 ([94]) For every 1 < p < q < 400, the embedding exp L? (RY) —>
L9(RY) holds, and moreover

el Lo qgay < (7 (q/p + D)4 |l exp Lo (R

Lemma 2.2 ([62]) For every 1 < q < p < +4o00, the embedding L1(RY) N
L®(R?) < exp L?(RY) holds, and moreover

_1
flaellex LP(RY) = (In2) » ||M||Lq(Rd) + ||u||Lvo(Rd) .
p

Lemma 23 Leta € (0.1), 8 € [0,00), y € (0. 1), and let £ (% - }1) <1 for
1 <p<gq=<+oo fort >0, then

_oad(1_ 1
() ||f537y/3(t)f||Lq(]Rd) St Zy(” )”f”Lp(]Rdy for f e LP(RY),
(11) |I‘Q{yl3(t)f“expLP(Rd) S ”f”exle’(]Rd)v for f € exp L[?(Rd)’
ad _1
(i) 19 50 floxproesy S 157G + D)0 f oy, for f e
LP(RY),
(V) 11 g (1) fllexp Lrmay ST~ % I fllzaray + I fllppay.  for f e LP@RI)N
L9(RY).

Proof By the LP-L9 estimates of semigroup T, (¢), for the operator %}fﬁ(% we
obtain

o _ad
17 5 (0) | oty < /0 P 0P MO Ty (*OVPll Lo rayd® S 127 || 1l Lo ey

for t > 0, where 1/r := 1/p — 1/q. Additionally, for any t > 0, t > 0, it follows
by Taylor expansion combined with (i) that

Ly () £117,
/Rd (exp (LQ{Vﬁ(t)ﬂ/r) — 1) dx =Z o.p L "(Rd)

kT Pk
k=1

kT Pk

£
93 L<R>_/Rd(exp(f/f)p_1)dx
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which implies that for f € exp L?(RY),
”'Q{ylg(t)f”expLP(Rd) S I llexp Lp (Rd)-

Next, by virtue of (i), for ¢t > 0, we have

”%yﬂ(t)f”[‘pk(Rd)
/l‘&d (GXp (Iﬂyﬁ(l)ﬂ/f) - 1) dx = k!-[qk

—gd(L_L)qgk
t 2V( qk) ”f“Ll’(]Rd)

o0
52 k!rak ’

which implies that there exists a constant C > 0 such that

ad ad q
exp (|2 ;) fl/t) —1)dx St <exp Ct 20 | fllpprdy/T —1),
[, (e (12 s0177)" = 1) ( L /7)
and then

_1
17 50 [ llexp L9 ey S 1 " neY + 1) If Nl Lp way-

The last inequality can easily be proved by using the standard L?”-L? estimates of
,sa{)zﬁ(-) and the embedding L?(R?) N L®(R?) < exp LP(R?) in Lemma 2.2. In
consequence, we get

1) 5 () [ llexp Lo ey SIZy 5O fll Lo ey + 1 () f1l oo ra)
Sfm”f”Lq(]Rd) + 1 Il Lp ey

Hence, this completes the proof.

Observe that C3° (R?) is not dense in exp LPRY) for p > 1; for more details,
see [94, 95]. For the fractional version of .«7” 0( -), we have the following conclusion.

Remark 2.1 The operator Jz{ayo(t) is not strongly continuous at + = 0 in
exp L?(RY) for p > 1, that is, for any ¢ € exp L?(R?), the following inequality
holds:

lim 157, ()¢ — Bllexp Loy = 1. (2.3)

Proof In fact, for any A > 0, let i, (1) := |[{x € R : |u(x)| > A}| be a distribution
function of v, let v* be a nonincreasing rearrangement of v given by

v¥(r) :=inf{A > 0: puy(A) <r},
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and the maximal function of v* is denoted by v** as follows:

1 r
V() = —/ v*(s)ds.
rJo
We next use the rearrangement technique, that is,

(A o — ) ()

oilrlzl (In(e/r)t/p ™~ 196,00 = Plexp Lr )

for any ¢ > 0, where

v (r)

”U”eXpLP(Rd) ~ 0<r<1 W + ”v”LP(Rd) = ”U”expLP(Rd)

The first inequality can be established as in [120, Theorem 3.4] and function x (#) =
(1 4+ Int)/In(1 4 ¢) has a maximum value for + > 1, while the second inequality
can be shown by the method employed in [94, Lemma 5.2].

Therefore, due to the triangle inequality for v**, thatis, (f + g)** < f** + g**,
we have

(@) (r) — () o)™ (r) _ - Ay o (D) (r)
(In(e/r)'/» ~ (n(e/rpl/r

’

which implies from the nonnegative property of v* (v*(r) > 0 for any r > 0) that
(@) — (o)) (o (P — )™ (1)
lim < sup
r—0 (In(e/r)'/P 0<r<1t  (In(e/r)'/p
S ||%V0(l)¢ Gllexp Lr (RY)-

According to Lemmas 2.1 and 2.3, we get .« yo(t)qb e L®(R?) for all t > ¢ with

any ¢ > 0. This means that (%Jfo(t)ab)**(r) € L°°(0, oo) for all + > &. Hence we
have

() o ()™ (r)
m -—- =
r—0 (In(e/r))l/r

Let

p — 1 — pln(wg|x|?)
p—1"

d(x) =1 p(l —In(wg|x|9)) 7

0, otherwise,

0< x| <1,
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where wy is the measure of the unit ball in R?. For Y(t) = e'” — 1 with p > 1,it
follows that

/W(kﬁ(x)l)d)c:/ V(9™ ()dr.
R4 0

Furthermore, it is easy to check that (¢)**(r) = (In(e/rN'P for 0 < r < wy.
Consequently, we get

| i @)

7 V< y _
~ r>0 (In(e/r)t/r ~ ”%,O(t)d) ¢||expLP(Rd),

which establishes (2.3). The proof is completed.

In view of Remark 2.1, we consider the Cauchy problem (2.1) in the following
weak sense.

Definition 2.1 A function u € C((0, 00); exp LP(RY)) is a weak mild solution of
(2.1) if it satisfies the integral equation (2.2) in exp L? (RY) for almost all ¢ > 0 and
the initial data:

lim u(r) = ug, in expL? (RY).
t—0
Observe that u () — ug as t — 0 in weak* topology if and only if
lim/ (u(t, )¢ (x) — uo(x)¢(x))d =0,
t—0 Jpd

for every ¢ € L'(In L)!/? (R?), the pre-dual space of exp L” (RY).

2.1.3 Global Existence

In this subsection, we show the global existence of solutions to the Cauchy problem
(2.1). In order to achieve this aim, we assume that the exponential growth function
f associated with f(u) ~ |u|° near zero is given by

fO) =0, |f)— f@)IS |u—vl(ul° T 4 po=letvE)

for some constants ¢, A > 0 and 0 > 1. A typical example satisfying previous

4 u?

nonlinearity is proposed f(u) = u(e — 1) considering in [27].

Theorem 2.1 Let1 <d <2yp,p> 1,y € (0,1), ando > 1+ 2yp/d. If there
exists a x > 0 such that, for all uy € exp LP(RY) with luollexp Lrrdy = X, then
there exists a unique weak mild solution u of the Cauchy problem (2.1) satisfying
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: 14 —
th—l;% ||M(t) - %a’o(t)uo ”exp LP(]Rd) - 0
Moreover, for some r > 2yp*/d + p, the decay estimate holds

_%d<1_1)
lullpr@ey St 7\ 7 ol exp £r (rd)-

Proof Letp = %(% — %). For any ¢ > 0, define a complete metric space X, by

X¢ :={u € C((0, 00); exp LP(RY)) :

Sug o Nu@)l pr ey + 14l oo 0,00:exp L2 (RE)) = €}
t>

endowed with the distance d (u, v) = sup,.o °[lu(t) — v(O) |l .- ga)-
In the sequel, we set an operator Q by

t
Q1) = ()¢ + fo (t = )% ) (t = 5) [ (u(s))ds.

We solve the current problem with the exponential growth term by a contraction
mapping argument by splitting the proof into four steps.
Step 1. Q is a contraction on X,. For any u, v € X, Lemma 2.3 (i) implies that

t o
10 (1) — QWD) @ty S /0 (1= 9B f@) = )l ggayds,

where d (1/l —1/r) < 2y. From the assumption of f, it follows by Taylor
expansion that

t
_]—ad
/ (t = )" f ) — £ payds
0
S Akt a—1—2d 14¢k 14k
SZF/O (=) 72 Ju = ol (" 4 I | i gay s
k=0

By Holder’s inequality and Minkowski’s inequality, for 1/ = 1/r + 1/p, we have

— 4k — 4k
et — ol (ul” =5 4 ol ] s oy

—14+ck —14+ck
Sl = vll ey Q] 4+ 0l ) Ly oy

o—l+ck o—1+ck
S”M - U”L’(Rd) (||u||Lp(a—1+§k)(Rd) + ||U||Lp(o—1+gk)(Rd)> .
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For some 0 < ¢ < (U_Jl/);:_p) A ZEZ Ty let

(1 —®)yp*rc 9 yprc 1 2
= —— = ) — =5 —C.
?(r — p —yp*o) (c—1+ck)(r—p) yp d
Then;“>p,0<z9<1foreachkeNoanda— —o(0c—1+ck)d =0.

Hence Holder’s interpolation inequality implies that
lull po 140 (Ray < ”u”Lr Rd)”””L;(Rd),

where

1 v 1-=0
plo—1+ck) r

+—
¢
Additionally, for any y € exp L”(R¢), Lemma 2.2 shows that

—l4sk)(1-v @ lehd=?) (6 —1+gk)(1—D)
Il T S @) Iy

By virtue of I'(x 4+ 1) < Cx**1/2 for all x > 1 and for some constant C > 0, from
Stirling’s formula and the inequality (o — 1 + ¢k)(1 — @) < ¢, it follows that

(o—1+ck)(1-1)

re/p+1 ¢ < 'rke+1.

Moreover, note the fact

! I'(a)I"(b
/ (t — ) st lds = %t“b*], fora,b >0, t >0,
0 a

combined withd < 2py,0 <« < 1,and o + 0(c — 1 4+ ¢k)¥ < 1, and we obtain

Q) (1) — Q)OI (ra)

0 ! ad
S [ = ol
0
k=0

(0—1+gk)v (o—1+gk)(1-9) (o0 —14ck)¥ (o—1+sk)(1-9)
x (|| gy Ml oy T 10N rgay IVl o ady )ds

t ad
< Ck—lxkga—1+gk/. (t — 5)% =55 gm0 =14k 4 4y )
0

ok

~
Il
=)

Ck_l)»ké‘a_l-i_gkt_gd(u, U),

A
hE

~
Il
S
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which means that there exists a constant C; > 0 for any u € X, such that

d(Q), Q) < C1 Y C* ke rekaqu, v).

k=0

For some small enough ¢ > 0 satisfying

o
Cl ch_l)»keg_1+§k < 1/4,
k=0

we deduce that Q is a contraction on X,.

Step 2. O maps X, into itself. The continuity of Q follows from that of the
operator ;zf/;ly 8 (¢) and the strongly continuous behavior of semigroup 7}, (¢) for all
t > 0. Since g(x) = In(x + 1) — x/2 = 0 has two Zeros, it follows by letting

a € (2,4) with a/2 = In(a + 1) that (ln((t —s) 27 + 1)) P < 2P(t — s)ZVP

2y 2y
forO0 <s <t—a" ad,and(ln((t—s) 2V—}—l)) P<1fort—a ad <s <t
Therefore, by Lemma 2.3 (iii), for some 1 < d < 2py, we have

t
/O(t ) keﬂ](t s) f (u)ds

exp LP (RY)

! 1 od _ad _1
5/ t—9)* T (nt —s)" ¥ +1)7 7 ILf @)l Lprayds
0
_2r
t

—a od t o ad
5/(; (t — )%} I f QN Lo wayds +/ gy (E— $)% 1=2py If Q)N Lo wayds
'

—a ad

'
5/(; (r— s)a_l||f(u(s))||Lp(Rd)dS + Sug ||f(”(s))||Lp(Rd) =141

By Taylor expansion, we have

X 1k

A
uw§§wwm.

E 2yp°
orr > =—+pando >1+2yp/d, let

_ 2y pr o — 2yp?r(l —0)
S dr—p)sk+0o) 6 —p)—2yp?)’

Clearly, for each k € Ny, we have 6 € (0, 1] and o = (¢k + 0)6p. Next, by virtue
of Holder’s interpolation inequality, we get

ol gstrorn oy S 1619, e N
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where

1 6, 1-9

—_— =+
(ck+o)p r w

Similar to the proof to Step 1, it follows by Lemma 2.1 that

k+
/ (t— )a 1||M(S)”i(gk:(r)p(Rd)

(ck+0)(1=0) — k+0)0 k+0)(1-6
SC@/p+1) " 7 /O (1 = )" a1 v, ds

<SI(k + Dgskto,

foru € X, and F(w/p—i—l) < CKI(k+1) since (ck+0)(1 —6) < w. Therefore,
by Nl gy = 1ull§ %0 gy We Obtain

-1 k+ k ck+
1<y :H/o (¢ = M1 N ayds < 307 S D0 wbeskee,
k=0 k=0 k=0
2.4)

Let us prove the second term. In fact, by the assumption of f, Holder’s inequality
with 1/p = 1/(a1p) + 1/(az p) for some constants a; > 1V 1/¢, a; > 1, we have

S
1 Gl o ey SN = T parn ey 11 oarp gty + 11 p - (2.5)

Forajp > 1, I'(x + 1) < Cx**1/2 we obtain by the Stirling formula that

Xk X 1k

A
S
||€)L|u‘ — 1||L“1P(Rd) =< Z ”u”ggka]p(Rd) = Z F(gkal + 1)0”7 ”u”exle’ (R9)
k=1 k=1
oo
52Ak85k.
k=0

In addition, we have

o

SuP L GO Lr ey S Zkke;k”u”expLP(Rd) Hlullep Loy S Z)”kgngr“ + .
k=0 =

(2.6)

By Lemma 2.3 (ii), we find that

”"Q{V()(t)u()”expLP(Rd) ~ ”MO”expLP(Rd) (27)
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Then it follows from (2.4), (2.6), and (2.7) that
o0
1Q@) ) llexp oy S Y M6 + 67 + 0/l exp Lo - (2.8)
k=0

Furthermore, by using Lemma 2.3 (i) and Lemma 2.1 and letting f(v) = 0 for
v =0asin Step 1, we get

t
Q@) ty < ool Lr gy + H / (t =)%Y [t — ) f(w)ds
0 L' (R%)

o0
St_g ||MO||exp LP(RY) +17¢ Z Akgshto
k=0
2.9)

Consequently, by virtue of (2.8) and (2.9), there exists a constant C > 0 such that

o
10w, < C(||uo||eXpr(Rd> £ abesto 4 8(,),
k=0

If we take ¢ = 4Cyx for x to be small enough such that Ce® < &/4 and
C Z;?io Aesk < 1, then Q is a contraction from X, into itself. Thus, by the
contraction mapping principle, there exists a unique solution to the Cauchy problem
2.1).

Step 3. Next we prove the continuity of solution at zero. According to Lemma 2.3
(iv), we have

t

1 ad
lu(t) = o7 o (Duollexp 1.r (re) 5/ (t =) 727 | f W)l Lprayds
0

t
+ /o I @)l Lo ra)ds.

For the estimate of || f(u)|l»ra) given by (2.5) and for any u € X, with small
e > 0, we have

llu(t) — Ma}jo(l‘)u()”expLP(Rd)

t t
P -7
5/ (t—s5)*" " IIM(S)Ilexpr(Rd)ds—l—/ () llexp Lo (reydS
0 0

d

all—55-
St ( 2Vp>||u”L°C(O,oo; exp LP®Rd)) T Ll oo 0,00, exp L7 (RYY)

—-0, ast— 0.
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Step 4. Finally we check the weak* convergence at + = 0. Let X =
L'(InL)"/?(R?) be the pre-dual space of exp L”(R?) (i.e., X* = exp L?(R%)).
Since X is a Banach space and C° (R9) is dense in X, it follows by the properties
of ., (-) that

(da’fo(t)uo —up, ¢)x*,x = /Rd (v%}jo(t)”()(x) — uo(x))¢ (x)dx

- / / My (0) (exp((—A) 1Yo (x) — uo(x)
R4 Jo

6 (x)dOdx

- /0 " 4,) /R P4 #0)uox) — o)
6 (x)dxdd

- /0 " t0) /R (=80 (x) — $()
1o (x)dxdo

= /R (0800 = 6 (0) uo)dx,

which, by Holder’s inequality for the Orlicz space, implies that
[y (D0 — 0, $)x- x1 S Nutoll e 177 (06 — Blx.

By virtue of the density of Cgo(Rd) in X, we have ||Jz{ay0(t)¢ —¢llx > Oast — O.
Consequently, the conclusions are achieved, and the proof is completed.

Remark 2.2 Notice that the solution of the problem (2.1) is in exp L*(R) fory €
(1/4, 1/2], while the global solution may not exist for y € (0,1/4]. If y — 11in
(2.1), then one can establish the global existence result for y € (0, 1) by the same
method by replacing the operator (—A)? with the Laplace operator.

Remark 2.3 Consider the embedding H*¢ (RY) — exp LY (R%) together with
Trudinger’s inequality (see, e.g., [65]), where exp LY (R¥) is an Orlicz space defined
by the convex function

k—1

U(t) = exp(tq/(q_l)) _ Z tjq/(q—l)/j!’
J=0

k is the smallest integer satisfying k > g — 1, and H*9(R%) is the Sobolev spaces
forany s € Rand 1 < g < oo defined by

HYMRY) =y e S/ (RY) : (1 - 2)*y e LYRY).
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Then the solution of the Cauchy problem (2.1) can be considered for initial data
ug € H*4(R?). In particular, the growth of the nonlinearity at infinity is of the form

F) ~ e for ug € HY94(RY).

2.1.4 Local Existence

In this subsection, we set X = L'(R?) N L®(R?) for each d > 1 and obtain the
local solutions to the Cauchy problem (2.1) for a small initial data ugp € X. We are
concerned with the local existence and uniqueness of mild solution of the problem
(2.1). First, we give the definition of a mild solution to (2.1). Since C° (R?) is dense
in LL(RY), by Lemma 2.2, it is clear that X < exp Lg (Rd) for all p > 1, where
exp Lg (Rd) is the closure of Cgo (R9) in exp L? (R4 ) with respect to the same norm,
for example, see [95]. So, it is natural to consider the local solution in X without the
Orlicz space.

Definition 2.2 Let ug € X and T > 0. We say that u € C([0, T]; X) is a mild
solution to (2.1) if (2.2) holds.

Theorem 2.2 Let ug € X and o > 3/2. Then the problem (2.1) has a unique mild
solution on [0, T,] for some T, > 0.

Proof For given T > 0 and R > 0, we define a ball in Banach space C ([0, T']; X)
by

Br ={ueC(0,T]; X): lluls =R},

where the norm |Jull«+ = llullz=(,7;x). Considering the operator Q be defined
in Theorem 2.1, we shall show the existence of local solution by the fixed point
theorem. We first verify that Q(Bgr) C Bg.

In fact, for o > 3/2, let 0 = 1/(ck + o) for each k € Ny. Clearly, 6 € (0, 1).
The Holder interpolation inequality implies that

0 1-6
||u||L§k+U(Rd) 5 ”u”Ll(Rd) ||M ”Loc(Rd)'

For any u € Bg, we obtain

t t
a—1 ck+o a—1 (sk+0)0
/0 (1 = 51 NI s /0 (t = 5" (o) |5

lu) gy ds S TR,

which yields by Lemma 2.3 (i) that
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! 1
||Q(u)(t)||Ll(Rd) ,S”MOHLI(RGI) +/ (t—s5)"" ||f(u)(s)||L1(Rd)ds
0

o t
“1yp, sk
Sluollx + /(t—S)a a1 1 ey ds
0
k=0

k
Sluollx + Z g / (1 =9 ) I g ds.
Therefore, for any u € Bg, we have
1@ DIt @ay S luollx + Z —T“R§k+° S TR
In addition, for any p € (d/(2y) V 1, 00), we have
! a—1-24
Q@) @)l oo ray Slttoll oo ey +/ (t—s) 2\ f ) ()N pp rayds
0

o t
a—1-2d k
§||uo||x+2/ (t =) 2 ||| H . aydis
— Y0

o0 4k t
A a—1—2d k+o
Shol + 3 % f (t =) I ) 155 g -
- JO
k=0

Moreover, letting r € (1, op), we have that & = r/((¢k + o) p) € (0, 1) for each
k € Np. Hence the Holder interpolation inequality yields

11—

< ||M|| Rd)||u||Loo(Rd)’

||”||L<§k+a)p(Rd) ~ ||”||Lr Rd)||u||Loo(Rd)
forw = 1/r € (0, 1). This shows that

19 @) ()l oo (ray

1- kto)my k+o)(1—w o
<||M0||X+Zk‘ / (r— 0‘ 2yp ”M(S)”(g o)w llu (s)Higoo(ﬂgd))( @ )d

<||uo||x+Z T"‘ 55 gekto
k= 0

_ad
Sluollx + T4 27 R R
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Therefore, there exists a constant C > 0 such that
1QW))llx <Cllullx +CT*~ 55 RO 4 CTR M
Consequently, letting R = 2C |lug||x and choosing T small enough, we get
C(T"‘ n T“‘%)R"—lem <12. (2.10)

Thus we deduce that ||Q(u)||x < R, and hence Q(u) € Bg for any u € Bpg.

Next we verify that Q is a contraction map. Let © = 1/(2(¢ck + o — 1)) for
o > 3/2, k € Ny, and observe that © € (0, 1). Then, by Holder’s interpolation
inequality, we have

o1 _Auls R = e
ael” = M 2y = 3 T el ey
k=0
o
Z | ||M(§k+0 1)” ” —w)(sk+o—1)
L1(R4) L“(Rd)
=0
SRJ—leARg’

for any u € Bpg. Letting u, v € By, it follows by Lemma 2.3 (i) and the Holder
inequality that

1f @)(s) = fFOO L1 @ay Sl — |l e 4 )71 1 gy

—1 _Xuls —1 _Xxv|s
Sl — vll 2y Ml e+ 01T o gy

1/2

< po—1_RS 1/2
NR e ” ” LOO(R‘I)

L1 Rd)

SROTLMRE |y — | x.

llu — vl

Consequently, we get

t
Q@) (1) — Q)@ 11 (ray S/O (t — ) fu)s) — FYS) 1 rayds
<TYRO R lu — vl|x.

On the other hand, for any fixed p € (d/(2y) Vv 1, 00), we have by the earlier
argument that

ILf @) (s) = f ) Lrray

—1 _Aluls —1 _Av|¢
Sl = vl (ul” e 4 w7 e Y gay
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Sl = vll 2 ey Nl 7~ M 01771 2

<Y o2 ol (NS gy + 1OIESE e
Nkzo ! L1 (Rd) L% (RY) L2sk+a—Dp (Rd) L2sk+a—Dp (Rd)
skZO Tyl = vl R

—1 _ARS
SRG e ”M - U”X,

which implies that

! e ed
Q) (@) — QW) (®) | oo (rey 5/0 (t—9)" =2 I f@)(s) = fS I Lpwrayds
ST 57 RO MR Ju — v x.
Thus, there exists a C > 0 (may be the same C given in (2.10)) such that

10 (1) — Q)(1)|lx <CT* 55 R71ARE i — vy,

Let T be small enough such that (2.10) holds; then Q is a contraction on Bg. Since
(—A)Y generates a strongly continuous semigroup T, (¢) on L'(RY), it is easy to
check the continuity of Q. Hence, according to the Banach fixed point theorem, the
problem (2.1) admits a local mild solution # € Bg. The proof is completed.

2.2 Distributed Order Diffusion Problems

2.2.1 Introduction

One of the most important among anomalous diffusion processes is ultraslow
diffusion where the mean squared variance grows only logarithmically with time,
and then the corresponding mathematical and physical models lead to fractional
diffusion equations with distributed order fractional derivative. These models have
been the focus of many studies for their significant applications such as polymer
physics and kinetics of particles moving in the quenched random force fields, see
[160].

In this section, we consider the following semilinear distributed order fractional
diffusion problems:

D™y — Au=fw), t>0, xeR",
@2.11)
u(0, x) = ¢(x), x e RV,
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where A is the Laplacain operator, and Dl“ lu denotes the distributed order fractional
derivative of u in time ¢ (with respect to «) defined by

1
D,[“]u(t,x) :/ w(@)dfude,
0

where 97, 0 < a < 1, is the Caputo derivative of order « in ¢, defined by

1 ! 0
u(t,x) = ﬂ/(; (t —s)_“au(s,x)ds, t>0, xRN,

r

provided the right-hand side of the equality is pointwise defined, and w is a weighted
function satisfying

nwel'©,1), w>0 u#o0. (2.12)

From [124], we can know that there exists nonnegative g € L }DC[O, 00) such that the

fractional integration operator I'*, defined by the formula 71"y = g « u, satisfies

(DMWY () = u(r), foru € L0, T),

AW DMy () = u(t) — u(0), foru € ACO, T1.

Furthermore, g satisfies g(r) < ¢ max{t?~!, +=7} for some positive constants ¢ and
y € (0, 3).

It is generally known that Eq. (2.11) would resolve itself into time fractional
diffusion equations when (o) = §(o — &p), where §(-) is the Dirac delta function
and g € (0, 1). It has attracted a growing interest due to its widespread applications
in anomalous diffusion processes, the authors in [116] considered the problem with
the Caputo derivative on R¥ in L4-framework, and then the uniqueness, existence,
and L9(LP)-estimates of solutions were obtained. In addition, we can also refer
to [30, 128, 135, 230] for the well-posedness, [139] for the asymptotic behavior,
[51, 140, 237, 245] for the blow-up, and the references therein.

Compared with the extensive studies on the well-posedness for time fractional
diffusion equations, the basic theoretical works for the distributed order case are
far from sufficient. In [121], the author constructed fundamental solutions to the
problem with distributed order Caputo derivative and established their positivity and
subordination property. Later, the Fourier variable separation method was typically
used to derive the representation of solutions to the problem, and then the existence,
uniqueness, and regularity of solutions under the different assumptions on the
weight function p were derived in [132, 134]. Recently, Kubica and Ryszewska
[124] used the Galerkin approximation method to study the parabolic-type problem
with distributed order Caputo derivative, and the well-posedness of the solutions
was obtained. For other results for the problem, we refer to [142] for the maximum



2.2 Distributed Order Diffusion Problems 39

principle, [123, 129] for the asymptotic behavior, [201] for the inverse source
problems and the references therein.
On the other hand, since Dt[“ 14 can be represented as %(k * [u — ug]), where

k() = 01 ’1:?1‘—‘_(3))(10:, we know from the result [124, Proposition 6] that (k, g) is of
type ZE (see [110, 214, 215]). Thus the problem (2.11) is also a typical case of
nonlocal in time problems. A very important result concerning the decay of solutions
among them was found in [110]. The authors considered the equation

%(k * [u —upgu — Au =0, (2.13)

with the initial condition #(0) = ug, and the kernel k is a given function of type
P%€. The main results, given Theorem 5.1 and Corollary 5.1, claim that the L"
estimates of solutions to (2.13) are obtained by using Fourier multiplier methods
and an estimation of relaxation functions and the decay behavior of solutions occurs
a critical dimension phenomenon. In this section, we explore this problem for the
distributed order fractional derivative in the semilinear case. Thus we are able to
apply the results from [110] when f = 0. However, unlike the methods mentioned
above, we develop our results based on the resolvents operator approach introduced
in [84, 105, 182], and we give more straightforward argument than the one presented
in [110] which shows that there are few restrictions to the dimension for deriving the
resolvent operators. For other results for nonlocal in time problems, we also refer to
[111, 214, 215].

In the papers mentioned above, it was shown that the properties of solutions are
influenced by the assumption on . Under the assumption that p satisfies (2.12),
the polynomial decay was obtained in [110]. Further analysis was made in [123]
if we additionally assume that @ (o)/« is integrable on [0, 1]. It was proved that
they obtained the well-posedness and decay of solutions when f = 0 appeared
in (2.11). Therefore, a question naturally arises: what is a factor that affects the
existence and the decay of solutions for a distributed order fractional diffusion
problem with a nonlinear term. In this section, we will present it in detail when u
satisfies (2.12). The primary contribution of the presented work is that we establish
the LP-L9 estimates and the continuity of the solution operator for ¢+ > 0 using
the Gagliardo-Nirenberg inequality, which cannot be derived directly from the
corresponding properties of the heat operator. Moreover, we for the first time point
out the continuity of the solutions of the linear part at # = 0 in the sense of the space
LP(RY),

The remainder of the section is organized as follows. In the next subsection, we
introduce some notations and analytic properties of the Laplacian operator that will
be used throughout the section. In Sect. 2.2.3, we establish the boundedness and the
continuity of the operators derived from the initial value term and the nonlinear term.
Finally, the local well-posedness and global well-posedness of mild solutions of the
problem (2.11) are obtained, and then the decay of the solutions is also established
which is influenced by the property of the Laplacian operator in space L? (R ).
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2.2.2 Preliminaries

Let (X, | - |) be a Banach space and .Z(X) stand for the space of all linear bounded
operators from X to itself with the norm || - || #(x). We denote by C;, (1, X) the space
of bounded continuous operators from 7 to X, I C R, equipped with the norm
sup,¢7 | - |. If A is a closed linear operator, we will denote by D(AY) for y > 0 the
fractional power spaces associated with the operator A.

For @ € (0, %), we define X as

Yo ={€C: z#0, |argz| < @w}.

In order to prove some crucial uniform estimates for the operators generated by
the initial value term and the nonlinear term, respectively, we present the following
technical lemma.

Lemma 2.4 []1, Lemma 4.1.1] Given w € (0,7 /2), let I" be an arbitrary piece-
wise smooth simple curve in Xo 72 running from ooe @ HT/2) 15 oot (@H7/2)
and let X be a Banach space. Suppose that the map g : X172 X X X Rt - X
has the following properties:

(1) gC,x,t) : Xyynp — X is holomorphic for (x,t) € X x R*.
(i) g(z,+) € C(X xR, X) forz € Zgr )2
(iii) There are k € R and M > 0 such that
lg(z, x, 1) < Mz|*1e'R@ | (2,x,1) € Zppynp x X x RT.
Then
(x,0) = / g(z,x,dz € C(X x R*, X)
r

and

< M|t|™, (x,t) e X xRT.

‘f g(z,x,)dz
r

Let 1 < p < oo. We consider the operator A in L”(R") defined by A = —A
with the domain

D(A) = {u € LPRY): Au e LP([RM)}.

It follows from [31, Theorem 2.3.2] that —A generates a bounded analytic semi-
group of the spectral angle less than or equal to v /2. That is, for 6 € (0, 7 /2),

Iz + A) g < M/lzl, for z € Zyp. (2.14)
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For § > 0and 6 € (0, 7/2), we introduce the contour [ ¢ defined by
s ={re?@:r>8)UseV : |y| <0)U{rel :r > 6},
where the circular arc is oriented counterclockwise, and the two rays are oriented

with an increasing imaginary part. In the sequel, we introduce two linear operators
So(t) and S;(¢) as

1 1
So(t) = 5— Ho@)H@)dz,  $(t) = — ¢ H(z)dz,
27'” 1“51”76 27Tl 1‘8,”70
(2.15)

where

1
H(z) = zo(2) + A) 7, w(z)=/ 2 u(a)de.
0

2.2.3 Technical Tools

In this section, we denote X = L”(RY). Now we give some properties of w(z).
From [105, Lemma 2.3], we know that

zw(z) € Xy_g, forze X, _y.

Using the generalization of the mean value theorem of integrals, it is easy to show
that

@I < lullpiopll'™", forze C\R™, (2.16)

where v € (0, 1).

Lemma 2.5 Assume that w satisfies (2.12). Then there exists a positive constant c,
depending only on u and y such that

lzw(2)| = clz”, pe(y.1—y), forze X, 4.

Proof From the proof of Proposition 6 in [124], we know that

1%
|z (2)] = 60/ w(e)lz|*da, for z € X7y,
Y

where ¢p = max { cos(m), min{sin(y ), sin(%), “/TE}}
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Using the generalization of the mean value theorem of integrals again, it follows
that

1—y
[ n@iztda =l 20
Y

where p € (y, 1 — y). Then the conclusion holds.
Then we consider the relation between v and p.

Remark 2.4 From (2.16) and Lemma 2.5, we know that ¢|z|” < |zw(2)| < c1]z]¥
for z € X _g, where ¢; > ¢ > 0. This implies p = v. Indeed, if we assume p > v,
then ¢ < ||z|'Pw(z)| < cilz|"~P. For any r > 0, we set #(r) = r"~*. Thus
B(r) > & for r > 0, it is a contradiction. Similarly, the assumption p < v is also
impossible. Therefore p = v.

Next we state the uniform estimates of the operators Sy(¢) and S (t) on L? (RV).
Lemma 2.6 Assume that u satisfies (2.12). The operator So(t) defined by (2.15) is
well defined, So(-)x € C([0, 00); X) and So(t)x — x ast — O for any x € X.
Furthermore, there exists a constant M > 0 such that

Soll#x) <M, for t>0.
In addition, ASo(-)x € C(R™, X) for x € X, and there exists M* > 0 such that
IASo() |l 2x) < M*t™", for t > 0. 2.17)
Proof In view of (2.14), we obtain
lzo2) + A7z < M/lzw@)], 7€ Zqr_o, (2.18)
and we deduce from (2.15) that ||ez’co(z)H(z)||;g(X) < M|z|_1e’R"(Z) for any z €
X —p. Then by taking @ = % — 0 in Lemma 2.4, we conclude that [|So(?) ]| #x) <
M fort > 0 and So(-)x € C(R*, X). Consequently, the well-definition follows. To
prove the limit of So(#)x at ¢t = 0, one can find the same way as in [182, Corollary

2.2], and it follows that So(t)x — x ast — O for any x € X.
Let r > 0, and we choose § = r~!. By using the identity

Av(2)H (2) = 0(2)(I — z0(2)H (2))

and the inequality |w(z)| < ||/J,||L1(0’1)|Z|p_l for p = v, we can deduce from (2.18)
that

lAw@H@ll2x) < M+ Dliplponlzl”,
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for any z € X, _g. Thus, we can estimate ASy(?) as

1ASo) ]l 20 < f RO | A (2) H (2) 00 dz]
1—;*1.71—0

e¢]

<+ Dl (2 [t

7—6
n / 1 C0S()) dtﬂ)

—m 46
<M*t™ ",

where M* > 0 is a constant depending on M, 6, and |||/ 11(g 1)- Therefore (2.17)
holds.

Using Lemma 2.4 again, we see that ASy(-)x € C(R™, X) for x € X. The proof
is completed.

Remark 2.5 In fact, if we consider the Volterra equation

t
u(t) = () — / gt — s)Au(s)ds, (2.19)
0

using Theorem 2.1 in Priiss [182], we show that (2.19) admits an analytic resolvent
So(#). This also ensures the results of Lemma 2.6 excluding formula (2.17).

Lemma 2.7 Assume that u satisfies (2.12). Then the operator S1(t) defined by
(2.15) is well defined, S1(-)x € C(RT, X). Moreover; there exists a constant M1 > 0
such that

IS1 ) lzx) < Mit?~",  for t > 0.

In addition, AS1(-)x € C(R*, X) for x € X, and there exists Mf‘ > 0 such that

*

M
[AS1(Dll.2x) = tl . for 1>0. (2.20)

Proof As a similar approach in Lemma 2.6, we conclude that
le" H@) Lz x) < Mlzo (@) e ™@ < Meglz| P! e,

for any z € X5 _g. Using Lemma 2.4 again, we find that ||S1(#) || #x) < MytP—!
and S1()x € CRT, X).

Letr > 0andé = % > 0. In view of the identity AH(z) = [ — zw(z)H (2), it
follows from (2.18) that |AH (2)|l.¢x) < (M + 1) forany z € X;_g. Thus, we
can estimate the upper bound on AS;(¢) fort € R
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IASIOlz 00 < f RO AH )] 200 ldz]
r

%,n—&

o] -0
f(M + 1) 2/ e—rtCOS(@)dr + f eCOS(I[/)t—ldI//
% —7+60
<Mjt,
where M| > 0 is a constant depending on M and 6. Similarly, we have AS|(-)x €
C(R™, X) for x € X. The proof is completed.

The inequalities (2.17) and (2.20) enable us to obtain some estimates of So(#)x
and S7(¢)x in fractional power spaces.

Lemma 2.8 Let v € (0,1). Assume that wu satisfies (2.12). Then we have
A®S;(Hx € CRY,X) (i = 0,1) for x € X. Moreover there exists a constant
C1 > 0 such that

|A®So(t)x| < C1t7P?|x| and  |A®S1(t)x| < C1PU= 7 |x|,

fort > 0andx € X.

Proof Using the well-known inequality
|A®x| < Clx|'"®|Ax|®, for x € D(A) and w € (0, 1),
we can immediately deduce the results from Lemma 2.6 and Lemma 2.7.
For convenience, we set

B N (1 ! N>1,1<p<g<
==\—-——-), >1,1<p=<gqg=<o0.
=5\ ¢ P=q

Our next lemma describes the LP-L9 estimates and the continuity about the
operators So(¢) and Sy (7).

Lemma 2.9 The operators So(t) and S1(t) have the following properties:

(i) Assume that N > 1 and v € L”(RN) for1 < p < g < oo. Then we have
Si(yv e C(RT, L4RN)) (i =0, 1). Moreover there exists a constant C» > 0
such that

1S; ()01l Loy < Cot ™ PPratPi=ijv|| gy, 0 =0, 1,

fort > 0.

(ii) Assume that N > 1 andv € LP(RN) for 1 < g < 00, 1 < p < N. Then
we have Al/zSi(~)v e C(RT, LI@RYM)) (i = 0, 1). Moreover there exists a
constant Co > 0 such that
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1 Lo
IAY2S; (vl g @yy < Cat =P HPr) TPy vy, i =0, 1,

fort > 0.

Proof (i)Let N > 1and 1 < p < g < oo. It follows from the Gagliardo-Nirenberg
inequality that

150001l a gy < CIHASODVI e 150Nl iy for v e LPRY),

where 1/g = 6(1/p —2/N)+ (1 —0)/p for6 € [0, 1] and C > O is a constant.
This together with Lemma 2.6 shows the continuity of So(-)v in LY (R") for ¢ > 0.
Moreover, the following estimate holds:

IS0Vl aggny < Ct P[0l Loy

Taking the exponent of p, g into the above inequality, we immediately obtain the
LP-L1 estimate of operator Sp(?).

We similarly consider the operator Sy (¢). It is easy to show the continuity and
LP-L1 estimate on S| (¢) by the same arguments as above.

(ii) Using the fractional Gagliardo-Nirenberg inequality [78, Corollary 2.3.],
Lemmas 2.6 and 2.8 lead to the estimate

AVZSo)yvlt=0 L for v e LP(RY),

1A' 2S00 vl Loy < ClASo@VIY, Loy

(]RN) ”

where 1/¢g =60(1/p —1/N) + (1 —0)/p for6 € (0, 1) and C > 0 is a constant. It
yields the desired results. In addition, the results on the operator (=A)1/28, (1) can
be similarly derived, so we omit the proof.

Remark 2.6 It is noticed that when p satisfies the assumption (2.12), from [110,
Theorem 5.1] it just infers that

_N(1=1
150Vl < 11 % OT ) ol oy, fort >0 and v e LPE),

where 1 < r < %,1 < p,qg < oo,l—}—é = %—i—%.lfweproceedto

_N(1_1
calculate the term [(1 * g)(#)] ? (1 "), we need to estimate the lower bound of

g(t) for % (1 — }) > 0. However, it is difficult to estimate the lower bound of g(z).
Therefore, it may not be easy to obtain the polynomial decay as in Lemma 2.9(i).

Set
t
W) =/0 Sit — 5) f(s)ds:

we next give the continuity of the function Wy in different spaces.
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Lemma 2.10 If f € L?(0,T; X) for pp > 1, then Wy € C([0,T]; X) for 0 <
T <oo.If f € LP(0,T; X) with pp(1—w) > 1 forsome0 < w < 1, then AWy €
C(0,T]; X) for0 < T < oo.Furthermore, let 1 < p < oo, if q € [p, o] satisfies
Bpg < 1 and there is & € [0, 1) such that SUP;eo, T) té|f(t)| <oofor0<T < o0
then Wy € C((0, T1; LY@RM)). If§ < p(1 — Bpg), then Wy € C([0, T1; LY(RN)).

Proof For any t1, 1, € (0, T] with t; < tp, we break the integral into the following
two parts:

19}

141
Wet) — We(t) = / Si(ta — ) f(s)ds +/o (S1(t2 —5) — S1(t1 — 5)) f(s)ds.

n

Employing the condition of f and Lemma 2.7, we can obtain

[5)
/ S1(t2 — 5) f(s)ds
4]

1
<M / (= P f(9)lds
4]

-1

p—1 P o—1
<Myl fllLro,1;x) (tr—1)" »
pp —1

— 0, asnh —>n
and
[(S1(t2 = 5) = S1(t1 = ) f ()] <2M1 (11 = )P ()], s €©.n),
which is integrable in L'(0, 11; X). From S ) f() € CU0, T]; X) that is valid due
to Lemma 2.7, it easily follows from the Lebesgue dominated convergence theorem

that Wy € C((0, T1; X).
Fort; =0and 1, € (0, T], we get

15}
[We(t2) — Wet)| = ‘/0 S1(t2 — ) f(s)ds

1-1 1

p—l P p77

=Mil fllLro,7;x ( ) t, '
orxo( s 2

—0, asth — 0,

which implies the continuity of the operator Wy (¢) atz = 0. So Wy € C([0, T']; X).
Next, from Lemma 2.8, it follows that

t
/ S AY S1(ty — ) f(s)ds
1

5]
<, f 1y — P11 £ (s)lds
131
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and
|AY (S1(t2 = ) = S1(t1 — ) £ ()] < 2C1(0 = )P F ()], s €10, 1).
Because of AVSi(1)f() € C((0,T];X), we can conclude that AYW; ¢

C([0, T']; X) as the same way as we derived Wy € C([0, T']; X).
Finally, for #1, , € (0, T] with #; < t», we have from Lemma 2.9 that

15)
<Gy / (62 — )P0 Br0 =V £ () o vy s
1

15}
f Si(t2 — ) f (s)ds
3l

L4(RN)

1
<C, sup SS”f(s)”LP(RN)I;(I—ﬁpq)—f / (1 = s)PU=Pra)=1s=E g
s€[0,T] 1/t

which tends to zero as t, — t; by the properties of the incomplete Beta function.
Moreover, Lemma 2.9 also yields that for s € (0, #1),

1(S1(t2 — ) — Si(t1 — ) f ()l Lo mr)
<2Ca(t1 — )PP £ () o vy

<2C;(ty — )PV P08 sup SELF () Loy
s€[0,T]

which is integrable in L' (0, t1). Therefore, the similar arguments show that Wy e
C((0, T1; L4(RY)). Furthermore, if & < 1— B4, then it is obvious to obtain

”Wf(t)”Lq(]RN) < Ctp(l_ﬂpq)_§7

where C is a positive constant. It also implies the continuity of W¢(z) att = 0 in
L9(RN), and then Wy € C([0, T]; LY (RN)).

2.2.4 Well-Posedness and Decay of Solutions

In the subsection, the well-posedness and decay of local solutions and global
solutions will be considered. For this, we start with giving a concept of mild
solutions of the problem (2.11).

Let u be a solution of the problem (2.11). Applying the Laplace transform to
(2.11) leads to

i1(z) = 0()H(@) ¢ + H@) f W)(2).
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From the inverse Laplace transform, we deduce the following integral representa-
tion:

t
u(t) = So()g +/0 S1(t — ) f(u(s))ds, 2.21)

where the operators So(7) and Sy (¢) are defined as in (2.15).
Definition 2.3 Let p > 1.

(i) If there exists 0 < T < oo such that a continuous function u : [0, T] —
LP(RN) satisfies (2.21) for ¢ € [0, T, we say that u is a local mild solution to
the problem (2.11) in L? (RY).

(i) A continuous function u : [0, 00) — L?(RY) satisfying (2.21) for ¢ € [0, 00)
is called a global mild solution to the problem (2.11) in L?(R").

Next, the hypothesis of the semilinear term is introduced.

(Hf) We suppose that f(0) =0and f : L"(RY) — L’/(RN), for some r’ > r,

) 2N ifN>2 (re[200], if N=1)
r e ,N_2 , 1 = 4, r e , 001, 1 = .

Additionally, we suppose that there exist 0 > 0 and K > 0 such that
1 @) = f @ vy < K (1l Tr vy + 101T gy )l = vl ey

forall u, v e L™ (RVN).

We first consider the case T < oo. Let r be such that
2N
rel|2, —— if N>2,
N-2
r e [2,00] if N=1.

Y,[T] denotes the Banach space consisting of continuous functions v : (0, T] —
L™ (RV) satisfying

7Py € €10, T LT ®Y), - lim =P = 0,
11—
equipped with the norm

llly,iry = sup ' =PIl u(@)]| gy
t€[0,7T]

Notice that 8,7/, < 1 provided r € [2, %) for N >2orr €[2,00]for N =1.1If

r'<p<r,then By, < By, <1
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Theorem 2.3 Let N > land (1 — p(1 — B, )0+ 1) < L. Ifp € L’/(RN) and
(Hf) holds, then there exists T, > O such that the problem (2.11) has a unique local
mild solution u in Y, [T.]. Moreover,

7P € €10, Tl LP®Y)), for ' < p <. (2.22)

which values vanish at t = 0.

Proof Let R > 0 and set
B(R) ={u € Y;[T]: |lully,i1 < R}.

It is easy to see that B(R) is a closed ball of Y,.[T] with center 0 and radius R > O.
Define the operator @ in B(R) as

1
@ (u)(t) = So()e +/0 S1(t =) f(u(s))ds. (2.23)

By taking p = r’ and ¢ = r on Lemma 2.9, we obtain from (Hf) and the
inequality (1 — p(1 — B,7,))(c + 1) < 1 that

t
W £ (Dl @y <Co / (t = )PP () L vy ds
0

1
<C2K/ (t — 5)PU=Br)=1g=(=p(=B,,)(o+D)
0

—o(1— 1
x (sup s PP u(s) |y ) ds
s€[0,T]

SCZKBotﬂ(l7ﬂ,/,)*(lf,o(lfﬁ,/,))(a+1) llu ”(;’j[_Yl"]’

where By = B(p(1 — B,,), 1 — (1 — p(1 — B,,))(0 + 1)); here B(:, -) is the Beta
function. It implies that

' PP W gy ()| r vy SC2K Bot' =07 PU=Ar @D ROHL - for ¢ € (0, T].
(2.24)

Then we choose 77 > 0 small enough so that

2C2KBOTll—(l—p(l—ﬂ,-/r))(cr-i-l)

R% < 1. (2.25)
Now, observe that ¢ € L" ' (RM). From Lemma 2.9, we find that

PP | So (Dl r vy < C2’1_p||‘P||Lr’(RN)' (2.26)
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Hence, there exists 7> > 0 small enough such that

R
1So@®elly, (1) < 7 Vitell I (2.27)
Choose Ty = min{T}, T»}. From (2.25) and (2.27), we see that

12 @)y, i1 < ISo®ely, i1 + I1WrwyOlly,r,) < R, foru € B(R).

Next, we prove the continuity of the operator @ (#). Employing Lemmas 2.6
and 2.10 yields @) € C([0, T.]; L” (RY)) N C((0, T]; L™ (RM)). Thus, it
follows from the above arguments that ! =*(=F) & (1) € C, ([0, T, ]; L” RN)). In
addition, noting the inequalities (2.24) and (2.26), we obtain that lim,_, o tl=pU=Fp)
@ (u)(t) = 0. Therefore, the operator @ maps B(R) into itself.

Employing the assumption of f and Lemma 2.9, for any u, v € B(R), we further
obtain that

@ @)(t) — W) Lr @y

t
< [ 116 =9 @) = FRE L ds
t
<Gy fo (t = )PP f () = F OO gy yds

t
<K f (t = )P (w1 @y + IV, @) () = vl r vy ds
0
<2C,K BoR ||lu — v||Yr[T*]tP(l—ﬁr/,)—(l—p(l—/3,/,))(0+1)’
which yields the inequality

' PUBD | () (1) — @) (O @y

<2C,K ByR°® T*l—(l—p(l—ﬁ,./,))(a+1) lu = vlly,m)-

Set
¢ =2C,KByRT, ' PUTPr Nt
= ! .

Using the inequality (2.25), we can ensure ¢ € (0, 1) that is valid for the choice of
T, and arrive at the estimate

12 @w) — Py, 10 < ¢llu — vy, 7., (2.28)
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which implies that @ is a strict contraction on B(R). Thus, we arrive at the existence
and uniqueness of a fixed point u, € Y,[T], and therefore u, is the local mild
solution of the problem (2.11) in L" (RV).

Finally, it remains to verify tl=Pd=brp uy, € Cp(0, Ty]; LP(RN)) vanishing at
t = 0. Using the same arguments, which were employed for the contraction of @,
we obtain

'
lusc Ol @y <ISo@@ll e @y +/O [1S1(2 — ) f s () Lprryds

<Cot PPy el @y

+ C,K By tp(l7/3r/p)7(17p(1713r/r))((7+1) |2t ”(;IYI‘*]’
where By = B(p(1—8,5), 1= (1—p(1—=B,1,)) (0 +1)). Thus, the above inequality
leads to the estimate

1—p(1=B,s -
sup ' PUP D (6 oy <Co T “loll L )
0<t<T

1=(1=p(1—=B,1,)) (0 +1
+ Cok BT TPy e

Similar computations to that already done in Lemma 2.10 show the continuity of the
nonlinear part. By Lemma 2.6, we assert that So(t)¢ € C((0, T]; LP?(RN)) for ¢ €
L” (RV) and thus find that ' =?1=P"») So(1)¢ € C,([0, T1; LP(RY)). Moreover,
the above inequality leads to the relation

sup t!7PU=Brp

O0<t<T,

sl o @yy = 0, as T — 0,

which implies that lim,_, ¢ t1=PU=Fby,y u(t) = 0in LP(RN) for '’ < p < r. The
proof is completed.

Corollary 2.1 Under the conditions of Theorem 2.3, we suppose that

1< N <

(2.29)

—
Then the solution u, of the problem (2.11) satisfies
(PEE) (—2) P, € G0, T LPRYY), for r < p <,

which values vanish at t = Q.

Proof Observe that (2.29), and we have 8,1, < B, < % for ' < p < r. Using
Lemma 2.9 and the condition of f, we arrive at the inequality
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t
I(=24)!7? / S1(t = 5) f (x()ds | Lo @)
0
t . y—1
<C» / (t = )P 2P £ @) vy ds
0
t
5C2K/ (t — 5)P A=) =1 =(=p(=py (o +D)
0
x ( sup slfp(]fﬁf")||u*(s)||Lr(RN))d+]ds

s€[0,Tx]

lf ! - - - !
fCZKBZHM*”(;j[_}*]tp(Z Berp)—(1—p(1 ﬂrr))(fﬂrl)’

where By = B(p(% — B 1= (= p(1 = Br))(o + 1)); it follows that

o (1=p)(3—By))
=P 5rﬂ)||(—A)1/2€D(u*)(f)||LP(RN) =T 2 el vy

n CzKBzT*lf(lfp(lfﬁ,/,))(aJrl)RaJrl
and thus ensures

sup ' PP u (Ol p@yy — 0, as Ty — 0.
0<t<Ty

The continuity of the nonlinear operator evaluated in (—A)'/?u, follows by the

same arguments as above. Also, by Lemma 2.8, we obtain the continuity of the
linear part. The proof is completed.

Next, we consider the case T = oo. For1 <r' < p <r < 00, Zp, denotes the
Banach space consisting of continuous functions v : [0, 0o) — L?(R") satisfying

tPPrry € Cp([0, 00); L (RM)), lim tPPrry () = 0,
t—
equipped with the norm

Ivllz,, = sup [Vl Lo yy + sup 227 [0 (@) 1 gy
t>0 >0

Theorem 2.4 Let1 < N < rzfrz and B, + Bpr (0 +1) = 1. Assume ¢ € L?(@RM).
If (Hf) holds and there exists . > 0 such that ||¢|lp»@®n) < A, then the problem
(2.11) admits a unique global mild solution u € Cp([0, 00); L (RN)). Moreover,
tPPrry € Cp([0, 00); L™ (RN)) vanishing at t = 0.
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Proof Let ¢ > 0. We define the operator @ as in (2.23) in £2, a closed ball of Z,,
with center 0 and radius 2¢. In fact, we only need to employ a contraction mapping
technique, and thus the desired result follows.

Employing Lemma 2.9, we find that the estimates

So@ellLr@wyy < Ca2ll@llLr@nyy and fpﬂpr”SO(f)(PHLr(RN) = Gllellir @y

hold true.

Now we verify that 187 ||So (1) Il r@yy — Oast — Oforg € L (RM). Indeed,
since C3°(RY) is dense in LP (R"), there is a sequence ¢, € C°(RY) C L"(RV)
such that ¢, — ¢ in L”(R"). Applying Lemma 2.9 gives

PP | So) @l Lr @y <Cat™Prr [1S0(0) (@ — @)l Lr vy + 1P S0 (D pnll L e,

<C2ll9 — @nllLr@ny + P lonll 1 vy

— 0, astr— 0.

Let us define A := &/(2C>) and notice that ¢ € LP(RY) with l@llLr@ryy < A5 thus
we deduce So(t)p € Z),.

On the other hand, the assumption B,,, + Bpr (0 + 1) = 1 implies that 8,7, < 1
and Bpr(0 +1) < 1.Forany u € §2; and t > 0, using Lemma 2.9, we arrive at the
estimate

IW s @) ”LI’(RN)

t
<C2K / (t — s)p(l_ﬂ"ﬁ)_ls_pﬂf’*(gH)(sup sPPor ||M(S)||Lr(RN))U+1dS
0

s>0

<C2KB(p(1 = Byrp)s 1 = pBpr (o + D)l
This leads to the inequality

IW s (D)l Loy SC2K B(p(1 = Brrp), 1 = pBpr(o + 1))(26) .

Again, the assumption | < N < rZT’Z ensures B/, < 1. The arguments similar to

ones used for the estimation of [|W ¢ ) (?) |l .» wny lead to the relation

IW gy (Ol Lr vy

t
<C:K / (1t = )PP =P D (sup s u(s) | vy T ds
0

s>0

<C2KB(p(1 — Byp), 1 — pBpr(o + D) sup s {|u(s)ll Lr ) e Prr,

O<s<t
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which shows that

sup 1787 || Wy (D - ey <C2K B(o(1 = Byry), 1 = pBpr (o + 1) (26)7F!
>0

and lim,_, o 1°Prr P () (@)l - myy = 0. Because of B(o(1—B,p), 1=Bpr(c+1)) <

B(p(1—Byr), 1= Bpr(o+1)) =: B3, and choosing & < (m)l/ﬂ’ we derive
that [| @ (u)llz,, < 2e foru € £2,.

For the continuity of @ (u). Using Lemma 2.6 and Lemma 2.10 again, we have
@ u) € C([0,00); LP(RN)) N C((0, 00); L" (RN)). The similar arguments easily
ensure that t*r ® (1) € Cp([0, 00); L" (RV)). Thus we proceed as in the proof of
Theorem 2.3 to derive that @ is a strict contraction on £2,. Therefore, the desired
results follow.

If we remove the condition that the initial value is small, then the existence of
local mild solutions is immediately obtained. So we omit the proof.

Corollary 2.2 Let 1 < N < rzTr2 and Brp + Bpr(o + 1) =< 1. Assume
@ € LPRN). If (Hf) holds, then there exists T* > 0 such that the problem
(2.11) admits a unique local mild solution u € Cp([0, T*]; LP(RN)). Moreover,

tPPrru e Cp ([0, T*]; L™ (RN)), vanishing at t = 0.

2.3 Space-Time Fractional Diffusion Equations

2.3.1 Introduction

Let 2 C RY be a bounded domain with a Lipschitz continuous boundary 9£2.
D,[“ 14 denotes the distributed order fractional derivative of u in time ¢ (with respect
to ). In the current section, we consider the exterior initial value problem of
distributed order fractional diffusion equations

DMy (—AYu=0 in(0,T)x £,
U=gXO0T)xO in (0, 7) x RV \ ), (2.30)
u(oa ) =Uug in SZ,

where s € (0, 1) and (—A)* is the fractional Laplacain operator. In (2.30), u =
u(t, x) is the state to be controlled and g = g(t, x) is the control function which is
localized in a non-empty open subset & of RV \ £2.

This section discusses an analysis of approximate controllability from the
exterior of distributed order fractional diffusion problem with the fractional Laplace
operator subject to the nonzero exterior condition. In Sect. 2.3.2, we introduce some
concepts of fractional calculus and properties of the fractional Laplacian operator
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that will be used throughout the section. In Sect.2.3.3, two special functions are
introduced, and their properties are discussed when p € L! (0, 1; R4); then the
properties of the corresponding operators are presented in detail. In Sect.2.3.4,
the existence, uniqueness, and regularity of solutions of the problem (2.30) and its
associated adjoint system are obtained. Finally, we derive the unique continuation
property of the adjoint system and approximate controllability of the problem (2.30).

2.3.2 Preliminaries

Let X denote a complex Banach space. Let J be a subinterval of R and L'(J, X)
denote the Banach space of integral functions f : J — X with the norm || f{ 11 x)-
Especially, ||f||L1(J,R) = ||f||L1(j)~

We state the following characterization of functions that are holomorphic in a
sector. Here b denotes the Laplace transform of a function b.

Lemma 2.11 ([182]) Leta : (0, +00) — X and 6y € (0, 7w /2]. Then the following
are equivalent:

(1) There is a function b(z) holomorphic for | arg(z)| < 6y and bounded on each
sector | arg(z)| < 6 < 6y such that a(s) = b(s) for each s > 0.

(ii) a(s) admits a holomorphic extension to the sector | arg(s)| < 5 +6o, and sa(s)
is bounded on each sector | arg(s)| < % +0. 6 <6

The following result shows that the inverse Laplace transform can be easily
computed by means of the integral of a real-valued function, which was obtained
in [20, 124].

Lemma 2.12 Let F be an analytic function in C\(—o00, 0], satisfying the following
assumptions:

(i) The limit F£(@) := limy_, - F(teT'®) exists fora.a. t > 0 and F+ = F—.
(i) |F(z)] = o(1) for |z] — oo, |[F(2)| = 0(%) for |z| — O uniformly on
larg(z)] < —n,m >n>0.
(iii) There exist gy € (0, %) and a function a = a(r) such that ¢ € (m — g9, ) the

estimate |F(reii‘/’)| < a(r) holds, where % e LY(R).

Then for z € C such that Re(z) > 0, we have

o0

F(z) = /OO e " f(x)dx, where f(x)= %/ e " Im(F~(r))dr.
0 0

Next, let T € (0,00), and we define the left and right Riemann-Liouville
integrals of v € L'(0, T; RM):

t T
oD %v(t) = / ko (t — T)v(T)drT, tD;"‘v(t) = / ko(t — Hv(r)dr, t > 0,
0 t
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where kq (1) = % Furthermore, ng‘v and “D%v stand for the left Caputo and
right Riemann-Liouville fractional derivative operators of order « forv € ACIO, T,
respectively; they are defined by

t
ng‘v(t):/o ki—a(t — T)Drv(v)dT, t >0,

T
Ip2u(r) = —D,(/ ki_o(z — t)v(r)dt), t>0.
t

The following integration by parts formula is taken from [4]. Let 0 < o < 1.
Then

t=
t=0

T T T
/ w(SDv(t)dr = / v DLu(r)dt + [v(r),Dgi—lu(z)]( ,
0 0

provided that the left- and right-hand side expressions make sense. Furthermore, we
have

T T t=T
/ u()D"Mv(t)dt = / DY u@dr + v Pu]| ~ @31
0 0 t=

where ,LD[T“ = —% 1 }“ 14 and the distributed order right integral operator ,I;M T
is defined by

1
tI;“]u :/0 /L(a),D%_luda;

here u is a weighted function.
Finally, we introduce fractional order Sobolev spaces and fractional Laplace
operators. Given 0 < s < 1, we recall that

lu(x) —u(y)?
|x _y|N+2s

WS2(R2) = {u e L*(2): / dxdy < oo}
2

2

with the natural norm

1
ux) —u@)P? :
lullws2(2) = </~;2 Ju(x)Pdx +f9 5 mdﬂi)’

and W32 (2) = {u € WH(2) :u = 0in RV \ £2). We let

W2(2) = {u e LX) s up € WHA(R), ¥ ¢ € D(2)),
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where 2(£2) denotes the space of all continuously infinitely differentiable functions
with compact support in §2. Furthermore, we let W~* 2(RM) and Wy S’Z(S_Z) denote
the dual of W52(R") and Wg ’2(.(_2), respectively.

The fractional Laplace operator (—A)*® is defined for u € .i”sl RM) by the
formula

S . u(x)_u(y) N
(—A)?u(x) = CN’SP.V"AAQN md}i, xeR y

52251—v 25+N
(%5 )a

where Cy 5 = nd

N
72 I(1-s)

ﬁl(RN) ={u:RYV > Rmeasurable,f Mdx < 00y.
RN 1+ |X|N+2S

For u € W*2(R"), we introduce the nonlocal normal derivative . #; given by

u(x) —u(y)

JVux =C —_—
s() N,s _Q|X—y|N+2S

dy, x e RV \ 8. (2.32)

By [67, Lemma 3.2], for every u € W%2(R"), we have A;u € Wli;f(RN \ £2). This
together with the definition of WISO’CZ(]RN \ £2) shows that A5u € L>(RN \ ).

Let u € W52(RV) be such that (—A)u € L?*(£2). Then for every v €
W52(RN), the following identity holds:

Cn.s // (u(x) —u(y)(wx) — v(y))d
xdy
RZN\(RN\_Q)Z

2 |x_y|N+23

(2.33)
=/ v(—A) udx +f vAsudx,
2

RN\$2

where RV \ (RM \ 2)2 = (2 x 2) U (2 x RV \ 2)) U (RN \ 2) x 2). The

above integration by parts formula is contained in [53, 227]. For more details on the

fractional Laplace operator, we refer the reader to [67] and the references therein.
The following unique continuation property has been presented in [227].

Lemma 2.13 Let A > 0 be a real number and 0 C RN \ 2 a non-empty open set.
If ¢ € D((—A)},) satisfies
(—A)pe=2rp in 2 and N9 =0 in O,

then ¢ = 0in RN,

Furthermore, we consider the operator (—A)7, defined by (—A)}, = (—A)* with
the domain
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D((~A)}) = (u € Wy2(2) : (—A)’u € LXA(2))},

which is the realization of (—A)*u in L%(£2) with the zero exterior condition.
Clearly, it is a self-adjoint operator in L?(£2). Let {A,} be the set of eigenvalues
of the operator (—A)},, and correspondingly, let {¢,};7 | denote the complete
orthonormal system of eigenfunctions which forms an orthogonal basis of L2(£2)
such that

(=AY @ =A@, in 2, ¢, =0 in RV \ £,
where 0 < A1 < A < ... <X, < ...and lim,_, o A, = +00. For more details on
the fractional Laplace operator, we refer to [39, 192] and their references.

For all 8 > 0, the fractional power operator [(—A)f)]/S possesses the following
representation:

(=251 v =D "2, on)en,

n=1

D((-M)p)) = { ve LX) ) M el < oo}.

n=1

Set Vs g := D([(—A)3},1P). Then the norm is ||u||%,vﬁ = >, 12 (v, o) ? for
v € V; g. Notice that if 8 € (0, 1), we have

Vg = [D((—A)%), L*(2)]1-p.

It is well known that if 8 € (0, %), then WS’Z(Q) — Vsp and Vi1 g5 —
WS2@RM).

2.3.3 Technical Tools

In this subsection, let & € L'(0, 1; R;) and u # 0. For 6 € (Z, 7), we define X
as

Yy ={zeC: z#0, |argz| < 6}.

Denote w(z) := fol o1 u(a)da. Now we give some properties of w(z). Using the
generalization of the mean value theorem of integrals, it is easy to show that

W@ < lillgilal”™", forze C\R™, (2.34)

where v € (0, 1).
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Lemma2.14 Let A > 0 and n € L'(0,1;Ry) with u # 0. The following
properties hold:

(1) There exists a positive constant M such that
lzw(2) + A" < Mmin {A7!, zo ()|}, for z € Zp. (2.35)
(ii) There exist a positive constant M| and y € (0, %) such that

zo(x) + A7 < Milz| ™", pe(y,1—y), forze Z. (2.36)

Proof (i) For z € Xy, from the proof of Lemma 2.1 in [134], we know the inequality
lzw(z) + A| > %A also holds when u € L'(0, 1; Ry). Furthermore, we write
z = ret? for ¢ € [0,60). We have to consider two cases. If ¢ € [0, %], then
cos(a¢) > Ofora € (0, 1) and Re(zw(z) + A) > Re(zw(z)) > 0. Thus

lzw(z) + Al = |zw(2)| > 0.

If ¢ € (%, 0), we know that the imaginary part of zw(z) is nonzero, and it follows
from the arguments of [134, Lemma 2.1] that

sin ¢

sin @
lzw(z) + A > lew(z)l > lew(z)l > 0.

Therefore, the inequality (2.35) follows for M = ﬁ.

(i1) Similar to the proof of proposition 6 in [124], we know that

I—y

1
lzw(2) + A| > CO/ w(@)|z|%da, for z € Xgandy € (0, E)’

v

where co = max | cos("="22%), min{sin(y ), sin(}3), ﬁ}}.
Using the generalization of the mean value theorem of integrals again, it follows
that

/yl_y p@zl?da = el g1y l2l”,
where p € (y, 1 — y). The proof is finished.
For § > 0 and 6 € (0, 7/2), we introduce the contour [ g defined by
o ={re@:r>=8 0V : |y| <0)U{rel . r > 6},
where the circular arc is oriented counterclockwise, and the two rays are oriented

with an increasing imaginary part. For convenience, we define two functions: for
A>0andae.t >0,
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1 a 1 2
Pun =g [ 28 sen=gn [ S
2ni Jry, z0(2) + A 27i Jry, z0(2) + A

Moreover, we give several properties of P (¢, A) and S(¢, 1) as follows.

Lemma 2.15 Let p € L'(0,1;Ry) and u # 0. For each ) > 0, the functions
P(,A) € C((0,00); R)and S(-, 1) € C((0, o0); R). Moreover,

|P(t,\)| < M* for t >0 and |S(t,))| < M*tP! for t >0,

where M* = max{M, M,}.

Proof We write z = re!?. It follows from choosing the main branch of logarithm
that

1 1
w(z) + A= / r¢cos(ag)pu(a)da + A +1i / rsin(ag)u(a)da,
0 0

1 1
w(z)=/ r“_lcos((l—a)¢),u(oc)doz—i/ r*sin((1 — 0)¢) u(e)do
0 0

are analytic for z € C\ (—o0, 0]. Note that the function zw(z) + A has no zero in
the main sheet of the Riemann surface including its boundaries on the cut, since the
imaginary part of zw(z) + A is nonzero for |¢| € (0, ) and the real part is positive
for ¢ = 0. It also shows the analyticity of w(z)(zw(z) + A)~! and (zw(z) + 1)~!
forz € C\ (—o0,0].

From (2.35) and (2.36), we arrive at the following inequalities:

ezt ezt
| w(2) | < M|Z|—161Re(2) and | | < M1|Z|—P61R€(Z)’
zw(z) + A zw(z) + A

for any z € Xy. Thus from [11, Lemma 4.1.1], we conclude that P(-, A)x €
C((0, 00);

R) and S(-, A)x € C((0, 00); R). Moreover, the operators have the uniform bound,
i.e.,

|P(t, )| <M and |S(t, A)| < M 177",

for t > 0. This together with the property of the Laplace transform shows that

1
P(O,3) = lim [zZ[P(,M)]@)| = lim ———=1.
z—>+00 z—>+00 | 4 _\zw(z)l

Thus P(0, 2) = 1.
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Lemma 2.16 Assume that i € L'(0, 1; Ry) and . # 0.

(1) Then there exists a constant M* depending only on 0 and ||| ;1 such that
c LY(0,1)
[AP(t,X)| < M}t™", fort > 0and forany A > 0.
(ii) Then there exists a constant M depending only on 0 and ||| ;1 such that
1 L1(0,1)
IAS(2, M| < Mikt_l, for t > 0and forany A > 0.

Proof (i) Assume that © € L'(0,1; R;) and p # 0. From Remark 3.1 in paper
[179], we know that p = v. This together with (2.34) shows that the inequality

W@ < Il
holds. Let# > O and § = % > (. By using the identity

20 (2)zo@) + 17 = 0@) (I - 20@)Gek) + 17,
we can deduce from (2.35) that
Ao (2)(zo (@) + 1) < (M + Dl gz

for any z € X and A > 0. Thus, we can estimate L P(¢, A) as

WP < / RO Lo (2) (20 (2) + 1)~ 1dz]
s

o0

=M+ Dliwlipro,n <2/ 1

b4
Tp—le—rtcos(e)dr+/
—w 40

t—PeCOS(II/)dw>
<M;t™*,

where M > 0 is a constant depending on M, 6 and ||| 10, 1)-

(i) Lett > 0and 8§ = I > 0. 1In view of the identity A(zw(z) + 1)~! = I —
z0(2) (zw (2)+A2) 7L, it follows from (2.35) that |A(zw(z)+k)_l | < (M+1) for any
z € Xy. Thus, we can estimate the upper bound on AS(z, A) forz € R,

IAS(t, M) < / RNz (z) + V)7 |dz]

r
Lo

)
<(M+1) <2/oo e Tteosl g +/ ecos(‘”)t_ldtp>
< . y

t

<Mt
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where M is a positive constant and it may be dependent on M and 6. Therefore the
conclusion follows.

We establish the relation between P (t, A) and S(z, A) in the following lemma.

Lemma 2.17 Assume that u € LYo, 1; Ry)and u # 0. For a.e. t € (0, 00) and
for A > 0, we have

1
/M(a)on‘_lS(t,k)dazP(t,A) and P'(t,1) = —AS(t, ).
0

Proof Notice that

1
;’f[/o u(a)on‘lS(t,)»)da}(z) =w(2)Z[S(, M](z)

0@
T zw() 4+ A

=Z[P(-, M](@).

By the uniqueness of the inverse Laplace transform, we know that

1
f w(@)oD*'S(t, Mda = P(t, A).
0

w(z)

From the arguments in Lemma 2.15, we know that ——°—
zw(2)+A

C\ R™. In view of

is holomorphic in

zw(2)

|zZ[P(-, V]| = 'm

‘SM, for z € Xp and A > 0,

it follows from Lemma 2.11 that P (¢, 1) is holomorphic for |arg(t)| < 6y (6p €
(0, /2]). This also ensures the time analyticity of P(¢, 1) for A > 0.
Observe that

LIP' (-, M) =2Z[P (-, M](z) — P(0, A)

() _
T zw(z) + A
1
A
zw(z) + A

=—1Z[S(, M](@).

Then we have P’(t, A) = —AS(¢, A) forr > 0.
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Remark 2.7 Under the conditions of Lemma 2.15, the continuity of P (¢, A) att =
0 is evident for each A > 0.

Proof We claim that P(¢, 1) — 1 ast — 0. Indeed, for t > 0, we use Lemma 2.15
and Lemma 2.17 to obtain that

t t
|P(t,k)—l|:'—/ P'(t, \dt 5,\/ 1S(z, M)|dt
0 0

t
kof 7 ldt - 0, ast — 0.
0

Then the continuity of the function P (z, A) at t = 0 follows.

Lemma 2.18 Assume that i € L'(0,1;Ry) and u % 0. Then S(t, ) has the
following explicit formula:

o0
S(t,A) = / e "' (r, \dr, fort> 0andx >0, (2.37)
0

where

fol r® sin(om) (o) do

1
i (fo] r% cos(am)u(a)do + A)z + (fo] ro sin(an)u(a)da)z.
(2.38)

H(r,\) =

Proof We denote F(z) = m and we prove that F(z) satisfies assumptions
of Lemma 2.12. From the arguments in Lemma 2.15, we know that F(z) is
holomorphic in C \ R™.

Observe that fol r%sin(am)u(e)da is nonzero for r > 0. Then limg_, .-
F(re*i®) exists. In view of

1 1 1
/ re " p(a)da + A = / r¥elm p(a)do + A = / reelm y(a)do + A
0 0 0

and limy_,,- e¥® = ¢%7 one can obtain from the Lebesgue dominated
convergence theorem that F* = F—. On the other hand, it follows from (2.36)
that lim;| o | F(z)| = 0 and lim;—,¢ |2F (z)| = 0. Furthermore, we also observe

that
a(ry=Mr""" forr <1 and a(r) = Mr" forr > 1.

It is clear that % e L! (R). Therefore, using Lemma 2.12, we have

F(z) = /oo e "2 f(n)dt,
0
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where
1 [ _ _ 1 [ _
f@) = —/ e ""Im(F~(r))dr = —/ e "' (r, M)dr,
T Jo T Jo

for J# defined as in (2.38). From the uniqueness of the inverse Laplace transform,
it shows that S(z, A) has the form as (2.37).

As an immediate consequence of Lemma 2.17 and Lemma 2.18, we can infer the
following results.

Lemma 2.19 Let u € LYo, 1; Ry) and i £ 0. For A > 0, the functions S(t, A)
and P (t, A) have the following properties:

(i) S(t, A) is completely monotone fort > 0.
(i) 0 < S, 1) <Mt fort >0and0 < P(t, 1) < 1 fort > 0.
(iii)) Forany Ao > Aandt > 0, S(t, Lg) < S(t, A).

Lemma 2.20 Assume that ;v € L'(0, 1; Ry) and j # 0. For fixed t > 0 and » > 0,
the function . +— P (t, A) is nonincreasing on (0, 00).

Proof Notice that the Laplace transform of P (¢, 1) and S(¢, A) is given by

() _
ZLP(t, M](2) = @ A LISt M) = PR ATEY
Then we have
0 _ w(z) _
af[f’(r,k)](z) = T e ZIP(, M](2)ZLIS(t, M]().

In view of the fact that Z[S(z, A)](z) = —%.Z[P’(t, M) 1(z), we can deduce that

0 1
a.i”[P(t, M) = Xf[P(t, MI@)ZIP'(t, M)](2).
Taking the inverse Laplace transform of the above equation, it follows from
Lemma 2.17 and Lemma 2.19 that

9 P(t, A lP( MNxP(-,0) <0

- — — . % . <0.

o A

The desired assertion follows.

Next, we concern with the relaxation problem

(2.39)

DM () + A (t) = f(t) in (0, T),
@ (0) = @y,
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where the unknown @ is a scalar function, A is a positive parameter and f €
LY, 7).

Lemma 2.21 Assume that u € L'(0, 1; Ry) and u # 0. The solution of (2.39) is
given by

t
@ (t) = P(t, Ny +/ S(t — 1, 1) f (7)dr. (2.40)
0

Proof Applying the Laplace transform to the problem (2.39), we obtain
20T — w @)oo+ AT = f.
Then

0@ f
zw(z) + A 0 zw(z) + A

(7)) =

Therefore, (2.40) follows from the inverse Laplace transform.
On the other hand, we can prove that the function @ given by (2.40) is the

solution to the problem (2.39). Indeed, let 2[w] = D@ (1) + Aw (1); we have
Qo] = 2[P(, Moo+ 2[S(, M) * f1=2[S(, A) * f1.
It remains to show that 2[S(-, ) * f] = f. From Lemma 2.17, we obtain that
DIM(SC. 2 % £) =k() * (SC.A) * f)
=[k) % (56,25 )] = KO(SC. 2 5 £)0)

=[k() * SC, ) * f1
=[P, ) * [T
=f —ASCA) * f1

where
k(1) = fol w()ki_qo(t)da. (2.41)
This implies
D[S, 1) * f1=DMSC ) % )+ ASC A% f) = f

The proof is completed.
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Now we give a representation of solutions to the following problem:

DMyt (—AYu=f in@,T)x R,
u=0 in (0,7) x RV \ 2), (2.42)
u(0, ) =up in £2,

where f € L}OC(RJr, L*(£2)) and up € L*(£2). Indeed, by applying eigenfunction
expansion, we have

DMy (8) + At (1) = fr(®),  un(0) = won,

where u,(t) = (u(t, ), ®n), fn(t) = (f(tv s n), and ug, = (uo, ©n). Then
Lemma 2.21 shows

t
un(t) = P(t, kn)uon +f St — 7, An) fa(D)dr.
0

Thus, the solutions of the problem (2.42) can be written in the form

t

u(t) = P(t)uo + / St —1) f(r)dr, (2.43)
0

where

[e¢] (0.¢]
P(t)v =) P(t, k)vagn and SV =) S{, k) Vn@u;

n=1 n=1

here, v, = (v(-), @,) for v € L2(£2).
In the sequel, the notation || - || is denoted as the norm in LZ(Q). We collect some
properties of the operators P(¢) and S(¢) in the following lemma.

Lemma 2.22 Assume that i € L'(0, 1;Ry) and ju 2 0. For any v € L*(£2), we
have:

@ 1P| < P, rA)|v| for t = 0. In particular, |P(@)|| < 1 fort > 0 and
PO) = 1.

@) ISl < S, Al < M*tP= o] fort > 0.

(i) P(-)v € C([0, T]; L2(2)) and S()v € C((0, T1; L2(2)) for T > 0.

Proof Statements (i) and (ii) are immediately deduced by Lemma 2.19 and
Lemma 2.20. We prove (iii) as follows. Fort € (0, T]and v € L%(£2), the continuity
of P(t)v and S(¢)v with respect to ¢ follows by (i), (ii), and Lemma 2.15. We only
need to show the continuity of P (¢)v in L?(£2) att = 0. Indeed, let v € D((—A)]).
Then
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o0
IPOv —vl* =D [P, kn)vy — val?

n=1

o0 t 2
:Z‘/ S(‘C,)\)dT‘ |)‘«nvi1|2
0
n=1

M*Z 00

2 2

<—1% 3" |haval
P n=1

*2
_ 2p 2
__p2 t ||v||D((_A)§)) -0, t—0.

Since D((—A)},) is dense in L2(£2), it also shows the continuity of P(f)vatt =0
forv € L2(2).

Lemma 2.23 Let B € (0,1). Assume that © € L'(0, 1; R4) and o # 0. There
exists a constant C > 0 such that P(t)v € V g and S(t)v € Vs g forallv € L2(£2)
and for every t > 0. Moreover,

1Py, , < Ct PPl and (IS@)vly, , < Ct?P =N, fort > 0.
Proof Let A = (—A)},. By Lemma 2.16, it follows that P(t)v, S(t)v €
D(A) for v € L%(£2) and t > 0. Moreover, we can estimate |AP(1)v|? =

o A Pt An)vpl? < MFt7P ]| and |AS(t)v]l < Mjt='|v]l. It together with
Lemma 2.22 and the interpolation inequality shows that

IAPP(t)v| < CrPP|lv] and | APS()v|| < CrPI=P 1|, fort > 0.

The proof is completed.

2.3.4 Well-Posedness Results

In this subsection, we investigate the well-posedness and regularity of solutions to
the problem (2.30) and its associated adjoint system. To do this, let ug € L%*(£2),
and let us split the system (2.30) into the following two systems:

DMy 4 (—AYv=0 in(0,T) x £2,

v=g in(0,7) x RV \ 2), (2.44)

v(0,)=0 in 2
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and

DMy 4+ (—AYw=0 in(0,T) x £,

w=0 in (0, 7) x (RN \ £2), (2.45)

w(0, ) = ug in £2.
Then it is clear that u = v 4+ w solves the system (2.30). It suffices to consider
the well-posedness and regularity of solutions to the system (2.44) and the system
(2.45), respectively.

In the subsequent studies, we assume that u € L'(0, 1; R1) and p % 0. First,
we introduce the rigorous definition of strong solutions to the system (2.44).

Definition 2.4 Let g be a given function. We say that the function v is a strong
solution of (2.44) if v satisfies the following properties:

(1) Regularity: v € C([0, T]; L2(2)), Dl[“]v e C((0,T]; W2(RN)). More-
over, the variational identity
(D,[“]v, w) + {((—A)° v, w) =0, for every w € W2(RN) and ae.r € (0, T)
holds.

(i) Initial and exterior conditions: v(0, -) = 0in £2 and v = g in (0, T) x (RN \ £2).

Remark 2.8 Since (2.45) can be rewritten as the problem
D™w 4+ (=A),w =0in (0, T) x 2, w(0,-) = ug in £2.

From [183] we can see that for every ug € D((—A)}), the system (2.45)

has a unique strong solution w € C([0,T]; D((—A4)})) with Dl[”]w €
c(o, 1], LZ(Q)). Similarly, we can arrive at the conclusion that for every
ug € L2(£2), there exists a unique strong solution w € C([0, T]; L?(£2)) of
the system (2.45). Moreover, D{"'w € C((0, T1; W, ().

Now we are ready to state the following result.

Theorem 2.5 Forevery g € 2((0, T) x (RN \ 2)), the system (2.44) has a unique
strong solution v € C®([0, T1; WS2(RN)) which can be represented in the form

o0

t
v(t, x) = — Z (/0 St —1,0,)(8(z, ), JK%)RN\ng><pn(x)~ (2.46)

n=1

Moreover, we have forallt € [0, T] and m € N+t
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||81mv(t, ')||WAV.2(RN)
<C* (ll_p(l_ﬂ)||athg”Loo((o,T);WS,Z(RN\Q)) + ||31m8(f7 ')||W~Y~2(]RN\_Q)>7
(2.47)

where C* > 0 is a constant and B € (0, %).

Proof First, we consider the Dirichlet exterior problem for fractional Laplacian:

{ (—AY¢ =0 ing2,
(2.48)

p=g inRV \ 2.
Using the theory of elliptic equations, we have that for every g € W*2(RN \ 2),

the problem (2.48) has a unique solution ¢ € W*2(RN). Moreover, the following
estimate holds:

162y < Crllglys2@m o), (2.49)

where Cj is a positive constant. For more details on this topic, we refer
to [75] and the references therein. Clearly, (2.49) ensures [0;"llys2my)y <
Cy ||8,mg||W.v‘2(RN\_Q) for every m € NT. This also implies that ¢ €
C®([0, T1; WH2(RN)).
Next, we assume that v is a solution of (2.44). Let w := v — ¢. Then we calculate
Di"lw + (—ay'w =Dy — DIMg + (—Ay'v — (—4)'¢
ZDI[M]U + (—A)SU _ D;[M](ﬁ
=-D/"¢
in (0, T) x (RY). Moreover, w = v — ¢ = g—g=0in(0,T) x (RN\.Q) and
w(0, ) =v(0, ) —¢(, ) =—g(0, ) =0 in £2. Hence, a solution v of (2.44) will
resolve into v = ¢ 4+ w, where w is a solution of the system
D™y + (—AYw =-D"™¢ in(0,T) x 2,
w=0 in (0, 7) x (RN \ ), (2.50)
w(,) =0 in £2.

We notice that ¢ € 2((0, T); WS2(RY)). Thus we can prove that D,[“]¢> €
C®([0, T1; W52(RN)). Indeed, a simple calculation gives
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t
8, DM = /0 K(t = T)0ee (. )d,

where k(-) is defined as in (2.41). A fundamental argument shows D,[” ]q& €
C'([0, T1; WS2(RN)). By induction, we know D¢ e C*([0, T]; W2(RN)).
Proceeding as the proof of [183, Theorem 3.2], we conclude that (2.50) has a unique
solution w. From (2.43), one can infer that the solution w is given by

e¢]

t
w(t,x) ==y ( /0 St — 7, 2) (DM (z, ), w)dr)son(xy

n=1

Using Lemma 2.17, we can rewrite w(¢, x) as the following form:
0 t 1 )
wien == | ( | M(a)dOt)S(t U0, ), gt
0 0
n=1

o 1 t
== ( fo Ma)da) /O I7S(t — 7, A) B h (T, ), @u)dT
n=1

0 t
== Z/O Pt — 1, 2) (00 (7, *), gn)dr.
n=1

2.51)

Notice that P(0, A,) = 1 and ¢ (0, -) = 0. Integrating (2.51) by parts leads to the
representation

o0

o0 t
w(t, x) ==Y (¢, ), pa)pa(x) — Y ( /O P'(t — 7, 0)(9(1, ), go,»dr)gon(x).

n=1 n=1

Using A, (¢, ¢n) = —(g,%go,l)RN\g in Remark 15 of [227] and the fact
P'(t, y) = —XuS(t, Ay) for t € (0, T] by Lemma 2.17, the preceding identity
yields that

o]

13
w(t’ x) = _d)(tvx) - Z (/(; S(t -1, )"Vl)(g(T’ ')7 %‘pn)RN\Qd'L—)(pn(x)

n=1

We thus get (2.46).
Employing (2.51), we obtain that for every ¢ € [0, T,
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(=AY w(, )l =

o t
Sk, /0 Pt = 7 0 @b (T, ), pu)pn()d
n=1
t
<],
0
1

t S 3
s/ (Z PP =1 )P0 0 (x, -),¢n>|2)2dr.
0 n=1
(2.52)

dt

D M Pt =T, ) BB (T, ), ) n (X)
n=1

From Lemma 2.23, we have AL 2Pz, 1,)] < |A'"PP ()| < C+—"1—P). Notice
that [|9;¢ (7, )llv,, < 10:9(2, ')||W8-2(§) < 10, )llws2@ny for B € (0, %)- It
follows from (2.49) that

t
(=AY w(, )| <C /O t — )PP (r, )l yso @y dT

t
e / (t = )PP o g (x, 2 oy dT
0

<C*l=rU=P) 1928l oo 0, 7; ws2 @M\ 2))-

This also shows that

o, Mlws2g@ry <C*(I=AYwt, I+ 16, lws2y,)

<C* (fl_p(l_ﬂ)||arg”Lw(o,T;Ws.Z(]RN\Q)) + llg(, ')||Ws,2(RN\_rz))-

Thus we get the inequality (2.47) for m = 0. Proceeding by induction, we arrive at
the desired estimate (2.47) for m € Nt.

Finally, it remains to verify the convergence of the series (2.46) in C*°([0, T];
W*2(RN)). Because of ¢ € C*®([0, T]; WS2(RN)), we only need to show that w
given by (2.51) converges in C*°([0, T']; W*2(RN)). For this reason, we perform
like in (2.52) to obtain that for mg, ng € Nt with mg > ny,

mg :
H - Z (_/(‘) P(t -1, }\n)(ar(ﬁ('f’ ‘)’ (Pn)d‘f)(pn(x)

n=ng
t
= /
0

W.Y,Z(RN)

mo
InP(t — T, M) (09 (T, ), Pn)en (x) | dT

n=ng
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¢ mg %
<C / (1 —r)‘f’“—ﬁ)< > Wl l0e(, ~>,¢n>|2> dt
0 n=ny

1

mo 3
<Ct'=PU=P qup (Z)‘%ﬁl(arcb(f, ')A/Jn)|2> .

1el0,71 \ ;50

In view of 9,¢ € C([0,T]; D((—=A)},)) C C([0, T]; Vi g), the above estimate
leads to the relation

mg t
sup | — D </ P(t =1, k) (3:9 (7, ~),<pn)dr><pn(X)
1€[0,T] neng \0 Ws2(RN)

1

my 3
=T =00 sup (Z 1@ (. ~>,gon>|2> 0, as ng. mp — 00,

tel0. 71\, 50

Consequently, it shows the uniform convergence of the series (2.51) for¢ € [0, T'] in
W=-2(RN). For the function 9" w, the arguments similar to ones used for estimation
of w lead to the uniform convergence of the series

]

t
o w(t,x)=—Y (/ P(t =1, )@ (. ), wn)dr)gon(xx
0
n=l1
for any m € N*. This finishes the proof.

Next, we concern with the adjoint system associated with (2.44) derived from the
integration by parts formula (see (2.31))

Lply 4 =AYy =0 in(0,T) x 2,
¥ =0 in (0, 7) x (RN \ ), (2.53)

AT, = o in 2,

where 1Yy (T, ) = lim,_ 7— Iy @, ).
We also introduce the following definition of strong solutions to the system
(2.53).

Definition 2.5 Let ¥ € L2(£2). We say that the function 1 is a strong solution of
(2.53) if ¢ satisfies the following properties.

(i) Regularity: [}l e C([0, T1; L2(2)), IDYy e €0, T); w—2(2)).
Moreover, the variational identity
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([LD[T“]w, w) + (=)', w) =0, forevery w € WS’Z(S_Z) andae.t € (0,7)

holds.
(i) Final conditions: ,I;”]w(T, ) = Y in 2.

Furthermore, we show the existence and representation of solutions to the adjoint
system.

Theorem 2.6 Assume Vo € L>(82). Then the adjoint system (2.53) has a unique
strong solution \ which can be represented in the form

Y(t,x) =Y ST = t, 1) (Y0, ¢n)on (X). (2.54)
n=1

In addition, the following assertions hold:

() (1M e (10, T1; L2(R2)), and we have for all t € [0, T)

11 2, )11 < Ilpoll-

(i) ¥ € C([0, T); DU(=AY,)NL O, T; L2(82)) and DYy € C((0, T); LX(2)).
Moreover, there is a constant M > 0 such that for all t € [0, T),

9 (2. ) <M(T = 1)~ lyoll.
IEDY (e, I <M (T — 0~ o]l
(iii) The mapping
[0.7) 51— Hy(t,) € PRV \ 2)

can be analytically extended to the half-plane X1 := {¢ € C: Re(¢) < T}.

Proof First, we will prove the existence of solutions. For m > 1, we let

Y (t, %) =Y ST — 1, 2) (Y0, 9n) @ (X).

n=1

For ¢ given by (2.54), we claim that ,I}*ly € C([0, T]; L2(£2)). For this, we

integrate 1, with respect to ¢ and use the formula fol M(a)on‘flS(t, A)da =
P(t, A,) from Lemma 2.17 to obtain

N (1 x) = " P(T =1, 3) (W0, @) (). (2.55)

n=1
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Using Lemma 2.19, we calculate that for every t € [0, T] and m, m € NT with
m>m,

m %
I 2 W ) — I g, ~>||=( > |P<T—z,xn>(wo,<pn)|2>
n=m+1

1

(nzé: (V0 @n)| )2-

The fact that the right-hand side of the above inequality tends to zero as m, m — oo
shows the series

m
D" P(T — 1. 3) (V0. @n)en () > IFy (¢, x) uniformly for

n=1

e€[0,T], asm — oo

in L(£2). Employing Lemma 2.22, we see that [\ly e C(10, T]; L2(2))

and || 1"y (1, )| < Iloll. Furthermore, 11y (T, x) = Y00, P(0, &) (0. )
©n(x) = Yo.

Next, we claim that DYy € C([0, T); L2(£2)). Taking the derivative of (2.55)
with respect to ¢, we infer from Lemma 2.17 that

EDY (1, x) = =3 hS(T = 1, 1) (Y0, 00) 9 ().
n=1

For the function tLD[T“ ]Wm, the arguments similar to ones used for estimation of
,I;” V4 lead to the relation

= ST =1, 1) (Yo, on)gn(x) — DFY (1, x) in L2(R2), as m — oo,

n=1

and the convergence is uniformin ¢ € [0, T'). Then for every ¢ € [0, T), the estimate
IEDY (1, 1l < M — 07 Mivoll, (2.56)
which can be easily derived from Lemma 2.16. Thereby, tLD[T“ Iy e cqo, T);

L*(£2)). Moreover, in view of LDy = —(=A)3, ¢, we also have ¥ € C([0, T);
D((—=A)pH)).
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Using Lemma 2.19, a direct calculation yields

Iy, )17 =D IST =1, )11 (Yo, on)1?

n=1

<M*(T = 0?70 (o, ¢a) P

n=1

=M*(T — 1)**~Djy)?;

we thus obtain the estimate v (¢,-)|]| < M*(T — 0)* Yol and ¥ €
LY(0, T; L2(2)).

Second, we will prove the uniqueness. For this, assume that ¥ is a solution of
(2.53) with {9 = 0. We take the inner product of (2.53) with ¢, and set ¥, (t) =
(¥ (t, ), ¢n) to find that

LYy, (1) = —aut (1), forae.t € (0, T). (2.57)

Proceeding in the same way as the proof of existence, (2.54) yields v = 0 in
(0, T) x £2. The uniqueness of the solution follows.

Finally, we claim that the mapping [0, T) 3 ¢ — A (¢, ) € L2(RV\£2) can be
analytically extended to X'7. Notice the relation ¥ (¢, -) € D((—A)}) C WS2(RN)
for each ¢ € [0, T); it yields that A5 (¢, -) exists and A5y (¢, ) € L2(RN \ £2).

We will prove that .45 admits the representation

MW (t,x) =Y S(T =1, 7n) (Y0, on) N (x), (2.58)

n=1

and the series is convergent in L*(RN \ £2) for any ¢ € [0, T'). We first note that
Nt WEE@RYN) - L2(RN \ ) is bounded. For any § > O and ¢ € [0, T — §],
using Lemma 2.16 we find that

oo 2
D ST =1, 2) (Yo, @a) Hign (X)
n=m+1 L2(RN\82)
00 2
<Caf D ST —t, ) (Y0, a)gn(x)
1 D((=4)}))

o
<Cy Y ST =t ) (Yo, @a) I
n=m+1
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o0

<C:MY(T =077 Y (Yo, ¢a)?

n=m+1

=C52 Z 1/f0 (pn —>O, asm — 00,
n=m+1

where C; is a positive constant. Hence, 45 is determined by (2.58), and we get the
uniform convergence of the series in L2(RY \ £2) in any compact subset of [0, T).

For ¢ € C, we consider S(¢, A,) as defined by (2.37). Since ¢ > %" is analytic
and the integral fooo e "5 ¢ (r, M)dr is absolutely convergent for | arg(¢)| < %, we
can easily know the analyticity of S(¢, A,,) on the sector | arg(¢)| < % It follows

that the function

D ST = ¢ ha) (Yo, @n)-Nspn (x)

n=1

is analytic in X'r.
For arbitrary § > 0 and choosing ¢ € C with Re(¢) < T —§, we apply a method
similar to one we used for the above estimate to get

2

D ST =) (Yo, u) Nion (x)

n=m+1

L2(RN\£2)
<Cs7? Z (Y0, ) 1> — 0,
n=m+1
which is valid as m — oo. This also indicates that
o0
MY (&, x) =D ST =&, hn) (Y0, 9n)-Hopn(x), (2.59)
n=1

and then we get the uniform convergence of the series in any compact subset of X'7.
Consequently, .45 determined by (2.59) is analytic in X7 as well. This finishes
the proof.

2.3.5 Approximate Controllability Analysis

In this subsection, we provide the rigorous analysis of approximate controllability
for the system (2.30). The definition of approximate controllability is introduced.
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Definition 2.6 The system (2.30) is said to be approximately controllable at time
T > 0if for any i1 € L?(£2) and & > 0, there is a control function g such that

u(T, ) —uoll 20y < &,

where u is the unique strong solution of (2.30) corresponding to the control g.

The following unique continuation property of the system (2.53) is given. The
following .#; denotes nonlocal normal derivative given by (2.32).

Theorem 2.7 For Yy € L*>(2) and 6 C RN \ 2 being an arbitrary non-empty
open set, assume that  is the unique strong solution of (2.53) satisfying Ny =0
in (0, T) x 0. Then we have = 0in (0, T) x £2.

Proof If A = 0in (0, T) x € forany ¢ C R" \ £ being non-empty open set,
then we have

Ny (t, x) = ZS(T — 1, 2) (Y0, gn) N (x) =0, ¥ (1,x) € (0, T) x 0.

n=1

We first notice that .45y can be analytically extended to the half-plane X7, which
can be derived from Theorem 2.6; it yields that

Ny (t, x) = ZS(T — 1, 2) (Y0, @n) Ns@n(x) =0, V (1, x) € (=00, T) x O.
n=1

(2.60)

Since {A,},en+ is the set of all eigenvalues of the operator (—A)},, we denote by
{@n, }1<k<m, an orthonormal basis for ker(,, — (—A)SD), and we deduce that Ay
given by (2.60) is also rewritten in the form

oo mpy

Nt x) =YY (Y0, @uy ) Hepn, (ST — £, 30) =0,

n=1 k=1
V(1 x) € (—00, T) x O. 2.61)

Choose ¢ € C with Re(¢) :=n > 0andm € N*. We set

m  mpy

Ym(t, x) = Z Z (llfo, §0nk)«/1§<ﬂnk (x)eC(l_T)S(T — 1, An)-

n=1k=1

Recalling that ¢,,, are orthonormal for 1 <k <m,,1 <n <m,and A5 : Vs 1_g C
WS2®RY) — L2RN \ £2) is bounded for B € (0, }), we can conclude from
Lemma 2.23 that for every t € (—oo, T),
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00 my 2
1Wm (&, sy SC3| D D (Y0, 0 @n, )E ST = 1, 0)
n=1 k=1 Vs.1-p
o 2 2
<C3 ) > |0 @n )" DT ST = 13|
n=1 k=1

<C3(T — ) Pr=De21=D 1y |2,
The last estimate leads to the inequality
1¥m (£, )l 2@y 2y < C(T — )PP~ D g,

where C > 0 is a positive constant. Moreover, the integrability of the right-hand
side of the above inequality for ¢t € (—oo, T') can be easily derived, and

r St " (Bp)
[ =optert Do = S5 ol
-0 n
Then a direct calculation yields
T oo my
/ TSN (Yo, @) N (ST — 1, )t
- n=1 k=1
gl (WO, @nk)
= —— N@Wn,, X €O, Re(C) >0,
;k:l Cw () + Ay T

5 (wo,wnk)%(pnk —0. xe 0. Re®)>0. (2.62)

Employing the analytic continuation in £, we see that the equality (2.62) is valid for
every £ € C\ {—A,}. Thus we choose a small circle including —2;, not including
{—An}n, and integrate (2.62) over the circle to find that

mj

> (o, on) Moy, =0, x €0,
k=1
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Letting 1}1 = ZZ; ! (wo, ¢lk)€0lk, we have A 1}1 = 0 in 0. Therefore, we obtain
that for every I, Y, satisfies the following problem:

(—A)SD&I =)»11Z1 in 2 and ,/K&] =0in O.

Hence Lemma 2.13 implies that y; = 0 in §2 for every [. Taking account of
the linear independence among lﬁzk(l < k < my) in L%(£2), we conclude that
(wo,@k) =0for1 < k < m,,n € N*. This also ensures ¥y = 0. We use the
uniqueness of the solution to the adjoint system (2.53) and thus obtain that ¥ = 0
in (0, T') x 2. This finishes the proof.

Using the elementary arguments, we notice that the study of the approximate
controllability of the system (2.30) can be reduced to the case ug = 0. Therefore,
we only need to analyze the approximate controllability of the system (2.44).

Theorem 2.8 Let ¢ C RN \ 2 be an arbitrary non-empty open set. Then for
any T > 0 and every g € 2((0,T) x 0), the system (2.44) is approximately
controllable, i.e.,

L(£2)
}

{v(T,") : g € 2(0, T) x 0) = L*(0),

where v denotes the unique strong solution to the system (2.44).

Proof For g € 2((0,T) x 0) and ¥y € L*(£2), we assume that v and ¥ are the
unique strong solution to the system (2.44) and (2.53), respectively. As to v, we
use Theorem 2.5 and thus obtain the relation d;v, (—A) v € L®(0, T; L3(£2)).

-«
Moreover, because of the inequality fol u(a)ﬁda < 2max{l, t}| ]| L10.1)

that is valid, we obtain that Dt[”]v € L0, T; L2(.{2)). For v, using Theorem 2.6
we deduce that ¥ € L'(0, T; L?(£2)). In addition, we get v(T,-) € L?(£2) and
ARy (T, ) e LA(R).

Let § > 0 be small; we use the formula (2.31) on (0, T — §) and take the limit as
8 — 07 to find that

T
0= / / (D,[“]v—f—(—A)Sv)wdxdt
0 2

T
=/ /v(t),LD[TM]W(t)dxdt+f o(T, ) Iy (T, ydx
0 2 2

T T
+f / v(—A)SI//dX-i-f f gNswrdxdt
0o Je 0 JRM\2

T
=/ /v(tLD[T“]lﬁ—i-(—A)sw)dxdt—i—/ o(T, )Wodx
0 2 22

T
+// gNwrdxdt,
0 JRN\Q
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where we have used the formula (2.33) and v(0, -) = 0. Thus the system (2.53)
leads to the identity

T
/ (T, )Yodx +/ / gNswdxdt = 0. (2.63)
2 0 JRN\Q

2

To show that {v(T, ") : g € 2((0, T) x ﬁ)}L @ _ L%(£2), we only need to
verify the property that if ¥ € L*(£2) admits fg (T, )Yodx = 0 for any g €
2((0,T) x 0), then y9 = 0. In fact, if Yo admits [, v(T, )pdx = 0, then
the equality (2.63) yields that fOT fRN\Q gANswdxdt = 0. Thus we can assert that
s = 01in (0, T') x 0, which can be derived from the arbitrariness of g. Employing
Theorem 2.7, we see that ¥ = 01in (0, T) x 0. Finally, the uniqueness of the solution
to the system (2.53) shows that /9 = 0 in §2. The proof is completed.



Chapter 3
Inverse Problems of Fractional Diffusion Creck o
Equations

3.1 Backward Problem

3.1.1 Introduction

Let £2 be a bounded domain in RV with the sufficiently smooth boundary 9£2. We
shall consider the following backward problem for fractional diffusion equations:
du(t,x) =8 " Au(t,x) + f(t,x), xe€R,0<t<T,
u(t,x) =0, x€dR2,0<t<T, (3.1)
u(T, x) = g(x), X € 82,
where g is the terminal value status, f is a function representing kinetics, 7 is
a backward finite time which ensures that some situation of phenomena can be

measured at that point, d; = 9/9¢t, and 8,1_“ is the Riemann-Liouville fractional
partial derivative of order 1 — « € (0, 1) defined by

atlfo‘u(t,x) T )81‘/ (t — )" u(s, x)ds, t>0,

where I'(-) is the Gamma function. The operator A stands for the unbounded
uniformly elliptic operator with the domain D(A) := H(} (£2) N H2($2) defined
by

Au(x) = Z Z A0 5 — u(x) + b(x)u(x),
© The Author(s), under exclusive license to Springer Nature Switzerland AG 2024 81
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where A;j = Aj;, i, j=1,2,..., N, and there exists a constant 4 > 0 such that

N N
Yo AyWES =) &, xeR & eRY,

i,j=1 i=1

Aij € CY(2),b e C(2),b(x) >0forall x € 2.

Diffusion models have been found a numerous of applications in chemical
physics, biological cell dynamics and physiology, etc. Especially, fractional diffu-
sion model is derived from a continuous time random walk model when the transport
is dispersive and it can describe more precise for some models of anomalous
diffusion in heterogeneous media. We refer to the books [180, 219] and the papers
[5, 117, 155, 244].

The direct problem of fractional diffusion equations (3.1) is the typical heat
equation for ¢ = 1 equipped with A being the Laplacian operator. Such equations
were introduced by Schneider and Wyss [190], they pointed out that such equations
can be described of diffusion in special types of porous media, and it can represent
the “gray” noise in the fractional diffusion for 0 < « < 1, while the white noise for
a = 1. In addition, Seki et al. [191] derived such type fractional reaction-diffusion
equations from a continuous time random walk model. More recently, Andrade and
Viana [12] have developed the global well-posedness and spatiotemporal asymptotic
behavior in the case of semilinear situation. Viana [216] studied the local well-
posedness of such equations with perturbations behavior.

In many practical applications, we can just measure density of the diffusing
substance at positive moment without knowing the initial density, and so, it reflects
the advantages of the backward problem to deal with this kind of difficult situation.
For more details of the fractional backward problem, one can see the papers
[7, 206, 207, 226] and the references cited therein.

As far as we know, Liu and Yamamoto [138] studied the existence, regularity, and
convergence analysis of a backward problem for time fractional diffusion equation
in weighted continuous function space. Sakamoto and Yamamoto [186] investigated
the existence, uniqueness, and regularity of solutions of a direct problem for frac-
tional diffusion equation in space C ([0, T']; L?(£2)) with respect to the assumptions
a € H}(2) N H*(2) and f € CY([0, T]; L*(£2)). Mu et al. [168] established
the existence and regularity of classical solutions on a weighted Holder continuous
function space, with respect to the assumption f € .# ﬂ")((O, TI; LZ(Q)), which is
weaker than Holder continuous. It is natural to consider the existence, uniqueness,
and regularity for a usual backward problem on continuous function space from the
abovementioned points of view. Assuming that f is weighted Holder continuous, the
aim of this section is to provide some existence, uniqueness, and regularity results
of mild/classical solutions for the proposed backward problem.

This section is organized as follows. In Sect. 3.1.2, we give some basic definitions
and preliminaries results. In Sect.3.1.3, the existence and uniqueness results for
the fractional diffusion problem (3.1) are investigated. We also obtain some new
estimations for regularity. In Sect.3.1.4, two examples are given to illustrate the
main results.
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3.1.2 Preliminaries

It is well known that the operator A is introduced as above that can generate the
following spectral problem:

Ae,(x) = Mpen(x), x €82, ey(x)=0, x€d2, neNtH, (3.2)

where {A,,}°° | denotes the set of eigenvalues satisfying

O<Ai<Mmp=<...<A <...,

and lim, o A, = o0o. The corresponding eigenfunctions are defined by e, €
HO1 2)NH 2(.{2) for every n € N*. The eigenfunctions e, are normalized so that
{en }211 is an orthonormal basis of L2(£2).

For all s > 0, the fractional power operator A® possesses the following
representation:

o0 o0
A'u=Y "M e)er, ueDA)= :u €L} (2): Y ATl e < oo} )
k=1 k=1

Let us define the norm on D(A*) by

1

o0
lullpasy = (Zx,%ﬂ(u,emz) . u€ D(AY).
k=1

By duality, we can also set D(A™*) = (D(A*))* and use the so-called Gelfand
triple. Then D(A ™) is a Hilbert space endowed with the norm

o0 2
lullpa—s) = <Z)»,:25|(u,ek)|2> , ue DA,

k=1

where (-, -) denotes the duality bracket between D(A~*) and D(A®). In particular,
one has D(A*) C H2(2) fors > 0, D(A?) = L2(£2) and D(A?) = Hj(£2), see
[186] and the references therein.

The space of Holder continuous functions on [0, T'] with exponent 8 € (0, 1) is
denoted by C?([0, T]; L?(£2)) which has the representation form

c?([0,T1; L*(2)) = {u e C([0,T1; L*(£2)) :

lu(®) —u(s)ll 2
0<s<t<T (t —s)?
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equipped with the norm

lu@) —u) 202
llull co 22y = sup llu@®l2e)+ sup
QT2 @) = SIP LD T eocs<T (t —s)?

Let us introduce the space .# £-90, T1; L*(2)) by the weighted Holder contin-
uous function space of all continuous functions definedon (0, 7] for0 <6 < < 1
with satisfying properties:

() If0 < B < 1, lim;—q t' = Pu(r) exists.
(ii) v is Holder continuous with the exponent 6 and with the weighted s' £+ ie.,

Sl_ﬁ+9||u(" t) —v(, S)||L2(Q)
<0

su (3.3)
0§s<£)§T (t —s)?
(i) Ast — 0, it yields
1-p+6 _
s u(-,t) —u(,s
wu(1) = su het. D = uC: Dlezay (3.4)
p 7
0<s<t t—s)

Then the space FB-9((0, T1; L*(£2)) is a Banach space with the norm

P00 u, 1) —ul, )|l

— N u\-, ui-,s L2 2

lull oo = sup ' Plu)ll2@) +  sup . )
0<t<T 0<s<t<T (t—s)

For0 <6 <o < B < 1, we have ZP7((0, T1; L>(2)) c .FP9((0, T1; L*(2))
with continuous embedding; in addition, any function v € C?([0, T]; L?(£2))
belongs to .Z 17 ((0, T1; L2(£2)) when 0 < 8 < B = 1 (see, e.g., [231]).

Let E4 g(z) be the Mittag-Leffler function as in Definition 1.7 and .#Z. (z) be the
Wright-type function as in Definition 1.8, ¢ € (0, 1), z € C. The function E, g(z)
is an entire function, and so it is real analytic when restricted to the real line. For
convenience, we set Ey (z) 1= Eq 1(z) forz € C.

3.1.3 Existence and Regularity

By using the separation of variables method, the formal solution to (3.1) can be
expressed as

u(t,x) = Z(u(r,x),en)en(x). 3.5)

n=1
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For convenience, we set u,(t) = (u(t,x),e,), g« = (g(x),ey), and f,(t) =
(f(t, x), e,). By applying Ae, = Aqe, for all n € N7, let us take the Laplace
transform into (3.1), and it can be rewritten as follows:

ST (5) — 1n(0) = —Ans 7T (5) + fu(s),

where v denotes the Laplace transform of function v, and so

a—1 a—1

u, (0) +

S+ A, Sa—l-)»nfn(S).

un(s) =
It follows from Proposition 1.13 and the uniqueness of Laplace theorem that

t
n () = Ea(—hnt)it (0) + / Ea(=hn(t — $)°) fu(s)ds. (3.6)
0

By substituting t = T into the above equation, it yields that

) = LaZhal™) B (T — %) )d)
un()_Ea(—)»nTa) (gn_/(; a(=Au (T — $)%) fu(s)ds

t
+ / Ea(=hn(t — )% fu(s)ds.
0

Let us consider the operators

o~ Ea(=hnt®)
(Z)(t, x) = —avnen(x),
n; Eq(—1T)
0 T Ey(—=Xp o
(Pa)(t,x) =) (— /0 E((_—X;J)Ea(—xn(T - s)“)vn(s)ds) en(x),
n=1 o n
o t
(P30, x) =) (/0 Eo(=An(r — S)“)vn(S)dS) en(x),
n=1

for any v € L?(£2). Then, it remains to find a solution of the problem (3.1) which
can be transformed into the form

u(t, x) = (218)(t, x) + (P2 ), x) + (P3 )1, x). (3.7

From this point of view, we introduce the following definition of mild solution
of the problem (3.1).
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Definition 3.1 A function u is called a mild solution of the problem (3.1) if u €
C((0, TT; L3(£2)), and it satisfies the equation

o Eo(=hnt®)
= 2
n=1

T
((g(x), en) — /(; Eq (=2 (T —$))(f (s, x), en)dS> en(x) (3.8)
00 t
+ Z (/ Eo(—2n(t — S)a)(f(ss x), en)ds> en(x).
n=1 0

Remark 3.1 Note that the mild solution u is not continuous on L%(2) if t = 0
and the given assumption of g belongs to L*(£2) or H(} (£2). In fact, if u is a mild
solution of the problem (3.1) and lim;—, o Eq(—A,1%) = 1, we just take into account
the trivial case of f = 0. In view of Proposition 1.11, one can see that

5 1/2
|gn|2>

1/2
(Z + A T®) |gn|2>

M5 gl 2 )-

o]

(0, )l 12y = (

| Eo (=00 T%)

This means that we cannot establish the continuous criterion of solution at r = 0 in
the space C ([0, T]; L?(£2)) except for the higher assumptions of spatial regularity
of given terminal value data g.

Remark 3.2 Letv € L?(£2). The series ) o | %(v, en)e, (x) is uniformly
convergent for any § > 0 and § < ¢t < T. Moreover, this series is also continuous
on (0, T']. Indeed, from Proposition 1.11, we have

M21+)» T¢ MzTa
M1 1+ At — Mlta

, forallpeR, e, T]. (3.9

Ea,ﬂ(_knta)
Ea(_kn Toz)

On the other hand, for any ¢ > 0, there exists N > 0 such that for all positive
integers p, whereas k > N

k+p
Z |(v, en)|? < v \/—> , forallt € [8, T].

a
n=k+1 MaT
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Let

k

Eq(—A,t“
Sk(t)v = Z %)L;“))(U’ en)en(x).

n=1

Therefore, for all t € [§, T'], we have

k+p 2
Ea(_)\nta)
ISkt p (v = Sk ()]|2 5, o) = (v, ep)
14 L2(_Q) n=2k;r] Ea(_ana) n
k+p
MoT\?
< (M ta) D W el <e.
1 n=k+1

Hence, from the Cauchy convergence criterion, we obtain that the desired series is
uniformly convergent on [8, 7], and thus it is continuous on (0, T'].

In this sequel, the existence, uniqueness, and regularity results of mild solutions
for the proposed problem are investigated.

Theorem 3.1 Assume that f € FP0((0, T1; L>(22)) with0 < 0 < B < 1 and
g € L?*(82). Then there is a unique mild solution u to the problem (3.1) which
belongs to C((0, T1; L2(2)). Furthermore, there exists a positive constant C such
that

1Nu(t, )22y < C (Igll2e) + I1f L zse) - (3.10)

Proof Firstly, in view of (3.9), for all r € (0, T], it is easy to check that

oo

P, 2o = (Z

n=1

Ea(_)‘nta)

o\ 172
L 3.11)
Eg(—in )| ) = e M@

Furthermore, by Remark 3.2, we know that & g is continuous on (0, T']. Therefore,
we can deduce that 21 g € C((0, T1; L2(£2)).

Next, we show that &, f is continuous on (0, 7]. With the aid of Proposi-
tion 1.11, forallk e Rand 0 < t < T, we also have

E(X,K(_)"H(T — T)a) < M» 1+ A,T¢ - &

S = T(T —7)~". (3.12)
Eoq(—=2nT%) M1+ x,(T —1)* — M,

Therefore, by the assumption of f and Proposition 1.11 again, one can see that
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|22 f (@, )22

T | o o
Eqo(—x,t%)
—EO{ —)\.n T - o n n
S/0 Z(EA—MT“) ¢ ( 7)) (S))e 0 @
n=1 LZ(Q)
3.13
m3Te (7 —a o
- / (T =)™ £ (5, ) 22ds
MZTﬁ rpra-— a)
Ilfllwev
My I'(l+p8-—
where we use the identity
I'(arr
/ (T — 5)*1sh 145 — (a) (b)Ta+b—1’ for any a, b > 0. (3.14)
I'(a+b)

Furthermore, by applying (W3) and (W4) of Proposition 1.19, it follows from 1 —
e % <zandze % <1 forz > 0 that

oo
Ea(hat®) = Eal=hs) = [ ota(@) [0 — 05" o
0
o o o o
=/ Mo(@)e M0 |0 1| g
0

<hn(t” —s"‘)/ O Moy () (Ans®0)"1do
0

<s %t — )",
(3.15)

where 0 < s <t < T, and we use the inequality
£ —& < (& —&)°, forany 0<& <&, 0<p=1. (3.16)

Therefore, by applying (3.15), for any ¢ > O and ¢, s € [e, T] with s < ¢, it yields
that

122f(t, ) = Paf (s, L2

2T°‘

172
/ (T—r)“( |Ea(—xnt“)—Ea(—xns“>|2|fn(r>|2) dr

MTP (B (1 — ) o .
S Y s U P F

which implies that (22, f)(¢, -) — (2 f)(s, ) tends to O when ¢ — s approaches 0.
Hence, the desired results are obtained.
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In the sequel, we show that &3 f is continuous on (0, 7']. By the assumption of
f and Proposition 1.11, one has

t
I(P3£)(t. )l 20) < M2 /0 I (s ) r2yds < MaB™ Pl fllgso.  (3.17)

On the other hand, it follows that

o]

t
(P, )= (/0 Eq (=2 (t = $)*)(fu(s) — fn(t))dS> en(x)

n=1

0 t
+y ( / Eo(—=n(t — s)“)fn(r)ds> en(x)
n=l1 0

=:01(t) + [2(2).

Therefore, for all ¢, s € (0, T] with s < ¢, it follows that

o0

L) —1i(s) =Z (/(; (Ea(=2n(t — T)%)

n=1

— Eq(—An(s — T)a))(fn(f) - fn(s))d'f)en(x)

o0

+ Z <‘/(; Eq(—An(t — ‘L')oz)(fn(s) — fn(t))d'lf)en(x)
n=1

o0

t
+3 ( / Eo(—In(t = D) (fu(2) — fn(t»dr)en(x)
n=1 N

=:L1(t,s) + La(t,s) + L3(z, 5).

(3.18)
By applying Proposition 1.13 and the assumption of f, we have
L1, )22
s o0
5/ > (Eal=hn(t=0)) = Ea(=n(s=0)) (fa(D) = fulsDen)|  d7
0 n=1 LZ(Q)
s 7'.1—,3-%9 $,) — I,
S/ (t —5)%(s — 1) %P ldr sup ACIR ];( M2
0 O<t<s (S — ‘L’)
r—6rd—o+o) ,,
= t— ; .
ra+g-—a (=) ll.zpo

(3.19)
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This means that

L2, $)l 1200y < M2 /0 IF @) = fFO)2ydt < MasP~0(t = ) || £l zp0.
(3.20)

Furthermore, in view of (3.16), we get the following result:

t
IL3(t, $)ll 120 SMQ/ t — )P Ndrws )
’ (3.21)

M
sﬁ(t — ) PO £ g

Hence, we can deduce that /1(#) — [;(s) tends to O when ¢t — s approaches O.
Furthermore, we know

o]

t
L) —h(s) = Z (fo Eo(=2n(t = D) (fu () = fa (S))df) en(x)

n=1

( /0 (Ea(=an(t = %) = Eq(=hn(s — r)“))fn<s)dr> en(x)
t

o0
+2

n=1

o0
+3 ( / Eu(=hn(t = D) f, (s)dr) en ().

n=1 §

By the similar way as in (3.19), (3.20), and (3.21), we can deduce that /5(¢) — l2(s)
tends to 0 as + — s — 0. Hence, it follows that 225 f € C((0, T1; L?(£2)).
Consequently, we show that there exists a mild solution u € C((0, T']; L3(2))
which can be expressed as in (3.8). Furthermore, together with (3.11), (3.13)
and (3.17), the estimate (3.10) can be obtained.

Finally, we show the uniqueness. Let # and v be any two mild solutions of the
problem (3.1) with the same terminal value data g and source function f, and set
w = u — v. We have to prove that w is a trivial mild solution.

Since ey, (x) is the eigenfunction of the eigenvalue problem (3.2), w,(t) =
(w(t, -), e,) sincew € C((0, T1; L2(.Q)).

On the other hand, as the same procedure of solution v in (3.6), we
obtain w,(T) = Ey (—A,T*) w,(0). Hence, it follows from w,(T) = 0 and
Ey(—x,T%) > 0 that w,(0) = 0, and the uniqueness result for the ordinary
fractional differential equation implies that w,(f) = O foralln = 1,2,3,....
Since {e, }  is also an orthonormal basis in L2(£2), we obtain that w(z, -) = 0 in
(0, T) x £2. Thus, the desired conclusion is obtained, and the proof is completed.

Theorem 3.2 Let0 <m < 1,0 <0 < B <2am+6 — 1, andam +6 < 1.
Assume that f € FP9((0, T1; D(A™)) and g € D(A'™™). Then the problem (3.1)
possesses a unique mild solution u in the function space
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du € FP((0, T1: L*(£2)).
Furthermore, there exists a positive constant C such that

13:ull 70 < C (Igll pearemy + 1 fll zpe) - (3.22)

Proof By applying the assumptions of functions g and f, it can be checked from
Theorem 3.1 that there exists a unique mild solution u. Moreover, in view of
Proposition 1.13, we obtain the following expression:

_)\nta_lEa,a (_)\nta)

Orun(t) = Ey(—0, T%)

T
<gn _/0 Eq(—hn(T —s)“)fn(s)d5>

t
+ / ot = )% Eqa (=t — $)°) fu()ds + fo0).
0

(3.23)
Let us consider the operators
> _)\ntailEa,a(_)Vnta)
(%g)(r,x)=§ o a s e,
(At x) —i (fT k”ta_lE“’“(_’\"ta)E (—=dn (T = )N f, (S)ds> en(x)
2 s —n:1 o Ea(—)»nTD‘) o n n n ’
o t
(%f)(t’ x) = Z <_/(; An(t — S)a_lEa,a(_)Ln(t - S)a)fn(s)ds> en(x),
n=1

(Taf)(t,x) =) fa(Den().

n=1

In order to check that d,u belongs to the space yﬁﬂ((o, T1; L2(.Q)) and satisfies
the estimate (3.22), for the definition of operators .7, i = 2, 3, 4, we need to show
that Zig, Z; f € FPO((0, T1; L3(2)). Initially, by the assumption of f, it is easy
to check that 7, f € .Z#9((0, T1; L*(2)). Therefore, it remains to subdivide this
proof into three steps.

Step 1. Z1g € FP9((0, T]; L>(2)) for g € D(A'T™).

In view of Proposition 1.11, for all k € R and ¢ € (0, T], we have

My (142,T I=m 1 a, To\™
TMp \ 14+ r,t¢ 1+ Apt¥

SMl—leTa(lfm)tfa(lfm)(l + )\’nTOZ)m

Eoz,/((_)\'nta)
Ea(_)\n Tot)

(3.24)

Ele—l[‘42Toz(l—m)t—ot(l—m)(1 + )»ZlTam),
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where we use the inequality (1 +£)? < 14+ &P forany & > 0and 0 < p < 1.
Therefore, for all t € (0, T], it yields that

_)\nta_lEa,a(_)\nta) ?

2 —
1(Z18) (1. )72 _; ' Ea(—haTo) "

<2M22 TZa(l—m) —2(1—am) = 2 2m 2am 2
_W t Z)‘n(]+)‘n ") 1gnl”,

1 n=1

where we use the inequality (1 + 5)2 <21+ 52) for all £ € R. According to the
definition of the fractional power space D(A*) for s > 0, we can find a positive
constant C; which depends on A1 such that [|g][p(a) < Cillgll p(a1+m) and then

€I M> N 1
||(<7lg)(t, )||L2(_Q) =< jlwl Ta(l m)t a am)||g||D(Al+m), t e (O, T],

where 4] = (2(C1 + Tz"‘m))l/ 2, Then, we conclude from the assumptions of 8 <
2am +6 — 1and am + 6 < 1 that lim, o t'P|| Z1g(, )| 12 exists.

Furthermore, by applying (ii) in Proposition 1.13 and for 0 < s <t < T, we
have

I(Z18)(t, ) = (Fi8)(s, M2,

_ i)\,ﬁ ta_lEa’a(—)\,nta) — Sa_lEa,oz(_)\.nSa) ? |gn|2
n=1 Ea(_)\nTa)
> 2 ! 2 Eqa—1(—AnT%) 2 2

=i [ e ] e
n=1 $ « n

2M22 T2a(]7m)

o0
o \2(1—am) 2 2m 2am 2
= W21 —amy? Gora-am ' ) 2 4RI T g

n=1

651/2M22 T20(1—m)
= Mlz(l — am)2 (Sl‘)z(]iam

56 =2 gl yim)s

which implies that

s T, ) = (718)6, ) e
(t —s)?

%{Mz

= Ml —am) wsPlgl parem,
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G M>

< —Ta_ﬂ LAY
=W —am) gl peat+m

Therefore, 7] ¢ fulfills (3.3), and we have

: SR T9)1,) — (Tig) (s, )l e
lim sup -

7 0.
1=00<5< (t—s)

Hence, .7, g also fulfills (3.4). This shows that Zig € .Z0((0, T1; L(£2)).

Step 2. % f € FPO(0, T1; L*>(2))for f € FPO((0, T1; D(A™)).

With the aid of (3.24) and the assumption of f, for all 0 < r < T, one can see
that

22 f ()2

T\ a—1 o
1% Egq(—Ant
S/ Z)\n (L’L)Ea(—)\n(T — S)O()fn(s)> en (x) ds
e B L2(2)
<%Tﬁt(l—m)[am_1
=T
"5 2m 2 A 2 . 1/2
1 )\ 2m2em M n
X/O (n:l( T )(1+)‘n(T—s)‘¥> [ fn(8)] ) s
(3.25)

It follows from the definition of space D(A™) that we can find a positive constant
C» which may depend on 4 such that || f || 2oy < C2|| flp(am), and by (3.14) then

%2/M22 1 1 r
12 f (@t )2y < 7 e —m) em= f (T — )~ £ (5. ) p(amyds
0

<<52’M§ r)rda—a)
- M Irdd+g-o

TP=em e m=1 £l 20,
(3.26)

in which ¢, = (2(C2+T2"””))1/2, and this implies that lim;_o¢!~#

% f (¢, Il L2 () exists. In addition, similarly to (3.25) and (3.26), for 0 <s <t <
T, we have



94 3 Inverse Problems of Fractional Diffusion Equations

IR, ) = (), )2

_ /T <i)¥2 ta_lEa,oz(_)‘-nta) - sa_lEut,a(_)Lnsa)
- n
0 n=1

Eoq(=AnT%)
X Eq(=dn(T — 5)%)

2 12
|fn<s>|2) ds

/t ‘L'a72 Ea,a—l(_)‘«nfa)dl_
N Ea(_)LnTa)

e¢]

(X

1

3 2 s 172
(=) 1H0r) 4

(KZ/MZZ Ta(l—m)
<
~ Mi(1 —am) (st)l-am
- eGM; (B —a) TP
=~ Mi(1—am) C(1+B—a) (st)l-om

2

(3.27)

T
(1 — 5o /0 (T — )1 £ (5. M pamds

1_
=8 """ fllzpe,

which implies that

sSTPONAS @) = (D) i
(t —s)?

GM; T -oa)

= Mi(I—am) T'(1+ B —a)

GM; T -oa)

=M —am) T+ B —a)

TP=emg m=FB| || zpe

1 fll.zp.e6.

Therefore, 2 f fulfills (3.3). In a similar way, we have

. SR ) — (B )2
lim sup =0
t—0 O<s<t (t - S)e

Hence, % f also fulfills (3.4). This shows that % f € .Z50((0, T1; L?(£2)).
Step 3. A f € FPV(0, T); L2>(2)for f € FPO((0, T1; D(A™)).
By Proposition 1.11 and (3.24), similarly to (3.25), for 0 < ¢ < T, one has
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o 172
) ds

3.1 Backward Problem

(T, )22

< fot(t — 5! <i

(g/
jw GM; pam / (1 = 9% L £ (s, | peamyds

Ea,a(_)\n t—s5)%

n Ea(_)\'nTa) Ea(_XnT )fn(s)

C3M3 T (B)I
< 2D (ﬁ) (am) T—otmtotm-‘rﬂ—l ”f”?ﬁ@ ,
My I'(B+am)
(3.28)

which implies that lim,_, "B A f, Nl z2¢2) = 0. Furthermore, we have

(O,
> t
= Z (/(; —An(t — s)aflEa,a(_)tn(l = )N (fuls) — fn(t))ds> en(x)

o0 t
+ Z </ —Aa(t — s)a_lEot,a(_)”n(t - s)a)fn(t)ds> en(x)
n=1 0

=: J1(t) + J2(2).

Therefore, for 0 < s < ¢t < T, we obtain

Ji(t) — J1(s)

—Z(/ _)¥n t_f)a lEoza( An(t — 1))

n=1

—(s= T)ailEa,a(_)\n(S - f)a))(fn(f) - fn(t))d77>en(x)

+) —hn ( /0 (t =D Ega(=hn(t = D) (fuls) — fn(r»dr) en(x)

o t
+Y = ( / (t = )" Ega(—hn(t = D) (fu(T) — fnm)dr) en(x)

=:_21(t,s) + Fa(t,s) + Z3(t,5).
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By applying Proposition 1.13, as in the same way of (3.27), one has

I 21 )20
M2 s t—t1 o 1/2
sﬁr“’“ /0 / 4“'"zd;’(Z(l+AnT“>2m|fn<r>—fn<r>|2> dr
S n=1

-7
I A2 T —am
_GMT

(t —s)l-om /0 (=0 (s — Y £ () — £ ) pamdT

“Mi(1 —am)
I Af2 T —am K
S CyM5T (1 — 5)l-om / (s — )2em=DH0LB=0-1 41y (1)
Mi(1 —am) 0

- CMIT ™" ' 2am +6 — I (B —0)

(t _ s)l—ams2a1n+ﬂ—2”f”
=M —am)  T'Qam+B—1)

FBs
(3.29)

where we use (3.16). By using the similar way as in (3.28), for0 <s <t < T, we
obtain

M3 ' |
I 220 )22y < ] Tﬁ“m/O =" NS (s, ) = f&, ) Ipamdr

M
2
_GM]

=i am TomsemtB=0=1 _ 5)0) £l 70

(3.30)
and

G M3
z, =
173, )20 M,
2
G
=M (am +6)

t
T / (¢ =" f () = £ ) pamydT

T—Olmsﬂ—e—] (t _ s)am+9 ” f”f/\ﬂﬂ )
(3.31)
Therefore, together with (3.29), (3.30), and (3.31), there exists a positive constant
C such that
STBTI () — )2
(t —s)’

< Clfll.zs0

and

. s L) — )20
lim sup 7 =0
t—=00<s5<t (t—ys)
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On the other hand, we know

Jo(t) — J2(s)

o t
Z <‘/(; —An(t — T)a_lEot,a(_}Ln(t - T)a)(fn(t) - fn(s))d"-'> en(x)
n=1

+

> ( / S (0 = D Ega(—2n(t — 7))
0

n=1

— (5 =0 Ega(—An(s — r)“))fn(swr)en(x)
0 t

+ Z (/ _)\n(t - T)ailEa,a(_)‘n(t - t)a)fn(s)dt) en(x)-
n=1 s

Therefore, by using the similar way as in (3.25)—(3.28), there exists a constant C
such that

s'PYN () — B9l 2
(t —s)?

< Cllfll.zse

and

. s'TPTON L) = 9l 20
lim sup N

5 0.
1=>00<5<t (t—ys)

The above arguments imply that .73 f fulfills (3.3) and (3.4). Hence, we obtain that
Rf e FPO0, T1; L?(£2)). Consequently, combined with the above arguments,
the estimate (3.22) holds, that is, the desired result is obtained.

Next, we introduce the following definition of classical solution of the prob-
lem (3.1).

Definition 3.2 A function u is called a classical solution of the problem (3.1) if u €
L2(£2) is continuous on [0,T], d,u exists and is continuous on (0, T], u(z) € D(A)
forr € (0, T'], and (3.8) is satisfied.

Remark 3.3 It is obvious that a classical solution is a mild solution under the
appropriate given data.

Theorem 3.3 Let0 <m < 1,0 <0 < B <2am+6 —1andam +6 < 1.
Assume that f € FP9((0, T); D(A)), and g € D(A'™™). Then the problem (3.1)
possesses a unique classical solution u in the function space
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{u e C([0, T1; L*(£2)) N C((0, T1; D(A)),
du € FP00, T1; L*(2)).

Furthermore, there exists a positive constant C such that

e, 2y + 1w, ipay + 10l zeo < C (I8l peatmy + I1f Il z50) -
Proof With the aid of Proposition 1.11, we have

M
< 2 (14,79, forallc €R, t €[0,T].

EC{,K (_)\n[a)
A o | = Ml

E(x(_)\n Tot)

Noting the definition of spaces D(A'*™) and D(A™), it allows us to find a positive
constant C3 which may depend on A; such that | gllpam) < C3llgll pca1+n) and
hence

My,

(219t ) 2@y < 713||g||D(A1+m),

where €] = (2(C3+T%))". For any 1,5 € [0,T] with s < ¢, by (i) in
Proposition 1.13, (3.16), and (3.24), it follows that

I(Z18) (1, ) = (2185, )72

_i Eq(=hnt") = Eq(=ns®) 2| 2
- Eo(—nT9) &
n=1
> ! 1 Eq(=X,t%) 2 2
:Z / AT —————dt| |gnl
s Ea(_)\nTa)
n=1
2 2
<%T2a(lfm) t.L.otmfld,r Z)”z(l + kaam)2| |2
= M2 n n 8n
1 § n=1
GMr ?
(I=m)  _ om 2
S <M1amT (t S) ) ||g||D(A1+m)‘

It means that (221 ¢)(¢, -) — (£?1£)(s, -) tends to 0 when 7 — s approaches 0.

According to the definition of space D(A), it follows that there exists a positive
constant C4 which may depend on 2; such that || f]l;20) < Callfllpca), and
similarly to (3.13), we have

CaM3TP M(B)M (1 — )
My TI'(l+B—-a)

122 f (1, )l 2y < 11l 2o
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Moreover, for any ¢, s € [0, T] with s < ¢, it yields that

122/, ) — Paf (s, e

o 1/2
Mo [T
= fo (T —0)° <Z|Ea<—xnr0‘)—Ea(—xns“>|2'f"(f)'2> -

n=1

g , o ; 2 1/2
M /(T—rra Z/Anf“—lzsa(—xnr%dr TG e
M] 0 n=1"1"%
M2T® T
< ]\;]Oé (l—s)a/O (T — )N f(x. )p@ydr

<M22Tﬂ rp)rd—ao)
T Mo T'l+B—w)

(t =) fll zpo,

which implies that (£ /) (¢, -) — (2 f)(s, -) tends to O when ¢t — s approaches 0.
On the other hand, similarly to (3.17), we obtain

(P ) 2y < CaMaB™ 1P| fll s

and

(P3N, ) = (P3)(s, 2@

. /oo 12
S/ <Z|Ea(_)m(t_T)a)fn(f)|2> dt

n=1
1/2

+/0 (Z‘(E"‘(‘An(f—r)“)—Ea(—xn(s—a“))fn(r)’z) dr
n=1

t
<CiM> / 1 (. pede
s

o0

+/0S<Z

n=1

-t 2 172
/ )Lnsa_lEa,a(_)Lnga)dé |fn(f)|2> dt

-7

N
<CiMaB™ (P — sP) | fll s + Mo fo

t—T
/ s“lds‘ I £(z, ) paydT

S—T
-1 B M a B
SC4MrB™ (1 = PN fll zpo + ﬁ—a(l =) sPNf Nl zse,
where we use (3.16). Hence we obtain that (3 f)(¢,-) — (£3f)(s, -) tends to 0

when ¢ — s approaches 0. Hence, this shows that 223 f € C([0, T]; L2(2)). By
applying the triangle inequality for Eq. (3.7), we have
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luz, ) —uls, 2
<N1Z218@t, ) — Z18(s, 22y + 1221, ) = Paf (s, )l 20y
+||<gz3f(tv')_93](‘(5‘7')”[‘2(9)—)O, ast—s—>0.

It means that u € C([0, T1; L*(2)).
We now consider the following operators:

> A Eq(—Ant®
o@]g(t, ) Z ( ! ) nen(x)a

Eoq(=2,T%)

o AnEg (=2nt®) ([T
ng(t, )= Z W </(; Eq(—An(T — s)a)fn(s)ds> en(x),

n=1
o

t
D3f(t,) =) ( /0 —nEq(=hn(t — s)“)fn(sms) en(x).

n=1

In view of (3.9), as the same way we obtained in Remark 3.2, it is easy to check
that 2 g is finite and continuous on (0, T']. Moreover, by using (3.24), (3.15), and
(i) in Proposition 1.13, similarly to (3.25) and (3.27), we also obtain that 2; f is
finite and continuous on (0, T']. The result 23 f € C((0, T; L2(£2)) holds as well.
Indeed, by (3.28), (3.24), and Proposition 1.11, it is easy to see that 23 f is finite.
As the similar proof process in Theorem 3.1, by the embedded relationship between
D(A) and L?(£2), we can deduce that (23 f)(z,-) — (23 f)(s, ) tend to 0 when
t — s approaches O for all 7, s € (0, T]. With the same argument as for Theorem 3.1
again, the uniqueness of the classical solution follows.

Since e, (x) is the eigenfunctions of the eigenvalue problem (3.2), it means that
there exists a unique classical solution u such that Au = Q1g + Q> f + O3 f.
Consequently, the result 9,u € % B.9((0, T1; L*(£2)) can be verified as the same
methods in Theorem 3.2 immediately. This shows that all desired results hold.

As an application of Theorems 3.1 and 3.2, we obtain the following conclusion.

Theorem 3.4 LetO <m < 1,0<60 < B <2am+60—1andam—+6 < 1. Assume
that f € FP9((0, T); L>(2)), and g € D(A™). Then the problem (3.1) possesses
a unique mild solution u in the function space

u e C(0,T]; L*(£2)) N C([0, T]; D(A™"Y),
du e FP0,T]; D(A™Y).

Furthermore, there exists a positive constant C such that

a2y + u e, Yl pa—ty + 13wl 7o < C (Iglpeamy + 1 fll zp0) -
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3.1.4 Example

We get two examples as follows to illustrate our main results.

Example 3.1 Leta € (0,1),2 =(0,1),T =1,and f(t,x) =t *x(1—x)/ T (1—
a) for x € £2. Obviously, function f is not Holder continuous on [0, 1] x 2, but
it is weighted Holder continuous. Then, we shall consider the following backward
problem for fractional diffusion equation:

du(t,x) =0 u (t,x) + f(t,x), 0<rt<]1,
associated with the boundary value conditions
u@,0)=u(,1)=0, 0<r<l1
and the finial value condition
u(l,x) =gx), xef.

For this case, we know that 1, = n’7? and e,(x) = sin(nmx), n € NT. Let

g(x) = cos (xm/2). It is easy to check that

8/ An 40 - (=D") _,
&= and fu(1) = 3/2—f .
4hn — 1 (1 —a)

Hence, g € D(A™) for 0 < m < 1 and f(¢,-) € D(A); then there exists a unique
mild solution u(t, x) = Zf;ozl uy, (t) sin(nmx) that belongs to C((0, T']; L2(£2)) by
Theorem 3.1 in which

Ea (_)Vnta)

4 n
un (1) Zm <gn - )\?qT(l - (=D )Ea,z—a(—)»n)>

4 -
+ )\'3/2(1 - (_1)n)t1 aanz_a(—)\,n[a)’
n

and it further possesses the conclusions of Theorem 3.4 provided with0 < 6 < 8 <
min{l — o, 2am + 6 — 1} andam 4+ 60 < 1.

Example 3.2 If we set g(x) = x(1 — 2x> + x7) in Example 3.1, for a simple
calculation, we can deduce that g, = 24(1 — (—1)")/kf,/2, n € N*. Hence, g €
D(A'™™) for all 0 < m < 1. Then there exists a unique classical solution « defined
as in Example 3.1 which satisfies all conclusions of Theorem 3.3, and there exists
a mild solution which satisfies the conclusion of Theorem 3.2 both cases provided

with0 <0 < <min{l —¢,2m+6 — 1} andam +6 < 1.
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3.2 Terminal Value Problem

3.2.1 Introduction

Nonlinear diffusion equations, an important class of parabolic equations, come
from many diffuse phenomena that appear widely in nature. They are proposed as
mathematical models of physical problems in many areas, such as filtering, phase
transition, biochemistry, and dynamics of biological groups. Many new ideas and
methods have been developed to consider some various kinds of nonlinear diffusion
equations. We list some selected works in recent time, for example, Caffarelli et al.
[49], Duzaar et al. [24, 25, 57], Vazquez et al. [22, 23, 89, 198], and the references
therein.

We present existence and regularity estimates for the solutions to a final boundary
value problem for a space-time fractional diffusion equation. Let D be an open
and bounded domain in R¥, (k > 1) with boundary 0D. Given 0 < «¢ < 1 and
0 < B < 1, a forcing (or source) function F, we consider the final value problem
for the time fractional diffusion equation

SDYu(t, x) = —LPu(t,x) + F(t, x,u(t,x)), (t,x)€JxD, (3.32)
with the boundary condition
Hu(t,x) =0, (t,x)eJ xdD (3.33)
and the final condition
u(T,x)=¢kx), xe€D, (3.34)
where ¢ is a given function. Here J is the interval (0, T'), and the notation ng‘ for

0 < a < 1 represents the Caputo fractional derivative of order « which is defined
as follows:

CD%u(t, x) = (1) 9 u(t, x) = ! /t(t—s)“ 9 u(s, x)ds, t>0;
0F ULE A= El-a X D = 0 ") Jo g SIS ’

1
T(@)

consider the usual time derivative %—’; The fractional power 2B < B < 1) of the
Laplacian operator . on D is defined by its spectrum. The symmetric uniformly
elliptic operator is defined on the space L(D) by

=1 ¢t > 0, and * denotes the convolution. For « = 1, we

here g, () =

k k
0 0
Lux) =— E a—x1 E jfij(x)gju(x) + b(x)u(x),
Jj=1

i=1
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provided that .%;; € C'(R),b € C(R2), b(x) > Oforall x € 2, .%; =
Zji,1 < i, j <k, and T [Z;(x)]& > Lolg|* for some Ly > 0, x € £,
£ = (&1.&,....&) € Rk Equation (3.32) is equipped with v = v or
Hv = (Z)Vv) . 7, where f =[.Z; ()c)]i.‘j:l is a k x k matrix and » is the outer
normal vector of dD. Then the operator 2 is self-adjoint under this impedance
boundary condition.

The time-fractional reaction diffusion equation arises in describing “memory”
occurring in physics such as plasma turbulence [50], and it was introduced by
Nigmatullin [171] to describe diffusion in media with fractal geometry, which is
a special type of porous media and is applied in the flow in highly heterogeneous
aquifer [19] and single-molecular protein dynamics [122]. In a physical model
presented in [235], the fractional diffusion corresponds to a diverging jump length
variance in the random walk, and a fractional time derivative arises when the
characteristic waiting time diverges.

If the final condition (3.34) is replaced by the initial condition

u(0,x) =uglx), xeD, (3.35)

then the problem (3.32)—(3.35) is called a forward problem (or an initial value
problem) for time-space fractional diffusion equations; for applications of this type
of equation see [66], and for the abstract form of (3.32) and (3.35) see [41]. Carvaho
et al. [46] established a local theory of mild solutions for the problem (3.32)
and (3.35) where .Z# is a sectorial (nonpositive) operator. Guswanto [77] studied
the existence and uniqueness of local mild solutions for a class of initial value
problems for nonlinear fractional evolution equations, and the study of existence
of initial value problems was considered by Warma et al. [66]. A significant number
of papers were devoted to extend properties holding in the standard setting to the
fractional one (see, e.g., [55, 69, 116, 134, 205]).

Numerical approximation for solutions for the problem (3.32)—(3.35) was stud-
ied by Jin et al. [104, 106], and for other works on fractional diffusion see
[131, 172, 174, 243]. However, the literature on regularity of the initial value
problem for fractional diffusion-wave equations is scarce; for the linear case see
[43, 158, 172, 188], and for the nonlinear case see [10, 66, 112, 168]. Although
there are many works on the direct problem, the results on inverse problem for
fractional diffusion are scarce. We can list some papers of Yamamoto and his group
[102, 127, 130, 145, 166, 221], of Kaltenbacher et al. [107, 108], of Rundell et al.
[183, 184], of Janno [97, 98], etc.

In practice, the initial data of some problems may not be known since many
phenomena cannot be measublack at the initial time. Phenomena can be observed
at a final time + = T, such as, in the image processing area. A picture is
not processed at the capturing time ¢+ = 0. Instead, one wishes to recover the
original information of the picture from its blurry form. Hence, inverse problems
or terminal value problems or final value problems (IPs/FVPs), i.e., the fractional
differential equations (FDEs) equipped with final value data, have been considered.
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IPs/FVPs are important in engineering in detecting the previous status of physical
fields from its present information. If » = 0 and F(u(x,?)) = F(x,t), Tuan
et al. [206] showed that problem (3.32)—(3.34) has a unique weak solution when
¢ € HX(2) and F € L*(0, T; H*(£2)), and other works on the homogeneous
case for the problem (3.32)—(3.34) can be found in [101, 206]. Wei and her group
[224-226, 228] studied some regularization methods for homogeneous backward
problem, and Yamamoto et al. [138] considered a backward problem in time for
a time-fractional partial differential equation in the one-dimensional case. When
a = 1, systems (3.32) and (3.34) are reduced to the backward problem for classical
reaction diffusion equations and were studied in [15, 80, 209].

To the best of the authors’ knowledge, [210] was the first paper that analyzed the
problem (3.32)—(3.34). The authors presented existence and uniqueness results and
derived regularity estimates in both time and space. In what follows, the authors
analyzed the difficulties of this problem. By letting u(t,-) = O@)(f, ¢), the
solution operator &(0) is really not bounded in L?(D). Hence continuity of mild
solutions does not hold at the initial time ¢+ = 0. In addition, since the fractional
derivative is nonlocally defined, if we put v(¢) = u(T —t), then ng‘u(s) |s=7—; does
not equal ng‘v(t), so the problem cannot be changed to an initial value problem.
As a result we need new techniques to deal with the FVP (3.32)—(3.34). To the best
of our knowledge, the work on the final value problem is still limited.

The main results in this section can be split into two parts, linear and nonlinear
source functions. Linear models are sometimes good approximations of the real
problems under consideration and provide mathematical tools needed to study
nonlinear phenomena, especially for semi-linear and quasi-linear equations. In part
1, we consider the regularity property of the solutions in the linear case F'. We seek
to address the following question: If the data is regular, how regular is the solution?
Our task in this part is to find a suitable Banach space for the given data (¢, F)
in order to obtain regularity results for the corresponding solution. In part 2, we
discuss existence, uniqueness, and regularity for the solutions to (3.32)—(3.34) for
the nonlinear problem. Our main motivation for deriving regularity results is that
one needs it for a rigorous study of a numerical scheme to approximate the solution.
To the best of our knowledge, regularity results on inverse initial value problems
(final value problems) for fractional diffusion are still unavailable in the literature.
For initial value problems, McLean et al. [158], Jin et al. [106], and Mu et al. [168]
considered existence and regularity results of the solutions in C ([0, T']; L%(D)).
However it seems that the techniques in [106, 168] cannot be applied for our
problems (it is impossible to apply some well-known fixed point theorems with
some spaces in [106] for establishing unique solution). To overcome this we need
data ¢ in a suitable space, and we will use a Picard iteration argument and then
develop some new techniques to obtain existence and regularity of the solutions.

The rest of this section is organized as follows. In Sect.3.2.2, we give basic
notations and preliminaries, and we propose a mild solution of our problem. In
Sect. 3.2.3, we give some regularity results of the linear inhomogeneous problem.
Section 3.2.4 is devoted to existence and regularity for nonlinear problems, and
Sect. 3.2.5 considers global existence.
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3.2.2 Notations and Preliminaries
3.2.2.1 Functional Space

In this subsection, we introduce some functional spaces for solutions of FVP (3.32)—
(3.34). By {mj}j>1 and {ej(x)}j>1, we denote the spectrum and sequence of
eigenfunctions of .Z which satisfy e; € {v € H*(D) : #v = 0}, ZLej(x) =

mjej(x),0 <my <mpy <...<mj <..,and lim m; = oo. The sequence
J—>00

{ej(x)};>1 forms an orthonormal basis of the space L*(D).Fora given real number
p > 0, the Hilbert scale space H 2p (D) is defined by

o0
2 2 2m?
v € LAD) : llyp py = E (v,e)’m;" < oot
j=1

where (-, -) is the usual inner product of L?(D). The fractional power £, g > 0,
of the Laplacian operator . on D is defined by

L) =Y (. e,)mffej(x). (3.36)
j=1

Then, {m? }j=1is the spectrum of the operator .’ . We denote by Vg the domain of
%P and then

Vs ={ve L*(D): |LPv| < oo},

where || - || is the usual norm of L%(D), and Vg is a Banach space with respect
to the norm ||U||Vﬂ = ||.$/3v||. Moreover, the inclusion Vg C H?B (D) holds for

B > 0. We identify the dual space (L2(D))/ = L2(D) and define the domain
V_g = D(f_ﬁ) by the dual space of Vg, ie., V_g = (V/g)/. Then, V_g is a
Hilbert space endowed with the norm

1/2

o
-2
Iollv_, == 1> w.ep)2gom; 1 .
j=1

where (-, -)_g g denotes the dual inner product between V_g and Vg. We note
that the Sobolev embedding Vg — L2(D) <> V_g holds for 0 < 8 < 1, and
(v, v)_g,g = (V,v),forv e L*(D),v e V. Hence, we have

(e,~, é‘j)_ﬂ”g = (e,~, e.,') = (S,’j, (3.37)
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where §;; is the Kronecker delta fori, j € N*. Moreover, for given p; > 1 and
0 < n < 1, we denote by 2}, ,(J x D) the set of all functions f from J to L”'(D)
such that

t
1£1112;,., = essSUpg;7 fo 1f (@, ¢ =) dr < oo, (3.38)

where ||.|| 1 is the norm of L?! (D). Note that, for fixed r > 0, Holder’s inequality
shows that

—1

! 1 ! A pati—1) =
/0 If (@), ¢=1)" dt < [[0 ILf(z, N5 df} [/0 t—1) r! df]

rp(n—1)
In the above inequality, we note that the function 7 — (¢ — t) P2~' is integrable

for pp > % Therefore, if we let L?2(0, T'; LP' (D)), p1, p2 > 1, be the space of all
Bochner’s measurable functions f from J to L' (D) such that

1
! 23
I fllLr20.7;001 (D)) = |:/0 If (. ) df} < 00,

then the following inclusion holds
1
LP2(0,T; LP"(D)) C £, n(J x D), for pp > —, (3.39)
n

and there exists a positive constant C > 0 such that

|||f|||3£”,,1,7 <C ”f”LPZ((),T;LPl(D)); (3.40)

here, C depends only on p», , and T. Moreover, for a given number s such that
0 < s < n,we have 2, y—s(J x D) C Zp, n(J x D) since |||f|||53fm,,7 <
T“|||f|||5g-pl_nﬂ. Let B be a Banach space, and we denote by C([0, T]; B) the
space of all continuous functions from [0, 7] to B endowed with the norm
lvllco,71;:B) = SuPo<i<7 V()] 5 and by Cc?([0,T1; B),0 < 6 < 1, the subspace
of C([0, T]; B) which includes all Holder continuous functions and is equipped
with the norm

olllenor g = lv(2) —v(t)llp
Ca0.T1B) 0<ti<tr<T [to —11]?

In some cases, a given function might not be continuous at ¢ = 0. Hence, it is useful
to consider the set C((0, T']; B) which consists of all continuous functions from
(0, T] to B. We define by C%((0, T]; B) the weighted Banach space of all functions
v in C((0, T]; B) such that
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lvllce o.11:8) == sup t? lv(@)llg < oo.
0<t<T

Now, we discuss solutions of the FVP for the fractional ordinary equation
ng‘v(t) =g, v@) —mv(t), teJ and v(T)=vr, 341

where m and vy are given real numbers. Here, we wish to find a representation
formula for v in terms of the given function g and the final value data vr. By
applying the fractional integral o D, ® on both sides of the equation (3.41), we obtain

v(t) =v(0) + oD, * [g(t, v(t)) — mv(t)].

The Laplace transform yields that

a—1

A 1 —
__ . |
V= O+ g )

where v is the Laplace transform of v. Hence, the inverse Laplace transform implies
V(1) = 0(0) Eyi (—mt®) + g0, v(1))  [17" Eq o (=me®)]| (342)

Here, E, 1 and E, , are the Mittag-Leffler functions which are defined in Defini-
tion 1.7. Now, a representation of the solution of FVP (3.41) can be obtained by
substituting t = T into (3.42) and using the final value data v(T) = vr, i.e.,

(1) =g(t, v(t)) % Eg o (—mt®)
Ea,l (—mt?)

+ [UT _ (g(r, v(r)) * Ea,a(_mra))}rzT]m’

where

Eqo(—mt®) = 1"V Eg o (—mt%). (3.43)

3.2.2.2 Mild Solutions of FVP and Unboundedness of Solution Operators

A representation of solutions and the definition of mild solutions are given in this
subsection, and then we analyze the unboundedness of solution operators. By the
definition (3.36) of .##, the identity ##e;(x) = mfe ;(x) holds. Hence, in view
of the Fourier expansion u(t, x) = Z;";l uj(t)ej(x), where u;(t) = (u(t, ), ej),
Eq. (3.32) can be rewritten as
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00 00
nglZuj(t)ej,ej = — fﬂZuj(t)ej,ej

j=1 j=1
+ (F@t, x,ut, x)),ej), tel.

This is equivalent to the equation
6D uj(t) = Fj(t, u(1)) — mfuj(t), Fj(t,u®)) = (F(t, x,u(t, x)), ¢).

By applying the method of solutions of FVPs for fractional ordinary equations in
Subsection 3.2.2.1 and using the final value data (3.34), we derive

;i (t) =Fj(t, u(t)) x Ea,a(—mfz“)
] Eq1 (—m’1%) (3.44)
r=1d Eyy (—=mTe)

+ [0 = (Fjru) 5 B (=)
where ¢; = (¢, e;). Therefore, we obtain a spectral representation for u as follows:

u(t,x) =Y Fj(t,u(t)) * Eqa(—m’1%)e;(x)

i=1
i 5 Eqg 1 (—mf1%)
+;[ (Fj(r u(r)) # Ega(—mhr) rZT]Ea’l(_mea)ej(x).

For g € L2(0, T; L2(D)) and v € L2(D), let us denote by 0,, 1 < n < 3, the
following operators

(0181, x) =) g;(1) * Ea,a(—mft“)ej (x),

Jj=1

B«
o, 1(—=mt%)
(Or(DV)(x) 1= ) vj————F—e;(x),
’ ; " Ear(—mPTe)”
and (038)(t) := —O»(t)(018)(T) on L3(D), for t € J. Then, the solution u can
be represented as
u(t,x) = (O1F)(t, x) + (O2()e) (x) + (O3 F)(1, x), (3.45)

for (t,x) € J x D.
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One of the most important things, when we consider the well-posedness of
a PDE, is the boundedness of solution operators. Corresponding to the initial
value problem (3.32), (3.33), (3.35), the solution operators are usually bounded in
LZ(D), see, e.g., [112, 114, 158, 168, 174]. Unfortunately, some solution operators
of FVP (3.32) and (3.34) are not bounded on L2(D) at ¢ = 0. For this purpose, we
recall that, for 0 < « < 1 and z < 0, there exist positive constants ¢y, ¢y such that

o~

< Ea1 @] < —2 | |Ega(2)] < { b _Ca }
< Z = s Z =< min , N
o1 1+ 7] a 14z 1+ |z]?

(3.46)

-~

Ca

1+ |z|

see, for example, [52, 180, 187]. Now, let vy be defined by vg ; = (v, e;) =
j_l/zm;ﬂ, J = 1. Then, it is easy to see that vy belongs to Vg, for0 < y < 1 and

does not for y > 1. Using the inequalities (3.46), we have

00 2

Vg L
1620w l> =) ———L5—— = ;> Y v (1 mf T

2 B
= Ea,l(—mj T%)

o o
—22a 2 28 —22a .—1
>c, T E Vo, M = Cy T E j =00,
j=1 j=l1

j=1

which shows the unboundedness of @,(0) on L2(D). Similarly, the unboundedness
of 03(0) on L?(D) can be shown.

3.2.3 Final Value Problem with a Linear Source

In this subsection, we study the regularity of mild solutions of final value prob-
lem (FVP) (3.32)-(3.34) corresponding to the linear source function F, i.e.,
F(t,x,u(t,x)) = F(t,x) which does not include u. We will investigate the
regularity of the following FVP:

SDYu(t, x) = —LPu(t,x)+ Ft,x), (t,x)eJxD,
Hu(t,x) =0, (t,x) e J xadD, (3.47)
u(T, x) = @(x), x €D,
where ¢, F' will be specified later. In order to consider this problem, it is necessary
to give a definition of mild solutions based on (3.45) as follows.

Definition 3.3 If a function u belongs to L? (0, T'; L9(D)), for some p,q > 1, and
satisfies the equation
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u(t, x) = (O1F)(t, x) + (O2()¢) (x) + (O3 F)(1, x), (3.48)

then u is said to be a mild solution of FVP (3.47).

In what follows, we introduce some assumptions on the final value data ¢ and
the linear source function F.

(R1) 0 < p,q < 1suchthat p +¢ = 1.
(R2)0<r§%,

(R3) 0 < s < min{ag, 1 —ag}.

RY0<p <p=—% ¢=1-p. 0<r<iZ
(R5) 0=<7 <min{p,q, %}, p=1-G 0<7=<le

In the following lemma, we will show that solutions of FVP (3.47) must be
bounded by a power function 1 ~%?, for some appropriate number ¢, i.e.,

lut, )| <t7%, for all 0<t<T.

Lemma 3.1 Let p, q be defined by (R1), and u satisfies (3.48). If ¢ € Vg, and
F e %,aq(./ X D), then there exists a constant Co > 0 such that

lutt, 9 = Co (llglly,, + 1Nl 23, ) 77 (3.49)
Proof The inequality (3.46) shows that

Ego(—mf(t = 1)) <T[1+ml — 0] <Cm ;P —0)™P. (3.50)

Combined with the definition (' F) (1, x) = Y52 F;(t) * Eq.o(—m 1%)e;(x), we
have that

t (o)
IO F)(t. )| < fo 3 Fj @) Eaa(-m(t = 1)%)e; | dt
j=1
1/2

t 00
Z/ Z F;(I)Eg,a(_mf(t — D))t — 7)22 it
o |3

1/2

t o0
<y / Y P om PP -T2 — 02y dr
0 .
j=1

(3.51)

Hence, we obtain the following estimate:
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I(61F) (2, )| <cum ""”f IF (@) — 0% de < My=@9|||F]] 25,
(3.52)

by noting (3.38) and letting M = ’c\aml_ﬁp T4, In addition, the norm || & (t)¢]| can
be estimated as

B (cmPrey | x [1+mlTe "
o2l =D 0f gt <Tucy \ D¢ [ . }
=1 Ea,l(_ij ) = 1~|—m t
oo 1mfre 8 .
The ratio ” L— 1is clearly bounded by both 1 + m ; T% and &. Moreover, the
m_/l"‘

increasing property of the sequence {m;};> shows 1 < m, P ﬂ . Thus, we have
1+ m’f TY < (ml_'3 + T"‘)m?. By noting p +¢ = 1, one can deduce that the ratio is
bounded by the product of 7*7¢~%¢ and (1 + mJﬂ T%)?. Bring the above arguments
together, and this leads to

1/2

s LT B a2
o2l <Cacy' 1) @7 (L +mETHP L < Mat™ gy, |

t20q
j=1

(3.53)
where
M2 = ?aCOTITaq(m;ﬂ + Toc)p-

Now, we proceed to estimate |[(3F)(t,-)|| by using the same techniques as
in (3.51) and (3.53). As a consequence of

(O3F)(t, x) = — O2(1)(O1F)(T)(x)

== (Fi(r) * Ea,a(—mﬁ.’r“))

j=1

r=T By 1 (—mfT)

we can obtain the following estimates:

(O3 F) @, )|

S Eq1(—m"1%)
< Fj(1)Eqa(—m? (T —0))W(T —1)* ' ——— "¢, lld
fo ,; O B (T =0T =0 e
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T
-,
1/2

T | 2p T20q 5
Cocy! /0 D Fj@m T — o> 2 (L TP
j=1

E2 ( ﬂta) 172
—m.
F}(DE; a(—mf(T —)*)(T — r)ﬁHa,l—ﬁJ dt
’ E; (=m/[T%)

=

—

J

IA

A simple computation shows that

T
(O3 F)(t, )l SMst_“q/O I F(z, ) (T —7)*~'dr < M3t™ N F ] 25,4,
(3.54)

where we let M3 = ¢, M. Finally, it follows from (3.52)—(3.54) and the iden-
tity (3.48) that

lu(@, ) < W(O3F) @, )l + |02l + (O3 F)(@, )l

5( > Mn) (Nellv,, + N1F11123,, ) 7.

1<n<3

The inequality (3.49) is proved by letting Co = 215n53 M,.

Based on Lemma 3.1, we consider existence, uniqueness, and regularity of
solutions in the following theorem which is divided into two parts. In the first
part, we obtain the existence and uniqueness of a mild solution in the space

Li_r (0, T; L?(D)) for some suitable numbers ¢, r and for the given assumptions
on ¢ and F as in Lemma 3.1. In the second part, we improve the smoothness
of the mild solution by considering the spatial-fractional derivative .Z#(? - 1t
is very important to investigate the continuity of the mild solution. We first show
that the mild solution is continuous from (0, 7'] to L%(D). Moreover, we establish
the continuity on the closed interval [0, 7] which corresponds to lower spatial
smoothness, V_gg/, for a relevant number ¢’.

Theorem 3.5

(a) Let p, q,r be defined by (R1), (R2). If p € Vg, and F € 23 44(J x D), then

1
FVP (3.47) has a unique solution u in L* " (0, T; L>(D)). Moreover, there
exists a positive constant C1 such that

u ) <C + C|||F . 3.55
41, 4y + o 7mcon = €111V, + CrIE 25, (3.55)

(b) Let p,q,s,r,p',q" be defined by (RI), (R3), (R4). If ¢ € Vg,, and F €
25 aqg—s(J x D), then FVP (3.47) has a unique solution u such that
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R
ue Led (0, T; Vgppy) N CLL(0, TT; L*(D)) N C*([0, T1; V_gg).
Moreover, there exists a positive constant Co such that

flull 2 _, + |lull cea 2oy T Mulllesqo,1:v_y 1)
Lad 0T V50 Cy' ((0,T];L=(D)) Bq
=G llellvy, + C2AlIF 1254, -
(3.56)

Proof The proof of part (a) can be easily obtained from Lemma 3.1. Indeed, the
inequality (3.49) leads to

T *Dt(](ifr) lqur
lull <co(||¢||vﬁ,,+|||F|||%q){/0r “ dt} :

@~ (0,T;L2(D)) —

Since —agq (ﬁ — r) > —1, the integral in the above inequality exists, i.e.,

1
t~%9 belongs to L~ "(0, T;R). Hence, FVP (3.47) has a solution u in

1
L~ (0, T; L>(D)). The uniqueness of u depends on the uniqueness of the
ODE (3.41). For the uniqueness of this ODE, see [115] (Theorem 3.25). Moreover,

the inequality (3.55) is derived by letting C; = Cy ”t“’q HLL”(O _— Now, we
“q T
proceed to prove part (b) which will be presented in the following steps.
1

Step 1. We prove u € Lo/’ ' (0, T; Va(p—p))-
Firstly, by the same argument as in the proof of (3.51), we derive the following
chain of inequalities:

@)@y,

t (e.¢]
< [ 120N F 0 Eua-mlo — e, | d
0 X
j=l1

00 172 (3.57)
! A
<€D{ / E F]Z(_L_)mj—ZﬂP (t — .[)—20117 (t — .C)Za—zm?ﬁ(P—P) dt
j=1

’ 1 !
<am 7 / IF (@, )l ¢ — % dr < My ||| F |l 55, .,
0

—Bp’ ’ . -
for My = Cym, PP Taq'+s  where the inequality |[|Fl|l2;,, < T*IIFIll2;,,_,

holds. Similarly, from ||ﬁ2(f)§0||vﬂ(p7p/) = H.i”ﬁ(p_”,) ﬁz(t)wu and the same way
as in the proof of (3.53), we have
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1/2
o0 2 ’
16209l <t 1S 2L mP e )
2091V, = Caly ®j ag i ;
j=1
= M5t Jiglly,, .
(3.58)

where we let Ms = Cyc,, 1T°‘q/(m]—ﬂ + T"‘)pl. Now, we will estimate the norm
Eq 1 (—mf 1)
Eq1(-mh 1)
as in (3.58). Indeed, noting that (1+m§ T"‘)P/ < (ml_ﬂ—i—T“)P/m?p,, by using (3.46),
we see that

(O3 F)(t,-) ||Vﬂ(p7p,) which will use the same estimate for the fraction

”(ﬁ3F)(tv ) ”Vﬁ(p—p’)

T X E ’1(—mﬁ~}ta)
< [ |2 Y B Eaa (T - @ =0 e
0 =1 E'Ivl(_mj T%)
1/2
o S E2 (—mPr) ,
=/ Y FIOE o (—m (T—0)")(T—0)2 2 =P L dr
0 j=1 Ea,l(_mj T9)
o 1/2
<CaMs f > FHoym PP (T =) 20 (T )22 =200 2P0 2P0 & g
j=1
Thus, by some simple computations, one can get
! T 1
HOFE v, , Bt [ IF @I =0y dr
0 (3.59)

<Mgt ||| Fll] 23,0, ,

used. Bring (3.57)—(3.59) and (3.48) together, and we have

with Mg = ¢y MsT?, where the inequality |||F|||gg2,aq < TS|||F|||3y2.aq7S has been

. —aq’
et vy, = M7 (19l + NFIlL25,, )

where M7 = ) 4, 6 M. Since the function t — =24 is clearly contained in the

1 1
space L’ r(O, T; R), we can take the L 4’ r(O, T; R)-norm on both sides of the
above inequality, namely
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hll o, < Mg llollv,, + MslllFlll 23, - (3.60)
Lt (0.T:Vg(p—pr)

Laiq’*r(o,T;R)'

Step 2. We prove u € Cy?((0, T]; L>(D)).

Let us consider 0 < #; < 1, < T. By (3.48), the difference u(t2, x) — u(t1, x)
can be calculated as

where Mg = My Ht*"‘q/)

M(IZ, -x) - M(Il’ -x)

1=t
Eq1 (—m’1%)

Fi(t) * E —
_ [
Eml( ij‘)tzn

ej(x)

nMg

o0
t=tp
. ej(x) + Z‘Pj
1= 3
j=1

1=t

Eg1(—mPf1®
(F (r)*Eaa( m r )) 1 "yt )

)
1 r=T Ea,l(_mj T%) t=t,

'M8

J

By using the differentiation identities

%Ea,l (—mfw“) = —Mffa,a(—Mfw“)

and

d ~ _
%(Ea,a(_mfwa)) =" 2Ea,a—1(_m§wa)a

see, for example, [52, 180, 187], we have

~ B =t
Fj(t) * Ea,a(_mjta)

=t

w=hH—T

151
=f Fj(v) Eqo(—mfo®)

15) -
dt +/ Fj(r)Ea,a(—mf(Q —)%dt
w=1—-T 1

/ f Fi (1)@ “Eqq—1(—m"; a)"‘)da)dt

+ / Fy(0) B (= (1 — ))d7
1

and
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Combining the above arguments gives

u(ty, x) — u(ty, x)

o 131 h—T

:Z/ / Fj(r)wo‘_zEa,a,l(—mfa)“)da)dtej(x)
; 0 -t
j=1 !

0 ~
+3 / Fy (0 B (-m (1 — D) dre; ()
=1

f Ea a(_mﬁwa)

o0
_ b Zq)j/ — 2 ——dwe;(x)
j=1

N Eg1(-m’Te)

B

0 T - Ego(— )
T e
i—1 1

Eor( mﬂTa)da)dteJ(x)

=9+ S+ S+ I
(3.61)

Now, we will establish estimates for .#;, j = 1, 2, 3, 4, and show that .#; tends to
0 as t, —t; — 0. Firstly, by the inequality (3.46), we see that the absolute value of
Eqo—1 (—mﬁw"‘) is bounded by Com ﬁpw‘“"”. This implies

w*? Ega—1(— mﬂw"‘) < Cuw*i~ Zm;ﬂ‘".
Moreover, for 0 < t < t;, we have
H—1 _ l—ag _ _ 1—agq
/ 2y = L 27T (n—-o ,
-t l—ag (1 —1)'=% (1 — 1)1~

where we note that the estimates (1, — )17 — (1 — )17 < (f, — 1)}~ and
(th — )17 > (1] — 1)*(tr — ;)79 can be showed easily from 0 < ag < 1
and | — ag — s > 0. Hence, we deduce

IBZ%| </ Z/ Fj(r)a)”‘*zEa,a_l(—m';wo‘)da)ej dt
n—r

131 h—T
<Com"? / / 0™ 2dw || F(t, )|l dt
0 1n—r

/C\am—ﬂp

n
Ll / IF (e )l (1 = 0% de (i — 1),
1—aq Jo
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This leads to
2101 < MollIFIll 25, (2 — 11)°, (3.62)
T PP .
where we let Mg = ‘I (lxq . Secondly, an estimate for the term .#, can be shown by

using (3.46) as follows:

H S
120 = [ |3 P Bt = 0% | 2 = 0 e
1

j=1

n (3.63)
<% / IF (@, ) (2 — 0% 1y — 1)+t
n
<MiolllFlll 234, (2 — 11)",
where we let Mg = ¢, T*?. Thirdly, we will estimate the term .#3. We have
8 as 2 Ea,a(_ml/?wa)
170 = |28 S o, / e due,
j=1 | 0[ 1( m Ta)
Here, the fraction can be estimated as follows:
~0(Ol( mw) ~ 1 1+m§Ta b 1+mﬁT‘l 1
—ﬂ < CuCy, 5 2/3 o* ', (3.64)
Eq,1(—=mT%) L+ mo® 1+ m) w2

by using (3.46) and Ea,a(—mfa)"‘) = Ea,a(—mfa)“)a)“_l. Moreover, we can see
that

Bra
14+m"T
—2':3 < (ml_ﬂ + T“)m?m}zﬁw_za = (ml_ﬂ + T“)m;ﬁa)_za. (3.65)
14+ m~" w?
J

Taking these estimates together, we thus obtain the following chain of the inequali-

ties:
2
da)j|

00 ) f 2
<My, Z‘p?mjﬂ |:/ a)_o‘pm;ﬂqa)_zaqa)“_ldw}

. 1

j=l1

~ B 1/2
a,a(_mj %)

Eq 1 (—m’ T%)

FAE sz 2 [/
1

1/2
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~ , 5 12
=M Z(pjzmiﬂﬁ [/ waqldwj| ’
j=1 g
which implies that
-2
17511 < Migt; (62 — 11)*? llplly, » (3.66)

where M| = ’c}c;l TP (ml_ﬁ+T°‘)’1 and M1, = My[ag]~". Fourthly, we proceed
Ea(—mf o)
Eq 1 (-mTe)
Moreover, Ea,a (—mf(T —10)% < ’c\am;ﬁp(T —1)*4~1 can be established by using
the inequalities (3.46). Hence, we obtain

< Mum;ﬁqa)iaqil.

to estimate .%4. According to (3.64), we have

74l

T 0 np - E, (—méw"‘)
5/ R Zf Fj(0) Eq o (=’ (T — r)“)”—gdwe,» dt
0 =y Eq 1 (~m?T4)

[’} ~ B 2y 1/2
T n_ Eg.o(—m" o%)
5/ S mP P ) [/ Eoo(—mf(T —r)“)“—g do dt
o |5 n : Eq1 (~mT@)
1/2
T 0 2 15 -2
<CaMii / ijﬁsz(r) |:/ m;ﬁp(T — r)“q_lm;ﬁqa)_“q_ldw dt
0 ; t
j=1 1 J
! =07 |
e el M LR VTG R
tl 0
and we arrive at
_~ _2
.74l < CaMst; (12 — NI 2,0g—s» (3.67)

where M13 = Mlsz.

We deduce from (3.62), (3.63), (3.66), and (3.67) that |3,y 7 tends
toOas i —t tends to O for 0 < 1 < tp < T. Thus, u belongs to the set
C((0, T1; L3(D)). On the other hand, by assumption (R3), we have 0 < ag — 5 <
ag and 25 4q—s(J x D) C 25 44(J x D). Therefore, the assumptions on ¢ and F
in this theorem also fulfill Lemma 3.1. Hence, the inequality (3.49) holds, i.e.,

0 (e, ) < Co (Iellv,, +1IFlll 23, ). 1> 0. (3.68)
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This implies u belongs to Cy? ((0, T1; L>(D)). Moreover, by taking the supremum
on both sides of (3.68) on (0, T'], we obtain

||u||c$q((o)7“];L2(D)) <Gy ||§0”V/gp + TSC0|||F|||$”2M P (3.69)

Step 3. We prove u € C*([0, T']; V_gg).

In this step, we establish the continuity of the solution on the closed interval
[0, T]. Now, we consider 0 <t} <t < T.Ift; =0, then .4 = 0.Ifr; > 0, then
combining (3.37) in the same way as in (3.62) gives

11,
151 o Hh—1
5‘/(; Z/ Fj(f)wa_ a,a— 1(— mﬁa)a)da)ej dt
jIl n—r

A\
172

H 0 28 h—Tt 2
< E m 2P Fj(t)a)af wa—1(— mﬂw“)dwej, ej dt
J
0 =1 h-t —Ba'.Bq’

1/2

t o0 g th—T 2
5/ > m U (r) / w“—Z‘Ea,a,l(—mfw“) dw‘ dr

0 j=I1 n—r
and so

—B4'—Bp
Cal
1Allv_,,, _“11_—0[6102 — 1 1F 1| 25,0, - (3.70)

On the other hand, the inequality (3.63) also holds for all 0 < #; < t, < T. Hence,
the same way as in the proof (3.63) shows that

1920y, _f S F et - 0| -0t

1 1
/= Vosa'
< —Ba'~ — )Pt F
< m P e 0 = )PP Flll g,
< mPUE T (ry — ) |I|F
=my o 2 1 ‘%taq,f
Now, we will establish estimates for ||.%3 ”V—ﬂq/ and ||.%4 ”V_,gq/' Indeed, we have

- +p

ao,( m'. a)) o 1+me°‘ b=r 1+m'?T°‘ wr wl

<CuC, — — ',
1+mja)“ 1+mja)°‘

Ea. (—mf T%)
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S?ac(;l(m;ﬁ + Ta)p_p/mf(p_pl)T“(“p/)w_“(‘”p/)a)“_l.

Thus, we can derive

~O(Ol( mw)

| < My PP, (3.71)
Ea,l(_mj T¢)

where we let

My = Cycy ' m [P+ PP @+,

2
da):|

This leads to

- p 172
1) Ea,a(—mja)“)

Eq 1 (—mfT)

2 72
150y, < sz P U
n

1/2
1% , ) 2
<My4 Z(pz 2820 [/ mf(p—mwa(pp)ldw}
n
00 2 1/2
=My Z(pzmz’g” |:/ ﬂt(p—p)—ldw:|
I
Thus, by letting M5 = a(iﬁtv/) T*(P=P)=5 we obtain the estimate
My .
IA4llv_,, = —llelly, (“(p P o p))
Baq a(p—p') p 372

IA

Mis ll@llv,, (2 — 1),
where we have used that

A S ORI I kR R I

for p’ < p — =. By employing (3.71) and following the same way as in (3.72), we
have

17l

"lgss (" 7 B o, Eara=
5/ 2> / Fj(0) Eq o (—m (T — 1)) ————dwe;|  dt
0 . 151
j=1

Vg
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T o0 2ﬂ , 5 15 2
5/0 ij PF} (o) /t dw dt
j= !

1/2
o

2
S’C‘\QM14/ Z 2,3[7 FZ(T) |:/ (T _ .L.)th 1 /317 Ot(P pH— ldw:| dt
0

aot(mw)

Eoo(—m(T — 1)) ————
Ea,l(_mj Ta)

M N
<t (50— ) [CFe @ - ol
alp—=p) 0

where
| Ewa(—mf (T =) < m PP (T —7)*a~1,
This implies that

I Aallv_,, < Mis(t2 — tD)* 1 F 1] 25,4y (3.73)

—pq' —
where M6 = ¢, T* M 5. Combining the above arguments guarantees that u belongs

to C°([0, T']; V_g4). Moreover, there also exists a positive constant M7 such that

ulllesq.11:v_p,n = M1z ll@lly,, + Mi7lllFlll25,, - (3.74)
Finally, the inequality (3.56) is obtained by taking the inequalities (3.60), (3.69),
and (3.74) together. The proof is completed.

In the next theorem, we will investigate the time-space fractional derivative of the
mild solution u. More specifically, we investigate ng‘.Z ~Bla=Dy, for a suitably
chosen number § < ¢. We also establish the continuity of ng‘.,Sf ~P4y on the
interval (0, 7'] without establishing it at # = 0 since this requires a strong assumption
of F, for example, F must be continuous on whole interval [0, T].

Theorem 3.6 Let p,q,s, p'.q’, p,q,r, 7 be defined by (R1), (R3), (R4), (RS5).
p.4:8-P->49,P:4,"
’r\

(@ Ifp e Vgpipand F € L“‘I 5770, T: L2(D)), then FVP (3.47) has a unique
solution u such that

a
we Lad (0, T; Vgppy) N Col((0, T1; L* (D) N C*(10, TT; V_gg1),

ED%u € La (0. T: V_pig—a).

Moreover, there exists a positive constant C3 such that
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<C3||FIl 1

Cryo
u _ . C .
lloD: “Lé_’(O,T;V—ﬂ(q—q)) L% 7(0,T;L2(D)) 6 Hq)”Vﬂ(”J@

(3.75)

1 ~
() If ¢ € Vgpig) and F € L@a=17(0, T; LA(D)) N C3((0,T]; V_pg), then
FVP (3.47) has a unique solution u such that

weLa (0,7 Vgip—pn) N C21((0, T1; LAH(D)) N C5([0, TT; V_pgg1),
ED%u e Lu7(0,T: V_pig_5) N CE(O. TT: V_gy).
Moreover, there exists a positive constant C4 such that
GD; ull

Cno
-~ =+ Du -V
Léfr(o"r;viﬁ(qia)) ”0 t ||C%((07T]v 75(1)

=Callelvygg +CallFl

7 + C4 I Fllce . .
aq,ﬁr(o’T;Lz(D)) 4l ”Cw((O,T],Vf,gq)

- 1

Proof (a) By (R3), we have 0 < g —s < 1, and aql_x 7> s
can deduce from (3.40) that

> 1. Thus, one

1 —~
L#@=Y(0, T; LA(D)) C Z2.0q—s(J x D), (3.76)
where we have used the inclusion (3.39). Moreover, the Sobolev embedding

Vsp+g) <> Vpp holds. Therefore, the assumptions of this theorem also fulfill part
(b) of Theorem 3.5. Hence, FVP (3.47) has a unique solution

-
e Lod (0, T; Vp—py) N Cot (0, TT; LA(D)) N C([0, TT; Vogy).

Now, we prove that ng‘ u exists and belongs to Lé_?(O, T;V_g—g))- It follows
from the identities

SDYEg 1 (—mt%) = — mea,1(—mft"‘),

™ =™

ngEa,a(—m ~la) = — mfia,a(_mfta),

~

see, for example, [52, 180, 187], and Eq. (3.44) that

§D2u;(0) =50 [ Fj(0) % B (=1

Cha B.a
N DY*E, 1 (—mP %)
0 a,
+ [(pj — (Fj (r) = Ea’a(—mfra)) r—T:I d L

Eq 1 (—mfT)
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B B
- m' Eq1(—m';t%)
=F;(t) = m{ Fj (1) % Eqa(—mfj1) — ;————7—

Ea,l(_mj T)
m’;Ea,l(—m?t‘)‘)

T B«
4+ (Fj(r) % Eqo(—m'.r%)
R o

=F0O+v"O+vP0+v 0,

forall j € N+, Firstly, let us consider the sum mejfnz w;l)(t)ej, forni,ny €

NT, 1 < n| < ny. By the definition of the dual space V_g;—4) of Vg5 and the
identity (3.37) of their dual inner product, we have

Yo vPwe;

ni<j<np V—ﬂ(q—ﬁ)
t
B = B
§f Y mhFj(Ega(—mft —1)%)e; dt
0 ni<j<ny Vopq-

[ - 2 1/2
:f meﬂ”’*@( Y Fi@Eaa(-mht—1)"e;. e,-) } dr
0 ’ —B(a—9).Bq—9)

i=1 ny<j<ny

N 1/2
Y WP PR @B (-mf o - r)“)} dr.

np<j<np

Assumption (R5) shows that 0 < p+¢ < 1. Hence, by using the inequalities (3.46),
we have |Ea7a(—mf(t—r)“)| < ’c\am;ﬂ(ﬁﬁ) (t—t)""(l’J@ (t—7)* 1. This together
with the above argument gives ‘

1/2
t
I I ) A IVl B
. 0 X
nyp=j=na V gz nip=j=nz
3.77)
where Mg = ¢,T%. Secondly, we proceed to establish an estimate for the sum
Ba
) e . . Eq1(—m’1%)
an <j=n, ¥ (t)e;. Using the inequality (3.46), the absolute value of m
is bounded by Cyc; ! T%¢~%. Therefore, we derive
1/2
E2, (=mf1)
2 2
ORI IR I SR e
ni<j<ng Vg ni<j<ny 1( m; T )
1/2

Aacng“ Z mZﬂ(pJﬂ 2t—2(x ’

ni<j<np
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which shows that
172

> vP e <M {3 WG 3)

ny<j<ny Vo ny<j<ny

where M9 = Cycy, ITe Thirdly, we proceed to establish an estimate for the sum

an <j<m 1//;3) (t)e;. By a similar argument as in (3.78), we have

Yo v e

msysmn Vopa-
T - m Eq.1 (—=m"1%)
5/ Z Fj(r)Ea,a(—mf(T — T)a)%ej dt
0 n<j<ny Ea,l(_mj T%)
== V-0
172
T - E? (—mﬁt"‘)
s R D N I e T B
0 ni<j<na Ea’l(—mj T%)
, 1/2
salegz—“f S PO 2y 20D ez b gy
o : j J J
ny<j=ny
Therefore, we obtain the following estimate:
3
2 v We;
ni<j<ny v .
—Blg—9)
3.79
) " (3.79)
5€aM19z—“/ (T -7« D718 N Flo)t dr

0

ni<j<ng

For almost every 7 in the interval (0, T'), by (3.76), we have that F(z, -) belongs
to L2(D). This implies Zlij Fj(t)e; is a Cauchy sequence in L2(D). This
together with the embedding

LX(D) = V_gq-p)

implies that lean Fj(t)e;j is also a Cauchy sequence in V_g(, 7). On the other
hand, it follows from ¢ € Vg(,45) that
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im S ¢ 2/s<p+*> _o.

ni,np— 00
ni<j<np

By (R5),0<¢q < g, and we obtain the inclusion 23 g —s(J X D) C 23 4(g—4)(J X
D). We deduce that F € 23 o(4—4)(J x D), and

1/2
T -~
lim (T -0 D=1 N Fr)t  dr=0,

ni,na—>o00 Jq <)<y

by the dominated convergence theorem. Combining these with the esti-
mates (3.77), (3.78), and (3.79), we have that

o Jim > §Duj(t)e; =0.

ni=j=ny Vg2
Hence > =1 OD"‘u j(®)e; is a Cauchy sequence and a convergent sequence in
V_g—g)- We then conclude that gD;xu(t, ) = Zjo 1 gD“uJ (t)e; finitely exists in
the space V_g(;—3). Moreover, by taking the inequalities (3.77), (3.78), and (3.79),
there exist constants M»g > 0 and Méo > 0 such that

NSDEu(t, Iv_ys)
<M I F @y 50 + M0 (1017000 + 11F 250, )17 (3.80)
<M IF @, + Mao (101,05, + IF L2540 ) 0%

Now, it follows from 0 < 7 < 1;—0‘ and0 <ag—s < athatl <

This implies the following Sobolev embedding:

1
a ag—s

1= 1_=
Laa="(0,T: Vopg-q) <> La (0, T: V_gg—3).

Moreover, by the assumption (R5),§ < =, we have

that there exists a constant C, > 0 such that

1 ~ 1 .. .
ag=s T > a(q—?ﬂ'Thls implies

FI 23,05 < Co I F (3.81)

L@ (0.1:12(D))

Hence, we deduce from (3.80) that there exists a constant M>; > 0 satisfying

Cna
Dlu I M :
02l 4707w a0 = ooy T I Wi
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where we note that ||z7%]|| < oo. The inequality (3.75) is proved by

letting C3 = M»>;.
(b) It is clear that the assumptions of this part also satisfy part (a). Therefore, by
part (a), it is necessary to prove ng‘u € Cy((0,T]; V_gg), ie.,

1 -~
L7 (0,T;R)

lim (5D} u(t2, ) = GDfutr, v, =0, (3.82)

h—t—

where we note 0 < #; < 1, < T. After some simple computations, we find that

6D ultz, x) = (DFu(t, x) = F(t2, x) = F(t1, ) + Y Fu, (3.83)

1<n<4

where 7, = — %P 7, and .7, is defined by (3.61). Since F is in CI((0,T]; V_gg),
we have just to prove || _Zu[lv_,, approaches 0 as 7, — 11 approaches 0. Let us first
consider ||_7| llv_g, - The inequality (3.46) yields that

I 7V,

5l o0 h—T
</ gﬂ Z/ Fj(f)wa_zEa,afl(_m?a)a)da)ej dt
0

- . n—t
=1
/ V_pq

1/2

2
da)‘ dt

11 S
2 -2
5/0 >omm P @)

j=1

1 [e'e)
—~ 28 =2
Sca/ E mjﬂmj ﬂqsz(T)
0 >
j=1

ot 2 B
/ ” ‘Ea,afl(—mjw“)
1

-7

1/2
Y

drt.

h—T
/ wa—ij ﬁpw—apdw
1

-7

We recall that, by (3.76), F belongs to 25 44—s(J x D). Thus, we can deduce from
the above inequality that

n hHh—T
I A1llv.,, <G / 1F( )l / 12 do| dr
N nr (3.84)
Co
< F H—1)°,
_l—aq“l 1125 g (2 — 11)

where we have used the same argument as in the estimate (3.62). Let us secondly
consider ||_#2[|v_,,. We have
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12211V, _/ ”zﬁ > Fj (D) Ega(—m" (1 — T)")e; (t— 1) dt
Vg
1/2

%) o
<Cu / Y mPm P Om P — ) Y (1 — 1) dT
n j:1
15}
= / IF ()l (=0t —1)°dT < ClllFlll 23, , (2—11)°,
(3.85)

where (3.46) has been used. Thirdly, we consider the norm || f3||v,ﬁ ;- 1t is clear
that

n Eaa( m %)
dwe;.

o
= LB = ij/
j=1

2 Ea,l(—m‘j r<)

Hence, we deduce
1/2

/ ) Ea,a(_mfwa)
———dw
4]

4B —2Bq
1 73llv_p, = 3 Y mPm 2P
"o ,Zl "V Ega(=mfTo)

By applying (3.64) and (3.65), we obtain

12
2
”/3”‘,7&1 S/C\acgl(m]_ﬂ—i-Ta Zm45mj—2ﬂq 2 / m;ﬂw—%twa—ldw
M3 -2
=— -t el (5 = 1),
(3.86)

where M3 = ’c},c;l (ml_’S + T%). Finally, we can look at || _Z4[|v_,, as follows:

1| Zallv_g,
T 0 1%} o E X (—mﬁwo‘)
5/ 32/32/ Fj(f)Ea,a(—mf(T—r)“)“'“—;dwe,- dt
0 171 Eo‘l(_ija) A%
—Baq
- P 1/2
T | % o Ey o(—m'; %)
o D M L =B e
o | ' f Eq1(=m;T%)
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1/2
"I 45 280 2 "B - )"
§M24/0 ij m; qFj (1) /t] m; p(T—r)"“Flmj o o dr,

j=1

Eot a(_mﬁ"wa)
Eq 1 (—mTe)
of (3.86) and M>4 = ¢, M>3. This leads to

where the fraction can be estimated in the same way as in the proof

Moy T B
1| Zallv_g, =—h 218 — tf‘)/o IF(z, ) (T — )%~ 'dr,

which shows that

My _
[ Zallv_g, STll 20‘|||1"|||5{2.E,4(l§‘ —1). (3.87)

This implies (3.82) by taking (3.83)—(3.87) together. Thus, ng‘u is contained in
C((0, T V_gpy).

On the other hand, it is easy to see that the estimates (3.77)—(3.79) also hold for
g = 0. Hence, we deduce from (3.80) and (3.81) that

c
t*lloDfu(t, )lv_p, <Maot* |F(t, )llv_g,

+ M + Ci IF 3 :
20 <||¢||Vﬂp * ” ”Laqlfs +r(O,T;L2(D))>

Now {D%u € C%((0, T1; V_gg). In addition, there exists a positive constant C’ > 0
such that

||gD;xM||Cg,(((),T];V,,gq) <M | Fllce0,71:v_p,)

C'M CiMy | F > .
+ C' Mo lleliv,,,q + C«Mao ”LWII*SH(O,T;Lz(D))

We can complete the proof by taking (3.75) and the above inequality together.

3.2.4 Final Value Problem with a Nonlinear Source

In this subsection, we study the existence, uniqueness, and regularity of mild
solutions of FVP (3.32)—(3.34) corresponding to the nonlinear source function
F(t, x,u(t, x)). It is suitable considering assumption that u (¢, -) and F(¢, -, u(t, -))
belong to the same spatial space H. In view of most considerations of PDEs, we let
H = L*(D).

We introduce the following assumptions on the numbers p, g, p’, q’, P, q, 1, 7:
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(RIb) 0 <g < p<1lsuchthatp+¢g =1.
R4b) 0<p' <p, ¢ =1-7p, O<r§1;Zf’.

R4c) O0<p'<p—9q, ¢ =1-7p, O<r§1;g,q/.

~ ~ ~ —~ 1—
(R5b) 0<g<gq, p=1-q, 0<7=<-7%

In our work, we will assume on F'(¢, -, u(t, -)) the following assumptions:

(Al) F(t,-,0) = 0, and there exists a constant K > 0 such that, for all vy, vy €
L*(D)andt € J,

||F(t,‘,U1) - F(t’ ) UZ)” = K ”Ul - U2|| .

(A2) F(t,-,0) = 0, and there exists a constant K, > 0 such that, for all v{, vy €
L*(D)and 11,1, € J,

[|F(t1, -, v1) — F(t2, -, vl < Ky (|1 — 2] + [Jv1 — v21]) .
Note that the assumption (A1) and (A2) imply that, for v € L%(D),
NF & -l < K|vl. (3.88)

We try to develop the ideas of the linear FVP (3.47) to deal with the nonlinear
FVP (3.32) and (3.34). In Sect. 3.2.3, for the linear function F (¢, x), we assume that

1 ~
F € 249(J x D), or F € 25 44—5(J x D), or F € L&' (0,T; L*(D)),
(3.89)

where p, g, s, 7 are defined by (R1), (R3), (R5). However, we cannot suppose that
the nonlinear source function F(t, x, u(t, x)) satisfies the same assumptions as
in (3.89) and then find the solution u. A natural idea might be to combine the idea
of Lemma 3.1 with the inequality (3.88), i.e., we predict the solution # may be
contained in the set

Wo (J x D) := {w € Zo.y(J x D) < w(t, )| < pt™7, for0 <t < T},
forp>0,0<y <n<l1.

The prediction will be proved in the next lemma. However, it is necessary to give
some useful notes on WY ,(J x D) as follows. For w € W) ,(J x D), we see

1 t
-1 - -1
esssup0§t§T/ lw(z, )¢ —7)" dr < pesssupoggT/ TV (- 1)1 dr.
0 0
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The function t — 777 (t — )"~ ! is integrable on (0, ¢) since both numbers —y and
t
n— 1 are greater than — 1. In addition, we have f V(=) 'dr ="V B(n, 1—

0
y), where B(-, -) is the Beta function, see, for example, [52, 180, 187]. Hence, we
have

Mwlll2;, < pT"7 B, 1 —=y). (3.90)

Moreover, if y < n, then there always exists a real number p such that 1 < % <

p< % This implies that the function =" belongs to L? (0, T L%(D)). Therefore,
we can obtain the following inclusions:

W (J x D) C LP(0, T; L*(D)) C 25,(J x D).
In the following lemma, we will consider the case y = 7, which we will denote by
W25 (J x D) := W} ,(J x D).
Now, the Sobolev embedding Vg, <> L?(D) shows that there exists a positive

constant Cp depending on D, B, g such that |v|| < Cp ||U||V,3,, forall v € Vg,. In
this subsection, we let

ko(T) = K B(ag, 1 — aq)T™ [?aml‘f‘” + 22 [ + T“)P]
and
My = CpT® + e, ' T (m [P + TP

Lemma 3.2 Let p, q be defined by (R1) and ¢ be a function on D. Let {w(n)}n>0
be defined by w) = ¢, a

W) (t, x) =(OwEp-1)) (¢, X)

=(O1F(wu-1))(t, x) + O2(0)$p(x) + (O3F (wu—1)))(t,x), neNT.
(3.91)

If ¢ belongs to Vg, F satisfies (Al), and ko(T) < 1, then
{won},=0 € Wag(J x D), (3.92)

—~ ~ ~ M
where Co := Co l|¢llv,, and Co = =7y

Proof First, we have

llwoll = 1161l < Collpllv,, < Mo lIglly,, 19 < Cor~*.
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Hence, inequality (3.90) and «g < 1 imply w(g) € ng(] x D). Now, we assume
that w,_1) belongs to ng(] x D) for some n > 1. Then, by using (3.90), we have

Nwu-1lll23,., < CoB(ag. 1 — aq). (3.93)

By induction, the inclusion (3.92) will be proved by showing that w,) belongs to

ng(.l x D). Indeed, by using the same arguments as in the proof of (3.52), we
have

t
I(O1F (wu—1y) (@, )l S?amfﬂpfo IF (T, - w—n (T, NI — )* dx,

<Keam ;" |lwiu-ll 25, < MasCot ™7,
(3.94)

where we have used (3.88) and (3.93), and let Mg = K?aml_ﬂpB(ocq, 1 —ag)T*.
On the other hand, the norm || &, (¢)¢|| is estimated by (3.53), i.e.,

021l < Mollpllv,,t*,
where we note that
My = Coc, ' T (m [P + TP < My,

The norm [|(03 F (w(z—1)))(¢, -)|| can be estimated in the same way as in the proof
of (3.54); that is,

T
(O3 F (wu—ny)(t, )l §M3t_‘”’/0 IF (T, wu—1)(t, WI(T — )*~'dr

<KM3t™*lwu-nlll2;,, <M2xCot™*,

(3.95)
where (3.88) and (3.93) have been used. Here,
My = KM3B(ag, | —aq), Ms=7cocy T m;? +T%)7.
We deduce from the above arguments and w,) (¢, -) = (Ow,—1))(t, -) that

lwen (@, ) <IHOVF (wu-1)) @, )| + 16201 + 1(O3F (wu-1)(@, )

<ko(T)Cot ™4 + Mo lipllv,, =4,
(3.96)
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by noting that ko(T) = Mas + M>7. Since 60 = *{)‘)(T)qunvﬂp, the above

inequality implies that [|w,)(#, )| < 6ot_"‘q. Therefore, from g < 1, we obtain
the inclusion (3.92).

Next, it is necessary to give a definition of mild solutions of FVP (3.32)
and (3.34).

Definition 3.4 Let F be defined by (Al) or (A2). If a function u belongs to
LP2(0, T; LP1(D)), for some pi, po > 1, and satisfies equation (3.45) where F
stands for the nonlinear source function F (¢, x, u(z, x)), then u is said to be a mild
solution of FVP (3.32) and (3.34).

The following theorem presents existence, uniqueness, and regularity of a mild
solution of FVP (3.32) and (3.34).

Theorem 3.7

(a) Let p,q,r, p',q be defined by (R1), (R4b). If ¢ belongs to Vg,, F satisfies
Bp
(Al), and ko(T) < 1, then FVP (3.32)—(3.34) has a unique solution

R
we L# (0, T; Vgp—p) N CH1 (0, T1; L*(D)),
and there exists a positive constant Cs such that

llull o _ + ”””(;‘"‘1 0.T1:L2(D =<GCslelv,, -
Lad r(O,T;Vﬂ(p,p/)) w ((0,T];L=(D)) Bp

(b) Let p,q.,r,p’,q be defined by (RIb), (R4c). If ¢ belongs to Vg, F satisfies
(Al), and ko(T) < 1, then FVP (3.32) and (3.34) has a unique solution

i
we Led (0, T; Vgppy) N Cod (0, T1; L2(D)) N CYU([0, TT; V_gg),
and there exists a positive constant Ce such that

ey 72, ,))Jr”””Ci‘é"((o,T];Lz(D))JF|||”|||sz"([o,r];v_,,,,/)
5V B(p—p

Scﬁ ||‘P||Vﬂ,, .

Proof
(a) We divide the proof of this part into the following steps.

Step 1. We prove the existence and uniqueness of a mild solution.
In order to prove the existence of a mild solution of FVP (3.32) and (3.34), we

1
will construct a convergent sequence in L ' (0, T'; L*>(D)) whose limit will be
a mild solution of the problem. Here, r is defined by (R2). Let {wy}, ., be a
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sequence defined by Lemma 3.2 with respect to ¢ = ¢ € Vpg,; then {w(n)}n>0 C

ng(] x D), where Cp := #()"(T) l@lly, - Therefore,
lwey (2, )Nl < Cor™7, 0<t<T,

for all n > 1. This together with t~*? belonging to Li_r (0, T; R) implies that
{w(n) }n>0 is a bounded sequence in Lé_r (0, T; L3(D)). Now, we will show that
{w(n)}n>0 is convergent by proving that it is also a Cauchy sequence. For fixed
n > 1and k > 1, the definition (3.91) of {w(,,)}n>0 yields that

Wntk) — Wiy =01 [FWu—144) — F(wu-1))]
+ O3 [F(Wu-14k) — F(wu-1))].

Since F satisfies Lemma 3.2, the latter equation shows that we can apply the same
arguments as in Lemma 3.2 with ¢ = 0. Hence, one can deduce

lwati @, ) —way @, )l

< (61 [Fwosr) — Fw)]) . )| + | (63 [Fwosr) — Fwo]) @)

t
faxml_ﬁp/o |F (., wosi(t, ) — F(r,, woy(r, )| ¢ = )% dx
T
+ M3t~ /O |F (., wotn (z, ) = F(z, - woy(z, N|| (T — 0)* dx,

where we combined the estimates (3.94) and (3.95). From {wy)}, ., C WS?I(J X
D), we have a

[wosn (@, ) = woy (@, )| < 2Cor 4.
Thus, by noting the identity
'
/ (t — ) P ldr = 1“1 B(a, b),
0
where a, b > 0 and B(-, -) is the Beta function, we find that
[wasi () —way e, )|

t
S/C\Olml_M)K/o w4 (T, ) — wy(z. )| (¢ — )% d=

T
+ M3Kt™ /0 w4k (T, ) — woy(z, )| (T — 0)* de
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t
<emPPKQCo) | ¢ — ) dt + M3k (2Co)t 4
! 0

T
/ 17T — )% gt
0
< <€am1_ﬂpKT"‘qB(otq, 1 — aq) + M3sK B(ag, 1 — otq)) (2Co)i .
From the definition of ko(T'), we conclude that
|waagi . ) = way. )| < ko(T)@Co)t ™.
Iterating this method n times shows

weio (@, ) — wey (2, )| < K3(T)(2Co)t ™.

1
Taking the L&~ "(0, T; R)-norm of both sides of the above inequality directly
implies

T— < )Ty 17

1, = 3.97)
L&' (0,T;L%(D))

1, .
L% 77 (0,T;R)

Here, we emphasize that the constants in (3.97) also do not depend on (n, k).
Therefore, by letting n go to infinity, we obtain

i, e+ = wan HL#’@T:L?(D)) =0

1
i.e., {w)},- is a bounded Cauchy sequence in L " (0, T; L*(D)). Hence, there

1
exists a function u in L ~"(0, T; L?(D)) such that
1
u= lim wgin L@ (0, T; L*(D)),
n—od

and u satisfies equation (3.45), i.e., u is a mild solution of FVP (3.32) and (3.34).
Moreover, the boundedness (3.96) of {w<n) }n>0 gives

luc, )1l < Collglly,, 1, (3.98)
and so that

u 1 SMZ )
0l gy 7 soepy, = Mo 191,

where Mag = Co ”faq ”Lﬁ"(O,T;R)'
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Now, we show the uniqueness of the solution u. Assume that & is another solution
of FVP (3.32) and (3.34). Then, by applying the same argument as in (3.97), we also
have

e =@l < kg (T)(2Co) |14

— L,- 9
L7 (0,T;L%(D)) L% 7 (0,T;R)

foralln € N*. Thus lu —u] 1 = 0 by letting n go to infinity. Hence,
L% "(0,T;L%(D))
1
u=1iuinL* "0, T; L%(D)).
a1

Step 2. We prove thatu € Lo~ (0, T; Vg(p—p1)).

This will be proved by using the inequality (3.98). We now apply the same
arguments as in the proofs of (3.57) and (3.59) to estimate [[u(r, )y, _, as
follows. First, we have

||(ﬁ1F(I/l))(t, .)”Vﬂ(p*p/)
N 12
t /
5@/ > Fi @ u@ym w2 — T — ot de

j=1

, t
<eum 7P / Iz, u(e, I (= 1)
0
, t
<amT K / e, 9 (¢ = % d
0
’ o~ t !
<o KCo/ T (t — 1) dT < Moy l@llv,, =%,
0

where we let
Mgy :?amfﬂlegoB(aq, 1-— aq)Taq/.

Secondly,

T
< Mg / 1, u(r, NI (T = )% de
0

P —

(O3 F @)@ v,
, T
<Mt~ K/ lu(z, ) (T — )*dr
0

t
<Mt ™% KCO/ T (t — )% g
0

_ 4
<M3o ll¢lly,, =,
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where we let May = M6K50B(aq,1 — ag). We recall that ||ﬁ2(t)<p||vﬂ(p7p,)
have been estimated by (3.58). According to the above arguments, we arrive at the
estimate

le@ v,y SWOFDE vy, + 1020001V,
+ ||(ﬁ3F(M))(t, .)”Vﬂ(p—p/)
=My llelly,, o

1
for M3y = M>9 + M5 + M3p. By taking the L«d’ r(O, T; R)-norm, then the latter
inequalities can be transformed into the following estimate:

bl <M llolly,, (3.99)
L@ (0.T:Vg(p—pr)

o, .
Led (0,T;R)
Step 3. We prove that u € Cy ((0, T1; L*(D)).
Let us consider 0 < #; < # < T. By the same arguments as in (3.61), we have

!
where M3, = M3, Ht_aq ‘

u(ty, x) —u(ty, x)

o 1 n—T

= Z/ / Fi(t, u(r))a)o‘_2Ea‘a,1 (—mfwo‘)dwdrej (x)
; 0 -t
j=1 !

e H ~
+30 [ Fyeu o) Bt = 1dre; )
j=1"1

i tz ana(—mﬁa)a)
—fﬁngj/ J dwe;(x)
j=t

Eo 1 (—mfT)

Ea‘a(—mﬁw“

Go%)
dwdrtej(x)

Eq 1 (—m’Te)

o T ot
+ 2" Zf / 2 Fi(z, u(f))Ea,a(—mf(T —1)%)
j=1 0 151

=g+ 7+ 7N+ AN
(3.100)

Here, by (3.66), /3N ” tends to 0 as t, — #; tends to 0. In what follows, we will
establish the convergence for || an ,n =1,2,4, which can be treated similarly as
in (3.62), (3.63), and (3.67) based on the Lipschitzian assumption (A1). We first see
that
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12
dt

2

-7

5] S h—T1
”JlN H f’c\aml_ﬁp/o Z sz(l', u(t)) /t 20 dw
j=1 1

’C\am_ﬁl’ 151

< [iE e [0 - 0 o - o i
—aq Jo

- —Bp 3]

e MLl [ e R R T
—aq Jo

—Bp
altly

/C\ ~ 1
= KColiellv,, / T [(’1 — )% (1 — T)aq*l]dr.
1—agq 0

Note that
1
/ 7% (1) — 1)*'dt = B(ag, 1 — aq).
0

Thus, due to the substitution T = t,, we have

131
/ r_“q[(tl — )=l gy — r)“q_l]dr
0
t/t
—Blag. 1 —aq) - / (1 — )
0

1
=B(ag, 1 —aq) — [B(th, 1 —aq) —/ n —M)“"_ldu} (3.101)
t
1
/ (- Wy
t

1/t
aq
(&)
h 1/t
1 [t “q
=—<—2—1) .
aq \I1

As a consequence, lim Ofoll T % [(tl — )l (g — t)”“ffl]dr = 0, and so
h—t—

tz—liz{i o H JIN ” = 0. Secondly we proceed to deal with JZN .Now 0 < pg < p, and

by (3.46), we have
|E(x,o¢(_m§([2 — T)a)| < E\am;ﬂ(P*PO)(tz _ 1;)_0‘([7—[70)_

We deduce the following chain of estimates:
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2 B 1
|4 = [ |3 Fiteu@ B2 = 09 | 2 = 0 e
n j=1
19}
<Gym PP / Iz, - u(e, I (b — )% gy
1
n
<cum PO g / e, I (2 = 1) d (12 — 1)@

n

~ 2
<Cam PPTPVKCo llglly,, / T (1 — 1) dT (1 — 1)
0

<Cam PP K Co llglly,, Blag, 1 —ag)(t — n)*".

(3.102)
This implies lim o ”ﬂzN || = 0. Next, we thirdly proceed to consider J4N . The
hh—t—
same argument as in (3.67) gives
(24 _ 4 T
P = / IF (.- u(e, DI = 1) de
1 Jo
- (24 _ 29 T
<caMuKCollglly,, #/ T — )% dt
t 0
1
ag _ oq
-~ ~ 2 T4
<caM11KCoB(ag. 1 —aq) l¢llv,, " dag
1
and we arrive at lim o ||J4N ” = 0. The above arguments prove u €
h—t—

C((0, T1; L*(D)). This combines with (3.98) so that u € Cyl((0, T1; L*(D))
and

lullcea 0,120y = Coll@llvy, - (3.103)

w

We complete step 1 by combining the inequalities (3.99) and (3.103).

(b) According to part (a), we have just to prove that u € C*4([0, T']; V_g,/). In this
part, we consider 0 < #; < fp < T. Let us first show
[A¥] = Masligly, @2 — )%, (3.104)
Vg
for some positive constant M33, where the case 11 = 0 is trivial. It is necessary to
prove (3.104) for #; > 0. From the proof of the estimate (3.70), we have
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-]
V—/Sq’
1/2
151 o 284" h—T 2 /
< S m P (e, u(r) w2 ‘Ea w1 (=mP o) dw dr.
o |5 j j t : j

In addition, the inequalities (3.46) yield that |Ey o—1 (—mfw“)l < ’c\am;ﬁp/w_“f”/.

This associates with «g’ —2 = ag — 2 + a(p — p’) so that

N
-],
-Bq’

n
<™ / Iz, u(z, |
0

h—T ,
/ w¥4—2+a(p—p )da)‘ dr
n—r

- B 5]

Cqm ’ ’

< 1“ ollq/K/ lu(z, )l [(tl .L.)otqfl+0!(pfp) (t2 T)W*HOI(P*P)] dt
0

camfﬁ ~ [h ,

<=L _KCy / Tty — T)* PP [(n — %! —(m—r)“‘f*l]dr
l —aq’ 0
?am;’g ~ a(p—p) 1 %) “q

< KCot(''™7—(=-1
1 —aq’ ag \ 1

<M33 llgllv,, (2 — 1),

where
/C\m_ﬂ ~ ’
My = —2L  KC,reP—P)—2a,
T U-ag)ag

Here, we have used (3.61), (3.101), and a(p — p’) > ag by (R4b). Secondly, we are
going to consider ij . The Sobolev embedding L?(D) < V_ gq’ yields that there
exists a positive constant M34 such that

|21, <ma22]
V_ﬁq/
§M34’C\am]_ﬂp KaoB(aq, 1—-agq) ||¢||Vﬁp (fa — 1) P=P)
<MsyCam " T4P=P"9 K CoBlag, 1 — ag) ¢llv,, (12 — )™,

where we applied (3.102) with respect to 0 < pp = p — p’ < p. Thirdly, we now
consider ﬂ3N . By applying the same arguments as in (3.72), one can get
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Miy 0
H j;\’ H < ”(p”V/sp ( Ot(p P _ Ot(P 4 ))
V*ﬁq’ a(p - p )

My

< 7P gy (1 — 1)
Ta(p—ph) Pr

Finally, the arguments proving (3.73) give

-~ M —p
H'ﬂ“N H <, 14 / (tg(p ) ;x(p p))
V gy a(p—p’)

T
/ 1F (2 (e, DI(T = )%
0

M LT

a4y e / (e, )| (T — )%~ d
alp—p) 0

. M4 a(p—p')—aq og
4 g KCoBag.1 - aq) lglly,, (2 — 1)
“a(p—p)

Taking the above estimates for JHN , 1 < n < 4, together, we conclude that u
belongs to C*4([0, T']; V_g,). Moreover, there exists a positive constant M35 such
that

ulllcea qo.11:v_g,n < M3s ll@lly,, -

By combining this inequality with (3.99) and (3.103), we complete the proof.

Theorem 3.8 Let p,q,p’.q', D.q,r. 7 be defined by (R1), (R4b), (R5b). If ¢
belongs to Vgpig), F satisfies the assumption (A2), and ko(T) < 1, then
FVP (3.32)~(3.34) has a unique solution u satisfying that

1
ue Lod (0, T; Vg(popy) N Col((0, T]; L*(D)),
1~
§Du e La77(0, T; V_pgg+7) N CL(O0, TT; V_gg).
Moreover, there exists a constant C7 > 0 such that

c
”ODflu

+ HSD;"u(t, )

< C7 ||¢||Vﬁ(p+j
(3.105)

1 -~
L& (0.T:V_pig—) C (0. TV gg)

Proof Since F satisfies (A2), F also satisfies (A1) with respect to the Lipschitz
constant K. In addition, the Sobolev embedding Vg(,4+5) < Vg, shows that ¢
belongs to Vg,. Hence, by Theorem 3.7, FVP (3.32) and (3.34) has a unique solution
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1
ue Le " (0,T; Vgp_p) NCL((0, T1; L*(D)).
Moreover, the inequality (3.98) also holds. We deduce that, for0 < ¢ < T,
IF @, - utt, NI < KeCollglly,, 17 < M3sK+Co l@llvy,,p %9 (3.106)

The remainder of this proof falls naturally into two steps as follows.
Step 1. We prove that ng‘u finitely exists and belongs to Lal_?(O, T:V_gu-9)-
By the same way as in part (a) of Theorem 3.6, we have

B B«
- m'; Eq 1(—m’;t%)
§Df (1) =F;(t, (D) = m? Fj (1, u(t) % Eq o (=mf1) — g;————T—

Ea,l(_mj T%)

B B
- m’ Eq1(—=m't%)
+ (Fj(ru() % Eqa(-mfre)| L= T

=T By (—mfT%)

= Fj(tu@) + v O+ 920 + v 0,

for all j € NT. In view of (3.106), F(t,-, u(t,-)) is contained in L*(D)

for 0 < ¢t < T. This associates with the Sobolev embedding L*(D) <

V_g—g that F(z, -, u(z,-)) is contained in V_g, 3, namely 2711 Fit,u())e;

is contained in V_g-5). On the other hand, 1//]1.\] 2 = 1//1(.2), and the

norm H Zj’ozl W;V’Q(t)ej HV exists finitely by (3.78). Now, we consider
—Ba—q)

HZ;’L w;v’"(t)ej HV ,n =1, 3. According to the estimates (3.77) and (3.79),
—Blg—9
the following ones hold? !

D e

ni<j<n;

Vo9
1/2
t
5@T“f“/(r—r)°‘<q_q>_l > Flru() g dr,
0 ny<j<np
N,3
D viTwe
ni<j<ny Vs
172

T
5€O,M19t—“f (T —7)*@ D718 N Flru(n) g dr
0

ni<j<ny
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For 0 < t < T, we have F(z, -, u(t, -)) belonging to L2(D). This follows that

1/2
the sequence {Gn(r)}, which is defined by G,(t) = {ijn sz(l', u(r))} ,
converges pointwise to 0 as n goes to infinity. Moreover, by (3.106), we have

¢ = D716, ()| <MseKCollgly, .y (6 — DO D e,

The function T — (t — 7)*~D~1g—2q jg integrable on the open interval (0, 1),
t > 0, since

t
/ (t — )4 D% — =% B(a(q — ), | — aq).
0
Therefore, the dominated convergence theorem yields that

t
lim | (t — 1)*“D-1G,(7)dr = 0.

n— o0 0

1/2
This together with {anfjfnz sz(r, u(r))} < Gy, (7) gives

172

t
: _ \eg—9-1 2' 2 —
n.}gﬂooo(t T) ‘ F](‘L',u(l')) dt =0.
ny<j=<na

Similarly, we also have

1/2
T
lim (T —0)* D=L N FXru(r) |  dr=0.

ny,ny—>o00

n1<j<ny
We deduce H Z?’;l w}]_v,n (e HV ,n = 1, 3, exist finitely. Taking all the above
-Bla—q)
arguments together, we conclude that ”Zc]’i 1 ng‘uj ®)e;j H finitely exists.

—Bg—9
In addition, the Sobolev embedding L%*(D) < V_p(g—5) yields that there exists a
positive constant M37 such that

”F(t’ y u(ta '))“V*ﬂ(qfq S M37 ”F(t’ y u(ta ))” .

Hence,
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soruc,

Vosq-

<UEG - ult, D gy o+ D DoV " 0e;

1<n<3 || j=1 Vosan

¢
<Ms37|[F(t, - u(t, )| +’CE/ t =)D F (e, u(r, ) dt
0
r 1
+ Miot ™ 91l g + CaMior ™ /0 (T — )" @D F(z, -, u(z, )l d.
We now note that
t o~
[ (t — 1)@ D12 gr < T* % B(a(g —q), 1 —ag)t™
0
and
T o~
/ (T — )4 D=1~ ge — T~ B(a(q — §), 1 — aq).
0
This combines with (3.106), and there exists a constant M3g > 0 such that
[sprua], < Moy 7. (3.107)

—Bla—q

which leads to

C
”OD;"M

< Mg |17 (3.108)

Lé’?(O,T;Vfﬂ(qu) LE”(O T;R) ”(p”Vﬂ(era) :
Step 2. We prove §D%u € C%((0, T1; V_gg).
We consider 0 < t; <t < T. A similar argument as in (3.83) yields

§Dfu(ty, x) — §DFu(ty, x) = F(ty, x, ulty, x)) — F(tr. x, u(t, 0)) + Y 7N,

1<n<4

where ZN = — P 7N and N is defined by (3.100). By applying the Sobolev
embedding L*(D) — V_gq4. there exists a positive constant M39 such that

lim |[F(t2, -, u(t2, ) — Fr, - u(tn, )llv_y,

th—t1—0

= lim M39 ||F(t27 ’u(t23 )) - F(tls ,M(tl, ))”

th—11—0

< lim MyoKu(l =l + lu(ra, ) —u(nr, )l ) =

H—t1—0
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where we note that u € Cyy? ((0, T]; L*(D)). From (3.84) and (3.101), we have

h—T 5
/ o* *dw|dt
1

-7

I
|, <t [ 1r

V—ﬂq 0
<axM36K*50
S
CaM36K 50 ) g
<= l9llvy.s) (— - 1) :

(1 —aq)ag 1

In addition, by

%) 1 1 t oq
/ T (1 — 1) de = / pT1 = ) dp < — (— - 1)

1y /0 agq \1

|
||</)||V/3(p+®/0 7% [(;1 — )%l (g — .L.)aqfl:l dt

and (3.106), we can obtain the following chain of the inequalities:

n
|2, <a [ 1Pl - ol
—Bq 131
[5)

~ =~ - -1
<caM36K+Co ”§0||Vﬂ(p+®/ T o“1(1‘2 - .L.)aq dt

1

~ 1 g
-~ 4T _ [ 7]
<caM36K:Co ll@lv, .- gl (= 1)

Finally, the norm || /3N ”V 5 has been estimated by (3.86), and the norm
—Pq

|74

Vg can be estimated as follows:
—Pq

Moy ! -
|, =P - [ 1FG e @ - ol
—fq ¢ 0

M4 =20 a —a -
= —_ UqT — )% 1
< tl (t2 tl )M36K*C() ||(p||vﬁ(p+® A T ( T) dt

Mpy _ ~
=== = )M36KCo 91V, Bl@q, 1 = q).

It follows from the above arguments that ng‘u belongs to C((0, T']; V_gg). On the
other hand, the estimate (3.107) also holds for p = 1 and g = 0, i.e., we have

tﬁt

c
oD u(t, )” = Mg l¢llv,, ,
Vg
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for 0 < ¢t < T. Therefore, ng‘u € Cy((0, T]; V_gg), and there exists a constant
My > 0 such that

sorve |

M , 3.109
Co .1V = M40 11v,,14 (3.109)

by the Sobolev embedding Vg(p+5 <> Vpgp. The inequality (3.105) is derived by
taking the inequalities (3.108) and (3.109) together. The proof is completed.

Remark 3.4 At the beginning part of step 1 of the above proof, we recall that
1/;}1.\/’2 = w](_z). This means that 1//;\”2 (with respect to the nonlinear case) can be
similarly estimated in the same way as in the linear case. More precisely, this term
can be estimated as (3.77). Here, the formula of 1/}1(.2) is given by

mea,l(—mgl“)

, (3.110)
Eq 1 (—m’ T%)

2
Kﬁj = —9;

see the proof of Theorem 3.6. The appearance of the factor m']9 in (3.110) tells that
we need ¢ € Vg(,44) to obtain (3.77). In summary, in order to bound the Caputo
fractional derivative ng‘u, we need the stronger assumption ¢ € Vg(,44) rather
than ¢ € Vg,,.

3.2.5 Existence

In the previous subsection, we found a solution u of FVP (3.32)—(3.34) in the set

CO(J x D). This allows that |u(z, -)|| < a)t_“q for all 0 < ¢t < T. Then, we
obtain u € Cy/((0, T]: L*(D)) by establishing the time continuity of u, which
corresponds to the boundedness

sup % |u(t, )| < +oo. (3.111)
0<t<T

However, the existence given in Theorem 3.7 requires the assumption ko(7T) < 1,
which is equivalent to KT7%7 < My, where My is a constant. This can occur if K
or T is small enough.

“Under what conditions is the contractivity condition ko(7") < 1 satisfied?”” This
motivates the result in this subsection.

The purpose of this subsection is to discuss global existence of solutions, namely,
the existence of solutions without any assumptions on K and 7. To overcome the
difficulties of finding solutions in Cy?((0, T']; L2(D)), we shall seek solutions in
a wider/weaker space than Cul((0, T, L2(D)) The alternative solution space we
are going to find is to take inspiration from replacing the supremum (3.111) by the
following integral:
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T n
/ (tbe—/” e, -)||> dt < 400, (3.112)
0

with suitable parameters b, p, and p. We expect that the mapping & (formulated
by Lemma 3.2) on the alternative solution space is contracted as p tends to positive
infinity.

The above arguments motivate us to denote by Lﬁﬁ 50, T; L2(D)), uw=>1,p0>0,
b > 0, the weighted Lebesgue space of all functions v : (0, T) — L2(D) such that

1
T m
[ 0. 12D </0 (;be—/ﬂ Jvc, ~)H)Mdt) < 0.

In the next theorem, we present global existence for FVP (3.32) and (3.34) in
Lﬁ »0,T; L2(D)). Itis helpful to introduce the following special function:

e b—a—1_a—1
F b,z7) = a—lgd— et b 0
1Z1(a, b, z) F(b o @ / 1-1) T4 et dT, >a>0,ze€C,

which is called the Kummer function or hypergeometric function. We recall the
following asymptotic behavior of this function:

\Fi(a.b.7) = T b)Y (@) ‘etz ¢ (1 n 0|z|‘1) ,

see [37] (Lemma 8) or [2] (chapter 13). Due to a simple integration by substitution,
for all # € (0, T) we observe that

! t
/ (t _ T)a—l_rb—leZ‘L'dT :ta+b_l / (1 _ t)a_lfb_l€Ztrd‘L'
0 0

—gatb—1 I'(a)I"(b)

TGTh 1 F1(b, a+ b, zt) (3.113)
_asp1€ (@) —1
=t oo (1+0 (™).

Theorem 3.9 Assume that % < a < 1. Let p and q be defined by (R1) such that

ﬁ <q < 1.Letuandbbesuchthatai < u < 2,ozq—& <b< 1—}%.1f¢
belongs to Vg, and F satisfies (Al), then there exists p > 0 such that FVP (3.32)-
(3.34) has a unique solution ug € Lﬁ’h(O, T: L*(D)) with p > p, and furthermore

T
/ (tbeff‘” Huc(t, -)”)Hdt < 4o0.
0
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Proof For vy, vy € LZ’p(O, T; L%(D)), we first estimate the Lgyp(O, T; L3(D))-
norm of &1v; — O)v;. The main idea is splitting the quantity || F(z, -, vi(t, -)) —
F(t,-, va(r, )|t — )%~ ! into the product of (r — 1)~ 1r=bePT and
the=PT||F(z,-, vi(t,)) — F(1,-,va(z,-))|l. Then the Ly ,(0,T; L2%(D))-norm
of |vi(z, ) — va(7, -)|| can be obtained by applying the Holder inequality and the
Lipschitz assumption (A1). Indeed, one can see that

T t "
/ (fbe_pt/ |vi(z. ) —valz, )| — T)"‘q_ldt) dt
0 0
T t ag— L LT M_l
< [Fweey (om0 e Eear)
0 0

T
X / (rbe*pr ||v1(1:, D) — va(t, -)||)Mdrdt
0

T
SC{'L_I H"Ul — U2 “Zﬁp(O,T;LZ(D)) /0 ([be_pf)li

(ag=byp—1  put l—agp - _ u-l
w (1 = et (pr) it <1+t 0(p )) dt

< o — v

T
1% -1 n-l l—agp 1—n
LY O.T:L2(D)) (T + 00 )) p o dt,

where we denote Cy := I" (g — 1)/(n — 1)) (. — 1)/p)@2#=D/=D Here,
the asymptotic behavior (3.113) had been used in the second estimate, where we
note that

(@g — Dp fi— agu —1 - aq(1/(ag)) — 1 _

07
n—1 u—1 u—1

asu > 1/(agq),and 1 —bu/(u—1) > 0as b < (u — 1)/u. Moreover, by taking p
large enough, we can bound (T + 0 (,0’1))/kl by a constant independently of x, 7.
Since i > 1/(aq), the factor p! ~@4# obviously tends to zero as p tends to infinity.

Furthermore, the latter improper integral is convergent as it < 2. Summarizing, we
can find a constant p; > 0 such that

|01v1 = O1v, Hf;;pm,r;uw»

T t
< (@m; )" /O <the_m /0 |Fz.- o1 N=F(z, -, va(z, )|

(z—r)“q—ldr)”dz
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—pp\ M T t ©
§<K?aml 1’) /0 <tbe—/”fo Jvi(z. ) = var, -)||(t—r)0“’_1dr) dr.

So we arrive at the following estimate:

Hﬁﬁvl—-ﬁﬁvﬂ

1
Ly ,(0,T;L%(D)) = Z“”l — v (3.114)

L} 0,7 L2(D))’

for all p > p1, where we have used (3.94) in the first estimate and the Lipschitz
assumption (A1) in the second estimate.
Secondly, we will estimate the L, ,(0,T; L?(D))-norm of the difference &3v; —

O3vy. Based on estimating the LZ p(O, T: L*(D))-norm as above, this can be
treated by combining the Holder inequality, the Lipschitz assumption (A1), and the
inequality (3.95). Indeed, we see that
"
” ﬁ?’ (ta ')U] - ﬁ3(tv ')1)2 ” Lz’p(O,T;LZ(D))

m

T T
<My / (tbe’”t“" / |F(z, - vi(z, N=F(z, -, vz, ~))||(T—r)°‘qldr> di
0 0
T T u
5(1<M3)“f <tbe—mt—“4/ [vi(z, ) = va(x, ~)”(T—r)“q_1dr> dt
0 0

T
S (KM?’)H‘ Ci’t_l || v — V2 ||l[fz,p(0,T,L2(D)) /0 (tb_ﬁlqe_ﬂt)ﬂab’p(T)dt’

where

(g=bu—1 puT 1—agp _q 1 u-l
0, (1) = (T el (o) 1 (1477 007 )

and the asymptotic behavior (3.113) was employed. Let us denote by .7, ,, the latter
integral; then

T
Tpp = ab,p(T)/ D =put gy
0

Note that (b —ag)u > ((eg — 1/u) —aqg)u = —1 asb > aqg — 1/u. Hence, using
the asymptotic behavior (3.113), we have

Top <00, (NTEDH 1T (o)™ (140 ((ouT) ™))

flTAuqu

— (1 +77! O(p”))u_1 (1 +0 ((pMT)")) A —

puar
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where the latter right-hand side tends to zero as p tends to infinity. Thus, there exists
a pp > 0 such that

(3.115)

1
| 301 = O3v; HLgp(O,T;LZ(D)) = Z”Ul 0 ”Lg_p(O,T;LZ(D))’

for all p > py. Taking the estimates (3.114) and (3.115) together gives

| v = Ov, ”Lljp(o,T;LZ(D)) = _%:3} |€jv1 = Ojv. “L‘b‘,p(O,T;Lz(D))
Jetts

1
= 5“”1 - vz”LZﬂ(O,T;U(D))’
for all > . .72 14 .72
p = max(pi, pa), mamely, & : LY (0,73 LX(D)) — LY (0, T; L2(D))

is a contraction mapping. This means that & has only one fixed point in
LZ’[)(O, T; L2(D)), and so FVP (3.32) and (3.34) has a unique solution u¢ in the

weighted Lebesgue space LZ p(O, T; L?(D)). The desiblack inequality is obvious.

Remark 3.5 In fact, we tried to find solutions in the space

chr (0, T1; L*(D))

={v e Cw0,T]; LXD))

— b —pt
It 0.2y = Jup e o] < 00} :
Note that the following inclusion holds:

CUP((0,T); LX(D)) C Ly (0, T; L*(D)).

Indeed, if v € C5((0, T1; L2(D)), then

1
T w
HvHLﬁ,b(O,T;LZ(D)) =< (/(; dl) (02111£T the=rt ”v(l‘, )”)

1
=Tl

20, T1:L2(D)) = OO

In order to find solutions in this space, for all vy, vy € ijp((O, TI; LZ(D)), it
requires to bound the following quantities:

t
01(b, p) := sup fbe_pt/ [vi(z, ) = va(z, )| ¢ — ©)* dx,
0<t<T 0
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T
Q2(b, p) == sup tbe_p[t_aqf [vi(z, ) = valz, )| (T = )*~ Ldx,
0<t<T 0

by kj(p)llvi — U2||Cb,p((0 TEL2(DY) with k;(p), j = 1,2, tend to zero as p tends
to infinity. Unfortunately, it does not occur with the term Q2 (b, p). Indeed, since
v, vz € CoP((0, T1; L2(D)), we have

—b
HU] (ta ) - Uz(t7 ) ” =t ept ”vl - v2||c3,'p((0,T];L2(D))’

which gives

Q2(b7 10) < sup Eb‘p(t, T)”U] — U2 ”Clll’;/)((o T]‘LZ(D))’
0<t<T Y

where

T
G p(t, T) = zbe*P‘fo/ 1P (T — 1) 1 4r.
0

The following conclusions are obvious.

Due to the asymptotic behavior (3.113), the supremum of &} , (¢, T) on (0, T']
tends to infinity as p tends to infinity. Hence, & : Lj o0, T; L*(D)) —
LZ, 0 (0, T; L?(D)) cannot be a contraction mapping for arbitrary T. This is the main
reason why we did not find solutions in C,lj;p((O, T1; L*(D)).

The idea of using the space L’;,b(O, T: L%(D)) fortuitously came when we
realized that

T
f <8},,p(t, T))Mdt — 0, asp— +oo
0

with a suitable number & > 1. Here, we replaced the supremum (3.111) by the
integral (3.112).

One can show that Q1 (b, p) is bounded by k1 (p)|lvi —v3 IIC]z;.p((OQT];Lz(D)), where
k1(p) tends to zero as p tends to infinity. This means that we can establish the
existence of a mild solution to the initial value problem (3.32), (3.33), (3.35) in
C,lj,’p((O, T1; L?(D)) without any assumptions on K and 7.



Chapter 4 ®
Well-Posedness and Regularity Qe
of Fractional Wave Equations

4.1 Damped Wave Equations

4.1.1 Introduction

The main purpose of this section is to investigate the initial/boundary value
problems for time fractional damped wave equation

Pu+0%u=Au+ fw, t>0, 4.1)
subject to Dirichlet’s boundary condition
ut,x)=0, xe€d2, t>0 4.2)
and initial value conditions
u@,x) =¢(x), ou,x)=vy(x), xel, 4.3)

where 2 € R? (d > 1) is a bounded domain with the sufficiently smooth boundary
252, and 8,’S , 07 are standard fractional derivatives in the sense of Caputo type of
order 8 € (1,2] and @ € (0, 1], respectively. f is an appropriate force function
which will be special later. Taking the case of 8 = 2 and ¢ = 1 in (4.1), it
becomes the standard damped wave equation, which is an important mathematical
model in studying many physic problems. Readers can easily find a large number of
related researches that are focused on the well-posedness of some linear or nonlinear
Cauchy problems. In addition, various papers have considered to establish the
asymptotic behavior and regularity estimates of the solutions; we refer to [8, 63, 93]
and the references therein. Observe that if 8 = 2« for « € (1/2, 1] associated
with (4.1), this equation contains a typical time fractional telegraph equation, which

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2024 151
Y. Zhou, Fractional Diffusion and Wave Equations,
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is derived from the law of the iterated Brownian motion and Brownian time for the
telegraph process, see, e.g., [173].

A strong motivation for investigating Eq. (4.1) comes from physical phenomena.
The time fractional diffusion equation 3,’1j u = Au of order 8 € (0, 1) can be used to
model anomalous diffusion phenomena, which was driven by fractional Brownian
motion, and it represents the subdiffusion behavior [234], while the time fractional
wave equation of order 8 € (1,2) will interpolate between the heat equation
(B = 1) and the wave equation (8 = 2) that govern intermediate processes between
diffusion and wave propagation, and it is further interpreted as the superdiffusion
behavior. Moreover, fractional wave equation can also model a cable made with
special smart materials or a vibrating string in presence of a fractional friction
with power-law memory kernel. From these physical points of view, some partial
differential equations with fractional derivative will be more suitable to describe
practical problems.

As for the current problem, in fact, without the term 8,’3 u associated with (4.1),
there are more researches concerning with this fractional diffusion equation, the
analysis of well-posedness, asymptotic analysis, decay estimates, and blow-up
solutions have been studied in [1, 34, 116, 128]. Without the forcing term f and
damped term 97u associated with (4.1), the analysis theories of fractional wave
equation have been studied by Luchko [143], Mainardi [144, 151], Sakamoto
and Yamamoto [186], Schneider and Wyss [190], etc. Recently, concerning with
fractional wave equation, Kian and Yamamoto [112] have investigated the existence
of weak solution and some Strichartz estimates under the case of semilinear force
function on bounded domain. The well-posedness results associated with a Dirichlet
space have been considered by Alvarez et al. [10]. In addition, Otarola and Salgado
[174] have studied the regularity of weak solutions and also discussed the spatial-
time regularities of the solution for an extended problem. Djida et al. [54] have
concerned with the well-posedness results on whole space RV, and they derived
some LP-L" estimates of solution. Associated with an extra damping term in
fractional wave equation, which can describe the interaction between the vector
electric field and the electric and magnetic properties of the material (see, e.g., [73]),
we observe that there are still few researches addressing the following wave equation
with damping:

8lﬂu+3to‘u—Au=0.

Alaimia and Tatar [6] and Tatar [204] investigated the blow-up for the wave equa-
tion with a fractional damping. In one dimensional unbounded domain, Stojanovic
and Gorenflo [200] obtained an upper viscosity solution for the case 8 € (1, 2) and
a € (0, 1), while on a bounded domain, Lin and Nakamura [137] investigated the
Carleman estimate that gives the unique continuation property of solutions for an
anomalous diffusion equation with multi-term time fractional Caputo derivative, as
well as the case for fractional diffusion equation [136]. Consequently, it is natural
to discuss the more general fractional wave equation with damping term.
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Motivated by the abovementioned works, in this section, we will focus on the
well-posedness and regularity of linear fractional damped wave equations; one
reason to consider these properties is that there are few papers to establish the
qualitative theory of damped wave equations in the sense of fractional versions.
Especially in nonlinear problem, there is an urgent need for existence results to
extend some known conclusions. The second reason is that the Laplacian operator
associated with Dirichlet’s boundary condition on a bounded domain with the
sufficiently smooth boundary on L?(£2) can be expressed as a spectrum problem. It
will lead to that relative solution operators are compact and uniformly continuous
on their domains. According to these properties, we can get a general existence
result without the Lipschitz condition or the smoothness assumption on nonlinear
function.

This section is organized as follows. Section 4.1.2 recalls some concepts and
known results. In Sect. 4.1.3, we first introduce a suitable definition of mild solutions
for the linear problem, and then we obtain some existence and regularity of
mild solutions. In Sect.4.1.4, some exact upper bounds of several Mittag-Leffler
functions are obtained. Under the local Lipschitz condition of nonlinear force
function, a well-posedness result of the problem (4.1)—(4.3) is established. Next,
we show the continuation and blow-up alternative of the solutions. In addition,
we also prove the compactness of solution operators, which allows us to study the
existence of mild solutions by removing the Lipschitz condition or higher regularity
hypothesis of force function. Finally, an application is introduced to verify our main
results.

4.1.2 Preliminary Results

Let us first recall the Riemann-Liouville fractional integral of order § € R4 with
the lower limit zero for a function v € L! (0, T; X) and a Banach space X

t
TPo@) = %ﬁ)/{) t —s)Plu(s)ds, t>0,

where I"(f) is the Gamma function.
Leto € (0,1), B € (1,2),and T > 0. Consider a function v € L' (0, T; X) such
that J,1 e Wl’l(O, T; X)or Jtzfﬁv IS Wz*l(O, T; X). The representations

v = 3 (7 (@) — v(0)))
and

vty = 92(J77F (w(r) — v(0) — 1 3,0(0)))
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are called the Caputo fractional derivative of order o and B, respectively. In
particular, when p = 0, one finds that J,p v(t) = v(t). Hence, if o = 1 or § = 2,
then the Caputo fractional derivatives commute with integer order derivatives,
respectively.

Let L2(£2) be the standard real Hilbert space with the norm || - || and scalar
product (-, ). H 1(£2) and H{" (§2) denote the usual Sobolev spaces for [, m > 0. Let
X be a Banach space equipped with norm | - |, and Z(X) stands for the spaces of all
bounded linear operators from X into itself. Let C ([0, T]; X) be the Banach space
of all continuous functions from [0, 7] into X equipped with the supremum norm
lulle = sup;co, 7y lu(2)|. The symbol L7 (0, T'; X) denotes the Banach space of all
p-integrable measurable functions u such that

T p
</ |u(t)|”dt) < oo, ifl=<p<oo,
0

ess supg<, <7 |u(t)| < 0o, if p = oo.

lullro,1;x) =

The symbol WK-P(,T; X) (k > 1) stands for the Banach space of all k-times
differentiable functions u such that

k
ltllwrr 7.3 = D 18/ ullLro.1:x) < 00
n=0

It is well known that the Laplacian operator A = —A is nonnegative and self-
adjoint in Sobolev space HOl (£2), and there exists an orthonormal basis of L%(£2)
consisting of eigenfunctions {e,};2, C HO1 (£2), which are corresponding to the
discrete positive eigenvalues {)‘H}ZO:I for every n € Nt here 0 < A < Ay < ...
with lim,,_, o A, = 00 satisfying

Ae, = Ape,, 1in$2; e, =0, onoas2.
For any y > 0, let fractional power operator AY possess the following representa-
tion:
o
ATu =" M, een, u e DAY),
n=1
where
o
DAYy =ueL*(2): Y a7 . el < oo} :
n=1

as a Hilbert space of functions
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o o
W=y upen =y (u,enen € L),

n=1 n=1
equipped with the norm

1

o0 2
2
lully = llull pear) = <any|(u,en)|2> . u€ D).

n=1

By using the so-called Gelfand triple, we denote the duality space of D(AY) by
D(A™7). It can be seen that D(A™7) is a Hilbert space endowed with the norm

1

00 2
_2 —
luelly« == llull pa—ry = (an V|<u,en>y,y|2) . ueDAT),

n=1
under the duality bracket (-, -)_, , . Furthermore, we notice that
(U, v)_y, = (u,v), forue L*(2), ve D(AY).
Specially, one has D(AY) C H* (£2) for y > 0, D(AY) = L?(2), D(A?) =

HJ(£2), see, e.g., [186].

4.1.3 Linear Problems

Consider the following linear problem:

a,ﬂu(t, x)+3fut,x) = Au(t,x)+ f(t,x), xe€2,1e(,T7), 4.4
ut,x)=0, xedf2,te0,T), 4.5)
u,x) =¢x), hu,x) =y¥(x), xe€ 2. 4.6)

Next, a suitable definition of mild solutions will be introduced to study the above
linear problem; furthermore, the existence and regularity of solutions are discussed.
4.1.3.1 Solution Representation Formula

Let ¢ € D(AY), ¥ € L*(£2), with the aid of the spectrum property of operator A,
and observe that the equation

Put,x) = —Au(t,x)+ ft,x), t>0, x e 4.7)



156 4 Well-Posedness and Regularity of Fractional Wave Equations
associated with initial/boundary value conditions (4.5)—(4.6) can be converted into

{ EDPun(t) = —hnttn (8) + f(0),
n (0) = Gy, 11,(0) = Y,

Where ¢Yl = (¢9 en)’ 1//}’! = (l/fv en), fn(t) = (f(t9 ')’ en)7 and the SOlutiOnS ul’l(t)
are explicitly expressed as follows (see, e.g., [10, 112]):

un(t) =Eg 1 (—hntP)py + 1t Eg 2(—hntP) iy

t
+ / (t — )P Eg p(—nn(t — 5)P) fu(s)ds,
0

for all + > 0. With the help of the identities in Proposition 1.15, one can derive that
the formula of first-order derivative with respect to 7 of u,,(¢) is equal to

— at?P TV Eg g (—dntP)py + Ep 1 (—hntP ),

t
+ f (t = P2 Ep st (=t — )P) fu(5)ds.
0

In view of the definition of the Caputo fractional derivative and (1.13), by changing
the order of integration, one has

t
f (t — )PV Eg p(—2n(t — )P)SD%uy (5)dss
0

t
= [ =V Ep e hatt = 9P 5)ds,
0

Therefore, after integration by parts in s, it follows that

t
/ (t =) " Eg pr1-a(—n(t — )P (s)ds
0

t
=/ (t — )P 7 Eg gy (—hn(t — )Py (s)ds “.8)
0

— P Eg g1 o (—AntPu, (0).

By using the eigenfunction expansions, we set the operators

Tyt =" Eg1(=dnt) (v, en)en,  Ppt)o =Y tEgs(=dntP)(v, enen

n=1 n=1
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and

%(l‘)v = ZlﬁilEﬂ,ﬁ(_kntﬂ)(vv en)en,

n=1

for all v € L%(£2) and ¢ > 0. In order to simplify the representation of solution,
we just focus on the dependence of time variable ¢ and sometimes omit the space
variable x, writing u(t) = u(t,-), f(t) = f(¢,-), and so on. Following the above
arguments, (4.7) associated with (4.5)—(4.6) has an equivalent integral form as
follows:

t
ut) =)+ gy + /0 Tp(t —s5) f(s)ds.

Hence, the formal solution of linear problem (4.4)—(4.6) can be represented as
follows:

t t
u(t) = Yﬁ(t)¢+%ﬁ(t)¢+.@ﬁ(t)w—/0 ,%’//S(t—s)u(s)ds—i—/o Tt —s)f(s)ds,

4.9)
fort > 0, where

Rp)p =Y 1P Eg gr1-a(=2atP)($, en)en,

n=1

00
%//3 u = Z Pl Eﬁ,ﬁ—a(_)\ntﬂ)(uv en)en.

n=1

As we can see, the damped term in linear problem can be regarded as a nonlinear
term in nonlinear problem, which will avoid a lot of computations to check the
properties of solution, for instance, when it is converted into a fundamental solution,
see an application below, it is not easy to discuss the existence and regularities
of solution and especially for considering nonlinear problem (4.1)—(4.3). For this
reason, it is worthwhile to consider that such damped term converts into an integral
representation at nonlinear term. Next, we shall introduce a suitable definition
of mild solutions to the problem (4.4)—(4.6) which involves the Mittag-Leffler
functions from the above arguments.

Definition 4.1 Let 7 > 0. If a function u € C([0, T']; L%(£2)) satisfies (4.9), then
we say u is a mild solution of the problem (4.4)—(4.6).
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4.1.3.2 Existence and Regularity

In the sequel, we will prove the existence and regularity of mild solutions of linear
problem (4.4)—(4.6). The first result is concerned with the existence of the mild
solution, and the regularities of the solution are given in the rest of results.

Theorem 4.1 Let (¢, ) € D(AY) x L%(2) for y € (0,1), and let f €
LY0, T; L2(£2)). Then there exists a unique mild solution u to the problem (4.4)-
(4.6). Moreover,

luOI S Nelly + 11+ 1o, 7:22(2)) (4.10)
The hidden constant, in the above inequality, is independent of t and y but may be
dependent on T.
Proof Let us first denote an operator 2 on C([0, T]; L2(£2)) as follows:

(Lu)(1) =SB ()p + Zp ()P + Pp() Y

t t
_ / %;S(t — S)u(s)ds + / Tt — ) f(s)ds.
0 0

Clearly, there exists a mild solution of the problem (4.4)—(4.6) if and only if
operator 2 has a fixed point in C ([0, T]; L2(£2)). In what follows, we shall show
that operator 2 is well defined on C ([0, T]; L2(2)). Firstly, for any € > 0, let
0<t<t+e<T,wehave
(Lu)(t +¢€) — (2u)(@)
=SBt +e)p — Spt)¢

+<@3(I +e)p — %ﬂ(t)(b + yﬂ(t + ey — <gzlg(t)lﬂ
t+e 1 (4.11)
- [ Rp(t + € — syu(s)ds +/ Rp(t — s)u(s)ds
0 0

t+e t
+/ %(t—l—e—s)f(s)ds—/ Tt —5) f(s)ds.
0 0

t+e
/ ~AnsP T Eg g(—hnsP)ds
t

In view of Proposition 1.15 and (i) in Proposition 1.18, we know that
o
175t + )¢ — Sp($l = (Z

2 1/2
|¢n|2>
n=1

o0 e | 2 172
(Z < / An‘ysﬂ‘lEﬂ,m—xnsﬂ)ds) M|¢n|2)
t

n=1

S(a+ef =77 )igl,.
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From the definition of the fractional power space D(AY) for y > 0, in view of
the Sobolev embedding D(A?) C L?(£2), it follows that [|¢| < l#1l, . Moreover,

2 1/2
|¢n|2>

[e.0]

1% (¢t + €)p — Zp (1) || = (Z

n=1

t4€
/ sﬂ_a_lEﬁ,ﬂ_a(—)»nsﬁ)ds
t

S(a+ef =) g1,
Propositions 1.15-1.16 imply
oo

1Pp(t + )Y — Pp)y ]| = (Z

n=1

t+e
/ Eﬂ)](—)\nsﬂ)ds
t

5 1/2
|wn|2) Selvl.

By virtue of Proposition 1.16 again, one obtains
1% )0l < P ll, 120l S Pl v e LA(R). (4.12)

Therefore, it yields
t+e
/ 1)t + € — s)u()llds < €~ ulg
t

Moreover, by (i) in Proposition 1.18 with respectto u = 1 — %, we have

'
/0 I(Zg(t + € —5) — Rt — 5))u(s)|ds

o0

(2
5/0’

2

t+e—s 5
/ P2 By g g1 (A TP)dT
t

)

1/2
(u(s), en>2> ds

ds ||ullg

t+e—s
/ ™ g
t—s

S+ =+ 0" lully.

Noting that
175 vl S Toll, 126@0vll S tllvll, 1@l S 7 vl (4.13)

for all v € L2(£2), we have

It+e t+e
/ | Tp(t + € — 5) f(s)llds 5[ (t+e—)PNfs)lds
t t

Sef! 1A, 7:22002))-
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With the aid of Proposition 1.15, we deduce that
t
/O 1(Tpt + € —5) — T(t — ) F5)llds

t
S[(are=9r == ) 1 olds

0
Seﬁ_l ||f||L1(0,T;L2(Q)),

where we use the following inequality:

E —& <@ -&" pne(1], and0 <& <& (4.14)

Therefore, together with the triangle inequality and the above estimates, we
conclude that ||[(2u)(t + €) — (2u)(t)|| — 0 as € tends to zero. An analogous
argument can show that ||(2u)() — (2u)(t — €)|| — 0 as € tends to zero for
0 <t—e <t < T.Consequently, we obtain that 2u € C([0, T1; L?>(£2)) for any
u € C(0,T]; L*(2)).

We claim that 2 has a unique fixed point. Indeed, for any wuj,up €
C([0, T]; L>(2)), by (4.12), we have

t
[(Lu) () — (Lu2) @)l Sfo 1225t — $)(u1(s) — uz(s))llds

t
gfo (t — )P Nui(s) — ua(s)lds

' —a

B—a
—r =~ —usllg.
*Th—ath lur — uszlle

By mathematical induction, it follows that

(@ ®) — (@O S— P ZDT_ oy, Ziylp. @15

Tr(-o+1)

If j =1, it has been proved. Assume that (4.15) holds for any j > 1. We will show
that (4.15) also holds for j 4 1. For this purpose, by using (4.12) again, one has

127 uy) (1) — (27 un) (1) |

! . .
S/O 1125t — (27 u1)(v) — (2 u2)(v)lldt

[ . .
< /0 (t = P (@) () — (Qun) (D) d
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(I'(B — )’ ! a1 (B
<_ W 7 _ \Ba-1_j(B-a) _
Nr(j(ﬂ_a)+1)/o(r Y T

___ TG iy,
rG+HB -+

—us|le.

Thus, the inequality (4.15) follows for any j 4 1, and there exists a constant C > 0
such that

C(I'(B—a))/t! FUHDB=0

127w (1) — (27 un) (1)) < FGEDB—-a)+ 1)

—uz|l%.

Let us choose j = f large enough so that

_ caB-a)l

= TiB— _ 1,
(B —a)+1)

Therefore, one has
127uy — 2 usllg < sllur —uzlle.

The contractility of 2l follows and then Q’ has a unique fixed pomt u* on
C(0,T]; L2(£2)). Since ,@,@J = ,@f“ QJQ one can see that 21 (Qu*) =

2(2/u*) = Qu* which deduce that 2u* is the fixed point of I By virtue of the
uniqueness, we conclude that 2u* = u*. Consequently, there exists a unique mild
solution.

Let us check (4.10). It follows from (4.12) and (4.13) that |75l < ¢y,
126yl S tllvl, and |25 ()|l < 1P~ |41l . Hence, one obtains

@l Slglly + P~ gl +elvl

t t
+ / t — )P Nu()|ldr + / (t — )P £ (s)llds.
0 0

From the generalized Gronwall inequality (see, e.g., [233, Corollary 2]) and
Proposition 1.17, there exists a positive constant C such that

el S 0@ exp ((C]"(IB _ ) t) |
where

o) = llglly + P lolly + tllvll + P £l o7 1202))-
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Thus, the main conclusion is obtained. We have completed this proof.
In what follows, we are in position to show the regularity of solution.

Theorem 4.2 Let (¢, ) € D(AY) x LZ(SZ)for y € (0,1),andlet B —1 > «,
f eLP,T; L*(2)) for p > ﬁ Then, the solution u of the problem (4.4)—(4.6)

satisfies

lolly + 1+ 1 llLeo,7:022)) By =1,
ldu®l < By (4.16)
tPr (||¢||y + ¥+ ||f||Lp(0,T;L2(_Q))), By <L

Proof Theorem 4.1 ensures a mild solution of the problem (4.4)—(4.6). Hence, it
remains to check (4.16). For any v € L?(£2), let

o
S0 =" —rat" T Ep g (—1atP) (v, en)en,

n=1
[o9]

Ty =) 1P 2Eg g 1(=datP) (v, enen.
n=1

and

o
Ry (v = Ztﬂ*a*zEﬁ,ﬂ—a—l(—Knlﬁ)(% en)en.

n=1

It is not difficult to check that |73l < tB7=1|¢]l, and IT5OFOI S

tB=2] £ ()1l respectively. It follows from (4.13) that |5 ¥ ] S ¥l As the
same argument, Proposition 1.16 shows that ||,%’//3’(t)u(-)|| < A2 )lu()|. In view
of Proposition 1.15, we have

t t
dqu(t) = Yé(t)¢+<%’/’3(t)¢+ylg(t)1/f—/0 %g(t—s)u(s)ds—i—/o Ty (t—s) f(s)ds.

4.17)
Therefore, it follows that

) StPY " Mgll, + Pl + vl

t
—a— —1-1
+ f (t = P2 lds + TN Fll oo 20
0

Substituting (4.10) into the above inequality, we thus obtain the desired result.

Theorem 4.3 Let (¢, ) € D(AY) x Lz(.Q)for y € (0, 1) satisfying % <y <
ﬂﬁ%a, where B — 1 > a, and let f € LP(0,T; L*(82)) for p > ﬁ—l,sy' Then the
solution u belongs to C((0, T1; H?Y (R2)) and satisfies
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lu@ g2y 2y S P7D (Il + 191+ 1l oo.:2202))) - (4.18)

Proof From the assumption of 1 < By < B — «, one can see that there exists a
mild solution u such that u(¢), d,u(t) € L2(§2) for ¢ € [0, T] by Theorems 4.1 and
4.2. Consequently, by virtue of (4.8) and transposition of term, we have

! !
/ %%(t —su(s)ds = Zp(t)p + / Hp(t — 5)osu(s)ds. (4.19)
0 0

Hence, we only need to consider u € C((0,T]; H 2y (£2)), and further it satis-
fies (4.18). Initially, the Sobolev embedding D(AY) C H 2 (2) fory > 0 implies
that if u belongs to D(A?), then one has u belonging to H?" (£2). Repeating the
existence proof process of Theorem 4.1, we can verify u € C((0, T]; D(AY)). It
means u € C((0, T]; H? (£2)). Thus, it is sufficient to check the estimate (4.18).
Now, from the definition of fractional power operators, it follows that

o0
AY Tyt = 1Py AN Eg p(—hatP) (0, en)en, 120,
n=1
for any v € L>(£2) and y € (0, 1). By Proposition 1.18, we have
IAY Tyl S PP |l 1> 0. (4.20)

Fort € (0, T], we set

t t
x() = / AY Zg(t — 5)osu(s)ds, ¢(t) = / AY Tg(t —5) f(s)ds.
0 0
Applying (4.9) and (4.19), we conclude that
AVu(t) = AY Sg()p + AY Pg(t)y — x (1) + @), t€(0,T].

On the other hand, Sobolev embedding theorem shows that |u(?)]| HY(2) S
lu(®)ll,. Thus, it is sufficient to estimate these terms ||-Z5(D)lly, | POV,

I x @I, and [l(@) .
Proposition 1.16 implies

0 1/2
1-Z5@)lly = (Z|Eﬂ,1(—xnrﬂ>|"'xiy|¢n|2> < liglly. (4.21)

n=1

With the help of (i) in Proposition 1.18, we get
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00 1/2
||%<r>w||y§(ZW:Eﬂ,z(—Anzﬁ)!z|1/fn|2) Syl @22

n=1

For the fourth term containing ¢, by applying (4.20), we have the estimate

! _gy_1
[IGIES /0 @ =P f©lds S PP fllborzy 423)

Therefore, it remains to verify the third term containing y. Obviously, we get the
inequality

IAY Zg(t)v| S PPV~ Hu|l, v e L2(R).

Therefore, one can see

t
Ix Ol < / (t = )PP dsu(s) | ds.
0
By virtue of (4.16) and Sy > 1, the following estimate is established:

xS PP (gl + 1 I+ 1l ro.7:22¢20)) - (4.24)

Together with (4.21) and (4.24), the proof is completed.

Using a similar argument as in Theorems 4.1 and 4.2, we can deduce the
following conclusion.

Theorem 4.4 Let (¢, ) € D(AY) x L2(2) for y € (0, 1) satisfying y < ﬂz—;]
and let f € L0, T; D(A7Y)). Then the solution u of the problem (4.4)—(4.6)

belongs to L*®(0, T; H* (£2)). Moreover,

Nl oo o.7: 2 29y S NNy + 1N+ 11Lf 0,7 DcA7))- (4.25)

Proof Indeed, noting that 28y < 8 —1,weget0 < By <1/2,6—By —1>0
and

1/2
_ L)
P Ep g(—hat™)| A V|<v,en)|2)

1T (0]l < (Z

n=1
ST s, v e DAT).
From the assumption of f, by applying an analogous method of existence proof in

Theorem 4.1, one can easily check that there exists a unique mild solution u, which
satisfies
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luI S Ml + 11+ 1 fllLe.7:pca-7))- (4.26)
On the other hand, by virtue of Proposition 1.16, we see that
147 TsO f OIS P2 F Ol
Therefore, one has

|AY Zp0)p+AY Pgt)y + @] < Nl + 1P |yl
+tP72BY || £l oo 0.7: DA )

where ¢ is defined in Theorem 4.3. Hence, it remains to estimate
t
AY Zg () — / A”%’é(r —s)u(s)ds. 4.27)
0

It is easy to estimate ||AY Zg()p|l S tﬁ_“||¢||y. Now, we estimate another term
of (4.27). Indeed, by (ii) in Proposition 1.18, we have

t
/ I AY Zg(t — s)u(s)llds
0

1
2

t o0
= / (Z M= )P Ep oo (—ha(t — s)ﬁ>|2|un<s)|2> ds
0 n=1

t
S / (t = )PP =" u(s)||ds.
0

Noting the assumption 28y < B — 1 and o € (0, 1], by substituting (4.26) to
the above inequality, we thus immediately conclude that the assertion of (4.25) is
satisfied. This completes the proof.

In [186], the authors considered a fractional diffusion-wave problem, and further
they obtained that the regularity property in time is of infinity order which means
that u € C* for ¢ > 0. In [174], the authors derived some time regularity estimates
for a weak solution of fractional wave equation, and they also corrected some papers
including numerical technique, which ignores the situation that the solution will
blow up at point ¢ = 0 for the time regularity u € C?. Inspired by these works, we
establish the following regularity results for time fractional damped wave equations.

Theorem 4.5 Let (¢, V) € D(AY) x L2(82) for y € (0, 1) satisfying % <y, and

let B—1 > a. Assume that f(0) € L*(82) is finite and f € W-P(0, T; L*(£2)) for
p > ﬁ Then the mild solution u of the problem (4.4)—(4.6) satisfies
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[o2u) | < 7 (101 + 191 + 1l o.ri22c + 1£O)

Proof By Theorems 4.1 and 4.2, the mild solution belongs to Cl([0, T1; L2(£2)).
Hence, we can find a u satisfying (4.17). Invoking the initial value conditions u (0) =
¢ and 9;u(0) = i, by changing of variable and taking the derivative with respect to
t in (4.17), we conclude that for z > 0,

t
Ru(t) =7 0 + SOV — /0 R}(5)B,u(t — s)ds

t
+ 010+ [ s~ sds
0

On the other hand, Proposition 1.16 shows that

00 1/2

2
.7 el <tP~2 <Z (xi‘VE,g,ﬁ_l(—xntﬁ)) A3V|¢n|2) < P2)¢1,.

n=1

For t > 0, we have the following inequalities:
175 Oyl S vl 1Z25@vll S P22l 1750l S P72,

for v € L?(£2). Hence, we obtain the estimate
2 2 1 ! 2
lofu)| <Pl + ¢ Hvl + / sPTO2 Bt — s) |lds
0

t
+ P2 O+ fo sP201, £ (2 — 9)llds,

which implies from (4.16) the desired result. The proof is completed.

Remark 4.1 Let us mention that the time regularity of mild solutions in the present
problem just achieves the second time derivative under the assumptions of Theo-
rem 4.5. This is the difference between our results and the previous papers [174, 186]
where they could establish more higher time regularity of solutions. Nevertheless,
if we alter the initial value of v belonging to D(AY), f € W>P(0, T; L*(£2)) such
that 3, f (0) € L?(£2), by the Sobolev embedding relationship D(AY) C L?(2) for
y € (0, 1), based on the existing assumptions in Theorem 4.5, we also establish a
unique mild solution on C L([0, T1; L?(£2)), and the solution will possess the third
time derivative

[37u@| < #7218l + 101y + 1 w2 o.riz2@y) + 1F O+ 18, £ O)])
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4.1.4 Nonlinear Problems

In this subsection, we will take into account of the nonlinear problem for fractional
wave equation with damping. Initially, as before, we introduce a suitable definition
of mild solutions to the nonlinear problem.

Definition 4.2 Let 7 > 0. A function u € C([0, T]; L%(£2)) is said to be a mild
solution of the problem (4.1)—(4.3), if u satisfies the following equation:

ut) =Spt)p + Zp(t)p + Pg()yr

t t
_ / %/%(t —s)u(s)ds + / Tg(t —s) f(u(s))ds.
0 0

4.1.4.1 Well-Posedness

In the following part, we shall infer that the present problem is well-posed.

Lemma 4.1 Let 8 € (1,2). Then for z € C, there are important formulas between

Mittag-Leffler functions, the Wright-type function, and sine/cosine functions given
by

Eg1(—2%) = / Mp2(0) cos(z0)d0, Eg p(—z%)
0

= ﬁ /OO 0.4p2(0) sin(z6)d6.
2z Jo

Proof The first identity was proved in [151, pp. 252]. Hence, it is sufficient to verify
the second identity. Indeed, by developing the sine function in series, we get

1/009/// (0) sin( e)de—iﬂ
) pr2 W= L k)

o0
/ 022 s52(0)dl, forz € C.
0
k=0

Applying the formula in (W3) of Proposition 1.19, it is easily seen that

(—DF2Qk+2) 2 5
Fa+ Gkt np — plest)

1 [ >
- 0. /2(0) sin(z0)d0 =
- /0 3/2(0) sin(z6)d6 =)

k=0

Consequently, we get the desired formulas.

It is interesting to notice that the Mittag-Leffer function has a strong connection
with the sine/cosine functions and the exponential function exp(z) (see, e.g., [128,
240]) such as
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Ey1(2) = / My (0) exp(z0)d0,
0
Eyo(z) = a/ 0.4y (0)exp(z0)dd, zeC, ae(0,1).
0

This means that the Wright-type function acts as a bridge between the classical and
fractional differential equations.

Lemmad4.2 Let § € (1,2], « € (0, 1], and A > 0. Then the following estimates
hold fort > 0:

1
|Ep g (=1tP)| <

1
’r_ . 4B
—_ F(IB/)? forﬁ - 1327 ﬁv |Eﬂ,ﬂ—a( )\‘t )| S (ﬂ

—DI'(B—a)
Proof By properties of the Mittag-Leffler function in series, the case of t = 0 is
obvious. Hence, for any r > 0, z € RT, from the fact Ez,l(—zz) = cos(z) and
zEz,z(—zz) = sin(z), by using the inequalities | cos(z)| < 1 and sin(z) < z, itis
easy to check the first inequality for 8 = 2, 8/ = 1, 2. By Lemma 4.1, it yields from
(W3) of Proposition 1.19 and | cos(z)| < 1 that |Eﬁ,1(—kﬂ3)| < 1. Proposition 1.15
checks 4 (tEg,(—atP)) = Ep(—itP), and hence |Eg(—AtP)| < 1 follows.
Lemma 4.1 implies

BV Ep y(—atP) = %2,3—1/ 0.3 20)sin (Vir0)do.  (4.28)
0

We notice that the left side of the above equation tends to zero when ¢ — 0 and the
right-hand side of (4.28), because of the fact lim,_, ¢ “mzﬁ = 1. Consequently, by
using sin(z) < z for z € R* and (W3) of Proposition 1.19, we get

ﬁf"o 2
Egp(—mP) <= | 6% dpp(0)do = —.
[Eg,g( l)liz A 8/2(0) B

Taking the derivative with respect to ¢ in (4.28), noting that

L (P Epp(-1P))

dt
2 poo
=tﬁ_2%f 0245 2(6) cos (ﬁt%) do (4.29)
0
6, 1 B B\ [ . ]
=2 (1—5>/0 0.3120) sin (Var>6) de,

in view of (1.13) and Proposition 1.15, we find
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1 ! d
B—a—1 By — —o B-1 B
t Egg_o(—AtF) =—— t— — ( Eg g(—A )d .
B.f—a(=A1") F(l—oz)/o( ) 87 Epp(—AsT) ) ds
Substituting (4.29) into (4.28) implies

B—a—1

1P~ Eg g_o(—0tP)| < G- , t>0.

1
DB —a)'

Hence, it remains to check the case of 8 = 2, « € (0, 1). Indeed, note that

1 t
Uy g g (—h?) = / (t — $)Ex1 (—As2)ds,
a) Jo

r{ -
which is easy to deduce that |E2,2,a(—kt2)| < 1/I'(2 — ). Thus, we obtain the
desired results.

On the basis of the above arguments, we now show that the problem (4.1)-(4.3)
is well-posed.

Theorem 4.6 Let y € (0,1). Assume that there exist two positive constants
a, b such that the nonlinear function f € LYR, L2(£2)) satisfies the following
conditions:

1f @) = @I < a(llal”" + 017~ Ju = vll,
If @l < b(1+ [lull”),

for each u,v € L*(2), where © > 1 is a constant. Then for ¢ € D(AY),
Yo€ L%(2), the problem (4.1)—(4.3) possesses a unique mild solution on
C ([0, Tpl; LZ(Q))for some Ty € (0, T). Moreover, let (u, ) be two mild solutions
of the problem (4.1)—(4.3) associated with the initial conditions (¢, 5) and (Y, 1;);
then,

lu(@) =71 < 1l¢ =y + 19 = V1l (4.30)
Proof For fixed r > 0, let us introduce a metric space:
Br(¢.¥) = {u € C(0, TL; L*(2)) : pr (u, Sp(1) + Bp () + Pp(t)¥) <},

where

pr(uy, uz) = sup |lui () —uz(@®)ll.
1€[0,T]

It is not difficult to check that B, (¢, ¥) is a complete metric space with the above
metric.
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Let us consider an operator 2 given by

(2u)(t) =) + Pp()Y + Zp(1)¢

t t “4.31)
_ / %’/’3([ — u(s)ds + / Tp(t —5) f(u(s))ds,
0 0

for any u € B,(¢, V). Clearly, 2 is well defined in C([O, T']; L%(2)), as it
follows from the assumptions of f. Next, we are planning to show the existence and
uniqueness. It is sufficient to verify that 2 has a unique fixed point in B, (¢, V).

In view of Lemma 4.2, for ¢ € [0, T'], we get some exact upper bounds

A1
L@ vl < llvll, 1Zg@vll <tllvll, |Ta@v] <

4.32
=T l[vll (4.32)

and | Zp(t)v]| < o tB=e= v, | Zp(t)v]l < 0 tP~*||v]| for any v € L?(£2), where
o :=1/((B— DI B —a)), 0 =0c/(B — ). In view of the Sobolev embedding
D(AY) C L3(£2), y € (0, 1), one finds that ||¢| < AI_V||¢||y, where A is the first
eigenvalue of operator A. Hence, taking

Ly :=r+ (40T Il + TV, (4.33)
the following estimate is established:

lu@) < |lut) — Fp)p — Zp () — P )Y |
+ 13BN + 1 %D + | Pp)¥ |
<L,.

Choose Tp € (0, T'] such that

oL TP + SRR (1 + L;H) Tl <r (4.34)
and
p—a 2a o-1pp _ 1
T A4 gtk o 2 435
elo T rEErn 0 =3 (4.35)

Therefore, from (4.34), we get
1(2u)(1) — Fp(t)p — Zp()p — PV ||

t t
S[) 1225 (t — s)u(s)llds +/O I T7p(t —5) f(u(s))llds
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t B 1 B—1
<o [ (- ||u(s>||ds+—f (1 =)/ + () |?)ds
/o r

_ b .
<oL, T! “+m(1+L;’ N1 <

This implies that 2 maps B, (¢, ¥) into itself. In addition, for any u, v € B, (¢, V),
by the assumption of f, we have

[(Lu) (1) — (Lv)D) ]

'
< / Rt — 5)(u(s) — v(s))ds
0

t
+ H/o Tp(t — ) (f () — f(v(s))ds

t
<o / (t = )P Juls) — v(s)]| ds
0

t
+ 'F?ﬁ) /0 o ot (IIu(s)Hﬁ_l + ||v<s>||’9—1) lu(s) — v(s)llds

_ 2a
<otP ™ py(u, U)+mLﬁ '8 oy (u, v)

3 2
< (QT(f} WLI? IT/S) P, (U, v).

Hence, in view of (4.35), we conclude that 2 is a contraction on B, (¢, ¥). Thus,
according to Banach fixed point theorem, the operator .2 has a unique fixed point
that is the mild solution of the problem (4.1)—(4.3) on [0, To].

We next show the continuous dependence of the mild solution on the initial data.

lu(t) — @)
<L) — S5l + | B (1) — (D)l + | Pp(t)y — POV ||

t
+/0 H%};u — 5)(u(s) —ﬁ(s))ﬂ ds
t
+ /0 | Tt — $)(f(s) — £ ds
o o t
<t@®llg —Blly +tlly — vl +o f (t — )P lu(s) — i)l ds
F(ﬁ)/ (=)~ (I 17~ + i) 17" uts) = 7(s) s

=o() + <15r(t)/ llu(s) — u(s)lds,
0
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where ¢(1) = A, (1 + 0t#~*) and

o) = (1)l — Glly +1 1y — T cp(t)_(H_za Lﬂ—l,a>
. ’ =T e )

Thus, the generalized Gronwall inequality implies that

llu@t) —u(@®)|| < (1) exp <(q§,(z)r(ﬂ - o,))ﬁ%a t) ,

which means that the solution is continuous dependence on the initial conditions for
any positive real number r. We thus have proved this theorem.

Remark 4.2 Noting that if the assumption of nonlinear function f is replaced by
another local Lipschitz condition: There exists a nondecreasing function L ¢(-) €
L*°(R4) such that the nonlinear mapping f is continuous with respect to ¢ and
satisfies the condition

If@) = fI = Le)llu—vll, r>0,

for each u, v € L2(£2) satisfying ||u||, |v|| < r. Then, for some Ty € (0, T'), we get
an analogous result of Theorem 4.6 on the following Banach space:

B, (To. ¢) = {u € C([0, Tol; L*(22)) :  sup [lu()]| <r}.
tel[0, Tyl

that is, for ¢ € D(AY), v € L%(2), y € (0,1), the problem (4.1)—(4.3)
possesses a unique mild solution on C([0, To]; L2(£2)). Moreover, the solution
depends continuously on the initial conditions.

4.14.2 Continuation and Blow-Up Alternative

Given a mild solution u € C([0, Tol; L2(£2)) of the problem (4.1)—(4.3), we say
that it : [0, T1] — L?(£2) is a continuation of u with T; > Ty if i is a mild solution,
and u(t) = u(t) whenever ¢t € [0, Tp].

Theorem 4.7 Let the assumptions of Theorem 4.6 hold and u be a mild solution of
the problem (4.1)—(4.3) on [0, Tol. Then u can be uniquely continued up a time Tj.

Proof Fix R > 0. Taking 77 > Tp, we denote a metric space:
Pr={veC(0,T]; L*(2)) : pr (v, u(Tp)) < R, and v(t) = u(1), 1 € [0, Tol},

equipped with the metric
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pr, (v,u) = sup |lv@) —u@)].
t€l0,T1]

It is not difficult to check that g is a complete metric space. Let us define ¢ :
B R — B R by

(Gv)(t) = (“v)(1) + (Lv)(@),
where
(“Gv)(t) = Spt)p + Zp(t)e + P,

t t
(%)) = —/ %};(l —s)v(s)ds + / Tt — ) f(v(s))ds.
0 0

If v € Ap, itis clear to obtain that Yv(¢) = u(¢) forany ¢t € [0, Tp]. Lett € [Ty, T1].
For any v € %g, by some simple computations, we get

(&) (@) — u(To) | <lI(Gv) (@) — (Gv)(To)

To
+ /O 1)@ — ) — Ty — s)u(s) ds
To
+ /O 1Tt — 5) — Tp(To — ) fw(s)ds
t t
+ [ 1ya = spoelas + [ 175 -5 f@onlds.
To To

Since the mappings ¢ — S3()¢, t — Zg(t)¢, and t +— Pg(t)y belong to
Cc(0,T]; Lz(.Q)) for every t € [0, T] with T > Tj, it means that we can pick
T, € [Ty, T) such that for t € [Ty, T,],

R
&) (1) — ) (To)ll < 3

Processing as the proof of Theorem 4.1, one can see that for + € [Ty, T),
Proposition 1.16, and by (i) in Proposition 1.18 with respect to u = 1 — %, we
have

To
fo 1)t — 5) — By(To — $))u(s)|ds

To
+ /O (Tt = 5) = T5(To — ) Fw(s)lds

Ty t—s t—s
5/ / ™ 4y / P24y
0 To—s To—s

To

If(u(s))lids

llu(s)lds +/

0
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SR+ =T =1 7) + - TL!
— 0, ast— Ty,

where 7 is picked as in Theorem 4.6 and L, is defined in (4.33). Therefore, we can
choose Ty € [Ty, T) such that for t € [Ty, Tp],

To
/0 I(Zg(t —5) — Rp(To — 5))u(s)||ds

W | =

To
+[0 (Tp(t —s) — Tp(To — 5)) f (u(s))llds <

On the other hand, it is easy to see that
t t
125 (1 — s)v(s)llds + / | Tp(t —s5) f(v(s))llds
To To

' B—a—1 1 ! A1
<o /Tou_s) Iolds + 75 | @ =9/ weias

< B« b B »
<o(t — Tp) (R+Lr)+TIB)(t—TO) (I+ L)),

where we use the fact |u(7p)|| < L,. With the same argument, one can choose
T. € [Ty, T) such that for t € [Ty, T,],

t t R
f 1225 (¢ = s)v(s)llds +/ 178t —5)f(v(s)lds < 3
Ty To

Consequently, let 77 := min{7,, Tp, T.} and then
(& v)(1) — u(To)ll < R.
We thus prove that ¢ maps Ay into itself. Now, for any v, w € ABp, one has
[&v) (@) = (Gw) O] =[(Z2v) (1) — (Hw)O)]

t
=/0 125t — s)(v(s) — w(s))lds

t
+/0 75t —s)(f(v(s)) = f(w(s))llds.

By the uniqueness, clearly for ¢ € [0, Ty], ¢ is contractive on %Bg. Let ¢t € [Ty, T1],
and from the assumption of f, we have
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(G v)(@) — (Gw) @)l

t
(t — )P Hu(s) — w(s)llds
To

F(ﬁ)/ t — )P )7 + lwG) 1) [lv(s) — wis)llds

<ot — To)P~*pr, (v, w) + (t — To)? (R + L) pry (v, w).

F(ﬁ)

Therefore, choosing T such that for ¢t € [Ty, T1],

_ B—a | =7 B ®
o —Top) +F(,3)(t TP (R+ L))" <1,

we thus conclude that ¢ is a contraction map on HBg. This implies that ¢ has a
unique fixed point v on ZBg. We have finished this proof.

Theorem 4.8 Let the assumptions of Theorem 4.6 hold and u € C([0, Tay);
L%(£2)) be a mild solution of the problem (4.1)~(4.3) defined on the maximal

interval [0, Tyax) of existence. Then Tyax = 400 or lim |u(@®)|| = oo if
t— Thax
Tiax < +00.

Proof Let T, = sup{T € [0,00) : 3 unique local solution u to (4.1)—(4.3) in
(0, T)}. Suppose that T;,,,» < 00, and there exists a positive constant M < oo such
that ||u(t)|| < M forany t € [0, T),4x). Let {t;}; e+ be a sequence of [0, T},4x) such

that t; — T,,,, as i — oo, we now consider the sequence {u(#;)};en+ € L2(2),

and we will check that it is a Cauchy sequence in the space L?(£2). Setting #; > ¢ s
we get

u(ty) —u(t;) =gt — Sp(t))p + Zp(ti)p — Zp(tj)p + Pty — Pg(tj)¥

t; tj
_/t.j %/g(t,- — Su(s)ds —/(; (%},(ri —5) —%};(tj —$))u(s)ds

i 1j
+ / Ta(t; — ) fu(s)ds + / (Tpti — 5)
Ij 0

— Tp(tj — ) f(u(s))ds.

Therefore, the same reasoning used as (4.11) in Theorem 4.1 and the similar process
in Theorem 4.7 ensure that

lu@) —u@j)ll — 0, asi,j— oo.

Hence, {u(#;)};en+ is a Cauchy sequence, and then there exists the limit
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Hm u(t;) =: u(Tpay) € L2(82).
11— 00

For the above reasons, we may extend u over a large interval [0, 7,4, ]. This shows
a contradiction with the maximality of 7j,,,,. The proof is completed.

4.1.4.3 Compactness Method

In the sequel, we remove the Lipschitz condition or higher smoothness assumption
of f € C'(R), and we also consider a more general condition. For this purpose, we
need the following lemma.

Lemma 4.3 ([218]) Let X be a Banach space, and let R(Q) be the range of
operator Q. Assume that Q : X — X is linear.

(1) If the dimension of R(Q) is finite, then Q is compact.
(1) If {OQn}uen+ is a sequence of compact operators in B(X) that converge
uniformly to Q, then Q is compact.

Definition 4.3 Let X be a Banach space. An operator-valued function 7'(-) defined
on Ry is said to be:

(1) Uniformly continuous, if the map ¢ + T (¢)x from R, to A(X) is continuous
with respect to the operator topology.

(1) Strongly continuous, if the map ¢ — T (t)x from Ry to X is continuous for
every x € X.

Lemma 4.4 Operator J3(t) is compact for every t > 0 and is uniformly
continuous on L2(S2)f0r allt > 0.

Proof 1t is clear that J3(0) is a zero operator, which is trivial involving with the

compactness result. Let + > 0 be fixed, and let 2y = span{e(x),...,ex(x)},
for every N € N%t. It is easy to see that L?(£2) can be expressed by
span{e;(x), ..., en(x),...}. Obviously, £2y is a finite dimensional subspace of

L%(£2). For all N € N*, we denote operators %N(t) tL2(2) = 2y by

N
T (=" tP T Eg g(—1at?) (v, en)en ().

n=1

Clearly, %N () is also a linear finite dimensional operator. Applying (i) in Proposi-

tion 1.18 with respectto u = 1 — %, we have

1/2

N 2
||%N<r)v||=<ZA;" (ie? = Epp (i) (v,en>2) S vl

n=1
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This yields that %N (¢) is well defined in Z(L*($2)). Thus, R(%N (1)) is finite, we
conclude from (i) in Lemma 4.3 that the operator %N () is a compact operator for
every N € N,

Now, we shall prove that %N (¢) converges uniformly to .75 (¢) whenever N tends
to infinite. By applying the above argument, it is noticed that from the asymptotic
property of the eigenvalues 1, — 0o as n — 0o, we have when N — oo,

9]

1/2
2
1751w — Z3 (v s( > (rﬁ”Eﬁ,ﬁ(—Anrﬁ)) (v,en)2>

n=N+1

—u
< Aygilivll = 0.

It means from (ii) in Lemma 4.3 that the operator 7 () is a compact operator on
B(L*(£2)) for every t > 0.

In addition, in view of Proposition 1.15 and (4.14), for any v € L2(£2), for
1, € Ry with ) < t, we find

| T (t2)v — Tp(t)vll St — )P vl = 0, asn — 1.

Therefore, we conclude that 73 (¢)v is strong continuous for all # > 0. Combined
with the compactness of Jg(¢), this implies the desired result. The proof is
completed.

Remark 4.3 It is notice that, by using the method of finite dimensional approxima-
tion and the compact results, Lemma 4.3, one can easily prove that operators 5 (z),
Pg(t), and Zg(t) are compact for every ¢+ > 0 and are uniformly continuous for
all + > 0. Additionally, %}ﬁj (t) is also compact for every ¢ > 0 since it may be
unbounded at time r = 0 on Z(L*(£2)) for B — a < 1 and is uniformly continuous
forallr > 0.

Theorem 4.9 Let (¢, V) € D(AY) x L2(2) for y € (0, 1). Assume that f is
Lebesgue measurable with respect to t and is continuous with respect to u, and
there exists a nonnegative nondecreasing function W(-) : Rt — R such that

ILf @) < Wllu@)).

Assume further that

. W)
lim inf =w <
r—00 r
and the following inequality
Th— o TP

B-DIG—axh) TG+ =" (4.36)
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Then the problem (4.1)—(4.3) possesses at least one mild solution on C([0, T];
L*(£2)).

Proof For each r > 0, let us set
By ={ueC(0,T); L*(2)) : lully < r}.

Then B, is a bounded closed and convex subset of C ([0, T']; L%(£2)). Consequently,
we need to show that the operator equation ¥ = Zu has a solution where 2 is
defined in Theorem 4.6.

Let us first check that operator 2 maps B, into itself. In fact, if this is not true,
then for each r > 0, there exists u” € B, such that ||(2u")(t,)|| > r for some
t, € [0, T]. In view of Lemma 4.2 and (4.32), one finds

r <|[(Lu")(t)l
=1l + 1 Zp (1091 + | PVl

Ty Ty
+/0 1925 (1 — $)u” (s) || ds +/O | Tp (s — ) f (" (s)llds

B—a

_ * 1
<@l + vl + o (ol +7) ; — T

Iy
x / (ts — )P W (lu" () 1) ds

0

_ _ T Tk
7191y + T +o (716l +7) g0 + Fp W

where 0 = 1/((8 — 1)I'(B — «)). Dividing both sides by r and taking the lower
limit as r — o0, we obtain that

9 ppe @ B

<esel T

)

which contradicts (4.36). Therefore, one can select r such that || 2u|l¢ < r. This
implies that 2(B,) C B;.

We claim that operator 2 is completely continuous. To prove this property, we
will divide the proof into three steps. First, we show that the set ® = {2u, u € B,}
is equicontinuous. Indeed, for 0 < #; <, < T, and we have

(Lu)(t2) — (Lu)(t))||
<[.7p(t2)p — TP + | Zp(2)p — Zp(t)P| + || P () — Pg(t)Y ||

15 t
+ H/ ’ %/’3 (ty — $)u(s)ds — / 1 %’};(Il — u(s)ds
0 0
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t n
+H /0 Ty(t2 — ) f (u(s))ds — /O Tty — 5)f (u(s))ds

=Ji+ L+ J3
From Remark 4.3, we get

J1 =113 (12)¢ — L)@ + | Zp(12)p — Zp ()P + | Pp ()Y — PV |l

— 0, astn — 1.

As for Jp, for any ¢ > 0, we estimate

H—e
J2 S/
0
1
“
11—

1n—e
< / lu(s)l s sup
0

s€[0,t; —¢]

(.%’g(tz A s)) u(s)H ds

(@t =)~ 30 =) u) | as + " |2 = o) as
n

%jg(tz —5) —

B(L2(£2))

n

14
to f " (1 — P ) ds + o f (11 = 9P~ u(s) s
n

—& t—e

<r sup
sef0,t—¢]

Rty — ) — R (t] —
,3(2 5) ﬁ(l 5) BUAD)

+ (Il + 1) (12 — 11 + )P + &F7)

—0, asrp—>1, ¢—>0.

Next, we estimate J3. In fact, Lemma 4.2 shows that

n
Bs | Wiu@hds sup | T5 2 =) = Tp(t1 = 9| 1202y,

s€[0,1]

F(ﬂ)/ (12 — )P~ W (llu(s) I ds

SWE) sup [ Tpt2 = 5) = Tp(t1 = 9) | 2y + WO @2 = 11)F

s€[0,t1]

— 0, astn — 1.

Hence, it follows that ||(Zu)(2) — (Lu)(t)| tends to zero as rn, — t; — O
independent of u € B,. Thus, we conclude that the set ® is equicontinuous.

Secondly, we show that 2 is continuous. For any {u,,};> ; C By, u € B, with
Uy — u asm — o00. In view of the assumptions of f, one has



180 4 Well-Posedness and Regularity of Fractional Wave Equations

im f (un (1) = f@(0)).
On the other hand, one has the inequalities
(t =P Mum(s) —u@s)| <20 —)f " r
and
=P () = )] <20 — )P W(r)

which are integrable with respect to a.e. s € [0,¢] and r € [0, T]. Therefore,
Lebesgue’s dominated convergence theorem implies

t t
/0 (t—=5)P "M (s)—u(s)lds — 0, /0 (t=5)P N f (m (5))— £ (u(s)) lds — 0,
as m — oo. Consequently, we get
1(2um) (1) — (2u)(®)]|

t
<o / (t = )P (s) — u(s)|1ds
0

1

t
T} fo t — )P fum(s)) — fu(s)llds — 0, asm — oo.

This proves that 2u,, — 2Qu pointwise on [0, T'] as m — o0, which follows from
the equicontinuity of ® that 2u,, — 2Qu uniformly on [0, T] as m — oo. Thus, 2
is continuous.

Finally, we show that operator 2 is compact. It is sufficient to prove that for any
t € [0, T], ©(t) is relatively compact in L?(§2). Obviously, for the case t = 0, it is
easy to see that @ (0) is relatively compact. Let t € (0, T'] be fixed, and since 9?/’3 (1)
and Jg(t) are compact for every ¢ > 0 in view of Lemma 4.2 and Remark 4.3, we
can structure a family of finite dimensional compact operators as the same way in
Lemma 4.2 by

(2QVu)(t) =S5 + RBp()p + POV

t t
— / %},N(t —s)u(s)ds + / %N(t —5) f(u(s))ds,
0 0

for every N € NT, in which %N() is defined as in Lemma 4.2 and

N
Ry (u = Ztﬂ—“—lEﬁ,ﬂ_a(—xntﬁ)(u, en)en.

n=1
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Obviously, one can repeat the above proof process, and then the relatively com-
pactness of set @Y = {2Nu : u € B,} follows. On the other hand, by virtue of
Proposition 1.16 and (i) in Proposition 1.18 with respect to u € (O, ’3,%“), it yields

t
1(2u)(0) — (2Yw) D) < fo 1yt — 5) — R ¢ — )u(s)lds
t
+ /O 1(Tp@ = 5) — T (¢ — ) f@(s)lds
t
S / (t — )P0 u(s) | ds
0

t
g fo (t = P11 £ (u(s))ds.

Hence, it is easy to show that
1(2u) (1) — (2Vu)(1)|| — 0, as N — oo.

This means that there are relatively compact sets arbitrarily close to the set @ (¢).
Therefore, © () is relatively compact in L2(£2), and we derive that 2 is a compact
operator.

Now, let us finish this proof. By the above arguments and the Arzela-Ascoli
theorem, we know that .2 is completely continuous. Therefore, the Schauder fixed
point theorem implies that 2 has at least one fixed point, which means that there
exists at least one mild solution to the problem (4.1)—(4.3). The proof is completed.

Remark 4.4 Concerning the well-posedness in Theorem 4.6, it is indeed a local
result corresponding existence interval (0, Tp) sufficiently small such that (4.34)
and (4.35) must be satisfied. Despite all of this, it is a new result to some special
nonlinear functions, such as f(u) = |u|l7_1u, ¥ > 1. Besides, the existence interval
of Theorem 4.9 is not needed to make sufficiently small since we can get the exact
interval of time from the exact upper bounds of Mittag-Leffler functions by (4.36)
and Lemma 4.2, and it means that there may appear multiple solutions. Thus this
conclusion extends certain results in literatures.

4.1.5 An Application

Let us take into account of the following time fractional telegraph equation:

Bf“u(t,x) +07u(t, x) = uyx(t, x) + fu,x)), 0<x<1,1>0,
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where 8,2"‘ and 0/ are fractional derivatives in the sense of Caputo type with respect
to ¢t of order 1/2 < o < 1. Specially, the case « = 1 is related to the well-
known telegraph process, which describes the propagation process of electron in
telegraph cable, and it can be regarded as an integral order wave equation with
damped term 0, u.

In the sequel, let us consider the boundary conditions u(0, t) = u(1,¢) = 0, and
let A, =n’n2ande, = sin(nx), n € NT, 2 = [0, 1]; obviously, {—A,, e,,};’lo=1 is
the eigensystem in L2(£2) associated with operator A = %22 Ifp(x) =cos(xm/2),

¥ (x) = x, and linear function f(, x) = ¢ sin(x7/2), then it is easy to check that
¢ € D(AY)forO <y < 1,9 € L?(£2),and f € L' (0, T; L?(£2)); then from [36],
one can find a solution given by

e.¢]

t
u(t, x) =Y </O T E0,20).20 (—r“, —/\nfz"‘) falt = v)d7

n=1

+ A1, (0)B1 (1) + A2, (O)Bz(t)>€n (x),

where

1
fu(®) = 2/ f(t, x)e,(x)dx,
0

i
A1, (0) = 2/
0

Bi(t) = 1 — Mt* E(w.00) 2041 (—l“, —?»ntzo‘) )

1
¢ (x)en(x)dx, A2,(0) = 2/ ¥ (x)en(x)dx,
0

By(t) =1t — ta+1E(oz,2ot),2a+2 (__L_a’ _}\n":za)
— MtV E 20y 2042 (—t“, —)»ntza) ,

and for b > 0, a; > 0, |z;| < 00, i = 1, 2, the multivariate Mittag-Leffler function
is defined as

h_ Db

o0
k! 212,
Eoyp()=E p(21,22) = .
), (ar,a2),b ( ) ]; ll—i-zlz:—k < D' TC(b+ arly + axln)

1120,,>0

This ensures that the above solution also belongs to C ([0, T']; L3(2)) according to
Theorem 4.1, and further the solution will satisfy (4.10). Nevertheless, if nonlinear
function f(u) = |u|” 'u for ¥ > 1 or f(u) = sin(u), then we cannot use the
method of [36] to establish the existence of solution, while there will exist a solution
to the current problem by Theorem 4.6 and Theorem 4.9. Consequently, this extends
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the results in [36], and we will get a more general existence result for the case from
the exponent 8 =2« to B € (1,2], @ € (0, 1].

4.2 Wave Equations on R

4.2.1 Introduction

In this section, we focus on the following time fractional wave equation:
fu—Au=fw, t>0, (4.37)
supplemented with the initial conditions
u0,x) =¢x), hu0,x) =v¥(x), xc¢€ RN, (4.38)

where 8,’3 stands for the Caputo fractional derivative operator of order 8 € (1, 2),
A is the Laplacian operator, f is the semilinear data to be specified later, and ¢
and ¢ are given initial data on some fractional Sobolev spaces, likely (¢, ¥) €
HSRY) x HS-YRN) fors € R.

The time fractional partial differential equation 8,’3 u = Au of order 8 € (0, 1)
models anomalous diffusion phenomena ensuring the behavior of a subdiffusion
process driven by a fractional Brownian motion [161]. The case of order B € (1, 2)
will govern intermediate processes between diffusion and wave propagation, for
example, see [151], and it also ensures the behavior of superdiffusion process, for
instance, see [14]. For the cases 8 — 1" and 8 — 27, the equation corresponds
to the diffusion equation (heat equation) and ballistic diffusion (wave equation),
respectively. Besides, in anomalous diffusion equations of order 8 € (0, 1) or
B € (1,2), the mean squared displacement of a diffusive particle behaves likes
(x2(1)) ~ P, in contrast to normal diffusion behavior (Brownian motion) of the
form (x2(1)) ~ t.

There are many interesting works about time fractional wave equation. One of
the most favorable reasons is that the integral kernel in time fractional derivative
represents memory of a long-time tail of the power order. The investigation of
existence and uniqueness of solutions for a low regularity initial data is a matter
of interest in the mathematical analysis. For instance, Kian and Yamamoto [112]
investigated a weak solution for semilinear case of (4.37) in bounded domain 2
for dimension n = 2, 3. By using the technique of eigenvalue expansion together
with the properties of Mittag-Leffler functions, they established the existence and
uniqueness results, which shall lie in L? (0, T; L1($2))NC ([0, T]; H? (2)) forr =
min{l — 1/8, y} withsome 1 < p,q < 00,0 < y < 1. Following this technique,
Alvarez et al. [10] considered the well-posedness for an abstract Cauchy problem
in a Hilbert space, where the solutions will lie in L"4(0, T’; L2’(X )) associated
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with initial data (¢, ¥) € D(AY) x L%(X), D(A?) is the fractional power spaces
with spectrum form of A (nonnegative self-adjoint operator) for some 8 € (1, 2),
y = 1/8, X is a (relatively) compact metric space, and g € (1/(8 — 1), 00],r > 1.
Moreover, Otarola and Salgado [174] studied the time and space regularities of weak
solutions for the space-time fractional wave equation, Zhou and He [242] discussed
well-posedness and time regularity of mild solutions for time fractional damped
wave equations, etc.

However, few results discuss the unbounded domain case, likely the whole
Euclidean space RY . This is due to the difficulty to establish the relevant estimates
on solution operators, and also the method of eigenvalue expansion is not appro-
priate to such a problem. As we know, Alemida and Precioso [44] investigated
the global existence with large initial data in the framework of Besov-Morrey
spaces, and Alemida and Viana [45] studied existence, stability, self-similarity, and
symmetries of solutions with initial data in Sobolev-Morrey space. Zhang and Li
[238] studied the local existence on C([0, T]; L(RN)) for aN(p — 1)/2 < g for
a special semilinear function f ~ |u|?, and also the critical exponents of the global
existence and blow-up solutions are determined when ¢ = 0 and ¢ = 0. Djida et
al. [54] worked on a well-posedness result for semilinear space-time fractional wave
equation, by adopting the method of the Laplace-Fourier transforms, the properties
of the Mittag-Leffler functions, and Fox H-functions.

Our goal in this section is to establish the well-posedness results for time
fractional wave equation with initial conditions in certain function spaces. More
precisely, we consider linear and semilinear problems on RY and present a general
assumption in semilinear function and a special case A|u|®u to deal with the
current problem. In addition, this section is devoted to studying the well-posedness
of mild solutions to the problems. In order to obtain the solution operators for
time fractional wave equation and their properties, we establish some useful
estimates about solution operators that should be required for the estimates of wave
operators. We remark that our proof and results are completely different from the
previous mentioned works. We will concern about the local/global well-posedness
of solutions. Let us now enlist the main results presented in this section.

I. The solution operators of Eq.(4.37). Let o = (—2)Y/2, and we know that
the wave operators can be given by cos(ew) and @ ~!sin(zwr). Concerning
the principle of subordination, two inherent relationships between probability
density function and wave operators are presented. More precisely, we get

‘gg(t):/ My (0) cos(wt°0)do,

0

S (1) =m"*‘/ 0.My(0)w ™ sin(w°6)do.
0

These forms of solution operators relied upon the estimates of wave operators,
which are completely different from previous literatures. Based on this, some
useful estimates of solution operators can be derived, which provide very helpful
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tools for the proof. Observe that the probability density function builds a bridge
between integer wave equations and the fractional one.

II. The well-posedness results on R™Y. We first establish some estimates on several
spaces for the linear problem with initial data (¢, ¥) € H*(RY) x H*~I(RVM),
and then an existence of L2-solution is established on a space of continuous
functions. Next, under the case that the semilinear function f : LZ(RV) N
L"(RY) — L” (RV) and satisfies

1) = £ vy = CalR) (% gy + 101 v, ) e = vl vy,

where constants » and « satisfy some restriction requirements, the local well-
posedness results of mild solutions are established in the framework of LY (L?’/)
spaces; here y and y’ are the conjugate indices. By concerning a special
semilinear data f ~ A|u|%u, we show the local well-posedness on Besov spaces
Bf’z(RN ). Furthermore, when ¢ = 0, we also show the global existence to the
Cauchy problem (4.37)—(4.38).

The rest of this section is divided into three subsections. In Sect.4.2.2, some
basic notations and useful preliminaries are introduced. In Sect. 4.2.3, for the linear
problem, we derive the solution operators and establish their some properties.
In addition, an existence of L>-solutions is given. In Sect.4.2.4, we prove some
local/global well-posedness results on Lebesgue and Besov spaces for the semilinear
problems.

4.2.2 Preliminaries

In this subsection, some notations and preliminaries related to our work will be
introduced.

Denote by L9(R") (¢ > 1) the Lebesgue space of g-integrable functions with
the norm || - || q®n). Let #(RY) be the Schwartz space, and ./(R") be its

topological dual; for any v € . (R"), .7 represents the Fourier transform
0§) = F()(§) = @m) ™" A;{ e v,
with its inverse
v =7 W) = Qo) N2 /R Ko
Define the Sobolev space by

HYRY) = {ue S RY): Z7NA+167)3Zw)] € LYRY)),
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which is equipped with the norm
. -1 2435
lull sy = 1F 1L+ 1§D 2F ]l La mny.

fors € R, 1 < g < oco. We also use the Besov space B‘f,,q = B;’Q(RN) and

homogeneous Besov space B;’q = B;’Q(RN), fors e R, 1 < p,q < oo. For the
definitions and properties of Besov spaces, we refer to see [18, 32]. In particular, it
yields H*?RY) = LP(RY) and H*RY) = H*?(RY) = Biz(RN) for p > 1
and s € R. Throughout this section, we denote the notation a < b that stands for
a < Cb, with a positive generic constant C that does not depend on a, b, and the
notations V and A stand for a V b = max{a, b} and a A b = min{a, b}, respectively.
Let p and p’ be the conjugate indices such that 1/p + 1/p’ = 1.

Let T > 0, and let X be a usual Banach space. For any u € Ll(O, T; X) and
velLl (0, T; X), denote * the convolution by

t
(u*xv)(t) = / u(t —s)yv(s)ds, t=>0
0
and for 8 > 0. Let the weak singular kernel gg(-) be defined by

gp(t) =P/ rp), >0,

where I'(-) is the Gamma function. Next, let us recall the concepts of fractional
calculus and Mittag-Leffler functions. The Riemann-Liouville fractional integral of
order 8 > 0 for a function v € L! (0, T; X) is defined as

1

10 = 7

t
/ (t — )P~ Tu(s)ds = (gg * v)(1), t > 0.
0

Definition 4.4 Let 8 € (1,2) and T > 0. Consider a function v € L'(0, T; X)
such that convolution go_g * v € w2l (0, T; X). The representation

0 v(t) = 07 (g2-p * V(1) — v(0) — 1 3(0)])

is called the Caputo fractional derivative of order S.

An important special function for the fractional differential equations involving
the Caputo fractional derivative is the Mittag-Leffler function, which is defined by

k

o0
Z
EV,/,L(Z)ZZ—, z€C,v>0, nekR.
= I'(vk + )

Note that if w(t) := E, 1(at”), v € (0,2), a € R, then one can check that w is the
solution of the equation th” w(t) = aw(®).
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Let .#,(-) be the Wright-type function as in Definition 1.8. For 0 > 0, .#,(-)
has the properties

r(1+298)

——, for —1 <6 < o0. (4.39)
I'(1 4+ vd)

My(0) = 0, / 0° A,(0)do =
0

Next, we see that the Wright-type function can be viewed as a bridge between
the classical and fractional wave equations.

Lemma 4.5 ([242]) Let B € (1,2). Then for z € C, the following formulas
expressing the Mittag-Leffler function in terms of probability density function hold:

Eg1(—7H)= / Mg 12(0) cos(z6)d6, Eﬁ,ﬁ(—f):z% / 0.45)2(0) sin(z6)do.
0 0

Lemma 4.6 ([115]) Ler f € L'(0, T; R). The unique solution of the fractional
order problem

SDPu) +au() = f(1), a=0,1=0,
u(0) = ug, u'(0) = u,

is given by
t

u(t) = Eg.1(—atPyug +1Eg 2(—atPyu, +[ (t — )P Eg g(—a(t — s)P) f(s)ds.
0

In particular,

t
u(t) = cos(x/a tug + % sin(v/a Hu; + % /(; sin(v/a (t — s)) £ (s)ds,

which is the unique solution to the corresponding classical wave equation, i.e., f =
2.

4.2.3 Local/Global Solutions of Linear Problems

In this subsection, we are concerned with the following linear Cauchy problem:

ut,x)— Autt,x) = f(t.x), >0, xR,
u(0, x) = ¢(x), du(0,x) = ¥(x).

(4.40)
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Without loss of generality, the solutions in this subsection are defined as mild
solutions associated with the corresponding initial data.

4.2.3.1 Solution Representation

We first establish the solution representation of linear problem (4.40). Let u
satisfy (4.40); taking the Fourier transform of both sides in (4.40) with respect to
x € RY we obtain

i, &) + 1, €) = [, &), >0,
0(0,8) = ¢(&), 3a(0,&) = P (&).
It follows from [180, (1.100)] that
1 t
tEgor(—tPlE1) = Ta=5H /0 (t =)' P Ep g(—sP1E1P)sPds.
Therefore, by virtue of Lemma 4.6, we get

At &) = ¢(t, )PE) + (D (-, &) % g2 p) OV (&) + (D (-, &) * (1),

where
¢t &) = Eg 1 (—tP151%),  D(t.6) = P Ep g(—1PIE).
By using the inverse Fourier transform, we get
t
u(t, x) =/ @, x —y)p(y)dy +/ f 82-pt —5)0 (s, x — Y)Y (y)dyds
RN 0 JRN
t
+/ / (@t —s,x —y)f(s, y)dyds,
0 JRN
where
(t,x) = @) N> / ¢ Eg (1P |E1P)dE,
RN
9, x) = (2m) N2 f e B p(—t 15 P)ds.
RN

On the other hand, set 0 = /2 € (1/2, 1), and it follows from Lemma 4.5 that
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o(t, x) =(2n)*N/2/m/ e M, (0) cos(1°0|€])dEO
0 RN

and
9 (t, x) =171 (2n)*N/2/OO/ el’xfae///g(e)wdgde.
o Jr¥ &1
Let
Kty = Foos(tlgD3®)], K= 7" [Sing"g')ﬁ(s)}
and

S () = at"*‘/ 0.4 (0)K (t°0)vdo.
0

Rewriting u(¢) for the function u(z, -), we get an equivalent integral representation
for the problem (4.40) by

t
u(t) =6 (9 + Zo ()Y +/ ot —5) f(s)ds, (4.41)
0

where solution operators 6, () and £, (-) are defined by

Co ()P = /o My OVK(70)¢do,  Ps(DY = (82-20 % So) (Y.

4.2.3.2 Some Properties of Solution Operators
Leta(r) = § — L forr € [2, 00], and

N +1
2

B(r) = a(r), y@r) =@ —Da(r), &)= Na(r).

Let us recall the following two results in [176], which play a key role in proving the
general results on the solution operators.

Lemma 4.7 Let2 < p < oo and 2B(p) < v < 28(p). Then fort # 0, it follows
that

|7 [lereeae)|

< 1128 ,
prny S PPl gy,

Lemmad4.8 Let2 < p <ooand2B(p) <v <25(p), 0 < u <s+v. Then for
1 <q <oo,t#0, it follows that
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< |t|v 23([7)
By ,@®N) ™

|7 [lg17 e o) ||

lv| pstv— .

B MR

In the sequel we setw = (— A)z and U(¢) = exp(iot) = 1[exp(i|’§|t)ﬁ\],
so that K (t) = @ ~!'sin(w1), K (1) = cos(wt). Hence, it follows that

U@ =U(=1) K@) = U+ U(—t).

K@) = ,
O =w 2i 2

Lemmad4.9 Let N > 2,2N/(N —1) < p <2(N + 1)/(N — 1), then S5(t) :
LY (RNY - LPRY), and moreover

175 ) vll Loy S 120720007 ‘||v||L,,/(RN), ve L’ ®RY), 1>0.

Proof Obviously, the condition =7 < p < Z(N +1) for N > 2 implies that 1/2 <
8(p) < N/(N + 1). Hence, it follows from Lemma 4.7 that

1-2
1K vl pr@yy S 2P0l s

By the definition of .%; (¢) and (4.39), we obtain
o
16Ol <01 [0t @K 7Ol o

o

S oo o 1-250) / 622D, 0)d V]l v,
0

20 -2 -1

gt o US(P) ”U”LP/(RN)'

Consequently, we get the desired inequality.

Lemma4.10 Let2 <p <oo, 1 <g<o00,seR t>0.
If (=s) v (28(p) — 1) v 2B(p)) < v < 28(p), then

—258(p)
10 @0l S 1702 ol .
If (1 —s)Vv(25(p) —2) v (28(p)) < v <28(p), then
o|\v—28(p)+1)—1
176 @vllgs @y St ( ) ||U||B;ji;—1(RN)-
Proof From Lemma 4.8, for t > 0 we have the following estimates:

IK @)v|

s < B | pstv ey, 0 < s 4 v,
B ,(RN) ~ Bp,,q(JR ) -
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< v-26(p)

K@l B ,(RY) ~

||U||B;f;*‘(RN)’ 1 <s—+v.

Therefore, using the same argument as employed in Lemma 4.9, we obtain the
desired results.

4.2.3.3 The Existence Results

Leto = B/2 for B € (1, 2). We now introduce an operator 2, defined by
t
210 = [ St =9 f0)as.

In order to obtain the existence of L2-solution, we need the following lemma.

Lemma 4.11 ([236]) Foreach h € LP(0,T; X) with 1 < p < 400, we have

T
lim/ |h(t + 1) — h(t)|Pdt =0,
=0 Jo

where we suppose that h(s) = 0 for s not belonging to [0, T].
Lemma 4.12 Forany q and pwithl < q <2and u = N(1/q —1/2 —1/N),
N> 1, let f € L"(0, T; H*4[RN)), and then

||o@af||Loc((),T;L2(RN)) 5 ||f||Lr(o,T;Hu,q(RN)),
for r > 1/o. Furthermore, let q = 2N/(N + 2) for N > 3, and f €
L7 (0, T; L1(RNY), then

||=@af||Lw(o,T;L2(RN)) § ||f||Lr(o,T;Lq(RN))-

Moreover the operator 2, maps L" (0, T; H™'®RN)) into C([0, T1; L>(RM)).

Proof The inequality |sina| < 1 A || for any « € R implies

[(sin(¢|ENEN/IEI (XA @IED) - (E)/1El < (A +1) - (A A|E]) - (5)/IE]
<v2(1 +1),
(4.42)

where (§) = V14 |E]2, for t > 0, S RN, Let g(t,5,€) = sin((t —
s)°01&]) f(s,&)/1&] and y(r,x) = (x)_lf(s,x), fors € (0,1), &, x € RN It is
clear by (4.42) that

gt 5, 6) < V2(1 + (t = 5)70)|y(s, )|, fors € (0,1), £ e RV,
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Then it follows from the Plancherel theorem (see, e.g., [59]) that

[g@. 5.9 L2(RV)
=g, s, Mr2mn

V20 + (= 9O 1y(s., Il 2@yy = V21 + (= )7 55, ) 2w
Therefore, we have
(25 O 2@y

t
5/0 IS5t — 5) f (s, I 2@nyds
t 00
5/0 /O a(t =) 0.M60) |3t 5, )| 12, dOds
f 00
S«/E/ / ot — )" 10 O)(1 + (t —5)0)|(s. 2 dOds.
0o Jo

Due to [|5(s. Ml 2@yy = IFTHE) T F 5. OM2@yy = 1. )llg-1@n)s in
view of (4.39) and Holder’s inequality, for r > 1/0, we get

t o0
120 YDl 2y <V2 fo /O ot = 7 0y @) (5. ) -1 e, d6ds
t o0
++2 / / o (t =) '0% s O £ (5. ) -1 @y dOds
0 JO
t
-2 /0 8o (t — )£ (5. )l o1 ds

t
+2 /O 820 (t = )£ (5. M -1 vy ds

< (Cr1T”_1/r + Crszg_l/r> N FlLro.7: -1 ®NY)>
4.43)

where constants C,; = ~/2[(r — 1)/(cr — D'V /I'(¢) and C,o = V2[(r —
1)/Qor — D'V /I (20).

Now, let us show the first estimate. Due to the embedding H*?(RV) <
HPY(@RN) forl < p < p; <o00,s5,51 € R,ands —N/p =s1—N/pi, (see, e.g.,
[18, 32]), we know that H*4(RN) < H~'@RN) for u = N(1/¢q — 1/2 — 1/N).
This means that

1(Z6 OO 2wyy SWFLr©,7: e ®Ny)»
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where C depends on o, r, N, and T. Hence, the first estimate holds. On the other
hand, since B3 ,(RY) = H*2(RN) for s € R, recall the embedding H*9(RY) —
B;’z(RN) for I < g < 2 and the embedding (see, e.g., [18, 32])

RY) — BS (RY), for so— N/po=s1 — N/pi, (4.44)

PO q90 P1,91

for any s, s1 e R, 1 < pg < p1 < 00,1 <qo < g1 < oo, we have

2N

B) ,R"Y) — By (RY), forg = N3

By virtue of HY9 RNy — Bg’Z(RN) and H%9(RY) = LI9(RY) for qg > 1, we
obtain the embedding L7 (RY) < H~!(RV) when ¢ = 2N /(N + 2). This means
that

(Lo HONL2@yy SN Lr 0,700 @N))-

Hence, the second estimate holds.

In order to obtain the conclusion that the operator 2, maps L" (0, T; H “LRNY)
into C([0, T1; L*(RY)), by (4.43) it suffices to prove the continuity of operator 2,
forany f € L"(0, T; H~L(RY)). That means we need to check that for 0 < 7 <
t+h<T,

120 )t + 1) = (2o YOl 2y — 0, ash — 0,
In fact, we first have

(Lo /) +h) — (Lo HD Nl 2wy

/ St +h—ys)f(s,)ds

L2(RN)

H// o((t+h—5°""— (=9 Yoly )&t + h,s,)dods

L2(RN)

t o0
+ H / / o(t— s)a_lé///g(O)(g)(t +h,s, ) —g(t,s, -))d@ds
0 JO

L2(RY)
=1+ L+ 15

Obviously, applying (4.39) and Holder’s inequality, it follows that
t+h poo
I E«/E/ / ot +h—s)°"'04,0)f(s, N g-1@wyydOds
t 0

t+h 00
V2 / / ot +h = 72 My @) (5. ) o1 e, d6ds
t 0
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t+h
Zﬁf ga(t'i‘h_s)”f(*g, ')”HH(RN)dS
t

t+h
V2 / 920t + 1 — )£ (5. M1 avyds
t

Shgil/r||f||L’(0,T;H*1(RN)) + hzg*l/r||f||Lr(o,T;H71(RN))

—0, ash— 0.

For the second term I, similarly to (4.43) we have
1 e8]
h<v2 / f o1+ =77V = (= )70 My O (5. ) o1 g, d6ds
0o Jo
t o0
+«/§/ f olt+h—5°""—@—5°"Y
0o Jo
X (t+h—s)°0>My©O)|f(s, N -1 @yydOds

t
—Ch fo 4R =57 = (= 57 5. ) s g ds
t 1-1/r
<Cp, </(; t+h—95)°"1 =@ - S)J_llr/(r_l)ds> N f o, 7: H-1®RNY)>

where C, = (ﬁ/F(a) + V2T + h)”/F(Zo)). Using Lebesgue’s dominated
convergence theorem and Lemma 4.11, we find that I — Oas h — 0.
For estimating the third term /3, by virtue of (4.42), we first have

lg@ +h, s, ) —g,s, ) ||L2(RN) <220+t +h— 90| f (s, M g-1&v)»

which means that
t o0
s [ [ = om0t )i+ b5 ) = 805 gy dods
t o0
<22 [ [ o= 0O 1 d0ds
0 JO

t e}
122 / / ot — )\ + b — )07 My (O) 1 £ (5. M 1 v Ol
0 JO

S llero,7: H-1®NY)-

Hence, by Lebesgue’s dominated convergence theorem, we conclude that I3 — 0
as h — 0. Similarly, forany 0 < ¢t — h < ¢t < T, it is not difficult to verify that
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(Lo [)() — (L6 /)& — M) 2wny — 0, as h — 0. Thus, we obtain the desired
result.

Lemma 4.13 For any s € R, operators €5 (-) and P (-) satisfy
166 Pl o, ms @Yy < 1@l ms@yys | Lo OV lleqo, 1 ms@yy) S 1 T as—1wmyy,

forany (¢, ) € H*(RN) x HS~(RN).

Pr‘oof By virtue of |cos(t|x])] < 1 for all t+ > 0, x € R, we have
IK )¢l s @ny < 91l s vy In fact, for any ¢ € H* (RY), we have

1K ()pll s vy = I1F ~ [cos(t] - NIl s )
= |F A+ |- )% cost] - DIl L2 @n)-
The Plancherel theorem implies
177+ 1 P72 costel - D@l 2wy =N (L + - 177 costt] - Dl 2y
<IA+1- Pl 2 @my
=17 A+ 119721 2 @w),

which means that ||I'((t)¢||H.Y(RN) < ll¢llgs@n)- In addition, by virtue of the

inequality | sin(z|x|)| < t|x|, forall t > 0, x € R", as repeating the above pro-
cesses, by (4.42) it is easy to check that || K ()Y || s gyy < V20 + )|y Il Es—1 )
for any ¥ € HS~I(RN).

Let us show that | %, DSl s wyy < 11l gswny- In fact, from the definition of
operator %, (), we have

o
1o (]l s @y < fo My O)K (170D s @y d® < 18] prs ey

where we have used the identity (4.39). Moreover, from the definition of operator
Z5(-) and the semigroup (g, * g»)(t) = ga+»(t) for a, b > 0, we have

| Z6 OV | s )

t
< fo 9220 (t = .5 ()| s ds
t o0
< / / 8220t — )57 0 My )| K ("0 || s v dOds
0 JO

t [e¢]
sﬁf / 8220 (t — $)05° " (1 4 570)0. M5 O) |V |l -1 v, dOds
0 Jo
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=v2((82-20 * 8o)(t) + (82-20 * 826) NIV || 51w

SV st vy

where (g2-20 * g5)(t) + (82-26 * 826)(t) < g2-o(T) + g2(T). Hence, it yields
| Ze OVl gs@yy S 1Vl gs—1gyy. To end this proof, it suffices to check the
continuity of 65 (t)¢ and Z, (¢)y.

By the continuity of cos(¢|§]), for h > 0 and 0 < ¢t < t + h < T, by the
Plancherel theorem we know that

IK((t +h)70)p — K(t° O] gs vy
=[.Z ()" (cos((t + )70 - ) — cos(t”0] - )1l 2w
=[1(-)* (cos((t + m)76] - |) — cos(t”0] - [Nl 2wy
<20V @l 2my = 2091 s @n)-

Hence, passing to the Fourier representation and the Lebesgue dominated conver-
gence theorem, we have the pointwise convergence

IK((t +1)°0)p — K(t°O)pll ysvy — 0, ash — 0, ae. 6 € (0, 00).
On the other hand, by (4.39), we have
My OIK (1 + 1) 0)p — K0Vl s wnvy < Mo OD s mmy»

which is integrable for a.e. 8 € (0, cc). Hence, Lebesgue’s dominated convergence
theorem implies

15 (0 + W)d — Co (Dl g5 vy = H /0 My O) (K (t4+h)70)¢p

—K(170)¢db | . vy

—0, ash — 0.

This means that €,(-)¢ € C([0,T]; H® (RM)). Furthermore, as repeating the
above processes, we also get the continuity of %, (¢)y. Hence, &P, ()¢ €
C([0, T]; H*(RY)). The proof is completed.

Remark 4.5 Obviously, in view of the inequality | sin(z|x|)| < t|x|, for all + > O,
x € RV, from the same way as in Lemma 4.13, we get

125 fllcqo, 2@y S I e, 7; 2N y)-
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By using Lemma 4.12 and Lemma 4.13, it is not difficult to obtain the existence
theorem to the problem (4.40).

Theorem 4.10 Given (¢, ¥) € H*(RY) x H"'RN) fors e R, letr > 2/B and
f e L’ (0,T; H>9(RN)), for any q and  satisfying 1 < g <2andu = N(1/q —
1/2—1/N), N > 1, and then there exists a unique solution u € C([0, T]; LZ(RN))
to the linear problem (4.40), and moreover

lull Lo, 7: 22Ny S NG ms@yy + 1 s @yy + 1 Lro,7; Hma @y
Letqg =2N/(N+2)for N >3;if feL (0, T; Lq(RN)), then

Nl oo o, ;2N S NP gs @y + 1 L gs—1 @y + 1 lpro,7: 0 ®NY)-

In the sequel, we consider the global existence to the linear Cauchy prob-
lem (4.40).

Theorem 4.11 Given ¢ € H*(RYN), v = 0fors € R. Let N > 2, o = B/2 for
Be(,2)and f € Cys([0, 00); Hs~YRN)), where the Banach space

Co (10, 00); H*~H(RY))
={u € C([0, 00); H*T'®R™)) 17 |lu(®)l| o1 vy < 00, 1 = 0},
equipped with its natural norm ||[ulls = Sup;co.o0) 1 U (@)l ys—1(rn). Then there

exists a unique solution u € C([0, 00); H*(RN)) to the linear problem (4.40), and
moreover

el oo 0, 00: H5 RNY) S AN s vy + ||f||ca([o,oo);y»rfl(RN))~ (4.45)

Proof Observe that, for r > 0, from Lemma 4.13, |65 (1) | s wyvy < Pl s )
Moreover, for any v € HS~!(R"Y), Lemma 4.10 implies

—1
1 (110153, vy S 17 10l gyt -
which means that |75 () v]| s @yy S o1 lvll grs—1 (mN)- Hence, we have
166 (D1l s @y + (Lo IO s ey

t
< 1l ey + /O 1.5 (& = 5) f (s, ) s vy ds

t

SISl sy +/0 (t = )7 F Ol o1 @y ds

Sl gs@wny + 1 e, (10.00): 51 @) »
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where we have used the semigroup (g, * g»)(t) = ga+»(t) for a, b > 0. Similarly
to Lemma 4.12 and Lemma 4.13, the continuity is easy to check, where we can
use the Plancherel theorem and the Lebesgue dominated convergence theorem, and
we need to require function f € C, ([0, 00); H® -1 (R™)) such that the time 7' can
tend to infinity. Consequently, there exists a solution satisfying (4.41), its values lie
in C ([0, 00); H*(RY)), and (4.45) holds. Moreover, the uniqueness follows (4.45).
The proof is completed.

4.2.4 Results of Semilinear Problems

In this subsection, we focus on the well-posedness results of the semilinear problem,
we first establish a local well-posedness result of L2-solution that also belongs to the
setting of LY (0, T; L” (RN )), and furthermore, by a similar way, another conclusion
will be given in the framework of C([0, T]; H*(R")). In the sequel, for a given
semilinear function, we obtain the well-posedness results in the setting of Besov
space B; .

Theorem 4.12 Let N > 2 and (¢, ) € H*(RN) x H*'RN) for any s €
(1/2, N/2). Assume that

fiL2®Y)Y N L RY) - L7 ®RY),

where index r satisfies

2N 2(N+1) 2N 2N
frg—‘ A ‘ N ——= .
N -1 N — N>2 N —2siIN>2s N —2IN>3

For every R > 0, there exist « > 0 and constant Cy(R) € (0, 00) such that
1/ @) = £ vy = CalR) (% gy + 101 v, ) e = vl vy

forallu,v e L>RN) N L"(RN) with lull p2@mnys lvllL2@yy < R. Lety > 0 be an
element of the admissible set

{yeR"': y>24a, y(B—-2)4+2>0, y(on — 1)+ 1 > 0},

where oy = p(1 — 8(r)). Then there exists a unique mild solution u &
C([0, T]; LZRN)) NLY (0, T; L™ (RN)) of the problem (4.37)~(4.38) for some T >
0. Moreover, u depends continuously on ¢, in the following sense. If ¢, — ¢
in H*RN) and ¥, — ¢ in H*"'RY) and if u,, denotes the solution of the
problem (4.37)—(4.38) with the initial values ¢, W, then for all sufficiently large
m, u,, converges to u in C([0, T]; L>(RV)) N LY (0, T; L" (RV)).
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Proof Let o = B/2 for B € (1,2). We want to construct a local (in 7) solution to
the integral equation

(Qu)(t) = Co (1) + Po (DY + (Lo [ ) (1).
By applying Lemma 4.12, Lemma 4.13, and Remark 4.5, it is clear that @ is well
defined. We shall next use a fixed point theorem to verify this proof. Fixed T', R > 0
and set a space by
Ur ={u € L%, T: L*RY) N L (0, T; L' (R")) : d(u, 0) < R},
where d(-, -) is the distance to the space Ur given by
d(I/t, v) = |lu — v”LOO(O’T;LZ(]RN)) + ||u — v”LV(O,T;L"(RN))’ foru,v € Ur.
Obviously, (Ur, d) is a complete metric space.

For u € Ur and every R > 0, from the assumption of nonlinearity f, by the
trigonometric inequality we first have

”f(u)”Lr’(]RN) E“f(u) - f(o)”Lr’(RN) + ”f(o)”Lr/(RN)

<Ca Rl vy + 1 Ol ey

Therefore, for y > o + 2, Holder’s inequality yields

1
o+l v
£ .71 @) —C“(R)”““L<a+1)y’(o,T;Lr(RN)) + TN f O L gy

y=(@+2) at ] y=1
SCO((R)T 4 ”u”Ly(O,T;L’(RN)) +T v ”f(O)HLr’(RN)
Similarly, for u, v € Ur, we have

”f(u) - f(v)”]‘y’(Q’T;Lr’(]RN))

1/y'

<Cu(R) ( /O ' (1, oy + 10O ) ) = v(nn{,(RN)dr) ,
which, by Holder’s inequality and Minkowski’s inequality, leads to
£ @) = £ 0.7:00 @)
<CalR (11 oy + 0005 | 2 W= Vv riarry  ads)

y—(a+2)
<2CQ(R)T 4 R“ ||l/l — U“LV(O T;L"(RN))-
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Next, we obtain the existence and uniqueness result for 7 small. By Lemma 4.9, for
2N/(N —1)<r <2(N+1)/(N —=1)and (oy — 1)y + 1 > 0, we have

t
1020 YO vy < / (0 = ) L@ oy ds

1+1
StJN 4 ”f(u)”Ly 0,T; L (]RN))

Observe the embedding H* (RY) < L"(RN) fors € [0, N/2),2 <r < 2N /(N —
2s), and we have

1D @)Dl Lrwyy S 166D s @y + I Lo OV | s @iy + 126 ) @) Ol 1r iy -
Therefore, we have

12Ny 0, 1;17 ®NY)

STV DNy + 77 19 ot ey + 1020 YOy 0,717 vy
STF Nl sy + T7 1 gy + T 1F O

+ Co(R)T on =t getl
On the other hand, by Lemma 4.12, for any u € Ur, we have
||¢(u)||L00(0,T;L2(RN)) S ||¢||HX(RN) + ||W||HS*'(RN) + ||(gaf)(u)”Loo(O,T;Lz(RN))

Sl gzs ey + W -1y + £ @O L 0,71 vy

SOl ps@yy + 1Yl gs—1 @y

-t yo@d
+T v ||f(0)||Lr/(RN)+Ca(R)T v R .

Therefore, there exists a constant C > 1 such that
”‘p(”)”LOO(O,T;LZ(RN)) + ||¢(u)||Ly(o,T;u(RN))
<CU+TH) Ul v, + 1V et avy) + CT T+ TF O vy
+CCL(RYT T 4 7oV =5 gt

Fixed R > 0 satistying C (||| gs wyy+11¥ | gs-1myy)) < R/4,1let T be small enough
such that

(@+2) _Ll 1
Cr :=CC, (R)R"‘( B ) <3 (4.47)
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y—
Y

1 ! R
C (||¢||HS(]RN) + IWIIHH(RN)) Ty + C(T”N +T )”f(o)”Lr/(RN) <7

Hence, it follows that @ (#) € Ur for any u € Ur. Moreover, from Lemma 4.12,
we deduce

|®(u) — ¢(U)||L00(0,T;L2(]RN)) =1(Zs /)W) — (25 f)(v)||L°°(0,T;L2(]RN))
S”f(u) - f(v)”LV/(O,T;L’/(RN))’
where ¥y’ > 1/o,1 <r' <2for N =1,2and2N/(N +2) <r' <2for N > 3.

Hence, by selecting 7' small enough so that (4.47) holds, by virtue of (4.46), we
have

1
1P W) — @)oo, 1;2®RNY) Sgd(uy v),

forall u, v € Ur. Since

”(Qof)(u)(t) - (gof)(v)(t)”Lr(RN) ,StUN_H_% ”f(u) - f(v)”LV/(O,T;L’/(]RN))’

for T small enough so that (4.47) holds, by virtue of (4.46), it follows that

1
||@(u)—<1§(v)||LV(O’T;U(RN))= ||(e@of)(u)—(o@af)(v)||LV(O,T;Lr(1RN)) = gd(uv v).

Consequently, @ is a strict contraction on Ur. From the similar proof of continuity
in Theorem 4.10 taking on @ (u), it follows that @ has a fixed point u €
C([0, T]; LZRN)) N LY (0, T; L™ (RY)), which is the unique mild solution of the
problem (4.37)—(4.38).

For the choice of 7' (independent of ||@]| s wyy and [|{r[| ys—1rN)), as before,
R is determined only by the size of the norm of initial data. Hence T and R are
independent of u,, € Ur for m sufficiently large. Suppose ¢,,—¢ in H*(RV) and
Ym— Y in H s=L(RNY when m — oo. Now, let m be large enough; then

lu — wmll Lo, 1;L2®RNY)
S = Gmllps@ny + 1Y = Yl o1y + 126 (F W) = f @)l oo, 7; 2N

SN = Gl s ey + 19 = Yinll s vy + 1F @) = £ @)l o 71 vy -

By the same argument, one can conclude that

1 1
lu —umllpyo, 1,00 ®NY) ST |le— Gmllgs@yy + T 1Y — Yl gs—1 )

(1‘1\17]4»l
+T 14 ”f(u) - f(um)”LV,(O,T;L’/(RN)) .
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Then, (4.46) implies that

1 1
du, ) S (1+T7) 16 = dull ey + (14 77 ) 1 = Vil vy

y—(a+!

2) on—1+1
+2C,(R)T 7 R“(1+T" V)d(u,um).

Let T be chosen so small so that (4.47) holds; then

(1= Crd, um) S (14 T7) (16 = Sl + 1V = Ymllgram) -

Consequently, we deduce that d(u, u,,) — 0 as m — oo. The proof is completed.
Remark 4.6 From the above theorem, we have the following remarks:

(i) The admissible set of y is not empty. Indeed, foro = 2, r = 3, N = 3 and
taking initial values (¢, V) € H L(R3) x L%(R3), for a suitable semilinear
function f(u) satisfying the assumptions in Theorem 4.12, likely f(u) =
Alul?u for A > 0, it follows that4 < y < 2/(2—B) for B € (3/2,2).

(i) Let o, r, N, and f satisfy the assumptions of Theorem 4.12, noting that
if §(r) < 1/2, then the restrictions in the admissible set of y reduce to
24a <y <2/2Q—-Porif0 < a <2(B—1)/2—8)and 1/2 <
3(r) <1 —(1+a)/(B(2+ a)), then the restrictions in the admissible set of y
reduceto2+a <y < 1/(1 —on).

(iii) By the embedding H*(RY) < L"(RYN) for s € [0, N/2), the requirement
2N/(N —1) <r < 2N/(N —2s) implies that the conclusion fails for 0 < s <
1/2, and thus the assumption s > 1/2 is needed in the initial value conditions.

Noting that, by virtue of the critical embedding H*(RY) — L"(RV), for 2 <
r < 0o, s = N/2, we obtain a weaken requirement of index r in Theorem 4.12.

Corollary 4.1 Let N > 2 and (¢, ) € HN2(RN) x HN/2=YRN). Assume that
fiLP®RYY N L RY) — L7 RY),
where index r satisfies

2N
N>2 N-=2

2N 2(N+1)
<r<
N—1— =~ N-1

N>3

For every R > 0, there exist « > 0 and constant Cy(R) € (0, 00) such that
1/ @) = £ vy = CalR) (Il gy + 101 v, ) e = vl vy

forallu,v e LA RN) N L"(RN) with lull 2wy, IVl 2@wyy < R. Lety > 0 be an
element of the admissible set
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{y€R+: y>24a, yB-2)+2>0, y(BA—-6(r))—1)+ 1> 0}.

Then the problem (4.37)—(4.38) is local well-posed on C([0, T1; LXZRN)) N
LY(0, T; L"(RM)).

By using the embedding
H'RY) — L*®RM)n L®RY), fors > N/2,

one can prove the following result by employing the arguments used in the proof of
Theorem 4.12.

Corollary 4.2 Lets > N /2. Assume that for every R > 0, there exists C(R) < 00
such that

1 @)l ggs ey < CRul s vy
1F @) = FO)ll 2@y < CR) I — vl 2,
for all u,v € H*(RN) and that of lullpoomgyy < R, Vlipcownyy < R. Then for

(@, %) € HSRN) x H=VRN), the problem (4.37)~(4.38) is local well-posed on
u € (Wr r,d) for some T, R > 0, where (Wr g, d) is the metric space given by

Wr g = {M € L=, T; H‘Y(RN)) : ||M||L0<>(0,T;HS(]RN)) =< R} )
equipped with the distance
d(u,v) = llu = vllpo@,7:22®Ny). foru,v e Wrpg.
In the sequel, we consider a semilinear function of the form f(u) = A|u|*u for

A € R, and for @ > 0, a well-posedness result on Besov setting is also established.
In order to complete the proof, we need the following result [33].

Lemma 4.14 Let f(u) = Alu|®u for A € Rand fora > 0. If0 < s < N/2,
2<p=<p*=N(+2)/(N—2s), then

s < Dl-s‘rl
1£ @z, S Il
and
1£ @) = £y S (Il + 101G ) e = vl ogany.

foranyu,v € B;,z-
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Proof Noting that
[l u — v[*v] < (o + D (Jul* + [0 |u = vl
we obtain by the Holder inequality and the embedding B;’z(RN ) < LP*(RN) that
£ @l S Iuly ullzog)
and
@) = F O, < (lly + 10015, )le = vl
In view of the inequality

Wl < flu)st!

llf( )||Bp,.2 Sl ||B;,2

and the interpolation property B} L RY) = LP®RM) N B; ,(RN), the desired
inequalities follow.

Theorem 4.13 Let N > 2,5 € (0, N/2), and f(u) = Mu|®u fora > 0, A € R. Let

2N SrsmN+J)ANm+Q)

N -1 N -1 N —2s "’

given (¢, ) € HSH”/(RN) X H”/(RN). Moreover, let y > 0 being an element
of the set

{yeRt: y>a+2, y(B2—-280)) —2)+2>0}. (4.48)

Then the problem (4.37)—(4.38) is local well-posed on LY (0, T Bf,2)~

Proof Following the method of proof for Theorem 4.12, we just need to construct
a local solution to the operator equation (@u)(t) = u(t) for ¢t € [0, T] in a suitable
ball in LY (0, T Bf’z), where the ball is defined by

By ={ueL¥0,T:B),): lulrrors, =M}
with the radius M > 0. Note that this space is not trivial. Indeed, for ¢ €
HSTL7 (RN, by virtue of Lemma 4.10, the embedding (4.44), and H*"" (RV) —

/
H%-" (RN for s1 > s0, 51, s0 € R, we have

”(ga'(t)d)”sz S ||¢”BS/+;(H 5 ||¢||Hs+5(r),r/(RN) S ||¢||Hs+l‘r’(RN),
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which shows that ”%‘7(')‘]5”1“’(012352) < ||¢”Hf+1~f’(RN)' Similarly, by (g2—25 *

g)(t) = g-o(t) € LY(0,T;R), we also get ||<@o(')W||LV(O,T;BiZ) <
19l s vy Thus, ut) = % (¢ is in By if ¢ € HTWRY) and

&N zrs+1. mny 1S small enough. Endowed with the metric
Hs+17" (RN)

d(u,v) = |lu — U||LV(0,T;Lr(RN)),

then (A, d) is a complete metric space. Indeed, since L” (0, T’; B‘rY ,) is reflexive,
the closed ball of radius M is weakly compact; for details, see [33].

From Lemma 4.14, we get ||f(u)||3s,2 < ||u||0éjl, for all u € B ,. Thus, it
r, r2 ’

remains to consider the case ®u € LY (0, T; Bf’z) for some T > 0. Noting that
from the requirements of index r, it yields 1/2 < §(r) < N/(N + 1), consider any
ue< Bf,z, and then it follows from (4.48) that

I @w©lgs, IOl , + 1 2o OVl + 1026 @Ol

S Ol o @yy + 1 P OV | e @)
+ /0[ 156t — $)f w)(s)llgs ,ds
S NP g5 vy
FIY s ey + /Ot(f —S)”(Z_ZB(V))_IIIM(S)II%;;ds.

Noting that

Nalull, e <67 2t
LY 0.8, = L7 (0.1:B! )’

we obtain

1 1
1Dy 07355, STV N0l resrr gy + T 1V g vy

2-25(r))— 2L 1
+ Ta( () ||u||‘z;~_(0’T;B:2).
On the other hand, from Lemma 4.14, for any u, v € %), we get

y—(a+2)

I f(u) — f(v)”[‘y’(()j;[‘r’(RN)) S T v Ma”’" - v”LV(O,T;L’(RN))‘

Therefore, we have
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D W) = W) Lro.7:0r @Yy =12 )W) = (Lo YOI Ly 0.7:1r ®Y))
-1+1
STV @ = FO L o.7:1 @Yy
_atl
STV 7 M*|\u — UllLy 0,7:L7 ®N))-

This means that there exists a constant C > 0 such that

1
1PNy 0.7:85 ) SCT7 (1Dl gssnr vy + 19 L ggor )

o (2-28(r)—4H ) ot

+CT v M

and

+1

@) = @)l rr:0r@Ny < CTN™ 7 M*Nu = vll 1y 7;1r®N))-

Hence, fixed M > 0, let T be small enough such that

1
CTV (”¢||Hs+l,r/(]RN) + ”w”HS,r/(RN)) < M/21

atl _a+l
CMA TP BN L V5T < 1)2.

Then @ maps %) into itself, and we obtain
1
d(@w), d()) < Ed(u, v).

Thus, there exists a unique solution of the problem (4.37)—(4.38). The remaining
proof is similar to that of Theorem 4.12. So we omit its details. The proof is
completed.

Remark 4.7 Observe that the embedding H*" (RY) < B ,(RY), and
Lemma 4.10 yields

1% DN, St ONBl s v

which belongs to LY (0, T; R). Hence, it shall possess a decay rate 88(r), which
implies that the solution does not belong to C ([0, T']; Bf,z) UL*®(0,T; Brs’z).

Concerning with Remark 4.7, in the sequel, we establish the global well-
posedness results for a special initial data.
Theorem 4.14 Let N > 2, B € (1,4/3), s € (0, N/2), §(r) = 1/2, and f(u) =
MulPu for . € R. Given ¢ € H**2" (RN) with 1910 v,
€ > 0and Y = O, then the problem (4.37)—(4.38) is global well-posed on Yg,
where (Yg,d) (R > 0) is the metric space given by

< € for some
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Vi = {u e (O 00y BL®Y) i sup P ut)ly, < R,

t€[0,00)
equipped with the distance

dw,v)= sup P4 u@t) — vl @n). foru,veYg.
tel0,00)

Proof Leto = B/2 for B € (1, 2). We next verify that the operator @ maps Y into
itself. Indeed, for u € Yg, by virtue of Lemma 4.10, we have

t
—0/2
I@wOlg, SO0 gy + fo 175t = ) f@)(5)l 55 ds

t
<7 %e + / =) NI ds
0 732

B}",Z

t
gf”/ze+/ (t—s)“*‘nu(s)n%szds
0 "

t
5t—0/26+/. (t_s)d—ls—3o'/2dsR3’
0

where we have used the embedding 3592 — Bi,l2 for so > s1, s0,51 € R.
Therefore, there exists a constant C > 0 such that

721 @u) 5, < Ce + CR.

Taking ¢ < R/(2C) for R < (1/ (2C))/2, due to the Fourier representation
of operators and Lebesgue’s dominated convergence theorem, the proof of the
continuity of @ is similar to Lemma 4.12. Hence, we deduce that @ (u) € Yg for
any u € Yg.

Next, we show that @ is a contraction on Yg. Indeed, for any u,v € Yg,
combining the requirement of §(r) = 1/2 and Lemma 4.9 imply

1(@u) (1) = (V)| @y < /0 0= W) = FON g anyds
< /0 t(r =)7L @) () = fFOO) L @ yds.
Lemma 4.14 shows that
(@) (@) = @)Dl @v) S /0 (- (b, + 1013 )l = vll s

t
5/ (t —s)° 1573 2asR* d(u, v).
0
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Therefore, there exists a constant C > 0 for R < (2/C)!/? (may be the same
constant as above) such that

d(®u), ® () <CR?*d(u,v) < %d(u, v).

Consequently, @ is a strict contraction on Yg. This means that @ has a unique fixed
point u € Yg. The proof is completed.

4.3 Wave Equations with Exponential Nonlinearity

4.3.1 Introduction

In this section, we study a Cauchy problem for fractional wave equation

% — Au= fQu), (t,x) € (0,00) x RY, (4.49)
with the initial conditions

u(0,x) =uo(x), /u(0,x)=0, x¢€ RY, (4.50)

where the symbol A stands for the Laplace operator, f is an exponential nonlinear
term which will be special later, and the notation 9/ is the standard Caputo fractional
derivative order o € (1, 2).

Due to the applications in diffusion phenomena and the heat conduction with
memory, for the linear case of Eq.(4.49), Fujita [64] obtained a representation
formula of the fundamental solution by terms of probability density, and the author
found that the fundamental solution has the similar property to that of the wave
equation. Mainardi [151] has also proved that Eq. (4.49) controls the propagation
of mechanical diffusion waves in viscoelastic media. More recently, Kim et al.
[116] showed the BMO and L?-L9 estimates of solutions, and they worked on the
existence result for time fractional evolution equations with variable coefficients.
Han et al. [79] concerned a Muckenhoupt A, weights to the unique solvability
of solutions. Dong and Liu [56] studied weighted mixed-norm estimates and the
solvability of solutions. For the polynomial cases to Eq. (4.49), for example,

3%u — Au = ulP"'u, (t,x) € (0,00) x RY, (4.51)

considered by [87], where they handled this equation on Hérmender spaces. Zhang
and Li [238] discussed the well-posedness and blow-up results in the L?(R?)
framework for nonlinearity f(u#) ~ |u|”. For a different polynomial nonlinearity
and fractional Laplace operator, Djida et al. [54] proved the local existence of
solutions by Fox H-functions and Fourier transform techniques.
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In the semilinear cases of exponential nonlinearity, loku [94, 95] considered a
heat equation, in which the global existence of solutions for the higher dimensions
d > 5 and the lower dimensions 1 < d < 4 on the small initial data in
exp L2(R?) were obtained, respectively. Furioli et al. [65] studied the asymptotic
behavior and decay estimates for the critical nonlinearity. Suzuki [202] studied
the existence/nonexistence of a local classical solution both in R? and in a
bounded domain. Ghoul et al. [71] investigated the existence of a stable blow-up
solutions parabolic system. Fino and Kirane [62] concerned with the existence of
local/global solutions with fractional Laplace operator. Furthermore, for the wave
operators concerned with exponential nonlinearity, Ibrahim et al. [92] investigated
the existence and asymptotic completeness of the wave operators with a defocusing
exponential nonlinearity in two space dimensions. Saanouni [185] obtained a
blowing-up result for arbitrary positive initial energy in two dimension, which
is based on the previous global well-posedness results given by Mahouachi and
Saanouni [148]. Struwe [199] established global well-posedness in the supercritical
regime of large energies for smooth, radially symmetric data for similar nonlinearity
fu) ~ ue” in two space dimensions. However, the result of factional version is
very rare. Bekkai et al. [17] concerned with local existence and blow-up of a unique
solution to a time fractional diffusion equation with nonlocal exponent nonlinearity
fu) ~ J,l_“ (e"). It is thus a natural question whether there exist the local/global
solvability results for the problem (4.49)—(4.50) of exponential nonlinearity.

For proving our main results, we will focus on the framework of L?-L? estimates
and the analyticity of Mittag-Leffler functions, it is noticed that there are some
differences in cases of the equation with polynomial nonlinear term, and we know
that for the polynomial case of power nonlinearity f(u) ~ |u|?~'u with p > 1,
the problem (4.49)—(4.50) satisfies a scale invariance property. In fact, for A > 0,
if u is a solution, then u, (¢, x) := )»P%lu()»%t, Ax) is also a solution with initial
data ug) (x) = k%uo(kx) and 0,u(0, Ax) = 0. However, one finds that there is
no scale invariance property of exponential nonlinearity, likely growth f(u) ~ e’
Additionally, for studying the existence of solution to the problem (4.49)—(4.50),
the Orlicz space exp L2(R9) shall be introduced, which is a subspace of L }OC(Rd),
and it is more appropriate to handle the exponential nonlinear problem compared
to LP(R?) framework. Note that Cgo (R9) is not dense in exp L2(R9), in order to
achieve the global solutions, it should be considered the definition of solutions under
a weak mild sense, and we find that the order of fractional derivative is restricted in
o e (1, %) for the lower dimensional case 1 < d < 3. The minimum conditions are
required to obtain a local solution for d > 1, and a dense subspace exp L%(Rd) is
also introduced to overcome the missing problem for aforementioned denseness.

This section is organized as follows. In Sect.4.3.2, we introduce some prelim-
inaries for the problem (4.49)-(4.50), including fractional calculus, the Mittag-
Leffler function, and the Orlicz spaces. Moreover, we discuss some estimates
in the framework on the Orlicz spaces about solution operators derived by the
problem (4.49)—(4.50). We establish the local/global existence criteria, and we show
the relevant proofs in Sect. 4.3.3.
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4.3.2 Preliminaries

In this section we present some well-known concepts and properties about fractional
calculus and the Orlicz spaces. Moreover, we recall and prove the properties of the
Mittag-Leffler functions. Firstly, let .7 (R?Y stand for the Schwartz classification,
and we also set the notations Vv and A by a V b = max{a, b}, a A b = min{a, b}
for any a, b € R, respectively. Let T € (0, 4o00] (if T = +o0, we write [0, T] :=
[0, 00)). We next recall the definitions of fractional calculus briefly; for more details,
we refer to see [165, 180].

The Riemann-Liouville fractional integral of order « > 0 for a function u €
LY 0, T; #(R%)) is defined by

1 1
Jou(t, x) = mfo (t — )% Yu@s, x)ds, t>0, x e R,

where I"(-) is the Gamma function. The Caputo fractional derivative of order @ €
(1, 2) for a function u € LY(0, T; .7 (R%)) such that fractional integral Jtz_“u €
w210, T; .7 R%)) is defined by
o _ a2( 12—« d
o u(t,x) =0, (Jt (u(t,x) —u(0,x) —t 8,u(0,x))), t >0, x e R

Lemma 4.15 Let% <p<+oo,d=>=1a¢c(0,2),8 R Then Eyg(—|- |2) €
LP(RY).

Proof By virtue of Lemma 1.12, it is easy to check this argument. Indeed, from the
fact

|Eq.p(—Ix|) < C(1+ [x)7", forall x € RY,

using the polar coordinates, we have
/ |Eap(~1x[%)|Pdx <CP / (1+ x|} ~Pdx
R4 ' R4

e’} rd—l
=pr,1,1/ ——dr
o (1+r2)p
/2
:prd_1/ (sin®)4 1 (cos )27~ 14p
0
crad/?r(22:9)
B r(p)

s

where wy_1 is the surface of the unit sphere S9! Hence, we deduce the desired
result.
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Recall that an Orlicz space is defined as follows:

expLP(Rd) = {u € L}Oc(Rd) : /n (exp <|u(;cp)|l’> - 1> dx < —i—oo} ,

for some A > 0 endowed with the Luxemburg norm

p
ltllexp p Ry == inf{k >0: / (exp (_Iu(;p)l ) - 1> dx < 1} )
Rd

Clearly, it is a Banach space. Since C§° (R?) is not dense in exp L? (R%), in order to
analyze the local existence, we also use the dense subspace of exp L? (RY) given by

exp Lg(Rd) = {u € exp L (R?) : there exists {un}oo, C Cgo(Rd),

S Tm iy — ullexp Loz = o},

which can be expressed by (see, e.g., [62, 95, 156, 157])

exp Lg(Rd) = {u € L}OC(Rd) : /Rd exp (a|u(x)|p - 1) dx < +oo},

for every o > O.

Lemma 4.16 ([94]) For every 2 < p < 09, the following inequality holds:
lull Lo ey < (F(p/2+ NYP llutllegy 12ra)-

Lemma 4.17 ([62]) For every 1 < g < p < oo, the embeddings Lq(Rd) N
L®(RY) — exp L{ (RY) < exp LP(RY) hold, more precisely
_1
||”||expr(]Rd) < (n2) ”(”“”Lq(Rd) + ||u||Loo(Rd))-

Lemma 4.18 ([65]) For any p > 1 and r > 1, there exists a constant C > 0
(independent of p and r), such that

1
Frp+1)r <CI'r+1Dp".

We next prove several useful estimates in the frameworks of L°°-L?P and
exp L?(R%) estimates. For any f € & (RY), we set the following two families of
operators {2y (t)};>0 and { Py (t) }1>0:

Do () f(x) =F T Eq 1 (—1%1E1%) F(£)](x),
Poy(t) f(x) =tVF T Eg o (—1%1€1) f(E)1(x).
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In fact, because of Lemma 1.12, these operator families are well defined. In
particular, we have the next framework of L?”-L? estimate of these operator families.

Lemma 4.19 ([45]) Let 1 < p < g < +o00. Then, there is a constant C > 0 such
that for all f € LP(R?), t > 0,

_ad(1_1 d(1 1
12 (@) fllLagay < Ct * (p q)”f”Lp(Rd), 5 (; - 5) <1

and

_j_ed(1_1 1 d (1 1
| Pa(®) flla@ay < ct’ : (p q)”f”LP(Rd)v 1 - - < 5 (; - E) < L

Note that the above estimates of constant C > 0 can be removed at the first
inequality and be modified by 1/I"(«) at the second inequality in the framework
of LP-LP estimates. Indeed, from the definitions of 2, (¢) and Z,(t), by using
(vii) in Lemma 1.14 and 0 < I'(ag) < I'(a) < 1 for o € (1,2) with I'(«g) =

ngnz) I'(@), it is easy to check this argument. We next fill the gap of L>(R9) for
ae(l,

the families of operators {2, (t)};>0 and { P (t)}+>0.

Lemma 4.20 Let 1V % < p <2ford = 1,2,3. Then, there is a constant C > 0
such that for all f € LP(RY), t > 0,

_ad
1 2o (@) fllpoomay < Ct 2 || fllp ey, and | Po (@) £ Loo(ra)
_1—gd
<ct” 2| fll L rdy-
Proof Using the definitions of 2,(f) and Z,(¢), it suffices to prove the first
estimate since the proof of second estimate is similar. In fact, by Holder’s inequality,
we have

1 2o () fll ooty =N-F [ Ea,1 (—IE1P)F flll Lo (a)

< / | a1 (—[126%) f(8)|dE

Rd

~ 1/p
<1 f L (A |Ea,1(—|s|2r°‘)|Pds) .

The Hausdorff-Young inequality implies that

”f”LP’(Rd) < fllppray, for 1 <p=<2.

Therefore, there exists a positive constant C = C(«, d, p) such that
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wd 1/p
12 () f | ooy <t 2 11 f 1l Lo ey ( /R ) |Ea,1(—|5|2)|1’ds>

_ad
<Ct 2| fllLrway

where we have used the condition d/2 < p < 2 and Lemma 4.15. The proof is
completed.

Lemma 4.21 Ler 1 Vv % < p,q <2ford =1,2,3. Then the following LP-expL?
estimates hold fort > 0:

120 () fllexp r2(rey < I f lexpr2ray.  for f € exp L*(RY),
_od _oad 1
12 @) fllexp r2rey < Ct 2 (0™ 2 + )72\ fllppey, for f € LP(RY,

_od
120 () flexp 2ay < Ct 2 | fllauay F21 f I 2gay.  for f € LYRDNLAR?),

where the constant C > 0 may depend on «, d, p, q.

Proof The first inequality is showed by the standard LP-L? estimates of
Lemma 4.19 and the Taylor expansion. In fact, for any A > 0, we have

120 (1) £11%%
/]Rd (exp(|2a(t)f|/k)2 _ 1) dx — Z TZ;W

k=1
ad ”f”sz(]Rd)
<Y — [ (expatsiar = 1) ax

Therefore we have

126 (). f lexp L2ty = inf {k >0 / (exp (120 (0) f1/20* = 1) dx = 1}

Rd
5inf{,\>0 / exp(|f|/)\)2—1)dx51}
Rd

=||f||expL2(Rd)s

which proves the first inequality. Next, by Lemma 4.19, we have

|°@ (t)f||L2k(Rd)

/Rd (exp (12u 0 f1/3? = 1)d ZZ k1A 2k

k=1
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o0 C2k _%d(%_i>2k 2k

t ”f”Ll’(Rd)
< Z
- kIA2k

ad _d 2
=% (exp (TN f /i) — 1),

and then

126 () f lexp L2220 =inf{k >0 /ﬂ;d (exp(|ga(t)f|/x)2 _ 1) dx < 1}

@ _ad 2
Sinf{k ~0: % (exp (c: % ||f||L,,(Rd)/A) - 1) < 1}

_ad _ad _1
=Ct 2 (In(t™ 2 + D)7 2| fll Lpgay-

We have shown the second inequality. The last inequality is proved easily
by Lemma 4.20, the standard L”-L9 estimate, and the embedding L*(R?) N

L®(RY) < exp L*(R%) in Lemma 4.17 for (In 2)_% < 2as
120 (@) fllexp 2Rty <22 (D) fllL2way + 126 (D) [l oo (re)
_pd
<Ct 2| fllpaway + 2I1f .2 (way-

The proof is completed.

Lemma 4.22 Leta € (1, ‘—‘), 1 v% <p< —<4+253i_41
d = 1,2, 3. Then the following estimates hold for t > 0:

andlv%<q§2f0r

a—1

t
|20 () flexp 12y < s I lexp 2y, for f € exp L*(RY),

__od _oad _1
12 () flexp r2gay < C1°7 2 (@™ 2 1) 72| fllpoay.  for f € LP(RY),

e
120 (®) fllexp 2y < €' "2 | fll ouay + 201 fl 2gay.  for f € LYRD N LARY),
where the constant C > 0 may depend on o, d, p, q.

Proof By applying the similar arguments as in Lemma 4.21, it is not difficult to
show the first and third L?-expL? estimates for the family of operator { %, )}r>0,
while there is few slight revision on previous results for the second estimate. In fact,
we have
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© N Pa ) f 15k gy

X _ N F 1oy
/R (ewa 11/ —l)dx—; e

chkt(afl)Zkf%(%fﬁ)Zk ”

1A ray
= kz k1a2k
=1

ad

ad a—1- 2
=t7 (exp (Ct » ||f||LP(Rd)/)‘> -1),

forany 1 — é < % (% — ﬁ) < 1 which holds for the condition % <p<

and all k € N*, and then

2ad
4+d)a—4

1200 f lep 1263 =inf{x -0: [ (w2 /w2 -1) dx}

o _|_ed 2
ginf{,\ > 0:4% <exp (Cz“ -5 ||f||L,,(Rd)/A) —1)5 1}

_ a—l—;’l —ad -1
=Ct P(In@™2 + D)2\ fll Lo way-

We thus prove the second inequality.

Lemma 4.23 Let g € L'(0, T; exp L>(R?)); then

t
/ Pyt — $)g(s)ds € C([0, T1; exp L*(RY)).
0

Moreover,

t
” / Pt — 5)g(s)ds
0

= C”g”Ll(O,T;expLz(Rd))v (452)
L (0,T;exp L2(R4))

where the constant C > 0 may dependon o, d, p,q, T.

Proof By Lemma 4.22, it is not difficult to check the estimate (4.52). Hence, we
next show the continuity. Let 7 > O such that0 <t < ¢+ h < T, and then

t+h t
/ Pyt +h —s)g(s)ds — / Pyt —5)g(s)ds
0 0

t+h t
=/ Pyt +h —s5)g(s)ds + / (Pt +h—s)— Pu(t —5))g(s)ds
t 0

=:g1(¢) + g2(1).
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Therefore, by Lemma 4.22 for o € (1, 2), we have

t+h
1810 lexp 12 < / | Pt + h — )86 lexp 1202015
t

t+h
<—— t+h—s)*! d
T ), (t+ )G lexp 2Ry dS

a—1
Sm”g”Ll(O,T;expLz(Rd)) — 0, as h — 0.

On the other hand, for any f € .% (Rd), from the Fubini theorem and the definition
of Z,(t), Proposition 1.14 implies that

(Po(t) — Py [ =F Nt Eqo(—1*|E*) — s¥ Eq o (—s*|E1).Z ()]

t
_g! [ / r“—zEa,a1<—r“|s|2>dr9<f)]

t
= [[v25 7 [Buanr-eieDF ()] ar.

Hence, in view of Proposition 1.12, one has

t
1820 lexp 12 Ry < /0 I(Palt +h = 5) = Palt = $)8(5) lexp 12wy

1
(@)

=

t t+h
/0 / (T = 9)*18(5) lexp 2(raydTds
t

1 ' a— o—
“e@-Dr@ fo<(f+h—S> (=)D lexp 12 Ry ds

a—1

S Dr@ ¥l orepres = 0. ash =0,
where we have used 0 < a® — b < (a —b)“ forany 0 < b < aand ¢ € [0, 1] in
the above last inequality. We thus get the desired results. The proof is completed.
4.3.3 Existence Analysis

In this subsection, we prove the local and global existence results. In order to achieve
this goal, we first consider the linear case of the problem (4.49)—(4.50), that is,
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o u(t,x) — Au(t,x) = f(t,x), (t,x)€0,T)x Rd,
u(0, x) = up(x), u;(0,x) =0.

(4.53)

Next, we establish the solution representation of linear problem (4.53). Now, let
up € (R4 and f € L'(0, T; .7 (R?)), and firstly taking the Laplace transform
% of both sides of (4.53) with respect to ¢ € [0, T), it follows that

A LTu(, 010 = 2 ug(x) = ZL1Au, )10) = ZLIf ¢ 010).

Next, taking the Fourier transform .% = = of both sides of (4.53) with respect to
x € R and using the properties of Mittag-Leffler functions, we obtain

t
i(t, &) = Eq1(—1%|E|P)io(8) + /0 (t — )" Eqa(—(t — )*|E%) f (s, &)ds.

Therefore, similarly to [87, Proposition 2.1], there exists a solution u belonging to
space C ([0, T);  (R%)) as follows:

t
u(t) = 2o (Hug + / Pyt —s) f(s)ds.
0

In the sequel, we concern with the exponential nonlinearity, which is also
considered in [94] for the heat equations as follows:

(4.54)

4.3.3.1 Local Existence of Solutions

In this sequel, we prove the local existence result. To begin with, we introduce a
definition of mild solutions to the problem (4.49)—(4.50).

Definition 4.5 Let ug € exp L%(Rd) and T > 0. We say that u is a mild solution
for the problem (4.49)—(4.50) if u € C([0, T']; exp L%(Rd)) satisfying

t
u(t) = 2y (ug + / Pyt — ) f(u(s))ds. (4.55)
0

In the sequel, according to the technique as in [62], we shall split the initial data
up € exp L%(Rd ) into two parts: a small data in exp L?(RY) and another smooth
part from the density of C§° (R?) in exp L%(Rd ). First we solve the initial value
problem with smooth initial data to obtain a local and bounded solution v. Then we
consider the perturbed equation satisfied by w := u — v with small initial data. In
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fact, for ¢ > 0 to be chosen later, we write ug = vog + wg, where vg € C(‘)>o (Rd) and
lwollexp z2(rey < €. Hence, the problem (4.49)—(4.50) may split into the following
two Cauchy problems:

{ v — Av = f(v),
(4.56)
v(0) = vy, 9v(0) =0
and
{8;’w—Aw = f(w+v)— f(v),
(4.57)
w(0) = wo, dw(0) = 0.

Lemma 4.24 If ¢ € exp L3(RY), then 2, (-)¢ € C([0, 00); exp L3(RY)).

Proof Let ¢ € exp L%(Rd). By (i) of Lemma 4.21 and the definition of exp L%(Rd),
we have 2, (t)¢ € exp L%(Rd) for every t > 0. Thus, by the linearity of 2, (¢), it
remains to prove the continuity at = 0 in exp L%(Rd ), i.e., it remains to get

1im | 24(0)¢ = Pllexp 124y = 0.
Since ¢ € exp L%(Rd ), there exists a sequence {@,}2° | C C3° (R) such that
lim ¢y = Gllexp 12 (ga) = 0.

By embeddings L2(R?Y) N L®(RY) — exp L%(Rd) <> exp L?(R?) in Lemma 4.17
and estimation (i) of Lemma 4.21, it yields

120 ()¢ — llexp L2(Re)
<NLa @)@ = ) llexp L2y + 12 OPn — Pnllexp 2Ry + D0 — Pllexp L2(Re)
<212 ()n — Pnll 2wy + 201 La(OPn — Gnll pooway + 2Pn — Pllexp £2(R1)-

Since ¢, € C§° (R%), Plancherel’s identity shows that

1200 — Sul2qe) = |~ Eut (1 16DF @)1 — 60 ()

L2(RY)

- Hy—l[(EaJ(—t%az) — 1)F (@) ()] (x)

L2(RY)

= | Ear e = DF @0 ®

L2(Rd)
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From the Hausdorff-Young inequality and Proposition 1.12, it follows that

| Eer (716D = DF @ ®)|

L2 =2||¢pnll 2 Rra)-

By the Lebesgue dominated convergence theorem, we have

120 )0 = $ulli2qrey = | (Eet (171615 = DF @)®)

—_
L2(RY)

ast — 0. Since |Ea,1(—t°‘|§|2)| < 1fort > 0, |&]| > 0 from Proposition 1.14, and
Ea‘l(—t"‘|é§|2) is close to 1 for small enough 0 < # « 1 and fixed |&| > O, it yields
that

1 — Eq 1 (—1%|E]%) < Eq.1(—t%E]%).

By virtue of the fact that C§° (R?) is dense in LZ(R?) and then
1 2a (6 — bull ety < fR N Ear =g = D7 @0 ©)| ds

1/2
< ( /R ) IEa,l(—t"‘I%Iz)lzdé) Inll L2 ra)

in which the Plancherel identity and the Hausdorff-Young inequality deduce the
boundedness of the above last right-hand inequality for small enough 0 < ¢ <
1, moreover Lebesgue’s dominated convergence theorem implies |2, ()¢, —
Gnllpooay — 0 ast — 0. Hence, Z,(?) is strongly continuous on L2(R% N
L% (R?); it means that

,h_rf(l) (”e@x(’)‘ﬁn - ¢n||L2(]Rd) + ||Qot(t)¢n - ¢n||L00(]Rd)) =0.
Hence, we have

limsup ”ga(t)(p - ¢||expL2(Rd) S 2”¢l’l - ¢||CXPL2(R”[)’

t—0

for every n € N*. This finishes the proof of the lemma.
Next, we obtain the local existence of solution for the problem (4.56) as follows.

Lemma 4.25 Let vg € L2(RY) N L®°(RY). Then there exist a time T > 0 and a
mild solution v € C([0, TT; exp L3(R?)) N L>(0, T; L>°(R?)).

Proof We first introduce a Banach space as follows:

Yy = {v e C([0, T]; exp LAR)NL®O, T; L®RY) : [[vlly,, < 4lvollz2npe)s
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where

Illyy = IVl oo 0, 7:exp L2®eY) T IVl Lo 0, 7520 ®e))»
lvollz2nzee == llvoll L2(ray + Vol oo (ray-

For any v € Yy, define an operator .7 on Yy by

t
(T0)(0) = LalO)vo + / Pt — 5)F (u(s))ds.
0

In order to use the Banach fixed point theorem, it suffices to show that 7 is a
contraction from Y}, into itself for small 7 > 0.

Claiml. .7 : Yy — Yu. Since vg € L2(R?) N L®RY), it follows from
Lemma 4.17 that vg € exp L%(Rd) and from Lemma 4.24 that 2,(t)vy €
C(10, T]; exp L{RD)).

In addition, from (4.54) we have

[[v]? [[v]?

d d
I f2gey = Ce LXED ]| 2pay < Ce LXED vl 20100,

which implies that f(v) € exp L%(Rd) by Lemma 4.17 for any v € L®(RY).
Moreover, we also have f(v) € L', T; exp L%(Rd)). Lemma 4.23 implies that

t
/ Pyt — ) f(v(s))ds € C([0, T]; exp L(RY)).
0

This means that .7 (v) € Yy enjoys the following estimates:

1 t
T < — | (t =5~ d
ll (v)||expL2(Rd) _”UO”expLz(Rd) + (@) /() ( s) ||f(U)||expL2(Rd) s

2

)|
L™ N0 @) ||y (s) || f2 o ds

t
SQ’HUOHLZQLOO + C/ (t — S)a_
0
t
<2|lvoll 2o + C / (t — 5)*Tetloliznre yg | 2 ods,
0

and then

Allvo l

||y(v)||expL2(Rd) <2llvollz2Ape + Ct%e 2oL ||vg || 12100

<4|lvoll L2npoe-

for some small T > 0O such that CT%e*Iv0llr2n0 < 2. Therefore, using
Lemma 4.20 for any v € Yy, similarly we have
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||y(l))”Loo(Rd) §2||U0||LZQL°° + =

- / (t = )% £ () | p2ggards

ad o
<2[voll;2nr + Cf (t — )@ 1= F VOl 1y (5) || 20 cods
0

§2||U0||L2ﬂL°° + C[a(4_d)/4e4”1}0”l‘2m1‘oc ||U0||L20Loo

<4{lvoll z2npoe-

for some small 7 > 0. This proves that .7 (v) € Y.
Claim II. .7 is a contraction. From the assumption of f, we first obtain

FO =0, [f@)— fO] < CuH + 02 |ju — v]), (4.58)
for some C > 0 and A > 0. For any vy, vz € Yy, by (4.58) it follows that

”f(vl) - f(UQ)”LZ(Rd)

Mol Mv2l)?

2
<Cllvr — v2ll 2y (V1 oo gaye H7ED + ||v2||Loo(Rd)€ L))
2 16)»”1)0”
<Cllv; — U2||L2(]Rd) ”vOHLzﬂLOOe L2nL%®
2 16 [|lvo |12
<Cllv1 — v2”yM”v0”L2mL°0€ L2nL%

which means that

1 t
170 = T2l < / (0 =" f 1) = F02) Iy ds

1 16 ]volI?
<C / (t = ) wol2s e 10200 [0y — vy, dis

16 |vo 2

<CTa||U0||L2ﬂLOO L2nLoe ||U] - v2||YM7

164wl

for T > 0 small enough such that CT* ”U‘)”LZQLOO

2z < 5. Then

1
1.7 (1) = T (W)llyy, < EHUI — v2llyy,-

This shows the desired conclusion.

Lemma 4.26 Let v € L*®(0, T; L®(R%)) for some T > 0. Let 2 < r < +00, and
wi, wy € exp L2(RY) with sufficiently small ||wy ||exp @) <M, ||w2||exp L2(Rd) =
M for some M > 0 and % > 0 such that 2AM*r < 1. Then, there exists a constant
C > 0 such that
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ILf(wi +v) = f(w2 + V)l way
[ 2]
<Cr2 (Z(ZA)kMZkrk +e L°°<Rd>> lwi — wallexp 22(Re)-
k=1
Proof By the assumption on f in (4.58), there is a > > 0 such that
£ @) = F@)] = Clu—v] Y25 (ul + o).
k=1 """

Therefore, we have

X 4k
A

[Fwi+v) = f s+ )] <Clwg —wal Y 7 (Iwor + v/ + oz + o)
k=1 "

o~ (20
<Cluwy —wal Y S (1w P+ fwa P +210*)
k=1 ’

e¢]

(21)* 2

<Clwy — | (Z S (P ) 4 e
k=1

where we have used the inequality

(a+b" <2 Ya +b), a,b>0, r>1.

The Holder inequality shows that
[or = w2l P P <l — sl Ml P P

and then for v € L®(R?), we have

If(wi +v) — fw2+ V)l pr(way

o

@0k

<C Y o hwr = wall e lwn
k=1 :

22 v|?
LED || wy — wall 1 ray-

+ (w2l 2 gy + Ce
By virtue of Lemma 4.16, we have

1
lwi — wallp2r ey = (5 (r + D)7 lwi — w2 llexp £2(re)
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and

lwi —wallprrey < (I'(r/2+ )7 [lwy — W2 llexp 2 (RY)-

Together with Lemma 4.16 again and Lemma 4.18, we have the estimates

If(wr +v) = fwz + V)l prwe)

o k
1 (21) 2(vl?
<Cr2 Uwi 75 gy Hlw2 25 gay) e EED ) lwi—walexp 2Ry
£ 2kl L2 (RY) L2k (RD) pL(

1)k 2001 o
§Cr2<; ST+ 17 (12 2y + 1022 ) + €

X ”wl - w2||expL2(Rd)

o
1
SCI‘7 <Z(2A)kM2krk te 22 |lv “LOO(JR‘])> ||w1 - wz'lexpL2(Rd)'

k=1

Consequently, the proof is completed.
Next, we establish the existence of solution for the problem (4.57) as follows.

Lemma 4.27 Let wy € exp Lj 2(RY), Let T > 0, and let v € L™(0, T; L (R%)) be
given by Lemma 4.25. Then, for || wollexp 2Ry < €, with € > 0 small enough, there

exists a mild solution w € C([0, T]; exp L (Rd))for some T, = T (wop, &, v) > 0.

Proof For any ¢ > 0, let T > 0, we define the following complete metric space:
= {w € C(0. TT: exp LERM) : wll poe(o,7-exp 3Ry < 26}

and we consider a mapping .% on Zj; by

t
(Fw) (1) = Da(Oywo + /0 Pt — $)(f (w(s) + v(s)) — F(o(s)))ds.

Claim I. .7 is a contraction. Let wy, wy € Zy;. By Lemma 4.17, we first have
|7 (wy)— (wz)”expLZ(Rd) <2 Fw—% w2||L2(]Rd) +2|.Fwy — ngHLOO(Rdy
Hence, one yields from Lemma 4.20

7 (w1) — F (w2) || oo ra)

t
= H/o Pyt — ) (f(wi(s) + v(s)) — f(wa(s) + v(s)))ds

L®(RY)
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t
SC/O (t — )L | fwi(s) +v(s) — fwals) + V()2 (Rey ds.

Applying Lemma 4.26 with » = 2 and under the condition 16Axs> < 1 for 4 > 0
given in (4.58), we obtain

-7 (w1) — F (W)l Loo (R

o0 2
<C <Z(4A)k(28)2k + eZMUlLWOJ:Lw(R")))

k=1

t
_j_ed
x/ (t—s)* 1773 lwi(s) — was) llexp 2(rNIS
0

af1-4¢
<CoT ( 4)”wl - w2||L°°(0,T;expL2(Rd))’

where positive constant C may depend on «, A, &, d, and [|v|| poo (o, 7: oo (R4))-
On the other hand, by Lemma 4.21 and Lemma 4.26 with » = 2, we also have

-7 (w1) = F (w2l 2 (re)

t
N H/o Pt — 5)(f(wi(s) + v(s)) — f(wals) + v(s)))ds

L2(R4)

t
< F:a) /O (t =9 1f i (s) + v(5)) — Fwa(s) + 06N 2 ds
o ok 2k 2 N
<¢ [ Y @nt e e Mimorimay ) [ == i (s)
k=1 0

—w2(s) ”CXP Lz(Rd) dS

SC(;T(X lwi — w2||L00(0,T;expL2(Rd)),

where positive constant C;, may depend on o, A, &, d, and [[v]l e 7100 Rd))-
Therefore, it follows that

af1-4¢
||9(w1)—y(w2)||expL2(Rd) < (CoT ( 4)+C(;T°‘)||w1 - w2||L00(o,T;expL2(Rd))~

By choosing T small enough such that

_d
c.r(-%) 4 CLT® < (4.59)

1
27

1
then, one finds ||£Z(w1)—9(w2) ||L°°(O,T;exp L2(R4Y) < 3 |Iw1_w2||L00(0’T;exp L2(R4))+
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ClaimIl. % : Zy — Zy. Let w € Zy. As wg € exp L%(Rd) and Lemma 4.24,
it follows that

Dy (Hwo € C([0, T1; exp LA(RY)).

Next, let w; = w and wy = 0 in the above estimates in Claim I. Under the condition
161e2 < 1, the nonlinear term satisfies

F (W) — Do (H)wo € L0, T; exp L2(RY)).
By the standard smoothing effects of 2, (¢) and £, (t), we obtain
F (w) — Lo (ywo € C([0, T]; exp LA(RY).

This means that for 7 small enough

1 1
”‘g\(wl)”expLz(Rd) < lwollexp 2y + EHU)I l Loo0,7;exp 2R = € + 5(28) <2e.

This proves that .% maps Zy into itself.

Under the assumption of f satisfying (4.54), we get the local existence result of
this section as follows.

Theorem 4.15 (Local Existence) Ler up € exp L%(Rd); then for a time T =
T(uo) > O, there exists a mild solution u € C([0, T]; exp L%(Rd)) of the
problem (4.49)—(4.50).

Proof We choose T and ¢ small enough in the following sense and fix ¢ > 0 such
that 161¢2 < 1 with A > 0 given in (4.58).

By analyzing arguments above, one can decompose uy = wo + v with wy €
(OFe (R?) and lvollexp 22re)y < €. By Lemma 4.25, we know that there exist a time
0 < Ty = Ti(lwoll;2nz~) and a mild solution v € C([0, T;]; exp L3(R?)) N
L>®(0, Ty; L (R)) such that [|v]| ;oo 7. 12010y < 4llv0ll 2nz - By choosing T €
(0, T1) small enough such that (4.59) satisfies, by using Lemma 4.27, it follows that
there exists a mild solution w € C([0, T]; exp L%(Rd )). Therefore, we derive that
u := w + v is a mild solution in C ([0, T]; exp L%(Rd)). The proof is completed.

4.3.3.2 Global Existence of Solutions

In the sequel, we prove the global existence result. In order to do this, for M > 0,
set operator

t
F)(t) = Da(Oyuo + / Pt — 5) f (u(s))ds,
0
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and we introduce a space

X = {u € L®(0, 00; exp L2 R?)) = sup,_o 17 [lu ()|l 1 (ra)
+||M||L°0(O,oo;expL2(Rd)) = Mj},

where o = %(% — 1y for some r > 3. The space X is a complete metric space

:
with the distance

d(u,v) =supt?|u(t) — V() Lr (wdy-
t>0

It needs to point out that C° (R?) is not dense in exp L2(R?), which implies that
9, (t)ug is not continuous at r = 0 in exp L>(R?), i.e., for any ug € exp L>(R?),
the following inequality may hold:

lim | 2 (Nt — wollexp 12y = 1. (4.60)
t—0

In fact, for any 1 > 0, let u,(A) = |{x € R? : |u(x)| > A}| be a distribution
function of v. We next use the rearrangement technique developing by [94], i.e., it
yields

Do (Oug — up)™*
2o (D)o — tollexp 12wey = C sup (Za(ttto — 10) (r),
O<r<l Iné¢
;

where C > 0 and we have used the properties (see, e.g., [94, Lemma 5.2], [120])

v*(r)
C] ”v“eXpLz(Rd) f sup ——
0

+ ||v||L2(]Rd) = C2”U”expL2(Rd)’
<r<l \/E

for some constants C, C» > 0, and notation v** stands for the maximal function of
v* given by v**(r) = % Or v*(s)ds, with v* being a nonincreasing rearrangement

of v by v*(r) := inf{A > 0: wuy(A) < r}. Therefore, due to the triangle inequality
of v**, we have

(o — Lo (o)™ (r) _ (u0)™(r) = (Za()uo)™(r)

- ’

In £ In%

which implies from the nonnegative property of v* that

Do (Oug — ug)**
120 (1o = tollexp 2Ry ZC sup (Zo (o — o) ()
O<r<l1 lnf
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(Lo (®uo — up)*™*(r)

>C lim
t—0 In €
P
~C lim (u0)**(r) — (Lo (o)™ (r)
) lnf ’

According to Lemma 4.20, since Zy (1)ug € L®(R?) for all t > ¢ with any ¢ > 0,
it yields that (2 (f)ug)** (r) € L*°(0, co) for all t > ¢. Therefore one has

(Lo (Dug)™(r)
m ——— =

li 0.

r—0 In E
Let ug(x) = \/ﬁ for 0 < |x] < ﬁ, and it is zero for otherwise, where By is
the measure of the unit ball in R?; it yields (ug)**(r) = \/L; for 0 < r < 1. Hence
we get

(o)™ (r
| Lo (H)uo — U0 llexp 2Ry =€ 111% w = +o00 > 1.
r— e

In €
;

The inequality (4.60) is showed. Therefore we shall consider the global existence
of solution to the Cauchy problem (4.49)—(4.50) by a weak form at continuity on
initial value term as follows.

Definition 4.6 We say that u € L°°(0, co; exp L2(R%)) is a weak mild solution for
the problem (4.49)—(4.50) if u satisfies the integral equation (4.55) in exp Lz(Rd)
for almost all + > 0, and it also satisfies the continuity to initial data in the sense
that

w* — }iir%)u(t) = ug, in expL*(RY).
Here we say that u(t) — ug in weak™ sense in exp L2(Rd ) if and only if
lim /R [t )¢ ) = uo(x)$p(0)ldx =0, forp € L'(n L) (RY),
where L1 (In L)!/2 (Rd) is a predual space of exp L2(Rd ) given by
L'(nL)2(RY) = {f € Lipe(RY) : fR @@ + 1)) 2dx < +oo} :

Lemma4.28 Leto € (1, 3). Then
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t
H / Pt — 5) f(uls))ds < H(M)
0 L>(0,00;exp L2(RY))
and
t
sup 7 /«@a(t—S)(f(u(S))—f(v(S)))ds
>0 0 L™ (RY)
<CM) SugtoIlu(t)—v(t)llLr(Rd),
1>
where

oM?, d=2,3,
H(M) = o(M), C(M)= )
oM*, d=1.

Proof We first concern the dimensions d = 2, 3. Let 1 v % <p< %, and
for each k € N,

_ 4@k D= —b) br 1_1
T d+dr—2—dbr | r—2@k+ 1)

)

TS
NS

p 2
for some % <b< % A W with r > 3. Therefore, w > 2 and 6 € [0, 1].
In addition, let a be the smallest positive number satisfying a = 21In(a + 1). We first
have
_ad _1 ad _2
In((t—$)"2 +1)"2 <20t —95)%, forO0<s<t—a a

and

v 2a
7

ad

(n((t—s)"%F +1)72 <

_2
fort —a «d <gs <t.

Therefore, by the second estimate in Lemma 4.22, we have

t
H / Pt — ) f (uls))ds
0

exp L2(R4)

t @ «
<C [0 (=9 A — 9% + 1) @) Lo gayds
2

t—a od o N
=C / (=9 E (= 9% + 1) £ @) Loy ds
0

t . "
+ C/ L =T (@ = 9+ D) W) rayds
t

—a ad
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_2

t—a od 1 ad | ad
<Jac [ (t = 9" L) £ @) o ggads
0

V2aC [! q_ad
+ = f L =T T F @) gayds
t—a od

! l_od  ad
SC/O (1 — )2 15+ If @) Lpgayds + Csug I f @) pgay =21 +11.
1>

By estimating f it yields
1
lfa)l <> —(uH

The Holder interpolation inequality implies for each k € NT that

1 6 1-6

0 1-6 .
lull pekrnpray < C”””Lr(Rd)||M||Lw(Rd), m = + -

Using Lemma 4.16, we thus obtain

'
a—1—2d 4 od 2k+1
/0 (t—ys) w4 ||u(s)||L(2k+1)p(]Rd)ds

w e 1—2d 4 od (2k+1)0 (2k+1)(1—0)
w o— -5, t 7% —
< (Z+1) fo (1= 5 )| D ) 6D

2k+1)(1-6) 4

(2} w ! _1_L+M
<r (? + l) M / (t —5)* 1T T g @kADbo g
0

<Ch 2kt o= S =kt oo <a — ‘;—d n ¥, 1 — 2k + 1)ea> ,
p

2k(1-0)

foru ¢ Xpyyand I'(w /2 + 1) = < Ckk! by Lemma 4.18 (see, e.g., [94]).
Therefore, we obtain

s ad | ad d d
I < ZCk+1M2k+lta75+77(2k+1)903 <a 3 Z_ L 0477 - k4 1)90> '
p
k=1

Together with exponents @, p, @, r, 9, and o, one finds that these exponents are
ready to satisfy

ad ad ad ad
o0——+——2k+1)00c=0, 0<a——+—, w=>2, 0<6<I,
2p 4 2p 4



230 4 Well-Posedness and Regularity of Fractional Wave Equations

20ed 1 6 1-—06
0<1—-QRk+1bo, 1<pc< , = -+ —.
@G+da—4 Qk+1)p r w

Therefore, we get
ad od ad ad aad
Blae——+—,1—-2k+1)00|=T|\d¢——+—)T|[1——]) <C,

2p 4
and then we have
=1
2k+1 k 3
I§CZEM Cckkl < cm?,
k=1

for some small M > 0.
Let us prove the second Claim II. In fact, by the assumption of f, the Holder
inequality also implies

2 2
||f(u)||Lp(]Rd) < llue" — 1)||Lp(]1{<d) = C||”||L2p(]Rd)||@u - 1||L2p(Rd)- (4.61)

Therefore, we have

e¢]

2
u
le" = 1l 2 (gay < §j k,nunw(w) §ﬁ r<2kp+1>2v||u||expLz(Rd),
k=1

which from Lemma 4.18 yields that
o0
le” — 1l 2pey < C Z(zp)"nunexpm(w) C> @pfm*.
k=1 k=1
Let M > 0 small enough, and it yields that
sup I G0)llLp iy < T'(p + 1)? 5 lexp L2k CZ@p) M* <cm’.
k=1

For the case d = 1, the proof is similar to that under assumption of the function
f given by

[e.¢]

fu) = u(e“2 —1- Zl 2t

k=2

w‘

so that the exponent & > 2, i.e., exp Lz(Rd) > Lw(Rd).
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From (4.58), clearly for some A > 0 and C > 0 we also have
|f @) = f@)] < Clu— v Z <|u|2" + o).

By virtue of the Holder inequality and the standard estimates in Lemma 4.19, we
have

t
”/O Dot —$)(f(u) — f(v))ds

L™ (R4)

a—1-24 !
<C/(t—s) - 2(’ )”f(u)_f(v)”L’(Rd)ds

X 1k pt
A _j_ed(1_1
=C) |« — o ) g + W) 11 gy ds
k=1 "
X 1k pt
A 1 1_1
Sck 1 F (f — S)a 2 <l r>||u - U”LV ]Rd) (||u||L2ky(Rd) + ”v”LZky(Rd)) d
where
1 d/1 1 1 1 1 d ad
l——<—<-|-—-) <1, =—-4+—, for —<y<_—r.
a 2\l r l roy 2 2(a — 1)

Applying the Holder interpolation inequality, we get

lull 2ty (raty < ”M”Lr(Rd)”u”L;(Rd)s % = + T,
where we set

_ 2d(2k(r —2) —cr) . cr 1 2 ¢

T (4—cdyr—-8 T 2%k(r=2" y d 2

for some 0 < ¢ < % with d = 2, 3. Therefore, Lemma 4.17 shows that

t
H /0 Pt —$)(f W) — F(0))ds

L7 (Rd)

ad (1

X 2k pt
A —1-ed(1_1
SCZH/O(I—S)O{ (1 f)||u—v||L,(Rd)
k=1

(2 Bl

2k 2k(1—-9
e I G+ 01280 1012 )

Lr(RHTTNLE(RY)
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.k t
A a—1-2 l—%
§CZH/(;(t—s) (1 )||u—v||L,~(Rd)
k=1
2k(1—1)

¢ ¢ 2k 2k(1-9) 2k 2k(1-9)
X (F <§ + 1 (”M ”Lr(Rd) ”u”eXpLZ(Rd) + ”U”Lr(Rd) ”U”eXpLZ(Rd)) dS,

for { > 2. Now, for any u € Xy, it yields

L7 (R4)

t
fo Pt — )(f W) — f(0))ds

2k(1=0) ; 1
L(T*F)sfcr(lJerz?)ds

00 Lk

A s ¢ a—1—

<Ct° —I(>+1 t— 2
< I;k! <2+ ) /0( 5)

x M sups? lu(s) — v($) |l 1r ra)
s>0

Z ck+kp ( ad (——l),l—a(1+2kﬂ)>
P 2\ r

x M sup s” lu(s) — v($)|l .- ),
s>0

—9)
where I'(¢/2 + 1) < CKk! and the exponents r, y, [, 9, ¢ satisfy
ad (1 1
l<l<r<+4oo, a+0——|-—-]—0(+2kv) =0,
r

ad (1 1
1—o(l +2k9) > 0, a——(———>>0, 0<v <1,

2\l r
2 1 1 d/1 1 ] 1 1+1 1 z?+1—19
=< |ls-2) <l S=-4-, o=+ ——
¢z o 2\ r I r vy 2ky r ¢

For those exponents, we obtain that

ad (1—ad—cad)r+2ad
re-$Hr (T)

Bla (L 1Y ook = e
<“‘7<7‘;>’ —ot >>— (i —o) =

for some constant C > 0. Hence, it follows that

L7 (Rd)

t
/0 Pt — )W) — f(0))ds

o
d
§ MCHIB (0 = 22 1 — o (14 2k0) ) M2 sups®[lu(s) — v(s)ll 1 ey
k=1 27/ s>0
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o0
<C Y WM sups?uls) — v()ll 1 ra),
k=1 5>0

for some small M > 0. This proves the case of d = 2, 3.

For the case d = 1, the method in the proof is similar to the assumption of
function f so that the exponent ¢ > 2 and exp L2(R?) — L¢(RY). The proof is
completed.

Theorem 4.16 (Global Existence) Let« € (1,4/3) andd = 1, 2, 3. If there exists
& > 0 such that for all ug € exp L2(RY) with luollexp L2Rey = & then there exists a
solution u € L*°(0, oo; exp L2(RY)) satisfying

tim (1) = Lo (1t llexp 1220y = O-

Proof By Lemma 4.28, the map F (u) is onto X s for any u € Xjy. In fact, we first
obtain

t
I1F @) (O llexp 2@y <NLa(Outollexp r2mey + Hfo Dot =) f(uls))ds

exp L2(R4)

S”M()”expLz(]Rd) + H(M)a

which follows from Lemma 4.21. Moreover, Lemma 4.16 and Lemma 4.19 show
that

t
IF@) O]l 1 @y <Nl La®tt0ll 1 gay + H /0 Pt — ) f (u(s))ds

L7 (R4)

ft_o- “uOHGXpLZ(Rd) + C(M)t_a Sup ta ||M(t)||Lr(Rd)
0

t>

Thus, together with the arguments mentioned above, we obtain that F' is a map on
Xy toitself if M and |lug lexp £2(Rd) are small enough. Similarly, it is not difficult to
show that F is also a contraction mapping by the second inequality in Lemma 4.28.
Consequently, the contraction mapping principle derives that F has a fixed point to
the current problem.

In the sequel, let u be the fixed point of operator F defined on X ;; then by using
Lemma 4.17 and according to the third inequality in Lemma 4.22, we have

() — a@Ol(l‘)uo||expL2(]R“')

t
< /0 | Pt — ) £ W) loxp 12010,

t wd t
SC/O (l—S)“il*TIIf(M)IIL%Rd)dS+2/0 I @)l 2(rayds-
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To estimate || f (u) || ;2(ray, let p =2 in (4.61), and we have ford = 2, 3,

2
1f @)l 2y < Cllullpagaylle” — Uipagay < Cllullexp L2(ra):

and also for d = 1, we have

2 2
||f(u)||L2(Rd) = C||M||L4(Rd)||€u —l—u ||L4(Rd) = C”u”expLz(Rd)’

Therefore, it follows that
lu(t) = Lo Ouollexp 120
t ! wd t
§C/ (t—s)""" % 60 () lexp 2RaydS + C/ et () lexp 2 ®ayds
0 0

al1-4¢
=Ct ( 4)||“||Loo(o,oo;expL2(1Rtf))"‘Ct””||LOO((),oo;expLz(Rd))

—0, as t— 0.

The proof of continuity of solution on initial data is completed.

To finish the proof, let X := L'(In L) 1/2(R4), and it is known that X is a Banach
space and C° (R?) is dense in X. The problem is continuous at # = 0 in the weak*
sense. In fact, let ¢ € X. By the Holder inequality of the Orlicz space, we have

‘/Rd(e%(t)uo(ﬂ —uo(x))¢(x)dx| = ‘/Rd uo(x) (Lo ()P (x) — ¢ (x))dx
<lluollexp 2y |1 La () — @l x-

As for the similar manner as in Lemma 4.24, by the density of Cgo (Rd) in X, it is
easy to check that

lim | 2y ()¢ — ¢llx =0.
t—0

This completes the weak* convergence. Thus, the proof is completed.



Chapter 5 ®
Inverse Problems of Fractional Wave Chock or
Equations

5.1 Backward Problem

5.1.1 Introduction

Let 2 C R” be a bounded domain with sufficient smooth boundary 952. We shall
consider the following backward problem for time fractional wave equation

fu— Au= f(t,x,u), xe82,te(0,T],

u(t,x) =0, xe€d82,te(0,T],

(5.1)
o;u(0,x) =0, x €S2,
u(T, x) = gx), x € 82,

where 9; = /0t and 9/ is the Caputo fractional derivative of order & € (1,2)
defined by

1 ! Ik
u(t, x) = m/(; (t—s9)" amu(s,x)ds, t >0,

provided that the right-hand side is pointwise defined on [0, o), where I"(-) stands
for the Gamma function. f is a nonlinear function that will satisfy some suitable
assumptions.

As for the fractional wave equation while sometimes it is called the superdiffu-
sion equation, it is also substituted for modeling the propagation of diffusive waves
in viscoelastics solids frequently, see e.g., [151, 154]. This is one of the reasons that
many researchers pay attention to study these problems, see, e.g., [10, 81, 116, 186]
and the related references therein.
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If the final value condition u (7, x) = g(x) in the problem (5.1) is replaced by an
initial value condition (0, x) = y(x), then the problem (5.1) is called the forward
problem of time fractional wave equation. As we know, there are many papers
coping with forward problems of time fractional wave equation, for examples, Li
and Wang [133] studied some regularity properties of time fractional stochastic
wave equation which is forced by an additive space-time white noise. The regularity
of weak solutions for time fractional wave equation has been studied by Otarola
and Salgado [174]. As for backward problem, which is one of the main topics of
inverse problem, we find that there are still few papers about backward problem
for time fractional wave equation, Wei and Zhang [226] studied the existence,
uniqueness, and conditional stability for the backward problem, and the Tikhonov
regularization method has been used to solve regularized solution. Following this
paper, Tuan et al. [208] considered some existence and regularity results for final
value problems (also called backward problems) with respect to linear function.
Huynh et al. [91] studied the regularized solution for an inhomogeneous problem
in a general bounded domain by applying the fractional Landweber regularization
method. Inspired by the above research studies, we will consider some existence
results under some different conditions of nonlinear function.

On the contrary, another issue which is worthy of consideration for the backward
problem about fractional wave equation is seriously ill-posed in the sense of
Hadamard, that is, even if a solution will exist and it is unique, but it is not stable,
in a word, it does not depend continuously on the given data. In order to achieve
it at practical applications, some numerical methods are proposed to study the
ill-posed behavior, the regularization solution, and some error analyses are given.
Additionally, one can find that the backward problem has emerged in optimal
control, mathematical finance, and then some theoretical analyses are established
to study these problems contained with the properties of solution of existence,
uniqueness, regularity, and convergence that reflect the nature of the problem more
clearly. In fact, our problem is seriously ill-posed, and it urges us to prove the
convergence rate for the regularized solutions. For more details about backward
problems, we refer to [38, 90, 101, 177, 207, 222, 245] and the related references
therein.

The rest of this section is as follows. In Sect. 5.1.2, we introduce some concepts,
preliminaries, and the properties of the Mittag—Leffler functions. In Sect. 5.1.3, we
derive the solution representation of the problem (5.1), and some useful properties
of solution operators will also be discussed. Furthermore, several existence results
without Lipschitz condition are obtained in Sect.5.1.4. In Sect.5.1.5, a regulariza-
tion method is proposed to approximate the solutions.

5.1.2 Preliminaries

In this subsection, some preliminaries will be presented in order to derive the
solution representation as well as our main results.
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We adopt the eigenvalues of the Laplacian operator L = —A. Since the
operator L is nonnegative and self-adjoint in Sobolev space H(} (£2), there exists
an orthonormal basis of L2(£2) consisting of eigenfunctions ¢ € HOl (£2), k =
1,2, ..., that correspond to eigenvalues

O<t <M<..<hix<..— 00,
which satisfies
Lér = A, in 82, ¢r =0, ondf.

We first take the domain J7° (§2) = D(L?®) of the fractional power operator L*, for
s > 0, and the space is introduced by

o
() = {u e LX) : Zx,fﬂukﬁ < oo} ,
k=1
as the Hilbert space of functions

o0

wi=) i =) (. g € (), (52)
k=1

k=1

equipped with norm

o0
2 2 2
Il ) = DA% el
k=1

Let E, Y be two Banach spaces, and A(E, Y) stands for the space of all linear
bounded operators from E into Y. Now, we consider a space E with the norm | - |,
specially, let the norm of space L?(£2) be given by | - ||, and inner product is defined
as (-, -). We denote by C ([0, T]; E) a Banach space of continuous maps from [0, T]
into E with SUP;e[o,7] lu(t)] < oo, C"((0, T]; E) stands for a Banach space of
weight continuous functions on (0, 7] into E with exponent n € (0, «] as follows:

C"(0,T); E)={u e CW0,T]; E) : 11%1 t"|u(t)| exists and finite},
t—0+

equipped with the norm

lullcno,m1.Ey = sup t"|u()].
0<t<T

Let1 < p < oo and let L?(0, T; E) denote all the p-integrable Lebesgue measure
functions equipped with the norm
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1
T »
lullLro,1;E) = (/ Iu(t)lf"dt> < o0.
0

Let Eq g(z) be the Mittag—Leffler function as in Definition 1.7.

Lemma 5.1 ([10]) Let1 < B <2, B/ € R, and A > 0. Assume that 0 < p < 1,
0 < v < B. Then there exists a positive constant C such that

MV Eg gr(—atP)| < Cre" PR 1 > 0.

Lemma 5.2 ([226, Lemma 3.2]) For 1 < a < 2 and any fixed T > 0, there is at
most a finite index set @ = {ky, ka, ..., k,} such that Eq 1(— \T%) = 0 fork € ©
and Eq 1 (=M T®) # 0 fork € NT\ ©.

Lemma 5.3 ([226, Lemma 3.6]) Let 1| < « < 2. Then there exist positive
constants M_, My depending on «, T, and finite eigenvalues Ay with k €
{ki, ko, ... knem} \ ©, m € Ny such that

M_ M
T < |Eq 1 (—MTY| < —, keNT\ 6.
Ak ’ Ak

Noting that, in view of the approximation form of the Mittag—Leffler function
(1.12) and Lemma 5.2, there exists Ly > 0 such that

1

Ey (-0 T < ———
R R (YW

0, MT%> Lo, (5.3)

forl <o < 2,andthus E, 1 (—AT%) = Oonly if A4 T* < Ly. Since limg— 00 Ax =
+o00, there are only finite Ay satisfying A, T* < Lo with k € ®. According to the
abovementioned discussions and related lemmas, we know that there exist some
finite Ax and T such that Ey 1 (—A¢T%) = 0, for every k € ©. Thus, throughout
this section, we shall get rid of the part of k € ® in A and set & (—A,TY) =
Ey1(= T%) # 0 for k € NT \ ©, with using these notations &, (—Axt%) :=
Eq 1(—2t%) and &y p(—Ait®) := Eq (=A%), for k € NT \ ©. Consequently,
similarly to Lemma 5.2, Lemma 5.3, and (5.3), together with above arguments as
well as (i) and (ii) of Proposition 1.13, one can check the following inequalities
obviously, for k € NT\ ©,1 > 0,

C Cyt

m < |Ea(=1T%)| < [ES Wk | Ea,¢ (—Akt (5.4)

N < —F—,
1+ Apt®

where ¢ € R,

c_ :=min {(2|F(1 —ao)) M, M_T"‘}
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and
cy = max{M, Cy, My, M. (T* + )‘;1)}'

Clearly, we have c_ < c4.
In the sequel, set /T = N* \ @, and we will assume k € IT all the time.

5.1.3 Solution Representation

In the subsection, we first give a suitable definition of mild solution of the problem
(5.1), and we will further study the properties of solution operators that are derived
from solution representation.
5.1.3.1 Definition of Mild Solution
Let u be the solution of initial-boundary value problems with respect to forward
time fractional wave equation, and multiplying ¢y of both sides of the problem (5.1)
yields

6 Df uk (6) + hgure (1) = fi(t, )
associated with the initial conditions u;(0) = ugr = (uo, Pr), u}C(O) = Uy =

(u1, ¢r) = 0and fi(t,u) = (f(t, u), ¢r). Then, from Theorem 5.15 in [115], one
obtains

t
up(t) =Eq(—Axt®)uor +/O (t = ) Ega(—hi(t — %) fi(z, w)dr. (5.5)

By substituting t = T into (5.5), it yields

T
uk(T) =Eq (A T*)uox +/0 (T = )" Ega (=1 (T = 1)) fi(z. w)dr.

Let gx = (g, ¢x), since Ey(—AxT*) may be equal to zero for some k € @, and
then, for k € Nt \ ©, we have

_ o T
ug(t) =%<g1¢ - /0 (T — ) & (M (T — %) fi(7, u)d’f)

t
+ / (1 = D Gy (—ha(t — ) fi (T, w)d.
0
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Let us simplify u (¢, x) with u(¢). For any v € L?(£2), denote two operators by

o]

ga(_)\kta)
Fu()v = Z —a(v,¢k)¢k
itrer G (MT)

and

Pyt =171 Z Sa,a (=hit*) (v, D) Py

k=1,kell
From the above arguments, let symbol o be a composition operator as follows:

o]

Eu(—A
ya(t)oya(g)v = § Z &, ( )\‘k;,a) a,a(_)‘«kga)(vv O )Pr, v E LZ(Q),
r=tren Go M)

for t, ¢ € [0, T]. Hence, we can find a mild solution of the problem (5.1) in which
its definition is given below.

Definition 5.1 For every n € (0, ], a function u is called a mild solution of the
problem (5.1)ifu € C"((0, TJ; L2(£2)) and it satisfies the integral equation

T t

u(t) =S4 (t)g — / Fu(t) o Py(T — 1) f(r,u)dt + / Pyt — 1) f(r,u)dr.
0 0

(5.6)

5.1.3.2 Some Properties

Property 5.1 .#,(¢) is a unbounded operator at the time ¢t = 0 in L%(£2), while it
belongs to B(A#1 (), L*(£2)).

Proof Obviously, .7, (¢) is linear operator. If taking v, = ¢, (x), n € I1, in view of
(5.4) and lim;_, g & (—Axt®) = 1, we deduce that ||v,|| = 1 and

]

[EAOTAEE

k=1,kell

TR | (n, P01

1
= Z (14 24T | (v, g0
+



5.1 Backward Problem 241

Therefore, it follows that ||, (0)v,| > T%A,/c+. From A, — oo asn — oo, it
shows that .%, (7) is unbounded in L2(£2) at time r = 0. On the contrary, for any
v € #1(£2), the Sobolev embedding 7! (£2) — L*(£2) implies

1 o0
17Ol = D (14 MT") 2. o)

k=1,kell
2 2 2 = 2 2
<= lvl*+ > Al el
- - k=lkell
2 T20(

2 2

where C; is a positive constant, and in addition, we use the inequality (1 + a)2 <
2(1 4+ a?), a € R. Thus, we show the desired results.

Property 5.2 Let v € L2(£2). Then .%,(t)v is continuous on L2(§2) for all ¢ €
(0, T1, that is 7 (t)v € C((0, T1; L*(£2)).

Proof In fact, we just need to show that the series

DA PR
k=1,ke Héa( )LTO[)

is uniformly convergent on L?(£2) for any v € L?(£2) and any ¢ € [8, T] with
6 >0.
By virtue of (5.4), we get

(gda(_)‘kta)
o (=M T*)

o o
- cr 1+ T < c+T
c_ 1+ Apt@ c_t%

, forallt e (0, T. (5.7)

In the following, we know that & (—Axt%) is uniform continuous since the identity
o
é"a,1(—Z2) = / Myp2(0) cos(z0)dd, ze€C, ac(l,2). (5.8)
0

This above identity can be founded in [151], where .#, (-)(¢ € (0, 1)) is the Wright-
type function defined as in Definition 1.8.

In fact, from the uniform continuity of cos(y/z) for z € R4, we know that for
any ¢ > 0 and each k € N*, there exists a § > 0 such that, for 1,7, € R4 with
|2 — 1] <6,

‘cos( xkzge) - cos( Aktf‘e)’ <e
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Therefore, by virtue of (5.8), we have
|ga(_kktg _ga(_)tktf(”
o0
= My2(0) (cos (/Art¥0 ) —cos [/ Art?0 de}
[ 200 (o5 (fasts) —cos ()
<e,

where we use the property
(0.¢]
Mo (0) = 0, f My(0)do = 1.
0

It allows us to obtain that the desired series is uniformly convergent on [8, T] by
using the Cauchy convergence criterion. Now, for any ¢ > 0, there exists M > 0
such that for all positive integers p whereas m € IT and m > M

g c_t\?
> |(v,¢>k)|2<( — ) e, forallre[s,T].

c . T®
k=m+1 +

Let
m

Sy (—Agt®
S =Y ﬁ(v, B (x).
k=1

Therefore, it yields that

m—+p

IS p () = Sm(t)v]|*> =
k=m+1

C+Ta 2 mtp
< (c w) >l gl <e.

k=m+1

En(—Ai1®) 2

—éaa(—kaa)(v’ dr)

By the arbitrariness of ¢, we deduce that the conclusion holds.

In the sequel, for convenience, we set X := C7((0, T']; L2(2)), n = ay for
y € (0, 1], and let operator .7, be defined by

T
(Fv)(t) = / S () o Py(T — t)v(r)dt, veX.
0

Lemma 54 Lety € (O, é) such that n € (0, 1). Then operator Fy, is a completely
continuous operator from X into X.
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Proof For every n € I1, let &, = span{¢|(x), ..., p,(x)}, and since {qbk},fil
is an orthonormal basis in L2(£2), one finds that L>(£2) can be expressed by
span{¢i(x), ..., ¢n(x),...}. Obviously, @, is a finite dimensional subspace of
L?(£2). For every n € IT, denote operators .7 ,(t, ¢) : L>(2) — &, by

n

éo( Ait®)
Fanlt, v =¢""" 3" =G a(—has™) (W, P i (x),
k=1.kell Sa(=1T)

fort € (0,T], ¢ :=T — v with t € [0, T]. Observe that .7, ,, (¢, <) are linear finite
dimensional operators. Next, for every n € IT, we define linear operators .7, , in
the same way by

T
(Tanv)(t) = f Fant, T —1)v(r)dTr, veEX.
0

Obviously, 7, ,v are well defined on X. Denote a bounded set on X by U, = {v €
X : Jvllx < r} for each positive constant . We shall prove that for any positive
constant r, the set {t"(F ,v) (), v € U,} is relatively compact in X.

For any v € X, it follows from the fact |&,, ; (—Axz*)| < c4,¢ € R,z > 0 and
(5.4) that

|- San(t, S0P

2
é[)( Ait®) éo ( Ait®) _
2= A gl Y (—Apc®
Z o (=T &7 (—hiT¥) Eaa e Db (Chis®)
l(w(D), i)
22y
c+ 2= 14 0T 1+ 2T ’
Z o) o |(v(1), $0)|
C4
=T D@,
- (5.9)
Therefore, by the assumption of € (0, 1), we have
T
(o) D] < /0 | St T — Dy0(0)dT
2 T
<Shqap-n / (T — 1y u(o)|ldT (5.10)
C— 0
A

<S——T% "|vllx,
c_sin(mn)
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where we use B(n, 1 —n) = n/sin(;rn), and B(., -) is the Beta function. To begin
with, we deduce that lim;_,o4 7(Z,,,v)(¢) exists and is finite. In fact, from (5.9),
one can see that the representation

o 1 Z S (—Apt®) B "
fe %:H@@( M T®) S (=g (W, D) i ()

is bounded and integrable for ¢ = T — t with respect to a.e. 7 € [0, T] on L2(.Q),
which implies that t"(Z, ,v)(¢) is uniformly bounded on L2(£2). It follows from
the uniform continuity of & (—Axt®) that t7.%, , (¢, -)v is uniformly continuous
for t € (0, T]. Thus ¢7(Z, ,)v(t) is uniformly continuous for ¢+ € (0, T], which
implies from (5.10) that lim;_ o4 t"(Z,,v)(¢) exists and is finite. Let z(0) :=
lim; 04 t"(Ja.nv)(1); hence we deduce z(0) is well defined.

For any w € 4, :={y € C([0, T']; L3(£2)) : I¥lcqo. 22y <rhr >0, set

v(t) =t Tw(), forte(0,T].
Thus, v € U,. Define

t"(Tynv)@), fort e (0,T],

({Ea,nw)(t) = {
z(0), forr =0.

Thenceforth, it remains to show that {¥, ,w : w € &l.} is relatively compact.
Observe that, from (5.10), [[Tonwllco.7):02(2)) = C%_TQVJT/(C_ sin(;rn)). Thus,
we conclude that the set &l is uniformly bounded. In order to prove that the set
{Tanw, w € 4, } is equicontinuous, we need to prove that %, , (¢, -) is continuous
in the uniform operator topology on L2(£2) for all ¢ > 0. For this purpose, we need
to show the compactness and strong continuity of this operator. By applying (5.4),
for any v € Lz(.Q) and any § > O such that ¢ € [§, T1], it follows that

T 142 T\2
| e )2 <7D 3 E = (—") (v, i)

o
klkel‘[— L+ At

2
2 r2a—1
ci T
+ 2
§<—a ) vl
c_06

By virtue of the range R(.%, »(t, -)v) finite, we conclude that the operator .7, ,, (¢, -)
is compact operator on L%(£2) for every n € I1. In addition, in view of (5.8) and
(5.11), for any v € L2(£2) and any § > 0, forz1, 1, € [§, T] with t; < 1p, we get

(.11
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|- n(t2, )0 — Fon (1, 0|2

n

Sc%rTz(ul—l) Z
k=1,kell

2
2 m2a—1
ci T
52(+—a> llvll?.
c_$8

Therefore, in view of uniform continuity of &, (—At%), by applying the property of
series, we thus obtain

G (—Akt$) — S (—hit®) |

2
e (T (v, dr)l

”ya,n(t% Jv — ya,n(tlv Ju| = 0, ast — 1,

which shows that .#, (¢, -)v are strongly continuous for all + € [§, T]. Conse-
quently, we conclude the desired result.
Now, for 1 = 0,0 < o < T, itis easy to see that

[(Fenw)(®2) — (Zenw)(O)| — 0, ast; — 0.
Forany 0 < #; < <T, we have

[(Fe,nw)(12) = (B nw) @)l
=111 (Ta,n) (12) = 1] (T n0) (1) |
<1ty = /11 Tan) @) + 1] 1(Tanv)(12) = (Tanv) @)
=1+ D.
By the inequality a” — b” < (a — b)? for 0 < b < a and p € [0, 1], obviously,
from (5.10) and |t£7 — ti7| < (tp—t)", wegetliy - 0astr, — f1. As for I, by

virtue of the continuity in the uniform operator topology of ., ,(t, -) for all # > 0,
we obtain

T
1(Ta,n)(12) = (T n) (1)l S/O [(Fan(t2, T =) = Fant, T — 1))v(v)|ldT

sup |[[Fan(t2, §) — Lan(tt, Ol zr22y)
— 0, astn — 1.
That means I, — O as t, — t1. Therefore, the right-hand side of the aforementioned

inequality tends to zero. From above arguments, one can easily deduce that the
set {4 aw, w € 4.} is equicontinuous. Thus, according to the Arzela—Ascoli
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theorem, we conclude that operators ¥, ,, are compact on C([0, T]; L2(.Q )) as well
as operators 7 , are compact on X.

Now, we prove that .7, , converge uniformly to .7, whenever n tends to infinite.
Indeed, for any v € L?(£2) and any y € (0, 1), by applying Lemma 5.1 with respect
tonw e (0,1)and ¢ =T — t € (0, T], we first have

| Fan(t, )V — Fa(t) 0 Po(S)V?

0o 2
Su (=A%)
< ~2(=1) o & Y ) 2
=g = —éaa(—)\kT_a) ot,a( S| (v, dr)l
c472y oo 2
=S T2 N G ek | 1w, 0P
€ k=n+1
62y
Cq 20, —2n _2(n—1)—2nuwy —21Y 2
<TG A2 o).

Therefore, for any v € X, by the Holder’s inequality, we get
1(Zav) (@) = (Fanv) D

T
< / (St T = 1) = Fat) 0 Pul(T — Y)0(0)dT
0

s’ B T (5.12)

SZ—T%—",\nﬁr/ (T — )"~y () ||dT

- 0
S

Sz—T“’"“t’”AJﬁl”B(n(l —w), 1—n)[vlx.

which implies that
o7
1Tav = Tavllx < ——T7 "3 2V B(n(1 = ), 1 —n)llvllx.
Cc—

Noting the asymptotic property of the eigenvalue with A,41 — 0o as n — oo, we
thus get 7, ,v — v in X. It means that the operator .7, is a compact operator
from X into X.

Next, we show that .7, is a continuous operator. In fact, let {v;}7°, C U, and
v € U, with lim;_, o, v; = v in U,. Similarly to (5.9), it yields

2
-7a(t) 0 Pa(S)v(D)Il = z—’:T“t_"g"_lllv(f)H. (5.13)

Hence, we get
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7 (t) 0 Po(T — T)(vi (1) — v()|I?

Zc%r o, —n -1 2 2
<—-T% (T = )" (Jui@I° + lv@I),

together with the Lebesgue’s dominated convergence theorem and the same way as
in above arguments, we get

T
1(Favi)(t) — (Fev) (@) Sfo |a(t) o Po(T — ) (vi(r) — v(7))lldT
— 0, asi— oo.

Hence, F,v; — v asi — o0. Then, .7, is continuous, and we conclude that .7,
is completely continuous. The proof is completed.

Similarly to Property 5.2 and Lemma 5.4, it is not difficult to check the following
lemma.

Lemma 5.5 The operator %4 (t) is compact for every t € (0, T] and continuous
in the uniform operator topology on B(L(2)) forallt € (0,T)], and P,(t)
is compact for every t > 0 and continuous in the uniform operator topology on
%(LZ(Q))for all t > 0, respectively.

5.1.4 Existence and Uniqueness

In this subsection, the existence and uniqueness results of mild solutions for the
present problem are considered. To achieve this goal, we need the following
assumption.

(Hf1) f : (0,T] x L?(£2) — L*(£2) is continuous with respect to u and is
measurable with respect to ¢, and there exists a positive constant L y such that

£, wll < Lyllull, Vue L*(£2).

Theorem 5.1 Lety € (O, é) and g € A7V (2). Assume that (HfI) holds. Then
the problem (5.1) has at least one mild solution provided with

2

ClTT
=ci LT "B(a, 1 — — T LTY < .
E e (@ n)+c, sin(7rn) ! 2

IA

Proof For each r > 0, denote a set

B, =f{ueX: |ullx <r}
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Clearly, B, is a bounded closed and convex subset of X. To achieve the aim of this
theorem, we need to show that the operator equation u = .#u has a solution in By,
where .% is defined as

(Fu)(t) = S4(1)g — (T H) + (Lo )

and 2, is defined by
t
(L)1) = /0 Pyt — 1) f(T,u(r))dr.

Claim 1. The operator .% : C((0, T]; LZ(.Q)) — C{0,T]; LZ(Q)) is well
defined.

Indeed, from Property 5.2, we know that .#,(t)g € C((0, T]; LZ(.Q)) for g €
LZ(.Q), so it still holds for g € H17Y(£2). In view of Lemma 5.4, we see that
(T ) € C(0,T]; Lz(.Q)). From the assumption of f, for any 71, % € [0, T]
with 11 < 1, it yields

1(La f)(12) = (Lo HD =

n
/O (Lot — 1) — Po(t1 — 1) f (T, u(r))dT

+

14
/ C Pty — O f (T u()dr
n

=:J1 + Jo.

For Ji, from Lemma 5.5, we have
131
)< /O (Pulty = T) — Pty — ) (1. u(r)ldT

1-n
Lt
< lf L ullx sup [ Zaltz — 7) — Pulti — Dl g2y
—-n t€[0,11]

which implies that J; — 0 as t, — #;1. As for J», we have

o0

n
s 5/ =0 Y [Era(—i2 — O [ filz, u(r)2de
n

k=1,kell
n
§Lfc+/ (tr — O Mu(r)|dt
1

<LfC+
_]—77

lullx (@t — )7 — 0, ast, — 1.
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Thus, 2, f € C([0, T]; LZ(Q)). Combining with above arguments, for any u €
C((0, T1; L%(£2)), we obtain .Zu € C((0, T1; L3(£2)).

Claim II. The operator .#u € B, for any u € B,.

From the inequality (1 + af <1+aland (1 +0)? <2(1+c?) fora,c >0
and b € [0, 1], it is clear from Lemma 5.1 and (5.4) that

2 0 a\ 2
c L+ MmT 2
17@®el> <= > (—) (g, B0
AN
2 00 ay 2(1-y)
€L op oo L+ 0T —2(1-y) , 2(1-y) 2
<7 N (— X e 1 o0l
- 2 o k k ’
€= r=iren N 1T
2C2 s 2 2
_ —2(1— - 1-
5—2+T2”t 2n Z (A'k ( V)+T20((1 )/)) )\'k( V)|(g’¢k)|2
= k=1kell
SC%I_Zn“gnzi/ilfy(Q)v
(5.14)
where Cr = ””;—_Tn\/Z()»l_z(l_V)vLTh(l—V)). Therefore, we deduce that

172 (gllx < Crligll i (g)
It is similar to (5.10), for any u € B,, that

2 T
C
I(Za D)l < —+T“Lff"f0 (T — )" Nuo)lldt
2
cqm _
—  T*L " s
< Tonem T Ls llullx

which deduces || 7, fllx < ciLfT"‘n r/(c— sin(;rn)). Moreover, from (5.4), we
have

t
1(La NH D §C+Lf/0 (t =) u@)llde < e LT "B, 1 —n)r.

Therefore, one can choose r large enough such that

C27T

CT||g||jf|—J’(Q) + L(fTar + c.;,_LfTaB(o(, 1—nr=<r,

c_ sin(mn)
and then we get
[Fullx < I5aOglx + 117 flx + 1 Laflix <.

This implies that % (B,) C B;.
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Claim III. Operator .% is completely continuous.

Obviously, from Lemmas 5.4 and 5.5, we just need to show that .% is a
completely continuous operator. Indeed, by Lemma 5.4, for every ¢ € [0, T], it is
sufficient to prove that 2, is completely continuous in X. Since 2, () is compact
for every t+ € [0, T] in view of Lemma 5.5, we can structure a family of finite
dimensional compact operators as the same way in Lemma 5.4 by

t
(Lan )(0) = /0 Pt — 1) f (v, u(D))d

for every n € I1, in which

PonOv=1""""3" G oMt W, p)Pr, v € LX(2).
k=1,kell

It is clear that the H"(¢t) = {t"(ZLy.nf)(t) : u € B,} are relatively compact for
every t € [0, T].

On the contrary, applying Lemma 5.1 with respect to u € (0, 1), and (5.4), we
get

t
1(La )(@) = (Lan IO = H/o (Zat = 1) = Pant — 1) f(z, u(r))dt

t
<ciLpah / (1 — D1 u(r) | d
0
<ciLyBa(l —p), 1 —pre=m=n b

which implies that | 2y f — Zo.n fllx — 0, as n — oo. Consequently, we derive
that {H"(¢)} is arbitrarily close to the set H(t) = {t"(Zq f)(t) : u € B,}. Thus,
H (t) is relatively compact in X for every ¢t € [0, T']. Therefore, 2, is a compact
operator.

Furthermore, by using the same ways as in Claim I and Lemma 5.4, one can
check that the set H () is equicontinuous. Next, we will show that 2, is continuous.

Let {um};'le C B, and u € B, such that lim,,_,~ u;, = u; hence from the
continuity assumption of f, it yields

Jlim f( um (D) = fu@), €O, T]
and

I1Lf (@, um (1)) = f (@, u() < Lyllum @I+ Lyllu@l <2Lgr™"r.

Therefore, from the fact that (r — t)*~ 't~ e L1(0, 1) for a.e., T € (0, r) and the
Lebesgue’s dominated convergence theorem implies
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1
(L fr) () = (2o HO] = H/o Pa(t = )(f (T, um (7)) — f(r,u(0))dT

t
<ct /0 (6 = O L (2 um (D) — F(r, (el d
— 0, asm — oo.

Hence, |2y fin — 2o fllx — 0as m — oo, which shows that 2, is continuous,
and then operator .% is also continuous. By the Arzela—Ascoli theorem, we know
that .# is completely continuous. Consequently, the Schauder fixed point theorem
shows that .# has at least one fixed point on B,, and then problem (5.1) has a mild
solution. The proof is completed.

Remark 5.1 Noting that the above existence result does not need to assume the
Lipschitz type condition or smoothness of nonlinear functions, that is, the assumed
condition of existence result is weaker than which in paper [91]. On the other hand,
PDE can be abstracted to an abstract differential equation. We pay attention to study
the existence of mild solutions of such abstract problem. From this point of view, it
is not necessary to assume that the function f is continuously differentiable shown
in [10].

Remark 5.2 If the following condition
If @& wl < Lyllullx, VueX, (5.15)

substitutes for (Hf1) for some constant L’. > 0, then the operator .7, is also com-
pletely continuous. Obviously, the above condition is stronger than the condition
(Hf1). However, we can pick a different range of n by € [1, «], thatis, y € [é, 1].
By repeating the above proof process in Theorem 5.1, we also establish an existence
result of mild solutions (see below). In addition, we also remark that there exists a
solution on C*((0, T1; L2(2)) forn = a (y = 1).

Theorem 5.2 Let y € [, 1] and g € 177 (). Assume that (HfI) holds with
respect to f satisfying (5.15). Then the problem (5.1) has at least one mild solution
provided with

2
c_+L/fT77+a + C+L/fTot+ﬂ <
c-n

N =

(Hf2) There exists a positive constant L'y such that f : (0, T x L2(2) — L*(£2)
satisfies the following condition

If @ w) = f@ o) < Lllu—vll, Yu,veL*(2).

Theorem 5.3 Assume that the hypotheses of Theorem 5.1 and (Hf2) hold, and



252 5 Inverse Problems of Fractional Wave Equations

Cr = cyL{T*B(a, 1 — ) + ¢ L/ (c_sin(ry)) < 1.

Then the problem (5.1) has a unique mild solution.

Proof Define operator .% as in Theorem 5.1; obviously, .# maps B, into itself. For
any u, v € X, similarly to (5.10), we have

t
I(Fu)@) = (Fv)O)I = ”/O Dot = 1)(f(r,u(r)) — f(z,v()dT

T
+ ”/O Fa(t) o ZPo(T —1)(f (T, u(1))
—f(z,v(D)dr|

t
<ci L} /O (¢ =0 fu(r) —v(D) dt

2 T
C
+ —+T°‘L/}f"/ (T — )" u(r) —v(0)| dx,
c— 0
which implies that ||.F#u — Zv|x < C} |lu —vlly, where C}, < 1. Thus, # is a
contraction operator. Therefore, problem (5.1) has a unique mild solution.

Hf3) f : (0,T] x L%(2) — L*(2) is continuous with respect to u, and
it is measurable with respect to ¢. There exist a positive constant p with p >
max{1/n, 1} and a positive function ¥ (-) € L? (0, T) such that

lfEwl <9@), YueX, te@T] (5.16)

Theorem 5.4 Let g € 'V (R2) for y € (0,1]. Assume that (Hf3) holds.
Then problem (5.1) has at least one mild solution u € C"((0,T]; L>(£2)) N
L0, T; L*(2)) for1 < g < 1/n.

Proof Let us begin the proof of the compactness of .7,. By repeating the proving

process of Lemma 5.4, there is a similar method to show that .7, converge

uniformly to .7, as n — oo. Indeed, for any u € L*(2), by applying Lemma 5.1
1

with respect to i € (0, 1 — ﬁ), one can use the same way as in (5.12) that

1(Ta () = (Tan DI

2 T
. B e
5C—fT%—mIf‘ /0 (T — )" £z, uo))lldT
) . (5.17)
C —
SiTa;—nanf/ (T — o)""=W=1y (r)dr
_ 0

S p—1 P oatn(—)—t _p —yu
= ol — -1 T 0N Sl p ,
s (Up(l —wn)—1 aat 10llLr,1)
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which implies that || .7, f — J4.n fllx — 0asn — oo.
Next, we just show that the operator % maps B, into itself. In fact, for any
u € B, in view of (5.13), we have

2 T
IZe DO <27 / (T — 1) '8 (0)dr
— 0

) 1 (5.18)
c -1\ 7 _1 _
S-i-< P ) T2 N9 e o, 1) -
c- \np—1
Moreover, from (5.4), we get
t ' ool
1(Ze HDI < C+/(; (t =) 0 (0)dt <cqt” 7| zro,1)- (5.19)

Therefore, one can select r large enough such that

2 1-1
c p—1 P -1t
Crlgl spsa-» o) + — T |9
T8l psa-»(2) p (UP— 1) 1D lLr 0, 1)

_1
+ e TR e,y S 1
and then we get that .% (B,) C B,. The remains of the proof of existence result are
similar to Theorem 5.1.

Finally, we will check thatu € L4(0, T; L2(£2)). In fact, one sees from (5.4) the
assumptions of f, (5.14), (5.18), and (5.19), that

L2 8l Lao.1:02(2)) + T YO La0.1:12(2)) + I OO La0.7:12(52))

1/q
1 1, arl_L
=\1Z 4 CrTe lglp-—v@y + T ¢ PldlLro.1)

2 -3
c —1 P 1_1
4+t (p_) T 0o ||l9||LP<o,T)> < 00,
co \np—1

which implies u € L9(0, T; Lz(.Q)). Hence, the proof is completed.

(Hp) There exists a positive function p(¢) € L'(0, T) such that

T
Ap ::/ (T — r)_lp(r)dr < 00.
0

Noting that this function of (Hp) will exist, for example, p(t) = T —¢ fort € (0, T].

Theorem 5.5 Let g € 7' (2). Suppose that there exists a positive function ¥ (-)
satisfying (Hp) such that f : (0, T1x L2(£2) — L%(82) is continuous with respect to
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u and it is measurable with respect to t and satisfies (5.16). Then the mild solutions
belong to C ([0, T1; L*(£2)) for some 1 € (0, ).

Proof According to the assumptions of f, it is not difficult to check that there exists
at least one mild solution u € C"((0, T]; Lz(.Q)). In the sequel, we shall show
u € C([0, T]; L*>(£2)). Now, forany 0 < 1| < 1 < T, it follows that

luz) —u(t) | <152 (2)g — Lo @)gll + 1(Ta )ED) — (Ta @)

(5.20)
+ 1(Ze ) (02) = (Za HEDI-

Noting that if g € /#1(£2), then by Property 5.1, .7, (t)g is bounded in L?(£2) for
all ¢ € [0, T1]. Hence, we first obtain that ., (-)g € C([0, T1; L*(£2)).
On the contrary, by using (i) in Proposition 1.14, we have

1(Ta )11 = (Za )12 =C

n
/ (tr —2)' 92" 2dz
n
! 1
x [ =07 ulde
0
5]
§C/ (th — 2)' 7927 2dz Ay,
131
for constant C = 2¢4 /I" (2 — «), where we have used the estimate

|£Ol(_)\-ktg) — ga(—)\kl‘ix / (tr — Z)l o o de

= _F(2

Next, we shall estimate the last term in (5.20). To begin with, by using (ii) in
Proposition 1.14, it follows that

n
(20 f)(12) = (Lo f)(11) | SC+f (tr — )" "9 (r)dr
n

1 h—T »
+C+/ / 2%7%dz
0 n—r

c+o _
Sa — (2 — )" 1||15‘||L1(0,T)~

Y (t)dt

Thus, together with arguments above, let , — 7, and it is clear that u(#2) — u(#1)
in L2(£2).
Moreover, setting ¢ = T — 7, forany v € L2(.Q), it yields

4 00

c 1+ 2T\
1) 0 Pa (g)v||2< T (W) (v, )
k=1,kell kS
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Ci 2a _—2y.112
<5 T vll"

Therefore, we have
C%r r 1 C%r
(T @D SC—T“/O (T -9 I f(z,uz)lldr < C—T“Aa.
In addition, one has
t
1(Za DI §C+/ (t —0)* ' (0)dT < s T Ay.
0

Consequently, we deduce that u € C([0, T']; L%(£2)). The proof is completed.

5.1.5 Regularization

Let R(e, Ax) be identity to

| (=2 T4)|?
| (=M T2 + el

R(e, M) = €>0 kell=NT\0©

and let

o
Cied, 0<o <4,

Cre, o0=4,

where C; = C(o,c_),Cr, =C(o,c_, 1) > 0foro > 0.

Since ., (¢) is not bounded linear operator on L%(£2) at time ¢ = 0, it means
that problem (5.1) is not stable on L*°(0, T'; L%(£2)), and it can lead to the general
ill-posed problem, in the sequel, we define a family of regularizing operators .7 ()
with the main idea of a general filter regularization method by

N Ea (—Ait®)
Iy = kZIZM Ree. b 22— (0, 0

Then we can obtain the following regularized solution by the same way as in above
theorems

u () = S5 (08" — (I ), u) + (Lo /), u),
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where g€ is a noisy final data and € > 0 is a noise level which is assumed to satisfy

g€ —zgll <e, (5.21)

and hence we can rewrite it as follows:

o]

Ea(—A
wN =y R(e,u(—";a)) gigu(x)

k=1,kell a(—2

G (—Apt®)
Z Ree k)cf( M TY)
k=1,kell

T
x [ /0 (T = 0 (=0 (T — D) fi(x, UE(T))dT:|¢k(x)
+ Z [ f (1 = D% (M (T = O iz, u‘(t»dr}m(x)
k=1,kell

Let us introduce the function u, by
o

. Cgoa(_)\kta)
(1, X) —k:lzken R(e, Ak>mgk¢k(x)

Eu (—Agt®)
Z R(e, M) ———
k=1,kell Ga (=1

T
x [ /0 (T — D% a1 (T — 1)) fi(z. u(r))dr}@(x)
+ Z [ / (t = O Gy (i (T — O fu(r, u(r))dr}mu)
k=1,kell

Theorem 5.6 Assume that ¥ (x) := u(0, x) € J°(82) for any o > 0 satisfies an
a priori bound condition

IV lleo 2y <M,
for a positive constant M. Furthermore, let f satisfy that i) f is continuous with
respect to u and is measurable with respect to t, ii) there exists a positive function

v (-) satisfying (Hp) such that (5.16) and the following condition hold

If @ u) = f@ o) <O@lu—vll, VYu,veLl*(R), t€,T]
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2
If(i—ir + c+T°‘> Ay < 1, then

-1
2 2
c i€
”ll€ — u||LOO<0yT;L2(Q)) < |:1 - <_c+ +C+Ta) A§i| |: ;C + C+MCE] .

Proof According to the assumptions of f, it is easy to check that there is a unique
solution u€ € L>®(0, T; L2(£2)). We next show thatu¢ —u € L°°(0, T; L%(£2)) for

each € > 0 and its exact upper bound.
By the triangle inequality, we have

u (1) —u(@®)|| <[ (@) — ug ()| + llug (@) —u@)|.
Firstly, we estimate ||ju€(¢) — uq(2)]|.
Indeed, in view of the inequalities in Lemma 5.3, we have
1 1 1
" 7 =3 =< 2 .
|6a (=2 T*)|* + €Ag ;—% + €er? NG

Thus, by virtue of inequality z/(z + a) < 1 for any z, a > 0, it yields that

2
T

< 9
T 2c_.f€

So(—hit®)
R 1 R
IR(e, Al = 1, ‘ (G’Ak)ga(—kkT“)

which implies from (5.16) and (5.21) that

2 2 T

C C
U (1) — ua ()| <—F—|1g¢ — +—+/ T—1)"!
[lu® () u“()ll—zc_ﬁ|lg gll o O( )

x || f(z,u (7)) = f(r,u(r))lldt
t
+C+/O (t — ) f(z,u¢ () — f(z,u(x))|dt

2 2 T
c 2c _
+ ||g€—g||+—+/0 (T — ) "9 ()de

2c_4/€ c_

t
+2c+/ (t — ) ' (r)dt
0

=

— 2c_

2 2
ci € 2c
LSe/E + (—* +2c+T°‘> Ag.

Next, we estimate ||uq (1) — u(t)].
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Obviously, from the initial value uy (0), we know

1 T
ui(0) =m<gk - /o (T — 1) o (=2 (T — D) fi(x, M)df>,

and it yields
&y (—at®) |?
g (1) — u(®)|| = ’(R(e h) — 1) 2
k=1.kell o (=M )
T 2
X [gk - /0 (T — 1) 1y o (=21 (T — 7)) fi(t, u(r))dr}
2
i €r?
<cy |ui (0)?
k:;ken |Ea (=M T2 + €A
<cy sup ARV ee (2,
keN+tNIT
where
27
AGK) = er;

|Eu (=M T2 + €A}
It follows from [225, Lemma 2.5] and Lemma 5.3 that

Alk) < =k <

et Cie?, 0<o <4,
cz_—l—eké -

Cye, o > 4.

Therefore, u¢ — u € L(0, T; L%(£2)) for each € > 0 follow. In particular, by the
same way as the proof in ||u€(t) — uy(¢)||, we have

CZ
2cfe
+C+/ (=) ") u(2) — u(r)|dt

ch\/— o
+ Cy T A ll —Uu o0
= o ol o0, 7:22(2))-

u® (1) — ua M|l <

g gll+—/ (T — ) "9 () u (v) — u(r)||ldT

Therefore, we have
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2 2
i€ +
||l.l6 — M“LOO(O’T;LZ(Q)) f 26‘ + C_ + C+Ta /177”“6 — u”LOO(O’T;LZ(Q))

+ C+MC€.

2
Consequently, since (2—* + c+T"‘) Ay < 1, we deduce the desired conclusions.

The proof is completed.

5.2 [Initial Inverse Problem
5.2.1 Introduction

Consider the time fractional wave equation

ng;u(t,x) — Zu(t,x) =G(t,x), (t,x) € (0, Ty x $2,

u(t, x) =0, (t,x) € (0, To) x 882, (5.22)
u(0, x) = up(x), x € £,
1 (0, x) = 0, x €42,

where the domain 2 is a subset of d-dimensional space R4, which is a bounded
domain with sufficient smooth boundary 9£2; d = 1, 2, 3 is the dimension of the
domain £2, Tp > 0 is fixed (we let I, := [0, Tp]), and B € (1, 2) is the fractional
order of the time derivative. Here, ng refers to the (left-sided) Caputo fractional
derivative of order 8 with respect to ¢t € (0, Tp]:

t 3 82
3 u —F(Zl—ﬂ)/o (t —S)l Bmu(S,x)ds, 1 <B<2,

Cnb .
D;iu(t, x) = =
0™t ’
9th 52
ISEZZVX) 0’ ﬂ 2'

(5.23)

The operator —% in (5.22) represents the unbounded uniformly elliptic operator
with domain D(—%) = Hj (£2) N H*($2) defined in [188] (see p.427).

If the initial data u and the source term G are given, the problem (5.22) is called
the direct problem. In [188], Yamamoto proved that the direct problem (5.22) has a
unique weak solution, and for other results, see for example [4, 52, 180, 188, 226].
The inverse problem for (5.22) is less known. Inverse problems occur when we do
not know all the given data (the initial data, boundary value, diffusion coefficient, or
source term). By adding some given data, we can have inverse problems such as the
backward problem (recovering the initial data) and the source identification problem
(recovering the source function), see, for example, [96, 147, 206, 207, 209, 223] and
the references therein.
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In this section, we consider the backward problem (the initial inverse problem)
of the inhomogeneous time fractional wave equation:

ngu(t,x) — Zu(t,x) =G(,x), (t,x) € (0, Tyl x £2,
u(t,x) =0, (t,x) € I, x 952,
u(Ty, x) = h(x), x e,

u;(Toy, x) =0, x €.

(5.24)

Our goal is to construct the initial data f(x) = u(0, x) from given data (h, G). We
show that this problem is ill-posed (see Sect. 5.2.2). Note that we cannot observe the
data (h, G), so we only get approximate data (h€, G¢) such that

A — hE”LZ(_Q) +1G— GE”LI(O,TO;LZ(.Q)) <€, (5.25)

where € > 0 is the noise level (in this section we will also let || - || denote the
L?(£2)-norm). A regularization method is required for constructing approximations
of stability for a sought solution. There are only a few results on inverse problems
for fractional wave equation such as inverse source problems on a bounded domain
[28, 146, 196, 208, 226], and recently, Tuan et al. in [208] considered existence and
regularity of final value problems for time fractional wave equation.

We use the fractional Landweber method to find a regularized solution. This
method was introduced by Klann and Ramlau [119] to consider linear ill-posed
problem. The main idea of the fractional Landweber method is based on iterative
sequences, which is similar to the classical iterative method. Using this method,
some authors established a fractional method for solving some linear ill-posed
models, see, for example, [88, 167, 229]. We will consider regularized solutions and
regularity for the regularized solutions. Also we will present an error estimate of
the fractional Landweber regularized solution to the exact solution under an a priori
assumption using a priori and a posteriori regularization parameter choice rules.

The rest of the section is organized as follows. In the next subsection, some
preliminaries are presented, and a mild solution of our backward problem is
discussed. In Sect.5.2.3, we present a regularized problem and consider the well-
posedness of the regularized solutions. In Sect.5.2.4, error estimates under two
parameter choice rules are considered.

5.2.2 Preliminaries

Consider the operator —.% on L?(£2) with domain D(—.%) = H*(£2) N HO1 (£2).
Assume that —% has an eigenvalue d; with corresponding eigenfunction e €
H?*(22) N H} (£2). Note

~ ~

O<adi<d <dz3<..<a <..
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and gy — oo as k — o0o0. Moreover

Ler(x) = —arer(x), x € £2,
ex(x) =0, x €082,

and we note that there exists a positive constant C such that a; > C k% for k € Nt,
where d is the dimension of the domain £2, see [42].
For r > 0, consider the Hilbert scale space (see [159])

() = {v e LX) ) _dl(v. e < —i—oo} (5.26)
k=1

with norm

1
2

o0
vl () = (Zaz|<v,ek>|2> :
k=1

If r = 0, we have #°(2) = L%(2).
For a given real number 1 < p < oo, let L?(0, Ty; Lz(.Q)) be the space of all
functions such that

1
To P
Il e o, 10:22(02)) = </0 ||v(t)||€2(mdt> < +o0.

Let Ey g(z) be the Mittag—Leffler function as in Definition 1.7. Note that E, g(z)
is an entire function in z € C.

Lemma 5.6 ([180]) Forc > 0, B > 0, and a positive integer n € NT, we have
n

d7E‘3’1(—Ctﬁ) = —Ctﬁ_nEﬂ,5,n+1(—ctﬁ), t > 0.

Lemma 5.7 ([141,213]) ForO < XA < 1,r > 0, and n € NT, we have
A="A<ra+D7" <r'n".

From result in [188], the direct problem (5.22) exists a unique weak solution u €
C(Iz,, L*(£2)) N C((0, Tol; H2(£2) N H}(£2)) with ngu e C((0, Tol; L*(£2)).
Using the Fourier series expansion, the formal solution of the direct problem (5.22)
can be constructing in the following form [188]:
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u(t, ) = Y [ Epa (<Gt fic + Fpa0 Jexc), (5:27)
k=1

where fi = (fiex), Ge(t) = (G(t,-),ex) , f(x) := u(0,x), and Fp(t) =
(ﬁ‘g 1), ek> with

S t
Fg(t) == Z[O (t — )P Eg g(—ar(t — ©)P)Gr(r)drer (x). (5.28)
k=1

Using Proposition 1.16, we have the following lemma.

Lemma58 Let1 < B < 2, forall0 <t < Ty and k € NT. There exist two
positive constants M , Mg, 1 such that

- M
Eg1(—aptP)| < b

= m, Eﬁ,ﬂ(—akfﬂ) =

14+ aph’

Next, we will consider the mild solution of the problem (5.24). Assume the problem
(5.24) has a unique solution u.
Lett = Ty in (5.27), and we obtain

he = Ep 1 (T fi + Fp.u(To), (5.29)

where hy = (h, e), with k € NT. From Lemma 3.2 in [226], there exists a positive
constant Ly > 0 which does not depend on & such that

1

—Nﬁ <0, EkTO'B > Lo,
2r (1 — B)ax T,

Eﬁ‘l(_akToﬂ) <

for 1 < B < 2. Therefore, if Ty is large enough such that
B ~ -1
1¢ = Lo@) ™", (530)
then Toﬂ > Lo(ax)~ !, for all k € N*. Therefore
Ep 1 (—aT{) #0, (5.31)

for all k € N In this section, we assume that T always satisfies (5.31).
From Lemma 2.5 in [115], Lemma 5.8, and (5.31), we have the following lemma.

Lemmas.9 Letl < 8 < 2and Toﬁ > Lo(ax)~!, for all k € NT. Then there exist
positive constants J_//ﬁ,_, %ﬁﬂL depending on B, Ty, day such that:
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_ - M
< |Eg i (-@T))l < =2
ay ak
It follows from (5.29) that
1 a7
fo = ————5 [~ Fpat)]. (5.32)
Eg1(—arTy)
By substituting f; into (5.27), we obtain
o ~
Eg.1(—artP)
ut,x) = 30 [ PEE 2 = Fpa(To) |+ Fpa 0 |ern). (533)

k=1 Eﬂ,l (_EdeB)

Lemma 5.10 Let G € LY(0, To; L*(R2)) and F4(t) is defined as in (5.28). Then
there exists a positive constant A such that

7Ol 2 =

X et
> fo t — ) Eg p(=a(t — 1)F)Gr(r)dTer (x)
k=1

L2(2)
<AlGIlI 10,7 L2(2))-
Proof First note
0 t
12Ol 20y =| D / (t — )P Eg g(=ar(t — 1)F)Gr(r)dTer (x)
k=170 L2(82)
t x 2
< [ |30 - 020 Bt - 01Gu(oCar.
0\l k=1
Using Lemma 5.8, we obtain
1
78Dl 1202 5//1/0 t =P NG, )2 @)dr
-1
<TG 10112 2) (5.34)

and so
178122y < ANG N L10,7:12(52))

with A = .21,
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The solution u (¢, x) of the problem (5.24) for 1 < B < 2 is given by (5.33). For
t =0, we get

o0

,
@) =u0.x) =Y k

—~ﬁ€k(x), (5.35)
=1 Epa(=arTy)

where
0
lll(x) = Z llfkek(x), with 'Ifk = hk - fﬂ,k(T0)~ (5.36)
k=1

Our main goal is to find the initial data f(x) from the final data /(x) and the source
term G (¢, x). To find f(x), we need to solve an operator equation:

where ¢ : L2(2) — L%(£2) is the integral operator defined by

KW =Y EpaaI) fade = [ e

k=1 2
with kernel « (-, -), i.e.,
o0
k(. 0) = Y Ep (=i Ty)en(§er(x).
k=1

Since k (x, ¢) = k(Z, x), it is easy to see that the operator % is self-adjoint.

Lemma 5.11 Let h € L*(2) and G € LY(0, To: L*(2)). Then ¥ as in (5.36)
belongs to L?(£2) and

||lI/||L2(_Q) =< ||h||L2(Q) + A||G||L1((),TO;L2(_Q))-

Proof We have

oo
Wiz = X (b = Zpat))exo)|
k=1

=| ghkekm\ v | gﬂﬁ,k(mek(x)

L2(2)

Using Lemma 5.10 we obtain
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¥ lz22y < IhliL22) + ANGI L0, 7 L2(52)) -

This completes the proof.

One can show that (-, -) € L2(£2 x £2). Therefore, # : L*(2) — L%*(2) is
compact operator of finite rank. Hence .Z” does not have a continuous inverse [169].
To illustrate the ill-posedness of the backward problem, we give an example. Let

_ 1 1
(h,G) = (0,0) and (h, G) = (—el, —=e¢; |, where [ € NT. It is easy to see
A/ aj A/ aj
that
Ik — || : d|IG -G :
- 2(0y = —= an — 200y = —=-
L=(£2) 7 L2(R2) w

Hence

lim [[h — hll 2oy = 0and lim |G — Gll 2(q) = O, (5.37)
[—o0 [—o0

so (1, G) is an approximation of Lh G) when [ is lage enough. Using (i, G), we
get the corresponding initial data f and the equation ¥ as follows:

e¢]

W(x) =) (hk - /0 (To — )~ Ep s (—a(To — r)ﬂ>Gk(r)dr) ek (x),

k=1

Mg

Eﬂl( akT )

- TO —
hy — A (To — 0P Eg g(—ar(To — r)ﬂ>Gk(r>dr) e (x).

From the Parseval’s equality and Lemma 5.6, we obtain

[} T 2
=y [<E —he)— [ (T - 0 Eg p(—aTy - )G - G, ek>dr}
0

k=1
1 1 [T 1 - ?
=[—al - /0 (To — 0)° Eﬁ,ﬁ(—al(To—T)ﬂ)dT]
1 To _ 2
=—1 —/ Tﬁ_lEﬁ’ﬁ(—altﬁ)d‘[}
a 0

| — | —
—_
|

2
+ g (—a1h
a’l /3’1 l 0 :

Y —

(5.38)
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This gives
[—o0
On the other hand, we have
> 1
7 = f122 0 = —N[@— h, ex)
@ 1; Eé,l(_akToﬂ)
To o 2
— | (To—0)f ' Egp(—a(To — 1)P)(G - G, ek>dr}
0
1 1 1 (D
= | ——=-— | TH-vf!
E2 \(—aTy) [JE Vai Jo

2
x Eg g(—a)(To — r)ﬁ)dr]

~2 Tc 2

a 1 0 ~

> é :|:1 —/ Tﬂ_lEg‘ﬂ(—a[Tﬂ)dT]
My, 0

- 2

q 1 1

>— 1—a—+ —Eg1(—aTy)
My !

Therefore
Jim [ f = fllzg) = +oe. (5.40)

We conclude that the backward problem is ill-posed in the sense of Hadamard.
Hence a regularization method is necessary.
Now we give a stability estimate.

Theorem 5.7 Suppose f € H"(82) satisfies || f |2y < P foranyr > 0. Then
12 < A5 115, PP
L2(2) = L2(£2) ’
where P is a positive constant.

Proof Using (5.35) and the Holder’s inequality, we get

o0

||f||iz(m=k2 Z%] [Z‘”—kz}

( akTﬂ) [k 1 Er+2( a Tﬂ)
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Hence
1712 < 0750, 77, (5.41)
where
S

T:—Z

Er+2( akT'B)

Using Lemma 5.9 and (5.35), we get

1 2
= ZW(_ <Z//,ﬂ_fk =z Wl

This implies that

2

r+2 )+2 5
”f”Lz(Q) = % “lI/llLZ(Q) r+2.

5.2.3 Regularization Method

In this subsection, we introduce the fractional Landweber regularization method,
and we also analyze convergence properties of regularization methods under two
parameter choice rules.

From [118], the operator equation . f = W is equivalent to the following
equation:

f=(1-ax*2)f +ax"v, (5.42)

for any @ > 0. Here, 2™ is the adjoint operator of %, and a satisfies 0 < a <

! The iterative implementation of the fractional Landweber method was

IRZ
120 20

considered in [119]. Denote the fractional Landweber regularization solution by

[e¢]

fn,g(x) = Z

~ nie
— 1= (1-aB} ar)) | weda. 643
k=1 Ep1(—axTy)

and the fractional Landweber regularization solution with the noisy data by

o
1 nqe
€ 2 ~ B €
=2 ———[1-(1-aB},at)H) | (5. er)ex.
" k; Ep1(=aTy)
(5.44)
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1
where o € (=, 1] is called the fractional parameter, and n = 1,2,... is a

regularization parameter. When o = 1, this is the classical Landweber method.
Hence, we get the fractional Landweber regularization solution of the problem
(5.24)

un,g(tv x)

E B n
_ [%[ (1-ar3, arh) | w. ek>+ﬂﬂ,k(t)}ek(x)
k=1 -E£p.1{—dk

and the fractional Landweber regularization solution of the problem (5.24) with the
noisy data

iy o(t, X)

o [ Epa(=at?) s game }
=2 | || T U makpaad + TSt
Z[Eﬁl( ClkT )I: ( a /3’1( Ak 0)> ] < ek) () €k()€)

S [ LGB, (1-0rj -and) '

Eﬂ,l(—akt) ) B :|
Eﬂ,1<—EkT({’>[ (1 = a8, at))) | 75T+ Fi0)ferto
=:1(t, x) — Pa(t, x) + ¢3(2, x),

where

oo ~

E ,1(—aktﬁ) - nje

o1(t.x) = 3 P 1 - (1 akh (<A T))) [ e,
k=1 Epi(=acTy)

Eg1(—axth) 2 o~ 2 B0\"T0
t, EEEE— 1 —aEg ((—axT F g (T, ,
$2(t, %) = ;Em ! )[ (1-a3,at)) | 7 uTe)

$3(1, x) = Z K(Dex(x)
with
1
Fg 1 (1) :=/0 (t — 0P Eg g(—ar(t — PG (v)dr.

Next, we consider the regularity of the solution uj, o
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Theorem 5.8 Let h¢ € L%(2), for | < B < 2, and assume (5.30) holds.
Furthermore, suppose that G¢ € L' (0, Ty; L%($2)). Then (the regularized solution)

uf, , € L0, To; L*(£2)) and

11
g, ol oo, 10:12(2)) <Ap+aZnZ Al 2
11
+ (Mg rain +1) MG 072020
Proof From Lemma 5.8, we get

Eg 1 (—axt?)

2 .~ =B\
— [1—<l—aEﬁ71(—akT0 )) ]
Eg1(—aTl)

(5.45)
- -1 - no
Sa%,///,g,+(a%Eﬁ’1(—akToﬁ)) [1 _ (1 —aEégl(—akTOﬁ)) ] :
Let ¢ := a%Eﬁ,l(—EkTOﬁ) and
n2o
b)) = 19—2[1 — (1 — 192) ] .
. 1 2~ oB
Since 0 < a < ———,wehave 0 < aEZ (—arTy) < 1. Hence, the
TR P
o _ L(L2(2))
function is continuous when ¢ € (0, 1).
For g € (%, 1) and ¥ € (0, 1), using Lemma 3.3 in [119] :
$D) <n. (5.46)

Combining (5.45) and (5.46), we deduce that

Ep 1 (—at? _ n1e
sup Lfkﬁ)[l —(1-aB}, <at)) | = Apratnd. G4
>0 Eg1(—axTy)

First note

o1, M2

e’} ~ 2

Eg 1 (—apt? 0

_ (M[l_(l_aEz )] h)

2 : ~ 7 .1 0 k
=1 NEp1(—arTy)

(5.48)
< sup [M[l - (1- aEg,l(—akT(f’))n]g] 3 (h,i)z

@>0 Eﬂ,l(—akToﬂ) k=1

11
5////3,_,_(12712 ”]’l€ ||L2(Q)
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By a similar method, we obtain

(. L2

=| > M[l ~ (1-aB},atH) " 75 Tyes )

o Epa (—aTy) L)
S///ﬂ,#l%n% 176 (To)ll 12(@2)-
(5.49)
Using Lemma 5.10, we get
201, 200y < Mp+a?n? AIGE 10112020 (5.50)
On the other hand, from Lemma 5.10, we obtain
g3, 22y = 1F5 O 22y < ANG N 110,17 L2(02))- (5.51)

Combining (5.48), (5.50), and (5.51), we have

|| u, Q||L°°(0 To; Lz(Q)) _%ﬁ +612n2 ”h “LZ(Q)
+ (%ﬂ’+a7n7 + 1>A||G€||L1(O,T0;L2(-Q))'

Now, we give the regularity of the solution at # = 0.
Theorem 5.9 Let f,fyg(x) = qu’Q(O,x) and assume that h¢ € " 12(Q) and
G € L*®(0, To; A1 (£2)). Then

p—1
T

—||G Il o r+1
25 BT L0, Ty; A7+ (£2)) -

1
I froller @) < 7R 12 yrs22) +

Proof Since g € (— 1]and 0 < aE 1= akT ) < 1, itis easy to see that

Il f ol (2)

ad 1
Eg (=T
k=1 £8,1 kLo

e9] ~

[1- (1-aB},athH) | (v e)es

()

(he = Z5(To), ex) e

k=1 T (R2)
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o0 ~ X ~
ay k
< Z_ hi e + Z_ g 1 (To)ek
k=1 ////3’_ HT(82) k=1 ////3’_ HT(82)
A direct calculation gives
> g 1
Z ——hfex = = =—— "l sprr2(2)
izt B~ HT(82) B.—
On the other hand
Y =—TsToe
k=1 - H(£2)
[ee) To
= f (To — 0 Eg p(—a(To — 1)F) G (1)dTer
0 HT(82)
1 s [0
s — 3@ [T - 0D Ep (T~ DMPRIGH (P
Mg~ =1 0

From Lemma 5.8 and the inequality (a + b)2 > 4ab for any a, b € R, we obtain

~

Gy
_—yg‘k(T())ek

B.— HT(82)
o 2
Z~r+2/ (To — 2BV —————— ) IGS(1)|Pdt
///ﬁ_ 2 1+ ax(Ty — 7)P
~r42 —)2B-D_——  _|G¢(7)]?
(T() '() |G (f)| d‘[
=7 Z / a(To— 1)k
B, k=1
Vs fo
<~ GEllr sores 7 / (To — v)P~2dt
2///,3_” (73 (O,TQ,Jerl(-Q))\/O 0
p=1
TO2

T2l JB—1 1GE 1l oo 0,7y 71 (2)

where we note that for 0 < ¢ < Ty and

o0

~r41

atGim* < E HGE(t, ). ex) 1P < NG | oo (0,19 0741 (2))-
k=1
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Thus
B-1
1.l < A€ + ATy IGell
Hr(R) S — 2or+2 e — =) - o+l .
n,0 £2) Ay HTT2(82) Z%ﬂ,f\/m L20(0,To; 71 (£2))

5.2.4 Convergence Analysis and Error Estimate

In this subsection, we choose a regularization parameter n := n(¢) such that ||u —
uy ollL2(2) = 0as € — 0, and we also consider the convergence analysis between

the regularized solution u;, , and the exact solution u.

Theorem 5.10 Let h € L*(2) and G € L' (0, Ty; L*>(82)). Assume the a priori
bound condition || f || s¢r 2y < P holds. If we choose the regularization parameter

1))

then we get the following error estimate between the exact solution and its
regularization solution with noisy data

I o = ull i@y < Apvad (14 A) PP + Ae
n a—:;%(i)“pizeriz,
N\
where | x| denotes the largest integer less than or equal to x.

Proof From the triangle inequality, we get

flu — u;,QHLZ(Q) < llun,o — M;,Q”LZ(Q) + llu — un,g||L2(_Q)~
Using result (i) in Theorem 5.8:
||un,g - MZ,Q”LZ(_Q) f””n,g - ufz,g”LOO(O,TO;LZ(.Q))
11
< Mg an? |h€ —hll2g)
1l . (5.52)
+ (L///ﬁ,+a2n2 + 1)A||G - G”LI(O,T();LZ(.Q))

§<//1}3,+a%n%e(l + A) + Ae.
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On the other hand, we have

u(t,x) = Z [
k=1

Ep1(—axt?)

~ 7 (¥, ek)+<%,k(t)}k(x).
Eg1(—aiTy)

1 ~ .
Note o € (E’ 1]and 0 < aEél(—akToﬂ) < 1, so it follows that

lu —unollr22)
N Eg(—at?)
k=1 Eﬂﬁl(—a’kToﬁ)

(1 ~[-(1- aEg,l(—akT(f’))"]g) (W, er) ex (x)

L2(2)

2\ Egi(—apt?)

= B
=1 Ep1(—arTy)

(1 — aEé’l(—ﬁkToﬂ))n (W, ex) ek (x)

L2(2)
From the definition of f in (5.35) and using Lemma 5.8, we deduce that
flu — un,g”Ll(Q)

<

> Bpa(-aut?) (1 - aB}, (<&T)) " (f, ex) ext)
k=1

L2(2)

< Z(///,s (1 - aB2, CaTh) " @ @ort e P
< Z (1—aE2 (—a T} )) El, (<T@ | (f. e 1
k=

-/%,+ ~ n_z ~
<L sup (1 — aB} (G T)) B (<GTDIf oy
%é _ Zk>0

Using Lemma 5.7, we have

llu — Mn,Q”LZ(Q)

B

_r M ~
a 4_€’+ sup (1 —aEﬂl( akT )) (aEé’l(—akToﬂ)) | f oz 2
'//2 a;>0
Mg, +

%é (4) (n+1)~1P.

IA

_r
a 4

IA

(5.53)
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Combining the above two inequalities (5.52) and (5.53), we obtain

r % r % r
le = w5, ol 22y = ///ﬂ,w%n%e(l + A) + Ae +a i ZEE (Z) (n+1)"7P.
M2
/3’7

. o P 4 . .
Choosing the regularization parameter n := | (—)7+2 |, we obtain the error estimate
€

1 2 r
”M — uf’l,Q”Lz(.Q) S %ﬂ’+aj<1 + A)Pmém + AE

, i ,
+a 4 %ﬁ,"r <£> P$€r+2.

In the above result, we obtained an error estimate between the exact solution
and its regularization solution with noisy data by choosing the a priori parameter r,
and this n depends on the noise level € and the a priori bound condition P. Now,
from results in Morozov’s discrepancy principal [58], we choose the regularization
parameter n by using an a posteriori choice rule.

The general a posteriori rule can be formulated as follows:

I fro — ¥l < ne < 12 fr_y o — N2y (5.54)

where ||¥€| 22y > ne, n is a constant independent of €, and n > 0 is the

regularization parameter which makes (5.54) hold at the first iteration time.
Choosing n > 1, the following lemma gives a bound for » in terms of € and P.

Lemma 5.12 Let n > 1 + A and n satisfies (5.54). Assume the a priori bound
condition || f || s#r 2y < P holds. Then

4 4

<r—|—2< 1 )"H(P)"”
n = — — .
da -///é,_(ﬂ—/\—l) €

Proof From the definition of n, we get

12 10— ¥l22)

S (- (- agpaca) ) ) e
k=1

i ([1- (1 —agzycamr)) ] 1) e - ve)e

=1

L2($2)

<

L%(£2)
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(Y, ex) ex .
L2(£2)

i ([1 _ (1 _ aEé’l(—EkTOﬂ))n_l]Q — 1)
k=1

1 ~
Since o € (5, 1]and 0 < aE/%’l(—akTOﬂ) < 1, we get

I fi10 — ¥ l20)

> n—1
Ly H Z (1 - “Eé,l(_“kToﬂ)> (W, ex) ex
=1

L2(£2)

= ki

Using Lemma 5.7, we have

o0 n—1
S (1-aB3-a1)) " Wl e
. L22)

2(n—1)
(1 —aEj (- akTﬂ)) (Ek)—’(?ik)’l (W, ex) |2

M2

\ k=1
o
1 - 2(n—
= Z ( _aEfz},](_akToﬁ)> Er+2( akTﬁ)(ak)r [ {f, ek)
\| k=1 -
r42
a "+ - n—1 _ r+2
L (1 B aEé’l(_akTOﬁ)) (aE/%,l(_akToﬂ)> C I f e
M @>0
ﬂ,—
o\ T
a r r+2
=— ( . ) L ).

Using Lemma 5.11, we get
I fa1.0 = N2y SNAE =Rl 20y + ANGE = Gl o, 202))

r+2 r+2
a” & [(r+2\* _r
nmF | flloer -

This implies that

NTFT
ne < (14 A)e + — (r:) S p
2 a
///ﬂﬁ_
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Thus

_4_ _4_

r+2< 1 )r+2(P)r+2

n< — =),
da \Z: _—a-1) €

Theorem 5.11 Let n be as in Lemma 5.12. Assume the a priori bound condition
I 1l #r 2y < P holds. Then

r 2
lu — 1yl 20y < (11 + Iz)empm + Ae,

where

n+1+A>r12
12::%’ (_— .
B.+ Y

Proof From the triangle inequality, we get
llu — MZ,Q”LZ(Q) < lttn,g — MZ,Q”L?(.Q) +llu —unpgllr2e)-
Using the result of Theorem 5.10, we obtain
lino — S ll 20y < Mp4ainte(l + A) + Ae.
From Lemma 5.12, we deduce that

lun,o — M;,Q”LZ(Q)

5///3,41%11%6(1 + A) + Ae

1 2
2\? 1 +2 ,
5///,3,+a5(1+A)<r: ) <_, ) P2e7 4 Ae.
“ M _(n—A—1)

Using the Holder’s inequality, we get

llu — un,Q”L2(9)

3 Epacah) (1 —[1-(1-ag}, (—a‘kTOﬂ))n]Q> (W, ex) ex(x)

= ;
=1 Epa(—arTy)

L2(£2)
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>

<.
= | Eg1(— akTB)
x (1 —[1-(1-ar} 1(—5ka))"]9> W ey ex )|
’ L2(£2)
o e
1— 1= (1—aE2,(—aT1h ! Q) (fs ex) ex(x)
Z( [ - (1 -aBp.ard) | e

On the other hand, since o € (— 1]and 0 < aE l( akT ) < 1, we deduce that

00 2
B B B ) ~ B no r+2
S (r-[1-(1-aBd@rhH) ) (e e
k=1 LX)
X i %
<D @ 2a; (f ex) ex(x)
k=1 LX)

1\ 2
= sup <~—> ||f||'+2r
>0 \ k 22y
This implies that

flu — ”n,g”LZ(_Q)

1
< Mp + sup <~—~ 7 ) Pr+2<
>0 akE,g,l(—akTO) — L2(£2)

= e -

(1 - [1 - (1 —aE} (< T )) ] )(q/e,ek)ek(x) )

k=1 L2@)
1 VJFLZ ﬁ r 2
S///ﬂ,Jr sup (ﬁ) (77 + 1+ A) erf2 Pr2
a>0 \arEg, 1(—akT0 )

<//['B+(M> Er4rr2P$_

Mp, -

From the above arguments, we deduce the desired inequality.
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5.3 Terminal Value Problem

5.3.1 Introduction
5.3.1.1 Statement of the Problem
In this section, we consider the following fractional wave equation:

8,"‘u(x, )= —ulx,t)+ G(t,u(x,1)), xe€82,0<t=<T,
u(x,t) =0, x€02,0<t<T, (5.55)
us(x,0) =0, x €S2,

where G is called a source function which will be defined later. The time fractional
derivative 8;" , 1 < a < 2,isunderstood as the left-sided Caputo fractional derivative
of order « with respect to t, which is defined by

1 ! 92
3%v(x, 1) = —/ (t — )" —v(x, s)ds,
'e—ow) Jo ds2

where I'(-) is the Gamma function. For o« = 2, we recover the usual time derivative
a2 .
of second order ;7 Let us assume that £2 is a non-empty open set and possesses a

Lipschitz continuous boundary in RN, N >1,T > 0, and let & be a symmetric
and uniformly elliptic operator on £2 defined by

S
%U(X):—Zg<

m=1 mn

N
0 _
Zamn(x)—v(x)> +qvx), x €,
0xy,
n=1

where a;; € C'(R2), ¢ € C(£2;[0,+00)), and @y = aym,1 < m,n < N.
We also assume that there exists a constant by > 0 such that, for x € £2, y =
(1, Y25 s YN) € RV,

Z Wnn (X)YmYn = b0|y|2-

1<m,n<N

This section considers the inverse problem of determining the initial value
u(x,0) = wuo(x) from its final value u(x,T). We focus to study existence,
uniqueness, and regularity of mild solutions of the problem (5.55) associated with
the final value condition

ulx,T)= f(x), xef2, (5.56)

where f belongs to an appropriate space.
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The study of (5.55) is mainly motivated by problems arising in anomalous
diffusion phenomena. Anomalous diffusion and wave equations are of great interest
in physics. They are frequently used for the superdiffusive models of anomalous
diffusion such as diffusion in heterogeneous media. These fractional differen-
tial equations have another important issue in the probability theory related to
non-Markovian diffusion processes with memory. Fractional wave equation also
describes evolution processes intermediate between diffusion and wave propagation
[150-152]. In [151], it has been shown that the fractional wave equation governs the
propagation of mechanical diffusion waves in viscoelastic media. Such waves are
relevant in acoustics, seismology, medical imaging, etc. The physical background
for a time-space fractional diffusion-wave equation can be seen in [35].

5.3.1.2 Motivations
If the condition (5.56) is replaced by
u(x,0)= f(x), xe, (5.57)

then we have the direct problem or initial value problem (IVP) of (5.55). Some
quasi-linear equations of the form (5.55) and (5.57) with standard time derivative
(¢ = 2) have been extensively studied in the published literature. The global well-
posedness has been proved both in the subcritical case by Ginibre and Velo [70] and
in the critical case by Grillarkis [74], Shatah and Struwe [193, 194], and references
therein.

In fractional derivative cases, such as the Caputo or Riemann—Liouville deriva-
tive, the problem (5.55) and (5.57) has been considered with G = 0 or G = G(x, 1)
by some authors, see, e.g., [26, 52, 55, 126, 180, 187] and also [61, 76, 125].

To our knowledge, the study of the initial value problem for the fractional wave
equation in the nonlinear case is still limited. Recently, Kian and Yamamoto [112]
studied the problem (5.55) and (5.57) with an inhomogeneous source, i.e., G =
G (x, t), and then further investigated local solutions with a nonlinear source. Warma
et al. [10] considered the existence and regularity of local and global weak solutions
with a suitable growth assumption on the nonlinearity G. Very recently, the authors
have studied the uniqueness of inverse problems for a fractional equation with a
single measurement in [113].

In practice, there are some physical models which are not subjected to initial
value problem. Some phenomena cannot be observed at the time # = 0 and only can
be measured at a terminal time r = T > 0. Hence, a final value condition appears
instead of the respectively initial value one. It has great importance in engineering
areas and aimed at detecting the previous state of a physical field from its present
information. In a few sentences, we explain the presence of the equation u,(x, 0) =
0. By Yang and Liu [232], the system (5.55) and (5.56) in the two-dimensional case
can be considered as description for an imaging process, namely, to recover an exact
picture from its blurry form. The condition u,(x, 0) = 0 means that the distribution
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does not change on the interval (0, 7o) when f is near zero. Therefore, the necessity
of studying terminal value problems or final value problems (FVPs) or backward
problems is out of any doubt.

The FVP (5.55) and (5.56) with derivatives of integer orders has been treated for
a long time, e.g., see [16, 29, 195]. In [29], Carasso considered the following final
value problem for classical wave equation (i.e., @ = 2)

Uy =(A+ku, xeR2,0<t<T,
u=Au =0, xe€082,0<t<T,
u;(x,0) =gkx), xes,
ux,T)y= f(x), xe€§2,

where k is a given positive number which may equal several eigenvalues of —A,
and f, g are given functions. Up to date, little research has been done on the inverse
problems of time-space fractional diffusion equations. FVPs for fractional PDEs
can be roughly divided into two topics. The first one contains problems related to
the ill-posedness and proposes some regularization methods for approximating a
sought solution. We can list some well-known results, for example, Jia et al. [101],
Wang and Liu [220], some papers of Yamamoto and his group, see [102, 127, 130,
145, 166], Kaltenbacher and Rundell [107, 108], Rundell and Zhang [183, 184],
Janno and Kinash, see [97, 98], etc. The second topic contains problems concerning
the existence and regularity of solutions such as [147]. Investigating the existence
and regularity of solutions of ODE/PDE models plays an important role in both the
development of the ODE/PDE theory and their applications in real-life problems.
Furthermore, studying regularity helps to improve the smoothness and stability of
solutions in different spaces and hence makes the numerical simulations valuable.
This second topic has not been treated well in the literature.

As far as we know, there are only a few works analyzing the problem (5.55) and
(5.56), which provides existence, uniqueness, and some regularity estimates. The
main difficulty in the analysis of the problem (5.55) and (5.56) and the essential
difference from the traditional problems come from the nonlocality of the time
fractional derivative 9. The major question for this work in our mind is: What is
the regularity of the corresponding solution u (output data ) if the given data (input
data) f, G are regular?

Our goal in this section is to find suitable Banach spaces for the given data
(f, G) in order to obtain regularity results for the corresponding solution. The
regularity estimates are important in the analysis of time discretization schemes for
the problems (5.55) and (5.56) in the future.

The difficulties of a final value problem can be briefly described as follows.
Firstly, since the fractional derivative 3, is nonlocally defined on the time interval
(0, ), we cannot convert a final value problem for fractional wave equation into an
initial value problem by using some substitution methods. Secondly, the formulation
of mild solutions of a final value problem is more complex than the corresponding
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initial problem. This positively promotes us to construct new solution techniques to
deal with problem (5.55) and (5.56). Some more details can be found in Sect. 5.3.3,
where the explicit representation of solutions relies on the eigenfunctions expansion
and the Mittag—Leffler functions.

Let us describe the main results of this section in two cases as follows. The
first case is related to the properties of solutions under a globally Lipschitz (GL)
assumption on the nonlinearity corresponding to two theorems, while the second
one concerns a critical nonlinearity corresponding to the third theorem. In the first
theorem, we obtain the regularity results of solutions and their derivatives of first
and fractional orders under the (GL) assumption (#]). The key idea is based on a
Picard iteration argument and techniques to find appropriate spaces for f. Choosing
spaces of f and G is a difficult and nontrivial task when we study the regularity
of the solution. Although applications of our problem under (#]) are not wide, the
analysis and techniques here are helpful tools to study the next result. Moreover, the
existence of a mild solution in the space L° may not be obtained by considering
(#4). This can be overcome by considering the (GL) assumption (s73) of the
nonlinearity which is presented in the second theorem. The third theorem uses the
contraction mapping principle to prove the existence of a mild solution in the critical
case. As we know, nonlinear PDEs with critical nonlinearities are an interesting
topic. We can mention [47] and references therein. Studying the IVP for (5.55) in
the critical case is also a challenging problem. Therefore, investigating the regularity
of the mild solution and its derivatives is very difficult.

The outline of this section is as follows. In Sect.5.3.2, we introduce some ter-
minology used throughout this work. Moreover, we obtain a precise representation
of solutions by using the Mittag—Leffler functions. In Sect.5.3.3, we investigate
the well-posedness, and regularity of the mild solutions of the problem (5.55) and
(5.56). Three main results on the existence, uniqueness (in some suitable class
of functions), regularity of the mild solution, and its derivative are proved under
some suitable assumptions on the terminal data and nonlinearity. In Sect. 5.3.4, we
apply the theoretical results to some typical time fractional diffusion equation: time
fractional Ginzburg—Landau equation and Burger equation. Finally, in Sect.5.3.5,
we provide full proofs of the main theorems established in Sect. 5.3.3.

5.3.2 Preliminaries

In this subsection we will recall some properties that will be useful for the study
of the well-posedness of the problem (5.55) and (5.56). We start by introducing
some functional spaces. Then we will recall some properties of Mittag—Leffler
functions. Let the operator . be considered on L*(£2) with respect to domain
D(Z) = Wy () N WH(82), where L2(£2), Wy (£2), W>2(£2) are usual
Sobolev spaces. Then the spectrum of .Z is a nondecreasing sequence of positive
real numbers {A;} =12, . satisfying lim; .o A; = 00. Moreover, there exists a
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positive constant ¢ such that A; > c j2/ 4 for all Jj =1, see [42]. Let us denote
by {¢;}j=1,2,.. C D(Z) the set of eigenfunctions of .Z, i.e., Z¢; = X;¢;, and
¢; =0o0ndg2, forall j > 1. The sequence {@r}x=1,2,... forms an orthonormal basis
of Lz(.Q), see, e.g., [109]. For a given real number y > 0, the Hilbert scale space

H () = {v e LX) Y A gl < 00}
j=1

endows with the norm

||v||]1-]1y(9) —Z)‘ (v, 9j)

’

where (-, -) is the usual product of L2(£2). We have H(£2) = L%(2) if y = 0, and
H? (£2) = WJ’Z(Q). We denote by H™7 (£2) the dual space of HY (§2) provided that
the dual space of L?(£2) is identified with itself, e.g., see [159]. The space H™7 (£2)
is a Hilbert space with respect to the norm ||U”]]2-]I—J/(Q) = Z, 1 A 2y(v <p]) vy
forv € H™7 (£2), where (-, -)_,, is the dual product between H™ V(.Q) and H” (£2).
We note that

(5, 0)_y, = (5,0), ford e L}(R),veH (). (5.58)

By identifying L?(£2) with its dual space, and making use of the inclusion
H” (£2) < L?*(£2), the embedding HY (2) — L%*(22) — H™7(£) holds for
y > 0. Hence, it is suitable to call the space H*(£2), s € R, by a Hilbert scale
space. For given numbers p > 1 and v € R, let LP(0, T; H"(£2)) be the space of
all functions w : (0, T) — H"(£2) such that

T 1/p
lwllLro,7;mv (2)) = (/0 ||w(l‘)||ﬁV(g)df) < 0.

We denote by C([0, T]; H"(£2)) the space of all continuous functions from [0, T'] to
H" (£2) corresponding to the usual supremum norm ||w||c 0, 71:H" (2)) := SUPg<;<T
lw(#)llmv (2); and denote by C([0, T1; HY(£2)), 8 € (0, 1), the space of all Holder
continuous functions from [0, 7] to H" (§2) with exponent §, namely, w € C([0, T'];
H (£2)) satisfies that

. lw(@) — ws)llmy(2)
lwlles qo,ryme ) = Sup 5
0<t,s<T,tss [t —s]

Let us denote by C((0, T]; H" (£2)) the set of all continuous functions which map
(0, T] into H"(£2). For a given number > 0, we denote by C"((0, T]; H"(£2))



5.3 Terminal Value Problem 283

the space of all functions w in C((0, T']; H"(£2)) such that ||w||cn (o, 771 (2)) =
supg,<7 tTlw(®)|lmr (@) < 0o, see [43].

We recall some Sobolev embeddings as follows. Let §2 be a non-empty open set
with a Lipschitz continuous boundary in RN, N > 1. Let us recall that the notation
WP (£2),s € {0,1,2,...}, p > 1, denotes by the standard Sobolev space, e.g., see
[3]. In the case 0 < 5 < 1, the intermediary space W*7(£2) = [L”(£2); Wl’p(s?)]s
can be defined by

lu(x) — u(x)|

+s

WP(§2) = {u e LP(£2): € LP (82 x £2)

lx —x'|7

Since £2 is a non-empty open set and possesses a Lipschitz continuous boundary in
RY, then the following Sobolev embedding holds

1<p,g<oo,
0<y <o <o0,
N N

WoP(2) — W79(2) if (5.59)

By letting p = 2, y = 0 in (5.59), one obtains that W%2(£2) — L9(£2) with
1<g<o00,0<0 <o00,ando > % — %. Henceforth, setting 0 < o < % infers

N2—2(r . Summarily, we obtain the following embedding:
N 2N
Wor(2) > L9(R) if 0<oj<—, 1<q < —" (5.60)
2’ N =201
This implies Wg"z(.Q) — L9(£2), and so LqT(.Q) = [L9"(2)]* <
[ng 2(Q)]* = W o2(Q) with respect to —% < —o; < 0 and gf >
(N 201){(1\/ 251)_ = N+2z7 - Thus,
N 2N
L2(2) < Wo22(2) if — S <o = 0, ¢ > 25" (5.61)

On the other hand, the Hilbert scale spaces and the fractional Sobolev space are
related to each other by the following embeddings:

H'(2) — W2(Q) — L2(2), if s>0. (5.62)

Let Eq g(z) be the Mittag—Leffler function as in Definition 1.7. In this section,
we always consider T satisfies the following assumption (5.63).

Lemma 5.13 ([226]) Given 1 < o < 2, if the number T is large enough, then
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Eq1(=A;T*) #0, forall j € N*, (5.63)

and there exist two positive constants my and My, such that

my My
e S |Ea 1 (A TY)| < — .
14 A;T ’ 1+,

Lemma5.14 Given 1 <a <2and0 <8 < 1, for j e NT andt € (0, T), there
hold that:
@ 27 Eqa(=22%) < Mg 2207071,

Eq1(—X;t¢
a,1(—A; )<Mam(lea(l—G)(chG_I_)LIG))\?t—a(l—G).

®) G (A1) = g T

Proof The first inequality is estimated as follows:

1
1+)\.jZa

- aza_l(l +1»jz‘)‘)9(l +1»jz‘1)1_9 God

S Mq)\]—ﬁza(l—é)—l’

Za_l Ea,a(_)\'jza) < MaZa_l

and the second inequality is shown as follows:

_ Mo (10T (140,
T omg \ 1+ A1 I+ A e
< %Ta(l—e)(l _l_)LjTa)Qt—a(l—@)

My

< Mam;lTa(l—Q)(TQQ +A1_0)A§t_“(1_9).

Eq,1(—A;1%)

Eur(—=Ait") = | ————
LA ‘EaJ(—AjTa)

The proof is completed.

From now on, we will use @ < b to denote the existence of a constant C > 0,
which may depend only on «, T such thata < Cb.

5.3.3 Existence and Regularity
5.3.3.1 Mild Solutions

Solutions of partial differential equations can be considered in the classical, weak,
or mild sense. In this chapter, we will study mild solutions of FVP (5.55)—(5.56).
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There are many works considering the precise formulation of mild solutions to
IPVs for time fractional wave equation, such as [10, 35, 46, 112, 114, 128, 150,
172, 188], by using complex integral representations on Banach spaces or spectral
representations on Hilbert scale spaces of the Mittag—Leffler operators. In studying
FVPs for time fractional wave equation, the precise formulation of mild solutions
can be derived by using spectral representations of the inverse Mittag—Leffler
operators, such as [48, 97, 101, 107, 145, 184, 208, 220]. In what follows, we give a
definition of mild solutions to FVP (5.55)—(5.56) where the precise formulation can
be obtained by some simple computations.

In extra, for a given two-variables function w = w(x, t), we will write w(z)
instead of w(-, t) and understand w(¢) as a function of the spatial variable x.

Definition 5.2 A functionu in L? (0, T; H"(£2)) or C"((0, T]; H"(£2)) (with some
suitable numbers p > 1,v > 0 and n > 0) is called a mild solution of the problem
(5.55)—(5.56) if it satisfies the following equation:

'
u) =B, T)f —i—/ P,(t —r)G(r,u(r))dr
0 (5.65)

T
— / B, (t, TP (T — r)G(r, u(r))dr
0

in the sense of H"(§2), where, for 0 < ¢t < T, the solution operators B, P, are
given by

oo

Eq1(—A;t%)
Bo(t, T)v:i= ) ——————(v,9))¢;j,
¢ jZ_;Ea,l(—AjTa) Y
(5.66)
o
Po (v =Y 1" By o (=2t (v, 90))0;,
j=1
where v = Y72 (v, ¢)9;.
Remark 5.3 A mild formulation of this IVP (5.55), (5.57) is given by
t
u(t) = By (t)ug + / P,(t — r)G(r,u(r))dr, 5.67)
0

where B, (Hw = Zj’il Eq 1 (=2 t%){(w, ¢j)p;, see [35, 46, 112, 114, 134, 150,
172, 188], etc. It should be pointed out some core differences between the IVP
(5.55), (5.57), and the FVP (5.55)-(5.56) for fractional wave equation as what
follows.

* The solution operator B, (¢, T') is weaker than %, (¢). Indeed, one can see that if
v e L2(£2), then By (t1)v € L®°(0, T; L*(£2)) and
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By (r, T)v ¢ L0, T; L*(2)) U C([0, T]; L?*(£2)).

Therefore, it is actually difficult to establish the existence of mild solutions,
especially in the critical nonlinear case.

e Mild formulation of the FVP (5.55)—(5.56) contains more terms than the IVP
(5.55), (5.57). In particular, estimating the last term of (5.65) requires very clever
techniques in acting By (¢, T), Py (f — r) on G(r, u(r)). In the critical nonlinear
case, it is very difficult to determine where the quantity

Bo (1, T)Po(t — r)G(r, u(r))

belongs to and also how to bound this quantity such that its integration on the
whole interval (0, T') is convergent.

* The Gronwall’s inequality is available to apply when we estimate solutions of the
IVP (5.55), (5.57). However, it is not available when we estimate solutions of the
FVP (5.55)—(5.56) since (5.65) contains the integral on (0, T').

Hence, studying FVP (5.55)—(5.56) is a difficult task.

5.3.3.2 Well-Posedness of the Problem (5.55) and (5.56) Under Globally
Lipschitz Case

In the following, we study the well-posedness of the problem (5.55) and (5.56)
and regularity of the solution when we consider the following globally Lipschitz
assumptions on G:

(#4) The function G : [0, T] x H"(£2) — H"(£2) satisfies G(¢,0) = 0, and
there exists a nonnegative function L, € L*°(0, T) such that

G, w1) — G, w)llur2) < Li1@®)llwr — wallEy(2), (5.68)

forall0 <t < T,and w;, wy € H"(£2).

(#5) The function G : [0,T] x C ([0, T]; H"(£2)) N LY(0, T; H° (2)) —
H"*+1(£2) satisfies G(r,0) = 0, and there exists a nonnegative function L, €
L*°(0, T) such that

G(wy) — G(w v <LHw —wH ,
|G (w1) (W) lgv+1(2y) < Lofwi — w2 0T HY (@)L 0.7 o (2))

(5.69)
forall0 <t <T,and wy, wy € C ([0, T]; H"(£2)) N L49(0, T; H° (£2)), where

||w1 — w2 HC([o,T];Hv(Q))qu(o,T;HU(9)) :||w1 — w2 HC([O,T];H"(.Q))

+ ”wl - w2||Lf1(0,T;HU(Q))’
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andv>0,g>1,0 >0.

In order to establish our main results, it is useful to note that

a—1 1 1
<-<-<1, a l<a<?2.
o o

0<

Besides, we recall that the Sobolev embedding HYt9(£2) — HY(£2) holds as v > 0
and 6 > 0, so there exists a positive constant C1 (v, 8) such that

9]

e = C10, 0)[ 7]

H\H—G(Q)a (570)
for all ¥ € H"*Y(£2). In addition, for the convenience purpose, the important
constants (which may appear in some proofs) are summarily given by (AP.) in the
Appendix.

The first result in Theorem 5.12 ensures the existence of a mild solution in
LP(0, T; H"(£2)) under appropriate assumptions on p, the final value data f, and
the assumption (7#]) on the nonlinearity G. The idea is to construct a Cauchy
sequence in L”(0, T; H"(£2)) which will be bounded by a power function and
converge to a mild solution of the problem (5.55)—(5.56). The solution is then
bounded by the power function. After that, time continuity and spatial regularities
can be consequently derived. Furthermore, we also discuss on the existence of the
derivatives 9;, 9 of the mild solution in some appropriate spaces.

Theorem 5.12 Assume that f € H'19(Q) and G satisfies (JA) such that
IL1llL<0,1) € (O, 02/171) with v > 0 and 6 satisfies that O‘a;l < 0 < 1, where
the constant % is given by (AP.) in the Appendix. Then the problem (5.55)—(5.56)
has a unique mild solution

u e LP(0, T; H"(2)) N C*'=9((0, T]; H"(£2)),
forall p € [1, ﬁ), which corresponds to the estimate

lu@ a2y S N e o) (5.71)

We also have the following spatial and time regularities:

a—1

(a) Let 0’ satisfy that <0 <0.Thenu € L0, T; H"+9_9/(.{2)), for all

pE [1, ﬁ), which corresponds to the estimate

||u(t)||Hu+H—0/(Q) 5 t_a(l_e ) ||f||Hv+0(_Q)

(b) Let1—6 <v' <2 —0. Thenu € CTslo ([0, Tl HV—V/(Q)) and
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||u(7) - u(t)”Hu—v’(_Q) S (?_ t) nglo”f”H‘“rg(_Q)v

and here 14y, is defined in the Appendix.

© Let0 < v < min {1 =6, <L) Then du € LP©, T3 =15 (2)), for all
p € [l, a(l—lTvl))’ which corresponds to the estimate

S 70D Fllgre ).

13Oy g S

(d) Let 242D 9 < v, <21 9 Then 9%u € LP(0, T; HY "~ (R)), for

any p € |1, ! 1 , which corresponds to the estimate
amax{Z—G—va—a,l—«?]
_ —h—p., —L 1
<y ozmax{Z 0—vy a,l 9}

o
18, @l gt @

||f||HV+0(_Q)-

The hidden constants (as using the notation <) depend only on a,v,0,T in the
inequality (5.71), on a,v,0,0', T in Part (a), on a,v,0,v',T in Part (b), on
o,v,0,v;, T in Part (c), on a, v, 0, vy, T, Ay in Part (d).

Proposition 5.1 By Theorem 5.12, the smoothness of the mild solution can be
summarized together as

ue { J rro.r: H“+9—9’(9))} (c*"=2(0. T1: HY(£2)).
1<p< it

que |J  LPO.TIEHTTE(Q)),
1=P< g

Ou e U15p<am'dx{270flva*l 1-0} LT Hv_v"_“l(g)),

where values of the parameters are given by Theorem 5.12. Moreover, the spatial
regularity in Part (b) shows how the best spatial regularity of the mild solution u
can achieve. Then, by using some suitable Sobolev embeddings, one can derive the
Gradient and Laplacian estimates for the solution on L1 spaces.

Remark 5.4 In fact, one can investigate the continuity of the first order derivative
d;u which is established in Part (d) of the above theorem. Moreover, if the
nonlinearity G is continuous in the time variable ¢, for instance, G verifies that

iti t
G (t1, v1) = G(t2, VD)l () S |11 — 2 [POYEEPONM o) — vyl 2y

then one can establish the continuity of the fractional derivative 9/ of the solution.
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In Theorem 5.12, under assumption (.77), we do not get the regularity results
of u in C ([0, T]; H"(£2)) or L°°(0, T; H"(£2)). The main reason is that the
information at the initial time u(0) does not actually exist on H" (£2). To overcome
this restriction, we are going to consider the existence of a mild solution in the
spaces C ([0, T]; H"(£2)) or L*°(0, T; H"(§2)) by imposing the assumption (773)
on the nonlinearity G. In addition, it is necessary to suppose a smoother assumption
on the final value data f. In the following theorem, we will build up this existence
and also a regularity result for the mild solution by using the Banach fixed point
theorem. Let us recall the fact that the embedding H"t1(§2) < H(£2) holds as
0 <o < v+ 1. So, there exists a positive constant C (v, o) such that

”’7”]141«7(9) = G, 0)”1_’”Hv+1(9)’ (5.72)

for all o € HV*!(£2).
Theorem 5.13 Let 1 <6 < 1,0 <v <o <v+lLand 1 < q < 57
Assume that f € H"P*1(Q), and G satisfies () with L, € (O, 02/271) where

U, is given by (AP.) in the Appendix. Then, the problem (5.55)—(5.56) has a unique
mild solution

ueC([0,T; H"(£2)) N LI, T; H° (£2)).

Moreover, we have

T 1/q
H”(9)+(/o ||u(t)HqL,(Q)dt) S o1 (2)- (5.73)

sup ||u(t)|
0<t<T

5.3.3.3 Well-Posedness of the Problem (5.55)—(5.56) Under Critical
Nonlinearities Case

Theorems 5.12 and 5.13 state the results in the globally Lipschitz case, and they
cannot virtually be applied in many models such as time fractional Ginzburg—
Landau, Allen—Cahn, Burger, Navier—Stokes, Schrodinger, etc., equations. In the
following, we state the well-posedness of the problem (5.55)—(5.56) under the
critical nonlinearities case.

Theorem 5.14 Assume thata € (1,2), 0 € (—1,0),0 <v <140, ands > 0.
Let v such that ¥ € (v — o, 1) and set u = v — o. Let ¢ satisfy that

¢ <min{a—1 — (459,00 —s)—v+a}. (5.74)

The function G satisfies the next assumption (J83), that is, G : [0, T] x H"(£2) —
He (£2), G(0) = 0 and
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IG(w1) — G(2)llHe (@) < LS(I)(I + v ”fp]lv(g) + ||U2||j§-]1v(g)>||vl — vllmr (@),
(5.75)

where L3 satisfies that L3(t)t*¢ € L>(0, T). Set

o) = {w € C (O, TEH (@), wlleor o520 < 2.

Iff e HHI9(Q) and KoT*® e (0,min {190, ', 47}) with Ko =
| L3 (2)2*¢ o0, 1), where the constants are formulated by (AF.) in the Appendix,
then the problem (5.55)—(5.56) has a unique mild solution u € Xy 9.y, 7(%) with
respect to the estimate

lu@ 2y < 077 1 lgora-n (o) - (5.76)

Moreover, we get the following spatial and time regularities:

(a) Letd <v®' <landad —1 < B < av; thentPu € LP(0, T; H'+'=9)(2))
forall p € [1, ﬁ) with respect to the estimate

Ju®]

HY+®'=2)(2) S t_aﬂ ||f||HV+(lﬂ9)(Q)-
(b) Letd <n <9+ 1andthenu € Cleri ([0, T]; H”_"(.Q)) and

“u(’f) - u(t)”Hv—n(_Q) S (7_ 1) Heri ”f”HVJr(l*l’)(_Q) s

where ¢ is defined in the Appendix.

The hidden constants (as using the notation <) depend only ona, o, 9, ¢, s, T in the
inequality (5.76), ona, u, 8, %', ¢, s, T in Part (a), ona, u, %, n, ¢, s, T in Part (b).

Remark 5.5 One can actually establish the existence of the derivatives d;u and 9;
of the solution as follows.

(i) Assume that ¢ < “TH and let ¥, € [19, %), and then d;u(t) €

He +21-1(§2) for each ¢ > 0, which corresponds to the estimate

—af29)—pu—9o=L
||8,u(t)||Ha+0|—1(Q) <t a( 1mHT e ) I f llgpo+a-9) () - (5.77)

(i) Assume that 9 < w and let 9 € [%ﬂ, ‘H§—+5>, and then 8%u(t) €

HC +%«=2(2) for each ¢ > 0, which corresponds to the estimate

_ _ A2 _
H a;xl,{(t) HHH_HM_z(Q) 51‘ max[a(ﬁa )3 ),0!(219 M)]”f”Hv%»(lfz?)(Q). (578)
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The above results are weaker than Parts (c), (d) of Theorem 5.12 since the powers
in (5.77), (5.78) are really less than —1. So, we cannot obtain the existence of 9;u,
dfu in the LP space with respect to the time variable. This obviously comes from
the critical property of the nonlinearity.

5.3.4 Applications

In this subsection we apply the theory developed in this work to some well-
known equations. The classes of time fractional Ginzburg-Landau equation and
time fractional Burger equation are studied in L9 (¢ > 1) settings via interpolation—
extrapolation scales and dual interpolation—extrapolation scales of Sobolev spaces.
We will discuss both time and spatial regularity of solutions by considering:

e The time continuities of solutions on L? spaces with respect to the intervals
0,71,10,T]
¢ The Gradient and Laplacian estimates for the solutions on L? spaces

5.3.4.1 Time Fractional Ginzburg-Landau Equation

We discuss now an application of our methods to a final value problem for a time
fractional Ginzburg—Landau equation which is stated as follows:

0 u(x, )+ ZLux,t) = pO)|ulx, )l u(x, 1), xe2,te(,7),
ulx,t) =0, x€d2,t e (0,T), 5.79)
oru(x,0) =0, x €S2

associated with the final value data (5.56) and where s > 0 is a given number.

Theorem 5.15 Assume that2 < N < 4:
(@) Thecase( <s < —.
N

Let the numbers «, v, o, u, ¥, ¥/, respectively, satisfy that

c ONs i N « N c N +4
K s | sV D K 5 9
8 4 54 ) e\t Ty
N+4 4—N
l?G(/L, ;—),17/6[194-7,1),
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where @ = v — o and (g = max{v,s (% — v)} If f € HWHI-9(Q), and
p1) = Cor® with b > —min {1 — (1499, — ) =52} and C, is small
enough, then the problem (5.79) has a unique mild solution u such that:

(Time regularity) u € C*V((0, T1; L*(2)) N C i ([0, T]; H'~"(R2)), where
¥ < n <9 + 1. This solution satisfies the estimate

tolﬂ |

lu +y) — u@®) -2
1:>0

Y Neri 5 ||f||HV+(1*L’)(Q) .

(5.80)

|u(t)||L4(_Q) 150

(Spatial regularity) Foreacht > 0, u(t) belongs to wh W (82) and verifies the
estimate

»/ »/
P || Vu(t) || L @ +1¢

=" u®) || gy S IS lgvra-n () -

(5.81)

(b) The case s >

| -

Let the numbers v, o, u, 9, ¥, respectively, satisfy that
c N 1 N c N +4
vel =5 )
4 2 a) HEM T

N+4\ 4—N
velm——) ve|r+——1).

whereupon | = v — o and [Lp := max {v, s (% - v)} If f e H"P0=99(2), and
p() < Cpt"‘b such that b > — min {é —(+99, @ —-wn — sz?} and C, is small
enough, then the problem (5.79) has a unique mild solution u such that:

(Time regularity) u € C*"((0, T1; LN5(2)) N C"eri ([0, T1; H'~"(82)), where
¥ < n < + 1. This solution satisfies the estimate

lut + ) — u(@®)llgr—nio
y Meri ( )IIZO 5 ||f||Hv+<1

7 lu @)l s @) Le=0 -9(Q) -

(5.82)

(Spatial regularity) Foreacht > 0, u(t) belongs to wh W (82) and verifies the
estimate

V| a2 w0 s gy S 1 i) -
L (2)

3N-8v (£2)
(5.83)
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Proof

(a) This proof will be based on applying and improving Theorem 5.14 actually. We
firstly give some explanations that the assumptions in this part are suitable:

4
1 . Ns N(ﬁ) _
0 <k < < since — < = — as the assumption s < —
2 8 8 2
3N -4 N 3N —4
0 <k < ssince—s < 2115 = by the fact that 8 >
(¥5) 8
8N
3N —4
N . N «_ N N N . N «
V> —sincey > — — — > — — — = — as the assumption v > — — —
8 4 s 4 8 8 4 s
Ns
and k < —.
8

The interval (,uo, is not really empty. Indeed, it is easy to see from

W Nt
V< —and — <
4 4

N N N « I N+4
— Vv =<s{——|——— =K< =< —,
4 4 4 s 2 8

N 1
by using the assumption v > i £ and noting that x < 3
s

N+4
that v < 3 Moreover, we have

5y

N+4

4—-N
The interval |:19 + —3 1) is also not empty as ¥ <

N
The number o belongs to <_Z’ O) sinceoc =v—pu < uyp—pu < 0,and

furthermore

N « N+4 N 3N—-4 N+4 N
U—M>Z————>—————=——

s § ~ 4 8 8 4
N-—4

N
by using the assumption v > T £ and the fact that ¥ < s.
s

Secondly, we obtain some important Sobolev embeddings which help to

establish the existence of a mild solution. By applying the embeddings (5.61)—
(5.62), and the dualities [H7 (£2)]" = HO(22), [W22(2)]" = W**2(2),
one can see that:
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2N

e The Sobolev embedding LV-4% (§2) — W2°:2(£2) holds as —% <20 <
2N 2N

N—40 N —2Q20)

* The Sobolev embedding H™7 (£2) < W~2°2(£2) holds as —o > 0, which
implies that W2%2(2) — H (£2) holds.

Oa

As a consequence of the above embeddings, we obtain the following Sobolev
embedding:

L% (2) < HO (). (5.84)

By the assumption s (% —v) < po < i, we have

2N(1+s)  2N(1+ys) - 2N(1+s) 2N

N—d0 ~N-40-w N-sv+as(5—v) N-&

Therefore, using (5.61) yields that

2N(14s) . N 2N +y) 2N
N-45 (£2) since 0<2v < — <

W22(2) — L , )
($2) 2 N—-40 — N —4v

Besides, using (5.62) invokes that HY(£2) — W?"2(£2), as v > 0, which
consequently infers the embedding

v 2N (14s)
HY(2) < L0 (2). (5.85)

Thirdly, let us set the nonlinearity G(v) := p(#)|v|*v, and show that G
satisfies .773. Indeed, it is obvious that |G (v;) — G(v)] is pointwise bounded
by (1 4 s) (Jv1|® + |v2|*) v — v2|, and so one can derive the following chain
of the estimates:

1G(v1) — GW2)llmo (o)
SIG) - G(vz)IIL o

N-45 (£2)

smoUmmm—wsz + | lval’lor — val | 2w }
LN-45 (02) L

N N—40 (£2)

5 o) (”Ul ||Y 2N (14s) + ||U2||S 2N (145) ) lvi — vall 2va+s
L N=40 () L N-40 () L N-40 (§2)

S 0 (Il ) + 02l ) o = w2l
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where the embedding (5.84) has been used in the first estimate, the pointwise
boundedness in the second estimate, the Holder’s inequality in the third esti-
mate, and the embedding (5.85) in the last estimate. Therefore, we can take the
Lipschitz coefficient in the form K (t) = Kginp (t) with some positive constant

KGin. Furthermore, the assumption b > — min ié — (1459, @ —pn) — sz?}
ensures that there always exists a real constant ¢ such that

—-b<¢ <min{l—(l+s)19,(1?—u)—s19},
o

and then one derives K (1) < C,Kgint %190 +8) < Kot=¢, where Ko =
Cp KginT*®*+%) . We conclude that ¢ and G satisfy the assumptions of The-
orem 5.14. It is obvious that all assumptions of this theorem also fulfill the
assumptions of Theorem 5.14. Thus, applying Theorem 5.14 invokes that
the problem (5.79) has a unique mild solution u € C*”((0, T]; H"(£2)) N
C Meri ([0, T1; HY—" (.Q)) with C, is small enough. Now, the assumption v >

N
;K invokes that
4 s

2N 2N 2N 2N
z = > =4, 5.86
Nob TN—a(F-n) o 657 5

s

K N
where — < § Hence, we infer from 2 is a bounded domain that

s
L% (£2) < L*(£2). Besides, applying the embedding (5.60) again combined
with the above embedding to allow that

2N

W22(Q2) < LV (2) — L*(2),

N 2N _ 2N
where we note that 0 < 2v < 7 Nedv = No2aw)- Therefore, we deduce that

u e C*((0, T1; L*(£2)) N C "1 ([0, T]; HV () ,

where ¥ < n < ¥ 4 1 as in Part (b) of Theorem 5.14 and

lu@ +y) — u@)llgv-—ne2) 1

v
r* ||”(t)||L4(Q) -0+ ) r

20 S I fllgvra-0 0 -

This shows the inequality (5.80). Finally, we need to prove the inequality (5.81).
Indeed, we have

4—N
as 0 e [19 + 1) , (5.87)
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N N 4-N 1
which associates with v > 3 that v+ (' —9) > 3 + 5 = 3 Therefore,
we obtain:
« The Sobolev embedding H"t' =) (2) < W2"+20'=9)-2(Q) holds as v +

® —9) > 0.
 The Sobolev embedding W2'+2('=9.2(Q) < Wl (£2) holds by

4N
using the embedding (5.59) as IN—3y > land 2v + 2% — ®) > 1,
—8v

where we note from (5.87) that

4—N N N
2v+2(19’—19)—122v+2<T)—1=2v— 5

(75)
3N—8v
Two above embeddings consequently infer that the Sobolev embedding

HY+@' =) (£2) — W1’31\ﬂ8v (£2) holds. Hence, we deduce from Part (a)
4N
of Theorem 5.14 that u(t) € wl - (£2) with respect to the estimate

at’ at’ B —
17 | Vu(r) HL}MSV @ + 17| (= 2) u(t) ||L4(_Q) S lgra-o gy »
which finalizes the proof of Part (a) of this theorem.

We note from Part (a) that the mediate number « belongs to the interval (O, %)
In this part, we try to extend the method in Part (a) with k = % It is important

to explain the similarities and differences between the numbers in this part from
Part (a) as follows:

1 N : N 1
— = — by employingv > — — —

2(%) 8 4 25

N
4

=

&=

1
° vzgsmcevz 2—
S

4
and s > —.
N

4
e The interval (MO, ) is not really empty since

N N N 1 1 N+ 4
sl——v]<sl——|——— =-<
4 4 4 25 2 8
N .
* The number o belongs to <_Z’ 0> since
N 1 N+4 N 1 N +4 1 N
V> — = — > — - ——— — ——— = —— 7
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N 1 4
by al loyi >———ands > —.
yasoempoy1ngv_4 2san s_N

By using the same methods as Part (a), one can establish the existence and
uniqueness of a mild solution u to the problem (5.79) in C*?((0, T]; H'(£2)) N
C7eri([0, T]; H'™"(£2)) with C, is small enough. Next, the inequality (5.86) can
be modified as

2N 2N
> = Ns.

N_—dv - N _ 1
Y N_4<I_Z>

Hence, we obtain the Sobolev embedding

2N

W2V2(2) < L% (Q2) — LV (Q),

which deduces the inequality (5.82). Moreover, we also have v + (¢/ — ) > % by

noting the assumption ¢’ € | + %, 1) and the fact that v > %. Then, we obtain
the Sobolev embedding

HV‘F(ZV*I?) (Q) s WL% (.{2)7

and the inequality (5.83) also holds. We finally complete the proof.

5.3.4.2 Time Fractional Burgers Equation

In the following, we deal with a terminal value problem for a time fractional Burgers
equation which is given by

3 ulx,t) + p(O)(u - Viu(x, 1) = Au(x,t), x€2,0<t<T,

ulx,t) =0, x€082,0<t<T, (5.88)

oru(x,0) =0, x €
associated with the final value data (5.56). Here f and p are given functions, and the
operator </ is —A which acts on L%(£2) with its domain Wé’z(.Q) N W22(2). In
the following, we will apply Theorem 5.14 to obtain a mild solution of the problem

(5.88) and then obtain the spatial regularity with an L9 (§2)-estimate for Vu and an
HY (£2)-estimate for (—A)? ~?u.

Theorem 5.16 Assume that3 < N < 4 (N is the dimension of §2). Let the numbers
v, o, u, %, ¥, respectively, satisfy that
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c 1 N
v el I
2 4
N+4 N+4 4—N
,u€|:u2, ;_), ﬁe(u,%), 19/6[194-7,1),

where . = v — o and 1y == max{v, NT+2 — v}.

If p(t) < Cpt? with b > —min [—M, 1_ 219}, £ e H*0=99(2), and C, is
small enough, then the problem (5.88) has a unique mild solution u such that the
following conclusions hold:

(a) (Time regularity) Let v < n < ¢ + 1. Then we have

we C*V((0, TT: L7 (2)) N €™ (10, T1 HY(22))

and time regularity result for u holds

lu( + y) — u(®) gy

ad @

t “u(t)”ui%(g) o S I lgora-n gy (5.89)

(b)  (Spatial regularity) For each t > 0, u(t) belongs to W' %= (2) and satisfies
the following estimate:

17 | Vu(e) ”L%(Q) + 1) (=) P u(o)|

HY(£2) 5 ||f||HU+(|—z9)(_Q> .
(5.90)

Proof In order to prove this theorem, we will apply Theorem 5.14 and then improve
the time and spatial regularities of the mild solution. Let us set G(¢, v) = p(¢)(v -
V)v and show that G satisfies the assumption (773) corresponding to s = 1. Firstly,
we analyze the values of the numbers v, o, u, &, ¥’ as follows:

. N +4)\ . . N+ 4 N N +4
e The interval | uo, is not empty since v < asv < T < 2
(hereN§4),andNT+2—v<NT”—%<NT+2—%=%‘,
N—-40 N —4o 1
¢ The numbers s are greater than 1. Indeed, u > o > v > —
4u—2 N+2—4v 2
and
N — 4 N+2-4 N+2—-4(X
o _ N+ ”+1>—m+1>1,
4pu —2 4u —2 4 —2
N —do 4 —2

N+2—4v N+2—4v
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Moreover, these are the dual numbers of each other.

Therewith, one can obtain the following chains of the Sobolev embeddings by
applying (5.59), (5.60), and (5.61):

N
e The Sobolev embedding L%(Q) — W2"’2(.Q) holds as Y <20 <0,
2N 2N

= ,and W2°-2(§2) — H?(£2) as o < 0, and so that
N—40 N —-2Q20)

A 20,2 o
LN-4 (2) — W°(§2) — H’ (£2). 5.91)

¢ The Sobolev embedding H"(£2) W2"*2(.Q) holds as v > 0, and

2N 1 N
WEAQ) o WNEE(@) asv 2 S -1 = = = N/ (%)

which implies that the following Sobolev embedding

2N

H(2) — W2(2) — Whrz= (). (5.92)

2N N
¢ The Sobolev embedding W2V2(§2) < L%2(£2) holds as 0 < 2v < > 1 <
2N 2N

< (v < w), and henceforth
4u—2 ~ N —4v

H(2) = W22(2) < LI (). (5.93)

« The Sobolev embedding H'*(?' =) (2) < W2+20'-0)2(Q) s W2-52(Q)
4—-N N
holds since v + (' — ¢) > 3 + 3 = 1 - 3 by using the assumption

, 4—N - -4 L3y N
¥ € 19+T,1 - Inaddition, W=~ 4-7(§2) — W 3N 4(9)352_221’

N 4N
2 — 7 1= % — N/ <3N 4). Therefore, we obtain the following Sobolev

embedding:

Hl)-ﬁ-(ﬂ/—ﬁ)([z) s W2v+2(19’—19),2(9) s WZ—%,Z(Q) s Wl,%(g)
(5.94)

On account of the above embeddings, and the Holder’s inequality, we deduce the
following chain of the estimates:

1G(v1) — G(v2) llgo (2
S @) (11 - VY1 = v) e @) + 101 = v2) - Vvallgo (2))
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Sp() <||(U1 - V) (v — vz)IILNzN

+ l((v1 —v2) - V)vzll e )
—40 (2 40 (£2)

< - \v} —
N,O(l)<||v1|| 2%9‘/“742( IV (v v2)|| 2 % (o)

+ vy —v2|| AN N-dg IIszll AN Ndo )
o 4pu— 2( o N+2-4v (2)
= \Y% —
p(1) <||Ul||L412‘N2( IV —v)ll 2y @
— Vv
+ v vzllwfﬁ @ || vall | v (9))

S @) (lvrllgy @) + ||v2||Hv(9)) lvr — v2llmy (@) »

where the chain (5.91) has been used in the first estimate, the triangle inequality in
the second estimate, the Holder’s inequality with the dual numbers ﬁlu_fg NIY‘_?‘_‘Z >
in the third one, and the chains (5.92) and (5.93) in the last one. This means that G
is really a critical nonlinearity from H"(£2) to H? (£2) with respect to s = 1 and
N(vy, v2) = llv1llgr (@) + lv2llgy (). Furthermore, we can write K (¢) = o (t) Kpur

with a positive constant K. Let us take ¢ satisfies that

1
—b<§<min{—u,——21‘}},
o

and then one has K (t) < Kot ~%¢, where Ko = C,KpyT*?%). Due to the above
arguments, we consequently conclude that G fulfills the assumption (573). One
can check that all numbers in this theorem obviously satisfy the assumptions of
Theorem 5.14. Hence, we can apply Theorem 5.14, and the chain (5.93) ensures
that the problem (5.88) has a unique mild solution

ue C0,T; L%(Q)) NCi([0, T]; H' ().

with C, is small enough. Besides, the boundedness (5.76) and Part (b) of Theo-
rem 5.14 can be combined to allow the following estimate:

lu +v) — u@)llgv-—n ) <171
Hv+(1-—

7 lu() v
L4=2(2) Yy Neri

(@)

i.e., the inequality (5.89) is easily obtained. We now prove the spatial regularity.
Indeed, Part (a) of Theorem 5.14 can be rewritten as (—A)? ~?u(r) € HY(§2) with
respect to the estimate

|(=2)” e o, S [ =" U@ oy S 77 1 F ey

% (£2)
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On the other hand, by using the chain (5.94), we deduce that

[Vl g ) S l=2)"u)|

—_ 9’
HY(£2) 5 e ||f||]1-]1v+(1—1?)(9) s

which implies the inequality (5.90).

5.3.5 Proof of Theorems

In this subsection, we give full proofs for Theorem 5.12, Theorem 5.13, and
Theorem 5.14. We prove Theorem 5.12 by using some new techniques of the Picard
approximation method. We show Theorem 5.13 by applying Banach fixed point
theorem. And we end the subsection by proving Theorem 5.14. For the sake of
convenience, some important constants, which will be used in the proofs, will be
listed in part (AP.) of the Appendix.

5.3.5.1 Proof of Theorem 5.12

Let us begin with the proof of Theorem 5.12 by using Picard approximation method.
We construct a Picard sequence defined by Lemma 5.15. With some appropriate
assumptions, we will bound the sequence by a power function. Then, we can prove
it is a Cauchy sequence in a Banach space as Lemma 5.16. Now, we consider two
following lemmas.

Lemma 5.15 Let the Picard sequence {w(k)}kzl,zw be defined by w(l)(t) = f,
and

t
w*tD 1y =B, (¢, T)f—i—/ P,(t — r)G(r, w® (r))dr
0

. (5.95)
—/ By (t, T)Po(T — 1)G(r, w®r)dr, 0<t<T.
0
Then, forallt > 0, k € N7 it holds
k —a(l1-6
O] I T T e (5.96)

where N is given by (AP.) in the Appendix.

Lemma 5.16 Let {u(k)}kzl,z,__, be the sequence defined by Lemma 5.15, and then
it is a bounded and Cauchy sequence in the Banach space LP (0, T; H" (£2)) with

1
pE [1, —a(l—e))'
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Proof of Lemma 5.15 Let us consider the case k = 1. First, || f g () is bounded
by C1(v, )|l f lgv+6 () upon the embedding (5.70). Furthermore, it is obvious to
see from (AP.) in the Appendix that 4] > C;(v, Q)I“(l_(’) by noting the number
(1 —6) be contained in the interval (0, 1). These easily imply the desired inequality
(5.96) for k = 1. Assume that (5.96) holds for k = n. This means that

) —a(1-6)
Hw(" (t)HHv(Q)E«/Vll =0 £ oy (5.97)

We show that (5.96) holds for k = n 4 1. Thanks to the definition (5.66), using the
fact that {¢;} is an orthonormal basis of L%(£2), and then using Lemma 5.14, one
arrives at

oo 1/2
SM(xm(;l Ta(1—9) (TOl9 + A;@),—Ot(l—@) < Z )\3(”“‘9) <f, (pj>2)
i=1

Bo(t, T) |

HY(£2)

=Mo" T (790 4 2579) 7200 | fll s g

Next, let us estimate the integrals by using the assumption (741). The idea is to try
to bound them by the convergent improper integrals. Indeed, one can show that

t
H/ P,(t — r)G(r, w™ (r))dr
0

H($2)

t o0
< [ By = G 0 g |
0 Nj= () (5.98)
t
<M k_ef t — == G w® (r dr
Mo | =) joewmen|

dr.

t
<Ll on Moy [ @ =00 [u )]
0,7) Ma’g 0 Y (2)

On the other hand, the quantity & 7(—Ajt*)(T — r)“’lEa,a(—)»j(T — )% is
obviously bounded by . (T — r)*1==1t=«(1=0) qye to applying Lemma 5.14.
Here, the constant .# is given by (AP.) in the Appendix. We then get the following
estimate
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T
”/ B, (1, T)Py (T — r)G(r, w™ (r))dr
0

= \/\“

T
§||L1||L°°(0,T)///1t_°‘(1_9)/ (T —r)*=9-1 ”w(”)(r)’
0

H(£2)

(T = 1) &y 7 (=1 jt*)Eq o (=2 (T — 1)*)G j(r, w™ (r))g;
j=1

dr
HY(£2)

dr.
H(£2)

(5.99)

According to the above inequalities, we need to estimate the integral

t
f (t — O™ ) g @ dr.
0

To do this, we will apply the inductive hypothesis (5.97). Moreover, by also
using the facts that 1 < Te0=0p=(-0) for all 0 < ¢ < T, and fé(r —
r)=0=1,—«(=0) 4y i5 equal to 7/ sin(ra(l — 0)), we consequently obtain the
following estimates:

t
/ (t =" () e ) dr
0

t
5</V1||f”]1—]1”+9(52)/ (t — r)*1=O=1—l=6) g, (5.100)
0

g Te1-0)

—a(1-0)
sin(ma(l — 0)) '

<M fllgv+e 2y

Here, in the last inequality, we use (AP.1) in the Appendix. By similar arguments as
above, we get

t
H / P,(t — r)G(r, w™ (r)dr
0

HY(£2)

T
+ H / B, (t, TP (T — r)G(r, w<”)(r))dr (5.101)
0

HY (£2)

<ILillo.r 2Nt~ fllgvro )

From some preceding estimates and by some simple computations, we can find that

o Ol <[Ba 1], + ] Bt~ NG |

HY (£2) HY(£2)
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T
+ ”f B, (1, TPy (T — r)G(r, w™ (r))dr
0

HY(£2)
=( MG+ Lt 0. TN )17 Fllgeo )
<Mt fllgpro )

By inductive method, we deduce that (5.97) holds for any k = n € NT.

Proof of Lemma 5.16 Since p € [1, ﬁ), we know that the function ¢ +—
t=(1=0) 5 LP(0, T)-integrable which implies that {u(”)} is a bounded sequence
in L”(0, T; H"(£2)). Hence, it is necessary to prove {u(”)} is a Cauchy sequence.
By using the notation u% := 4% _ ™ and using triangle inequality, one has
the following estimate:

Hu(n-ﬁ—l,k) (1) ‘

HY(£2)

t
<N L1l .1y Moy ? / (t == a0 ) | g g dr
0

T
+||L1||Lw<o,r)%1t_“(l_9)/ (T—r)"‘“_@)_l||u("’k)(r)HHU(Q)dr.
0

Similarly as the proof of Lemma 5.15, one can use the inductive hypothe-
sis to estimate the above right-hand side. Then by iterating the same com-
putations in Lemma 5.15, we can bound [u+!-% (., Dllmr () by the quantity
2M L1l Loe 0,1y 70)" t=21=0 £ | v+0 (52)- Summarily, one can obtain the follow-
ing conclusion by the inductive method:

(n.k) =l i-6)
[u® (l)|HV(_Q) §2</VI(HL1||L°°(O,T)%1) t I f Npm+e 2y (5.102)

which completed the proof by letting n — oo.

Proof of Theorem 5.12 We firstly prove the existence of a mild solution # in the
space L? (0, T; H"(£2)) and then obtain its continuity in the following steps (1 and
2). After that, we will present the proofs the Parts (a)—(d) in the sequel.

Step 1. Prove the existence of a mild solution u in the space L? (0, T; H" (£2)).

Since LP(0, T;H"(£2)) is a Banach space and {u} is a Cauchy sequence
in L?(0, T; H"(£2)), thanks to Lemmas 5.15, 5.16, we deduce that there exists a
function u € LP(0, T; H" (§2)) such that lim;,— 4o u™ = y. Now, we show that u
is a mild solution of the problem (5.55)—(5.56) by showing that u = Ju, where
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t
Ju@t) =By (t,T)f +/ Pyt — 1G(r, u(r))dr
0 (5.103)

T
— / B, (t, T)Po (T — r)G(r, u(r))dr.
0

Since the sequence {1} converges to u in L” (0, T'; H"(£2))-norm, there exists a
sub-sequence {1 ")} that pointwise converges to u, i.e., u ") (t) — u(t) in H" (£2)-
norm for almost everywhere 7 in (0, T). Let us denote by v*») := y"») — 4 This
fact and taking k — oo in the estimate (5.102) allow us to obtain

() =l (1-)
[V O gy = 2/ (1L =0 %) I fllspso gy, (5.104)

for almost everywhere ¢ in (0, 7). Moreover, we note from Lemma 5.15 that this
sub-sequence is also bounded by the power function ¢ + =179 These help us
to apply dominated convergence theorem as follows. Indeed, it is obvious that the
quantities

Hv(g)dr,

t
/ (= == [y ()|
0

j—a(1-0) /oT(T _ =01y ()|

]HIV(.Q)dr

pointwise converge to zero by (5.104) as n,, — oo and are bounded by L” (0, T)-
integrable functions. Thus, the same computations as (5.98) show

p

t
H/ P, (1 —r)(G(r, u" (1)) — G(r, u(r)))dr
0

T
-,
! ' (1=0)=1]| y(m) g
< t— )Ty voondr o dt,
—/0 {/o( r) [V ()| (2) ’"}

and by using a similar way as in (5.99), we have the following bound:

LP(0,T;H(£2))

p
dt (5.105)
H(£2)

t
/ Po(t = (G u™ (1) = G, u(r)) ) dr
0

p

T
H/ By (1, T)P, (T — r)(G(r, w ()Y = G(r, u(r)))dr
0
T
-/

T T
e A e O R
0 0

LP(0,T;H"(£2))
p

dt
HY(2)

T
/ By (1, T)P, (T — r)(G(r, u ()Y = G(r, u(r)))dr
0

P
r} dt.

w24
(5.106)
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The right-hand sides of (5.105) and (5.106) tend to zero when n,, goes to positive
infinity. The above arguments conclude that u = Ju, and so that is a mild solution of
the problem (5.55)—(5.56) in L?(0, T; H"(£2)). By taking the limit of the left-hand
side of (5.96), we obtain

lu@llze @) S 7 f il @)- (5.107)
Step 2. Prove u € C*1=9((0, T]; H"(£2)).

We need to estimate u(7) — u(t) in H"-norm, for all 0 < ¢+ <7 < T. By the
formulation (5.65), the triangle inequality yields that

Hu(f) —u(t)‘

HY(£2)

<[ (B 1) ~But, 1)) |

HY (£2)

t
+ / (Pa(?— r) =Pyt — r))G(r, u(r))dr
0

HY(£2)
(5.108)

7
+ /Pa(T—r)G(r,u(r))dr
t

HY (£2)

T
][ (B = Batr, D)Pu(T =GOt
0

HY(£2)
=M llm @) + 1Pllmr @) + 1M llmr @) + 1Mallmr ).
In what follows, we will estimate the terms It; for 1 < j < 4.

d
Estimate of 91;. Using the fact that ZEa’l(_Ajta) = —)»jt"‘*lEa,a(—)ujt“),
we find that

Ea,l(—)»j’t‘a) — Eq1(—Ajt%) _ /t _j e Eqo(—=A;r®) ,
Eq1(—=4;T%) . Ega (=T

This leads to

| (B 1)~ Bue. 7)) /|

HY(2)
d Eqo(—hjr®

ST B ) ar
t jeN Ea,l(_)\jT ) HY(£2)

(5.109)

T
S ( f r“<9-‘>—‘dr> 1 fllzso )
t

F(1-6) _ ja(1-6)

Z(X(l — 9):0(1—9)?01(1_9) ||f||]1-]1v+9(9),



5.3 Terminal Value Problem 307

where we have used the fact that

PEs! Ea,a(_)\jra)
y et T 2

A

_rotfl 1+)\/T(¥ < )\’G_roz(efl)fl. (5110)
Eq1(=x;T®) ~ 7 14 (gyrey2 ~ 7

By noting that 0 < ar(1—6) < 1, we now have 7¢(1=9) —s2(1=0) < (F_ye(1=0) 3pq

furthermore (1 — 0)r*1=071=0) > (1 — 9)r2¢(1=9)  Consequently, employing
the estimate (5.109), we arrive at

190 e 2) S 22T = 0% fllgoss ) (5.111)

Estimate of 91;. In virtue of %(p“‘lEa,a(—)\jp“)) = p“‘zEm,a_l(—Aj,o“), for
all p > 0 (see Proposition 1.14), we obtain that

t
/ <(7— r)a_lEa,a(_)"j (’;_ r)a) U r)a_lEa’a(—)\j U r)a)>
0
X Gj(r, u(r))dr

t pl-r
= /O / " Eqa1(—1jp®)G(r, u(r)dpdr.
t—r
(5.112)

This implies that
t pi—r 5
1972 11 (2 5/ / P NG, u(r) gy (o) dpdr
0 Jt—r

t
S(T—t)“‘lfo lu () lwv 2y dr (5.113)

SE— 0 ullpeo,7:m @)

SE= 0" f oo ()

where we note that

’

/"’ pe2gy = E=n T =Tt =0T
! oa—1 oa—1

—r

1
a=2 o a—2 a—2
Eaam1(=3jp") S p* o S "2,
Y o jiP P 1+ A0 P

Estimate of 9. For all # < r < 7, using the inequality |Eq o (=X, (f — r)*)| < M,
and the fact that 7 — r)*~! < (7= 1)®~!, we have
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o], ) Mo G0 / 16 Dl oy dr

(5.114)

SE=0" f o)

Estimate of 4. Using (5.110), we get

> a— a— Eqo(=1jp%) o
DT =) e 1mEa,a<—Aj<T—r) )G j(r, u(r)g;

=1 HY(£2)

ST =)0 @D NG u ) ) -

By using the fact that ad=0) _ sal-0) < @ — t)“(l_g) and rr(1-07el-0) >
1?2(1=9) " we get that

194 ]lmy (2

T /T
< / / (T — P10V G () 30 ) dEdr
0 t

Fe(1-0) _ ja(1-6) T (o)1 (5.115)
_ _ ad-0)—
T
St U= G — =) / (T = r)* NG, u () g ) dr
0
It is easy to see that
’ 1-0)—1
/ (T =G @E) v )
0
T
< / (T = 09 () oy dr
0
! 1 1 1
,S ||f||Hv+9(_Q)/ (T — }")a( —0)— r_Dl( —Q)dr
0
S I o (2)-
The latter estimate together with (5.115) leads to
1Mallz ) S 7220 F = 0| fllgoso o) (5.116)

Estimate u (7) —u(t). Combining with (5.108), (5.111), (5.113), (5.114), and (5.116),
we deduce that

lu@® — u i) S [0 F= 0" + G0 I f oy,
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which implies that u € C*1~9((0, T]; H"(£2)), and so that the inequality (5.71)
can be obtained by using (5.107) .

In what follows, we give the proofs of Part (a), (b), (c), (d).

Part (a). Proveu € L (0, T; HH‘@_B,(.Q)), for any p € [1, m)

Lemma 5.14 yields the estimate

|

2

Bo (1, T) /|

oo
’ 2
H-8 (2) DA )gaj(_kjta)‘ (01"
j=I

. (5.117)
< j—20(1-0) > /\§U+29_26,’\§9/<ﬁ v;)’.

~

j=1
Therefore, By (¢, T)f € LP(0, T; H”*O*G,(Q)). Further, from assumption (1)

and the estimate (t —r)* ' Eq o (=2 j(t —1)*) < )L;(e—e’) (t —r)@1=0=00)~1 55 in
Lemma 5.14, we infer that

'
H/ P,(t —r)G(r,u(r))dr
0

Hv+6—-6" (£2)

t
< @ =0 TNG G u(r)) e ) dr
/0 ) (5.118)

'
5/ (t — r)a(1—9+9 )_lr_a(l_g)dr||f||Hv+0(_Q)
0
—a(1-06’
SN Dl ).
where we used the definition of the Beta function as (AP.1) in the Appendix, and
the fact that 1?? = (~¢(1=00p2 < =210 Now, we proceed to estimate the last
term of u. Lemma 5.14 yields that

a1 (21N T = 1) Eqa (=0 (T = 1)) S35 07 0=0 1 — pye=071,

This invokes from assumption (77 ) that

T
H / B, (t, T)Po(T — r)G(r, u(r))dr
0

Hv+0—6" 2)

T
<t’°‘(176,)/ T — == G, ur vy dr
S A ( ) G (r, u(r) a2y (5.119)

T
0= [ =0 D o
0

St Fllgiso ().
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Taking the above estimates (5.117)—(5.119) together, we obtain that u € L?(0, T;
H"+9-¢'(2)), forall p € [1 a= 0,)>, and complete this part.

MHwymmwmmuec%w@QTkHv”um)

Let ¢ and t~satisfy that 0 <t <7< T. By using the equation (5.108) and the
embedding H" (£2) — H"~" (£2), we obtain

”u(;) - u(t)”Hu—v’(Q)
S”SUI] ”Hu—v’(g) + ||9jt2||HV—l)/(Q) + ”m?a”Hv—u’(Q) + ||m4||HV—V/(_Q) (5120)

SIM o (@) + 19Mallgo-v (@) + M2l (@) + 1D llE0(02)-
For the right-hand side of (5.108), we thus need to estimate the terms || 90T || .-/ (@)

(94 [l g @) We now continue to consider the following estimates.
Estimate |90 || - @) It is easy to show that

190 g 2y S @ D7D Fllgsogey.

Estimate ||9)14 ”H"*”'(Q)' By a similar argument as in (5.115), we obtain

T pf
sl S [ [ = o D G ) o dr
o Ji
(5.121)
Since 0 < a(6 + V' — 1) < 2, we divide into two following cases.

Case 1.If 0 < a(6 +v' — 1) < 1, then applying (a + b)° < a° +b%, a,b >
0,0 <o <1, we get

(’t‘ja(0+lﬂ—1) _ ta(9+v’—1) < (t"_ t)ot(0+v’—1)’ (5.122)
From two latter observations, we find that
||m4”Hu—v’(Q)

T /7
< / / (T — =01 o2 @ =D G (- 1)) ) dpdr
0 t

HeE+ =1 _ je@+v'=1)

a®@+v —1)

/0 (T — n*1=9-1G6@, u(r) gy () dr

T
<@F—ne@+'=D / (T = »* NG u(r) e ) dr
0

SE— 0O f e g)-
(5.123)
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Case2.Ifl <a(@+1v —1) <2, for0<t<7<T,we get
@a(9+u’—l) _ tot(@-l—v’—l)

:[(?)U(0+v’_l) _ ta(@-‘rv’_])_]’t"] + I:ta(e_,’_v/_l)_l?_ t()l(@-i—v/—l)
(5.124)
:'f[('f)a(@+u/_l)—l _ tDl(@-‘rv/_l)—l] (o @D

Therefore

& — %O =D1_porv—1)<1

||m4”HV_U/(Q) s { ((’IV— t)a(9+v/*1)*1 + (- t)) 1 co0+v—1)<2 } I1f le+o g2y
(5.125)

Collecting the results (5.113), (5.114), (5.120), (5.121),(5.123), and (5.125), we
deduce that u € C"slo([0, T]; H"™" (£2)) and finish the desired inequality.
Part (c). Show that

l18u(t) |l St Y fllie ).

H VI —é ) ~

In order to establish the result, let us define the following projection operator, for
any v = Z?’;l(v, @j)ej and any M > 0,

M

Pyv =Y (v.9))¢;.
j=1

and two following operators:

o0
it VEy o (=1 i19%)
Pralt: D= ) — ey 000l (5.126)
j=1 :
o0
Do)V = Zt“”Ea,a_l(—,\jﬂ)(v, 0)9;. (5.127)
j=1

Noting that &y has the finite rank, we have the following equality after some
simple computations
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t
8 Prgu(t) =D a1, T) Pur f + / Dt — 1) PG r, u(r))dr
0

. (5.128)
— / Dat, T)Py(T —1r)PuG(r, u(r))dr.
0
One can infer from 0 < v; <1 —-60that0 < v < 2"‘0[—*1 — 6. Hence, this can be

associated with "‘T_l <6 <lthatl <0+ v; + é < 2, and this implies that

ot (LTI (L T\ e
~ 1+ 1% 1+ a1

Ea,a(_)hjta)
Eq1(=2;T%)

toz—l

1
< t_a(l_g_ul)k§+v1+9—l
~ ] N

(5.129)
It is easy to see that
2
H Dt T)(Pw = 2u) 1|
HV*"]*&(Q)
B % |22 —/\jta—lEo,,a(—Ajz“)U _>‘2 <130
= j P )
i Eq (=39 ©-130)
M )
—2a(1—-6— 20426
St o( V1) Z )\‘jv |(f,(,0/>| ]
j=M+1
On the other hand, it is certain that
t
H / Dralt =) ( Py = P )Gl utr)dr .
0 HY V1~ ()
! 2 M 21)—21)1—; 2 v
o— o
gfo(r—r) > Gi(rou(r)) | dr (5.131)
j=M+1
t e 1/2
5/(z—r)“*2 > G rue) | ar.
0 j=M+1

Now, let us estimate the third term on the right-hand side of (5.128). We see that
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T
H f Drat, TIPL(T = 1) Doy = Paa ) G, ur))dr
0

HY & (2)

r 1 il 2w—2p -2
s[a-m( X
0 > i

j=M+1
(5.132)

2\ 3
>dr

T M 3
gt—““—e—“l)fo (T—r)“<1—9)—1< > ,\?G?(r,u(r))> dr,

j=M+1

1
4 0. _
« t—a(1—9—V1))L7+v'+ Aje(T —r)_ang(”»M(”))

where we have used the estimates |Eqy o (—A (T — r)%)

< A;Q(T —r)~*% and

v =2 =2t Eg o (<1 j1%)
J Eq1(—4;T%)

A

Eqo(=2j(T —0)*)Gj(r,u(r))

(5.133)
S(T _ r)—aHt—oz(l—G—vl))\.l;

Gj(r,u(r))‘.

Applying the Lebesgue’s dominated convergence theorem, we deduce that three
terms

t
Drot, TY Py f, / Do ot — 1) Py G, u(r))dr
0

and
T
/ D1a(t, T)Py(T — ) Py G(r,u(r))dr
0

are the Cauchy sequences in the space H”_”‘_al(.Q). Then, we obtain three
convergences in the space H" ™" ~a (£2) as follows:

lim 214, T)Puf = 214, T)f,
M— o0

t 1t
lim Dot — 1) PyG(r,u(r))dr = / Dot —r)G(r, u(r))dr,
0 0

M— o0

T
lim Do, TP (T —rY Py G(r, u(r))dr

M—o0 Jg

T
=[ D1a(t, T)Po (T — r)G(r, u(r))dr.
0
(5.134)
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The above equalities imply that d; Zpu(t) consequently converges to d;u(t) in
HY V1 ~a (£2). Further, the following estimates also hold

1 P14 (6, T) £ SO fllgero )

HY—"1 —é (£2)

t t
Hfo Dot —=1)G(r, u(r))dr 5/0 (t =N NG o, u(r)) g () dr

vavl—al(g)
t
S f oo / (t — )2~ =gy
0
—a(1—0—
S P

and

T
H / Drat, TYPa(T — PG (r, u(r))dr
0

H V1 _Dtl 2)

T
Spmed=6—) f (T — NG, ur)) g () dr
0

T
St—a(l—e—vl) ||f||HV+9(Q) / (T _ r)ol(l—e)—lr—a(l—e)dr
0
St e ).
Here, we note that

t
/ (l‘ _ r)oz—Zr—a(l—f))dr g tozé—l'
0

By using (AP.1) and noting that 1 — v; — é >0asv; < =1 \e have

a

ja0-1 _ fa(lfefmta(l*vl*é) < pali=0-w).

Consolidating all the above arguments, we obtain that

a,u(t)‘

<| 21t s |

HY % (2) HY =& (2)

T
+ H / Dia(t, TPy (T —r)G(r, u(r))dr
0

HY V1 —% @)
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t
+ H / Dot — )G (r,u(r))dr
0

HY 1~ (2)

St T e ).

Sincevi <1 —6and1 < 6 4+ v + é, these straightforwardly imply that 0 <
a(l =6 —vy) < 1and du € LP(0, T: H'~"1~ (2)), for all p € [1 é)

> a(1—0—vy)
This ends up Part (c).
Part (d). Show that

1

—amax{2—0—vy—-—,1—0
St { « }||f||HV+9(.rz)~

o
18, @ -1 @) ~

To study the fractional derivative of order « of the mild solution u, let us denote
some operators by

oo

Daa(t, THw := Z

j=1

_)\.ansl(_A.jta) (. 1)0;
Eq1(—A;T) 7000

o
DnaOw == 1t Eq o (=1t (w, 9)¢;.
j=1

By applying the projection &y, to the solution u, and then calculating the fractional
differentiation 9/, one can get that

t
O Pyu(t) =734, T)e@MfﬂLf Dot —=1)PMG(r,u(r))dr
0

T
- / Drat, TYPa(T — 1) Py G(r, ur))dr + PrG e, u(t)).
0
(5.135)

From the assumption @ —O <y <2— é — 6, we find that 1 < vy —i—@—i—é <
2. Therewith, the same techniques as (5.130) invoke that Z3,(¢, T) f exists in the

space H' ™Y~ (2) if f € H"*?(£2), and
—a(2—6—va—al)

1 St
HY Ve a(Q)N

P30 (2, T) fl If im0 (2 (5.136)

The proof for integrals

t
/ Dot —r)G(r,u(r))dr
0
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and
T
/ D3.a(t, T)Py(T — r)G(r, u(r))dr
0

in the space HY %% (£2) can be done by using the same arguments of (5.131) and
(5.132) by using assumption (##]) and the argument of Cauchy sequences. Aside
from the above existence results, we can also verify the following estimates:

t
S / t — ) NG, u() gy (o) dr
H”""’lfa([z) 0

< toszl

t
H / Daot —r)G(r,u(r))dr
0

||f||]H[V+9(Q),

(5.137)
Whereva—l—f—% > 0as vy > @
we get

— 6 and 6 < 1, and by a similar argument,

T
H / Daa(t, TPy (T —r)G(r, u(r))dr
0

HY e~ (2)

_ _fg—yp. L
<t a(2-0-v. a)||f||Hv+H(Q). (5.138)

Since v, < 2 — é — 0, we have o (2 —0 — vy — é) > 0. In addition, it can

be deduced from @ — 60 < vy that o (2 —0 — vy — é) < 1. Hence, we

straightforwardly infer that 0 < « (2 —0 — vy — é) < 1. Moreover, it results from

Vo > @—Gthatv—va—é <v—(1—$)—(1—9)<v,andthenSobolev

embedding H" (§2) <« HY Ve~ (£2) holds. This implies that

IG(t, u(r))| SNIGE u)llgvey S 7N fllgoa)-

HV—Ua—é (£2)

Combining the above inequalities and 6 — 1 > —a (1 — 6), we finally show that

< —a max{2—9—va—al,l—9}

o
lI9; M(’)”Hu—m—é(m S

||f||]H[V+9(Q)

and o7u € LP(0,T; H”_"“_al(.Q)), for all p € |:1, 1 - ) The
amax{Z—O—va—E,l—é)}

proof is accomplished.
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5.3.5.2 Proofs of Theorem 5.13

The proof of Theorem 5.13 relies on a contraction mapping principle. In order to
prove this, we have to prove the following lemma.

Lemma517 Letustake"‘T*1 <O <lL0<sv=<o=<v+4+ladl <gq <
a(l 7y- Assume that f € HY+9+1(2) and G sastisfies (J3) with || La|lL~©.1) €

(O, U, ) Set

t
Tv(t) =B, T)f + / P,(t —r)G(@r,v(r))dr
. 0 (5.139)
— / B, (t, T)Po (T — r)G(r, v(r))dr,
0

and then for any v € C ([0, T]; H"(§2)) N LY(0, T; H° (£2)), it holds that
JveC ([0, T]; H"(2)) NLIO, T; H (£2)).

Proof of Lemma 5.17 We divide this proof into the following steps as follows.
Prove v € C ([0, T]; H'(£2)). Namely, we need to estimate the norm || .7 v(f) —
FTv()|lmv e forall 0 < 1 < 7 < T. For more convenience, we will use notation
M;, 1 < j < 4as (5.108) again. However, the estimates for 9)t; in Step 2 of the
proof of Theorem (5.12) will be modified suitably to fit the assumptions of f and
G in this theorem. Indeed, a slight modification of the techniques in the estimates
(5.109) and (5.110) invokes that

_ Eoz (x(_)\jra)
1970 v (2) < o 2 g dt
@ t 1 E(x,l(_)\'jTa) I HY (£2)
J
7
5 / rag*ldr ||f||Hv+0+l(Q)
t
(?_ t)a910<a9<1 }
< ~ T~ v b
{ ((t - t)ozﬁ—l + - t)) licgg<2 ||f| B+l (@)
where we note that 15¢ belongs to (0, 1),anditnotesthat) < o —1 < b <@ <2

as T <0 <1 Next, estimates for the terms 91;, 2 < j < 4 will be based on the
assumption (s#3) of the nonlinearity G. We see that
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t ?—r
1990 11 (2 5/ / P2 G(r, u(r)) g () dpdr
0 Jt—r
t ;?r )
< / / 272G (v gz g dpdr
0 Jt—r

t pt—r
a—2
S ”vHC([o,T];Hv(Q))qu(o,T;HU((z))/(; /t_r p*“dpdr,

where the norm |G (r, u(r)) |l () is certainly <-bounded by |G (r, v(r))llHUH(_Q)
due to the embedding H"*+1(£2) < HY(£2). Observation from the above estimate
that the last right-hand side clearly tends to zero as 7 tends to ¢. Hence, the
preceding estimate implies the continuity of the term 9, on H" (£2). In addition,
the continuity of the term 913 is obvious by using similar arguments as in (5.114)
and the assumption (.7%3). Precisely,

7
||9Jt3 ”HV(.Q) f, /; ” G(r,v(r)) ”HV‘H (£2) dr S (t—1) ” v ” C([0, T];HY (2))NLY(0,T;He (2))*
Finally, we consider the term ||914]|gv (). The idea is combining similar arguments
as in Step 2 and the modification in the above estimates for 9;. Here, the maximum

of the spatial smoothness of G should be estimated in the space H"*!. Indeed, the
following chain of the estimates can be checked

1974 |l m (2)
T pf g ®
<
= [ (2
j=1
1

X Eqo(—2;(T = "G, u(r))‘z)  dodr

W =) hjp* T Eur (—jp%)

T (7
N / / (T = r)* == NG (r, v () o () dpdr
0 t

Sleleqorim@pnzeo.rme (g))[@“e - fag]
<|lv] T —1)*19<ap<
~Y C(I0,T1;HY (£2))NL4 (0, T;H (£2)) ((?— t)ae_l + (?— I)) | ) '

The preceding estimates lead to Jv € C ([0, T]; H"(£2)).
Prove v € LY(0, T; H° (£2)). We observe that
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2

(f. o)

2

_i/\za Eq1(=2;1%)
Ho(2) “—~
j=1

Eoq1(=4;T%)

Bo(t. T)/|

o0
</~2(1-0) ZA§9+2”(J‘, 0;)?
j=1 (5.140)

00
§t72a(179) Z )»§9+2v+2<f, 90])2
j=1

—2a(1-60 2
=t 20 F2

Thus, By (¢, T) f € L1(0, T; H° (£2)) since t—*1=9 ¢ L4(0, T; R).

Next, will estimate the second term of .Zv where we will bound the oper-
ator norm of P, (t — r) on H?(£2) by My(t — r)*~!, and then we estimate
IG(@r, v(r)llme 2y by IG(r, v(r))IIHm(_Q) upon the assumption (J73) and the
embedding H'T1(2) — H(£2) as 0 < o < v + 1, see (5.72). Precisely, these
arguments can be performed as follows:

q

L9(0,T;H (£2))
q

t
H / P,(t —r)G(r,v(r))dr
0
T
dt

/0 He (£2) (5.141)

T t q
S(Cz(\), U)Ma)q /0 (/0 (t— r)"‘_1 |G (r, v(r))IIHu+1(Q) dr) dt

t
/ P,(t — r)G(r,v(r))dr
0

E(IILzlle(o,T)//fl) HvHC([O,T];H”(Q))mm(O,T;H"(.Q))’

where the constant .# | is given by (AP.) in the Appendix.

Next, we will estimate the L4 (0, T; H (£2))-norm of the last term of .7 v. The
idea is trying to combine estimates for the operators B, (¢, T') and Py (T — r). We
can estimate that the operator B, (¢, T) maps HC+ into H (£2), and the operator
P, (T — r) maps H (£2) into H"*? (£2). Therefore, by using the assumption (./43),
this term can be estimated on the space H°. In the technical aspect, we also note
that the assumption 1 — 1/(xg) < 6 < 1 guarantees that (0 — 1)/a < 6 < 1, and
so a(l —6) € (0, 1). Moreover, the power function r~*(1=94 is clearly integrable
on (0, T'). Indeed, one can show the following chain of the estimates:
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T q
H / B, (t, T)Po (T — r)G(r, v(r))dr
0

=/0T

T T q
5///5”[ r~o1=0q (/ P (T — r)G(r, v(r))IIHa+0(Q)dr) dt
0 0

L1(0,T;H° (£2))
q

dt

T
/ B, (t, T)Po (T — r)G(r, v(r))dr
0 He (§2)

T T q
<More | 17407 < f (T =076 v(r))nHo(mdr) dr
0 0

— N\ 14
5(||L2||L°°<07T>=///2) [0l qo.rrmv@przso.rime @y
(5.142)

where My 1.9 = T (T + ){9), MyT9 = My1.6My, and the constant
M 5 is given by (AP.) in the Appendix. A collection of the derived estimates (5.140),
(5.141), (5.142) reveals T v € L9(0, T; H? (£2)). Finally, we wrap up the proof.

Proof of Theorem 5.13 In order to show that the problem (5.55)—(5.56) has a
unique mild solution, we will prove the operator .7 has a unique fixed point
in C ([0, T]; H"(£2)) N L9(0, T; H° (£2)). The proof is based on the Banach
contraction principle. We have

o7l
C([0,T];HY(£2))NL4(0,T;H (£2))

=1Tvi — Tv2llLe,1:m0 @) + 17 v1 — Tvallco 111 (2)) (5.143)

=: M5 + Ne.

For estimating 915, we applied the previous results in estimating (5.141) and (5.142)
to get

t
oM < / Pt — (G v1(F) — G(r, va(r)dr
0

L4(0,T;HC (£2))

T
+ H / Bo(t, T)Po (T — r)(G(r,vi(r)) — G(r, v2(r))dr
0

L1(0,T;H° (£2))

S”LZHLC’O(O,T) (]1 + %2) ||Ul — 2 HC([O,T];H"(.Q))ﬂLq(O,T;H”(.Q))'

(5.144)

On the other hand, to estimate the term 9J1g, we estimate the operator norm of Py, (f —
r) acting on H" (£2) by My (t —r)*~!, and of B (¢, T)Py (T —r) acting from H" (£2)
to H"*1(£2) by M2my ' (T + 7 "). Applying the embedding HY (£2) < H"+!(£2)
and the assumption (.7%3) consequently deduces the following estimates:
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t
Mg < / Po(t — 1) (G(r, v1 () — G(r, va(r))) dr

C([0,TI;H"(£2))

0
T
+ H/ By (1, T)Po (T — 1) (G(v1(r)) — G(v2(r))) dr
0 C(0.TIH (£2))

t
<My sup (/0 @ =G vi(r) = G, v v dr)

0<t<T

M2 B T B
+ e /O (T = N VG 1) — G(r, 02 v () dr

<ILallLe(0.1)-#3 ” vp— 2 ” C ([0, TI:HY (2))NL4 (0, T;HC (2))
(5.145)

A collection of the estimates (5.143), (5.144), (5.145) reveals that

[0
C([0,T];HY(£2))NL4(0,T;H (£2))
<l LallLe 0,1y % Nv1 — v2llc o, T1;HY (2)NLe (0, T;HE (2)) -
Since || Lallp~@©.ry% < 1, we conclude that .7 is a contraction in
C ([0, T]; H"(£2))NL49(0, T; H° (§2)), which ensures the existence and uniqueness

of a fixed point. The desired inequality is easy to obtain. Hence, we finalize the
proof.

5.3.5.3 Proof of Theorem 5.14

To start with, let us proceed the following lemma.
Lemma 5.18 Assume that all assumptions of Theorem 5.14 are fulfilled:
(a) Fort > 0, and A3 is given by (AP.) in the Appendix, then

IBa (2, T) fllv 2y < Aot f lpv+a-0 (- (5.146)
Moreover, the following convergence holds
B, T)f =5 Bo(t, T)f, inH"(82). (5.147)

(b) Fort >0, w € Xy 90,1, and Ny is given by (AP.) in the Appendix, then
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t
”f P,(t —r)G(r, w(r))dr
0

H(2) (5.148)
S‘.Ytz[{o(]ﬂal9 + %S)t—(xﬂ ”w ”CO”’ (0, TI;HY(£2))-

Moreover, the following convergence holds

7
/ P, — G, w(r))dr
0

. (5.149)
L | Pyt — G (r, wr)dr, in HY(2).
0
(c) Fort >0, w € Xo. 91,7, then
t
”/ P,(t —r)G(r, w(r))dr
0 HY+1-7(2) (5.150)

szKO(TSO“? + %S)t—(xﬁ ”w ||Com§ (0, T1:HY(2))+

Proof Proof of Part (a). By applying the first part of Lemma 5.14, we obtain

o0
‘ HY(£2) Z

j=1
where .45 is given by (AP.) in the Appendix. This directly implies the inequal-
ity (5.146). Let us proceed to prove the convergence (5.147). By the fact that
Eyo(—2) < (14257 ! forall z > 0, see, e.g., [52, 180, 187], one can apply

the same techniques as (5.110) to show the following inequalities:

al( Aj ta)

2 —2av
o[ 1( )\. TO[) f </1/2 “ ||f||Hv+(1 19)(9)7

Bo. 7)f

Ea,a(_)"jra)
Ea,l(_)"jTa)

.o 1-9
< L+4,T = < [(A r )] s (5.151)
[1+ Gro2]'™

where 0 < (1 — ¢)/2 < (1 — u)/2 < 1. Hence, we derive that

T)f —Bo(t. T Baalhir?) o) d
B.G. 1 B Dr|, < [ Z,Eal( wothd r

HY(2)

1
—av—1
Sy [ 77
t

Since the integral in the above inequality tends to zero as t approaches 7 from the
right, we obtain (5.147) and finish the proof of Part (a).
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Proof of Part (b). We divide this proof into two parts as follows.
Step 1. Prove the inequality (5.148).
It follows from Eg.q(—2;(t —1)*) < Mah; @ —r)=@" that

t
H/ P,(t —r)G(r, w(r))dr
0

HY($2)

¢ oo
< [ Y Eaa s = 0G| dr
° J=1 H ()

t
<M, / t — O NG, w) o ) 7 (5.152)
0

where 0 = v — . Since w € Xy 9,.,7(%), we see that |w () |lmv(2) < Rr—?

Thus, we have in view of (5.75) that

1G @, weD e @y = La)(1+ 1w g g ) 1 ()

It follows from (5.152) that

< Mo l|wllcor (0 1102y L3, (5.153)
HY (£2)

t
H/ Pyt —r)G(r, w(r))dr
0

where
t
Ly(t) == / (t — ==t (r—‘“’ + %Sr—““)“”) Ls(r)dr. (5.154)
0

Our next purpose is to find an upper bound of 7:3 (t). In order to control this term,
we observe from 0 < r < T that r~@0 < 750,—U+9e? 4nd from Ko =
| L3 (2)2*¢ |0, 1) that L3(r) < Kor~%¢, which yields the following estimates:

1
L3(t) < (TSOlﬂ +<@Y)/ (t _r)a(l—[l)—lr—(l-‘rs)olﬂLs(r)dr
0
t
< KO(Tsm? _}_%s)-/ (t _r)a(lfu)flrfa((1+s)z9+§)dr.
0

By noting minfae(1 — ) — 1, —a((1+s)0+¢)} > —-las0<pu < 1,¢ <
a !l — (1 + 5)?9, and using (AP.1), we find that

t
/ (1 — Py I==1, =404 g1, < o (1= =(+5)0—5).
0
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This implies that
L3(t) < Ko(T%7 4+ 2°) o 7= =s0=0) 4=

where we have noted that ¢ < (1—pu)—s9 since{ < a™ ' —9 —s9 < (1 —p)—s0
asa~! < 1and 9 > p. The latter estimate together with (5.153) and (5.154) that

t
”/ P,(t —r)G(r, w(r))dr
0

HY(§2)

< MKo(T%* + %)t~ |wll cas 0.71:8 29

where we recall that 1 is given by (AP.) in the Appendix.

Step 2. Show that (5.149) holds.

By dealing with [|G (r, w(r))llfo () as the same arguments in Step 1, we derive
that

t pt—r 0
19l (2) < / / P* D Bt (—=1;p™)G j(r u(r))g; dpdr
0 Jt—r =1 ()

t pi—r
< / / PG (r, u(r)) w2y dpdr
0 Jt—r
t pi—r
5/ / pe(1==2 (%rﬂw +%1+sr7(l+s)az9) La(rdpdr
0 Jt—r

)

t
< ’/ ((;_ ped=m=1 _(; _ r)a(l—m—l) pe((4)940) g,
0

where 2, is formulated by (5.108). By the fact that (1 — n) > O and 1 —
o ((1 +5)0 +¢) > 0 and using (AP.2) in Appendix, we know that the right-hand
side of the latter inequality tends to zero, as 7 approaches . Hence, 1972 llm (2)

T—t
25 0. Now, by the same way as the above arguments, we get

T [ee)
19l 2y < / F= 1Y Eaa(—2 = DG ur)g;|  dr
J= HY(2)

7
< / @ — NG, u () lue @)dr
t

7
</ (?_ r)a(l*lt)*lr*“((“rs)lwr{)dr, (5.155)
t
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where 913 is formulated by (5.108). From that (f — )1~ < (7 — 1)@(1=?) gz
t <r <7, webound the right-hand side of the (5.155) as follows:

7
(RHS) of (5.155) < (f — t)““‘l”/ 7 — r)*O=w=l (49748 g,
0
< (’t“_ t)oc(l—ﬁ) /t(;_ r)oz(ﬂ—u)—lr—tx((l—&-s)ﬂ—&-g“)dr-
0
Noting that ¢ (% — ) > 0and 1 — o ((1 4+ 5)9 4+ ¢) > 0, we ensure that

7
/ G’_ r)a(ﬂ—,u)—lr—a((l—y—s)19+§)dr
0

is convergent. The above observations imply that |93 | (2) 2L 0. Since the fact
that

t

T
/ P, — r)G(r, w(r))dr — / P,(t — r)G(r, w(r))dr = N, + M3,
0 0

we finish this step.
Proof of Part (c).
Inviewof 0 <1+ [(v — o) — ¥] < 1, one can see that

t
H/ P,(t — r)G(r, w(r))dr
0

Hl)+(1—19)(9)

t
<M, / (0 = PG, w(r) e ) dr
0

t
SM“KO(TS(H? + %‘Y)”wHC"“’((O,T];H"(Q)) / (t _ r)a(l?—ﬂ)—lr—Dl((]-ﬁ-S)l?-ﬁ-{)dr
0
51‘40.{[(()(7‘50“9 +%S)||w||Cm?((O’T];Hv(Q))mlta((ﬁ_u)_(l_hv)ﬁ_;)
<MKo(T*" + %) 17" |wll cer (0,711 (2)):

where we also recall that 91, is given by (AP.) in the Appendix. This completes the
proof.

Proof of Theorem 5.14 The proof will be based on contraction mapping theorem
on the Banach space. For this purpose, let us define the mapping

2 xou?,v,T(%) — xa,ﬂ,v,T(%)

given by



326 5 Inverse Problems of Fractional Wave Equations

t
Q2w =8B,t,T)f —i—/ P,(t —r)G(r, w(r))dr
0
T
—/ By (t, T)Po (T — r)G(r, w(r))dr. (5.156)
0

Since f € H'TU=?)(2), the convergence (5.147) in Part (a) of Lemma 5.18 yields
that the first term of 2 is time continuous for all 0 < ¢ < T. The estimate (5.146)
deduces that this term belongs to C*? ((0, T'1; H"(£2)). Similarly, we observe from
G satisfies assumption (#43) and the estimate (5.148), the convergence (5.149) in
Part (b) of Lemma 5.18 that the second term of .2 belongs to C*? ((0, T']; H" (£2)).
On the other hand, using in Part (c) of Lemma 5.18 shows that the integral
fOT P, (T —r)G(r, w(r))dr belongs to H' 1= (£2), so we deduce from Part (a) of
Lemma 5.18 that

T
B, (¢, T)/ P, (T — r)G(r,w(r))dr belongsto C%’((0, T]; H"(£2)).
0

(5.157)
Therefore, the last term of 2 also belongs to C*V ((0, T']; H"(£2)).
In the following, we prove 2 maps Xy .7 (%) into itself. Indeed, let wh, w¥ e
Xy 90, 7(Z). By using the formula (5.156), we have

1«7 H 2u' @) — ,@wi(t)‘

HY(£2)
t
<t / Po(t = )G w' () = G wh () )ar
0 HY($2)
T
410 Batt.T) [ Ru(T =G0 0) — 6w ) )
0 HY($2)
<MK +22°) | —wi]
CV((0, T HY (£2))
T
| [Pt = (G0 0) = Gowh e )ar
0 H1)+(1—19)(Q)

<OMKo(T*” + %) |lw' — w¥l|cas (0,771 (2

where on the right-hand side of (5.156), we have used the inequalities (5.146) of
Lemma 5.18, (5.148) of Lemma 5.18 in the first estimate, and the inequality (5.150)
of Lemma 5.18 in the second estimate. This implies that

< MKo(T**” + Z)|lw' — w¥llces (0,771 (2))-

Ha@wT — Qwi‘ <
CYY((0,T];HY (£2))
(5.158)
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By letting w* = 0 into the latter inequality and noting that QWH(t) =By (t, T) fif
w¥ =0, we derive

”QwT —B,(t,T)f

Cor (O.THEN @) M Ko(T* + Z) | w' [l cov 0,719 (2))-

From (5.146) and using the triangle inequality, we know that

| 2w

< ngﬁ — B, T)f’

Co?((0,TT;H (£2)) Co?((0,TI;HY (£2))

+ sup *7|By(t, T) fllmv(2)

0<t<T
SWQI(O(TSO“9 + %3) || U)T ||C°”9((O,T];H"(.Q))

+ 2| fllgp+a-9 (-

Since w' € Xo,9,0,7(#), we have ||| cas (0. 7117 (2)) < #- It implies that

||

Co?((0,T1;HY (£2)) = sjt—2I<0(TS(M? + %é)% + </VZ”f||]H]v+(1719)(_(2)

= (). (5.159)

. . 1=l
Due to the assumption KoT**” € (0, mln{%‘ﬁz . A%}), we now show that
there exists 0 < #Z < % which is a solution to the equation 7 (%) = %, where we
denote by the constant

— 1/s

-~ 1 — L KoT**?

Ro=—20 ) .
(1+ )92 Ko

We note that the function Z +— (%) := n (%) — X is continuous on (0, @) with
the terminal values 7 (0) = </V2||f||Hv+(l—ﬂ)(_Q) and

7(R) = TKo(T**" + B)VRE + N flgva-n) — Z

= (WeKoZ" — (1 = TaKoT*")) 2 + 5l f -0
= (1= MKeT**’ L g+
= ( — MKy ) T~ + M f llg+a-0 ()

S R ~
= Ml lra-niey = 7o (1 -TuKor*?) 2

J— 1+1/s
s (1 — mzK()T‘W0>

L+s (1+9)YsOLK)Ys

= Ml fllgv+a-0 ) —
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s (1/2)1-"-1/5

_ 1+1/s
T DA )

< e/V2||f||Hv+(lfﬁ)(Q) (1
=0,

where we note that 1 — M KoT5¢% > % Therefore, there exists 0 < Z < Z such
that 7 (Z) = Z. So it follows from (5.159) that 2 maps Xy, 7 (%) into itself.

In the following, we prove 2 is a contraction mapping and then establish the
existence of the mild solution. We note that

— -~ 1 — KT
MKo(T* + %) = MK (T“’“9 R )

(1 + )M Ko
1 — MKT**? —
=~ (1=K ) 41
S
— ) 2+s
—1— 1—91KTW”) S
1+s< 220 S22

Hence, we can imply from (5.158) that

< MKo(T*™ + 2w’ — wllcer (0,710 (2))

HQwT - Qw"t‘

Ce? ((0,T];HY (£2))
245

<
— 242s

" = wlces o, 715 (@2

We imply that 2 is a contraction mapping on Xy, ., 7 (%) which has a unique fixed
point # in this space. This fixed point is the unique mild solution of the problem
(5.55)—(5.56). In addition, the inequality (5.76) can be easily obtained. The remain
of the proof is split as the following steps.

Part (a). Show that u € LP(0, T; H'"* =" (@)) forall 1 < p < L. Ttis
easy to see that the estimate ||By (7, T)f||H\,+(19r,19)(Q) < ot Il lgo+a-9) () for
all > 0. Moreover, using this estimate combines with Lemma 5.18, the inequality
(5.76) to invoke that

<t7m9’

T
B, (1, T)/ Po (T —r)G(r,u(r))dr
0

Hu+(z9’—x7)(_(2)

T
/ P, (T —r)G(r,u(r))dr
0

HVHI—u“)(Q)
— 19/
ST NS lvra-n @) -

On the other hand, it follows from v + (¢’ — ) < v + (1 — ) that the Sobolev
embedding H'*(-9(2) — HY+@ ) (2) holds. Hence, we can infer from
Lemma 5.18 that
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t
H[ P,(t —r)G(r,u(r))dr
0

HV*'(’?/_??)(.Q)

'
< H/ P,(t — r)G(r,u(r))dr
0

Hv+(1-29) 2)

—av
,St “ ||f||HV+(l—r?)(_Q)

S fllgra-n () -
Summarily, the solution u € L?(0, T; H”“L(ﬁ/_l?)(ﬂ)) foralll < p < ﬁ since

ta?’ clearly belongs to L”(0, T; R) forall 1 < p < #. The proof is finalized.
Part (b). Show that u € C ([0, TI; ]HI”_”(.Q)). Lets,7suchthat0 <7 <7 <T.

. Since

P <n<9%+4+1land0 < 19 < 1, the number H’g_” consequently belongs to

1+z9 1

[0, 1]. Hence, replacing 1 — 1 = =% by
Indeed, we have

helps to improve the inequalities (5.151).

‘M < =010, (5.160)

Eo1(=A;T%)

As a consequence of the above inequality, we have

Bo(©.T)f ~Balt, T)f |

HY="(£2)
g ¥)—1

S lgpa-o e / rem=-1g,
t

T =01y _g—0)<1 }

<
S I o) { (@ === 4 7= 1)) L ca(y-9)<2

where the number «(n — @) includes in (0, 2). Employing Lemma 5.18 allows that

T
Ml oo </PT—rGr,ur dr
|| 4|H n(§2) ~ H 0 Ol( ) ( ( )) HU+(1719)(_Q)
{ (= t)a("_0)10<a(n—z9)§l }
((l‘ — t)a(n70)71 +(r — t)) 11<a(n—z9)<2

T =)Dy y-9)<1 }

<
~ ”f”HUHFﬂ)(Q) { ((f— t)a(n—ﬂ)—l + (?— [)) 11<oz(7]—1?)<2
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provided that notation 94 is given by (5.108). Now, let us consider the terms 21,
and 2M3. It indicates from u < ¥ and ¥ < npthat 0 < —o < 5 — v, and it results
HC (£2) < H"~"(£2). This suggests to estimate the term 91,. In fact, we have

t pt'—r
19702 o0 (2) 5/ / P2 NG (r, u(r)) o (2) dodr
0 Jt—r

t T—r
S ||f||HU+(1—7})(Q) / / ,0‘172 (rfoa? + r*(l‘lﬂ&)ﬂtﬁ) L3(V)dpdr
0 Jt—r

t
5 ”f”H"‘*‘(]—l’)(_Q) ('l?"_ t)O(*l / (r*a(19+§) + r*Dt((]‘I*S)l?‘l’{)) dr,

0
1

provided that L3(t) < Kot~%% as G satisfies (5.75). Since ¢ < — — (1 + 5)9, we
o

derive that the integral on the right-hand side of the previous express is convergent.
Hence, we get immediately the estimate

190 lv-n(2) S 1 lvra-o @y @ — DL

and from the locally property of G as in (5.75), we find that
T 1
19 -2y S / (& =r)* G, u(r))llme @2)dr
t
T
< flhgertoorcen f 7= (7 0 Lyryar
t

7

< IIfIIHumfm(g)/ T —r)e! (r—a<v9+c) +r—a((l+s)z9+§)) dr
t

N ”f”Hlefl’)(g) (7— l‘)a_l.

The above explanations deduce u € C ([0, TI; ]HI”_”(.Q)). This part is accom-
plished.

Appendix

(AP) List of Important Constants

Here, we list some important constants appeared in this section, where some of them
contain the constant C1 (v, 8), C2(v, o) in the embeddings (5.70) and (5.72).
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My = M (0,0, T) = M2m ' T*O=0 (70 4277,

M2 Te(-6)
My = Mo(@,0,T) = e T (T + 47,

T MoA| Ora=0) 47 g,
sn(ra(1=0)) _°

My =M (q,0,v,0,T) = Cr(v,0)M,g

U =0, T): =

To+1/q
® o(ag+1)l/a°
Ta(l 9)(T019+1/q+)" )
(1—a(1— g)q)l/qa(l —-0)’
Ty = M3, T) = ML (14 Mo 7o 4 57h),

U = U(q,o,v,0,T):=||LallL~o.1) 21§j§3%j,

A M max{1,(T%+27%)"1)C1 (v,0)
1=IIL1llgo0 0,1y % ’

My = M@0, T) = Mamy ' T (T 4277,

My = Mg, 0,T) =

M =M, 0,v,T) =

M =M, 1, 3, ¢) :=max{B(az;, 1 —a(l+s)0 —af), j=1,2},
71 =9 — U,
{Zz =1-u,
Ny = Malew, . 8, ¢, 5, T) := MMy max{T*Gi—0-C) i =1,2},
Ny =Ma(e, , 0, C,5, T) = Mo(1 + AT D),

S
N . — s 1
</Vf — </Vf (Ol, vV, 19, T, S) = (f/‘/zlle\H»(lL’)(_Q)) (2+2S)1+S s

= 1 mzKoTWﬁ>l/S
R =R, 10,5, T) —<(1+Sm2KO ,

min {a(® +1v' — 1), & — 1} Lo<q@+v-1=<1

= o, 0,V) =
nglo nglo( ) mln C((G + V _ 1) _ 1 o — 1} 11<0[(0+l)/—1)<2

fo
{
{
{

=3

inya(n —v),a — 1}10<a(77 =<1
Neri = nglo(ae n,9) =

minja(n —9) — 1,a — 1}11<o¢(n 9)<2

(AP.1) A Singular Integral

It is useful to recall some basic properties of a singular integral. For given z; > 0,
z2>0,and 0 <a < b < T, we denote by
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b
H (21,22, a,b) = / b -0 Nz —a)2ldr = (b — a)" T2 B(z1, 22),
a
(5.161)

where B is the Beta function, B(z1, z2) = fol 21711 = 1)?2~1ds. Moreover, a
special case of the Beta function is B(z, 1 —z) = 7/ sin(7z), see, e.g., [26, 52, 126,
180, 187].

(AP.2) A Useful Limit

Fora > 0,b > 0,¢ > 0, h > 0, the following convergence holds
! b1, b0t [T 1.b—1
/ t+h—r)""r""dr —— / (t—r)*r’ dr.
0 0
Indeed, it can be proved by noting that fot (r— r)“_lrb_ldr = t“+b_lB(a, b) and

t t/(t+h)
/ (t+h -y = (¢ + h)ett] / (1 =) 1P lgs
0 0

h—0t _
277 @ th-1Ba, b).



References

1

[SV]

10.

11.
12.

16.
17.

18

. E. Affili, E. Valdinoci, Decay estimates for evolution equations with classical and fractional
time-derivatives. J. Diff. Equ. 266(7), 4027-4060 (2019)

. M. Abramowitz, I.A. Stegun, in Handbook of Mathematical Functions with Formulas,
Graphs, and Mathematical Tables. Applied Mathematics Series (Courier Corporation, Wash-
ington, D.C., 1967)

. R.A. Adams, Sobolev Spaces (Academic, London, 1975)

. O.P. Agrawal, Fractional variational calculus in terms of Riesz fractional derivatives. J. Phy.
A: Math. Theor. 40, 6287-6303 (2007)

. B. Ahmad, M.S. Alhothuali, H.H. Alsulami, M. Kirane, S. Timoshin, On a time fractional
reaction diffusion equation. Appl. Math. Comput. 257, 199-204 (2015)

. M.R. Alaimia, N.E. Tatar, Blow up for the wave equation with a fractional damping. J. Appl.
Anal. 11(1), 133-144 (2005)

. M. Ali, S.A. Malik, An inverse problem for a family of time fractional diffusion equations.
Inverse Probl. Sci. Eng. 25(9), 1299-1322 (2017)

. L. Aloui, S. Ibrahim, M. Khenissi, Energy decay for linear dissipative wave equations in
exterior domains. J. Diff. Equ. 259(5), 2061-2079 (2015)

. A. Alsaedi, B. Ahmad, M. Kirane, B. Rebiai, Local and blowing-up solutions for a space-time

fractional evolution system with nonlinearities of exponential growth. Math. Methods Appl.

Sci. 42(12), 4378-4393 (2019)

E. Alvarez, C.G. Gal, V. Keyantuo, M. Warma, Well-posedness results for a class of semi-

linear super-diffusive equations. Nonlinear Anal. 181, 24-61 (2019)

H. Amann, Linear and Quasilinear Parabolic Problems (Birkhduser, Berlin, 1995)

B.D. Andrade, A. Viana, On a fractional reaction-diffusion equation. Z. Angew. Math. Phys.

68(3), 59 (2017)

. D. Araya, C. Lizama, Almost automorphic mild solutions to fractional differential equations.
Nonlinear Anal. 69, 3692-3705 (2008)

. T.M. Atanackovi¢, S. Pilipovié, B. Stankovié, D. Zorica, Fractional Calculus with Applica-
tions in Mechanics (Wiley-ISTE, New York, 2014)

. V.V. Au, M. Kirane, N.H. Tuan, Determination of initial data for a reaction-diffusion system

with variable coefficients. Discrete Contin. Dyn. Syst. 39(2), 771-801 (2019)

J. Baumeister, Stable Solution of Inverse Problems (Springer, Berlin, 1986)

A. Bekkai, B. Rebiai, M. Kirane, On local existence and blowup of solutions for a time-

space fractional diffusion equation with exponential nonlinearity. Math. Methods Appl. Sci.

42, 1819-1830 (2019)

. J. Bergh, J. Lofstrom, Interpolation Spaces: An Introduction (Springer, Berlin, 1976)

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2024 333
Y. Zhou, Fractional Diffusion and Wave Equations,

http

s://doi.org/10.1007/978-3-031-74031-2


https://doi.org/10.1007/978-3-031-74031-2

334

20.

21.

22.

23.

24.

25.

26.

217.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

References

. B. Berkowitz, J. Klafter, R. Metzler, H. Scher, Physical pictures of transport in heterogeneous
media: Advection-dispersion, random-walk, and fractional derivative formulations. Water
Res. Res. 38, 9-1-9-12 (2002)

A.V. Bobylev, C. Cercignani, The inverse Laplace transform of some analytic functions with
an application to the eternal solutions of the Boltzmann equation. Appl. Math. Lett. 15, 807—
813 (2002)

K. Bogdan, K. Burdzy, Z-Q. Chen, Censored stable processes. Probab. Theory Related Fields
127(1), 89-152 (2003)

M. Bonforte, Y. Sire, J.L. Vazquez, Optimal existence and uniqueness theory for the fractional
heat equation. Nonlinear Anal. 153, 142-168 (2017)

M. Bonforte, J.L. Vazquez, Quantitative local and global a priori estimates for fractional
nonlinear diffusion equations. Adv. Math. 250, 242-284 (2014)

V. Bogelein, F. Duzaar, P. Marcellini, S. Signoriello, Nonlocal diffusion equations. J. Math.
Anal. Appl. 432(1), 398-428 (2015)

V. Bogelein, F. Duzaar, P. Marcellini, C. Scheven, Doubly nonlinear equations of porous
medium type. Arch. Ration. Mech. Anal. 229(2), 503-545 (2018)

H. Brezis, Functional Analysis, Sobolev Spaces and Partial Differential Equations (Springer
Science & Business Media, Berlin, 2010)

Z. Brzezniak, N. Rana, Local solution to an energy critical 2-D stochastic wave equation with
exponential nonlinearity in a bounded domain. J. Differ. Equ. 340, 386-462 (2022)

M.V. Burtsev, A.N. Zarubin, Inverse initial-boundary value problem for a fractional diffusion
wave equation with a non-carleman shift. Differ. Equ. 44(3), 390400 (2008)

A. Carasso, Error bounds in the final value problem for the heat equation. SIAM J. Math.
Anal. 7, 195-199 (1976)

Y. Cao, J.X. Yin, C.P. Wang, Cauchy problems of semilinear pseudo-parabolic equations. J.
Differ. Equ. 46, 4568—4590 (2009)

C.M. Carracedo, M.S. Alix, The Theory of Fractional Powers of Operators, North-Holland
Mathematics Studies (Elsevier, San Diego, 2001)

T. Cazenave, Semilinear Schrodinger Equations (American Mathematical Society, New York,
2003)

T. Cazenave, B. Weissler, The cauchy problem for the critical nonlinear Schrédinger equation
in H®. Nonlinear Anal. 14(10), 807-836 (1990)

L. Chen, Nonlinear stochastic time-fractional diffusion equations on R: moments, Holder
regularity and intermittency. Trans. Amer. Math. Soc. 369(12), 8497-8535 (2017)

W. Chen, S. Holm, Physical interpretation of fractional diffusion-wave equation via lossy
media obeying frequency power law. arXiv preprint math-ph/0303040 (2003)

J. Chen, F. Liu, V. Anh, Analytical solution for the time-fractional telegraph equation by the
method of separating variables. J. Math. Anal. Appl. 338, 1364—1377 (2008)

Y. Chen, H. Gao, M. Garrido-Atienza, B. Schmalfuss, Pathwise solutions of SPDEs driven by
Holder-continuous integrators with exponent larger than 1/2 and random dynamical systems.
Discrete Contin. Dyn. Syst. 34, 79-98 (2014)

D. Chen, B. Hofmann, J. Zou, Regularization and convergence for ill-posed backward
evolution equations in Banach spaces. J. Differ. Equ. 265, 3533-3566 (2018)

B. Claus, M. Warma, Realization of the fractional laplacian with nonlocal exterior conditions
via forms method. J. Evol. Equ. 20, 1597-1631 (2020)

Ph. Clément, G. Gripenberg, S.O. Londen, Regularity properties of solutions of fractional
evolution equations, in Evolution Equations and Their Applications in Physical and Life
Sciences (Dekker, New York, 2001)

Ph. Clément, S.O. Londen, G. Simonett, Quasilinear evolutionary equations and continuous
interpolation spaces. J. Differ. Equ. 196, 418-447 (2004)

R. Courant, D. Hilbert, Methods of Mathematical Physics: Partial Differential Equations
(Wiley, New Jersey, 2008)

D.T. Dang, E. Nane, D.M. Nguyen, N.H. Tuan, Continuity of solutions of a class of fractional
equations. Potential Anal. 49, 423-478 (2018)



References 335

44

45.

46.

47.

48.

49.

50.

S1.

52.

53.

54.

55.

56.

57.

58.

59.

60.

61.

62.

63.

64.

65.

66.

67.

68.

. M.E. de Alemida, J.C.P. Precioso, Existence and symmetries of solutions in Besov-Morrey
spaces for a semilinear heat-wave type equation. J. Math. Anal. Appl. 432, 338-355 (2015)
M.E. de Alemida, A. Viana, Self-similar solutions for a superdiffusive heat equation with
gradient nonlinearity. Electr. J. Diff. Equ. 2016(250), 1-20 (2016)

B. de Andrade, A.N. Carvalho, PM. Carvalho-Neto, P. Marin-Rubio, Semilinear fractional
differential equations: global solutions, critical nonlinearities and comparison results. Topol.
Methods Nonlinear Anal. 45, 439-467 (2015)

P.M. de Carvalho-Neto, P. Gabriela, Mild solutions to the time fractional Navier-Stokes
equations in RV . J. Differ. Equ. 259, 2948-2980 (2015)

A. Deiveegan, J.J. Nieto, P. Prakash, Periasamy, The revised generalized Tikhonov method for
the backward time-fractional diffusion equation. J. Appl. Math. Comput. 9(1), 45-56 (2019)
D. del Castillo-Negrete, B.A. Carreras, V.E. Lynch, Fractional diffusion in plasma turbulence
Phys. Plasmas 11(8), 3854-3864 (2004)

D. del-Castillo-Negrete, B.A. Carreras, V.E. Lynch, Nondiffusive transport in plasma turbu-
lene: a fractional diffusion approach. Phys. Rev. Lett. 94, 065003 (2005)

H.FE. Di, Y.D. Shang, X.M. Peng, Blow-up phenomena for a pseudo-parabolic equation with
variable exponents. Appl. Math. Lett. 64, 67-73 (2017)

K. Diethelm, The Analysis of Fractional Differential Equations: An Application-Oriented
Exposition Using Differential Operators of Caputo Type (Springer Science and Business
Media, Berlin, 2010)

S. Dipierro, X. Ros-Oton, E. Valdinoci, Nonlocal problems with Neumann boundary condi-
tions, Rev. Mat. Iberoam. 33(2), 377-416 (2017)

J.D. Djida, A. Fernandez, 1. Area, Well-posedness results for fractional semi-linear wave
equations. Discrete Contin. Dyn. Syst. Ser. B 25(2), 569-597 (2020)

H. Dong, D. Kim, L ,-estimates for time fractional parabolic equations with coefficients
measurable in time. Adv. Math. 345, 289-345 (2019)

H. Dong, Y. Liu, Weighted mixed norm estimates for fractional wave equations with VMO
coefficients. J. Differ. Equ. 337, 168-254 (2022)

F. Duzaar, J. Habermann, Partial regularity for parabolic systems with non-standard growth.
J. Evol. Equ. 12(1), 203-244 (2012)

H.W. Engl, M. Hanke, A. Neubauer, Regularization of Inverse Problems (Springer Science
and Business Media, Berlin, 1996)

L.C. Evans, Partial Differential Equations, 2nd edn. (American Mathematical Society,
Providence, 2010)

L.R. Evangelista, E.K. Lenzi, Fractional Diffusion Equations and Anomalous Diffusion
(Cambridge University Press, Cambridge, 2018)

W. Fan, F. Liu, X. Jiang, I. Turner, A novel unstructublack mesh finite element method
for solving the time-space fractional wave equation on a two-dimensional irregular convex
domain. Fract. Calc. Appl. Anal. 20, 352-383 (2017)

A.Z. Fino, M. Kirane, The Cauchy problem for heat equation with fractional Laplacian and
exponential nonlinearity. Commun. Pure Appl. Anal. 19(7), 3625-3650 (2020)

G. Fragnelli, D. Mugnai, Stability of solutions for some classes of nonlinear damped wave
equations. SIAM J. Control Optim. 47(5), 2520-2539 (2008)

Y. Fujita, Integrodifferential equation which interpolates the heat equation and the wave
equation. Osaka J. Math. 27, 309-321 (1990)

G. Furioli, T. Kawakami, B. Ruf, E. Terraneo, Asymptotic behavior and decay estimates of
the solutions for a nonlinear parabolic equation with exponential nonlinearity. J. Differ. Equ.
262, 145-180 (2017)

C.G. Gal, M. Warma, Fractional in time semilinear parabolic equations and applications. HAL
Id: hal-01578788 (2017)

T. Ghosh, M. Salo, G. Uhlmann, The Calderén problem for the fractional Schrodinger
equation. Anal. PDE. 13(2), 455-475 (2020)

D. Gilbarg, N.S. Trudinger, Elliptic Partial Differential Equations of Second Order (Springer,
Berlin, 2001)



336

69

70

71.

72.

73.

74.

75.

76.

71.

78.

79.

80.

81.

82.

83.

84.

85.

86.

87.

88.

89.

90.

91.

92.

93.

94.

References

. Y. Giga, T. Namba, Well-posedness of Hamilton-Jacobi equations with Caputo’s time
fractional derivative. Comm. Partial Differ. Equ. 42(7), 1088-1120 (2017)

. J. Ginibre, G. Velo, The global Cauchy problem for nonlinear Klein-Gordon equation. Math.

7 189, 487-505 (1985)

T. Ghoula, V.T. Nguyen, H. Zaag, Blowup solutions for a reaction-diffusion system with

exponential nonlinearities. J. Differ. Equ. 264, 7523-7579 (2018)

1. Golding, E.C. Cox, Physical nature of bacterial cytoplasm. Phys. Rev. Lett. 96, 098102

(2006)

1. Graham, U. Langer, J. Melenk, M. Sini (Eds.), Direct and Inverse Problems in Wave

Propagation and Applications (Walter de Gruyter, Berlin, 2013)

M.G. Grillakis, Regularity and asymptotic behavior of the wave equation with a critical non-

linearity. Ann. Math. 132, 485-509 (1990)

G. Grubb, Fractional Laplacians on domains, a development of Hormander’s theory of -

transmission pseudo-differential operators. Adv. Math. 268, 478-528 (2015)

S. Guo, L. Mei, Y. Li, An efficient Galerkin spectral method for two-dimensional fractional

nonlinear reaction-diffusion-wave equation. Comput. Math. Appl. 74, 2449-2465 (2017)

B.H. Guswanto, T. Suzuki, Existence and uniqueness of mild solutions for fractional

semilinear differential equations. Electron. J. Differ. Equ. 2015, 1-16 (2015)

H. Hajaiej, X. Yu, Z. Zhai, Fractional Gagliardo-Nirenberg and Hardy inequalities under

Lorentz norms. J. Math. Anal. Appl. 396, 569-577 (2012)

B. Han, K. Kim, D. Park, Weighted L, (L ,)-estimate with Muckenhoupt weights for the

diffusion-wave equations with time-fractional derivatives. J. Differ. Equ. 269, 3515-3550

(2020)

D.N. Hao, N.V. Duc, N.V. Thang, Backward semi-linear parabolic equations with time-

dependent coefficients and local Lipschitz source. Inverse Probl. 34, 33 (2018)

J.W. He, L. Peng, Approximate controllability for a class of fractional stochastic wave

equations. Comput. Math. Appl. 78, 1463-1476 (2019)

J.W. He, Y. Zhou, On a backward problem for nonlinear time fractional wave equations. Proc.

Roy. Soc. Edinburgh Sect. A. 152(6), 1589-1612 (2022)

J.W. He, Y. Zhou, Local/global existence analysis of fractional wave equations with exponen-

tial nonlinearity. Bull. Sci. Math. 189, 103357 (2023)

J.W. He, Y. Zhou, L. Peng, On well-posedness of semilinear Rayleigh-Stokes problem with

fractional derivative on RV . Adv. Nonlinear Anal. 11, 580-597 (2022)

J.W. He, Y. Zhou, A. Alsaedi, B. Ahmad, The existence of solutions to fractional diffusion

equations with exponential growth. Nonlinear Anal. Model. Control 29(2), 286-304 (2024)

R. Hilfer, Applications of Fractional Calculus in Physics (World Scientific, Singapore, 2000)

H. Hirata, C. Miao, Space-time estimates of linear flow and application to some nonlinear

integro-differential equations corresponding to fractional-order time derivative. Adv. Differ.

Equ. 7(2), 217-236 (2002)

M. E. Hochstenbach, L. Reichel, Fractional Tikhonov regularization for linear discrete ill-

posed problems. BIT 51(1), 197-215 (2011)

N.Q. Hung, J.L. Vazquez, Porous medium equation with nonlocal pressure in a bounded

domain. Comm. Partial Differ. Equ. 43(10), 1502-1539 (2018)

J. Huang, G. Wang, J. Xiong, A maximum principle for partial information backward

stochastic control problems with applications. SIAM J. Control Optim. 48(4), 2106-2117

(2009)

L.N. Huynh, Y. Zhou, D. O’Regan, N.H. Tuan, Fractional Landweber method for an initial

inverse problem for time-fractional wave equations. Appl. Anal. 100(4), 860-878 (2021)

S. Ibrahim, M. Majdoub, N. Masmoudi, K. Nakanishi, Scattering for the two-dimensional

energy-critical wave equation. Duke Math. J. 150(2), 287-329 (2009)

R. Ikehata, G. Todorova, B. Yordanov, Wave equations with strong damping in Hilbert spaces.

J.Differ. Equ. 254(8), 3352-3368 (2013)

N. Ioku, The Cauchy problem for heat equations with exponential nonlinearity. J. Differ. Equ.

251, 1172-1194 (2011)



References 337

95

96.

97.

98.

99.

100.

101.

102.

103.

104.

105.

106.

107.

108.

109.
110.

111.

112.

113.

114.

115.

116.

117.

118.

119.

120.

. N. Ioku, B. Ruf, E. Terraneo, Existence, non-existence, and uniqueness for a heat equation
with exponential nonlinearity in RZ. Math. Phys. Anal. Geom. 18(29), 19 (2015)

M.I. Ismailov, M. Cicek, Inverse source problem for a time-fractional diffusion equation with
nonlocal boundary conditions. Appl. Math. Modell. 40(7-8), 4891-4899 (2016)

J. Janno, N. Kinash, Reconstruction of an order of derivative and a source term in a fractional
diffusion equation from final measurements. Inverse Probl. 34(2), 025007(2018)

J. Janno, K. Kasemets, Uniqueness for an inverse problem for a semilinear time-fractional
diffusion equation. Inverse Probl. Imag. 11, 125-149 (2017)

J.-H. Jeon, H.M.-S. Monne, M. Javanainen, R. Metzler, Anomalous diffusion of phospholipids
and cholesterols in a lipid bilayer and its origins. Phys. Rev. Lett. 109, 188103 (2012)

J.-H. Jeon, N. Leijnse, L.B. Oddershede, R. Metzler, Anomalous diffusion and power-law
relaxation of the time averaged mean squared displacement in worm-like micellar solutions.
New J. Phys. 15, 045011 (2013)

J. Jia, J. Peng, J. Gao, Y. Li, Backward problem for a time-space fractional diffusion equation.
Inverse Probl. Imag. 12(3), 773-800 (2018)

D. Jiang, Z. Li, Y. Liu, M. Yamamoto, Weak unique continuation property and a related
inverse source problem for time-fractional diffusion-advection equations. Inverse Probl. 33,
21 (2017)

Z. Jiao, Y.Q, Chen, L. Podlubny, Distributed-Order Dynamic Systems: Stability, Simulation,
Applications and Perspectives (Springer, London, 2012)

B. Jin, R. Lazarov, Y. Liu, Z. Zhou, The Galerkin finite element method for a multi-term
time-fractional diffusion equation. J. Comput. Phys. 281, 825-843 (2015)

B. Jin, R. Lazarov, D. Sheen, Z. Zhou, Error estimates for approximations of distributed order
time fractional diffusion with nonsmooth data. Fract. Calc. Appl. Anal. 19(1), 69-93 (2016)
B. Jin, B. Li, Z. Zhou, Numerical analysis of nonlinear subdiffusion equations. SIAM 1J.
Numer. Anal. 56, 1-23 (2018)

B. Kaltenbacher, W. Rundell, On an inverse potential problem for a fractional reaction-
diffusion equation. Inverse Probl. 35(6), 065004 (2019)

B. Kaltenbacher, W. Rundell, Regularization of a backward parabolic equation by fractional
operators. Inverse Probl. Imag. 13 (2), 401430 (2019)

T. Kato, Perturbation Theory for Linear Operators (Springer, Berlin, 1995)

J. Kemppainen, J. Siljander, V. Vergara, R. Zacher, Decay estimates for time-fractional and
other non-local in time subdiffusion equations in R?. Math. Ann. 366(3), 941-979 (2016)

J. Kemppainen, J. Siljander, R. Zacher, Representation of solutions and large-time behavior
for fully nonlocal diffusion equations. J. Difter. Equ. 263(1), 149-201 (2017)

Y. Kian, M. Yamamoto, On existence and uniqueness of solutions for semilinear fractional
wave equations. Fract. Calc. Appl. Anal. 20(1), 117-138 (2017)

Y. Kian, Z. Li, Y. Liu, M. Yamamoto, The uniqueness of inverse problems for a fractional
equation with a single measurement. Math. Ann. 308(3), 1465-1495 (2021)

Y. Kian, L. Oksanen, E. Soccorsi, M. Yamamoto, Global uniqueness in an inverse problem
for time fractional diffusion equations. J. Differ. Equ. 264, 1146-1170 (2018)

A.A. Kilbas, H.M. Srivastava, J.J. Trujillo, Theory and Applications of Fractional Differential
Equations (Elsevier Science B.V., Amsterdam, 2006)

I. Kim, K.H. Kim, S. Lim, An L, (L »)-theory for the time fractional evolution equations with
variable coefficients. Adv. Math. 306, 123-176 (2017)

M. Kirane, B. Ahmad, A. Alsaedi, M. Al-Yami, Non-existence of global solutions to a system
of fractional diffusion equations. Acta Appl. Math. 133(1), 235-248 (2014)

A. Kirsch, An Introduction to the Mathematical Theory of Inverse Problem (Springer Science
and Business Media, Berlin, 2011)

E. Klann, R. Ramlau, Regularization by fractional filter methods and data smoothing. Inverse
Probl. 24(2), 025018 (2008)

H. Kita, On interpolation of the Fourier maximal operator in Orlicz spaces. Acta Math.
Hungar. 81(3), 175-193 (1998)



338

121.

122.

123.

124.

125.

126.

127.

128.

129.

130.

131.

132.

133.

134.

135.

136.

137.

138.

139.

140.

141
142

143.
144.

145.

References

A. N. Kochubei, Distributed order calculus and equation of ultraslow diffusion. J. Math. Anal.
Appl. 340(1), 252-281 (2008)

S. Kou, Stochastic modeling in nanoscale biophysics: subdiffusion within proteins. Ann.
Appl. Stat. 2, 501-535 (2008)

A. Kubica, K. Ryszewska, Decay of solutions to parabolic-type problem with distributed order
Caputo derivative. J. Math. Anal. Appl. 465(1), 75-99 (2018)

A. Kubica, K. Ryszewska, Fractional diffusion equation with distributed-order Caputo
derivative. J. Integr. Equ. Appl. 31(2), 195-243 (2019)

D. Kumar, J. Singh, D. Baleanu, A new analysis for fractional model of regularized long-
wave equation arising in ion acoustic plasma waves. Math. Methods Appl. Sci. 40, 5642-5653
(2017)

P.D. Lax, Functional Analysis (Wiley Interscience, New York, 2002)

G. Li, D. Zhang, X. Jia, M. Yamamoto, Simultaneous inversion for the space-dependent
diffusion coefficient and the fractional order in the time-fractional diffusion equation. Inverse
Probl. 29(6), 065014 (2013)

L. Li, J.G. Liu, L. Wang, Cauchy problems for Keller-Segel type time-space fractional
diffusion equation. J. Differ. Equ. 265(3), 1044-1096 (2018)

Z.Li, Y. Luchko, M. Yamamoto, Asymptotic estimates of solutions to initial-boundary-value
problems for distributed order time-fractional diffusion equations. Fract. Calc. Appl. Anal.
17(4), 1114-1136 (2014)

Z. Li, O.Y. Imanuvilov, M. Yamamoto, Uniqueness in inverse boundary value problems for
fractional diffusion equations. Inverse Probl. 32(1), 015004 (2015)

Z. L4, Y. Liu, M. Yamamoto, Initial-boundary value problems for multi-term time-fractional
diffusion equations with positive constant coefficients. Appl. Math. Comput. 257, 381-397
(2015)

Z.Li, Y. Luchko, M. Yamamoto, Analyticity of solutions to a distributed order time-fractional
diffusion equation and its application to an inverse problem. Comput. Math. Appl. 73, 1041—
1052 (2016)

Y. Li, Y. Wang, W. Deng, Galerkin finite element approximations for stochastic space-time
fractional wave equations. STAM J. Numer. Anal. 55(6), 3173-3202 (2017)

Z. Li, Y. Kian, E. Soccorsi, Initial-boundary value problem for distributed order time-
fractional diffusion equations. Asymptot. Anal. 115(1-2), 95-126 (2019)

W. Lian, J. Wang, R. Xu, Global existence and blow up of solutions for pseudo-parabolic
equation with singular potential. J. Differ. Equ. 269(6), 49144959 (2020)

C. Lin, G. Nakamura, Unique continuation property for anomalous slow diffusion equation.
Comm. Partial Differ. Equ. 41(5), 749-758 (2016)

C. Lin, G. Nakamura, Unique continuation property for multi-terms time fractional diffusion
equations. Math. Ann. 373(3—4), 929-952 (2019)

J.J. Liu, M. Yamamoto, A backward problem for the time-fractional diffusion equation. Appl.
Anal. 89(11), 1769-1788 (2010)

Y. Liu, W.S. Jiang, F.L. Huang, Asymptotic behaviour of solutions to some pseudo-parabolic
equations. Appl. Math. Lett. 25, 111-114 (2012)

W.J. Liu, J.Y. Yu, A note on blow-up of solution for a class of semilinear pseudo-parabolic
equations. J. Funct. Anal. 274, 12761283 (2018)

. AK. Louis, Inverse Und Schlecht Gestellte Probleme (Springer, Berlin, 2013)
. Y. Luchko, Boundary value problems for the generalized time-fractional diffusion equation

of distributed order. Fract. Calc. Appl. Anal. 12(4), 409—422 (2009)

Y. Luchko, Fractional wave equation and damped waves. J. Math. Phys. 54(3), 031505 (2013)
Y. Luchko, F. Mainardi, Fractional diffusion-wave phenomena. Handbook Fract. Calculus
Appl. 5, 71-98 (2019)

Y. Luchko, W. Rundell, M. Yamamoto, L. Zuo, Uniqueness and reconstruction of an unknown
semilinear term in a time-fractional reaction-diffusion equation. Inverse Probl. 29(6), 065019
(2013)



References 339

146

147.

148.

149.

150.

151.

152.
153.

154.

155.

156.

157.

158.

159.

160.

161.

162.

163.

164.

165.

166.

167.

168.

169.

170.

. A. Lopushansky, H. Lopushansk, Inverse source Cauchy problem for a time fractional
diffusion-wave equation with distributions. Electron. J. Differ. Equ. 182, 1-14 (2017)

N.H. Luc, L.N. Huynh, N.H. Tuan, On a backward problem for inhomogeneous time-
fractional diffusion equations. Comput. Math. Appl. 78(5), 1317-1333 (2019)

O. Mahouachi, T. Saanouni, Well and ill-posedness issues for a class of 2D wave equation
with exponential growth. J. Partial Differ. Equ. 24(4), 361-384 (2011)

F. Mainardi, Fractional diffusive waves in viscoelastic solids, in Nonlinear Waves in Solids,
Fairfield (1995), pp. 93-97

F. Mainardi, The fundamental solutions for the fractional diffusion-wave equation. Appl.
Math. Lett. 9, 23-28 (1996)

F. Mainardi, Fractional Calculus and Waves in Linear Viscoelasticity, An Introduction to
Mathematical Models (Imperial College Press, London, 2010)

F. Mainardi, P. Paradisi, Fractional diffusive waves. J. Comput. Acoust. 9, 1417-1436 (2001)
F. Mainardi, P. Paradisi, R. Gorenflo, Probability distributions generated by fractional
diffusion equations. arXiv preprint arXiv 0704, 0320 (2007)

F. Mainardi, P. Paradisi, A model of diffusive waves in viscoelasticity based on fractional
calculus, in Proceedings of the 36th IEEE Conference on Decision and Control, vol. 5 (1997),
pp- 4961-4966

F. Mainardi, Y. Luchko, G. Pagnini, The fundamental solution of the space-time fractional
diffusion equation. Fract. Calc. Appl. Anal. 4, 153-192 (2001)

M. Majdoub, S. Tayachi, Well-posedness, Global existence and decay estimates for the heat
equation with general power-exponential nonlinearities. Proc. Int. Cong. of Math. Rio de
Janeiro 2, 2379-2404 (2018)

M. Majdoub, S. Otsmane, S. Tayachi, Local well-posedness and global existence for the
biharmonic heat equation with exponential nonlinearity. Adv. Differ. Equ. 23, 489-522 (2018)
W. McLean, Regularity of solutions to a time-fractional diffusion equation. ANZIAM J. 52,
123-138 (2010)

W. McLean, W.C. McLean, Strongly Elliptic Systems and Boundary Integral Equations
(Cambridge University Press, Cambridge, 2000)

M.M. Meerschaert, H.P. Scheffler, Stochastic model for ultraslow diffusion. Stoch. Proc.
Appl. 116, 1215-1235 (2006)

R. Metzler, J. Klafter, The random walks guide to anomalous diffusion: A fractional dynamics
approach. Phys. Rep. 339(1), 1-77 (2000)

R. Metzler, J. Klafter, The restaurant at the end of the random walk: recent developments in
the description of anomalous transport by fractional dynamics. J. Phys. A Math. Gen. 37(31),
R161 (2004)

R. Metzler, E. Barkai, J. Klafter, Anomalous diffusion and relaxation close to thermal
equilibrium: a fractional Fokker-Planck equation approach. Phys. Rev. Lett. 82, 3563-3567
(1999)

C. Miao, B. Yuan, B. Zhang, Well-posedness of the Cauchy problem for the fractional power
dissipative equations. Nonlinear Anal. 68, 461-484 (2008)

K.S. Miller, B. Ross, An Introduction to the Fractional Calculus and Fractional Differential
Equations (Wiley, New York, 1993)

L. Miller, M. Yamamoto, Coefficient inverse problem for a fractional diffusion equation.
Inverse Probl. 29(7), 075013 (2013)

S. Morigi, L. Reichel, F. Sgallari, Fractional Tikhonov regularization with a nonlinear penalty
term. E J. Comput. Appl. Math. 324, 142-154 (2017)

J. Mu, B. Ahmad, S. Huang, Existence and regularity of solutions to time-fractional diffusion
equations. Comput. Math. Appl. 73(6), 985-996 (2017)

M.T. Nair, Linear Operator Equation: Approximation and Regularization (World Scientific,
Singapore, 2009)

M. Nakamura, T. Ozawa, Global solutions in the critical Sobolev space for the wave equations
with nonlinearity of exponential growth. Math. Z. 231, 479487 (1999)



340

171.

172.

173.

174.

175.

176.

177.

178.

179.

180.
181.

182.
183.

184.

185.

186.

187.

188.

189.

190.

191.

192.

193.

194.

195.

196.

197.

References

R.R. Nigmatullin, The realization of the generalized transfer equation in a medium with
fractal geometry. Phys. Stat. Sol. B 133, 425-430 (1986)

R.H. Nochetto, E. Otéarola, A.J. Salgado, A PDE approach to space-time fractional wave
problems. SIAM J. Numer. Anal. 54, 848-873 (2016)

E. Orsingher, L.Beghin, Time-fractional telegraph equations and telegraph process with
Brownian time. Probab. Theory Relat. Fields 128(1), 141-160 (2004)

E. Otérola, A.J. Salgado, Regularity of solutions to space-time fractional wave equations: a
PDE approach. Fract. Calc. Appl. Anal. 21(5), 1262-1293 (2018)

A. Pazy, Semigroup of Linear Operators and Applications to Partial Differential Equations
(Springer, New York, 1983)

H. Pecher, Local solutions of semilinear wave equations in H*+!. Math. Methods Appl. Sci.
19(2), 145-170 (1996)

L. Peng, Y. Huang, On nonlocal backward problems for fractional stochastic diffusion
equations. Comput. Math. Appl. 78(5), 1450-1462 (2019)

L. Peng, Y. Zhou, The analysis of approximate controllability for distributed order fractional
diffusion problems. Appl. Math. Optim. 86(2), 22 (2022)

L. Peng, Y. Zhou, J.W. He, The well-posedness analysis of distributed order fractional
diffusion problems on RV . Monatsh. Math. 198, 445-463 (2022)

L. Podlubny, Fractional Differential Equations (Academic, San Diego, 1999)

Y. Povstenko, Linear Fractional Diffusion-Wave Equation for Scientists and Engineers
(Springer, Cham, 2015)

J. Priiss, Evolutionary Integral Equations and Applications (Birkhduser, Basel, 1993)

W. Rundell, Z. Zhang, Fractional diffusion: recovering the distributed fractional derivative
from overposed data. Inverse Probl. 33(3), 035008 (2017)

W. Rundell, Z. Zhang, Recovering an unknown source in a fractional diffusion problem. J.
Comput. Phys. 368, 299-314 (2018)

T. Saanouni, A blowing up wave equation with exponential type nonlinearity and arbitrary
positive energy. J. Math. Anal. Appl. 421, 444-452 (2015)

K. Sakamoto, M. Yamamoto, Initial value/boundary value problems for fractional diffusion-
wave equations and applications to some inverse problems. J. Math. Anal. Appl. 382(1), 426—
447 (2011)

S.G. Samko, A.A. Kilbas, O.1. Marichev, Fractional Integrals and Derivatives. Theory and
Applications (Gordon and Breach Science, London, 1987)

K. Sakamoto, M. Yamamoto, Initial value/boundary value problems for fractional diffusion-
wave equations and applications to some inverse problems. J. Math. Anal. Appl. 382(1), 426—
447 (2011)

H. Scher, E.W. Montroll, Anomalous transit-time dispersion in amorphous solids. Phys. Rev.
B, 12, 2455 (1975)

W.R. Schneider, W. Wyss, Fractional diffusion and wave equations. J. Math. Phys. 30(1),
134-144 (1989)

K. Seki, M. Wojcik, M. Tachiya, Fractional reaction-diffusion equation. J. Chem. Phy. 119(4),
2165-2170 (2003)

R. Servadei, E. Valdinoci, On the spectrum of two different fractional operators. Proc. R. Soc.
Edinburgh Sect. A 144(4), 831-855 (2014)

J. Shatah, M. Struwe, Regularity results for nonlinear wave equations. Ann. of Math. 138,
503-518 (1993)

J. Shatah, M. Struwe, Well-posedness in the energy space for semilinear wave equation with
critical growth. IMRN 7, 303-309 (1994)

R.E. Showalter, The final value problem for evolution equations. J. Math. Anal. Appl. 47,
563-572 (1974)

K. Siskova, M. Slodicka, Recognition of a time-dependent source in a time-fractional wave
equation. Appl. Numer. Math. 121, 1-17 (2017)

T.H. Solomon, E.R. Weeks, H.L. Swinney, Observation of anomalous diffusion and Lévy
flights in a two-dimensional rotating flow. Phys. Rev. Lett. 71, 3975 (1993)



References 341

198.

199.

200.

201.

202.

203.

204.

205.

206.

207.

208.

209.

210.

211.

212.

213.

214.

215.

216.

217.

218.

219.

220.

221.

222.

D. Stan, F. del Teso, J.L. Vizquez, Existence of weak solutions for a general porous medium
equation with nonlocal pressure. Arch. Ration. Mech. Anal. 233(1), 451-496 (2019)

M. Struwe, Global well-posedness of the Cauchy problem for a super-critical nonlinear wave
equation in two space dimensions. Math. Ann. 350, 707-719 (2011)

M. Stojanovic, R. Gorenflo, Nonlinear two term time fractional diffusion wave problem.
Nonlinear Anal. Real World Appl. 11(5), 3512-3523 (2010)

C.L. Sun, J.J. Liu, An inverse source problem for distributed order time-fractional diffusion
equation. Inverse Probl. 36(5), 055008 (2020)

M. Suzuki, Local existence and nonexistence for reaction-diffusion systems with coupled
exponential nonlinearities. J. Math. Anal. Appl. 477(1), 776-804 (2019)

J. Szymanski, M. Weiss, Elucidating the origin of anomalous diffusion in crowded fluids.
Phys. Rev. Lett. 103, 038102 (2009)

N.E. Tatar, A blow up result for a fractionally damped wave equation. NoDEA Nonlinear
Differ. Equ. Appl. 12(2), 215-226 (2005)

M. Taylor, Analysis on Morrey spaces and applications to Navier-Stokes equation. Comm.
Partial Differ. Equ. 17, 1407-1456 (1992)

N.H. Tuan, L.D. Long, N.V. Thinh, T. Tran, On a final value problem for the time-fractional
diffusion equation with inhomogeneous source. Inverse Probl. Sci. Eng. 25, 1367-1395
(2017)

N.H. Tuan, L.N. Huynh, T.B. Ngoc, Y. Zhou, On a backward problem for nonlinear fractional
diffusion equations. Appl. Math. Lett. 92, 76-84 (2019)

N.H. Tuan, A. Debbouche, T.B. Ngoc, Existence and regularity of final value problems for
time fractional wave equations. Comput. Math. Appl. 78(5), 1396-1414 (2019)

N.H. Tuan, V.A. Khoa, V.V. Au, Analysis of a quasi-reversibility method for a terminal value
quasi-linear parabolic problem with measurements. SIAM J. Math. Anal. 51, 60-85 (2019)
N.H. Tuan, T.B. Ngoc, Y. Zhou, D. O’Regan, On existence and regularity of a terminal value
problem for the time fractional diffusion equation. Inverse Probl. 36(5), 055011 (2020)

N.H. Tuan, T. Caraballo, T.B. Ngoc, Y. Zhou, Existence and regularity results for terminal
value problem for nonlinear fractional wave equations. Nonlinearity 34(3), 1448 (2021)

S. Umarov, Introduction to Fractional and Pseudo-Differential Equations with Singular
Symbols (Springer, Berlin, 2015)

G.M. Vainikko, A.Y. Veretennikov, Iteration Procedures in Ill-Posed Problems (Nauka,
Moscow, 1986)

V. Vergara, R. Zacher, Optimal decay estimates for time-fractional and other nonlocal
subdiffusion equations via energy methods. SIAM J. Math. Anal. 47(1), 210-239 (2015)

V. Vergara, R. Zacher, Stability, instability, and blowup for time fractional and other nonlocal
in time semilinear subdiffusion equations. J. Evol. Equ. 17(1), 599-626 (2017)

A. Viana, A local theory for a fractional reaction-diffusion equation. Commun. Contemp.
Math. 21(06), 1-26 (2019)

G.E. Viswanathan, M.G.E. da Luz, E.P. Raposo, H.E. Stanley, The Physics of Foraging. An
Introduction to Random Searches and Biological Encounters (Cambridge University Press,
Cambridge, 2011)

H. Vivian, J. Pym, M. Cloud, Applications of Functional Analysis and Operator Theory
(Elsevier, Amsterdam, 2005)

V. Volpert, Elliptic Partial Differential Equations. Volume 2: Reaction-Diffusion Equations.
vol. 104 (Springer, Berlin, 2014)

L. Wang, J. Liu, Total variation regularization for a backward time-fractional diffusion
problem. Inverse Probl. 29(11), 115013 (2013)

W. Wang, M. Yamamoto, B. Han, Numerical method in reproducing kernel space for an
inverse source problem for the fractional diffusion equation. Inverse Probl. 29(9), 095009
(2013)

R.N. Wang, D.H. Chen, T.J. Xiao, Abstract fractional Cauchy problems with almost sectorial
operators. J. Differ. Equ. 252, 202-235 (2012)



342

223.

224.

225.

226.

2217.

228.

229.

230.

231.

232.

233.

234.

235.

236.
237.

238.

239.

240.

241.

242.

243.

244.

245.

246.

References

J.G. Wang, Y.B. Zhou, T. Wei, A posteriori regularization parameter choice rule for the
quasiboundary value method for the backward time-fractional diffusion problem. Appl. Math.
Lett. 26(7), 741-747 (2013)

T. Wei, J. Xian, Variational method for a backward problem for a time-fractional diffusion
equation. ESAIM Math. Model. Numer. Anal. 53(4), 1223-1244 (2019)

T. Wei, J.G. Wang, A modified quasi-boundary value method for the backward time-fractional
diffusion problem. ESAIM Math. Model. Numer. Anal. 48(2), 603-621 (2014)

T. Wei, Y. Zhang, The backward problem for a time-fractional diffusion-wave equation in a
bounded domain. Comput. Math. Appl. 75(10), 3632-3648 (2018)

M. Warma, Approximate controllability from the exterior of space-time fractional diffusive
equations. SIAM J. Control Optim. 57(3), 2037-2063 (2019)

J. Xian, T. Wei, Determination of the initial data in a time-fractional diffusion-wave problem
by a final time data. Comput. Math. Appl. 78(8), 2525-2540 (2019)

X. Xiong, X. Xue, Z. Qian, A modified iterative regularization method for ill-posed problems.
Appl. Numer. Math. 122, 108-128 (2017)

R.Z. Xu, J. Su, Global existence and finite time blow-up for a class of semilinear pseudo-
parabolic equations. J. Funct. Anal. 264, 2732-2763 (2013)

A. Yagi, Abstract Parabolic Evolution Equations and Their Applications (Springer Science &
Business Media, Berlin, 2009)

M. Yang, J. Liu, Solving a final value fractional diffusion problem by boundary condition
regularization. Appl. Numer. Math. 66, 45-58 (2013)

H. Ye, J. Gao, Y. Ding, A generalized Gronwall inequality and its application to a fractional
differential equation. J. Math. Anal. Appl. 328(2), 1075-1081 (2007)

R. Zacher, A De Giorgi-Nash type theorem for time fractional diffusion equations. Math.
Ann. 356, 99-146 (2013)

G.M. Zaslavsky, Chaos, fractional kinetics, and anomalous transport. Phys. Rep. 371, 461—
580 (2002)

E. Zeidler, Nonlinear Functional Analysis and Its Application 1I/A (Springer, Berlin, 1990)
Q.G. Zhang, H.R. Sun, The blow-up and global existence of solutions of Cauchy problems
for a time fractional diffusion equation. Topol. Methods Nonlinear Anal. 46(1), 69-92 (2015)
Q. Zhang, Y. Li, Global well-posedness and blow-up solutions of the Cauchy problem for a
time-fractional superdiffusion equation. J. Evol. Equ. 19, 271-303 (2019)

A. Zhokh, A. Trypolskyi, P. Strizhak, Relationship between the anomalous diffusion and the
fractal dimension of the environment. Chem. Phys. 503, 71-76 (2018)

Y. Zhou, Basic Theory of Fractional Differential Equations (World Scientific, Singapore,
2014)

Y. Zhou, Fractional Evolution Equations and Inclusions: Analysisand Control (Academic,
London, 2016)

Y. Zhou, J.W. He, Well-posedness and regularity for fractional damped wave equations.
Monatsh. Math. 194(2), 425-458 (2021)

G.H. Zhou, Z.B. Guo, Boundary feedback stabilization for an unstable time fractional reaction
diffusion equation. SIAM J. Control Optim. 56, 75-10 (2018)

L. Zhou, H.M. Selim, Application of the fractional advection-dispersion equation in porous
media. Soil Sci. Soc. Amer. J. 67(4), 1079-1084 (2003)

Y. Zhou, J.W. He, B. Ahmad, N.H. Tuan, Existence and regularity results of a backward
problem for fractional diffusion equations. Math. Methods Appl. Sci. 42, 6775-6790 (2019)
Y. Zhou, J.W. He, A. Alsaedi, B. Ahmad, The well-posedness for semilinear time fractional
wave equations on R”. Elec. Res. Arch. 30(8), 2981-3003 (2022)



Index

A
Analytic semigroup, 17-18

B

Backward problem(s), 81-101, 104, 235-260,
265, 266, 280

Blow-up, 22, 38, 152, 165, 172, 184,
209

C

Compactness, 153, 176-181, 244, 252
Continuation, 55, 57, 77, 78, 152, 153, 172
Controllability, 54, 55, 76-80
Cop-semigroup, 15-17, 19

D
Damped wave equation(s), 151-183
Distributed order, 37-54, 56

E

Error estimate, 260, 272-277

Existence, 22, 27-39, 51, 54, 55, 73, 75, 82,
84-100, 102-104, 112, 128, 132, 145,
146, 150, 152, 153, 155, 157-166, 170,
175, 181-185, 191-198, 200, 208, 209,
211, 216234, 236-255, 260, 278281,
284,286, 287, 289-291, 293, 297, 304,
316, 321, 328

© The Editor(s) (if applicable) and The Author(s), under exclusive license to

Springer Nature Switzerland AG 2024

Exponential growth, 21-37
Exponential nonlinearity, 21, 22, 208-234

F

Final value problem(s), 102-104, 109-128,
260, 280, 291

Fourier transform(s), 1415, 184, 185, 188,
208, 217

Fractional Burgers equation(s), 291, 297-301

Fractional calculus, 1-11, 13, 54, 186, 209,
210

Fractional diffusion equation(s), 21-150, 152,
209, 280, 281

Fractional Ginzburg-Landau equation(s), 281,
289, 291-297

Fractional wave equation(s), 151-332

G
Global existence, 27-34, 104, 145, 146, 184,
185, 197, 209, 216, 225-234

I
Integrated semigroup, 18-19
Inverse problem(s), 81-150, 235-332

L

Laplace transform(s), 14-15, 47, 48, 55, 60,
62, 64, 65, 85,107, 217

Local existence, 34-37, 184, 208, 209, 211,
217-225

343

Y. Zhou, Fractional Diffusion and Wave Equations,

https://doi.org/10.1007/978-3-031-74031-2


https://doi.org/10.1007/978-3-031-74031-2

344

M

Mild solution(s), 22, 27, 34, 37, 39, 47-49,
51, 52, 54, 85-87, 90, 91, 97, 100, 101,
103, 104, 107-110, 112, 121, 128, 132,
134, 150, 153, 155, 157, 158, 161-167,
169, 171, 172, 175, 178, 181, 184, 185,
188, 198, 201, 217, 219, 223, 225, 227,
239-240, 247, 251, 252, 254, 260, 262,
278,280, 281, 284-290, 292, 293, 295,
297, 298, 300, 304, 306, 315, 320, 328

Mittag-Leffler function(s), 11-14, 84, 107,
167, 168, 181-184, 186, 187, 209, 210,
217,236, 238, 261, 281, 283

N

Nonlinear problems, 104, 153, 157, 167-181,
209

R

Regularity, 38, 55, 67, 68, 72, 82, 84-100,
102-104, 109, 112, 128, 132, 151-234,
236, 260, 268, 270, 278-281, 284-292,
297, 298, 300

Index

Regularization, 104, 236, 255-260, 266-272,
274, 280

S
Solution representation, 155-157, 188-189,
217, 236, 239-247

T
Terminal value problem(s), 102-150, 278-330

U

Uniqueness, 22, 34, 38, 51, 55, 62, 64, 75, 79,
80, 82, 85, 87, 90, 100, 103, 104, 112,
113, 128, 132, 135, 161, 170, 174, 183,
198, 200, 236, 247-255, 278-281, 297,
321

W
Well-posedness, 21-80, 82, 109, 151-234,
279, 281, 286-291



	2024-FDWE.pdf
	Preface
	Introduction
	Contents
	1 Preliminaries
	1.1 Fractional Calculus
	1.1.1 Definitions
	1.1.2 Properties

	1.2 Some Results from Analysis
	1.2.1 Mittag–Leffler Function
	1.2.2 Laplace and Fourier Transforms

	1.3 Semigroups
	1.3.1 C0-Semigroup
	1.3.2 Analytic Semigroup
	1.3.3 Integrated Semigroup


	2 Well-Posedness of Fractional Diffusion Equations
	2.1 Diffusion Equation with Exponential Growth
	2.1.1 Introduction
	2.1.2 Orlicz Spaces and Space-Time Estimates
	2.1.3 Global Existence
	2.1.4 Local Existence

	2.2 Distributed Order Diffusion Problems
	2.2.1 Introduction
	2.2.2 Preliminaries
	2.2.3 Technical Tools
	2.2.4 Well-Posedness and Decay of Solutions

	2.3 Space-Time Fractional Diffusion Equations
	2.3.1 Introduction
	2.3.2 Preliminaries
	2.3.3 Technical Tools
	2.3.4 Well-Posedness Results
	2.3.5 Approximate Controllability Analysis


	3 Inverse Problems of Fractional Diffusion Equations
	3.1 Backward Problem
	3.1.1 Introduction
	3.1.2 Preliminaries
	3.1.3 Existence and Regularity
	3.1.4 Example

	3.2 Terminal Value Problem
	3.2.1 Introduction
	3.2.2 Notations and Preliminaries
	3.2.2.1 Functional Space
	3.2.2.2 Mild Solutions of FVP and Unboundedness of Solution Operators

	3.2.3 Final Value Problem with a Linear Source
	3.2.4 Final Value Problem with a Nonlinear Source
	3.2.5 Existence


	4 Well-Posedness and Regularity of Fractional Wave Equations
	4.1 Damped Wave Equations
	4.1.1 Introduction
	4.1.2 Preliminary Results
	4.1.3 Linear Problems
	4.1.3.1 Solution Representation Formula
	4.1.3.2 Existence and Regularity

	4.1.4 Nonlinear Problems
	4.1.4.1 Well-Posedness
	4.1.4.2 Continuation and Blow-Up Alternative
	4.1.4.3 Compactness Method

	4.1.5 An Application

	4.2 Wave Equations on RN
	4.2.1 Introduction
	4.2.2 Preliminaries
	4.2.3 Local/Global Solutions of Linear Problems
	4.2.3.1 Solution Representation
	4.2.3.2 Some Properties of Solution Operators
	4.2.3.3 The Existence Results

	4.2.4 Results of Semilinear Problems

	4.3 Wave Equations with Exponential Nonlinearity
	4.3.1 Introduction
	4.3.2 Preliminaries
	4.3.3 Existence Analysis
	4.3.3.1 Local Existence of Solutions
	4.3.3.2 Global Existence of Solutions



	5 Inverse Problems of Fractional Wave Equations
	5.1 Backward Problem
	5.1.1 Introduction
	5.1.2 Preliminaries
	5.1.3 Solution Representation
	5.1.3.1 Definition of Mild Solution
	5.1.3.2 Some Properties

	5.1.4 Existence and Uniqueness
	5.1.5 Regularization

	5.2 Initial Inverse Problem
	5.2.1 Introduction
	5.2.2 Preliminaries
	5.2.3 Regularization Method
	5.2.4 Convergence Analysis and Error Estimate

	5.3 Terminal Value Problem
	5.3.1 Introduction
	5.3.1.1 Statement of the Problem
	5.3.1.2 Motivations

	5.3.2 Preliminaries
	5.3.3 Existence and Regularity
	5.3.3.1 Mild Solutions
	5.3.3.2 Well-Posedness of the Problem (5.55) and (5.56) Under Globally Lipschitz Case
	5.3.3.3 Well-Posedness of the Problem (5.55)–(5.56) Under Critical Nonlinearities Case

	5.3.4 Applications
	5.3.4.1 Time Fractional Ginzburg–Landau Equation
	5.3.4.2 Time Fractional Burgers Equation

	5.3.5 Proof of Theorems
	5.3.5.1 Proof of Theorem 5.12
	5.3.5.2 Proofs of Theorem 5.13
	5.3.5.3 Proof of Theorem 5.14


	Appendix
	(AP.) List of Important Constants
	(AP.) List of Important Constants
	(AP.1) A Singular Integral
	(AP.2) A Useful Limit


	References
	Index

	Cover-978-3-031-74030-5.pdf



