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Preface

The fractional calculus started more than three centuries ago. In the last years,
the fractional calculus is playing a very important role in various scientific fields.
In fact, it has been recognized as one of the best tools to describe long-memory
processes. Fractional-order models are interesting not only for engineers and
physicists but also for mathematicians. Among such models those described by
partial differential equations (PDEs) containing fractional derivatives are of utmost
importance. Their evolution was more complex than for the classical integer-order
counterpart. Nonetheless, classical PDEs’ methods are hardly applicable directly to
fractional PDEs. Therefore, new theories and methods are required, with concepts
and algorithms specifically developed for fractional PDEs. In the recent years, the
theory of fractional PDEs has been highly developed and constitutes an important
branch of differential equations.

This monograph gives an introduction to the theory for time-fractional diffusion
and wave equations. Many of the basic results recently developed about this theory
are presented, including the well-posedness, regularity, approximate controllability
of initial value problems and the existence, regularity of terminal value problems.
Some examples of applications relating to these equations are also discussed in
detail. The materials in this monograph are based on the research work carried out by
myself and some collaborators during the past five years. It is useful for researchers,
graduates, or PhD students dealing with differential equations, applied analysis, and
related areas of research.

I would like to thank Professors R.P. Agarwal, B. Ahmad, D. O’Regan, M.
Fečkan, M. Kirane, V. Kiryakova, S.K. Ntouyas, G.M. N’Guerekata, J.J. Trujillo,
and N.H. Tuan for their support. I also wish to express my appreciation to doctoral
students J.W. He, L. Peng, J.N. Wang, X.X. Xi, and Y.L. Zhou for their help. Finally,
I thank the editorial assistance of Springer, especially D. Chernyk.

I acknowledge with gratitude the support of National Natural Science Foundation
of China (12071396) and the Macau Science and Technology Development Fund
(0092/2022/A).
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Introduction

Fractional calculus has been attracting the attention of mathematicians and engi-
neers from long time ago. The concept of fractional (or, more precisely, noninteger)
differentiation appeared for the first time in a famous correspondence between
L’Hospital and Leibniz, in 1695. Many mathematicians have further developed
this area and we can mention the studies of Euler, Laplace, Abel, Liouville,
and Riemann. However, the fractional calculus remained for centuries a purely
theoretical topic, with little if any connections to practical problems of physics and
engineering. In the past 30 years, the fractional calculus has been recognized as an
effective modeling methodology for researchers. Fractional differential equations
are generalizations of classical differential equations to an arbitrary (noninteger)
order. Based on the wide applications in engineering and sciences such as physics,
mechanics, electricity, chemistry, biology, economics, and many others, research on
fractional differential equations is active and extensive around the world.

In the recent years, there has been a significant development in ordinary and
partial differential equations involving fractional derivatives, see the monographs
of Diethelm [52], Evangelista et al. [60], Hilfer [86], Jiao et al. [103], Kilbas et al.
[115], Miller et al. [165], Podlubny [180], Povstenko [181], Umarov [212], Zhou
[240, 241], and the references therein. A strong motivation for investigating this
class of equations comes mainly from a compelling reason: the fractional order
models of real systems are often more adequate than the classical integer order
models, since the description of some systems is more accurate when the fractional
derivative is used.

Diffusion equations with fractional time and space derivatives instead of the
integer ones are widely used to describe anomalous diffusion processes where
the mean squared displacement (MSD) scales as a power of time, 〈x2(t)〉 � tα .
Depending on the values of the anomalous diffusion exponent α one distinguishes
the cases of subdiffusion for 0 < α < 1, normal Brownian diffusion for α = 1,
superdiffusion for 1 < α < 2, and ballistic motion for α = 2. Well-known examples
of anomalous transport include subdiffusion in artificially crowded systems and
protein-crowded lipid bilayer membranes [99, 100, 203], subiffusive charge carrier
motion in semiconductors [189], subdiffusive motion of submicron probes in living
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biological cells [72], superdiffusive tracer motion in chaotic laminar flows [197],
diffusion in porous inhomogeneous media [239], and random search processes
[217].

The time-fractional diffusion equation ∂α
t u = �u, α ∈ (0, 1), can be used to

model the anomalous diffusion exhibiting subdiffusive behavior, due to particle
sticking and trapping phenomena (see [162, 163]). The fractional wave equation
∂α
t u = �u, α ∈ (1, 2), governs the propagation of mechanical diffusive waves in
viscoelastic media (see [149]). In the general case α ∈ (0, 2), we agree to refer to
the equation ∂α

t u = �u as the fractional diffusion-wave equation.
This monograph introduces the theory for time-fractional diffusion equations and

wave equations. Many of the basic results recently developed about this theory
are presented, including the well-posedness (i.e., the existence, uniqueness, and
continuous dependence), regularity, approximate controllability of initial value
problems and the existence, regularity of terminal value problems (or called final
value problem, initial inverse problem, backward problem). Some examples of
applications relating to these equations are also discussed in detail. This fundamen-
tal theory should be the starting point for further research concerning the dynamics,
numerical analysis, and applications of fractional partial differential equations.

This monograph is arranged and organized as follows.
In order to make the book self-contained, we devote the first chapter to a

description of general information on fractional calculus, Mittag-Leffler functions,
integral transforms, and semigroups.

The second chapter deals with initial value problems of time-fractional diffusion
equations. In Sect. 2.1, we study a Cauchy problem for a space-time fractional
diffusion equation with exponential nonlinearity. Based on the standard Lp-Lq esti-
mates of strongly continuous semigroup generated by fractional Laplace operator,
we investigate the existence of global solutions for initial data with small norm in the
Orlicz space expLp(Rd) and a time weighted Lr(Rd) space. In the framework of
the Hölder’s interpolation inequality, we also discuss the existence of local solutions
without the Orlicz space. Section 2.2 is devoted to the study of a semilinear diffusion
problem with distributed order fractional derivative on R

N , which can be used to
characterize the ultra-slow diffusion processes with time-dependent logarithmical-
law attenuation. We use the resolvents approach to present the local well-posedness
of mild solutions belonging to Lr(RN) (r > 2), in which the Lp-Lq estimates and
continuity of the operator are first established. Then, under the assumption on the
initial value belonging to Lp(RN), the global well-posedness of mild solutions is
derived. Moreover, a decay estimate in Lr -norm is included. Section 2.3 discusses
an analysis of approximate controllability from the exterior of distributed order
fractional diffusion problem with the fractional Laplace operator subject to the
non-zero exterior condition. We first establish some well-posedness results, such
as the existence, uniqueness, and regularity of the solutions allowing the weighted
function μ that may be non-continuous. Especially, we show that the solutions can
be represented by the series for the integral of a real-valued function. After giving
the unique continuation property of the adjoint system, approximate controllability
of the system is also included.



Introduction ix

The third chapter deals with inverse problems of time-fractional diffusion
equations of order α ∈ (0, 1). In Sect. 3.1, we study a backward problem for an
inhomogeneous fractional diffusion equation in a bounded domain. By applying the
properties of the Mittag-Leffler functions and the method of eigenvalue expansion,
we establish some results about the existence, uniqueness, and regularity of the mild
solutions as well as the classical solutions of the proposed problem in a weighted
Hölder continuous function space. In Sect. 3.2, we consider a final value problem
for a diffusion equation with time-space fractional differentiation on a bounded
domain D of Rk , k ≥ 1, which includes the fractional power L β , 0 < β ≤ 1,
of a symmetric uniformly elliptic operator L defined on L2(D). A representation
of solutions is given by using the Laplace transform and the spectrum of L β . We
present some existence and regularity results for our problem in both the linear and
nonlinear case.

The fourth chapter is devoted to the study of the well-posedness and regularity
for time-fractional wave equations of order α ∈ (1, 2). In Sect. 4.1, we study
the well-posedness and regularity of mild solutions for a class of time-fractional
damped wave equations. A concept of mild solutions is introduced to prove the
existence for the linear problem, as well as the regularity of the solutions. We
also establish a well-posedness result for nonlinear problem. As an application,
we discuss a case of time-fractional telegraph equations. In Sect. 4.2, we study the
semilinear time-fractional wave equation on a whole Euclidean space, also known
as the super-diffusive equations. Based on the initial data taken in the fractional
Sobolev spaces, and some known Sobolev embeddings, we prove the local/global
well-posedness results of L2-solutions for the linear and semilinear problems. In
Sect. 4.3, we concern with an exponential nonlinearity for a fractional wave equation
in the whole space, we establish the local existence of solutions in a dense subspace
of the Orlicz classification. Moreover, we obtain the global existence of solutions
for small initial data in lower dimension 1 ≤ d ≤ 3. Our proofs are based on the
analyticity of the Mittag-Leffler functions, the framework of prior estimates, and the
type of exponential nonlinearity.

In fifth chapter, we discuss inverse problems of time-fractional wave equations
of order α ∈ (1, 2). In Sect. 5.1, we concern with a backward problem (or
called initial inverse problem) for a nonlinear time-fractional wave equation in a
bounded domain. By applying the properties of the Mittag-Leffler functions and the
method of eigenfunction expansion, we establish some results about the existence
and uniqueness of mild solutions of the proposed problem based on the compact
technique. Due to the ill-posedness of backward problem in the sense of Hadamard,
a general filter regularization method is utilized to approximate the solution and
further we prove the convergence rate for the regularized solutions. In Sect. 5.2,
we consider the backward problem for an inhomogeneous time-fractional wave
equation in a general bounded domain. We show that the backward problem is
ill-posed, and we propose a regularizing scheme by using a fractional Landweber
regularization method. We also present error estimates between the regularized
solution and the exact solution under two parameter choice rules. In Sect. 5.3, we
consider the terminal value problem of determining the initial value, in a general
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class of time-fractional wave equation with the Caputo derivative, from a given final
value. We are concerned with the existence and regularity upon the terminal value
data of the mild solutions. Under some assumptions of the nonlinear source function,
we address and show the well-posedness for the terminal value problem. Some
regularity results for the mild solutions and its derivatives of first and fractional
orders are also derived. The effectiveness of our methods are shown by applying the
results to two interesting models: time-fractional Ginzburg-Landau equation, and
time-fractional Burgers equation, where time and spatial regularity estimates are
obtained.

The materials in this monograph are based on the research work carried out
by the author and some experts during the past five years. The Sect. 2.1 is taken
from Peng, Zhou and He [179]. The material in Sect. 2.2 is taken from He, Zhou,
Alsaedi, and Ahmad [85]. The results in Sect. 2.3 are taken from Peng and Zhou
[178]. The material in Sect. 3.1 are adopted from Zhou, He, Ahmad and Tuan [245].
The contents in Sect. 3.2 are due to Tuan, Ngoc, Zhou and O’Regan [210]. The
material in Sect. 4.1 is due to Zhou and He [242]. The results in Sect. 4.2 are taken
from Zhou, He, Alsaedi and Ahmad [246]. The results in Sect. 4.3 are adopted from
He and Zhou [83]. The contents of Sect. 5.1 are taken from He and Zhou [82].
The results in Sect. 5.2 are adopted from Huynh, Zhou, O’Regan and Tuan [91].
Section 5.3 is from Tuan, Caraballo, Ngoc and Zhou [211].

Keywords and Phrases Fractional calculus, fractional diffusion equations, frac-
tional wave equations, damped wave equations, fractional Burgers equations,
fractional Ginzburg-Landau equations, terminal value problem, final value prob-
lem, initial inverse problem, backward problem, mild solution, well-posedness,
regularity, global existence, local existence, blow-up, uniqueness, compactness,
continuation, controllability, C0-Semigroup, analytic semigroup, integrated semi-
group, Laplace transform, Fourier transform, Mittag-Leffler function, distributed
order, error estimate, exponential growth, exponential nonlinearity.
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Chapter 1
Preliminaries

1.1 Fractional Calculus

1.1.1 Definitions

A number of definitions for the fractional derivative have emerged over the years,
and we refer the reader to Diethelm [52], Hilfer [86], Kilbas, Srivastava and Trujillo
[115], Miller and Ross [165], and Podlubny [180]. In this book, we restrict our
attention to the use of the Riemann–Liouville and Caputo fractional derivatives.
In this section, we introduce some basic definitions and properties of the fractional
integrals and fractional derivatives which are used further in this book. The materials
in this section are taken from [115].

As usual Z denotes the set of integer numbers, N+ denotes the set of positive
integer numbers, and N0 denotes the set of nonnegative integer numbers. R denotes
the set of real numbers, R+ denotes the set of nonnegative reals and R

+ the set
of positive reals, and R

− denotes the set of nonpositive reals. Let C be the set of
complex numbers.

Let J = [a, b] (−∞ < a < b < ∞) be a finite interval of R. We assume
that X is a Banach space with the norm | · |. Denote C(J,X) be the Banach space
of all continuous functions from J into X with the norm ‖x‖ = supt∈J |x(t)|,
where x ∈ C(J,X). Cn(J,X) (n ∈ N0) denotes the set of mappings having
n times continuously differentiable on J , AC(J,X) is the space of functions
which are absolutely continuous on J , and ACn(J,X) (n ∈ N

+) is the space of
functions f such that f ∈ Cn−1(J,X) and f (n−1) ∈ AC(J,X). In particular,
AC1(J,X) = AC(J,X).
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2 1 Preliminaries

Let 1 ≤ p ≤ ∞. Lp(J,X) denotes the Banach space of all measurable functions
f : J → X. Lp(J,X) is normed by

‖f ‖LpJ =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

(∫

J

|f (t)|pdt

) 1
p

, 1 ≤ p < ∞,

inf
μ(J̄ )=0

{
sup

t∈J\J̄
|f (t)|

}
, p = ∞.

In particular, L1(J,X) is the Banach space of measurable functions f : J → X

with the norm ‖f ‖LJ = ∫

J
|f (t)|dt , and L∞(J,X) is the Banach space of

measurable functions f : J → X which are bounded, equipped with the norm
‖f ‖L∞J = inf{c > 0| |f (t)| ≤ c, a.e. t ∈ J }.

The Gamma function Γ (z) is defined by

Γ (z) =
∫ ∞

0
tz−1e−t dt (Re(z) > 0),

where tz−1 = e(z−1) ln(t). This integral is convergent for all complex z ∈ C

(Re(z) > 0).
For this function, the reduction formula

Γ (z + 1) = zΓ (z) (Re(z) > 0)

holds. In particular, if z = n ∈ N0, then

Γ (n + 1) = n! (n ∈ N0)

with (as usual) 0! = 1.
Let us consider some of the starting points for a discussion of fractional calculus.

One development begins with a generalization of repeated integration. Thus if f is
locally integrable on (c,∞), then the n-fold iterated integral is given by

cD
−n
t f (t) =

∫ t

c

ds1

∫ s1

c

ds2 · · ·
∫ sn−1

c

f (sn)dsn

= 1

(n − 1)!
∫ t

c

(t − s)n−1f (s)ds

for almost all t with −∞ ≤ c < t < ∞ and n ∈ N
+. Writing (n − 1)! = Γ (n), an

immediate generalization is the integral of f of fractional order α > 0,

cD
−α
t f (t) = 1

Γ (α)

∫ t

c

(t − s)α−1f (s)ds (left hand)
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and similarly for −∞ < t < d ≤ ∞

tD
−α
d f (t) = 1

Γ (α)

∫ d

t

(s − t)α−1f (s)ds (right hand)

both being defined for suitable f .

Definition 1.1 (Left and right Riemann–Liouville fractional integrals) Let J =
[a, b] (−∞ < a < b < ∞) be a finite interval of R. The left and right Riemann–
Liouville fractional integrals aD

−α
t f (t) and tD

−α
b f (t) of order α ∈ R

+ are defined
by

aD
−α
t f (t) = 1

Γ (α)

∫ t

a

(t − s)α−1f (s)ds, t > a, α > 0 (1.1)

and

tD
−α
b f (t) = 1

Γ (α)

∫ b

t

(s − t)α−1f (s)ds, t < b, α > 0, (1.2)

respectively, provided that the right-hand sides are pointwise defined on [a, b].
When α = n ∈ N

+, the definitions (1.1) and (1.2) coincide with the n-th integrals
of the form

aD
−n
t f (t) = 1

(n − 1)!
∫ t

a

(t − s)n−1f (s)ds

and

tD
−n
b f (t) = 1

(n − 1)!
∫ b

t

(s − t)n−1f (s)ds.

Definition 1.2 (Left and right Riemann–Liouville fractional derivatives ) The left
and right Riemann–Liouville fractional derivatives aD

α
t f (t) and tD

α
b f (t) of order

α ∈ R+ are defined by

aD
α
t f (t) = dn

dtn
aD

−(n−α)
t f (t)

= 1

Γ (n − α)

dn

dtn

(∫ t

a

(t − s)n−α−1f (s)ds

)

, t > a

and

tD
α
b f (t) =(−1)n

dn

dtn
tD

−(n−α)
b f (t)

= 1

Γ (n − α)
(−1)n

dn

dtn

( ∫ b

t

(s − t)n−α−1f (s)ds

)

, t < b,
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respectively, where n = [α]+ 1, [α] means the integer part of α. In particular, when
α = n ∈ N0, then

aD
0
t f (t) = tD

0
bf (t) = f (t),

aD
n
t f (t) = f (n)(t) and tD

n
bf (t) = (−1)nf (n)(t),

where f (n)(t) is the usual derivative of f (t) of order n. If 0 < α < 1, then

aD
α
t f (t) = 1

Γ (1 − α)

d

dt

( ∫ t

a

(t − s)−αf (s)ds

)

, t > a

and

tD
α
b f (t) = − 1

Γ (1 − α)

d

dt

(∫ b

t

(s − t)−αf (s)ds

)

, t < b.

Remark 1.1 If f ∈ C([a, b];RN), it is obvious that the Riemann–Liouville
fractional integral of order α > 0 exists on [a, b]. On the other hand, following
Lemma 2.2 in [115], we know that the Riemann–Liouville fractional derivative of
order α ∈ [n − 1, n) exists almost everywhere on [a, b] if f ∈ ACn([a, b];RN).

The left and right Caputo fractional derivatives are defined via above the
Riemann–Liouville fractional derivatives .

Definition 1.3 (Left and right Caputo fractional derivatives) The left and right
Caputo fractional derivatives C

aD
α
t f (t) and C

t D
α
b f (t) of order α ∈ R+ are defined

by

C
aD

α
t f (t) = aD

α
t

(

f (t) −
n−1∑

k=0

f (k)(a)

k! (t − a)k
)

and

C
t D

α
b f (t) = tD

α
b

(

f (t) −
n−1∑

k=0

f (k)(b)

k! (b − t)k
)

,

respectively, where

n = [α] + 1 for α �∈ N0; n = α for α ∈ N0. (1.3)

In particular, when 0 < α < 1, then

C
aD

α
t f (t) = aD

α
t (f (t) − f (a))
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and

C
t D

α
b f (t) = tD

α
b (f (t) − f (b)).

The Riemann–Liouville fractional derivative and the Caputo fractional derivative
are connected with each other by the following relations.

Proposition 1.1

(i) If α �∈ N0 and f (t) is a function for which the Caputo fractional derivatives
C
aD

α
t f (t) and C

t D
α
b f (t) of order α ∈ R

+ exist together with the Riemann–
Liouville fractional derivatives aD

α
t f (t) and tD

α
b f (t), then

C
aD

α
t f (t) = aD

α
t f (t) −

n−1∑

k=0

f (k)(a)

Γ (k − α + 1)
(t − a)k−α

and

C
t D

α
b f (t) = tD

α
b f (t) −

n−1∑

k=0

f (k)(b)

Γ (k − α + 1)
(b − t)k−α,

where n = [α] + 1. In particular, when 0 < α < 1, we have

C
aD

α
t f (t) = aD

α
t f (t) − f (a)

Γ (1 − α)
(t − a)−α

and

C
t D

α
b f (t) = tD

α
b f (t) − f (b)

Γ (1 − α)
(b − t)−α.

(ii) If α = n ∈ N0 and the usual derivative f (n)(t) of order n exists, then C
aD

n
t f (t)

and C
t D

n
bf (t) are represented by

C
aD

n
t f (t) = f (n)(t) and C

t D
n
bf (t) = (−1)nf (n)(t). (1.4)

Proposition 1.2 Let α ∈ R+ and let n be given by (1.3). If f ∈ ACn([a, b];RN),
then the Caputo fractional derivatives C

aD
α
t f (t) and C

t D
α
b f (t) exist almost every-

where on [a, b]:
(i) If α �∈ N0, C

aD
α
t f (t) and C

t D
α
b f (t) are represented by

C
aD

α
t f (t) = 1

Γ (n − α)

( ∫ t

a

(t − s)n−α−1f (n)(s)ds

)
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and

C
t D

α
b f (t) = (−1)n

Γ (n − α)

(∫ b

t

(s − t)n−α−1f (n)(s)ds

)

,

respectively, where n = [α] + 1. In particular, when 0 < α < 1, f ∈
AC([a, b];RN),

C
aD

α
t f (t) = 1

Γ (1 − α)

( ∫ t

a

(t − s)−αf ′(s)ds

)

(1.5)

and

C
t D

α
b f (t) = − 1

Γ (1 − α)

(∫ b

t

(s − t)−αf ′(s)ds

)

. (1.6)

(ii) If α = n ∈ N0, then C
aD

α
t f (t) and C

t D
α
b f (t) are represented by (1.4). In

particular,

C
aD

0
t f (t) = C

t D
0
bf (t) = f (t).

Remark 1.2 If f is an abstract function with values in Banach space X, then
integrals which appear in above definitions are taken in Bochner’s sense.

The fractional integrals and derivatives, defined on a finite interval [a, b] of R,
are naturally extended to whole axis R.

Definition 1.4 (Left and right Liouville–Weyl fractional integrals on the real
axis) The left and right Liouville–Weyl fractional integrals −∞D−α

t f (t) and
tD

−α+∞f (t) of order α > 0 on the whole axis R are defined by

−∞D−α
t f (t) = 1

Γ (α)

∫ t

−∞
(t − s)α−1f (s)ds (1.7)

and

tD
−α+∞f (t) = 1

Γ (α)

∫ ∞

t

(s − t)α−1f (s)ds,

respectively, where t ∈ R and α > 0.

Definition 1.5 (Left and right Liouville–Weyl fractional derivatives on the real
axis) The left and right Liouville–Weyl fractional derivatives −∞Dα

t f (t) and
tD

α+∞f (t) of order α on the whole axis R are defined by
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−∞Dα
t f (t) = dn

dtn
(−∞D

−(n−α)
t f (t))

= 1

Γ (n − α)

dn

dtn

( ∫ t

−∞
(t − s)n−α−1f (s)ds

)

and

tD
α+∞f (t) =(−1)n

dn

dtn
(tD

−(n−α)
+∞ f (t))

= 1

Γ (n − α)
(−1)n

dn

dtn

( ∫ ∞

t

(s − t)n−α−1f (s)ds

)

,

respectively, where n = [α] + 1, α ≥ 0, and t ∈ R.
In particular, when α = n ∈ N0, then

−∞D0
t f (t) = tD

0+∞f (t) = f (t),

−∞Dn
t f (t) = f (n)(t) and tD

n+∞f (t) = (−1)nf (n)(t),

where f (n)(t) is the usual derivative of f (t) of order n. If 0 < α < 1 and t ∈ R,
then

−∞Dα
t f (t) = 1

Γ (1 − α)

d

dt

(∫ t

−∞
(t − s)−αf (s)ds

)

= α

Γ (1 − α)

∫ ∞

0

f (t) − f (t − s)

sα+1 ds

and

tD
α+∞f (t) = − 1

Γ (1 − α)

d

dt

(∫ ∞

t

(s − t)−αf (s)ds

)

= α

Γ (1 − α)

∫ ∞

0

f (t) − f (t + s)

sα+1 ds.

Formulas (1.5) and (1.6) can be used for the definition of the Caputo fractional
derivatives on the whole axis R.

Definition 1.6 (Left and right Caputo fractional derivatives on the real axis) The
left and right Caputo fractional derivatives C−∞Dα

t f (t) and C
t Dα+∞f (t) of order α

(with α > 0 and α �∈ N
+) on the whole axis R are defined by

C−∞Dα
t f (t) = 1

Γ (n − α)

( ∫ t

−∞
(t − s)n−α−1f (n)(s)ds

)

(1.8)
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and

C
t Dα+∞f (t) = (−1)n

Γ (n − α)

( ∫ ∞

t

(s − t)n−α−1f (n)(s)ds

)

, (1.9)

respectively.
When 0 < α < 1, the relations (1.8) and (1.9) take the following forms:

C−∞Dα
t f (t) = 1

Γ (1 − α)

( ∫ t

−∞
(t − s)−αf ′(s)ds

)

and

C
t Dα+∞f (t) = − 1

Γ (1 − α)

( ∫ ∞

t

(s − t)−αf ′(s)ds

)

.

1.1.2 Properties

We present here some properties of the fractional integral and fractional derivative
operators that will be useful throughout this book.

Proposition 1.3 If β > 0, then

aD
−α
t (t − a)β−1 = Γ (β)

Γ (β + α)
(t − a)β+α−1 (α > 0),

aD
α
t (t − a)β−1 = Γ (β)

Γ (β − α)
(t − a)β−α−1 (α ≥ 0)

and

tD
−α
b (b − t)β−1 = Γ (β)

Γ (β + α)
(b − t)β+α−1 (α > 0),

tD
α
b (b − t)β−1 = Γ (β)

Γ (β − α)
(b − t)β−α−1 (α ≥ 0).

In particular, if β = 1 and α ≥ 0, then the Riemann–Liouville fractional
derivatives of a constant are, in general, not equal to zero:

aD
α
t 1 = (t − a)−α

Γ (1 − α)
, tD

α
b 1 = (b − t)−α

Γ (1 − α)
.

On the other hand, for j = 1, 2, ..., [α] + 1,

aD
α
t (t − a)α−j = 0, tD

α
b (b − t)α−j = 0.
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The semigroup properties of the fractional integral operators aD
−α
t and tD

−α
b are

given by the following results.

Proposition 1.4 If α > 0 and β > 0, then the equations

aD
−α
t

(

aD
−β
t f (t)

)
= aD

−α−β
t f (t) and tD

−α
b

(

tD
−β
b f (t)

)
= tD

−α−β
b f (t)

(1.10)
are satisfied at almost every point t ∈ [a, b] for f ∈ Lp(a, b;RN) (1 ≤ p < ∞).
If α + β > 1, then the relations in (1.10) hold at any point of [a, b].
Proposition 1.5

(i) If α > 0 and f ∈ Lp(a, b;RN) (1 ≤ p ≤ ∞), then the following equalities

aD
α
t

(

aD
−α
t f (t)

)
= f (t) and tD

α
b

(

tD
−α
b f (t)

)
= f (t)

hold almost everywhere on [a, b].
(ii) If α > β > 0, then, for f ∈ Lp(a, b;RN) (1 ≤ p ≤ ∞), the relations

aD
β
t

(

aD
−α
t f (t)

)
= aD

−α+β
t f (t) and tD

β
b

(

tD
−α
b f (t)

)
= tD

−α+β
b f (t)

hold almost everywhere on [a, b].
In particular, when β = k ∈ N

+ and α > k, then

aD
k
t

(

aD
−α
t f (t)

)
= aD

−α+k
t f (t) and tD

k
b

(

tD
−α
b f (t)

)
= (−1)ktD

−α+k
b f (t).

To present the next property, we use the spaces of functions aD
−α
t (Lp) and

tD
−α
b (Lp) defined for α > 0 and 1 ≤ p ≤ ∞ by

aD
−α
t (Lp) = {f : f = aD

−α
t ϕ, ϕ ∈ Lp(a, b;RN)}

and

tD
−α
b (Lp) = {f : f = tD

−α
b φ, φ ∈ Lp(a, b;RN)},

respectively. The composition of the fractional integral operator aD
−α
t with the

fractional derivative operator aD
α
t is given by the following results.

Proposition 1.6 Let α > 0, n = [α] + 1 and let fn−α(t) = aD
−(n−α)
t f (t) be the

fractional integral (1.1) of order n − α:

(i) If 1 ≤ p ≤ ∞ and f ∈ aD
−α
t (Lp), then

aD
−α
t

(

aD
α
t f (t)

)
= f (t).



10 1 Preliminaries

(ii) If f ∈ L1(a, b;RN) and fn−α ∈ ACn([a, b];RN), then the equality

aD
−α
t

(

aD
α
t f (t)

)
= f (t) −

n∑

j=1

f
(n−j)
n−α (a)

Γ (α − j + 1)
(t − a)α−j

holds almost everywhere on [a, b].
Proposition 1.7 Let α > 0 and n = [α] + 1. Also let gn−α(t) = tD

−(n−α)
b g(t) be

the fractional integral (1.2) of order n − α:

(i) If 1 ≤ p ≤ ∞ and g ∈ tD
−α
b (Lp), then

tD
−α
b

(

tD
α
b g(t)

)
= g(t).

(ii) If g ∈ L1(a, b;RN) and gn−α ∈ ACn([a, b];RN), then the equality

tD
−α
b

(

tD
α
b g(t)

)
= g(t) −

n∑

j=1

(−1)n−j g
(n−j)
n−α (a)

Γ (α − j + 1)
(b − t)α−j

holds almost everywhere on [a, b].
In particular, if 0 < α < 1, then

tD
−α
b

(

tD
α
b g(t)

)
= g(t) − g1−α(a)

Γ (α)
(b − t)α−1,

where g1−α(t) = tD
α−1
b g(t), while for α = n ∈ N

+, the following equality holds:

tD
−n
b

(

tD
n
bg(t)

)
= g(t) −

n−1∑

k=0

(−1)kg(k)(a)

k! (b − t)k.

Proposition 1.8 Let α > 0 and let y ∈ L∞(a, b;RN) or y ∈ C([a, b];RN). Then

C
a Dα

t

(

aD
−α
t y(t)

)
= y(t) and C

t Dα
b

(

tD
−α
b y(t)

)
= y(t).

Proposition 1.9 Let α > 0 and let n be given by (1.3). If y ∈ ACn([a, b];RN) or
y ∈ Cn([a, b];RN), then

aD
−α
t

(
C
a Dα

t y(t)
)

= y(t) −
n−1∑

k=0

y(k)(a)

k! (t − a)k
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and

tD
−α
b

(
C
t Dα

b y(t)
)

= y(t) −
n−1∑

k=0

(−1)ky(k)(b)

k! (b − t)k.

In particular, if 0 < α ≤ 1 and y ∈ AC([a, b];RN) or y ∈ C([a, b];RN), then

aD
−α
t

(
C
a Dα

t y(t)
)

= y(t) − y(a) and tD
−α
b

(
C
t Dα

b y(t)
)

= y(t) − y(b). (1.11)

1.2 Some Results from Analysis

1.2.1 Mittag–Leffler Function

Definition 1.7 ([165, 180]) The Mittag–Leffler function Eα,β is defined by

Eα,β(z) :=
∞∑

k=0

zk

Γ (αk + β)
= 1

2πi

∫

Υ

λα−βeλ

λα − z
dλ, α > 0, β ∈ R, z ∈ C,

where Υ is a contour which starts and ends as −∞ and encircles the disc |λ| ≤
|z|1/α counter clockwise.

The function Eα,β(z) is an entire function, and so it is real analytic when
restricted to the real line. Moreover, the approximation form of Mittag–Leffler
function is given by

Eα,β(z) = −
N∑

k=1

1

Γ (β − αk)

1

zk
+ O

(
1

zN+1

)

,

with |z| → ∞, μ ≤ |arg(z)| ≤ π for μ > 0, and N ∈ N
+. In particular,

Eα,1(z) = − 1

Γ (1 − α)

1

z
+ O

(
1

z2

)

, (1.12)

with |z| → ∞, μ ≤ |arg(z)| ≤ π for μ > 0.
For short, set

Eα(z) := Eα,1(z), eα(z) := Eα,α(z).

Then Mittag–Leffler functions have the following properties.
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Proposition 1.10 ([165, 180]) For α ∈ (0, 1) and t ∈ R:

(i) Eα(t), eα(t) > 0.
(ii) (Eα(t))′ = 1

α
eα(t).

(iii) lim
t→−∞ Eα(t) = lim

t→−∞ eα(t) = 0.

(iv) C
0D

α
t Eα(ωtα) = ωEα(ωtα), 0D

α−1
t (tα−1eα(ωtα)) = Eα(ωtα), ω ∈ C.

Proposition 1.11 ([180, 207]) Let 0 < α0 < α1 < 1. Then there exist positive
constants M1, M2 depending only on α0, α1 such that for all α ∈ [α0, α1],

M1

1 + x
≤ Eα(−x) ≤ M2

1 + x
, Eα,β(−x) ≤ M2

1 + x
, for all x ≥ 0, β ∈ R.

Proposition 1.12 ([180]) Let 0 < α < 2, and β ∈ R be arbitrary. Suppose
that μ is such that πα/2 < μ < min{π, πα}. Then there exists a constant
M = M(α, β,μ) > 0 such that

|Eα,β(z)| ≤ M

1 + |z| , μ ≤ |arg(z)| ≤ π.

Proposition 1.13 ([180]) Let 0 < α < 1 and λ > 0. Then:

(i)
d

dt
Eα(−λtα) = −λtα−1eα(−λtα), for t > 0.

(ii)
d

dt

(
tα−1eα(−λtα)

) = tα−2Eα,α−1(−λtα), for t > 0.

(iii)
∫ ∞

0
e−stEα(−λtα)dt = sα−1

sα + λ
, for Re(s) > λ1/α.

Proposition 1.14 Let 1 < α < 2 and λ > 0. Then:

(i)
d

dt
Eα,1(−λtα) = −λtα−1Eα,α(−λtα), for t > 0.

(ii)
d

dt
(tα−1Eα,α(−λtα)) = tα−2Eα,α−1(−λtα), for t > 0.

(iii) C
0D

α
t Eα,1(−λtα) = −λEα,1(−λtα), for t > 0.

(iv) C
0D

α
t (tα−1Eα,α(−λtα)) = −λtα−1Eα,α(−λtα), for t > 0.

(v)
∫ ∞

0
e−stEα,1(−λtα)dt = sα−1

sα + λ
, for Re(s) > λ1/α .

(vi) lim
t→0

Eα,1(−λtα) = 1.

(vii) The more accurate estimate |Eα,γ (−λtα)| ≤ 1/Γ (γ ) holds for γ ∈ {1, 2, α}.
It is well known that Eα,1(−t) is a positive and completely monotonic function

for α ∈ (0, 1), t > 0, that is, for all t > 0, k ∈ N0, we have

(−1)k
( d

dt

)k
Eα,1(−t) ≥ 0.
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Additionally, one can find that ω(t) := Eα,1(λtα) is a solution of equation
C
0D

α
t ω(t) = λω(t), λ ∈ R, α ∈ (0, 2). We use the notation a � b that stands

for a ≤ Cb, with a positive constant C that does not depend on a, b. The following
lemmas will be frequently used and can be found in [180].

Proposition 1.15 For λ > 0, α > 0, β ∈ R, and any arbitrary positive number m,
we have

(
d

dt

)m (
tβ−1Eα,β(−λtα)

)
= tβ−m−1Eα,β−m(−λtα), t > 0.

In particular,

d

dt
Eα,1(−λtα) = −λtα−1Eα,α(−λtα), t > 0.

Proposition 1.16 If 0 < α < 2, β ∈ R, πα/2 < θ < min{π, πα}, then

∣
∣Eα,β(z)

∣
∣ � 1

1 + |z| , z ∈ C, θ ≤ |argz| ≤ π.

Proposition 1.17 If 0 < α < 2, β ∈ R, θ is such that πα/2 < θ < min{π, πα},
then

|Eα,β(z)| � (1 + |z|)(1−β)/α exp
(
Re(z1/α)

) + 1

1 + |z| , z ∈ C, |argz| ≤ θ.

By the fractional order term-by-term integration of the series, there is a more
general relationship obtained as follows:

1

Γ (ϑ)

∫ t

0
(t−s)ϑ−1sβ−1Eα,β(λsβ)ds = tβ+ϑ−1Eα,β+ϑ(λtβ), ϑ >0, β >0, t >0.

(1.13)

Proposition 1.18 ([10]) Let 1 < β < 2, β ′ ∈ R, and λ > 0. Then the following
estimates hold:

(i) Let 0 ≤ α ≤ 1, 0 < β ′ < β. Then
∣
∣λαtβ

′
Eβ,β ′(−λtβ)

∣
∣ � tβ

′−βα, t > 0.

(ii) Let 0 ≤ β ′ ≤ 1. Then
∣
∣λ1−β ′

tβ−2Eβ,β ′(−λtβ)
∣
∣ � tββ ′−2, t > 0.

In what follows, let us state the definition and some properties of a function
Mα(·) which is also called the Wright-type function. This function is a special case
of the Wright function that plays an important role in different areas of fractional
calculus, and it is introduced by Mainardi to characterize the solution of initial value
problem for fractional diffusion-wave equations.
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Definition 1.8 ([153]) The Wright-type function Mα is defined by

Mα(z) :=
∞∑

n=0

(−z)n

n!Γ (−αn + 1 − α)

= 1

π

∞∑

n=1

(−z)n

(n − 1)!Γ (nα) sin(nπα), for 0 < α < 1, z ∈ C.

For −1 < r < ∞, λ > 0, the Wright-type function has the properties.

Proposition 1.19

(W1) Mα(t) ≥ 0, t > 0.

(W2)
∫ ∞

0

α

tα+1Mα(
1

tα
)e−λtdt = e−λα

.

(W3)
∫ ∞

0
Mα(t)trdt = Γ (1 + r)

Γ (1 + αr)
.

(W4)
∫ ∞

0
Mα(t)e−zt dt = Eα(−z), z ∈ C.

(W5)
∫ ∞

0
αtMα(t)e−zt dt = eα(−z), z ∈ C.

1.2.2 Laplace and Fourier Transforms

In this subsection we present definitions and some properties of Laplace and Fourier
transforms.

Definition 1.9 The Laplace transform of a function f (t) of a real variable t ∈ R
+

is defined by

(L f )(s) = L [f (t)](s) = f̄ (s) :=
∫ ∞

0
e−st f (t)dt (s ∈ C). (1.14)

The inverse Laplace transform is given for x ∈ R
+ by the formula

(L −1f )(x) = L −1[f (s)](x) := 1

2πi

∫ γ+i∞

γ−i∞
esxf (s)ds (γ = Re(s)).

(1.15)

Proposition 1.20 Let f (t) be defined on (0,∞) and 0 < α < 1. Then the Laplace
transform of fractional integral and fractional differential operators satisfy:

(i) 0D
−α
t f (s) = s−αf̄ (s).

(ii) 0D
α
t f (s) = sαf̄ (s) − (0D

α−1
t f )(0).

(iii) C
0D

−α
t f (s) = sαf̄ (s) − sα−1f (0).
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Definition 1.10 The Fourier transform of a function f (t) of a real variable t ∈ R

is defined by

(Ff )(w) = F [f (t)](w) = f̂ (w) :=
∫ ∞

−∞
e−it ·wf (t)dt (w ∈ R). (1.16)

The inverse Fourier transform is given by the formula

(F−1g)(w) = F−1[g(t)](w) = 1

2π
ĝ(−w) := 1

2π

∫ ∞

−∞
eit ·wg(t)dt (w ∈ R).

(1.17)

The integrals in (1.16) and (1.17) converge absolutely for functions f, g ∈ L1(R)

and in the norm of the space L2(R) for f, g ∈ L2(R).

Proposition 1.21 Let f (t) be defined on (−∞,∞) and 0 < α < 1. Then the
Fourier transform of Liouville–Weyl fractional integral and fractional differential
operators satisfy:

(i) ̂−∞D−α
t f (w) = (iw)−αf̂ (w).

(ii) ̂
tD

−α∞ f (w) = (−iw)−αf̂ (w).
(iii) ̂−∞Dα

t f (w) = (iw)αf̂ (w).

(iv) ̂
tDα∞f (w) = (−iw)αf̂ (w).

1.3 Semigroups

1.3.1 C0-Semigroup

Let us recall the definitions and properties of operator semigroups, for details see
Pazy [175]. Let X be a Banach space and L(X) be the Banach space of linear
bounded operators with the norm ‖ · ‖.
Definition 1.11 A one parameter family {T (t)}t≥0 ⊂ L(X) is a semigroup of
bounded linear operators on X if:

(i) T (t)T (s) = T (t + s), for t, s ≥ 0.
(ii) T (0) = I ; here, I denotes the identity operator in X.

Definition 1.12 A semigroup of bounded linear operators {T (t)}t≥0 is uniformly
continuous if

lim
t→0+ ‖T (t) − I‖ = 0.
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From the definition it is clear that if {T (t)}t≥0 is a uniformly continuous
semigroup of bounded linear operators, then

lim
s→t

‖T (s) − T (t)‖ = 0.

Definition 1.13 We say that the semigroup {T (t)}t≥0 is strongly continuous (or a
C0-semigroup) if the mapping t → T (t)u is strongly continuous, for each u ∈ X,
i.e.,

lim
t→0+ T (t)u = u, ∀ u ∈ X.

Definition 1.14 Let {T (t)}t≥0 be aC0-semigroup defined onX. The linear operator
A is the infinitesimal generator of {T (t)}t≥0 defined by

Au = lim
t→0+

T (t)u − u

t
, for u ∈ D(A),

where D(A) =
{
u ∈ X : limt→0+ T (t)u−u

t
exists in X

}
.

Definition 1.15 The family R(λ,A) = (λI − A)−1, λ ∈ ρ(A) of bounded linear
operator is called of the resolvent ofA, where ρ(A) is the set of all complex numbers
λ for which λI − A is invertible.

If there are M ≥ 0 and ν ∈ R such that ‖T (t)‖ ≤ Meνt , then

(λI − A)−1u =
∫ ∞

0
e−λtT (t)udt, Re(λ) > ν, u ∈ X. (1.18)

A C0-semigroup {T (t)}t≥0 is called exponentially stable if there exist constants
M > 0 and δ > 0 such that

‖T (t)‖ ≤ Me−δt , t ≥ 0. (1.19)

The growth bound ν0 of {T (t)}t≥0 is defined by

ν0 = inf{δ ∈ R : there exists Mδ > 0 such that ‖T (t)‖ ≤ Mδe
δt , ∀ t ≥ 0}.

(1.20)
Furthermore, ν0 can also be obtained by the following formula:

ν0 = lim sup
t→+∞

ln ‖T (t)‖
t

. (1.21)
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Definition 1.16 A C0-semigroup {T (t)}t≥0 is called uniformly bounded if there
exists a constant M > 0 such that

‖T (t)‖ ≤ M, t ≥ 0. (1.22)

Definition 1.17 A C0-semigroup {T (t)}t≥0 is called compact if T (t) is compact for
t > 0.

Proposition 1.22 If {T (t)}t>0 is compact, then {T (t)}t>0 is equicontinuous for
t > 0.

Definition 1.18 A C0-semigroup {T (t)}t≥0 is called positive if T (t)u ≥ θ for all
u ≥ θ and t ≥ 0, where θ is the zero element.

1.3.2 Analytic Semigroup

Definition 1.19 Let Δ := {z : ϕ1 < arg z < ϕ2, ϕ1 < 0 < ϕ2}. The family
{T (z)}z∈Δ ⊂ L(X) is called an analytic semigroup in Δ if:

(i) z �→ T (z) is analytic in Δ.
(ii) T (0) = I and limz∈Δ,z→0 T (z)x = x for every x ∈ X.
(iii) T (z1 + z2) = T (z1)T (z2) for z1, z2 ∈ Δ.

A semigroup T (t) is called analytic if it is analytic in some sector Δ containing
the nonnegative real axis.

Theorem 1.1 Let {T (t)}t≥0 be a uniformly bounded C0-semigroup. Let A be the
infinitesimal generator of {T (t)}t≥0 and assume 0 ∈ ρ(A). The following statements
are equivalent:

(i) T (t) can be extended to an analytic semigroup in a sector Σδ := {z ∈ C :
| arg z| < δ} and ‖T (z)‖ is uniformly bounded in every closed subsector
Σδ′ , δ′ < δ, of Σδ .

(ii) There exists a positive constant C such that for every σ > 0, τ �= 0,

‖R(σ + iτ, A)‖ ≤ C

|τ | .

(iii) There exist 0 < δ < π
2 and M > 0 such that

ρ(A) ⊃ Σ := {λ ∈ C : | arg λ| <
π

2
+ δ} ∪ {0}

and

‖R(λ,A)‖ ≤ M

|λ| , for λ ∈ Σ, λ �= 0.
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(iv) T (t) is differentiable for t > 0, and there is a constant C such that

‖AT (t)‖ ≤ C

t
, for t > 0.

1.3.3 Integrated Semigroup

Definition 1.20 Let X be a Banach space. An integrated semigroup is a family of
bounded linear operators {S(t)}t≥0 on X with the following properties:

(i) S(0)=0.
(ii) t �→ S(t) is strongly continuous.

(iii) S(s)S(t) =
∫ s

0

(
S(t + r) − S(r)

)
dr for all t, s ≥ 0.

Definition 1.21 An operator A is called a generator of an integrated semigroup if
there exists ω ∈ R such that (ω,∞) ⊂ ρ(A) (ρ(A) is the resolvent set of A)
and there exists a strongly continuous exponentially bounded family {S(t)}t≥0 of
bounded operators such that S(0) = 0 and

R(λ,A) := (λI − A)−1 = λ

∫ ∞

0
e−λtS(t)dt exists for all λ with λ > ω.

Proposition 1.23 Let A be the generator of an integrated semigroup {S(t)}t≥0.
Then for all u ∈ X and t ≥ 0,

∫ t

0
S(s)ds ∈ D(A) and S(t)u = A

∫ t

0
S(s)uds + tu.

Definition 1.22

(i) An integrated semigroup {S(t)}t≥0 is called locally Lipschitz continuous if for
all τ > 0 there exists a positive constant L such that

‖S(t) − S(s)‖ ≤ L|t − s|, t, s ∈ [0, τ ].

(ii) An integrated semigroup {S(t)}t≥0 is called nondegenerate if S(t)u = 0 for all
t ≥ 0 implies that u = 0.

Definition 1.23 We say that the linear operator A : D(A) ⊂ X → X satisfies the
Hille–Yosida condition if there exist two constants ω ∈ R and M > 0 such that
(ω,+∞) ⊂ ρ(A) and

‖(λI − A)−k‖ ≤ M

(λ − ω)k
, for all λ > ω, k ≥ 1.
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Theorem 1.2 The following assertions are equivalent:

(i) A is the generator of a nondegenerate, locally Lipschitz continuous integrated
semigroup.

(ii) A satisfies the Hille–Yosida condition.

If A is the generator of an integrated semigroup {S(t)}t≥0 which is locally
Lipschitz, then S(t)u is continuously differentiable if and only if u ∈ D(A) and
{S′(t)}t≥0 is a C0-semigroup on D(A).



Chapter 2
Well-Posedness of Fractional Diffusion
Equations

2.1 Diffusion Equation with Exponential Growth

2.1.1 Introduction

In this section, we consider a Cauchy problem for space-time fractional diffusion
equation

∂αt u+ (−Δ)γ u = f (u), (t, x) ∈ (0,∞)× R
d , (2.1)

associated with an initial condition u(0, x) = u0(x), x ∈ R
d , d ≥ 1, where f is

the exponential growth function, like asymptotic growth f (u) ∼ e4π |u|2 , and with a
vanishing behavior at zero, and ∂αt stands for the Caputo fractional partial derivative
of order α ∈ (0, 1) defined by

∂αt u(t, x) = 1

Γ (1 − α)
∫ t

0
(t − s)−α ∂

∂s
u(s, x)ds, (t, x) ∈ (0,∞)× R

d .

In (2.1), (−Δ)γ (γ ∈ (0, 1)) stands for the fractional Laplacian operator defined by

(−Δ)γ u(x) = Cγ,d

∫

Rd

u(x)− u(y)
|x − y|d+2γ

dy,

with Cγ,d = γ 22γ Γ ((d + 2γ )/2)/(πd/2Γ (1 − γ )).
Now we dwell on the literature dealing with the nonlinearity of exponential

growth problems of diffusion and wave equations. The Cauchy problem for heat
equation with exponential nonlinearity was studied by Ioku [94]. Inspired by this
paper, Furioli et al. [65] discussed the asymptotic behavior and decay estimates for
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solutions of a nonlinear parabolic equation with exponential growth. Ioku et al. [95]
obtained the existence and nonexistence results for a heat equation in the Orlicz
space expL(R2). Fino and Kirane [62] investigated the global solutions for heat
equation with fractional Laplacian and exponential nonlinearity with small initial
data and also the local solution in the Orlicz space. Regarding the wave equation,
the global well-posed solutions with exponential growth type nonlinearity were
studied in the critical Sobolev space in [170]. In order to overcome the issue of
invalidity of the embedding H 1(R2) ↪→ L∞(R2), Ibrahim et al. [92] discussed
the existence and asymptotic behavior of finite energy solutions for large time for
the subcritical case of the wave operators via Trudinger-Moser-type inequality. On
the supercritical regime of large energies for smooth and radially symmetric initial
data, Struwe [199] established the global well-posedness of solutions for a nonlinear
wave equation with nonlinearity f (u) ∼ ueu

2
. Mahouachi and Saanouni [148]

derived the well-posed and ill-posed results for a wave equation with exponential
growth. Concerning the fractional derivatives, Bekkai et al. [17] discussed the local
existence and blow-up of solutions for a space-time fractional diffusion equation
with nonlocal nonlinearity of the form f (u) ∼ 0D

1−α
t (eu),where 0D

1−α
t represents

the Riemann-Liouville fractional integral operator. Alsaedi et al. [9] proved the
existence and uniqueness of the local mild solutions for a system of space-time
fractional evolution equations with nonlocal nonlinearities of exponential growth.
They also established a blow-up result by applying the Pokhozhaev capacity method
and presented an estimate for the life span of blowing-up solutions under suitable
conditions.

We note that there is no work concerning the existence of global solutions for
space-time fractional diffusion equations with exponential growth data in R

d . For
this purpose, it is necessary to consider an appropriate space. Unlike the energy
functional techniques used in previous work, this section will concern on the global
solutions to the fractional Cauchy problem on the Orlicz spaces expLp(Rd) via
the subordinate principle and the semigroup theory. It is worthwhile to notice that
C∞
0 (R

d) is not dense in expLp(Rd), but it works in Lp(Rd) for 1 ≤ p < ∞. As
it is difficult to consider a generic global space C([0,∞); expLp(Rd)), we shall
deal with this case in the sense of a weak topology. Furthermore, since L1(Rd) ∩
L∞(Rd) ↪→ expLp(Rd) and to solve equation (2.1) under the minimum required
conditions, we will establish the local solutions in L1(Rd) ∩ L∞(Rd).

Our main goal in this section is to investigate the existence of solutions for the
problem (2.1). In the next subsection, we introduce the definition of the Orlicz
spaces and the relevant solution operators of the problem (2.1), and then we study
the space-time estimates in the frameworks of Lp-Lq and Lp-expLq . In Sect. 2.1.3,
we establish the existence of global solution for initial data with small norm in
space expLp(Rd) and the decay estimate of solutions. In Sect. 2.1.4, we prove the
existence of local solutions in subspace L1(Rd) ∩ L∞(Rd) of the Orlicz spaces.
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2.1.2 Orlicz Spaces and Space-Time Estimates

Throughout this section, the notation a � b stands for a ≤ Cb, and ∼ stands for
a ≤ Cb and b ≤ Ca for a positive generic constant C that does not depend on a, b.
Symbols ∨ and ∧ are expressed by a ∨ b = max{a, b} and a ∧ b = min{a, b},
respectively. It is well known that the fractional Laplace operator (−Δ)γ can
generate a strongly continuous semigroup Tγ (t) = exp(−t (−Δ)γ )) on Lp(Rd)
for p ≥ 1, d ≥ 1 with its Fourier transformation (−Δ)γ u = F−1(|ξ |2γF (u)).
Moreover, a space-time estimate of this semigroup is given by

‖Tγ (t)φ‖Lp(Rd ) � t−
d
2γ

(
1
q
− 1
p

)

‖φ‖Lq(Rd ),

for t > 0 and for all φ ∈ Lq(Rd), q ≥ 1, see [164].
For any α ∈ (0, 1), β ∈ [0,∞), γ ∈ (0, 1), we introduce a subordinate operator

A
γ
α,β(·) as

A
γ
α,β(t) =

∫ ∞

0
αβθβMα(θ)Tγ (t

αθ)dθ, t ≥ 0,

where Mα(·) is the Wright-type function defined in Definition 1.8.
Obviously, the operator A

γ
α,β(·) is well defined due to the estimate

‖A γ
α,β(t)φ‖Lp(Rd ) ≤

∫ ∞

0
αβθβMα(θ)‖Tγ (tαθ)‖Lp(Rd )dθ �

∫ ∞

0
αβθβMα(θ)dθ

and the properties of Mα(·) (see [240])

Mα(·) ≥ 0,
∫ ∞

0
θδMα(θ)dθ = Γ (1 + δ)

Γ (1 + αδ) , δ ∈ (−1,∞).

Specially, if u is a solution of the problem (2.1), by using the strategy employed
in [240], we have the following integral representation of the problem (2.1):

u(t) = A
γ

α,0(t)u0 +
∫ t

0
(t − s)α−1A

γ

α,1(t − s)f (u(s))ds. (2.2)

Recall that a space is Orlicz type if it can be expressed as

expLp(Rd) =
{
u ∈ L1

loc(R
d) : ‖u‖expLp(Rd ) < +∞

}
,
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endowed with the Luxemburg norm

‖u‖expLp(Rd ) := inf

{

τ > 0 :
∫

Rd

(
exp

(|u(x)|p/τp) − 1
)
dx < 1for some τ > 0

}

.

Clearly, an Orlicz space is a Banach space.

Lemma 2.1 ([94]) For every 1 ≤ p ≤ q < +∞, the embedding expLp(Rd) ↪→
Lq(Rd) holds, and moreover

‖u‖Lq(Rd ) ≤ (Γ (q/p + 1))1/q ‖u‖expLp(Rd ).

Lemma 2.2 ([62]) For every 1 ≤ q ≤ p < +∞, the embedding Lq(Rd) ∩
L∞(Rd) ↪→ expLp(Rd) holds, and moreover

‖u‖expLp(Rd ) ≤ (ln 2)− 1
p

(
‖u‖Lq(Rd ) + ‖u‖L∞(Rd )

)
.

Lemma 2.3 Let α ∈ (0, 1), β ∈ [0,∞), γ ∈ (0, 1), and let d
2γ

(
1
p

− 1
q

)
< 1 for

1 ≤ p ≤ q ≤ +∞, for t > 0, then

(i) ‖A γ
α,β(t)f ‖Lq(Rd ) � t−

αd
2γ

(
1
p

− 1
q

)

‖f ‖Lp(Rd ), f or f ∈ Lp(Rd),
(ii) ‖A γ

α,β(t)f ‖expLp(Rd ) � ‖f ‖expLp(Rd ), f or f ∈ expLp(Rd),

(iii) ‖A γ
α,β(t)f ‖expLq(Rd ) � t

− αd
2γp (ln(t−

αd
2γ + 1))−

1
q ‖f ‖Lp(Rd ), f or f ∈

Lp(Rd),

(iv) ‖A γ
α,β(t)f ‖expLp(Rd ) � t−

αd
2γ q ‖f ‖Lq(Rd ) + ‖f ‖Lp(Rd ), f or f ∈ Lp(Rd) ∩

Lq(Rd).

Proof By the Lp-Lq estimates of semigroup Tγ (t), for the operator A
γ
α,β(·), we

obtain

‖A γ
α,β(t)f ‖Lq(Rd ) ≤

∫ ∞

0
αβθβMα(θ)‖Tγ (tαθ)φ‖Lq(Rd )dθ � t−

αd
2γ r ‖f ‖Lp(Rd ),

for t > 0, where 1/r := 1/p − 1/q. Additionally, for any τ > 0, t > 0, it follows
by Taylor expansion combined with (i) that

∫

Rd

(
exp

(
|A γ
α,β(t)f |/τ

)p − 1
)
dx =

∞∑

k=1

‖A γ
α,β(t)f ‖pk

Lpk(Rd )

k!τpk

�
∞∑

k=1

‖f ‖pk
Lpk(Rd )

k!τpk =
∫

Rd

(
exp (f/τ)p − 1

)
dx,
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which implies that for f ∈ expLp(Rd),

‖A γ
α,β(t)f ‖expLp(Rd ) � ‖f ‖expLp(Rd ).

Next, by virtue of (i), for t > 0, we have

∫

Rd

(
exp

(
|A γ
α,β(t)f |/τ

)q − 1
)
dx =

∞∑

k=1

‖A γ
α,β(t)f ‖qk

Lpk(Rd )

k!τqk

�
∞∑

k=1

t
− αd

2γ

(
1
p

− 1
qk

)
qk‖f ‖qk

Lp(Rd )

k!τqk ,

which implies that there exists a constant C > 0 such that

∫

Rd

(
exp

(
|A γ
α,β(t)f |/τ

)q − 1
)
dx �t

αd
2γ

(

exp
(
Ct

− αd
2γp ‖f ‖Lp(Rd )/τ

)q − 1

)

,

and then

‖A γ
α,β(t)f ‖expLq(Rd ) � t−

αd
2γp (ln(t−

αd
2γ + 1))−

1
q ‖f ‖Lp(Rd ).

The last inequality can easily be proved by using the standard Lp-Lq estimates of
A
γ
α,β(·) and the embedding Lp(Rd) ∩ L∞(Rd) ↪→ expLp(Rd) in Lemma 2.2. In

consequence, we get

‖A γ
α,β(t)f ‖expLp(Rd ) �‖A γ

α,β(t)f ‖Lp(Rd ) + ‖A γ
α,β(t)f ‖L∞(Rd )

�t−
αd
2γ q ‖f ‖Lq(Rd ) + ‖f ‖Lp(Rd ).

Hence, this completes the proof.

Observe that C∞
0 (R

d) is not dense in expLp(Rd) for p ≥ 1; for more details,
see [94, 95]. For the fractional version of A

γ

α,0(·), we have the following conclusion.
Remark 2.1 The operator A

γ

α,0(t) is not strongly continuous at t = 0 in

expLp(Rd) for p ≥ 1, that is, for any φ ∈ expLp(Rd), the following inequality
holds:

lim
t→0

‖A γ

α,0(t)φ − φ‖expLp(Rd ) ≥ 1. (2.3)

Proof In fact, for any λ > 0, let μv(λ) := |{x ∈ R
d : |v(x)| > λ}| be a distribution

function of v, let v∗ be a nonincreasing rearrangement of v given by

v∗(r) := inf{λ > 0 : μv(λ) ≤ r},
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and the maximal function of v∗ is denoted by v∗∗ as follows:

v∗∗(r) = 1

r

∫ r

0
v∗(s)ds.

We next use the rearrangement technique, that is,

sup
0<r<1

(A
γ

α,0φ − φ)∗∗(r)
(ln(e/r))1/p

� ‖A γ

α,0(t)φ − φ‖expLp(Rd ),

for any t ≥ 0, where

‖v‖expLp(Rd ) � sup
0<r<1

v∗∗(r)
(ln(e/r))1/p

+ ‖v‖Lp(Rd ) � ‖v‖expLp(Rd ).

The first inequality can be established as in [120, Theorem 3.4] and function χ(t) =
(1 + ln t)/ ln(1 + t) has a maximum value for t ≥ 1, while the second inequality
can be shown by the method employed in [94, Lemma 5.2].

Therefore, due to the triangle inequality for v∗∗, that is, (f + g)∗∗ ≤ f ∗∗ + g∗∗,
we have

(φ)∗∗(r)− (A γ

α,0φ)
∗∗(r)

(ln(e/r))1/p
≤ (φ − A

γ

α,0(t)φ)
∗∗(r)

(ln(e/r))1/p
,

which implies from the nonnegative property of v∗ (v∗(r) ≥ 0 for any r > 0) that

lim
r→0

(φ)∗∗(r)− (A γ

α,0φ)
∗∗(r)

(ln(e/r))1/p
� sup

0<r<1

(A
γ

α,0(t)φ − φ)∗∗(r)
(ln(e/r))1/p

� ‖A γ

α,0(t)φ − φ‖expLp(Rd ).

According to Lemmas 2.1 and 2.3, we get A
γ

α,0(t)φ ∈ L∞(Rd) for all t ≥ ε with

any ε > 0. This means that (A γ

α,0(t)φ)
∗∗(r) ∈ L∞(0,∞) for all t ≥ ε. Hence we

have

lim
r→0

(A
γ

α,0(t)φ)
∗∗(r)

(ln(e/r))1/p
= 0.

Let

φ(x) =

⎧
⎪⎪⎨

⎪⎪⎩

p − 1 − p ln(ωd |x|d)
p(1 − ln(ωd |x|d))

p−1
p

, 0 < |x| < 1,

0, otherwise,
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where ωd is the measure of the unit ball in R
d . For ψ(t) = et

p − 1 with p ≥ 1, it
follows that

∫

Rd

ψ(|φ(x)|)dx =
∫ ∞

0
ψ(|φ∗(r)|)dr.

Furthermore, it is easy to check that (φ)∗∗(r) = (ln(e/r))1/p for 0 < r < ωd .
Consequently, we get

1 � lim
r→0

(φ)∗∗(r)
(ln(e/r))1/p

� ‖A γ

α,0(t)φ − φ‖expLp(Rd ),

which establishes (2.3). The proof is completed.

In view of Remark 2.1, we consider the Cauchy problem (2.1) in the following
weak sense.

Definition 2.1 A function u ∈ C((0,∞); expLp(Rd)) is a weak mild solution of
(2.1) if it satisfies the integral equation (2.2) in expLp(Rd) for almost all t > 0 and
the initial data:

lim
t→0

u(t)
∗= u0, in expL

p(Rd).

Observe that u(t) → u0 as t → 0 in weak* topology if and only if

lim
t→0

∫

Rd

(u(t, x)φ(x)− u0(x)φ(x))d = 0,

for every φ ∈ L1(lnL)1/p(Rd), the pre-dual space of expLp(Rd).

2.1.3 Global Existence

In this subsection, we show the global existence of solutions to the Cauchy problem
(2.1). In order to achieve this aim, we assume that the exponential growth function
f associated with f (u) ∼ |u|σ near zero is given by

f (0) = 0, |f (u)− f (v)| � |u− v|(|u|σ−1eλ|u|ς + |v|σ−1eλ|v|ς ),

for some constants ς, λ > 0 and σ ≥ 1. A typical example satisfying previous
nonlinearity is proposed f (u) = u(e4πu

2 − 1) considering in [27].

Theorem 2.1 Let 1 ≤ d < 2γp, p ≥ 1, γ ∈ (0, 1), and σ ≥ 1 + 2γp/d. If there
exists a χ > 0 such that, for all u0 ∈ expLp(Rd) with ‖u0‖expLp(Rd ) ≤ χ , then
there exists a unique weak mild solution u of the Cauchy problem (2.1) satisfying
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lim
t→0

‖u(t)− A
γ

α,0(t)u0‖expLp(Rd ) = 0.

Moreover, for some r > 2γp2/d + p, the decay estimate holds

‖u(t)‖Lr(Rd ) � t−
αd
2γ

(
1
p

− 1
r

)

‖u0‖expLp(Rd ).

Proof Let � = αd
2γ (

1
p

− 1
r
). For any ε > 0, define a complete metric space Xε by

Xε := {u ∈ C((0,∞); expLp(Rd)) :
sup
t>0
t�‖u(t)‖Lr(Rd ) + ‖u‖L∞(0,∞;expLp(Rd )) ≤ ε},

endowed with the distance d(u, v) = supt>0 t
�‖u(t)− v(t)‖Lr(Rd ).

In the sequel, we set an operatorQ by

Q(u)(t) := A
γ

α,0(t)φ +
∫ t

0
(t − s)α−1A

γ

α,1(t − s)f (u(s))ds.

We solve the current problem with the exponential growth term by a contraction
mapping argument by splitting the proof into four steps.

Step 1.Q is a contraction on Xε. For any u, v ∈ Xε, Lemma 2.3 (i) implies that

‖Q(u)(t)−Q(v)(t)‖Lr(Rd ) �
∫ t

0
(t − s)α−1− αd

2γp ‖f (u)− f (v)‖Ll(Rd )ds,

where d (1/l − 1/r) < 2γ . From the assumption of f , it follows by Taylor
expansion that

∫ t

0
(t − s)α−1− αd

2γp ‖f (u)− f (v)‖Ll(Rd )ds

�
∞∑

k=0

λk

k!
∫ t

0
(t − s)α−1− αd

2γp ‖|u− v|(|u|σ−1+ςk + |v|σ−1+ςk)‖Ll(Rd )ds.

By Hölder’s inequality and Minkowski’s inequality, for 1/l = 1/r + 1/p, we have

‖|u− v|(|u|σ−1+ςk + |v|σ−1+ςk)‖Ll(Rd )
�‖u− v‖Lr(Rd )‖(|u|σ−1+ςk + |v|σ−1+ςk)‖Lp(Rd )
�‖u− v‖Lr(Rd )

(
‖u‖σ−1+ςk

Lp(σ−1+ςk)(Rd ) + ‖v‖σ−1+ςk
Lp(σ−1+ςk)(Rd )

)
.
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For some 0 < c < (σ−1)(r−p)
γpr

∧ 2(σ−2)
d(σ−1) , let

ζ = (1 − ϑ)γp2rc
ϑ(r − p − γp2c) , ϑ = γprc

(σ − 1 + ςk)(r − p),
1

γp
= 2

d
− c.

Then ζ ≥ p, 0 < ϑ ≤ 1 for each k ∈ N0 and α − αd
2γp − �(σ − 1 + ςk)ϑ = 0.

Hence Hölder’s interpolation inequality implies that

‖u‖Lp(σ−1+ςk)(Rd ) ≤ ‖u‖ϑ
Lr (Rd )

‖u‖1−ϑ
Lζ (Rd )

,

where

1

p(σ − 1 + ςk) = ϑ

r
+ 1 − ϑ

ζ
.

Additionally, for any y ∈ expLp(Rd), Lemma 2.2 shows that

‖y‖(σ−1+ςk)(1−ϑ)
Lζ (Rd )

� (Γ (ζ/p + 1))
(σ−1+ςk)(1−ϑ)

ζ ‖y‖(σ−1+ςk)(1−ϑ)
expLp(Rd )

.

By virtue of Γ (x + 1) ≤ Cxx+1/2 for all x ≥ 1 and for some constant C > 0, from
Stirling’s formula and the inequality (σ − 1 + ςk)(1 − ϑ) ≤ ζ , it follows that

Γ (ζ/p + 1)
(σ−1+ςk)(1−ϑ)

ζ ≤ Ck−1Γ (k + 1).

Moreover, note the fact

∫ t

0
(t − s)a−1sb−1ds = Γ (a)Γ (b)

Γ (a + b) t
a+b−1, for a, b > 0, t > 0,

combined with d < 2pγ , 0 < α < 1, and �+ �(σ − 1 + ςk)ϑ < 1, and we obtain

‖Q(u)(t)−Q(v)(t)‖Lr(Rd )

�
∞∑

k=0

Ck−1λk
∫ t

0
(t − s)α−1− αd

2γp ‖u− v‖Lr(Rd )

×
(
‖u‖(σ−1+ςk)ϑ

Lr (Rd )
‖u‖(σ−1+ςk)(1−ϑ)

expLp(Rd )
+ ‖v‖(σ−1+ςk)ϑ

Lr (Rd )
‖v‖(σ−1+ςk)(1−ϑ)

expLp(Rd )

)
ds

�
∞∑

k=0

Ck−1λkεσ−1+ςk
∫ t

0
(t − s)α−1− αd

2γp s−�−�(σ−1+ςk)ϑds d(u, v)

�
∞∑

k=0

Ck−1λkεσ−1+ςkt−�d(u, v),
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which means that there exists a constant C1 > 0 for any u ∈ Xε such that

d(Q(u),Q(v)) ≤ C1

∞∑

k=0

Ck−1λkεσ−1+ςkd(u, v).

For some small enough ε > 0 satisfying

C1

∞∑

k=0

Ck−1λkεσ−1+ςk ≤ 1/4,

we deduce thatQ is a contraction on Xε.
Step 2. Q maps Xε into itself. The continuity of Q follows from that of the

operator A
γ
α,β(t) and the strongly continuous behavior of semigroup Tγ (t) for all

t ≥ 0. Since g(x) = ln(x + 1) − x/2 = 0 has two zeros, it follows by letting

a ∈ (2, 4) with a/2 = ln(a + 1) that (ln((t − s)
− αd

2γ + 1))−
1
p ≤ 2

1
p (t − s)

αd
2γp ,

for 0 ≤ s ≤ t − a− 2γ
αd , and (ln((t − s)− αd

2γ + 1))−
1
p ≤ 1, for t − a− 2γ

αd ≤ s ≤ t.

Therefore, by Lemma 2.3 (iii), for some 1 ≤ d < 2pγ , we have

∥
∥
∥
∥

∫ t

0
(t − s)α−1A

γ

α,1(t − s)f (u)ds
∥
∥
∥
∥
expLp(Rd )

�
∫ t

0
(t − s)α−1− αd

2pγ (ln(t − s)− αd
2γ + 1)−

1
p ‖f (u)‖Lp(Rd )ds

�
∫ t−a− 2γ

αd

0
(t − s)α−1‖f (u)‖Lp(Rd )ds +

∫ t

t−a− 2γ
αd

(t − s)α−1− αd
2pγ ‖f (u)‖Lp(Rd )ds

�
∫ t

0
(t − s)α−1‖f (u(s))‖Lp(Rd )ds + sup

s>0
‖f (u(s))‖Lp(Rd ) =: I + II.

By Taylor expansion, we have

|f (u)| ≤
∞∑

k=0

λk

k! |u|
ςk+σ .

For r > 2γp2

d
+ p and σ ≥ 1 + 2γp/d, let

θ = 2γpr

d(r − p)(ςk + σ) , � = 2γp2r(1 − θ)
θ(d(r − p)− 2γp2)

.

Clearly, for each k ∈ N0, we have θ ∈ (0, 1] and α = (ςk + σ)θ�. Next, by virtue
of Hölder’s interpolation inequality, we get

‖u‖L(ςk+σ)p(Rd ) � ‖u‖θ
Lr (Rd )

‖u‖1−θ
L� (Rd )

,
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where

1

(ςk + σ)p = θ

r
+ 1 − θ

�
.

Similar to the proof to Step 1, it follows by Lemma 2.1 that

∫ t

0
(t − s)α−1‖u(s)‖ςk+σ

L(ςk+σ)p(Rd )ds

�Γ (�/p + 1)
(ςk+σ)(1−θ)

�

∫ t

0
(t − s)α−1‖u(s)‖(ςk+σ)θ

Lr (Rd )
‖u(s)‖(ςk+σ)(1−θ)

expLp(Rd )
ds

�Γ (k + 1)εςk+σ ,

for u ∈ Xε and Γ (�/p+1) ≤ CkΓ (k+1) since (ςk+σ)(1−θ) ≤ � . Therefore,
by ‖|u|ςk+σ‖Lp(Rd ) = ‖u‖ςk+σ

L(ςk+σ)p(Rd ), we obtain

I ≤
∞∑

k=0

λk

k!
∫ t

0
(t − s)α−1‖|u(s)|ςk+σ‖Lp(Rd )ds ≤

∞∑

k=0

λk

k! �
∞∑

k=0

λkεςk+σ .

(2.4)

Let us prove the second term. In fact, by the assumption of f , Hölder’s inequality
with 1/p = 1/(a1p)+ 1/(a2p) for some constants a1 ≥ 1 ∨ 1/ς, a2 ≥ 1, we have

‖f (u)‖Lp(Rd ) �‖eλ|u|ς − 1‖La1p(Rd )‖u‖σLσa2p(Rd ) + ‖u‖σ
Lσp(Rd )

. (2.5)

For a1p ≥ 1, Γ (x + 1) ≤ Cxx+1/2, we obtain by the Stirling formula that

‖eλ|u|ς − 1‖La1p(Rd ) ≤
∞∑

k=1

λk

k! ‖u‖
ςk

Lςka1p(Rd )
≤

∞∑

k=1

λk

k! Γ (ςka1 + 1)
1
a1p ‖u‖ςk

expLp(Rd )

�
∞∑

k=0

λkεςk.

In addition, we have

sup
t>0

‖f (u)‖Lp(Rd ) �
∞∑

k=0

λkεςk‖u‖σexpLp(Rd ) + ‖u‖σexpLp(Rd ) �
∞∑

k=0

λkεςk+σ + εσ .
(2.6)

By Lemma 2.3 (ii), we find that

‖A γ

α,0(t)u0‖expLp(Rd ) � ‖u0‖expLp(Rd ). (2.7)
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Then it follows from (2.4), (2.6), and (2.7) that

‖Q(u)(t)‖expLp(Rd ) �
∞∑

k=0

λkεςk+σ + εσ + ‖u0‖expLp(Rd ). (2.8)

Furthermore, by using Lemma 2.3 (i) and Lemma 2.1 and letting f (v) = 0 for
v = 0 as in Step 1, we get

‖Q(u)(t)‖Lr(Rd ) ≤‖A γ

α,0(t)u0‖Lr(Rd ) +
∥
∥
∥
∥

∫ t

0
(t − s)α−1A

γ

α,1(t − s)f (u)ds
∥
∥
∥
∥
Lr(Rd )

�t−�‖u0‖expLp(Rd ) + t−�
∞∑

k=0

λkεςk+σ .

(2.9)

Consequently, by virtue of (2.8) and (2.9), there exists a constant C > 0 such that

‖Q(u)‖Xε ≤ C
(

‖u0‖expLp(Rd ) +
∞∑

k=0

λkεςk+σ + εσ
)

.

If we take ε = 4Cχ for χ to be small enough such that Cεσ < ε/4 and
C

∑∞
k=0 λ

kεςk < 1, then Q is a contraction from Xε into itself. Thus, by the
contraction mapping principle, there exists a unique solution to the Cauchy problem
(2.1).

Step 3. Next we prove the continuity of solution at zero. According to Lemma 2.3
(iv), we have

‖u(t)− A
γ

α,0(t)u0‖expLp(Rd ) �
∫ t

0
(t − s)α−1− αd

2γp ‖f (u)‖Lp(Rd )ds

+
∫ t

0
‖f (u)‖Lp(Rd )ds.

For the estimate of ‖f (u)‖Lp(Rd ) given by (2.5) and for any u ∈ Xε with small
ε > 0, we have

‖u(t)− A
γ

α,0(t)u0‖expLp(Rd )

�
∫ t

0
(t − s)α−1− αd

2γp ‖u(s)‖expLp(Rd )ds +
∫ t

0
‖u(s)‖expLp(Rd )ds

�tα
(
1− d

2γp

)

‖u‖L∞(0,∞; expLp(Rd )) + t‖u‖L∞(0,∞; expLp(Rd ))

→ 0, as t → 0.
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Step 4. Finally we check the weak* convergence at t = 0. Let X =
L1(lnL)1/p(Rd) be the pre-dual space of expLp(Rd) (i.e., X∗ = expLp(Rd)).
Since X is a Banach space and C∞

0 (R
d) is dense in X, it follows by the properties

of Mα(·) that

〈A γ

α,0(t)u0 − u0, φ〉X∗,X =
∫

Rd

(A
γ

α,0(t)u0(x)− u0(x))φ(x)dx

=
∫

Rd

∫ ∞

0
Mα(θ)

(
exp((−Δ)γ tαθ)u0(x)− u0(x)

)

φ(x)dθdx

=
∫ ∞

0
Mα(θ)

∫

Rd

(
exp((−Δ)γ tαθ)u0(x)− u0(x)

)

φ(x)dxdθ

=
∫ ∞

0
Mα(θ)

∫

Rd

(
exp((−Δ)γ tαθ)φ(x)− φ(x))

u0(x)dxdθ

=
∫

Rd

(
A
γ

α,0(t)φ(x)− φ(x)
)
u0(x)dx,

which, by Hölder’s inequality for the Orlicz space, implies that

|〈A γ

α,0(t)u0 − u0, φ〉X∗,X| � ‖u0‖X∗‖A γ

α,0(t)φ − φ‖X.

By virtue of the density of C∞
0 (R

d) inX, we have ‖A γ

α,0(t)φ−φ‖X → 0 as t → 0.
Consequently, the conclusions are achieved, and the proof is completed.

Remark 2.2 Notice that the solution of the problem (2.1) is in expL2(R) for γ ∈
(1/4, 1/2], while the global solution may not exist for γ ∈ (0, 1/4]. If γ → 1 in
(2.1), then one can establish the global existence result for γ ∈ (0, 1) by the same
method by replacing the operator (−Δ)γ with the Laplace operator.

Remark 2.3 Consider the embedding Hs,q(Rd) ↪→ expLΨ (Rd) together with
Trudinger’s inequality (see, e.g., [65]), where expLΨ (Rd) is an Orlicz space defined
by the convex function

Ψ (t) := exp(tq/(q−1))−
k−1∑

j=0

tjq/(q−1)/j !,

k is the smallest integer satisfying k ≥ q − 1, and Hs,q(Rd) is the Sobolev spaces
for any s ∈ R and 1 < q < ∞ defined by

Hs,q(Rd) = {ψ ∈ S ′(Rd) : (1 −Δ)s/2ψ ∈ Lq(Rd)}.
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Then the solution of the Cauchy problem (2.1) can be considered for initial data
u0 ∈ Hs,q(Rd). In particular, the growth of the nonlinearity at infinity is of the form
f (u) ∼ eu

q/(q−1)
for u0 ∈ Hn/q,q(Rd).

2.1.4 Local Existence

In this subsection, we set X = L1(Rd) ∩ L∞(Rd) for each d ≥ 1 and obtain the
local solutions to the Cauchy problem (2.1) for a small initial data u0 ∈ X. We are
concerned with the local existence and uniqueness of mild solution of the problem
(2.1). First, we give the definition of a mild solution to (2.1). Since C∞

0 (R
d) is dense

in L1(Rd), by Lemma 2.2, it is clear that X ↪→ expLp0 (R
d) for all p ≥ 1, where

expLp0 (R
d) is the closure of C∞

0 (R
d) in expLp(Rd)with respect to the same norm,

for example, see [95]. So, it is natural to consider the local solution inX without the
Orlicz space.

Definition 2.2 Let u0 ∈ X and T > 0. We say that u ∈ C([0, T ];X) is a mild
solution to (2.1) if (2.2) holds.

Theorem 2.2 Let u0 ∈ X and σ > 3/2. Then the problem (2.1) has a unique mild
solution on [0, T∗] for some T∗ > 0.

Proof For given T > 0 and R > 0, we define a ball in Banach space C([0, T ];X)
by

BR = {u ∈ C([0, T ];X) : ‖u‖∗ ≤ R},

where the norm ‖u‖∗ = ‖u‖L∞(0,T ;X). Considering the operator Q be defined
in Theorem 2.1, we shall show the existence of local solution by the fixed point
theorem. We first verify thatQ(BR) ⊂ BR .

In fact, for σ > 3/2, let θ = 1/(ςk + σ) for each k ∈ N0. Clearly, θ ∈ (0, 1).
The Hölder interpolation inequality implies that

‖u‖Lςk+σ (Rd ) � ‖u‖θ
L1(Rd )

‖u‖1−θ
L∞(Rd ).

For any u ∈ BR , we obtain
∫ t

0
(t − s)α−1‖u(s)‖ςk+σ

Lςk+σ (Rd )ds �
∫ t

0
(t − s)α−1‖u(s)‖(ςk+σ)θ

L1(Rd )

‖u(s)‖(ςk+σ)(1−θ)
L∞(Rd ) ds � T αRςk+σ ,

which yields by Lemma 2.3 (i) that
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‖Q(u)(t)‖L1(Rd ) �‖u0‖L1(Rd ) +
∫ t

0
(t − s)α−1‖f (u)(s)‖L1(Rd )ds

�‖u0‖X +
∞∑

k=0

∫ t

0
(t − s)α−1‖|u|ςk+σ‖L1(Rd )ds

�‖u0‖X +
∞∑

k=0

λk

k!
∫ t

0
(t − s)α−1‖u(s)‖ςk+σ

Lςk+σ (Rd )ds.

Therefore, for any u ∈ BR , we have

‖Q(u)(t)‖L1(Rd ) � ‖u0‖X +
∞∑

k=0

λk

k! T
αRςk+σ � T αRσ eλRς .

In addition, for any p ∈ (d/(2γ ) ∨ 1,∞), we have

‖Q(u)(t)‖L∞(Rd ) �‖u0‖L∞(Rd ) +
∫ t

0
(t − s)α−1− αd

2γp ‖f (u)(s)‖Lp(Rd )ds

�‖u0‖X +
∞∑

k=0

∫ t

0
(t − s)α−1− αd

2γp ‖|u|ςk+σ‖Lp(Rd )ds

�‖u0‖X +
∞∑

k=0

λk

k!
∫ t

0
(t − s)α−1− αd

2γp ‖u(s)‖ςk+σ
L(ςk+σ)p(Rd )ds.

Moreover, letting r ∈ (1, σp), we have that ϑ = r/((ςk + σ)p) ∈ (0, 1) for each
k ∈ N0. Hence the Hölder interpolation inequality yields

‖u‖L(ςk+σ)p(Rd ) � ‖u‖ϑ
Lr (Rd )

‖u‖1−ϑ
L∞(Rd ) � ‖u‖�ϑ

L1(Rd )
‖u‖1−�ϑ

L∞(Rd ),

for � = 1/r ∈ (0, 1). This shows that

‖Q(u)(t)‖L∞(Rd )

�‖u0‖X +
∞∑

k=0

λk

k!
∫ t

0
(t − s)α−1− αd

2γp ‖u(s)‖(ςk+σ)�ϑX ‖u(s)‖(ςk+σ)(1−�ϑ)
L∞(Rd ) ds

�‖u0‖X +
∞∑

k=0

λk

k! T
α− αd

2γp Rςk+σ

�‖u0‖X + T α− αd
2γp Rσ eλR

ς

.
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Therefore, there exists a constant C > 0 such that

‖Q(u)(t)‖X ≤C‖u0‖X + CT α− αd
2γp Rσ eλR

ς + CT αRσ eλRς .

Consequently, letting R = 2C‖u0‖X and choosing T small enough, we get

C
(
T α + T α− αd

2γp

)
Rσ−1eλR

ς ≤ 1/2. (2.10)

Thus we deduce that ‖Q(u)‖X ≤ R, and henceQ(u) ∈ BR for any u ∈ BR .
Next we verify that Q is a contraction map. Let μ = 1/(2(ςk + σ − 1)) for

σ > 3/2, k ∈ N0, and observe that μ ∈ (0, 1). Then, by Hölder’s interpolation
inequality, we have

‖|u|σ−1eλ|u|ς ‖L2(Rd ) =
∞∑

k=0

λk

k! ‖u‖
ςk+σ−1
L2(ςk+σ−1)(Rd )

�
∞∑

k=0

λk

k! ‖u‖
μ(ςk+σ−1)
L1(Rd )

‖u‖(1−μ)(ςk+σ−1)
L∞(Rd )

�Rσ−1eλR
ς

,

for any u ∈ BR . Letting u, v ∈ BR , it follows by Lemma 2.3 (i) and the Hölder
inequality that

‖f (u)(s)− f (v)(s)‖L1(Rd ) �‖|u− v|(|u|σ−1eλ|u|ς + |v|σ−1eλ|v|ς )‖L1(Rd )

�‖u− v‖L2(Rd )‖|u|σ−1eλ|u|ς + |v|σ−1eλ|v|ς ‖L2(Rd )

�Rσ−1eλR
ς ‖u− v‖1/2

L1(Rd )
‖u− v‖1/2

L∞(Rd )

�Rσ−1eλR
ς ‖u− v‖X.

Consequently, we get

‖Q(u)(t)−Q(v)(t)‖L1(Rd ) �
∫ t

0
(t − s)α−1‖f (u)(s)− f (v)(s)‖L1(Rd )ds

�T αRσ−1eλR
ς ‖u− v‖X.

On the other hand, for any fixed p ∈ (d/(2γ ) ∨ 1,∞), we have by the earlier
argument that

‖f (u)(s)− f (v)(s)‖Lp(Rd )
�‖|u− v|(|u|σ−1eλ|u|ς + |v|σ−1eλ|v|ς )‖Lp(Rd )
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�‖u− v‖L2p(Rd )‖|u|σ−1eλ|u|ς + |v|σ−1eλ|v|ς ‖L2p(Rd )

�
∞∑

k=0

λk

k! ‖u− v‖1/(2p)
L1(Rd )

‖u− v‖1−1/(2p)
L∞(Rd )

(
‖u‖ςk+σ−1

L2(ςk+σ−1)p(Rd )
+ ‖v‖ςk+σ−1

L2(ςk+σ−1)p(Rd )

)

�
∞∑

k=0

λk

k! ‖u− v‖XRςk+σ−1

�Rσ−1eλR
ς ‖u− v‖X,

which implies that

‖Q(u)(t)−Q(v)(t)‖L∞(Rd ) �
∫ t

0
(t − s)α−1− αd

2γp ‖f (u)(s)− f (v)(s)‖Lp(Rd )ds

�T α− αd
2γp Rσ−1eλR

ς ‖u− v‖X.

Thus, there exists a C > 0 (may be the same C given in (2.10)) such that

‖Q(u)(t)−Q(v)(t)‖X ≤CT α− αd
2γp Rσ−1eλR

ς ‖u− v‖X.

Let T be small enough such that (2.10) holds; thenQ is a contraction on BR . Since
(−Δ)γ generates a strongly continuous semigroup Tγ (t) on L1(Rd), it is easy to
check the continuity ofQ. Hence, according to the Banach fixed point theorem, the
problem (2.1) admits a local mild solution u ∈ BR . The proof is completed.

2.2 Distributed Order Diffusion Problems

2.2.1 Introduction

One of the most important among anomalous diffusion processes is ultraslow
diffusion where the mean squared variance grows only logarithmically with time,
and then the corresponding mathematical and physical models lead to fractional
diffusion equations with distributed order fractional derivative. These models have
been the focus of many studies for their significant applications such as polymer
physics and kinetics of particles moving in the quenched random force fields, see
[160].

In this section, we consider the following semilinear distributed order fractional
diffusion problems:

⎧
⎨

⎩

D
[μ]
t u−Δu = f (u), t > 0, x ∈ R

N,

u(0, x) = ϕ(x), x ∈ R
N,

(2.11)
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whereΔ is the Laplacain operator, andD[μ]
t u denotes the distributed order fractional

derivative of u in time t (with respect to α) defined by

D
[μ]
t u(t, x) =

∫ 1

0
μ(α)∂αt udα,

where ∂αt , 0 < α < 1, is the Caputo derivative of order α in t , defined by

∂αt u(t, x) = 1

Γ (1 − α)
∫ t

0
(t − s)−α ∂

∂s
u(s, x)ds, t > 0, x ∈ R

N,

provided the right-hand side of the equality is pointwise defined, andμ is a weighted
function satisfying

μ ∈ L1(0, 1), μ ≥ 0, μ �≡ 0. (2.12)

From [124], we can know that there exists nonnegative g ∈ L1
loc[0,∞) such that the

fractional integration operator I [μ], defined by the formula I [μ]u = g ∗ u, satisfies

(D
[μ]
t I [μ]u)(t) = u(t), for u ∈ L∞(0, T ),

(I [μ]D[μ]
t u)(t) = u(t)− u(0), for u ∈ AC[0, T ].

Furthermore, g satisfies g(t) ≤ cmax{tγ−1, t−γ } for some positive constants c and
γ ∈ (0, 12 ).

It is generally known that Eq. (2.11) would resolve itself into time fractional
diffusion equations when μ(α) = δ(α − α0), where δ(·) is the Dirac delta function
and α0 ∈ (0, 1). It has attracted a growing interest due to its widespread applications
in anomalous diffusion processes, the authors in [116] considered the problem with
the Caputo derivative on R

N in Lq -framework, and then the uniqueness, existence,
and Lq(Lp)-estimates of solutions were obtained. In addition, we can also refer
to [30, 128, 135, 230] for the well-posedness, [139] for the asymptotic behavior,
[51, 140, 237, 245] for the blow-up, and the references therein.

Compared with the extensive studies on the well-posedness for time fractional
diffusion equations, the basic theoretical works for the distributed order case are
far from sufficient. In [121], the author constructed fundamental solutions to the
problem with distributed order Caputo derivative and established their positivity and
subordination property. Later, the Fourier variable separation method was typically
used to derive the representation of solutions to the problem, and then the existence,
uniqueness, and regularity of solutions under the different assumptions on the
weight function μ were derived in [132, 134]. Recently, Kubica and Ryszewska
[124] used the Galerkin approximation method to study the parabolic-type problem
with distributed order Caputo derivative, and the well-posedness of the solutions
was obtained. For other results for the problem, we refer to [142] for the maximum
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principle, [123, 129] for the asymptotic behavior, [201] for the inverse source
problems and the references therein.

On the other hand, since D[μ]
t u can be represented as d

dt
(k ∗ [u − u0]), where

k(t) = ∫ 1
0
t−αμ(α)
Γ (1−α) dα, we know from the result [124, Proposition 6] that (k, g) is of

type PC (see [110, 214, 215]). Thus the problem (2.11) is also a typical case of
nonlocal in time problems. A very important result concerning the decay of solutions
among them was found in [110]. The authors considered the equation

d

dt
(k ∗ [u− u0])u−Δu = 0, (2.13)

with the initial condition u(0) = u0, and the kernel k is a given function of type
PC . The main results, given Theorem 5.1 and Corollary 5.1, claim that the Lr

estimates of solutions to (2.13) are obtained by using Fourier multiplier methods
and an estimation of relaxation functions and the decay behavior of solutions occurs
a critical dimension phenomenon. In this section, we explore this problem for the
distributed order fractional derivative in the semilinear case. Thus we are able to
apply the results from [110] when f = 0. However, unlike the methods mentioned
above, we develop our results based on the resolvents operator approach introduced
in [84, 105, 182], and we give more straightforward argument than the one presented
in [110] which shows that there are few restrictions to the dimension for deriving the
resolvent operators. For other results for nonlocal in time problems, we also refer to
[111, 214, 215].

In the papers mentioned above, it was shown that the properties of solutions are
influenced by the assumption on μ. Under the assumption that μ satisfies (2.12),
the polynomial decay was obtained in [110]. Further analysis was made in [123]
if we additionally assume that μ(α)/α is integrable on [0, 1]. It was proved that
they obtained the well-posedness and decay of solutions when f = 0 appeared
in (2.11). Therefore, a question naturally arises: what is a factor that affects the
existence and the decay of solutions for a distributed order fractional diffusion
problem with a nonlinear term. In this section, we will present it in detail when μ
satisfies (2.12). The primary contribution of the presented work is that we establish
the Lp-Lq estimates and the continuity of the solution operator for t > 0 using
the Gagliardo-Nirenberg inequality, which cannot be derived directly from the
corresponding properties of the heat operator. Moreover, we for the first time point
out the continuity of the solutions of the linear part at t = 0 in the sense of the space
Lp(RN).

The remainder of the section is organized as follows. In the next subsection, we
introduce some notations and analytic properties of the Laplacian operator that will
be used throughout the section. In Sect. 2.2.3, we establish the boundedness and the
continuity of the operators derived from the initial value term and the nonlinear term.
Finally, the local well-posedness and global well-posedness of mild solutions of the
problem (2.11) are obtained, and then the decay of the solutions is also established
which is influenced by the property of the Laplacian operator in space Lp(RN).
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2.2.2 Preliminaries

Let (X, | · |) be a Banach space and L (X) stand for the space of all linear bounded
operators fromX to itself with the norm ‖·‖L (X). We denote by Cb(I,X) the space
of bounded continuous operators from I to X, I ⊂ R+, equipped with the norm
supt∈I | · |. If A is a closed linear operator, we will denote by D(Aγ ) for γ > 0 the
fractional power spaces associated with the operator A.

For � ∈ (0, π2 ), we define Σ� as

Σ� = {z ∈ C : z �= 0, |argz| < � }.

In order to prove some crucial uniform estimates for the operators generated by
the initial value term and the nonlinear term, respectively, we present the following
technical lemma.

Lemma 2.4 [11, Lemma 4.1.1] Given � ∈ (0, π/2), let Γ be an arbitrary piece-
wise smooth simple curve in Σ�+π/2 running from ∞e−i(�+π/2) to ∞ei(�+π/2),
and let X be a Banach space. Suppose that the map g : Σ�+π/2 × X × R

+ → X

has the following properties:

(i) g(·, x, t) : Σ�+π/2 → X is holomorphic for (x, t) ∈ X × R
+.

(ii) g(z, ·, ·) ∈ C(X × R
+, X) for z ∈ Σ�+π/2.

(iii) There are κ ∈ R andM > 0 such that

|g(z, x, t)| ≤ M|z|κ−1etRe(z), (z, x, t) ∈ Σ�+π/2 ×X × R
+.

Then

(x, t) �→
∫

Γ

g(z, x, t)dz ∈ C(X × R
+, X)

and
∣
∣
∣
∣

∫

Γ

g(z, x, t)dz

∣
∣
∣
∣ ≤ M|t |−κ , (x, t) ∈ X × R

+.

Let 1 < p < ∞. We consider the operator A in Lp(RN) defined by A = −Δ
with the domain

D(A) = {u ∈ Lp(RN) : Δu ∈ Lp(RN)}.

It follows from [31, Theorem 2.3.2] that −A generates a bounded analytic semi-
group of the spectral angle less than or equal to π/2. That is, for θ ∈ (0, π/2),

‖(z+ A)−1‖L (X) ≤ M/|z|, for z ∈ Σπ−θ . (2.14)
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For δ > 0 and θ ∈ (0, π/2), we introduce the contour Γδ,θ defined by

Γδ,θ = {re−iθ : r ≥ δ} ∪ {δeiψ : |ψ | ≤ θ} ∪ {reiθ : r ≥ δ},

where the circular arc is oriented counterclockwise, and the two rays are oriented
with an increasing imaginary part. In the sequel, we introduce two linear operators
S0(t) and S1(t) as

S0(t) = 1

2πi

∫

Γδ,π−θ
eztω(z)H(z)dz, S1(t) = 1

2πi

∫

Γδ,π−θ
eztH(z)dz,

(2.15)
where

H(z) = (zω(z)+ A)−1, ω(z) =
∫ 1

0
zα−1μ(α)dα.

2.2.3 Technical Tools

In this section, we denote X = Lp(RN). Now we give some properties of ω(z).
From [105, Lemma 2.3], we know that

zω(z) ∈ Σπ−θ , for z ∈ Σπ−θ .

Using the generalization of the mean value theorem of integrals, it is easy to show
that

|ω(z)| ≤ ‖μ‖L1(0,1)|z|ν−1, for z ∈ C \ R−, (2.16)

where ν ∈ (0, 1).
Lemma 2.5 Assume that μ satisfies (2.12). Then there exists a positive constant c,
depending only on μ and γ such that

|zω(z)| ≥ c|z|ρ, ρ ∈ (γ, 1 − γ ), for z ∈ Σπ−θ .

Proof From the proof of Proposition 6 in [124], we know that

|zω(z)| ≥ c0
∫ 1−γ

γ

μ(α)|z|αdα, for z ∈ Σπ−θ ,

where c0 = max
{
cos( (1−γ )π2 ),min{sin(γ π), sin( γπ2 ),

√
2
2 }}.
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Using the generalization of the mean value theorem of integrals again, it follows
that

∫ 1−γ

γ

μ(α)|z|αdα = ‖μ‖L1(γ,1−γ )|z|ρ,

where ρ ∈ (γ, 1 − γ ). Then the conclusion holds.

Then we consider the relation between ν and ρ.

Remark 2.4 From (2.16) and Lemma 2.5, we know that c|z|ρ ≤ |zω(z)| ≤ c1|z|ν
for z ∈ Σπ−θ , where c1 > c > 0. This implies ρ = ν. Indeed, if we assume ρ > ν,
then c ≤ ||z|1−ρω(z)| ≤ c1|z|ν−ρ . For any r > 0, we set ϑ(r) = rν−ρ . Thus
ϑ(r) ≥ c

c1
for r > 0, it is a contradiction. Similarly, the assumption ρ < ν is also

impossible. Therefore ρ = ν.

Next we state the uniform estimates of the operators S0(t) and S1(t) on Lp(RN).

Lemma 2.6 Assume that μ satisfies (2.12). The operator S0(t) defined by (2.15) is
well defined, S0(·)x ∈ C([0,∞);X) and S0(t)x → x as t → 0 for any x ∈ X.
Furthermore, there exists a constantM > 0 such that

‖S0(t)‖L (X) ≤ M, for t ≥ 0.

In addition, AS0(·)x ∈ C(R+, X) for x ∈ X, and there existsM∗ > 0 such that

‖AS0(t)‖L (X) ≤ M∗t−ρ, for t > 0. (2.17)

Proof In view of (2.14), we obtain

‖(zω(z)+ A)−1‖L (X) ≤ M/|zω(z)|, z ∈ Σπ−θ , (2.18)

and we deduce from (2.15) that ‖eztω(z)H(z)‖L (X) ≤ M|z|−1etRe(z) for any z ∈
Σπ−θ . Then by taking� = π

2 − θ in Lemma 2.4, we conclude that ‖S0(t)‖L (X) ≤
M for t > 0 and S0(·)x ∈ C(R+, X). Consequently, the well-definition follows. To
prove the limit of S0(t)x at t = 0, one can find the same way as in [182, Corollary
2.2], and it follows that S0(t)x → x as t → 0 for any x ∈ X.

Let t > 0, and we choose δ = t−1. By using the identity

Aω(z)H(z) = ω(z)
(
I − zω(z)H(z))

and the inequality |ω(z)| ≤ ‖μ‖L1(0,1)|z|ρ−1 for ρ = ν, we can deduce from (2.18)
that

‖Aω(z)H(z)‖L (X) ≤ (M + 1)‖μ‖L1(0,1)|z|ρ−1,



2.2 Distributed Order Diffusion Problems 43

for any z ∈ Σπ−θ . Thus, we can estimate AS0(t) as

‖AS0(t)‖L (X) ≤
∫

Γ
t−1,π−θ

eRe(z)t‖Aω(z)H(z)‖L (X)|dz|

≤(M + 1)‖μ‖L1(0,1)

(

2
∫ ∞

t−1
τρ−1e−τ t cos(θ)dτ

+
∫ π−θ

−π+θ
t−ρecos(ψ)dψ

)

≤M∗t−ρ,

where M∗ > 0 is a constant depending on M , θ , and ‖μ‖L1(0,1). Therefore (2.17)
holds.

Using Lemma 2.4 again, we see that AS0(·)x ∈ C(R+, X) for x ∈ X. The proof
is completed.

Remark 2.5 In fact, if we consider the Volterra equation

u(t) = ϕ(t)−
∫ t

0
g(t − s)Au(s)ds, (2.19)

using Theorem 2.1 in Prüss [182], we show that (2.19) admits an analytic resolvent
S0(t). This also ensures the results of Lemma 2.6 excluding formula (2.17).

Lemma 2.7 Assume that μ satisfies (2.12). Then the operator S1(t) defined by
(2.15) is well defined, S1(·)x ∈ C(R+, X). Moreover, there exists a constantM1 > 0
such that

‖S1(t)‖L (X) ≤ M1t
ρ−1, for t > 0.

In addition, AS1(·)x ∈ C(R+, X) for x ∈ X, and there existsM∗
1 > 0 such that

‖AS1(t)‖L (X) ≤ M∗
1

t
, for t > 0. (2.20)

Proof As a similar approach in Lemma 2.6, we conclude that

‖eztH(z)‖L (X) ≤ M|zω(z)|−1etRe(z) ≤ Mc0|z|−ρetRe(z),

for any z ∈ Σπ−θ . Using Lemma 2.4 again, we find that ‖S1(t)‖L (X) ≤ M1t
ρ−1

and S1(·)x ∈ C(R+, X).
Let t > 0 and δ = 1

t
> 0. In view of the identity AH(z) = I − zω(z)H(z), it

follows from (2.18) that ‖AH(z)‖L (X) ≤ (M + 1) for any z ∈ Σπ−θ . Thus, we
can estimate the upper bound on AS1(t) for t ∈ R

+
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‖AS1(t)‖L (X) ≤
∫

Γ 1
t ,π−θ

eRe(z)t‖AH(z)‖L (X)|dz|

≤(M + 1)

(

2
∫ ∞

1
t

e−rt cos(θ)dr +
∫ π−θ

−π+θ
ecos(ψ)t−1dψ

)

≤M∗
1 t

−1,

where M∗
1 > 0 is a constant depending onM and θ . Similarly, we have AS1(·)x ∈

C(R+, X) for x ∈ X. The proof is completed.

The inequalities (2.17) and (2.20) enable us to obtain some estimates of S0(t)x
and S1(t)x in fractional power spaces.

Lemma 2.8 Let ω ∈ (0, 1). Assume that μ satisfies (2.12). Then we have
AωSi(·)x ∈ C(R+, X) (i = 0, 1) for x ∈ X. Moreover there exists a constant
C1 > 0 such that

|AωS0(t)x| ≤ C1t
−ρω|x| and |AωS1(t)x| ≤ C1t

ρ(1−ω)−1|x|,

for t > 0 and x ∈ X.
Proof Using the well-known inequality

|Aωx| ≤ C|x|1−ω|Ax|ω, for x ∈ D(A) and ω ∈ (0, 1),

we can immediately deduce the results from Lemma 2.6 and Lemma 2.7.

For convenience, we set

βpq = N

2

(
1

p
− 1

q

)

, N ≥ 1, 1 ≤ p ≤ q ≤ ∞.

Our next lemma describes the Lp-Lq estimates and the continuity about the
operators S0(t) and S1(t).

Lemma 2.9 The operators S0(t) and S1(t) have the following properties:

(i) Assume that N ≥ 1 and v ∈ Lp(RN) for 1 ≤ p ≤ q ≤ ∞. Then we have
Si(·)v ∈ C(R+, Lq(RN)) (i = 0, 1). Moreover there exists a constant C2 > 0
such that

‖Si(t)v‖Lq(RN) ≤ C2t
−ρβpq+ρi−i‖v‖Lp(RN), i = 0, 1,

for t > 0.
(ii) Assume that N > 1 and v ∈ Lp(RN) for 1 ≤ q < ∞, 1 < p < N . Then

we have A1/2Si(·)v ∈ C(R+, Lq(RN)) (i = 0, 1). Moreover there exists a
constant C2 > 0 such that
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‖A1/2Si(t)v‖Lq(RN) ≤ C2t
−ρ( 12+βpq)+ρi−i‖v‖Lp(RN), i = 0, 1,

for t > 0.

Proof (i) Let N ≥ 1 and 1 ≤ p ≤ q ≤ ∞. It follows from the Gagliardo-Nirenberg
inequality that

‖S0(t)v‖Lq(RN) ≤ C‖AS0(t)v‖θLp(RN)‖S0(t)v‖1−θLp(RN)
, for v ∈ Lp(RN),

where 1/q = θ(1/p − 2/N) + (1 − θ)/p for θ ∈ [0, 1] and C > 0 is a constant.
This together with Lemma 2.6 shows the continuity of S0(·)v in Lq(RN) for t > 0.
Moreover, the following estimate holds:

‖S0(t)v‖Lq(RN) ≤ Ct−ρθ‖v‖Lp(RN).

Taking the exponent of p, q into the above inequality, we immediately obtain the
Lp-Lq estimate of operator S0(t).

We similarly consider the operator S1(t). It is easy to show the continuity and
Lp-Lq estimate on S1(t) by the same arguments as above.

(ii) Using the fractional Gagliardo-Nirenberg inequality [78, Corollary 2.3.],
Lemmas 2.6 and 2.8 lead to the estimate

‖A1/2S0(t)v‖Lq(RN) ≤ C̄‖AS0(t)v‖θLp(RN)‖A1/2S0(t)v‖1−θLp(RN)
, for v ∈ Lp(RN),

where 1/q = θ(1/p − 1/N)+ (1 − θ)/p for θ ∈ (0, 1) and C̄ > 0 is a constant. It
yields the desired results. In addition, the results on the operator (−Δ)1/2S1(t) can
be similarly derived, so we omit the proof.

Remark 2.6 It is noticed that when μ satisfies the assumption (2.12), from [110,
Theorem 5.1] it just infers that

‖S0(t)v‖Lq(RN) ≤ [(1 ∗ g)(t)]−N
2

(
1− 1

r

)

‖v‖Lp(RN), for t > 0 and v ∈ Lp(RN),

where 1 < r < N
N−2 , 1 < p, q < ∞, 1 + 1

q
= 1

r
+ 1

p
. If we proceed to

calculate the term [(1 ∗ g)(t)]−N
2

(
1− 1

r

)

, we need to estimate the lower bound of

g(t) for N2

(
1 − 1

r

)
> 0. However, it is difficult to estimate the lower bound of g(t).

Therefore, it may not be easy to obtain the polynomial decay as in Lemma 2.9(i).

Set

Wf (t) =
∫ t

0
S1(t − s)f (s)ds;

we next give the continuity of the functionWf in different spaces.
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Lemma 2.10 If f ∈ Lp(0, T ;X) for ρp > 1, then Wf ∈ C([0, T ];X) for 0 <
T < ∞. If f ∈ Lp(0, T ;X)with ρp(1−ω) > 1 for some 0 < ω < 1, thenAωWf ∈
C([0, T ];X) for 0 < T < ∞.Furthermore, let 1 ≤ p < ∞; if q ∈ [p,∞] satisfies
βpq < 1 and there is ξ ∈ [0, 1) such that supt∈[0,T ) tξ |f (t)| < ∞ for 0 < T ≤ ∞,
thenWf ∈ C((0, T ];Lq(RN)). If ξ < ρ(1− βpq), thenWf ∈ C([0, T ];Lq(RN)).
Proof For any t1, t2 ∈ (0, T ] with t1 < t2, we break the integral into the following
two parts:

Wf (t2)−Wf (t1) =
∫ t2

t1

S1(t2 − s)f (s)ds +
∫ t1

0
(S1(t2 − s)− S1(t1 − s))f (s)ds.

Employing the condition of f and Lemma 2.7, we can obtain

∣
∣
∣
∣

∫ t2

t1

S1(t2 − s)f (s)ds
∣
∣
∣
∣ ≤M1

∫ t2

t1

(t2 − s)ρ−1|f (s)|ds

≤M1‖f ‖Lp(0,T ;X)
(
p − 1

ρp − 1

)1− 1
p

(t2 − t1)ρ−
1
p

→ 0, as t2 → t1

and

|(S1(t2 − s)− S1(t1 − s))f (s)| ≤ 2M1(t1 − s)ρ−1|f (s)|, s ∈ (0, t1),

which is integrable in L1(0, t1;X). From S1(t)f (·) ∈ C((0, T ];X) that is valid due
to Lemma 2.7, it easily follows from the Lebesgue dominated convergence theorem
thatWf ∈ C((0, T ];X).

For t1 = 0 and t2 ∈ (0, T ], we get

|Wf (t2)−Wf (t1)| =
∣
∣
∣
∣

∫ t2

0
S1(t2 − s)f (s)ds

∣
∣
∣
∣

≤M1‖f ‖Lp(0,T ;X)
(
p − 1

ρp − 1

)1− 1
p

t
ρ− 1

p

2

→ 0, as t2 → 0,

which implies the continuity of the operatorWf (t) at t = 0. SoWf ∈ C([0, T ];X).
Next, from Lemma 2.8, it follows that

∣
∣
∣
∣

∫ t2

t1

Aγ S1(t2 − s)f (s)ds
∣
∣
∣
∣ ≤C1

∫ t2

t1

(t2 − s)ρ(1−γ )−1|f (s)|ds
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and

∣
∣Aγ (S1(t2 − s)− S1(t1 − s))f (s)∣∣ ≤ 2C1(t1 − s)ρ(1−γ )−1|f (s)|, s ∈ [0, t1).

Because of Aγ S1(t)f (·) ∈ C((0, T ];X), we can conclude that AγWf ∈
C([0, T ];X) as the same way as we derivedWf ∈ C([0, T ];X).

Finally, for t1, t2 ∈ (0, T ] with t1 < t2, we have from Lemma 2.9 that

∥
∥
∥
∥

∫ t2

t1

S1(t2 − s)f (s)ds
∥
∥
∥
∥
Lq(RN)

≤C2

∫ t2

t1

(t2 − s)ρ(1−βpq)−1‖f (s)‖Lp(RN)ds

≤C2 sup
s∈[0,T ]

sξ‖f (s)‖Lp(RN)tρ(1−βpq)−ξ2

∫ 1

t1/t2

(1 − s)ρ(1−βpq)−1s−ξ ds,

which tends to zero as t2 → t1 by the properties of the incomplete Beta function.
Moreover, Lemma 2.9 also yields that for s ∈ (0, t1),

‖(S1(t2 − s)− S1(t1 − s))f (s)‖Lq(RN)
≤2C2(t1 − s)ρ(1−βpq)−1‖f (s)‖Lp(RN)
≤2C2(t1 − s)ρ(1−βpq)−1s−ξ sup

s∈[0,T ]
sξ‖f (s)‖Lp(RN),

which is integrable in L1(0, t1). Therefore, the similar arguments show that Wf ∈
C((0, T ];Lq(RN)). Furthermore, if ξ < 1 − βpq , then it is obvious to obtain

‖Wf (t)‖Lq(RN) ≤ Ctρ(1−βpq)−ξ ,

where C is a positive constant. It also implies the continuity of Wf (t) at t = 0 in
Lq(RN), and thenWf ∈ C([0, T ];Lq(RN)).

2.2.4 Well-Posedness and Decay of Solutions

In the subsection, the well-posedness and decay of local solutions and global
solutions will be considered. For this, we start with giving a concept of mild
solutions of the problem (2.11).

Let u be a solution of the problem (2.11). Applying the Laplace transform to
(2.11) leads to

ū(z) = ω(z)H(z)ϕ +H(z)f̄ (u)(z).
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From the inverse Laplace transform, we deduce the following integral representa-
tion:

u(t) = S0(t)ϕ +
∫ t

0
S1(t − s)f (u(s))ds, (2.21)

where the operators S0(t) and S1(t) are defined as in (2.15).

Definition 2.3 Let p ≥ 1.

(i) If there exists 0 < T < ∞ such that a continuous function u : [0, T ] →
Lp(RN) satisfies (2.21) for t ∈ [0, T ], we say that u is a local mild solution to
the problem (2.11) in Lp(RN).

(ii) A continuous function u : [0,∞) → Lp(RN) satisfying (2.21) for t ∈ [0,∞)
is called a global mild solution to the problem (2.11) in Lp(RN).

Next, the hypothesis of the semilinear term is introduced.

(Hf) We suppose that f (0) = 0 and f : Lr(RN) → Lr
′
(RN), for some r ′ > r ,

r ∈
[

2,
2N

N − 2

)

, if N ≥ 2, (r ∈ [2,∞], if N = 1).

Additionally, we suppose that there exist σ ≥ 0 and K > 0 such that

‖f (u)− f (v)‖
Lr

′
(RN)

≤ K(‖u‖σ
Lr (RN)

+ ‖v‖σ
Lr (RN)

)‖u− v‖Lr(RN),

for all u, v ∈ Lr(RN).
We first consider the case T < ∞. Let r be such that

⎧
⎪⎨

⎪⎩

r ∈
[

2,
2N

N − 2

)

if N ≥ 2,

r ∈ [2,∞] if N = 1.

Yr [T ] denotes the Banach space consisting of continuous functions v : (0, T ] →
Lr(RN) satisfying

t1−ρ(1−βr′r )v ∈ Cb([0, T ];Lr(RN)), lim
t→0

t1−ρ(1−βr′r )v(t) = 0,

equipped with the norm

‖v‖Yr [T ] = sup
t∈[0,T ]

t1−ρ(1−βr′r )‖v(t)‖Lr(RN).

Notice that βr ′r < 1 provided r ∈
[
2, 2N
N−2

)
for N ≥ 2 or r ∈ [2,∞] for N = 1. If

r ′ ≤ p ≤ r , then βr ′p < βr ′r < 1.
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Theorem 2.3 Let N ≥ 1 and (1 − ρ(1 − βr ′r ))(σ + 1) < 1. If ϕ ∈ Lr ′(RN) and
(Hf) holds, then there exists T∗ > 0 such that the problem (2.11) has a unique local
mild solution u in Yr [T∗]. Moreover,

t
1−ρ(1−βr′p)u ∈ Cb([0, T∗];Lp(RN)), for r ′ ≤ p ≤ r, (2.22)

which values vanish at t = 0.

Proof Let R > 0 and set

B(R) = {u ∈ Yr [T ] : ‖u‖Yr [T ] ≤ R}.

It is easy to see that B(R) is a closed ball of Yr [T ] with center 0 and radius R > 0.
Define the operator Φ in B(R) as

Φ(u)(t) = S0(t)ϕ +
∫ t

0
S1(t − s)f (u(s))ds. (2.23)

By taking p = r ′ and q = r on Lemma 2.9, we obtain from (Hf) and the
inequality (1 − ρ(1 − βr ′r ))(σ + 1) < 1 that

‖Wf(u)(t)‖Lr(RN) ≤C2

∫ t

0
(t − s)ρ(1−βr′r )−1‖f (u(s))‖

Lr
′
(RN)

ds

≤C2K

∫ t

0
(t − s)ρ(1−βr′r )−1s−(1−ρ(1−βr′r ))(σ+1)

× (
sup
s∈[0,T ]

s1−ρ(1−βr′r )‖u(s)‖Lr(RN)
)σ+1

ds

≤C2KB0t
ρ(1−βr′r )−(1−ρ(1−βr′r ))(σ+1)‖u‖σ+1

Yr [T ],

where B0 = B(ρ(1 − βr ′r ), 1 − (1 − ρ(1 − βr ′r ))(σ + 1)); here B(·, ·) is the Beta
function. It implies that

t1−ρ(1−βr′r )‖Wf(u)(t)‖Lr(RN) ≤C2KB0t
1−(1−ρ(1−βr′r ))(σ+1)Rσ+1, for t ∈ (0, T ].

(2.24)

Then we choose T1 > 0 small enough so that

2C2KB0T
1−(1−ρ(1−βr′r ))(σ+1)
1 Rσ < 1. (2.25)

Now, observe that ϕ ∈ Lr ′(RN). From Lemma 2.9, we find that

t1−ρ(1−βr′r )‖S0(t)ϕ‖Lr(RN) ≤ C2t
1−ρ‖ϕ‖

Lr
′
(RN)

. (2.26)
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Hence, there exists T2 > 0 small enough such that

‖S0(t)ϕ‖Yr [T2] <
R

2
, ∀ t ∈ [0, T2]. (2.27)

Choose T∗ = min{T1, T2}. From (2.25) and (2.27), we see that

‖Φ(u)‖Yr [T∗] ≤ ‖S0(t)ϕ‖Yr [T∗] + ‖Wf(u)(t)‖Yr [T∗] < R, for u ∈ B(R).

Next, we prove the continuity of the operator Φ(u). Employing Lemmas 2.6
and 2.10 yields Φ(u) ∈ C([0, T∗];Lr ′(RN)) ∩ C((0, T∗];Lr(RN)). Thus, it
follows from the above arguments that t1−ρ(1−βr′r )Φ(u) ∈ Cb([0, T∗];Lr(RN)). In
addition, noting the inequalities (2.24) and (2.26), we obtain that limt→0 t

1−ρ(1−βr′r )
Φ(u)(t) = 0. Therefore, the operator Φ maps B(R) into itself.

Employing the assumption of f and Lemma 2.9, for any u, v ∈ B(R), we further
obtain that

‖Φ(u)(t)−Φ(v)(t)‖Lr(RN)

≤
∫ t

0
‖S1(t − s)(f (u(s))− f (v(s)))‖Lr(RN)ds

≤C2

∫ t

0
(t − s)ρ(1−βr′r )−1‖f (u(s))− f (v(s))‖

Lr
′
(RN)

ds

≤C2K

∫ t

0
(t − s)ρ(1−βr′r )−1(‖u(s)‖σ

Lr (RN)
+ ‖v(s)‖σ

Lr (RN)

)‖u(s)− v(s)‖Lr(RN)ds

≤2C2KB0R
σ‖u− v‖Yr [T∗]tρ(1−βr′r )−(1−ρ(1−βr′r ))(σ+1),

which yields the inequality

t1−ρ(1−βr′r )‖Φ(u)(t)−Φ(v)(t)‖Lr(RN)
≤2C2KB0R

σT
1−(1−ρ(1−βr′r ))(σ+1)
∗ ‖u− v‖Yr [T∗].

Set

ζ = 2C2KB0R
σT

1−(1−ρ(1−βr′r ))(σ+1)
∗ .

Using the inequality (2.25), we can ensure ζ ∈ (0, 1) that is valid for the choice of
T∗ and arrive at the estimate

‖Φ(u)−Φ(v)‖Yr [T∗] ≤ ζ‖u− v‖Yr [T∗], (2.28)
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which implies thatΦ is a strict contraction on B(R). Thus, we arrive at the existence
and uniqueness of a fixed point u∗ ∈ Yr [T∗], and therefore u∗ is the local mild
solution of the problem (2.11) in Lr(RN).

Finally, it remains to verify t1−ρ(1−βr′p)u∗ ∈ Cb([0, T∗];Lp(RN)) vanishing at
t = 0. Using the same arguments, which were employed for the contraction of Φ,
we obtain

‖u∗(t)‖Lp(RN) ≤‖S0(t)ϕ‖Lp(RN) +
∫ t

0
‖S1(t − s)f (u∗(s))‖Lp(RN)ds

≤C2t
−ρβr′p‖ϕ‖

Lr
′
(RN)

+ C2KB1t
ρ(1−βr′p)−(1−ρ(1−βr′r ))(σ+1)‖u∗‖σ+1

Yr [T∗],

where B1 = B(ρ(1−βr ′p), 1−(1−ρ(1−βr ′r ))(σ+1)). Thus, the above inequality
leads to the estimate

sup
0<t≤T∗

t
1−ρ(1−βr′p)‖u∗(t)‖Lp(RN) ≤C2T

1−ρ∗ ‖ϕ‖
Lr

′
(RN)

+ C2KB1T
1−(1−ρ(1−βr′r ))(σ+1)
∗ ‖u∗‖σ+1

Yr [T∗].

Similar computations to that already done in Lemma 2.10 show the continuity of the
nonlinear part. By Lemma 2.6, we assert that S0(t)ϕ ∈ C((0, T ];Lp(RN)) for ϕ ∈
Lr

′
(RN) and thus find that t1−ρ(1−βr′p)S0(t)ϕ ∈ Cb([0, T ];Lp(RN)). Moreover,

the above inequality leads to the relation

sup
0<t≤T∗

t
1−ρ(1−βr′p)‖u∗(t)‖Lp(RN) → 0, as T∗ → 0,

which implies that limt→0 t
1−ρ(1−βr′p)u(t) = 0 in Lp(RN) for r ′ ≤ p ≤ r . The

proof is completed.

Corollary 2.1 Under the conditions of Theorem 2.3, we suppose that

1 < N <
r

r − 2
. (2.29)

Then the solution u∗ of the problem (2.11) satisfies

t
1−ρ( 12−βr′p)(−Δ)1/2u∗ ∈ Cb([0, T∗];Lp(RN)), for r ′ ≤ p ≤ r,

which values vanish at t = 0.

Proof Observe that (2.29), and we have βr ′p ≤ βr ′r <
1
2 for r ′ ≤ p ≤ r . Using

Lemma 2.9 and the condition of f , we arrive at the inequality
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‖(−Δ)1/2
∫ t

0
S1(t − s)f (u∗(s))ds‖Lp(RN)

≤C2

∫ t

0
(t − s)ρ( 12−βr′p)−1‖f (u∗(s))‖Lr′ (RN)ds

≤C2K

∫ t

0
(t − s)ρ( 12−βr′p)−1

s−(1−ρ(1−βr′r ))(σ+1)

× (
sup

s∈[0,T∗]
s1−ρ(1−βr′r )‖u∗(s)‖Lr(RN)

)σ+1
ds

≤C2KB2‖u∗‖σ+1
Yr [T∗]t

ρ( 12−βr′p)−(1−ρ(1−βr′r ))(σ+1)
,

where B2 = B
(
ρ( 12 − βr ′p), 1 − (1 − ρ(1 − βr ′r ))(σ + 1)

)
; it follows that

t
1−ρ( 12−βr′p)‖(−Δ)1/2Φ(u∗)(t)‖Lp(RN) ≤C2T

(1−ρ)( 12−βr′p)∗ ‖ϕ‖
Lr

′
(RN)

+ C2KB2T
1−(1−ρ(1−βr′r ))(σ+1)
∗ Rσ+1

and thus ensures

sup
0<t≤T∗

t
1−ρ(1−βr′p)‖u∗(t)‖Lp(RN) → 0, as T∗ → 0.

The continuity of the nonlinear operator evaluated in (−Δ)1/2u∗ follows by the
same arguments as above. Also, by Lemma 2.8, we obtain the continuity of the
linear part. The proof is completed.

Next, we consider the case T = ∞. For 1 ≤ r ′ ≤ p < r ≤ ∞, Zpr denotes the
Banach space consisting of continuous functions v : [0,∞) → Lp(RN) satisfying

tρβpr v ∈ Cb([0,∞);Lr(RN)), lim
t→0

tρβpr v(t) = 0,

equipped with the norm

‖v‖Zpr = sup
t≥0

‖v(t)‖Lp(RN) + sup
t≥0
tρβpr‖v(t)‖Lr(RN).

Theorem 2.4 Let 1 ≤ N < 2r
r−2 and βr ′p +βpr(σ + 1) = 1. Assume ϕ ∈ Lp(RN).

If (Hf) holds and there exists λ > 0 such that ‖ϕ‖Lp(RN) ≤ λ, then the problem
(2.11) admits a unique global mild solution u ∈ Cb([0,∞);Lp(RN)). Moreover,
tρβpr u ∈ Cb([0,∞);Lr(RN)) vanishing at t = 0.
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Proof Let ε > 0. We define the operator Φ as in (2.23) in Ωε a closed ball of Zpr
with center 0 and radius 2ε. In fact, we only need to employ a contraction mapping
technique, and thus the desired result follows.

Employing Lemma 2.9, we find that the estimates

‖S0(t)ϕ‖Lp(RN) ≤ C2‖ϕ‖Lp(RN) and tρβpr‖S0(t)ϕ‖Lr(RN) ≤ C2‖ϕ‖Lp(RN)
hold true.

Nowwe verify that tρβpr‖S0(t)ϕ‖Lr(RN) → 0 as t → 0 for ϕ ∈ Lp(RN). Indeed,
since C∞

0 (R
N) is dense in Lp(RN), there is a sequence ϕn ∈ C∞

0 (R
N) ⊂ Lr(RN)

such that ϕn → ϕ in Lp(RN). Applying Lemma 2.9 gives

tρβpr‖S0(t)ϕ‖Lr(RN) ≤C2t
ρβpr‖S0(t)(ϕ − ϕn)‖Lr(RN) + tρβpr‖S0(t)ϕn‖Lr(RN)

≤C2‖ϕ − ϕn‖Lp(RN) + tρβpr‖ϕn‖Lr(RN)
→ 0, as t → 0.

Let us define λ := ε/(2C2) and notice that ϕ ∈ Lp(RN) with ‖ϕ‖Lp(RN) ≤ λ; thus
we deduce S0(t)ϕ ∈ Zpr .

On the other hand, the assumption βr ′p + βpr(σ + 1) = 1 implies that βr ′p < 1
and βpr(σ + 1) < 1. For any u ∈ Ωε and t ≥ 0, using Lemma 2.9, we arrive at the
estimate

‖Wf(u)(t)‖Lp(RN)

≤C2K

∫ t

0
(t − s)ρ(1−βr′p)−1

s−ρβpr (σ+1)( sup
s≥0
sρβpr‖u(s)‖Lr(RN)

)σ+1
ds

≤C2KB(ρ(1 − βr ′p), 1 − ρβpr(σ + 1))‖u‖σ+1
Zpr

.

This leads to the inequality

‖Wf(u)(t)‖Lp(RN) ≤C2KB(ρ(1 − βr ′p), 1 − ρβpr(σ + 1))(2ε)σ+1.

Again, the assumption 1 ≤ N < 2r
r−2 ensures βr ′r < 1. The arguments similar to

ones used for the estimation of ‖Wf(u)(t)‖Lp(RN) lead to the relation

‖Wf(u)(t)‖Lr(RN)

≤C2K

∫ t

0
(t − s)ρ(1−βr′r )−1s−ρβpr (σ+1)( sup

s≥0
sρβpr‖u(s)‖Lr(RN)

)σ+1
ds

≤C2KB(ρ(1 − βr ′r ), 1 − ρβpr(σ + 1))( sup
0<s≤t

sρβpr‖u(s)‖Lr(RN))σ+1t−βpr ,
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which shows that

sup
t≥0
tρβpr‖Wf(u)(t)‖Lr(RN) ≤C2KB(ρ(1 − βr ′r ), 1 − ρβpr(σ + 1))(2ε)σ+1

and limt→0 t
ρβpr‖Φ(u)(t)‖Lr(RN) = 0. Because ofB(ρ(1−βr ′p), 1−βpr(σ+1)) ≤

B(ρ(1−βr ′r ), 1−βpr(σ+1)) =: B3, and choosing ε ≤
(

1
2σ+3CKB3

)1/σ
, we derive

that ‖Φ(u)‖Zpr ≤ 2ε for u ∈ Ωε.
For the continuity of Φ(u). Using Lemma 2.6 and Lemma 2.10 again, we have

Φ(u) ∈ C([0,∞);Lp(RN)) ∩ C((0,∞);Lr(RN)). The similar arguments easily
ensure that tρβprΦ(u) ∈ Cb([0,∞);Lr(RN)). Thus we proceed as in the proof of
Theorem 2.3 to derive that Φ is a strict contraction on Ωε. Therefore, the desired
results follow.

If we remove the condition that the initial value is small, then the existence of
local mild solutions is immediately obtained. So we omit the proof.

Corollary 2.2 Let 1 ≤ N < 2r
r−2 and βr ′p + βpr(σ + 1) ≤ 1. Assume

ϕ ∈ Lp(RN). If (Hf) holds, then there exists T ∗ > 0 such that the problem
(2.11) admits a unique local mild solution u ∈ Cb([0, T ∗];Lp(RN)). Moreover,
tρβpr u ∈ Cb([0, T ∗];Lr(RN)), vanishing at t = 0.

2.3 Space-Time Fractional Diffusion Equations

2.3.1 Introduction

Let Ω ⊂ R
N be a bounded domain with a Lipschitz continuous boundary ∂Ω .

D
[μ]
t u denotes the distributed order fractional derivative of u in time t (with respect

to α). In the current section, we consider the exterior initial value problem of
distributed order fractional diffusion equations

⎧
⎪⎪⎨

⎪⎪⎩

D
[μ]
t u+ (−Δ)su = 0 in (0, T )×Ω,

u = gχ(0,T )×O in (0, T )× (RN \Ω),
u(0, ·) = u0 in Ω,

(2.30)

where s ∈ (0, 1) and (−Δ)s is the fractional Laplacain operator. In (2.30), u =
u(t, x) is the state to be controlled and g = g(t, x) is the control function which is
localized in a non-empty open subset O of RN \Ω .

This section discusses an analysis of approximate controllability from the
exterior of distributed order fractional diffusion problem with the fractional Laplace
operator subject to the nonzero exterior condition. In Sect. 2.3.2, we introduce some
concepts of fractional calculus and properties of the fractional Laplacian operator
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that will be used throughout the section. In Sect. 2.3.3, two special functions are
introduced, and their properties are discussed when μ ∈ L1(0, 1;R+); then the
properties of the corresponding operators are presented in detail. In Sect. 2.3.4,
the existence, uniqueness, and regularity of solutions of the problem (2.30) and its
associated adjoint system are obtained. Finally, we derive the unique continuation
property of the adjoint system and approximate controllability of the problem (2.30).

2.3.2 Preliminaries

Let X denote a complex Banach space. Let J be a subinterval of R and L1(J,X)

denote the Banach space of integral functions f : J → X with the norm ‖f ‖L1(J,X).
Especially, ‖f ‖L1(J,R) = ‖f ‖L1(J ).

We state the following characterization of functions that are holomorphic in a
sector. Here b̄ denotes the Laplace transform of a function b.

Lemma 2.11 ([182]) Let a : (0,+∞) → X and θ0 ∈ (0, π/2]. Then the following
are equivalent:

(i) There is a function b(z) holomorphic for | arg(z)| < θ0 and bounded on each
sector | arg(z)| ≤ θ < θ0 such that a(s) = b̄(s) for each s > 0.

(ii) a(s) admits a holomorphic extension to the sector | arg(s)| < π
2 +θ0, and sa(s)

is bounded on each sector | arg(s)| ≤ π
2 + θ, θ < θ0.

The following result shows that the inverse Laplace transform can be easily
computed by means of the integral of a real-valued function, which was obtained
in [20, 124].

Lemma 2.12 Let F be an analytic function in C\(−∞, 0], satisfying the following
assumptions:

(i) The limit F±(t) := limφ→π− F(te±iφ) exists for a.a. t > 0 and F+ = F−.
(ii) |F(z)| = o(1) for |z| → ∞, |F(z)| = o( 1

|z| ) for |z| → 0 uniformly on
| arg(z)| < π − η, π > η > 0.

(iii) There exist ε0 ∈ (0, π2 ) and a function a = a(r) such that ϕ ∈ (π − ε0, π) the
estimate |F(re±iϕ)| ≤ a(r) holds, where a(r)1+r ∈ L1(R).

Then for z ∈ C such that Re(z) > 0, we have

F(z) =
∫ ∞

0
e−xzf (x)dx, where f (x) = 1

π

∫ ∞

0
e−rxIm(F−(r))dr.

Next, let T ∈ (0,∞), and we define the left and right Riemann-Liouville
integrals of v ∈ L1(0, T ;RN):

0D
−α
t v(t) =

∫ t

0
kα(t − τ)v(τ )dτ, tD

−α
T v(t) =

∫ T

t

kα(τ − t)v(τ )dτ, t > 0,
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where kα(t) = tα−1

Γ (α)
. Furthermore, C0D

α
t v and Lt D

α
T v stand for the left Caputo and

right Riemann-Liouville fractional derivative operators of order α for v ∈ AC[0, T ],
respectively; they are defined by

C
0D

α
t v(t) =

∫ t

0
k1−α(t − τ)Dτv(τ)dτ, t > 0,

L
tD

α
T v(t) = −Dt

( ∫ T

t

k1−α(τ − t)v(τ )dτ
)

, t > 0.

The following integration by parts formula is taken from [4]. Let 0 < α ≤ 1.
Then

∫ T

0
u(t)C0D

α
t v(t)dt =

∫ T

0
v(t)LtD

α
T u(t)dt +

[
v(t)tD

α−1
T u(t)

]∣
∣
∣
t=T
t=0
,

provided that the left- and right-hand side expressions make sense. Furthermore, we
have

∫ T

0
u(t)D

[μ]
t v(t)dt =

∫ T

0
v(t)Lt D

[μ]
T u(t)dt +

[
v(t)t I

[μ]
T u(t)

]∣
∣
∣
t=T
t=0
, (2.31)

where Lt D
[μ]
T u = − ∂

∂t t
I

[μ]
T u and the distributed order right integral operator t I

[μ]
T u

is defined by

t I
[μ]
T u =

∫ 1

0
μ(α)tD

α−1
T udα;

here μ is a weighted function.
Finally, we introduce fractional order Sobolev spaces and fractional Laplace

operators. Given 0 < s < 1, we recall that

Ws,2(Ω) =
{

u ∈ L2(Ω) :
∫

Ω

∫

Ω

|u(x)− u(y)|2
|x − y|N+2s dxdy < ∞

}

with the natural norm

‖u‖Ws,2(Ω) =
( ∫

Ω

|u(x)|2dx +
∫

Ω

∫

Ω

|u(x)− u(y)|2
|x − y|N+2s dxdy

) 1
2

andWs,2
0 (Ω̄) = {u ∈ Ws,2(Ω) : u = 0 in RN \Ω}. We let

W
s,2
loc (Ω) = {u ∈ L2(Ω) : uϕ ∈ Ws,2(Ω), ∀ ϕ ∈ D(Ω)},
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where D(Ω) denotes the space of all continuously infinitely differentiable functions
with compact support inΩ . Furthermore, we letW−s,2(RN) andW−s,2

0 (Ω̄) denote

the dual ofWs,2(RN) andWs,2
0 (Ω̄), respectively.

The fractional Laplace operator (−Δ)s is defined for u ∈ L 1
s (R

N) by the
formula

(−Δ)su(x) := CN,sP .V .

∫

RN

u(x)− u(y)
|x − y|N+2s

dy, x ∈ R
N,

where CN,s = s22sΓ ( 2s+N2 )

π
N
2 Γ (1−s)

and

L 1
s (R

N) =
{

u : RN → R measurable,
∫

RN

|u(x)|
1 + |x|N+2s dx < ∞

}

.

For u ∈ Ws,2(RN), we introduce the nonlocal normal derivative Ns given by

Nsu(x) := CN,s

∫

Ω

u(x)− u(y)
|x − y|N+2s dy, x ∈ R

N \ Ω̄. (2.32)

By [67, Lemma 3.2], for every u ∈ Ws,2(RN), we have Nsu ∈ Ws,2
loc (R

N \Ω). This
together with the definition ofWs,2

loc (R
N \Ω) shows that Nsu ∈ L2(RN \Ω).

Let u ∈ Ws,2(RN) be such that (−Δ)su ∈ L2(Ω). Then for every v ∈
Ws,2(RN), the following identity holds:

CN,s

2

∫ ∫

R2N\(RN\Ω)2
(u(x)− u(y))(v(x)− v(y))

|x − y|N+2s dxdy

=
∫

Ω

v(−Δ)sudx +
∫

RN\Ω
vNsudx,

(2.33)

where R2N \ (RN \Ω)2 = (Ω ×Ω) ∪ (Ω × (RN \Ω)) ∪ ((RN \Ω)×Ω). The
above integration by parts formula is contained in [53, 227]. For more details on the
fractional Laplace operator, we refer the reader to [67] and the references therein.

The following unique continuation property has been presented in [227].

Lemma 2.13 Let λ > 0 be a real number and O ⊂ R
N \Ω a non-empty open set.

If ϕ ∈ D((−Δ)sD) satisfies

(−Δ)sDϕ = λϕ in Ω and Nsϕ = 0 in O,

then ϕ = 0 in RN .

Furthermore, we consider the operator (−Δ)sD defined by (−Δ)sD = (−Δ)s with
the domain
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D((−Δ)sD) = {u ∈ Ws,2
0 (Ω̄) : (−Δ)su ∈ L2(Ω)},

which is the realization of (−Δ)su in L2(Ω) with the zero exterior condition.
Clearly, it is a self-adjoint operator in L2(Ω). Let {λn} be the set of eigenvalues
of the operator (−Δ)sD , and correspondingly, let {ϕn}∞n=1 denote the complete
orthonormal system of eigenfunctions which forms an orthogonal basis of L2(Ω)

such that

(−Δ)sϕn = λnϕn in Ω, ϕn = 0 in R
N \Ω,

where 0 < λ1 ≤ λ2 ≤ ... ≤ λn ≤ ... and limn→∞ λn = +∞. For more details on
the fractional Laplace operator, we refer to [39, 192] and their references.

For all β ≥ 0, the fractional power operator [(−Δ)sD]β possesses the following
representation:

[(−Δ)sD]βv =
∞∑

n=1

λβn(v, ϕn)ϕn,

D([(−Δ)sD]β) =
{

v ∈ L2(Ω) :
∞∑

n=1

|λβn(v, ϕn)|2 < ∞
}

.

Set Vs,β := D([(−Δ)sD]β). Then the norm is ‖u‖2
Vs,β

= ∑∞
n=1 |λβn(v, ϕn)|2 for

v ∈ Vs,β . Notice that if β ∈ (0, 1), we have

Vs,β = [D((−Δ)sD), L2(Ω)]1−β.

It is well known that if β ∈ (0, 14 ), then W
s,2
0 (Ω̄) ↪→ Vs,β and Vs,1−β ↪→

Ws,2(RN).

2.3.3 Technical Tools

In this subsection, let μ ∈ L1(0, 1;R+) and μ �≡ 0. For θ ∈ (π2 , π), we define Σθ
as

Σθ = {z ∈ C : z �= 0, |argz| < θ}.

Denote ω(z) := ∫ 1
0 z

α−1μ(α)dα. Now we give some properties of ω(z). Using the
generalization of the mean value theorem of integrals, it is easy to show that

|w(z)| ≤ ‖μ‖L1(0,1)|z|ν−1, for z ∈ C \ R−, (2.34)

where ν ∈ (0, 1).
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Lemma 2.14 Let λ > 0 and μ ∈ L1(0, 1;R+) with μ �≡ 0. The following
properties hold:

(i) There exists a positive constantM such that

|zω(z)+ λ|−1 ≤ M min
{
λ−1, |zω(z)|−1}, for z ∈ Σθ . (2.35)

(ii) There exist a positive constantM1 and γ ∈ (0, 12 ) such that

|zω(z)+ λ|−1 ≤ M1|z|−ρ, ρ ∈ (γ, 1 − γ ), for z ∈ Σθ . (2.36)

Proof (i) For z ∈ Σθ , from the proof of Lemma 2.1 in [134], we know the inequality
|zω(z) + λ| > sin θ

2 λ also holds when μ ∈ L1(0, 1;R+). Furthermore, we write
z = re±iφ for φ ∈ [0, θ). We have to consider two cases. If φ ∈ [0, π2 ], then
cos(αφ) > 0 for α ∈ (0, 1) and Re(zω(z)+ λ) > Re(zω(z)) > 0. Thus

|zω(z)+ λ| ≥ |zω(z)| > 0.

If φ ∈ (π2 , θ), we know that the imaginary part of zω(z) is nonzero, and it follows
from the arguments of [134, Lemma 2.1] that

|zω(z)+ λ| ≥ sinφ

2
|zω(z)| ≥ sin θ

2
|zω(z)| > 0.

Therefore, the inequality (2.35) follows forM = 2
sin θ .

(ii) Similar to the proof of proposition 6 in [124], we know that

|zω(z)+ λ| ≥ c0
∫ 1−γ

γ

μ(α)|z|αdα, for z ∈ Σθ and γ ∈ (0, 1
2
),

where c0 = max
{
cos( (1−γ )π2 ),min{sin(γ π), sin( γπ2 ),

√
2
2 }}.

Using the generalization of the mean value theorem of integrals again, it follows
that

∫ 1−γ

γ

μ(α)|z|αdα = ‖μ‖L1(γ,1−γ )|z|ρ,

where ρ ∈ (γ, 1 − γ ). The proof is finished.
For δ > 0 and θ ∈ (0, π/2), we introduce the contour Γδ,θ defined by

Γδ,θ = {re−iθ : r ≥ δ} ∪ {δeiψ : |ψ | ≤ θ} ∪ {reiθ : r ≥ δ},

where the circular arc is oriented counterclockwise, and the two rays are oriented
with an increasing imaginary part. For convenience, we define two functions: for
λ > 0 and a.e. t > 0,
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P(t, λ) = 1

2πi

∫

Γδ,θ

ω(z)ezt

zω(z)+ λdz, S(t, λ) = 1

2πi

∫

Γδ,θ

ezt

zω(z)+ λdz.

Moreover, we give several properties of P(t, λ) and S(t, λ) as follows.

Lemma 2.15 Let μ ∈ L1(0, 1;R+) and μ �≡ 0. For each λ > 0, the functions
P(·, λ) ∈ C((0,∞);R) and S(·, λ) ∈ C((0,∞);R). Moreover,

|P(t, λ)| ≤ M∗ for t ≥ 0 and |S(t, λ)| ≤ M∗tρ−1 for t > 0,

whereM∗ = max{M, M1}.
Proof We write z = reiφ . It follows from choosing the main branch of logarithm
that

zω(z)+ λ =
∫ 1

0
rα cos(αφ)μ(α)dα + λ+ i

∫ 1

0
rα sin(αφ)μ(α)dα,

ω(z) =
∫ 1

0
rα−1 cos((1 − α)φ)μ(α)dα − i

∫ 1

0
rα−1 sin((1 − α)φ)μ(α)dα

are analytic for z ∈ C \ (−∞, 0]. Note that the function zω(z) + λ has no zero in
the main sheet of the Riemann surface including its boundaries on the cut, since the
imaginary part of zω(z)+ λ is nonzero for |φ| ∈ (0, π) and the real part is positive
for φ = 0. It also shows the analyticity of ω(z)(zω(z) + λ)−1 and (zω(z) + λ)−1

for z ∈ C \ (−∞, 0].
From (2.35) and (2.36), we arrive at the following inequalities:

| ω(z)e
zt

zω(z)+ λ | ≤ M|z|−1etRe(z) and | ezt

zω(z)+ λ | ≤ M1|z|−ρetRe(z),

for any z ∈ Σθ . Thus from [11, Lemma 4.1.1], we conclude that P(·, λ)x ∈
C((0,∞);
R) and S(·, λ)x ∈ C((0,∞);R). Moreover, the operators have the uniform bound,
i.e.,

|P(t, λ)| ≤ M and |S(t, λ)| ≤ M1t
ρ−1,

for t > 0. This together with the property of the Laplace transform shows that

P(0, λ) = lim
z→+∞ |zL [P(·, λ)](z)| = lim

z→+∞
1

1 + λ
|zω(z)|

= 1.

Thus P(0, λ) = 1.
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Lemma 2.16 Assume that μ ∈ L1(0, 1;R+) and μ �≡ 0.

(i) Then there exists a constantM∗
c depending only on θ and ‖μ‖L1(0,1) such that

|λP (t, λ)| ≤ M∗
c t

−ρ, for t > 0 and for any λ > 0.

(ii) Then there exists a constantM∗
1 depending only on θ and ‖μ‖L1(0,1) such that

|λS(t, λ)| ≤ M∗
1 t

−1, for t > 0 and for any λ > 0.

Proof (i) Assume that μ ∈ L1(0, 1;R+) and μ �≡ 0. From Remark 3.1 in paper
[179], we know that ρ = ν. This together with (2.34) shows that the inequality

|w(z)| ≤ ‖μ‖L1(0,1)|z|ρ−1

holds. Let t > 0 and δ = 1
t
> 0. By using the identity

λω(z)(zω(z)+ λ)−1 = ω(z)
(
I − zω(z)(zω(z)+ λ)−1),

we can deduce from (2.35) that

|λω(z)(zω(z)+ λ)−1| ≤ (M + 1)‖μ‖L1(0,1)|z|ρ−1,

for any z ∈ Σθ and λ > 0. Thus, we can estimate λP (t, λ) as

|λP (t, λ)| ≤
∫

Γδ,θ

eRe(z)t |λω(z)(zω(z)+ λ)−1||dz|

≤(M + 1)‖μ‖L1(0,1)

(

2
∫ ∞

t−1
τρ−1e−τ t cos(θ)dτ +

∫ π−θ

−π+θ
t−ρecos(ψ)dψ

)

≤M∗
c t

−ρ,

whereM∗
c > 0 is a constant depending onM , θ and ‖μ‖L1(0,1).

(ii) Let t > 0 and δ = 1
t
> 0. In view of the identity λ(zω(z) + λ)−1 = I −

zω(z)(zω(z)+λ)−1, it follows from (2.35) that |λ(zω(z)+λ)−1| ≤ (M+1) for any
z ∈ Σθ . Thus, we can estimate the upper bound on λS(t, λ) for t ∈ R+,

|λS(t, λ)| ≤
∫

Γ 1
t ,θ

eRe(z)t |λ(zω(z)+ λ)−1||dz|

≤(M + 1)

(

2
∫ ∞

1
t

e−rt | cos(θ)|dr +
∫ θ

−θ
ecos(ψ)t−1dψ

)

≤M∗
1 t

−1,
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whereM∗
1 is a positive constant and it may be dependent onM and θ . Therefore the

conclusion follows.

We establish the relation between P(t, λ) and S(t, λ) in the following lemma.

Lemma 2.17 Assume that μ ∈ L1(0, 1;R+) and μ �≡ 0. For a.e. t ∈ (0,∞) and
for λ > 0, we have

∫ 1

0
μ(α)0D

α−1
t S(t, λ)dα = P(t, λ) and P ′(t, λ) = −λS(t, λ).

Proof Notice that

L

[ ∫ 1

0
μ(α)0D

α−1
t S(t, λ)dα

]

(z) =ω(z)L [S(·, λ)](z)

= ω(z)

zω(z)+ λ
=L [P(·, λ)](z).

By the uniqueness of the inverse Laplace transform, we know that

∫ 1

0
μ(α)0D

α−1
t S(t, λ)dα = P(t, λ).

From the arguments in Lemma 2.15, we know that ω(z)
zω(z)+λ is holomorphic in

C \ R−. In view of

|zL [P(·, λ)](z)| =
∣
∣
∣
∣
zω(z)

zω(z)+ λ
∣
∣
∣
∣ ≤ M, for z ∈ Σθ and λ > 0,

it follows from Lemma 2.11 that P(t, λ) is holomorphic for | arg(t)| < θ0 (θ0 ∈
(0, π/2]). This also ensures the time analyticity of P(t, λ) for λ > 0.

Observe that

L [P ′(·, λ)](z) =zL [P(·, λ)](z)− P(0, λ)

= zω(z)

zω(z)+ λ − 1

= − λ 1

zω(z)+ λ
= − λL [S(·, λ)](z).

Then we have P ′(t, λ) = −λS(t, λ) for t > 0.
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Remark 2.7 Under the conditions of Lemma 2.15, the continuity of P(t, λ) at t =
0 is evident for each λ > 0.

Proof We claim that P(t, λ) → 1 as t → 0. Indeed, for t > 0, we use Lemma 2.15
and Lemma 2.17 to obtain that

|P(t, λ)− 1| =
∣
∣
∣
∣ −

∫ t

0
P ′(τ, λ)dτ

∣
∣
∣
∣ ≤ λ

∫ t

0
|S(τ, λ)|dτ

≤ λM
∫ t

0
τρ−1dτ → 0, as t → 0.

Then the continuity of the function P(t, λ) at t = 0 follows.

Lemma 2.18 Assume that μ ∈ L1(0, 1;R+) and μ �≡ 0. Then S(t, λ) has the
following explicit formula:

S(t, λ) =
∫ ∞

0
e−rtK (r, λ)dr, for t > 0 and λ > 0, (2.37)

where

K (r, λ) = 1

π

∫ 1
0 r

α sin(απ)μ(α)dα
( ∫ 1

0 r
α cos(απ)μ(α)dα + λ

)2 +
( ∫ 1

0 r
α sin(απ)μ(α)dα

)2 .

(2.38)

Proof We denote F(z) = 1
zω(z)+λ , and we prove that F(z) satisfies assumptions

of Lemma 2.12. From the arguments in Lemma 2.15, we know that F(z) is
holomorphic in C \ R−.

Observe that
∫ 1
0 r

α sin(απ)μ(α)dα is nonzero for r > 0. Then limφ→π−
F(re±iφ) exists. In view of

∫ 1

0
rαe−iαπμ(α)dα + λ =

∫ 1

0
rαeiαπμ(α)dα + λ =

∫ 1

0
rαeiαπμ(α)dα + λ

and limφ→π− e±iαφ = e±iαπ , one can obtain from the Lebesgue dominated

convergence theorem that F+ = F−. On the other hand, it follows from (2.36)
that lim|z|→∞ |F(z)| = 0 and lim|z|→0 |zF (z)| = 0. Furthermore, we also observe
that

a(r) = Mrγ−1 for r ≤ 1 and a(r) = Mr−γ for r > 1.

It is clear that a(r)1+r ∈ L1(R). Therefore, using Lemma 2.12, we have

F(z) =
∫ ∞

0
e−tzf (t)dt,
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where

f (t) = 1

π

∫ ∞

0
e−rt Im(F−(r))dr = 1

π

∫ ∞

0
e−rtK (r, λ)dr,

for K defined as in (2.38). From the uniqueness of the inverse Laplace transform,
it shows that S(t, λ) has the form as (2.37).

As an immediate consequence of Lemma 2.17 and Lemma 2.18, we can infer the
following results.

Lemma 2.19 Let μ ∈ L1(0, 1;R+) and μ �≡ 0. For λ > 0, the functions S(t, λ)
and P(t, λ) have the following properties:

(i) S(t, λ) is completely monotone for t > 0.
(ii) 0 < S(t, λ) ≤ M∗tρ−1 for t > 0 and 0 < P(t, λ) ≤ 1 for t ≥ 0.
(iii) For any λ0 ≥ λ and t > 0, S(t, λ0) ≤ S(t, λ).
Lemma 2.20 Assume thatμ ∈ L1(0, 1;R+) andμ �≡ 0. For fixed t ≥ 0 and λ > 0,
the function λ �→ P(t, λ) is nonincreasing on (0,∞).
Proof Notice that the Laplace transform of P(t, λ) and S(t, λ) is given by

L [P(t, λ)](z) = ω(z)

zω(z)+ λ, L [S(t, λ)](z) = 1

zω(z)+ λ.

Then we have

∂

∂λ
L [P(t, λ)](z) = − ω(z)

(zω(z)+ λ)2 = −L [P(t, λ)](z)L [S(t, λ)](z).

In view of the fact that L [S(t, λ)](z) = − 1
λ
L [P ′(t, λ)](z), we can deduce that

∂

∂λ
L [P(t, λ)](z) = 1

λ
L [P(t, λ)](z)L [P ′(t, λ)](z).

Taking the inverse Laplace transform of the above equation, it follows from
Lemma 2.17 and Lemma 2.19 that

∂

∂λ
P (t, λ) = 1

λ
P (·, λ) ∗ P ′(·, λ) ≤ 0.

The desired assertion follows.

Next, we concern with the relaxation problem

{
D

[μ]
t �(t)+ λ�(t) = f (t) in (0, T ),

�(0) = �0,
(2.39)
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where the unknown � is a scalar function, λ is a positive parameter and f ∈
L1(0, T ).

Lemma 2.21 Assume that μ ∈ L1(0, 1;R+) and μ �≡ 0. The solution of (2.39) is
given by

�(t) = P(t, λ)�0 +
∫ t

0
S(t − τ, λ)f (τ)dτ. (2.40)

Proof Applying the Laplace transform to the problem (2.39), we obtain

zω(z)� − ω(z)�0 + λ� = f̄ .

Then

�(z) = ω(z)

zω(z)+ λ�0 + f̄

zω(z)+ λ.

Therefore, (2.40) follows from the inverse Laplace transform.
On the other hand, we can prove that the function � given by (2.40) is the

solution to the problem (2.39). Indeed, let Q[� ] = D
[μ]
t �(t)+ λ�(t); we have

Q[� ] = Q[P(·, λ)]�0 + Q[S(·, λ) ∗ f ] = Q[S(·, λ) ∗ f ].

It remains to show that Q[S(·, λ) ∗ f ] = f . From Lemma 2.17, we obtain that

D
[μ]
t (S(·, λ) ∗ f ) =k(·) ∗ (

S(·, λ) ∗ f )′

=
[
k(·) ∗ (

S(·, λ) ∗ f )]′ − k(t)(S(·, λ) ∗ f )
(0)

=[k(·) ∗ S(·, λ) ∗ f ]′
=[P(·, λ) ∗ f ]′
=f − λ[S(·, λ) ∗ f ],

where

k(t) =
∫ 1

0
μ(α)k1−α(t)dα. (2.41)

This implies

Q[S(·, λ) ∗ f ] =D[μ]
t (S(·, λ) ∗ f )+ λ(S(·, λ) ∗ f ) = f.

The proof is completed.
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Now we give a representation of solutions to the following problem:

⎧
⎪⎪⎨

⎪⎪⎩

D
[μ]
t u+ (−Δ)su = f in (0, T )×Ω,

u = 0 in (0, T )× (RN \Ω),
u(0, ·) = u0 in Ω,

(2.42)

where f ∈ L1
loc(R+, L2(Ω)) and u0 ∈ L2(Ω). Indeed, by applying eigenfunction

expansion, we have

D
[μ]
t un(t)+ λnun(t) = fn(t), un(0) = u0n,

where un(t) = (u(t, ·), ϕn), fn(t) = (f (t, ·), ϕn), and u0n = (u0, ϕn). Then
Lemma 2.21 shows

un(t) = P(t, λn)u0n +
∫ t

0
S(t − τ, λn)fn(τ )dτ.

Thus, the solutions of the problem (2.42) can be written in the form

u(t) = P(t)u0 +
∫ t

0
S(t − τ)f (τ)dτ, (2.43)

where

P(t)v =
∞∑

n=1

P(t, λn)vnϕn and S(t)v =
∞∑

n=1

S(t, λn)vnϕn;

here, vn = (v(·), ϕn) for v ∈ L2(Ω).
In the sequel, the notation ‖ ·‖ is denoted as the norm in L2(Ω). We collect some

properties of the operators P(t) and S(t) in the following lemma.

Lemma 2.22 Assume that μ ∈ L1(0, 1;R+) and μ �≡ 0. For any v ∈ L2(Ω), we
have:

(i) ‖P(t)v‖ ≤ P(t, λ1)‖v‖ for t ≥ 0. In particular, ‖P(t)‖ ≤ 1 for t ≥ 0 and
P(0) = I .

(ii) ‖S(t)v‖ ≤ S(t, λ1)‖v‖ ≤ M∗tρ−1‖v‖ for t > 0.
(iii) P(·)v ∈ C([0, T ];L2(Ω)) and S(·)v ∈ C((0, T ];L2(Ω)) for T > 0.

Proof Statements (i) and (ii) are immediately deduced by Lemma 2.19 and
Lemma 2.20.We prove (iii) as follows. For t ∈ (0, T ] and v ∈ L2(Ω), the continuity
of P(t)v and S(t)v with respect to t follows by (i), (ii), and Lemma 2.15. We only
need to show the continuity of P(t)v in L2(Ω) at t = 0. Indeed, let v ∈ D((−Δ)sD).
Then



2.3 Space-Time Fractional Diffusion Equations 67

‖P(t)v − v‖2 =
∞∑

n=1

|P(t, λn)vn − vn|2

=
∞∑

n=1

∣
∣
∣

∫ t

0
S(τ, λ)dτ

∣
∣
∣
2|λnvn|2

≤M
∗2

ρ2
t2ρ

∞∑

n=1

|λnvn|2

=M
∗2

ρ2
t2ρ‖v‖2D((−Δ)sD) → 0, t → 0.

Since D((−Δ)sD) is dense in L2(Ω), it also shows the continuity of P(t)v at t = 0
for v ∈ L2(Ω).

Lemma 2.23 Let β ∈ (0, 1). Assume that μ ∈ L1(0, 1;R+) and μ �≡ 0. There
exists a constant C > 0 such that P(t)v ∈ Vs,β and S(t)v ∈ Vs,β for all v ∈ L2(Ω)

and for every t > 0. Moreover,

‖P(t)v‖Vs,β ≤ Ct−βρ‖v‖ and ‖S(t)v‖Vs,β ≤ Ctρ(1−β)−1‖v‖, for t > 0.

Proof Let A = (−Δ)sD . By Lemma 2.16, it follows that P(t)v, S(t)v ∈
D(A) for v ∈ L2(Ω) and t > 0. Moreover, we can estimate ‖AP(t)v‖2 =∑∞
n=1 |λnP (t, λn)vn|2 ≤ M∗

c t
−ρ‖v‖ and ‖AS(t)v‖ ≤ M∗

1 t
−1‖v‖. It together with

Lemma 2.22 and the interpolation inequality shows that

‖AβP (t)v‖ ≤ Ct−βρ‖v‖ and ‖AβS(t)v‖ ≤ Ctρ(1−β)−1‖v‖, for t > 0.

The proof is completed.

2.3.4 Well-Posedness Results

In this subsection, we investigate the well-posedness and regularity of solutions to
the problem (2.30) and its associated adjoint system. To do this, let u0 ∈ L2(Ω),
and let us split the system (2.30) into the following two systems:

⎧
⎪⎪⎨

⎪⎪⎩

D
[μ]
t v + (−Δ)sv = 0 in (0, T )×Ω,

v = g in (0, T )× (RN \Ω),
v(0, ·) = 0 in Ω

(2.44)
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and

⎧
⎪⎪⎨

⎪⎪⎩

D
[μ]
t w + (−Δ)sw = 0 in (0, T )×Ω,

w = 0 in (0, T )× (RN \Ω),
w(0, ·) = u0 in Ω.

(2.45)

Then it is clear that u = v + w solves the system (2.30). It suffices to consider
the well-posedness and regularity of solutions to the system (2.44) and the system
(2.45), respectively.

In the subsequent studies, we assume that μ ∈ L1(0, 1;R+) and μ �≡ 0. First,
we introduce the rigorous definition of strong solutions to the system (2.44).

Definition 2.4 Let g be a given function. We say that the function v is a strong
solution of (2.44) if v satisfies the following properties:

(i) Regularity: v ∈ C([0, T ];L2(Ω)), D
[μ]
t v ∈ C((0, T ];W−s,2(RN)). More-

over, the variational identity

〈D[μ]
t v, w〉 + 〈(−Δ)sv,w〉 = 0, for every w ∈ Ws,2(RN) and a.e. t ∈ (0, T )

holds.
(ii) Initial and exterior conditions: v(0, ·) = 0 inΩ and v = g in (0, T )×(RN \Ω).
Remark 2.8 Since (2.45) can be rewritten as the problem

D
[μ]
t w + (−Δ)sDw = 0 in (0, T )×Ω, w(0, ·) = u0 in Ω.

From [183] we can see that for every u0 ∈ D((−Δ)sD), the system (2.45)

has a unique strong solution w ∈ C([0, T ];D((−Δ)sD)) with D
[μ]
t w ∈

C([0, T ];L2(Ω)). Similarly, we can arrive at the conclusion that for every
u0 ∈ L2(Ω), there exists a unique strong solution w ∈ C([0, T ];L2(Ω)) of
the system (2.45). Moreover, D[μ]

t w ∈ C((0, T ];W−s,2
0 (Ω)).

Now we are ready to state the following result.

Theorem 2.5 For every g ∈ D((0, T )× (RN \Ω)), the system (2.44) has a unique
strong solution v ∈ C∞([0, T ];Ws,2(RN)) which can be represented in the form

v(t, x) = −
∞∑

n=1

(∫ t

0
S(t − τ, λn)(g(τ, ·),Nsϕn)RN\Ωdτ

)

ϕn(x). (2.46)

Moreover, we have for all t ∈ [0, T ] and m ∈ N
+
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‖∂mt v(t, ·)‖Ws,2(RN)

≤C∗(t1−ρ(1−β)‖∂m+1
t g‖L∞((0,T );Ws,2(RN\Ω)) + ‖∂mt g(t, ·)‖Ws,2(RN\Ω)

)
,

(2.47)

where C∗ > 0 is a constant and β ∈ (0, 14 ).
Proof First, we consider the Dirichlet exterior problem for fractional Laplacian:

{
(−Δ)sφ = 0 in Ω,

φ = g in RN \Ω.
(2.48)

Using the theory of elliptic equations, we have that for every g ∈ Ws,2(RN \ Ω),
the problem (2.48) has a unique solution φ ∈ Ws,2(RN). Moreover, the following
estimate holds:

‖φ‖Ws,2(RN) ≤ C1‖g‖Ws,2(RN\Ω), (2.49)

where C1 is a positive constant. For more details on this topic, we refer
to [75] and the references therein. Clearly, (2.49) ensures ‖∂mt φ‖Ws,2(RN) ≤
C1‖∂mt g‖Ws,2(RN\Ω) for every m ∈ N

+. This also implies that φ ∈
C∞([0, T ];Ws,2(RN)).

Next, we assume that v is a solution of (2.44). Letw := v−φ. Then we calculate

D
[μ]
t w + (−Δ)sw =D[μ]

t v −D[μ]
t φ + (−Δ)sv − (−Δ)sφ

=D[μ]
t v + (−Δ)sv −D[μ]

t φ

= −D[μ]
t φ

in (0, T ) × (RN). Moreover, w = v − φ = g − g = 0 in (0, T ) × (RN \Ω) and
w(0, ·) = v(0, ·)− φ(0, ·) = −g(0, ·) = 0 inΩ. Hence, a solution v of (2.44) will
resolve into v = φ + w, where w is a solution of the system

⎧
⎪⎪⎨

⎪⎪⎩

D
[μ]
t w + (−Δ)sw = −D[μ]

t φ in (0, T )×Ω,
w = 0 in (0, T )× (RN \Ω),
w(0, ·) = 0 in Ω.

(2.50)

We notice that φ ∈ D((0, T );Ws,2(RN)). Thus we can prove that D[μ]
t φ ∈

C∞([0, T ];Ws,2(RN)). Indeed, a simple calculation gives
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∂tD
[μ]
t φ =

∫ t

0
k(t − τ)∂ττ φ(τ, x)dτ,

where k(·) is defined as in (2.41). A fundamental argument shows D[μ]
t φ ∈

C1([0, T ]; Ws,2(RN)). By induction, we know D[μ]
t φ ∈ C∞([0, T ];Ws,2(RN)).

Proceeding as the proof of [183, Theorem 3.2], we conclude that (2.50) has a unique
solution w. From (2.43), one can infer that the solution w is given by

w(t, x) = −
∞∑

n=1

( ∫ t

0
S(t − τ, λn)(D[μ]

τ φ(τ, ·), ϕn)dτ
)

ϕn(x).

Using Lemma 2.17, we can rewrite w(t, x) as the following form:

w(t, x) = −
∞∑

n=1

∫ t

0

( ∫ 1

0
μ(α)dα

)

S(t − τ, λn)(I 1−ατ ∂τφ(τ, ·), ϕn)dτ

= −
∞∑

n=1

( ∫ 1

0
μ(α)dα

) ∫ t

0
I 1−ατ S(t − τ, λn)(∂τφ(τ, ·), ϕn)dτ

= −
∞∑

n=1

∫ t

0
P(t − τ, λn)(∂τφ(τ, ·), ϕn)dτ.

(2.51)

Notice that P(0, λn) = 1 and φ(0, ·) = 0. Integrating (2.51) by parts leads to the
representation

w(t, x) = −
∞∑

n=1

(φ(t, ·), ϕn)ϕn(x)−
∞∑

n=1

( ∫ t

0
P ′(t − τ, λn)(φ(τ, ·), ϕn)dτ

)

ϕn(x).

Using λn(φ, ϕn) = −(g,Nsϕn)RN\Ω in Remark 15 of [227] and the fact
P ′(t, λn) = −λnS(t, λn) for t ∈ (0, T ] by Lemma 2.17, the preceding identity
yields that

w(t, x) = −φ(t, x)−
∞∑

n=1

( ∫ t

0
S(t − τ, λn)(g(τ, ·),Nsϕn)RN\Ωdτ

)

ϕn(x).

We thus get (2.46).
Employing (2.51), we obtain that for every t ∈ [0, T ],
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‖(−Δ)sw(t, ·)‖ =
∥
∥
∥
∥

∞∑

n=1

λn

∫ t

0
P(t − τ, λn)(∂τφ(τ, ·), ϕn)ϕn(x)dτ

∥
∥
∥
∥

≤
∫ t

0

∥
∥
∥
∥

∞∑

n=1

λnP (t − τ, λn)(∂τφ(τ, ·), ϕn)ϕn(x)
∥
∥
∥
∥dτ

≤
∫ t

0

( ∞∑

n=1

|λ1−βn P (t − τ, λn)|2|(λβn∂τφ(τ, ·), ϕn)|2
) 1

2

dτ.

(2.52)

From Lemma 2.23, we have |λ1−βn P (t, λn)| ≤ ‖A1−βP (t)‖ ≤ Ct−ρ(1−β). Notice
that ‖∂tφ(t, ·)‖Vs,β ≤ ‖∂tφ(t, ·)‖Ws,2

0 (Ω)
≤ ‖∂tφ(t, ·)‖Ws,2(RN) for β ∈ (0, 14 ). It

follows from (2.49) that

‖(−Δ)sw(t, ·)‖ ≤C
∫ t

0
(t − τ)−ρ(1−β)‖∂τφ(τ, ·)‖Ws,2(RN)dτ

≤CC1

∫ t

0
(t − τ)−ρ(1−β)‖∂τ g(τ, ·)‖Ws,2(RN\Ω)dτ

≤C∗t1−ρ(1−β)‖∂τ g‖L∞(0,T ;Ws,2(RN\Ω)).

This also shows that

‖v(t, ·)‖Ws,2(RN) ≤C∗(‖(−Δ)sw(t, ·)‖ + ‖φ(t, ·)‖Ws,2(RN)

)

≤C∗(t1−ρ(1−β)‖∂τ g‖L∞(0,T ;Ws,2(RN\Ω)) + ‖g(t, ·)‖Ws,2(RN\Ω)
)
.

Thus we get the inequality (2.47) for m = 0. Proceeding by induction, we arrive at
the desired estimate (2.47) for m ∈ N

+.
Finally, it remains to verify the convergence of the series (2.46) in C∞([0, T ];

Ws,2(RN)). Because of φ ∈ C∞([0, T ];Ws,2(RN)), we only need to show that w
given by (2.51) converges in C∞([0, T ];Ws,2(RN)). For this reason, we perform
like in (2.52) to obtain that for m0, n0 ∈ N

+ with m0 > n0,

∥
∥
∥
∥ −

m0∑

n=n0

( ∫ t

0
P(t − τ, λn)(∂τφ(τ, ·), ϕn)dτ

)

ϕn(x)

∥
∥
∥
∥
Ws,2(RN)

≤
∫ t

0

∥
∥
∥
∥

m0∑

n=n0
λnP (t − τ, λn)(∂τφ(τ, ·), ϕn)ϕn(x)

∥
∥
∥
∥dτ
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≤C
∫ t

0
(t − τ)−ρ(1−β)

( m0∑

n=n0
λ2βn |(∂τφ(τ, ·), ϕn)|2

) 1
2

dτ

≤Ct1−ρ(1−β) sup
t∈[0,T ]

( m0∑

n=n0
λ2βn |(∂τφ(τ, ·), ϕn)|2

) 1
2

.

In view of ∂tφ ∈ C([0, T ];D((−Δ)sD)) ⊂ C([0, T ];Vs,β), the above estimate
leads to the relation

sup
t∈[0,T ]

∥
∥
∥
∥ −

m0∑

n=n0

( ∫ t

0
P(t − τ, λn)(∂τφ(τ, ·), ϕn)dτ

)

ϕn(x)

∥
∥
∥
∥
Ws,2(RN)

≤CT 1−ρ(1−β) sup
t∈[0,T ]

( m0∑

n=n0
λ2βn |(∂τφ(τ, ·), ϕn)|2

) 1
2 → 0, as n0,m0 → ∞.

Consequently, it shows the uniform convergence of the series (2.51) for t ∈ [0, T ] in
Ws,2(RN). For the function ∂mt w, the arguments similar to ones used for estimation
of w lead to the uniform convergence of the series

∂mt w(t, x) = −
∞∑

n=1

(∫ t

0
P(t − τ, λn)(∂m+1

τ φ(τ, ·), ϕn)dτ
)

ϕn(x),

for any m ∈ N
+. This finishes the proof.

Next, we concern with the adjoint system associated with (2.44) derived from the
integration by parts formula (see (2.31))

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

L
t D

[μ]
T ψ + (−Δ)sψ = 0 in (0, T )×Ω,

ψ = 0 in (0, T )× (RN \Ω),
t I

[μ]
T ψ(T , ·) = ψ0 in Ω,

(2.53)

where t I
[μ]
T ψ(T , ·) = limt→T − t I

[μ]
T ψ(t, ·).

We also introduce the following definition of strong solutions to the system
(2.53).

Definition 2.5 Let ψ0 ∈ L2(Ω). We say that the function ψ is a strong solution of
(2.53) if ψ satisfies the following properties.

(i) Regularity: t I
[μ]
T ψ ∈ C([0, T ];L2(Ω)), L

t D
[μ]
T ψ ∈ C((0, T );W−s,2(Ω̄)).

Moreover, the variational identity
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〈Lt D[μ]
T ψ,w〉 + 〈(−Δ)sψ,w〉 = 0, for every w ∈ Ws,2

0 (Ω̄) and a.e. t ∈ (0, T )

holds.
(ii) Final conditions: t I

[μ]
T ψ(T , ·) = ψ0 in Ω .

Furthermore, we show the existence and representation of solutions to the adjoint
system.

Theorem 2.6 Assume ψ0 ∈ L2(Ω). Then the adjoint system (2.53) has a unique
strong solution ψ which can be represented in the form

ψ(t, x) =
∞∑

n=1

S(T − t, λn)
(
ψ0, ϕn

)
ϕn(x). (2.54)

In addition, the following assertions hold:

(i) t I
[μ]
T ψ ∈ C([0, T ];L2(Ω)), and we have for all t ∈ [0, T )

‖t I [μ]
T ψ(t, ·)‖ ≤ ‖ψ0‖.

(ii) ψ ∈ C([0, T );D((−Δ)sD))∩L1(0, T ;L2(Ω)) and Lt D
[μ]
T ψ ∈ C((0, T );L2(Ω)).

Moreover, there is a constant M̄ > 0 such that for all t ∈ [0, T ),

‖ψ(t, ·)‖ ≤M̄(T − t)ρ−1‖ψ0‖,
‖Lt D[μ]

T ψ(t, ·)‖ ≤M̄(T − t)−1‖ψ0‖.

(iii) The mapping

[0, T ) � t �→ Nsψ(t, ·) ∈ L2(RN \Ω)

can be analytically extended to the half-plane ΣT := {ζ ∈ C : Re(ζ ) < T }.
Proof First, we will prove the existence of solutions. For m ≥ 1, we let

ψm(t, x) =
m∑

n=1

S(T − t, λn)
(
ψ0, ϕn

)
ϕn(x).

For ψ given by (2.54), we claim that t I
[μ]
T ψ ∈ C([0, T ];L2(Ω)). For this, we

integrate ψm with respect to t and use the formula
∫ 1
0 μ(α)0D

α−1
t S(t, λn)dα =

P(t, λn) from Lemma 2.17 to obtain

t I
[μ]
T ψm(t, x) =

m∑

n=1

P(T − t, λn)
(
ψ0, ϕn

)
ϕn(x). (2.55)
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Using Lemma 2.19, we calculate that for every t ∈ [0, T ] and m, m̃ ∈ N
+ with

m > m̃,

‖t I [μ]
T ψm̃(t, ·)− t I

[μ]
T ψm(t, ·)‖ =

( m∑

n=m̃+1

|P(T − t, λn)
(
ψ0, ϕn

)|2
) 1

2

≤
( m∑

n=m̃+1

|(ψ0, ϕn
)|2

) 1
2

.

The fact that the right-hand side of the above inequality tends to zero as m̃,m → ∞
shows the series

m∑

n=1

P(T − t, λn)
(
ψ0, ϕn

)
ϕn(x) → t I

[μ]
T ψ(t, x) uniformly for

t ∈ [0, T ], as m → ∞

in L2(Ω). Employing Lemma 2.22, we see that t I
[μ]
T ψ ∈ C([0, T ];L2(Ω))

and ‖t I [μ]
T ψ(t, ·)‖ ≤ ‖ψ0‖. Furthermore, t I

[μ]
T ψ(T , x) = ∑∞

n=1 P(0, λn)
(
ψ0, ϕn

)

ϕn(x) = ψ0.
Next, we claim that Lt D

[μ]
T ψ ∈ C([0, T );L2(Ω)). Taking the derivative of (2.55)

with respect to t , we infer from Lemma 2.17 that

L
t D

[μ]
T ψm(t, x) = −

m∑

n=1

λnS(T − t, λn)
(
ψ0, ϕn

)
ϕn(x).

For the function L
t D

[μ]
T ψm, the arguments similar to ones used for estimation of

t I
[μ]
T ψm lead to the relation

−
m∑

n=1

λnS(T − t, λn)
(
ψ0, ϕn

)
ϕn(x) → L

t D
[μ]
T ψ(t, x) in L2(Ω), as m → ∞,

and the convergence is uniform in t ∈ [0, T ). Then for every t ∈ [0, T ), the estimate

‖Lt D[μ]
T ψ(t, ·)‖ ≤ M∗

1 (T − t)−1‖ψ0‖, (2.56)

which can be easily derived from Lemma 2.16. Thereby, Lt D
[μ]
T ψ ∈ C([0, T );

L2(Ω)). Moreover, in view of Lt D
[μ]
T ψ = −(−Δ)sDψ , we also have ψ ∈ C([0, T );

D((−Δ)sD)).
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Using Lemma 2.19, a direct calculation yields

‖ψ(t, ·)‖2 =
∞∑

n=1

|S(T − t, λn)|2|
(
ψ0, ϕn

)|2

≤M∗(T − t)2(ρ−1)
∞∑

n=1

(
ψ0, ϕn

)|2

=M∗(T − t)2(ρ−1)‖ψ0‖2;

we thus obtain the estimate ‖ψ(t, ·)‖ ≤ M∗(T − t)ρ−1‖ψ0‖ and ψ ∈
L1(0, T ;L2(Ω)).

Second, we will prove the uniqueness. For this, assume that ψ is a solution of
(2.53) with ψ0 = 0. We take the inner product of (2.53) with ϕn and set ψn(t) =
(ψ(t, ·), ϕn) to find that

L
t D

[μ]
T ψn(t) = −λnψn(t), for a.e. t ∈ (0, T ). (2.57)

Proceeding in the same way as the proof of existence, (2.54) yields ψ = 0 in
(0, T )×Ω . The uniqueness of the solution follows.

Finally, we claim that the mapping [0, T ) � t �→ Nsψ(t, ·) ∈ L2(RN \Ω) can be
analytically extended to ΣT . Notice the relation ψ(t, ·) ∈ D((−Δ)sD) ⊂ Ws,2(RN)

for each t ∈ [0, T ); it yields that Nsψ(t, ·) exists and Nsψ(t, ·) ∈ L2(RN \Ω).
We will prove that Nsψ admits the representation

Nsψ(t, x) =
∞∑

n=1

S(T − t, λn)
(
ψ0, ϕn

)
Nsϕn(x), (2.58)

and the series is convergent in L2(RN \ Ω) for any t ∈ [0, T ). We first note that
Ns : Ws,2(RN) → L2(RN \ Ω) is bounded. For any δ > 0 and t ∈ [0, T − δ],
using Lemma 2.16 we find that

∥
∥
∥
∥

∞∑

n=m+1

S(T − t, λn)
(
ψ0, ϕn

)
Nsϕn(x)

∥
∥
∥
∥

2

L2(RN\Ω)

≤C2

∥
∥
∥
∥

∞∑

n=m+1

S(T − t, λn)
(
ψ0, ϕn

)
ϕn(x)

∥
∥
∥
∥

2

D((−Δ)sD))

≤C2

∞∑

n=m+1

|λnS(T − t, λn)|2|
(
ψ0, ϕn

)|2
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≤C2M
∗
1 (T − t)−2

∞∑

n=m+1

|(ψ0, ϕn
)|2

=C̃δ−2
∞∑

n=m+1

|(ψ0, ϕn
)|2 → 0, as m → ∞,

where C2 is a positive constant. Hence, Nsψ is determined by (2.58), and we get the
uniform convergence of the series in L2(RN \Ω) in any compact subset of [0, T ).

For ζ ∈ C, we consider S(ζ, λn) as defined by (2.37). Since ζ �→ eζr is analytic
and the integral

∫ ∞
0 e−rζK (r, λ)dr is absolutely convergent for | arg(ζ )| < π

2 , we
can easily know the analyticity of S(ζ, λn) on the sector | arg(ζ )| < π

2 . It follows
that the function

m∑

n=1

S(T − ζ, λn)
(
ψ0, ϕn

)
Nsϕn(x)

is analytic in ΣT .
For arbitrary δ > 0 and choosing ζ ∈ C with Re(ζ ) ≤ T − δ, we apply a method

similar to one we used for the above estimate to get

∥
∥
∥
∥

∞∑

n=m+1

S(T − ζ, λn)
(
ψ0, ϕn

)
Nsϕn(x)

∥
∥
∥
∥

2

L2(RN\Ω)

≤C̃δ−2
∞∑

n=m+1

|(ψ0, ϕn
)|2 → 0,

which is valid as m → ∞. This also indicates that

Nsψ(ζ, x) =
∞∑

n=1

S(T − ζ, λn)
(
ψ0, ϕn

)
Nsϕn(x), (2.59)

and then we get the uniform convergence of the series in any compact subset ofΣT .
Consequently, Nsψ determined by (2.59) is analytic in ΣT as well. This finishes
the proof.

2.3.5 Approximate Controllability Analysis

In this subsection, we provide the rigorous analysis of approximate controllability
for the system (2.30). The definition of approximate controllability is introduced.
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Definition 2.6 The system (2.30) is said to be approximately controllable at time
T > 0 if for any ũ0 ∈ L2(Ω) and ε > 0, there is a control function g such that

‖u(T , ·)− ũ0‖L2(Ω) ≤ ε,

where u is the unique strong solution of (2.30) corresponding to the control g.

The following unique continuation property of the system (2.53) is given. The
following Ns denotes nonlocal normal derivative given by (2.32).

Theorem 2.7 For ψ0 ∈ L2(Ω) and O ⊂ R
N \ Ω being an arbitrary non-empty

open set, assume that ψ is the unique strong solution of (2.53) satisfying Nsψ = 0
in (0, T )× O . Then we have ψ = 0 in (0, T )×Ω .

Proof If Nsψ = 0 in (0, T )× O for any O ⊂ R
N \Ω being non-empty open set,

then we have

Nsψ(t, x) =
∞∑

n=1

S(T − t, λn)
(
ψ0, ϕn

)
Nsϕn(x) = 0, ∀ (t, x) ∈ (0, T )× O.

We first notice that Nsψ can be analytically extended to the half-plane ΣT , which
can be derived from Theorem 2.6; it yields that

Nsψ(t, x) =
∞∑

n=1

S(T − t, λn)
(
ψ0, ϕn

)
Nsϕn(x) = 0, ∀ (t, x) ∈ (−∞, T )× O.

(2.60)

Since {λn}n∈N+ is the set of all eigenvalues of the operator (−Δ)sD , we denote by
{ϕnk }1≤k≤mn an orthonormal basis for ker(λn − (−Δ)sD), and we deduce that Nsψ

given by (2.60) is also rewritten in the form

Nsψ(t, x) =
∞∑

n=1

mn∑

k=1

(
ψ0, ϕnk

)
Nsϕnk (x)S(T − t, λn) = 0,

∀ (t, x) ∈ (−∞, T )× O. (2.61)

Choose ζ ∈ C with Re(ζ ) := η > 0 and m ∈ N
+. We set

ψm(t, x) =
m∑

n=1

mn∑

k=1

(
ψ0, ϕnk

)
Nsϕnk (x)e

ζ(t−T )S(T − t, λn).

Recalling that ϕnk are orthonormal for 1 ≤ k ≤ mn, 1 ≤ n ≤ m, and Ns : Vs,1−β ⊂
Ws,2(RN) → L2(RN \ Ω) is bounded for β ∈ (0, 14 ), we can conclude from
Lemma 2.23 that for every t ∈ (−∞, T ),
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‖ψm(t, ·)‖2L2(RN\Ω) ≤C3

∥
∥
∥
∥

∞∑

n=1

mn∑

k=1

(
ψ0, ϕnk

)
ϕnk (x)e

ζ(t−T )S(T − t, λn)
∥
∥
∥
∥

2

Vs,1−β

≤C3

∞∑

n=1

mn∑

k=1

∣
∣
(
ψ0, ϕnk

)∣
∣2e2η(t−T )

∣
∣λ1−βn S(T − t, λn)

∣
∣2

≤C3(T − t)2(βρ−1)e2η(t−T )‖ψ0‖2.

The last estimate leads to the inequality

‖ψm(t, ·)‖L2(RN\Ω) ≤ C̄(T − t)βρ−1eη(t−T )‖ψ0‖,

where C̄ > 0 is a positive constant. Moreover, the integrability of the right-hand
side of the above inequality for t ∈ (−∞, T ) can be easily derived, and

∫ T

−∞
(T − t)βρ−1eη(t−T )dt‖ψ0‖ = Γ (βρ)

ηβρ
‖ψ0‖.

Then a direct calculation yields

∫ T

−∞
eζ(t−T )

∞∑

n=1

mn∑

k=1

(
ψ0, ϕnk

)
Nsϕnk (x)S(T − t, λn)dt

=
∞∑

n=1

mn∑

k=1

(
ψ0, ϕnk

)

ζω(ζ )+ λnNsϕnk , x ∈ O, Re(ζ ) > 0,

which together with (2.61) leads to the identity

∞∑

n=1

mn∑

k=1

(
ψ0, ϕnk

)

ζω(ζ )+ λnNsϕnk = 0, x ∈ O, Re(ζ ) > 0.

Set ξ := ζω(ζ ), and the above identity turns into the following form:

∞∑

n=1

mn∑

k=1

(
ψ0, ϕnk

)

ξ + λn Nsϕnk = 0, x ∈ O, Re(ξ) > 0. (2.62)

Employing the analytic continuation in ξ , we see that the equality (2.62) is valid for
every ξ ∈ C \ {−λn}. Thus we choose a small circle including −λl , not including
{−λn}n �=l , and integrate (2.62) over the circle to find that

ml∑

k=1

(
ψ0, ϕlk

)
Nsϕlk = 0, x ∈ O.
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Letting ψ̃l := ∑ml
k=1

(
ψ0, ϕlk

)
ϕlk , we have Nsψ̃l = 0 in O . Therefore, we obtain

that for every l, ψ̃l satisfies the following problem:

(−Δ)sDψ̃l = λlψ̃l in Ω and Nsψ̃l = 0 in O.

Hence Lemma 2.13 implies that ψ̃l = 0 in Ω for every l. Taking account of
the linear independence among ψ̃lk (1 ≤ k ≤ mn) in L2(Ω), we conclude that(
ψ0, ϕlk

) = 0 for 1 ≤ k ≤ mn, n ∈ N
+. This also ensures ψ0 = 0. We use the

uniqueness of the solution to the adjoint system (2.53) and thus obtain that ψ = 0
in (0, T )×Ω . This finishes the proof.

Using the elementary arguments, we notice that the study of the approximate
controllability of the system (2.30) can be reduced to the case u0 = 0. Therefore,
we only need to analyze the approximate controllability of the system (2.44).

Theorem 2.8 Let O ⊂ R
N \ Ω be an arbitrary non-empty open set. Then for

any T > 0 and every g ∈ D((0, T ) × O), the system (2.44) is approximately
controllable, i.e.,

{
v(T , ·) : g ∈ D((0, T )× O)

}L2(Ω) = L2(Ω),

where v denotes the unique strong solution to the system (2.44).

Proof For g ∈ D((0, T ) × O) and ψ0 ∈ L2(Ω), we assume that v and ψ are the
unique strong solution to the system (2.44) and (2.53), respectively. As to v, we
use Theorem 2.5 and thus obtain the relation ∂tv, (−Δ)sv ∈ L∞(0, T ;L2(Ω)).
Moreover, because of the inequality

∫ 1
0 μ(α)

t1−α
Γ (2−α)dα ≤ 2max{1, t}‖μ‖L1(0,1)

that is valid, we obtain that D[μ]
t v ∈ L∞(0, T ;L2(Ω)). For ψ , using Theorem 2.6

we deduce that ψ ∈ L1(0, T ;L2(Ω)). In addition, we get v(T , ·) ∈ L2(Ω) and
t I
μ
T ψ(T , ·) ∈ L2(Ω).
Let δ > 0 be small; we use the formula (2.31) on (0, T − δ) and take the limit as

δ → 0+ to find that

0 =
∫ T

0

∫

Ω

(
D

[μ]
t v + (−Δ)sv

)
ψdxdt

=
∫ T

0

∫

Ω

v(t)Lt D
[μ]
T ψ(t)dxdt +

∫

Ω

v(T , ·)t I [μ]
T ψ(T , ·)dx

+
∫ T

0

∫

Ω

v(−Δ)sψdx +
∫ T

0

∫

RN\Ω
gNsψdxdt

=
∫ T

0

∫

Ω

v
(
L
t D

[μ]
T ψ + (−Δ)sψ

)
dxdt +

∫

Ω

v(T , ·)ψ0dx

+
∫ T

0

∫

RN\Ω
gNsψdxdt,
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where we have used the formula (2.33) and v(0, ·) = 0. Thus the system (2.53)
leads to the identity

∫

Ω

v(T , ·)ψ0dx +
∫ T

0

∫

RN\Ω
gNsψdxdt = 0. (2.63)

To show that
{
v(T , ·) : g ∈ D((0, T )× O)

}L2(Ω) = L2(Ω), we only need to
verify the property that if ψ0 ∈ L2(Ω) admits

∫

Ω
v(T , ·)ψ0dx = 0 for any g ∈

D((0, T ) × O), then ψ0 = 0. In fact, if ψ0 admits
∫

Ω
v(T , ·)ψ0dx = 0, then

the equality (2.63) yields that
∫ T
0

∫

RN\Ω gNsψdxdt = 0. Thus we can assert that
Nsψ = 0 in (0, T )×O , which can be derived from the arbitrariness of g. Employing
Theorem 2.7, we see thatψ = 0 in (0, T )×O . Finally, the uniqueness of the solution
to the system (2.53) shows that ψ0 = 0 in Ω . The proof is completed.



Chapter 3
Inverse Problems of Fractional Diffusion
Equations

3.1 Backward Problem

3.1.1 Introduction

Let Ω be a bounded domain in R
N with the sufficiently smooth boundary ∂Ω . We

shall consider the following backward problem for fractional diffusion equations:

⎧
⎪⎪⎨

⎪⎪⎩

∂tu(t, x) = ∂1−α
t Au(t, x) + f (t, x), x ∈ Ω, 0 < t < T,

u(t, x) = 0, x ∈ ∂Ω, 0 < t < T,

u(T , x) = g(x), x ∈ Ω,

(3.1)

where g is the terminal value status, f is a function representing kinetics, T is
a backward finite time which ensures that some situation of phenomena can be
measured at that point, ∂t = ∂/∂t , and ∂1−α

t is the Riemann-Liouville fractional
partial derivative of order 1 − α ∈ (0, 1) defined by

∂1−α
t u(t, x) = 1

Γ (α)

∂

∂t

∫ t

0
(t − s)α−1u(s, x)ds, t > 0,

where Γ (·) is the Gamma function. The operator A stands for the unbounded
uniformly elliptic operator with the domain D(A) := H 1

0 (Ω) ∩ H 2(Ω) defined
by

Au(x) = −
N∑

i=1

∂

∂xi

⎛

⎝
N∑

j=1

Aij (x)
∂

∂xj

u(x)

⎞

⎠ + b(x)u(x),
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where Aij = Aji , i, j = 1, 2, . . . , N , and there exists a constant μ > 0 such that

N∑

i,j=1

Aij (x)ξiξj ≥ μ

N∑

i=1

ξ2i , x ∈ Ω, ξi ∈ R
N,

Aij ∈ C1(Ω), b ∈ C(Ω), b(x) ≥ 0 for all x ∈ Ω.

Diffusion models have been found a numerous of applications in chemical
physics, biological cell dynamics and physiology, etc. Especially, fractional diffu-
sion model is derived from a continuous time randomwalk model when the transport
is dispersive and it can describe more precise for some models of anomalous
diffusion in heterogeneous media. We refer to the books [180, 219] and the papers
[5, 117, 155, 244].

The direct problem of fractional diffusion equations (3.1) is the typical heat
equation for α = 1 equipped with A being the Laplacian operator. Such equations
were introduced by Schneider and Wyss [190], they pointed out that such equations
can be described of diffusion in special types of porous media, and it can represent
the “gray” noise in the fractional diffusion for 0 < α < 1, while the white noise for
α = 1. In addition, Seki et al. [191] derived such type fractional reaction-diffusion
equations from a continuous time random walk model. More recently, Andrade and
Viana [12] have developed the global well-posedness and spatiotemporal asymptotic
behavior in the case of semilinear situation. Viana [216] studied the local well-
posedness of such equations with perturbations behavior.

In many practical applications, we can just measure density of the diffusing
substance at positive moment without knowing the initial density, and so, it reflects
the advantages of the backward problem to deal with this kind of difficult situation.
For more details of the fractional backward problem, one can see the papers
[7, 206, 207, 226] and the references cited therein.

As far as we know, Liu and Yamamoto [138] studied the existence, regularity, and
convergence analysis of a backward problem for time fractional diffusion equation
in weighted continuous function space. Sakamoto and Yamamoto [186] investigated
the existence, uniqueness, and regularity of solutions of a direct problem for frac-
tional diffusion equation in space C([0, T ];L2(Ω)) with respect to the assumptions
a ∈ H 1

0 (Ω) ∩ H 2(Ω) and f ∈ Cθ([0, T ];L2(Ω)). Mu et al. [168] established
the existence and regularity of classical solutions on a weighted Hölder continuous
function space, with respect to the assumption f ∈ F β,θ ((0, T ];L2(Ω)), which is
weaker than Hölder continuous. It is natural to consider the existence, uniqueness,
and regularity for a usual backward problem on continuous function space from the
abovementioned points of view. Assuming that f is weighted Hölder continuous, the
aim of this section is to provide some existence, uniqueness, and regularity results
of mild/classical solutions for the proposed backward problem.

This section is organized as follows. In Sect. 3.1.2, we give some basic definitions
and preliminaries results. In Sect. 3.1.3, the existence and uniqueness results for
the fractional diffusion problem (3.1) are investigated. We also obtain some new
estimations for regularity. In Sect. 3.1.4, two examples are given to illustrate the
main results.
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3.1.2 Preliminaries

It is well known that the operator A is introduced as above that can generate the
following spectral problem:

Aen(x) = λnen(x), x ∈ Ω; en(x) = 0, x ∈ ∂Ω, n ∈ N
+, (3.2)

where {λn}∞n=1 denotes the set of eigenvalues satisfying

0 < λ1 ≤ λ2 ≤ . . . ≤ λn ≤ . . . ,

and limn→∞ λn = ∞. The corresponding eigenfunctions are defined by en ∈
H 1

0 (Ω) ∩ H 2(Ω) for every n ∈ N
+. The eigenfunctions en are normalized so that

{en}∞n=1 is an orthonormal basis of L2(Ω).
For all s ≥ 0, the fractional power operator As possesses the following

representation:

Asu =
∞∑

k=1

λs
k(u, ek)ek, u ∈ D(As) =

{

u ∈ L2(Ω) :
∞∑

k=1

λ2sk |(u, ek)|2 < ∞
}

.

Let us define the norm on D(As) by

‖u‖D(As) =
( ∞∑

k=1

λ2sk |(u, ek)|2
) 1

2

, u ∈ D(As).

By duality, we can also set D(A−s) = (D(As))∗ and use the so-called Gelfand
triple. Then D(A−s) is a Hilbert space endowed with the norm

‖u‖D(A−s ) =
( ∞∑

k=1

λ−2s
k |〈u, ek〉|2

) 1
2

, u ∈ D(A−s),

where 〈·, ·〉 denotes the duality bracket between D(A−s) and D(As). In particular,

one has D(As) ⊂ H 2s(Ω) for s > 0, D(A0) = L2(Ω) and D(A
1
2 ) = H 1

0 (Ω), see
[186] and the references therein.

The space of Hölder continuous functions on [0, T ] with exponent θ ∈ (0, 1) is
denoted by Cθ([0, T ];L2(Ω)) which has the representation form

Cθ([0, T ];L2(Ω)) =
{
u ∈ C([0, T ];L2(Ω)) :

sup
0≤s<t≤T

‖u(t) − u(s)‖L2(Ω)

(t − s)θ
< ∞

}

,
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equipped with the norm

‖u‖Cθ ([0,T ];L2(Ω)) = sup
0≤t≤T

‖u(t)‖L2(Ω) + sup
0≤s<t≤T

‖u(t) − u(s)‖L2(Ω)

(t − s)θ
.

Let us introduce the space F β,θ ((0, T ];L2(Ω)) by the weighted Hölder contin-
uous function space of all continuous functions defined on (0, T ] for 0 < θ < β < 1
with satisfying properties:

(i) If 0 < β < 1, limt→0 t1−βu(t) exists.
(ii) v is Hölder continuous with the exponent θ and with the weighted s1−β+θ , i.e.,

sup
0≤s<t≤T

s1−β+θ‖u(·, t) − v(·, s)‖L2(Ω)

(t − s)θ
< ∞. (3.3)

(iii) As t → 0, it yields

ωu(t) = sup
0≤s<t

s1−β+θ‖u(·, t) − u(·, s)‖L2(Ω)

(t − s)θ
→ 0. (3.4)

Then the space F β,θ ((0, T ];L2(Ω)) is a Banach space with the norm

‖u‖F β,θ = sup
0≤t≤T

t1−β‖u(t)‖L2(Ω) + sup
0≤s<t≤T

s1−β+θ‖u(·, t) − u(·, s)‖L2(Ω)

(t − s)θ
.

For 0 < θ < σ < β ≤ 1, we have F β,σ ((0, T ];L2(Ω)) ⊂ F β,θ ((0, T ];L2(Ω))

with continuous embedding; in addition, any function v ∈ Cθ([0, T ];L2(Ω))

belongs to F 1,θ ((0, T ];L2(Ω)) when 0 < θ < β = 1 (see, e.g., [231]).
Let Eα,β(z) be the Mittag-Leffler function as in Definition 1.7 and Mς (z) be the

Wright-type function as in Definition 1.8, ς ∈ (0, 1), z ∈ C. The function Eα,β(z)

is an entire function, and so it is real analytic when restricted to the real line. For
convenience, we set Eα(z) := Eα,1(z) for z ∈ C.

3.1.3 Existence and Regularity

By using the separation of variables method, the formal solution to (3.1) can be
expressed as

u(t, x) =
∞∑

n=1

(u(t, x), en)en(x). (3.5)
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For convenience, we set un(t) = (u(t, x), en), gn = (g(x), en), and fn(t) =
(f (t, x), en). By applying Aen = λnen for all n ∈ N

+, let us take the Laplace
transform into (3.1), and it can be rewritten as follows:

sun(s) − un(0) = −λns
1−αun(s) + fn(s),

where v̄ denotes the Laplace transform of function v, and so

un(s) = sα−1

sα + λn

un(0) + sα−1

sα + λn

fn(s).

It follows from Proposition 1.13 and the uniqueness of Laplace theorem that

un(t) = Eα(−λnt
α)un(0) +

∫ t

0
Eα(−λn(t − s)α)fn(s)ds. (3.6)

By substituting t = T into the above equation, it yields that

un(t) = Eα(−λnt
α)

Eα(−λnT α)

(

gn −
∫ T

0
Eα(−λn(T − s)α)fn(s)ds

)

+
∫ t

0
Eα(−λn(t − s)α)fn(s)ds.

Let us consider the operators

(P1v)(t, x) =
∞∑

n=1

Eα(−λnt
α)

Eα(−λnT α)
vnen(x),

(P2v)(t, x) =
∞∑

n=1

(

−
∫ T

0

Eα(−λnt
α)

Eα(−λnT α)
Eα(−λn(T − s)α)vn(s)ds

)

en(x),

(P3v)(t, x) =
∞∑

n=1

(∫ t

0
Eα(−λn(t − s)α)vn(s)ds

)

en(x),

for any v ∈ L2(Ω). Then, it remains to find a solution of the problem (3.1) which
can be transformed into the form

u(t, x) = (P1g)(t, x) + (P2f )(t, x) + (P3f )(t, x). (3.7)

From this point of view, we introduce the following definition of mild solution
of the problem (3.1).
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Definition 3.1 A function u is called a mild solution of the problem (3.1) if u ∈
C((0, T ];L2(Ω)), and it satisfies the equation

u(t, x) =
∞∑

n=1

Eα(−λnt
α)

Eα(−λnT α)

(

(g(x), en) −
∫ T

0
Eα(−λn(T − s)α)(f (s, x), en)ds

)

en(x)

+
∞∑

n=1

(∫ t

0
Eα(−λn(t − s)α)(f (s, x), en)ds

)

en(x).

(3.8)

Remark 3.1 Note that the mild solution u is not continuous on L2(Ω) if t = 0
and the given assumption of g belongs to L2(Ω) or H 1

0 (Ω). In fact, if u is a mild
solution of the problem (3.1) and limt→0 Eα(−λnt

α) = 1, we just take into account
the trivial case of f ≡ 0. In view of Proposition 1.11, one can see that

‖u(0, ·)‖L2(Ω) =
( ∞∑

n=1

∣
∣
∣
∣

1

Eα(−λnT α)

∣
∣
∣
∣

2

|gn|2
)1/2

≥M−1
2

( ∞∑

n=1

(
1 + λnT

α
)2 |gn|2

)1/2

≥M−1
2 ‖g‖L2(Ω).

This means that we cannot establish the continuous criterion of solution at t = 0 in
the space C([0, T ];L2(Ω)) except for the higher assumptions of spatial regularity
of given terminal value data g.

Remark 3.2 Let v ∈ L2(Ω). The series
∑∞

n=1
Eα(−λntα)
Eα(−λnT α)

(v, en)en(x) is uniformly
convergent for any δ > 0 and δ ≤ t ≤ T . Moreover, this series is also continuous
on (0, T ]. Indeed, from Proposition 1.11, we have

∣
∣
∣
∣
Eα,β(−λnt

α)

Eα(−λnT α)

∣
∣
∣
∣ ≤ M2

M1

1 + λnT
α

1 + λntα
≤ M2T

α

M1tα
, for all β ∈ R, t ∈ (0, T ]. (3.9)

On the other hand, for any ε > 0, there exists N1 > 0 such that for all positive
integers p, whereas k > N1

k+p∑

n=k+1

|(v, en)|2 <

(
M1t

α
√

ε

M2T α

)2

, for all t ∈ [δ, T ].
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Let

Sk(t)v =
k∑

n=1

Eα(−λnt
α)

Eα(−λnT α)
(v, en)en(x).

Therefore, for all t ∈ [δ, T ], we have

‖Sk+p(t)v − Sk(t)v‖2
L2(Ω)

=
k+p∑

n=k+1

∣
∣
∣
∣
Eα(−λnt

α)

Eα(−λnT α)
(v, en)

∣
∣
∣
∣

2

≤
(

M2T
α

M1tα

)2 k+p∑

n=k+1

|(v, en)|2 < ε.

Hence, from the Cauchy convergence criterion, we obtain that the desired series is
uniformly convergent on [δ, T ], and thus it is continuous on (0, T ].

In this sequel, the existence, uniqueness, and regularity results of mild solutions
for the proposed problem are investigated.

Theorem 3.1 Assume that f ∈ F β,θ ((0, T ];L2(Ω)) with 0 < θ < β < 1 and
g ∈ L2(Ω). Then there is a unique mild solution u to the problem (3.1) which
belongs to C((0, T ];L2(Ω)). Furthermore, there exists a positive constant C such
that

tα‖u(t, ·)‖L2(Ω) ≤ C
(‖g‖L2(Ω) + ‖f ‖F β,θ

)
. (3.10)

Proof Firstly, in view of (3.9), for all t ∈ (0, T ], it is easy to check that

‖(P1g)(t, ·)‖L2(Ω) =
( ∞∑

n=1

∣
∣
∣
∣
Eα(−λnt

α)

Eα(−λnT α)
gn

∣
∣
∣
∣

2
)1/2

≤ M2T
α

M1tα
‖g‖L2(Ω). (3.11)

Furthermore, by Remark 3.2, we know that P1g is continuous on (0, T ]. Therefore,
we can deduce that P1g ∈ C((0, T ];L2(Ω)).

Next, we show that P2f is continuous on (0, T ]. With the aid of Proposi-
tion 1.11, for all κ ∈ R and 0 ≤ τ < T , we also have

∣
∣
∣
∣
Eα,κ(−λn(T − τ)α)

Eα(−λnT α)

∣
∣
∣
∣ ≤ M2

M1

1 + λnT
α

1 + λn(T − τ)α
≤ M2

M1
T α(T − τ)−α. (3.12)

Therefore, by the assumption of f and Proposition 1.11 again, one can see that
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‖P2f (t, ·)‖L2(Ω)

≤
∫ T

0

∥
∥
∥
∥
∥

∞∑

n=1

(
Eα(−λnt

α)

Eα(−λnT α)
Eα(−λn(T − s)α)fn(s)

)

en(x)

∥
∥
∥
∥
∥

L2(Ω)

ds

≤ M2
2T

α

M1

∫ T

0
(T − s)−α‖f (s, ·)‖L2(Ω)ds

≤ M2
2T

β

M1

Γ (β)Γ (1 − α)

Γ (1 + β − α)
‖f ‖F β,θ ,

(3.13)

where we use the identity

∫ T

0
(T − s)a−1sb−1ds = Γ (a)Γ (b)

Γ (a + b)
T a+b−1, for any a, b > 0. (3.14)

Furthermore, by applying (W3) and (W4) of Proposition 1.19, it follows from 1 −
e−z ≤ z and ze−z ≤ 1 for z ≥ 0 that

|Eα(−λnt
α) − Eα(−λns

α)| ≤
∫ ∞

0
Mα(θ)

∣
∣
∣e

−λntαθ − e−λnsαθ
∣
∣
∣ dθ

=
∫ ∞

0
Mα(θ)e−λnsαθ

∣
∣
∣e

−λn(tα−sα)θ − 1
∣
∣
∣ dθ

≤λn(t
α − sα)

∫ ∞

0
θMα(θ)(λns

αθ)−1dθ

≤s−α(t − s)α,

(3.15)

where 0 < s < t ≤ T , and we use the inequality

ξ
ρ
2 − ξ

ρ
1 ≤ (ξ2 − ξ1)

ρ, for any 0 ≤ ξ1 ≤ ξ2, 0 ≤ ρ ≤ 1. (3.16)

Therefore, by applying (3.15), for any ε > 0 and t, s ∈ [ε, T ] with s < t , it yields
that

‖P2f (t, ·) − P2f (s, ·)‖L2(Ω)

≤M2T
α

M1

∫ T

0
(T − τ)−α

( ∞∑

n=1

∣
∣Eα(−λnt

α) − Eα(−λns
α)
∣
∣2 |fn(τ)|2

)1/2

dτ

≤M2T
β

M1

Γ (β)Γ (1 − α)

Γ (1 + β − α)
ε−α(t − s)α‖f ‖F β,θ ,

which implies that (P2f )(t, ·) − (P2f )(s, ·) tends to 0 when t − s approaches 0.
Hence, the desired results are obtained.
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In the sequel, we show that P3f is continuous on (0, T ]. By the assumption of
f and Proposition 1.11, one has

‖(P3f )(t, ·)‖L2(Ω) ≤ M2

∫ t

0
‖f (s, ·)‖L2(Ω)ds ≤ M2β

−1tβ‖f ‖F β,θ . (3.17)

On the other hand, it follows that

(P3f )(t, ·) =
∞∑

n=1

(∫ t

0
Eα(−λn(t − s)α)(fn(s) − fn(t))ds

)

en(x)

+
∞∑

n=1

(∫ t

0
Eα(−λn(t − s)α)fn(t)ds

)

en(x)

=:l1(t) + l2(t).

Therefore, for all t, s ∈ (0, T ] with s < t , it follows that

l1(t) − l1(s) =
∞∑

n=1

(∫ s

0

(
Eα(−λn(t − τ)α)

− Eα(−λn(s − τ)α)
)
(fn(τ ) − fn(s))dτ

)

en(x)

+
∞∑

n=1

(∫ s

0
Eα(−λn(t − τ)α)(fn(s) − fn(t))dτ

)

en(x)

+
∞∑

n=1

(∫ t

s

Eα(−λn(t − τ)α)(fn(τ ) − fn(t))dτ

)

en(x)

=:L1(t, s) + L2(t, s) + L3(t, s).

(3.18)

By applying Proposition 1.13 and the assumption of f , we have

‖L1(t, s)‖L2(Ω)

≤
∫ s

0

∥
∥
∥
∥

∞∑

n=1

(
Eα(−λn(t−τ)α)−Eα(−λn(s−τ)α)

)
(fn(τ ) − fn(s))en(x)

∥
∥
∥
∥

L2(Ω)

dτ

≤
∫ s

0
(t − s)α(s − τ)θ−ατβ−θ−1dτ sup

0<τ<s

τ 1−β+θ‖f (s, ·) − f (τ, ·)‖L2(Ω)

(s − τ)θ

=Γ (β − θ)Γ (1 − α + θ)

Γ (1 + β − α)
sβ−α(t − s)α‖f ‖F β,θ .

(3.19)
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This means that

‖L2(t, s)‖L2(Ω) ≤ M2

∫ s

0
‖f (t) − f (s)‖L2(Ω)dτ ≤ M2s

β−θ (t − s)θ‖f ‖F β,θ .

(3.20)

Furthermore, in view of (3.16), we get the following result:

‖L3(t, s)‖L2(Ω) ≤M2

∫ t

s

(t − τ)θ τβ−θ−1dτωf (t)

≤ M2

θ + 1
(t − s)θ+1sβ−θ−1‖f ‖F β,θ .

(3.21)

Hence, we can deduce that l1(t) − l1(s) tends to 0 when t − s approaches 0.
Furthermore, we know

l2(t) − l2(s) =
∞∑

n=1

(∫ t

0
Eα(−λn(t − τ)α)(fn(t) − fn(s))dτ

)

en(x)

+
∞∑

n=1

(∫ s

0

(
Eα(−λn(t − τ)α) − Eα(−λn(s − τ)α)

)
fn(s)dτ

)

en(x)

+
∞∑

n=1

(∫ t

s

Eα(−λn(t − τ)α)fn(s)dτ

)

en(x).

By the similar way as in (3.19), (3.20), and (3.21), we can deduce that l2(t) − l2(s)

tends to 0 as t − s → 0. Hence, it follows that P3f ∈ C((0, T ];L2(Ω)).
Consequently, we show that there exists a mild solution u ∈ C((0, T ];L2(Ω))

which can be expressed as in (3.8). Furthermore, together with (3.11), (3.13)
and (3.17), the estimate (3.10) can be obtained.

Finally, we show the uniqueness. Let u and v be any two mild solutions of the
problem (3.1) with the same terminal value data g and source function f , and set
w = u − v. We have to prove that w is a trivial mild solution.

Since en(x) is the eigenfunction of the eigenvalue problem (3.2), wn(t) =
(w(t, ·), en) since w ∈ C((0, T ];L2(Ω)).

On the other hand, as the same procedure of solution v in (3.6), we
obtain wn(T ) = Eα(−λnT

α)wn(0). Hence, it follows from wn(T ) = 0 and
Eα(−λnT

α) > 0 that wn(0) = 0, and the uniqueness result for the ordinary
fractional differential equation implies that wn(t) = 0 for all n = 1, 2, 3, . . ..
Since {en}∞n=1 is also an orthonormal basis in L2(Ω), we obtain that w(t, ·) = 0 in
(0, T ) × Ω . Thus, the desired conclusion is obtained, and the proof is completed.

Theorem 3.2 Let 0 < m < 1, 0 < θ < β ≤ 2αm + θ − 1, and αm + θ ≤ 1.
Assume that f ∈ F β,θ ((0, T ];D(Am)) and g ∈ D(A1+m). Then the problem (3.1)
possesses a unique mild solution u in the function space
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∂tu ∈ F β,θ ((0, T ];L2(Ω)).

Furthermore, there exists a positive constant C such that

‖∂tu‖F β,θ ≤ C
(‖g‖D(A1+m) + ‖f ‖F β,θ

)
. (3.22)

Proof By applying the assumptions of functions g and f , it can be checked from
Theorem 3.1 that there exists a unique mild solution u. Moreover, in view of
Proposition 1.13, we obtain the following expression:

∂tun(t) =−λnt
α−1Eα,α(−λnt

α)

Eα(−λnT α)

(

gn −
∫ T

0
Eα(−λn(T − s)α)fn(s)ds

)

+
∫ t

0
−λn(t − s)α−1Eα,α(−λn(t − s)α)fn(s)ds + fn(t).

(3.23)
Let us consider the operators

(T1g)(t, x) =
∞∑

n=1

−λnt
α−1Eα,α(−λnt

α)

Eα(−λnT α)
gnen(x),

(T2f )(t, x) =
∞∑

n=1

(∫ T

0

λnt
α−1Eα,α(−λnt

α)

Eα(−λnT α)
Eα(−λn(T − s)α)fn(s)ds

)

en(x),

(T3f )(t, x) =
∞∑

n=1

(

−
∫ t

0
λn(t − s)α−1Eα,α(−λn(t − s)α)fn(s)ds

)

en(x),

(T4f )(t, x) =
∞∑

n=1

fn(t)en(x).

In order to check that ∂tu belongs to the space F β,θ ((0, T ];L2(Ω)) and satisfies
the estimate (3.22), for the definition of operators Ti , i = 2, 3, 4, we need to show
that T1g,Tif ∈ F β,θ ((0, T ];L2(Ω)). Initially, by the assumption of f , it is easy
to check that T4f ∈ F β,θ ((0, T ];L2(Ω)). Therefore, it remains to subdivide this
proof into three steps.

Step 1. T1g ∈ F β,θ ((0, T ];L2(Ω)) for g ∈ D(A1+m).
In view of Proposition 1.11, for all κ ∈ R and t ∈ (0, T ], we have

∣
∣
∣
∣
Eα,κ(−λnt

α)

Eα(−λnT α)

∣
∣
∣
∣ ≤M2

M1

(
1 + λnT

α

1 + λntα

)1−m (
1 + λnT

α

1 + λntα

)m

≤M−1
1 M2T

α(1−m)t−α(1−m)(1 + λnT
α)m

≤M−1
1 M2T

α(1−m)t−α(1−m)(1 + λm
n T αm),

(3.24)
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where we use the inequality (1 + ξ)ρ ≤ 1 + ξρ for any ξ ≥ 0 and 0 ≤ ρ ≤ 1.
Therefore, for all t ∈ (0, T ], it yields that

‖(T1g)(t, ·)‖2
L2(Ω)

=
∞∑

n=1

∣
∣
∣
∣
−λnt

α−1Eα,α(−λnt
α)

Eα(−λnT α)
gn

∣
∣
∣
∣

2

≤2M2
2

M2
1

T 2α(1−m)t−2(1−αm)
∞∑

n=1

λ2n(1 + λ2mn T 2αm) |gn|2 ,

where we use the inequality (1 + ξ)2 ≤ 2(1 + ξ2) for all ξ ∈ R. According to the
definition of the fractional power space D(As) for s ≥ 0, we can find a positive
constant C1 which depends on λ1 such that ‖g‖D(A) ≤ C1‖g‖D(A1+m) and then

‖(T1g)(t, ·)‖L2(Ω) ≤ C ′
1M2

M1
T α(1−m)t−(1−αm)‖g‖D(A1+m), t ∈ (0, T ],

where C ′
1 = (

2(C1 + T 2αm)
)1/2

. Then, we conclude from the assumptions of β ≤
2αm + θ − 1 and αm + θ ≤ 1 that limt→0 t1−β‖T1g(t, ·)‖L2(Ω) exists.

Furthermore, by applying (ii) in Proposition 1.13 and for 0 < s < t ≤ T , we
have

‖(T1g)(t, ·) − (T1g)(s, ·)‖2
L2(Ω)

=
∞∑

n=1

λ2n

∣
∣
∣
∣
tα−1Eα,α(−λnt

α) − sα−1Eα,α(−λns
α)

Eα(−λnT α)

∣
∣
∣
∣

2

|gn|2

=
∞∑

n=1

λ2n

∣
∣
∣
∣

∫ t

s

τ α−2Eα,α−1(−λnτ
α)

Eα(−λnT α)
dτ

∣
∣
∣
∣

2

|gn|2

≤ 2M2
2

M2
1 (1 − αm)2

T 2α(1−m)

(st)2(1−αm)
(t − s)2(1−αm)

∞∑

n=1

λ2n(1 + λ2mn T 2αm)|gn|2

≤ C ′2
1 M2

2

M2
1 (1 − αm)2

T 2α(1−m)

(st)2(1−αm)
(t − s)2(1−αm)‖g‖2

D(A1+m)
,

which implies that

s1−β+θ‖(T1g)(t, ·) − (T1g)(s, ·)‖L2(Ω)

(t − s)θ

≤ C ′
1M2

M1(1 − αm)
T α(1−m)sαm−β‖g‖D(A1+m)
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≤ C ′
1M2

M1(1 − αm)
T α−β‖g‖D(A1+m).

Therefore, T1g fulfills (3.3), and we have

lim
t→0

sup
0<s<t

s1−β+θ‖(T1g)(t, ·) − (T1g)(s, ·)‖L2(Ω)

(t − s)θ
= 0.

Hence, T1g also fulfills (3.4). This shows that T1g ∈ F β,θ ((0, T ];L2(Ω)).
Step 2. T2f ∈ F β,θ ((0, T ];L2(Ω))for f ∈ F β,θ ((0, T ];D(Am)).
With the aid of (3.24) and the assumption of f , for all 0 < t ≤ T , one can see

that

‖T2f (t, ·)‖L2(Ω)

≤
∫ T

0

∥
∥
∥
∥
∥

∞∑

n=1

λn

(
tα−1Eα,α(−λnt

α)

Eα(−λnT α)
Eα(−λn(T − s)α)fn(s)

)

en(x)

∥
∥
∥
∥
∥

L2(Ω)

ds

≤
√
2M2

2

M1
T α(1−m)tαm−1

×
∫ T

0

( ∞∑

n=1

(1 + λ2mn T 2αm)

(
λn

1 + λn(T − s)α

)2

|fn(s)|2
)1/2

ds.

(3.25)

It follows from the definition of space D(Am) that we can find a positive constant
C2 which may depend on λ1 such that ‖f ‖L2(Ω) ≤ C2‖f ‖D(Am), and by (3.14) then

‖T2f (t, ·)‖L2(Ω) ≤C ′
2M

2
2

M1
T α(1−m)tαm−1

∫ T

0
(T − s)−α‖f (s, ·)‖D(Am)ds

≤C ′
2M

2
2

M1

Γ (β)Γ (1 − α)

Γ (1 + β − α)
T β−αmtαm−1‖f ‖F β,θ ,

(3.26)

in which C ′
2 = (

2(C2 + T 2αm)
)1/2

, and this implies that limt→0 t1−β

‖T2f (t, ·)‖L2(Ω) exists. In addition, similarly to (3.25) and (3.26), for 0 < s < t ≤
T , we have
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‖(T2f )(t, ·) − (T2f )(s, ·)‖L2(Ω)

=
∫ T

0

( ∞∑

n=1

λ2n

∣
∣
∣
∣
tα−1Eα,α(−λnt

α) − sα−1Eα,α(−λns
α)

Eα(−λnT α)

× Eα(−λn(T − s)α)

∣
∣
∣
∣

2

|fn(s)|2
)1/2

ds

≤ M2

∫ T

0

( ∞∑

n=1

∣
∣
∣
∣

∫ t

s

τ α−2Eα,α−1(−λnτ
α)

Eα(−λnT α)
dτ

∣
∣
∣
∣

2

×
(

λn

1 + λn(T − s)α

)2

|fn(s)|2
)1/2

ds

≤ C ′
2M

2
2

M1(1 − αm)

T α(1−m)

(st)1−αm
(t − s)1−αm

∫ T

0
(T − s)−α‖f (s, ·)‖D(Am)ds

≤ C ′
2M

2
2

M1(1 − αm)

Γ (β)Γ (1 − α)

Γ (1 + β − α)

T β−αm

(st)1−αm
(t − s)1−αm‖f ‖F β,θ ,

(3.27)

which implies that

s1−β+θ‖(T2f )(t, ·) − (T2f )(s, ·)‖L2(Ω)

(t − s)θ

≤ C ′
2M

2
2

M1(1 − αm)

Γ (β)Γ (1 − α)

Γ (1 + β − α)
T β−αmsαm−β‖f ‖F β,θ

≤ C ′
2M

2
2

M1(1 − αm)

Γ (β)Γ (1 − α)

Γ (1 + β − α)
‖f ‖F β,θ .

Therefore, T2f fulfills (3.3). In a similar way, we have

lim
t→0

sup
0<s<t

s1−β+θ‖(T2f )(t, ·) − (T2f )(s, ·)‖L2(Ω)

(t − s)θ
= 0.

Hence, T2f also fulfills (3.4). This shows that T2f ∈ F β,θ ((0, T ];L2(Ω)).
Step 3. T3f ∈ F β,θ ((0, T ];L2(Ω))for f ∈ F β,θ ((0, T ];D(Am)).
By Proposition 1.11 and (3.24), similarly to (3.25), for 0 < t ≤ T , one has
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‖(T3f )(t, ·)‖L2(Ω)

≤
∫ t

0
(t − s)α−1

( ∞∑

n=1

∣
∣
∣
∣λn

Eα,α(−λn(t − s)α)

Eα(−λnT α)
Eα(−λnT

α)fn(s)

∣
∣
∣
∣

2
)1/2

ds

≤ C ′
2M

2
2

M1
T −αm

∫ t

0
(t − s)αm−1‖f (s, ·)‖D(Am)ds

≤ C ′
2M

2
2

M1

Γ (β)Γ (αm)

Γ (β + αm)
T −αmtαm+β−1‖f ‖F β,θ ,

(3.28)

which implies that limt→0 t1−β‖T3f (t, ·)‖L2(Ω) = 0. Furthermore, we have

(T3f )(t, ·)

=
∞∑

n=1

(∫ t

0
−λn(t − s)α−1Eα,α(−λn(t − s)α)(fn(s) − fn(t))ds

)

en(x)

+
∞∑

n=1

(∫ t

0
−λn(t − s)α−1Eα,α(−λn(t − s)α)fn(t)ds

)

en(x)

=: J1(t) + J2(t).

Therefore, for 0 < s < t ≤ T , we obtain

J1(t) − J1(s)

=
∞∑

n=1

(∫ s

0
−λn

(
(t − τ)α−1Eα,α(−λn(t − τ)α)

− (s − τ)α−1Eα,α(−λn(s − τ)α)
)
(fn(τ ) − fn(t))dτ

)

en(x)

+
∞∑

n=1

−λn

(∫ s

0
(t − τ)α−1Eα,α(−λn(t − τ)α)(fn(s) − fn(t))dτ

)

en(x)

+
∞∑

n=1

−λn

(∫ t

s

(t − τ)α−1Eα,α(−λn(t − τ)α)(fn(τ ) − fn(t))dτ

)

en(x)

=:J1(t, s) + J2(t, s) + J3(t, s).
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By applying Proposition 1.13, as in the same way of (3.27), one has

‖J1(t, s)‖L2(Ω)

≤M2
2

M1
T −αm

∫ s

0

∣
∣
∣
∣

∫ t−τ

s−τ

ζ αm−2dζ

∣
∣
∣
∣

( ∞∑

n=1

(1 + λnT
α)2m|fn(τ) − fn(t)|2

)1/2

dτ

≤ C ′
2M

2
2T

−αm

M1(1 − αm)
(t − s)1−αm

∫ s

0
(t − τ)αm−1(s − τ)αm−1‖f (τ, ·) − f (t, ·)‖D(Am)dτ

≤ C ′
2M

2
2T

−αm

M1(1 − αm)
(t − s)1−αm

∫ s

0
(s − τ)2(αm−1)+θ τβ−θ−1dτωf (t)

≤ C ′
2M

2
2T

−αm

M1(1 − αm)

Γ (2αm + θ − 1)Γ (β − θ)

Γ (2αm + β − 1)
(t − s)1−αms2αm+β−2‖f ‖F β,θ ,

(3.29)

where we use (3.16). By using the similar way as in (3.28), for 0 < s < t ≤ T , we
obtain

‖J2(t, s)‖L2(Ω) ≤C ′
2M

2
2

M1
T −αm

∫ s

0
(t − τ)αm−1‖f (s, ·) − f (t, ·)‖D(Am)dτ

≤ C ′
2M

2
2

M1αm
T −αmsαm+β−θ−1(t − s)θ‖f ‖F β,θ

(3.30)
and

‖J3(t, s)‖L2(Ω) ≤C ′
2M

2
2

M1
T −αm

∫ t

s

(t − τ)αm−1‖f (τ, ·) − f (t, ·)‖D(Am)dτ

≤ C ′
2M

2
2

M1(αm + θ)
T −αmsβ−θ−1(t − s)αm+θ‖f ‖F β,θ .

(3.31)

Therefore, together with (3.29), (3.30), and (3.31), there exists a positive constant
C such that

s1−β+θ‖J1(t) − J1(s)‖L2(Ω)

(t − s)θ
≤ C‖f ‖F β,θ

and

lim
t→0

sup
0<s<t

s1−β+θ‖J2(t) − J2(s)‖L2(Ω)

(t − s)θ
= 0.
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On the other hand, we know

J2(t) − J2(s)

=
∞∑

n=1

(∫ t

0
−λn(t − τ)α−1Eα,α(−λn(t − τ)α)(fn(t) − fn(s))dτ

)

en(x)

+
∞∑

n=1

(∫ s

0
−λn

(
(t − τ)α−1Eα,α(−λn(t − τ)α)

− (s − τ)α−1Eα,α(−λn(s − τ)α)
)
fn(s)dτ

)

en(x)

+
∞∑

n=1

(∫ t

s

−λn(t − τ)α−1Eα,α(−λn(t − τ)α)fn(s)dτ

)

en(x).

Therefore, by using the similar way as in (3.25)–(3.28), there exists a constant C

such that

s1−β+θ‖J2(t) − J2(s)‖L2(Ω)

(t − s)θ
≤ C‖f ‖F β,θ

and

lim
t→0

sup
0<s<t

s1−β+θ‖J2(t) − J2(s)‖L2(Ω)

(t − s)θ
= 0.

The above arguments imply that T3f fulfills (3.3) and (3.4). Hence, we obtain that
T3f ∈ F β,θ ((0, T ];L2(Ω)). Consequently, combined with the above arguments,
the estimate (3.22) holds, that is, the desired result is obtained.

Next, we introduce the following definition of classical solution of the prob-
lem (3.1).

Definition 3.2 A function u is called a classical solution of the problem (3.1) if u ∈
L2(Ω) is continuous on [0,T], ∂tu exists and is continuous on (0, T ], u(t) ∈ D(A)

for t ∈ (0, T ], and (3.8) is satisfied.

Remark 3.3 It is obvious that a classical solution is a mild solution under the
appropriate given data.

Theorem 3.3 Let 0 < m < 1, 0 < θ < β ≤ 2αm + θ − 1 and αm + θ ≤ 1.
Assume that f ∈ F β,θ ((0, T ];D(A)), and g ∈ D(A1+m). Then the problem (3.1)
possesses a unique classical solution u in the function space
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{
u ∈ C([0, T ];L2(Ω)) ∩ C((0, T ];D(A)),

∂tu ∈ F β,θ ((0, T ];L2(Ω)).

Furthermore, there exists a positive constant C such that

‖u(t, ·)‖L2(Ω) + tα‖u(t, ·)‖D(A) + ‖∂tu‖F β,θ ≤ C
(‖g‖D(A1+m) + ‖f ‖F β,θ

)
.

Proof With the aid of Proposition 1.11, we have

∣
∣
∣
∣
Eα,κ(−λnt

α)

Eα(−λnT α)

∣
∣
∣
∣ ≤ M2

M1

(
1 + λnT

α
)
, for all κ ∈ R, t ∈ [0, T ].

Noting the definition of spaces D(A1+m) and D(Am), it allows us to find a positive
constant C3 which may depend on λ1 such that ‖g‖D(Am) ≤ C3‖g‖D(A1+m) and
hence

‖(P1g)(t, ·)‖L2(Ω) ≤ M2C
′
3

M1
‖g‖D(A1+m),

where C ′
3 = (

2(C3 + T 2α)
)1/2

. For any t, s ∈ [0, T ] with s < t , by (i) in
Proposition 1.13, (3.16), and (3.24), it follows that

‖(P1g)(t, ·) − (P1g)(s, ·)‖2
L2(Ω)

=
∞∑

n=1

∣
∣
∣
∣
Eα(−λnt

α) − Eα(−λns
α)

Eα(−λnT α)

∣
∣
∣
∣

2

|gn|2

=
∞∑

n=1

∣
∣
∣
∣

∫ t

s

λnτ
α−1 Eα(−λnτ

α)

Eα(−λnT α)
dτ

∣
∣
∣
∣

2

|gn|2

≤M2
2

M2
1

T 2α(1−m)

∣
∣
∣
∣

∫ t

s

τ αm−1dτ

∣
∣
∣
∣

2 ∞∑

n=1

λ2n(1 + λm
n T αm)2|gn|2

≤
(

C ′
1M2

M1αm
T α(1−m)(t − s)αm

)2

‖g‖2
D(A1+m)

.

It means that (P1g)(t, ·) − (P1g)(s, ·) tends to 0 when t − s approaches 0.
According to the definition of space D(A), it follows that there exists a positive

constant C4 which may depend on λ1 such that ‖f ‖L2(Ω) ≤ C4‖f ‖D(A), and
similarly to (3.13), we have

‖P2f (t, ·)‖L2(Ω) ≤C4M
2
2T

β

M1

Γ (β)Γ (1 − α)

Γ (1 + β − α)
‖f ‖F β,θ .
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Moreover, for any t, s ∈ [0, T ] with s < t , it yields that

‖P2f (t, ·) − P2f (s, ·)‖L2(Ω)

≤M2T
α

M1

∫ T

0
(T − τ)−α

( ∞∑

n=1

∣
∣Eα(−λnt

α) − Eα(−λns
α)
∣
∣2 |fn(τ)|2

)1/2

dτ

≤M2T
α

M1

∫ T

0
(T − τ)−α

( ∞∑

n=1

∣
∣
∣
∣

∫ t

s

λnτ
α−1Eα(−λnτ

α)dτ

∣
∣
∣
∣

2

|fn(τ)|2
)1/2

dτ

≤M2
2T

α

M1α
(t − s)α

∫ T

0
(T − τ)−α‖f (τ, ·)‖D(A)dτ

≤M2
2T

β

M1α

Γ (β)Γ (1 − α)

Γ (1 + β − α)
(t − s)α‖f ‖F β,θ ,

which implies that (P2f )(t, ·) − (P2f )(s, ·) tends to 0 when t − s approaches 0.
On the other hand, similarly to (3.17), we obtain

‖(P3f )(t, ·)‖L2(Ω) ≤ C4M2β
−1tβ‖f ‖F β,θ

and

‖(P3f )(t, ·) − (P3f )(s, ·)‖L2(Ω)

≤
∫ t

s

( ∞∑

n=1

∣
∣Eα(−λn(t − τ)α)fn(τ )

∣
∣2

)1/2

dτ

+
∫ s

0

( ∞∑

n=1

∣
∣
(
Eα(−λn(t − τ)α) − Eα(−λn(s − τ)α)

)
fn(τ)

∣
∣2

)1/2

dτ

≤C4M2

∫ t

s

‖f (τ, ·)‖D(A)dτ

+
∫ s

0

( ∞∑

n=1

∣
∣
∣
∣

∫ t−τ

s−τ

λnξ
α−1Eα,α(−λnξ

α)dξ

∣
∣
∣
∣

2

|fn(τ)|2
)1/2

dτ

≤C4M2β
−1(tβ − sβ)‖f ‖F β,θ + M2

∫ s

0

∣
∣
∣
∣

∫ t−τ

s−τ

ξα−1dξ

∣
∣
∣
∣ ‖f (τ, ·)‖D(A)dτ

≤C4M2β
−1(t − s)β‖f ‖F β,θ + M2

βα
(t − s)αsβ‖f ‖F β,θ ,

where we use (3.16). Hence we obtain that (P3f )(t, ·) − (P3f )(s, ·) tends to 0
when t − s approaches 0. Hence, this shows that P3f ∈ C([0, T ];L2(Ω)). By
applying the triangle inequality for Eq. (3.7), we have
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‖u(t, ·) − u(s, ·)‖L2(Ω)

≤‖P1g(t, ·) − P1g(s, ·)‖L2(Ω) + ‖P2f (t, ·) − P2f (s, ·)‖L2(Ω)

+ ‖P3f (t, ·) − P3f (s, ·)‖L2(Ω) → 0, as t − s → 0.

It means that u ∈ C([0, T ];L2(Ω)).
We now consider the following operators:

Q1g(t, ·) :=
∞∑

n=1

−λnEα(−λnt
α)

Eα(−λnT α)
gnen(x),

Q2f (t, ·) :=
∞∑

n=1

λnEα(−λnt
α)

Eα(λnT α)

(∫ T

0
Eα(−λn(T − s)α)fn(s)ds

)

en(x),

Q3f (t, ·) :=
∞∑

n=1

(∫ t

0
−λnEα(−λn(t − s)α)fn(s)ds

)

en(x).

In view of (3.9), as the same way we obtained in Remark 3.2, it is easy to check
that Q1g is finite and continuous on (0, T ]. Moreover, by using (3.24), (3.15), and
(i) in Proposition 1.13, similarly to (3.25) and (3.27), we also obtain that Q2f is
finite and continuous on (0, T ]. The result Q3f ∈ C((0, T ];L2(Ω)) holds as well.
Indeed, by (3.28), (3.24), and Proposition 1.11, it is easy to see that Q3f is finite.
As the similar proof process in Theorem 3.1, by the embedded relationship between
D(A) and L2(Ω), we can deduce that (Q3f )(t, ·) − (Q3f )(s, ·) tend to 0 when
t − s approaches 0 for all t, s ∈ (0, T ]. With the same argument as for Theorem 3.1
again, the uniqueness of the classical solution follows.

Since en(x) is the eigenfunctions of the eigenvalue problem (3.2), it means that
there exists a unique classical solution u such that Au = Q1g + Q2f + Q3f .
Consequently, the result ∂tu ∈ F β,θ ((0, T ];L2(Ω)) can be verified as the same
methods in Theorem 3.2 immediately. This shows that all desired results hold.

As an application of Theorems 3.1 and 3.2, we obtain the following conclusion.

Theorem 3.4 Let 0 < m < 1, 0 < θ < β ≤ 2αm+θ −1 and αm+θ ≤ 1. Assume
that f ∈ F β,θ ((0, T ];L2(Ω)), and g ∈ D(Am). Then the problem (3.1) possesses
a unique mild solution u in the function space

{
u ∈ C((0, T ];L2(Ω)) ∩ C([0, T ];D(A−1)),

∂tu ∈ F β,θ ((0, T ];D(A−1)).

Furthermore, there exists a positive constant C such that

tα‖u(t, ·)‖L2(Ω) + ‖u(t, ·)‖D(A−1) + ‖∂tu‖F β,θ ≤ C
(‖g‖D(Am) + ‖f ‖F β,θ

)
.
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3.1.4 Example

We get two examples as follows to illustrate our main results.

Example 3.1 Let α ∈ (0, 1),Ω = (0, 1), T = 1, and f (t, x) = t−αx(1−x)/Γ (1−
α) for x ∈ Ω . Obviously, function f is not Hölder continuous on [0, 1] × Ω , but
it is weighted Hölder continuous. Then, we shall consider the following backward
problem for fractional diffusion equation:

∂tu(t, x) = ∂1−α
t uxx(t, x) + f (t, x), 0 < t < 1,

associated with the boundary value conditions

u(t, 0) = u(t, 1) = 0, 0 < t < 1

and the finial value condition

u(1, x) = g(x), x ∈ Ω.

For this case, we know that λn = n2π2 and en(x) = sin(nπx), n ∈ N
+. Let

g(x) = cos (xπ/2). It is easy to check that

gn = 8
√

λn

4λn − π2 and fn(t) = 4(1 − (−1)n)

λ
3/2
n Γ (1 − α)

t−α.

Hence, g ∈ D(Am) for 0 < m < 1 and f (t, ·) ∈ D(A); then there exists a unique
mild solution u(t, x) = ∑∞

n=1 un(t) sin(nπx) that belongs to C((0, T ];L2(Ω)) by
Theorem 3.1 in which

un(t) =Eα(−λnt
α)

Eα(−λn)

(

gn − 4

λ
3/2
n

(1 − (−1)n)Eα,2−α(−λn)

)

+ 4

λ
3/2
n

(1 − (−1)n)t1−αEα,2−α(−λnt
α),

and it further possesses the conclusions of Theorem 3.4 provided with 0 < θ < β ≤
min{1 − α, 2αm + θ − 1} and αm + θ ≤ 1.

Example 3.2 If we set g(x) = x(1 − 2x2 + x3) in Example 3.1, for a simple
calculation, we can deduce that gn = 24(1 − (−1)n)/λ5/2n , n ∈ N

+. Hence, g ∈
D(A1+m) for all 0 < m < 1. Then there exists a unique classical solution u defined
as in Example 3.1 which satisfies all conclusions of Theorem 3.3, and there exists
a mild solution which satisfies the conclusion of Theorem 3.2 both cases provided
with 0 < θ < β ≤ min{1 − α, 2m + θ − 1} and αm + θ ≤ 1.
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3.2 Terminal Value Problem

3.2.1 Introduction

Nonlinear diffusion equations, an important class of parabolic equations, come
from many diffuse phenomena that appear widely in nature. They are proposed as
mathematical models of physical problems in many areas, such as filtering, phase
transition, biochemistry, and dynamics of biological groups. Many new ideas and
methods have been developed to consider some various kinds of nonlinear diffusion
equations. We list some selected works in recent time, for example, Caffarelli et al.
[49], Duzaar et al. [24, 25, 57], Vazquez et al. [22, 23, 89, 198], and the references
therein.

We present existence and regularity estimates for the solutions to a final boundary
value problem for a space-time fractional diffusion equation. Let D be an open
and bounded domain in R

k, (k ≥ 1) with boundary ∂D. Given 0 < α < 1 and
0 < β ≤ 1, a forcing (or source) function F , we consider the final value problem
for the time fractional diffusion equation

C
0D

α
t u(t, x) = −L βu(t, x) + F(t, x, u(t, x)), (t, x) ∈ J × D, (3.32)

with the boundary condition

H u(t, x) = 0, (t, x) ∈ J × ∂D (3.33)

and the final condition

u(T , x) = ϕ(x), x ∈ D, (3.34)

where ϕ is a given function. Here J is the interval (0, T ), and the notation C
0D

α
t for

0 < α < 1 represents the Caputo fractional derivative of order α which is defined
as follows:

C
0D

α
t u(t, x) := g1−α(t)∗ ∂

∂t
u(t, x) = 1

Γ (1 − α)

∫ t

0
(t−s)−α ∂

∂s
u(s, x)ds, t > 0;

here gα(t) = 1
Γ (α)

tα−1, t > 0, and ∗ denotes the convolution. For α = 1, we

consider the usual time derivative ∂u
∂t
. The fractional power L β(0 < β ≤ 1) of the

Laplacian operator L on D is defined by its spectrum. The symmetric uniformly
elliptic operator is defined on the space L2(D) by

L u(x) = −
k∑

i=1

∂

∂xi

⎛

⎝
k∑

j=1

Lij (x)
∂

∂xj

u(x)

⎞

⎠ + b(x)u(x),
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provided that Lij ∈ C1
(
Ω
)
, b ∈ C

(
Ω
)
, b(x) ≥ 0 for all x ∈ Ω , Lij =

Lj i , 1 ≤ i, j ≤ k, and ξT
[
Lij (x)

]
ξ ≥ L0|ξ |2 for some L0 > 0, x ∈ Ω ,

ξ = (ξ1, ξ2, . . . , ξk) ∈ R
k . Equation (3.32) is equipped with H v = v or

H v = (
−→
L ∇v) · −→n , where

−→
L = [Lij (x)]ki,j=1 is a k × k matrix and n is the outer

normal vector of ∂D. Then the operator L is self-adjoint under this impedance
boundary condition.

The time-fractional reaction diffusion equation arises in describing “memory”
occurring in physics such as plasma turbulence [50], and it was introduced by
Nigmatullin [171] to describe diffusion in media with fractal geometry, which is
a special type of porous media and is applied in the flow in highly heterogeneous
aquifer [19] and single-molecular protein dynamics [122]. In a physical model
presented in [235], the fractional diffusion corresponds to a diverging jump length
variance in the random walk, and a fractional time derivative arises when the
characteristic waiting time diverges.

If the final condition (3.34) is replaced by the initial condition

u(0, x) = u0(x), x ∈ D, (3.35)

then the problem (3.32)–(3.35) is called a forward problem (or an initial value
problem) for time-space fractional diffusion equations; for applications of this type
of equation see [66], and for the abstract form of (3.32) and (3.35) see [41]. Carvaho
et al. [46] established a local theory of mild solutions for the problem (3.32)
and (3.35) where L β is a sectorial (nonpositive) operator. Guswanto [77] studied
the existence and uniqueness of local mild solutions for a class of initial value
problems for nonlinear fractional evolution equations, and the study of existence
of initial value problems was considered by Warma et al. [66]. A significant number
of papers were devoted to extend properties holding in the standard setting to the
fractional one (see, e.g., [55, 69, 116, 134, 205]).

Numerical approximation for solutions for the problem (3.32)–(3.35) was stud-
ied by Jin et al. [104, 106], and for other works on fractional diffusion see
[131, 172, 174, 243]. However, the literature on regularity of the initial value
problem for fractional diffusion-wave equations is scarce; for the linear case see
[43, 158, 172, 188], and for the nonlinear case see [10, 66, 112, 168]. Although
there are many works on the direct problem, the results on inverse problem for
fractional diffusion are scarce. We can list some papers of Yamamoto and his group
[102, 127, 130, 145, 166, 221], of Kaltenbacher et al. [107, 108], of Rundell et al.
[183, 184], of Janno [97, 98], etc.

In practice, the initial data of some problems may not be known since many
phenomena cannot be measublack at the initial time. Phenomena can be observed
at a final time t = T , such as, in the image processing area. A picture is
not processed at the capturing time t = 0. Instead, one wishes to recover the
original information of the picture from its blurry form. Hence, inverse problems
or terminal value problems or final value problems (IPs/FVPs), i.e., the fractional
differential equations (FDEs) equipped with final value data, have been considered.
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IPs/FVPs are important in engineering in detecting the previous status of physical
fields from its present information. If b = 0 and F(u(x, t)) = F(x, t), Tuan
et al. [206] showed that problem (3.32)–(3.34) has a unique weak solution when
ϕ ∈ H 2(Ω) and F ∈ L∞(0, T ;H 2(Ω)), and other works on the homogeneous
case for the problem (3.32)–(3.34) can be found in [101, 206]. Wei and her group
[224–226, 228] studied some regularization methods for homogeneous backward
problem, and Yamamoto et al. [138] considered a backward problem in time for
a time-fractional partial differential equation in the one-dimensional case. When
α = 1, systems (3.32) and (3.34) are reduced to the backward problem for classical
reaction diffusion equations and were studied in [15, 80, 209].

To the best of the authors’ knowledge, [210] was the first paper that analyzed the
problem (3.32)–(3.34). The authors presented existence and uniqueness results and
derived regularity estimates in both time and space. In what follows, the authors
analyzed the difficulties of this problem. By letting u(t, ·) = O(t)(f, ϕ), the
solution operator O(0) is really not bounded in L2(D). Hence continuity of mild
solutions does not hold at the initial time t = 0. In addition, since the fractional
derivative is nonlocally defined, if we put v(t) = u(T −t), then C

0D
α
t u(s)|s=T −t does

not equal C
0D

α
t v(t), so the problem cannot be changed to an initial value problem.

As a result we need new techniques to deal with the FVP (3.32)–(3.34). To the best
of our knowledge, the work on the final value problem is still limited.

The main results in this section can be split into two parts, linear and nonlinear
source functions. Linear models are sometimes good approximations of the real
problems under consideration and provide mathematical tools needed to study
nonlinear phenomena, especially for semi-linear and quasi-linear equations. In part
1, we consider the regularity property of the solutions in the linear case F . We seek
to address the following question: If the data is regular, how regular is the solution?
Our task in this part is to find a suitable Banach space for the given data (ϕ, F )

in order to obtain regularity results for the corresponding solution. In part 2, we
discuss existence, uniqueness, and regularity for the solutions to (3.32)–(3.34) for
the nonlinear problem. Our main motivation for deriving regularity results is that
one needs it for a rigorous study of a numerical scheme to approximate the solution.
To the best of our knowledge, regularity results on inverse initial value problems
(final value problems) for fractional diffusion are still unavailable in the literature.
For initial value problems, McLean et al. [158], Jin et al. [106], and Mu et al. [168]
considered existence and regularity results of the solutions in C([0, T ];L2(D)).
However it seems that the techniques in [106, 168] cannot be applied for our
problems (it is impossible to apply some well-known fixed point theorems with
some spaces in [106] for establishing unique solution). To overcome this we need
data ϕ in a suitable space, and we will use a Picard iteration argument and then
develop some new techniques to obtain existence and regularity of the solutions.

The rest of this section is organized as follows. In Sect. 3.2.2, we give basic
notations and preliminaries, and we propose a mild solution of our problem. In
Sect. 3.2.3, we give some regularity results of the linear inhomogeneous problem.
Section 3.2.4 is devoted to existence and regularity for nonlinear problems, and
Sect. 3.2.5 considers global existence.
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3.2.2 Notations and Preliminaries

3.2.2.1 Functional Space

In this subsection, we introduce some functional spaces for solutions of FVP (3.32)–
(3.34). By {mj }j≥1 and {ej (x)}j≥1, we denote the spectrum and sequence of
eigenfunctions of L which satisfy ej ∈ {v ∈ H 2(D) : H v = 0}, L ej (x) =
mjej (x), 0 < m1 ≤ m2 ≤ . . . ≤ mj ≤ . . ., and lim

j→∞ mj = ∞. The sequence

{ej (x)}j≥1 forms an orthonormal basis of the space L2(D). For a given real number
p ≥ 0, the Hilbert scale space H 2p(D) is defined by

⎧
⎨

⎩
v ∈ L2(D) : ‖v‖2

H 2p(D)
:=

∞∑

j=1

(v, ej )
2m

2p
j < ∞

⎫
⎬

⎭
,

where (·, ·) is the usual inner product of L2(D). The fractional power L β , β ≥ 0,
of the Laplacian operator L on D is defined by

L βv(x) :=
∞∑

j=1

(v, ej )m
β
j ej (x). (3.36)

Then, {mβ
j }j≥1 is the spectrum of the operator L β . We denote by Vβ the domain of

L β , and then

Vβ = {v ∈ L2(D) : ‖L βv‖ < ∞},

where ‖ · ‖ is the usual norm of L2(D), and Vβ is a Banach space with respect
to the norm ‖v‖Vβ

= ‖L βv‖. Moreover, the inclusion Vβ ⊂ H 2β(D) holds for

β > 0. We identify the dual space
(
L2(D)

)′ = L2(D) and define the domain

V−β := D(L −β) by the dual space of Vβ , i.e., V−β = (
Vβ

)′. Then, V−β is a
Hilbert space endowed with the norm

‖v‖V−β
:=

⎧
⎨

⎩

∞∑

j=1

(v, ej )
2−β,βm

−2β
j

⎫
⎬

⎭

1/2

,

where (·, ·)−β,β denotes the dual inner product between V−β and Vβ . We note
that the Sobolev embedding Vβ ↪→ L2(D) ↪→ V−β holds for 0 < β < 1, and
(ṽ, v)−β,β = (ṽ, v), for ṽ ∈ L2(D), v ∈ Vβ . Hence, we have

(ei, ej )−β,β = (ei, ej ) = δij , (3.37)
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where δij is the Kronecker delta for i, j ∈ N
+. Moreover, for given p1 ≥ 1 and

0 < η < 1, we denote by Xp1,η(J ×D) the set of all functions f from J to Lp1(D)

such that

|||f |||Xp1,η
:= esssup0≤t≤T

∫ t

0
‖f (τ, ·)‖p1

(t − τ)η−1dτ < ∞, (3.38)

where ‖.‖p1
is the norm of Lp1(D). Note that, for fixed t > 0, Hölder’s inequality

shows that

∫ t

0
‖f (τ, ·)‖p1

(t−τ)η−1dτ ≤
[∫ t

0
‖f (τ, ·)‖p2

p1 dτ

] 1
p2

[∫ t

0
(t − τ)

p2(η−1)
p2−1 dτ

] p2−1
p2

.

In the above inequality, we note that the function τ → (t − τ)
p2(η−1)
p2−1 is integrable

for p2 > 1
η
. Therefore, if we let Lp2(0, T ;Lp1(D)), p1, p2 ≥ 1, be the space of all

Bochner’s measurable functions f from J to Lp1(D) such that

‖f ‖Lp2 (0,T ;Lp1 (D)) :=
[∫ t

0
‖f (τ, ·)‖p2

p1 dτ

] 1
p2

< ∞,

then the following inclusion holds

Lp2(0, T ;Lp1(D)) ⊂ Xp1,η(J × D), for p2 >
1

η
, (3.39)

and there exists a positive constant C > 0 such that

|||f |||Xp1,η
≤ C ‖f ‖Lp2 (0,T ;Lp1 (D)) ; (3.40)

here, C depends only on p2, η, and T . Moreover, for a given number s such that
0 < s < η, we have Xp1,η−s(J × D) ⊂ Xp1,η(J × D) since |||f |||Xp1,η

≤
T s |||f |||Xp1,η−s

. Let B be a Banach space, and we denote by C([0, T ];B) the
space of all continuous functions from [0, T ] to B endowed with the norm
‖v‖C([0,T ];B) := sup0≤t≤T ‖v(t)‖B and by Cθ([0, T ];B), 0 < θ ≤ 1, the subspace
of C([0, T ];B) which includes all Hölder continuous functions and is equipped
with the norm

|||v|||Cθ ([0,T ];B) := sup
0≤t1<t2≤T

‖v(t2) − v(t1)‖B

|t2 − t1|θ .

In some cases, a given function might not be continuous at t = 0. Hence, it is useful
to consider the set C((0, T ];B) which consists of all continuous functions from
(0, T ] to B. We define by C

ρ
w((0, T ];B) the weighted Banach space of all functions

v in C((0, T ];B) such that
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‖v‖C
ρ
w((0,T ];B) := sup

0<t≤T

tρ ‖v(t)‖B < ∞.

Now, we discuss solutions of the FVP for the fractional ordinary equation

C
0D

α
t v(t) = g(t, v(t)) − mv(t), t ∈ J and v(T ) = vT , (3.41)

where m and vT are given real numbers. Here, we wish to find a representation
formula for v in terms of the given function g and the final value data vT . By
applying the fractional integral 0D

−α
t on both sides of the equation (3.41), we obtain

v(t) = v(0) + 0D
−α
t [g(t, v(t)) − mv(t)] .

The Laplace transform yields that

v = λα−1

λα + m
v(0) + 1

λα + m
g(v),

where v is the Laplace transform of v. Hence, the inverse Laplace transform implies

v(t) = v(0)Eα,1(−mtα) + g(t, v(t)) ∗
[
tα−1Eα,α(−mtα)

]
. (3.42)

Here, Eα,1 and Eα,α are the Mittag-Leffler functions which are defined in Defini-
tion 1.7. Now, a representation of the solution of FVP (3.41) can be obtained by
substituting t = T into (3.42) and using the final value data v(T ) = vT , i.e.,

v(t) =g(t, v(t)) ∗ Ẽα,α(−mtα)

+
[
vT − (

g(r, v(r)) ∗ Ẽα,α(−mrα)
)∣
∣
r=T

] Eα,1(−mtα)

Eα,1(−mT α)
,

where

Ẽα,α(−mtα) := tα−1Eα,α(−mtα). (3.43)

3.2.2.2 Mild Solutions of FVP and Unboundedness of Solution Operators

A representation of solutions and the definition of mild solutions are given in this
subsection, and then we analyze the unboundedness of solution operators. By the
definition (3.36) of L β , the identity L βej (x) = m

β
j ej (x) holds. Hence, in view

of the Fourier expansion u(t, x) = ∑∞
j=1 uj (t)ej (x), where uj (t) = (u(t, ·), ej ),

Eq. (3.32) can be rewritten as
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⎛

⎝C
0D

α
t

∞∑

j=1

uj (t)ej , ej

⎞

⎠ = −
⎛

⎝L β
∞∑

j=1

uj (t)ej , ej

⎞

⎠

+ (
F(t, x, u(t, x)), ej

)
, t ∈ J.

This is equivalent to the equation

C
0D

α
t uj (t) = Fj (t, u(t)) − m

β
j uj (t), Fj (t, u(t)) = (F (t, x, u(t, x)), ej ).

By applying the method of solutions of FVPs for fractional ordinary equations in
Subsection 3.2.2.1 and using the final value data (3.34), we derive

uj (t) =Fj (t, u(t)) ∗ Ẽα,α(−m
β
j tα)

+
[
ϕj − (

Fj (r, u(r)) ∗ Ẽα,α(−m
β
j rα)

)∣∣
∣
r=T

] Eα,1(−m
β
j tα)

Eα,1(−m
β
j T α)

,
(3.44)

where ϕj = (ϕ, ej ). Therefore, we obtain a spectral representation for u as follows:

u(t, x) =
∞∑

j=1

Fj (t, u(t)) ∗ Ẽα,α(−m
β
j tα)ej (x)

+
∞∑

j=1

[
ϕj − (

Fj (r, u(r)) ∗ Ẽα,α(−m
β
j rα)

)∣∣
∣
r=T

] Eα,1(−m
β
j tα)

Eα,1(−m
β
j T α)

ej (x).

For g ∈ L2(0, T ;L2(D)) and v ∈ L2(D), let us denote by On, 1 ≤ n ≤ 3, the
following operators

(O1g)(t, x) :=
∞∑

j=1

gj (t) ∗ Ẽα,α(−m
β
j tα)ej (x),

(O2(t)v)(x) :=
∞∑

j=1

vj

Eα,1(−m
β
j tα)

Eα,1(−m
β
j T α)

ej (x),

and (O3g)(t) := −O2(t)(O1g)(T ) on L2(D), for t ∈ J . Then, the solution u can
be represented as

u(t, x) = (O1F)(t, x) + (O2(t)ϕ)(x) + (O3F)(t, x), (3.45)

for (t, x) ∈ J × D.
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One of the most important things, when we consider the well-posedness of
a PDE, is the boundedness of solution operators. Corresponding to the initial
value problem (3.32), (3.33), (3.35), the solution operators are usually bounded in
L2(D), see, e.g., [112, 114, 158, 168, 174]. Unfortunately, some solution operators
of FVP (3.32) and (3.34) are not bounded on L2(D) at t = 0. For this purpose, we
recall that, for 0 < α < 1 and z < 0, there exist positive constants cα , ĉα such that

cα

1 + |z| ≤ |Eα,1(z)| ≤ ĉα

1 + |z| , |Eα,α(z)| ≤ min

{
ĉα

1 + |z| ,
ĉα

1 + |z|2
}

,

(3.46)

see, for example, [52, 180, 187]. Now, let v0 be defined by v0,j := (v0, ej ) =
j−1/2m

−β
j , j ≥ 1. Then, it is easy to see that v0 belongs to Vβγ for 0 ≤ γ < 1 and

does not for γ ≥ 1. Using the inequalities (3.46), we have

‖O2(0)v0‖2 =
∞∑

j=1

v20,j

E2
α,1(−m

β
j T α)

≥ c−2
α

∞∑

j=1

v20,j (1 + m
β
j T α)2

≥c−2
α T 2α

∞∑

j=1

v20,jm
2β
j = c−2

α T 2α
∞∑

j=1

j−1 = ∞,

which shows the unboundedness of O2(0) on L2(D). Similarly, the unboundedness
of O3(0) on L2(D) can be shown.

3.2.3 Final Value Problem with a Linear Source

In this subsection, we study the regularity of mild solutions of final value prob-
lem (FVP) (3.32)–(3.34) corresponding to the linear source function F , i.e.,
F(t, x, u(t, x)) = F(t, x) which does not include u. We will investigate the
regularity of the following FVP:

⎧
⎪⎪⎨

⎪⎪⎩

C
0D

α
t u(t, x) = −L βu(t, x) + F(t, x), (t, x) ∈ J × D,

H u(t, x) = 0, (t, x) ∈ J × ∂D,

u(T , x) = ϕ(x), x ∈ D,

(3.47)

where ϕ, F will be specified later. In order to consider this problem, it is necessary
to give a definition of mild solutions based on (3.45) as follows.

Definition 3.3 If a function u belongs to Lp(0, T ;Lq(D)), for some p, q ≥ 1, and
satisfies the equation
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u(t, x) = (O1F)(t, x) + (O2(t)ϕ)(x) + (O3F)(t, x), (3.48)

then u is said to be a mild solution of FVP (3.47).

In what follows, we introduce some assumptions on the final value data ϕ and
the linear source function F .

(R1) 0 < p, q < 1 such that p + q = 1.
(R2) 0 < r ≤ 1−αq

αq
.

(R3) 0 < s < min{αq, 1 − αq}.
(R4) 0 < p′ ≤ p − s

α
, q ′ = 1 − p′, 0 < r ≤ 1−αq ′

αq ′ .

(R5) 0 ≤ q̂ ≤ min{p, q, s
α
}, p̂ = 1 − q̂, 0 < r̂ ≤ 1−α

α
.

In the following lemma, we will show that solutions of FVP (3.47) must be
bounded by a power function t−αq , for some appropriate number q, i.e.,

‖u(t, ·)‖ � t−αq, for all 0 < t ≤ T .

Lemma 3.1 Let p, q be defined by (R1), and u satisfies (3.48). If ϕ ∈ Vβp and
F ∈ X2,αq(J × D), then there exists a constant C0 > 0 such that

‖u(t, ·)‖ ≤ C0

(
‖ϕ‖Vβp

+ |||F |||X2,αq

)
t−αq . (3.49)

Proof The inequality (3.46) shows that

Eα,α(−m
β
j (t − τ)α) ≤ ĉα

[
1 + m

β
j (t − τ)α

]−p ≤ ĉαm
−βp
j (t − τ)−αp. (3.50)

Combined with the definition (O1F)(t, x) = ∑∞
j=1 Fj (t)∗ Ẽα,α(−m

β
j tα)ej (x), we

have that

‖(O1F)(t, ·)‖ ≤
∫ t

0

∥
∥
∥
∥
∥
∥

∞∑

j=1

Fj (τ)Ẽα,α(−m
β
j (t − τ)α)ej

∥
∥
∥
∥
∥
∥

dτ

=
∫ t

0

⎧
⎨

⎩

∞∑

j=1

F 2
j (τ )E2

α,α(−m
β
j (t − τ)α)(t − τ)2α−2

⎫
⎬

⎭

1/2

dτ

≤ĉα

∫ t

0

⎧
⎨

⎩

∞∑

j=1

F 2
j (τ )m

−2βp
j (t − τ)−2αp(t − τ)2α−2

⎫
⎬

⎭

1/2

dτ.

(3.51)

Hence, we obtain the following estimate:
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‖(O1F)(t, ·)‖ ≤ĉαm
−βp

1

∫ t

0
‖F(τ, ·)‖ (t − τ)αq−1dτ ≤ M1t

−αq |||F |||X2,αq
,

(3.52)

by noting (3.38) and letting M1 = ĉαm
−βp

1 T αq . In addition, the norm ‖O2(t)ϕ‖ can
be estimated as

‖O2(t)ϕ‖ =
⎧
⎨

⎩

∞∑

j=1

ϕ2
j

E2
α,1(−m

β
j tα)

E2
α,1(−m

β
j T α)

⎫
⎬

⎭

1/2

≤ ĉαc−1
α

⎧
⎨

⎩

∞∑

j=1

ϕ2
j

[
1 + m

β
j T α

1 + m
β
j tα

]2
⎫
⎬

⎭

1/2

.

The ratio
1+m

β
j T α

1+m
β
j tα

is clearly bounded by both 1 + m
β
j T α and T α

tα
. Moreover, the

increasing property of the sequence {mj }j≥1 shows 1 ≤ m
−β
1 m

β
j . Thus, we have

1+m
β
j T α ≤ (m

−β
1 +T α)m

β
j . By noting p + q = 1, one can deduce that the ratio is

bounded by the product of T αqt−αq and (1 + m
β
j T α)p. Bring the above arguments

together, and this leads to

‖O2(t)ϕ‖ ≤ĉαc−1
α

⎧
⎨

⎩

∞∑

j=1

ϕ2
j

T 2αq

t2αq
(1 + m

β
j T α)2p

⎫
⎬

⎭

1/2

≤ M2t
−αq ‖ϕ‖Vβp

,

(3.53)

where

M2 = ĉαc−1
α T αq(m

−β
1 + T α)p.

Now, we proceed to estimate ‖(O3F)(t, ·)‖ by using the same techniques as
in (3.51) and (3.53). As a consequence of

(O3F)(t, x) = − O2(t)(O1F)(T )(x)

= −
∞∑

j=1

(
Fj (r) ∗ Ẽα,α(−m

β
j rα)

)∣∣
∣
r=T

Eα,1(−m
β
j tα)

Eα,1(−m
β
j T α)

ej (x),

we can obtain the following estimates:

‖(O3F)(t, ·)‖

≤
∫ T

0

∥
∥
∥
∥
∥
∥

∞∑

j=1

Fj (τ)Eα,α(−m
β
j (T − τ)α)(T − τ)α−1

Eα,1(−m
β
j tα)

Eα,1(−m
β
j T α)

ej

∥
∥
∥
∥
∥
∥

dτ
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=
∫ T

0

⎧
⎨

⎩

∞∑

j=1

F 2
j (τ )E2

α,α(−m
β
j (T − τ)α)(T − τ)2α−2

E2
α,1(−m

β
j tα)

E2
α,1(−m

β
j T α)

⎫
⎬

⎭

1/2

dτ

≤ĉ2αc−1
α

∫ T

0

⎧
⎨

⎩

∞∑

j=1

F 2
j (τ )m

−2βp
j (T − τ)2αq−2 T 2αq

t2αq
(1 + m

β
j T α)2p

⎫
⎬

⎭

1/2

dτ.

A simple computation shows that

‖(O3F)(t, ·)‖ ≤M3t
−αq

∫ T

0
‖F(τ, ·)‖ (T − τ)αq−1dτ ≤ M3t

−αq |||F |||X2,αq
,

(3.54)

where we let M3 = ĉαM2. Finally, it follows from (3.52)–(3.54) and the iden-
tity (3.48) that

‖u(t, ·)‖ ≤ ‖(O3F)(t, ·)‖ + ‖O2(t)ϕ‖ + ‖(O3F)(t, ·)‖

≤
( ∑

1≤n≤3

Mn

)(
‖ϕ‖Vβp

+ |||F |||X2,αq

)
t−αq .

The inequality (3.49) is proved by letting C0 = ∑
1≤n≤3 Mn.

Based on Lemma 3.1, we consider existence, uniqueness, and regularity of
solutions in the following theorem which is divided into two parts. In the first
part, we obtain the existence and uniqueness of a mild solution in the space

L
1

αq
−r

(0, T ;L2(D)) for some suitable numbers q, r and for the given assumptions
on ϕ and F as in Lemma 3.1. In the second part, we improve the smoothness
of the mild solution by considering the spatial-fractional derivative L β(p−p′). It
is very important to investigate the continuity of the mild solution. We first show
that the mild solution is continuous from (0, T ] to L2(D). Moreover, we establish
the continuity on the closed interval [0, T ] which corresponds to lower spatial
smoothness, V−βq ′ , for a relevant number q ′.

Theorem 3.5

(a) Let p, q, r be defined by (R1), (R2). If ϕ ∈ Vβp and F ∈ X2,αq(J × D), then

FVP (3.47) has a unique solution u in L
1

αq
−r

(0, T ;L2(D)). Moreover, there
exists a positive constant C1 such that

‖u‖
L

1
αq −r

(0,T ;L2(D))
≤ C1 ‖ϕ‖Vβp

+ C1|||F |||X2,αq
. (3.55)

(b) Let p, q, s, r, p′, q ′ be defined by (R1), (R3), (R4). If ϕ ∈ Vβp, and F ∈
X2,αq−s(J × D), then FVP (3.47) has a unique solution u such that
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u ∈ L
1

αq′ −r
(0, T ;Vβ(p−p′)) ∩ Cαq

w ((0, T ];L2(D)) ∩ Cs([0, T ];V−βq ′).

Moreover, there exists a positive constant C2 such that

‖u‖
L

1
αq′ −r

(0,T ;Vβ(p−p′))
+ ‖u‖C

αq
w ((0,T ];L2(D)) + |||u|||Cs([0,T ];V−βq′ )

≤C2 ‖ϕ‖Vβp
+ C2|||F |||X2,αq−s

.

(3.56)

Proof The proof of part (a) can be easily obtained from Lemma 3.1. Indeed, the
inequality (3.49) leads to

‖u‖
L

1
αq −r

(0,T ;L2(D))
≤ C0

(
‖ϕ‖Vβp

+ |||F |||X2,αq

){∫ T

0
t
−αq

(
1

αq
−r

)

dt

} αq
1−αqr

.

Since −αq
(

1
αq

− r
)

> −1, the integral in the above inequality exists, i.e.,

t−αq belongs to L
1

αq
−r

(0, T ;R). Hence, FVP (3.47) has a solution u in

L
1

αq
−r

(0, T ;L2(D)). The uniqueness of u depends on the uniqueness of the
ODE (3.41). For the uniqueness of this ODE, see [115] (Theorem 3.25). Moreover,
the inequality (3.55) is derived by letting C1 = C0

∥
∥t−αq

∥
∥

L
1

αq −r
(0,T ;R)

. Now, we

proceed to prove part (b) which will be presented in the following steps.

Step 1. We prove u ∈ L
1

αq′ −r
(0, T ;Vβ(p−p′)).

Firstly, by the same argument as in the proof of (3.51), we derive the following
chain of inequalities:

‖(O1F)(t, ·)‖Vβ(p−p′)

≤
∫ t

0

∥
∥
∥
∥
∥
∥
L β(p−p′)

∞∑

j=1

Fj (τ)Ẽα,α(−m
β
j (t − τ)α)ej

∥
∥
∥
∥
∥
∥

dτ,

≤ĉα

∫ t

0

⎧
⎨

⎩

∞∑

j=1

F 2
j (τ )m

−2βp
j (t − τ)−2αp(t − τ)2α−2m

2β(p−p′)
j

⎫
⎬

⎭

1/2

dτ

≤ĉαm
−βp′
1

∫ t

0
‖F(τ, ·)‖ (t − τ)αq−1dτ ≤ M4t

−αq ′ |||F |||X2,αq−s
,

(3.57)

for M4 = ĉαm
−βp′
1 T αq ′+s , where the inequality |||F |||X2,αq

≤ T s |||F |||X2,αq−s

holds. Similarly, from ‖O2(t)ϕ‖Vβ(p−p′) =
∥
∥
∥L β(p−p′)O2(t)ϕ

∥
∥
∥ and the same way

as in the proof of (3.53), we have
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‖O2(t)ϕ‖Vβ(p−p′) ≤ ĉαc−1
α

⎧
⎨

⎩

∞∑

j=1

ϕ2
j

T 2αq ′

t2αq ′ (1 + m
β
j T α)2p

′
m

2β(p−p′)
j

⎫
⎬

⎭

1/2

≤ M5t
−αq ′ ‖ϕ‖Vβp

,

(3.58)

where we let M5 = ĉαc−1
α T αq ′

(m
−β
1 + T α)p

′
. Now, we will estimate the norm

‖(O3F)(t, ·)‖Vβ(p−p′) which will use the same estimate for the fraction
Eα,1(−m

β
j tα)

Eα,1(−m
β
j T α)

as in (3.58). Indeed, noting that (1+m
β
j T α)p

′ ≤ (m
−β
1 +T α)p

′
m

βp′
j , by using (3.46),

we see that

‖(O3F)(t, ·)‖Vβ(p−p′)

≤
∫ T

0

∥
∥
∥
∥
∥
∥
L β(p−p′)

∞∑

j=1

Fj (τ)Eα,α(−m
β
j (T − τ)α)(T − τ)α−1

Eα,1(−m
β
j tα)

Eα,1(−m
β
j T α)

ej

∥
∥
∥
∥
∥
∥

dτ

=
∫ T

0

⎧
⎨

⎩

∞∑

j=1

F 2
j (τ )E2

α,α(−m
β
j (T −τ)α)(T −τ)2α−2

E2
α,1(−m

β
j tα)

E2
α,1(−m

β
j T α)

m
2β(p−p′)
j

⎫
⎬

⎭

1/2

dτ

≤ĉαM5

∫ T

0

⎧
⎨

⎩

∞∑

j=1

F 2
j (τ )m

−2βp
j (T −τ)−2αp(T −τ)2α−2t−2αq ′

m
2βp′
j m

2β(p−p′)
j

⎫
⎬

⎭

1/2

dτ.

Thus, by some simple computations, one can get

‖(O3F)(t, ·)‖Vβ(p−p′) ≤ĉαM5t
−αq ′

∫ T

0
‖F(t, ·)‖ (T − τ)αq−1dτ

≤M6t
−αq ′ |||F |||X2,αq−s

,

(3.59)

with M6 = ĉαM5T
s , where the inequality |||F |||X2,αq

≤ T s |||F |||X2,αq−s
has been

used. Bring (3.57)–(3.59) and (3.48) together, and we have

‖u(t, ·)‖Vβ(p−p′) ≤ M7

(
‖ϕ‖Vβp

+ |||F |||X2,αq−s

)
t−αq ′

,

where M7 = ∑
4≤n≤6 Mn. Since the function t → t−αq ′

is clearly contained in the

space L
1

αq′ −r
(0, T ;R), we can take the L

1
αq′ −r

(0, T ;R)-norm on both sides of the
above inequality, namely
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‖u‖
L

1
αq′ −r

(0,T ;Vβ(p−p′))
≤ M8 ‖ϕ‖Vβp

+ M8|||F |||X2,αq−s
, (3.60)

where M8 = M7

∥
∥
∥t−αq ′∥∥

∥
L

1
αq′ −r

(0,T ;R)

.

Step 2. We prove u ∈ C
αq
w ((0, T ];L2(D)).

Let us consider 0 < t1 < t2 ≤ T . By (3.48), the difference u(t2, x) − u(t1, x)

can be calculated as

u(t2, x) − u(t1, x)

=
∞∑

j=1

Fj (t) ∗ Ẽα,α(−m
β
j tα)

∣
∣
∣
t=t2

t=t1
ej (x) +

∞∑

j=1

ϕj

Eα,1(−m
β
j tα)

Eα,1(−m
β
j T α)

∣
∣
∣
∣
∣

t=t2

t=t1

ej (x)

−
∞∑

j=1

(
Fj (r) ∗ Ẽα,α(−m

β
j rα)

)∣∣
∣
r=T

Eα,1(−m
β
j tα)

Eα,1(−m
β
j T α)

∣
∣
∣
∣
∣

t=t2

t=t1

ej (x).

By using the differentiation identities

d

dω
Eα,1(−m

β
j ωα) = −m

β
j Ẽα,α(−m

β
j ωα)

and

d

dω

(
Ẽα,α(−m

β
j ωα)

) = ωα−2Eα,α−1(−m
β
j ωα),

see, for example, [52, 180, 187], we have

Fj (t) ∗ Ẽα,α(−m
β
j tα)

∣
∣
∣
t=t2

t=t1

=
∫ t1

0
Fj (τ) Ẽα,α(−m

β
j ωα)

∣
∣
∣
ω=t2−τ

ω=t1−τ
dτ +

∫ t2

t1

Fj (τ)Ẽα,α(−m
β
j (t2 − τ)α)dτ

=
∫ t1

0

∫ t2−τ

t1−τ

Fj (τ )ωα−2Eα,α−1(−m
β
j ωα)dωdτ

+
∫ t2

t1

Fj (τ)Ẽα,α(−m
β
j (t2 − τ)α)dτ

and

Eα,1(−m
β
j tα)

∣
∣
∣
t=t2

t=t1
= −m

β
j

∫ t2

t1

Ẽα,α(−m
β
j ωα)dω.
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Combining the above arguments gives

u(t2, x) − u(t1, x)

=
∞∑

j=1

∫ t1

0

∫ t2−τ

t1−τ

Fj (τ )ωα−2Eα,α−1(−m
β
j ωα)dωdτej (x)

+
∞∑

j=1

∫ t2

t1

Fj (τ)Ẽα,α(−m
β
j (t2 − τ)α)dτej (x)

− L β
∞∑

j=1

ϕj

∫ t2

t1

Ẽα,α(−m
β
j ωα)

Eα,1(−m
β
j T α)

dωej (x)

+ L β
∞∑

j=1

∫ T

0

∫ t2

t1

Fj (τ)Ẽα,α(−m
β
j (T − τ)α)

Ẽα,α(−m
β
j ωα)

Eα,1(−m
β
j T α)

dωdτej (x)

=:I1 + I2 + I3 + I4.

(3.61)

Now, we will establish estimates for Ij , j = 1, 2, 3, 4, and show that Ij tends to
0 as t2 − t1 → 0. Firstly, by the inequality (3.46), we see that the absolute value of
Eα,α−1(−m

β
j ωα) is bounded by ĉαm

−βp
j ω−αp. This implies

ωα−2
∣
∣
∣Eα,α−1(−m

β
j ωα)

∣
∣
∣ ≤ ĉαωαq−2m

−βp
j .

Moreover, for 0 < τ < t1, we have

∫ t2−τ

t1−τ

ωαq−2dω = 1

1 − αq

(t2 − τ)1−αq − (t1 − τ)1−αq

(t1 − τ)1−αq(t2 − τ)1−αq
,

where we note that the estimates (t2 − τ)1−αq − (t1 − τ)1−αq ≤ (t2 − t1)
1−αq and

(t2 − τ)1−αq ≥ (t1 − τ)s(t2 − t1)
1−αq−s can be showed easily from 0 < αq < 1

and 1 − αq − s > 0. Hence, we deduce

‖I1‖ ≤
∫ t1

0

∥
∥
∥
∥
∥
∥

∞∑

j=1

∫ t2−τ

t1−τ

Fj (τ )ωα−2Eα,α−1(−m
β
j ωα)dωej

∥
∥
∥
∥
∥
∥

dτ

≤ĉαm
−βp

1

∫ t1

0

∫ t2−τ

t1−τ

ωαq−2dω ‖F(τ, ·)‖ dτ

≤ ĉαm
−βp

1

1 − αq

∫ t1

0
‖F(τ, ·)‖ (t1 − τ)αq−s−1dτ(t2 − t1)

s .



3.2 Terminal Value Problem 117

This leads to

‖I1‖ ≤ M9|||F |||X2,αq−s
(t2 − t1)

s, (3.62)

where we let M9 = ĉαm
−βp
1

1−αq
. Secondly, an estimate for the term I2 can be shown by

using (3.46) as follows:

‖I2‖ ≤
∫ t2

t1

∥
∥
∥
∥
∥
∥

∞∑

j=1

Fj (τ)Eα,α(−m
β
j (t2 − τ)α)ej

∥
∥
∥
∥
∥
∥

(t2 − τ)α−1dτ

≤ĉα

∫ t2

t1

‖F(τ, ·)‖ (t2 − τ)αq−s−1(t2 − τ)αp+sdτ

≤M10|||F |||X2,αq−s
(t2 − t1)

s,

(3.63)

where we let M10 = ĉαT αp. Thirdly, we will estimate the term I3. We have

‖I3‖ =
∥
∥
∥
∥
∥
∥
L β

∞∑

j=1

ϕj

∫ t2

t1

Ẽα,α(−m
β
j ωα)

Eα,1(−m
β
j T α)

dωej

∥
∥
∥
∥
∥
∥

.

Here, the fraction can be estimated as follows:

∣
∣
∣
∣
∣

Ẽα,α(−m
β
j ωα)

Eα,1(−m
β
j T α)

∣
∣
∣
∣
∣
≤ ĉαc−1

α

[
1 + m

β
j T α

1 + m
β
j ωα

]p
⎡

⎣
1 + m

β
j T α

1 + m
2β
j ω2α

⎤

⎦

q

ωα−1, (3.64)

by using (3.46) and Ẽα,α(−m
β
j ωα) = Eα,α(−m

β
j ωα)ωα−1. Moreover, we can see

that

1 + m
β
j T α

1 + m
2β
j ω2α

≤ (m
−β
1 + T α)m

β
j m

−2β
j ω−2α = (m

−β
1 + T α)m

−β
j ω−2α. (3.65)

Taking these estimates together, we thus obtain the following chain of the inequali-
ties:

‖I3‖ ≤
⎧
⎨

⎩

∞∑

j=1

ϕ2
j m

2β
j

[∫ t2

t1

∣
∣
∣
∣
∣

Ẽα,α(−m
β
j ωα)

Eα,1(−m
β
j T α)

∣
∣
∣
∣
∣
dω

]2
⎫
⎬

⎭

1/2

≤M11

⎧
⎨

⎩

∞∑

j=1

ϕ2
j m

2β
j

[∫ t2

t1

ω−αpm
−βq
j ω−2αqωα−1dω

]2
⎫
⎬

⎭

1/2
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=M11

⎧
⎨

⎩

∞∑

j=1

ϕ2
j m

2βp
j

[∫ t2

t1

ω−αq−1dω

]2
⎫
⎬

⎭

1/2

,

which implies that

‖I3‖ ≤ M12t
−2αq

1 (t2 − t1)
αq ‖ϕ‖Vβp

, (3.66)

whereM11 = ĉαc−1
α T αp(m

−β
1 +T α)q andM12 = M11[αq]−1. Fourthly, we proceed

to estimate I4. According to (3.64), we have

∣
∣
∣
∣
Ẽα,α(−m

β
j ωα)

Eα,1(−m
β
j T α)

∣
∣
∣
∣ ≤ M11m

−βq
j ω−αq−1.

Moreover, Ẽα,α(−m
β
j (T −τ)α) ≤ ĉαm

−βp
j (T −τ)αq−1 can be established by using

the inequalities (3.46). Hence, we obtain

‖I4‖

≤
∫ T

0

∥
∥
∥
∥
∥
∥
L β

∞∑

j=1

∫ t2

t1

Fj (τ)Ẽα,α(−m
β
j (T − τ)α)

Ẽα,α(−m
β
j ωα)

Eα,1(−m
β
j T α)

dωej

∥
∥
∥
∥
∥
∥

dτ

≤
∫ T

0

⎧
⎨

⎩

∞∑

j=1

m
2β
j F 2

j (τ )

[∫ t2

t1

∣
∣
∣
∣
∣
Ẽα,α(−m

β
j (T − τ)α)

Ẽα,α(−m
β
j ωα)

Eα,1(−m
β
j T α)

∣
∣
∣
∣
∣
dω

]2
⎫
⎬

⎭

1/2

dτ

≤ĉαM11

∫ T

0

⎧
⎨

⎩

∞∑

j=1

m
2β
j F 2

j (τ )

[∫ t2

t1

m
−βp
j (T − τ)αq−1m

−βq
j ω−αq−1dω

]2
⎫
⎬

⎭

1/2

dτ

=ĉαM12
t
αq

2 − t
αq

1

t
2αq

1

∫ T

0
‖F(τ, ·)‖ (T − τ)αq−1dτ,

and we arrive at

‖I4‖ ≤ ĉαM13t
−2αq

1 (t2 − t1)
αq |||F |||X2,αq−s

, (3.67)

where M13 = M12T
s .

We deduce from (3.62), (3.63), (3.66), and (3.67) that
∥
∥
∥
∑

1≤j≤4 Ij

∥
∥
∥ tends

to 0 as t2 − t1 tends to 0 for 0 < t1 < t2 ≤ T . Thus, u belongs to the set
C((0, T ];L2(D)). On the other hand, by assumption (R3), we have 0 < αq − s <

αq and X2,αq−s(J × D) ⊂ X2,αq(J × D). Therefore, the assumptions on ϕ and F

in this theorem also fulfill Lemma 3.1. Hence, the inequality (3.49) holds, i.e.,

tαq ‖u(t, ·)‖ ≤ C0

(
‖ϕ‖Vβp

+ |||F |||X2,αq

)
, t > 0. (3.68)
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This implies u belongs to C
αq
w ((0, T ];L2(D)). Moreover, by taking the supremum

on both sides of (3.68) on (0, T ], we obtain

‖u‖C
αq
w ((0,T ];L2(D)) ≤C0 ‖ϕ‖Vβp

+ T sC0|||F |||X2,αq−s
. (3.69)

Step 3. We prove u ∈ Cs([0, T ];V−βq ′).
In this step, we establish the continuity of the solution on the closed interval

[0, T ]. Now, we consider 0 ≤ t1 < t2 ≤ T . If t1 = 0, then I1 = 0. If t1 > 0, then
combining (3.37) in the same way as in (3.62) gives

‖I1‖V−βq′

≤
∫ t1

0

∥
∥
∥
∥
∥
∥

∞∑

j=1

∫ t2−τ

t1−τ

Fj (τ )ωα−2Eα,α−1(−m
β
j ωα)dωej

∥
∥
∥
∥
∥
∥
V−βq′

dτ

≤
∫ t1

0

⎧
⎨

⎩

∞∑

j=1

m
−2βq ′
j

(∫ t2−τ

t1−τ

Fj (τ )ωα−2Eα,α−1(−m
β
j ωα)dωej , ej

)2

−βq ′,βq ′

⎫
⎬

⎭

1/2

dτ

≤
∫ t1

0

⎧
⎨

⎩

∞∑

j=1

m
−2βq ′
j F 2

j (τ )

∣
∣
∣
∣

∫ t2−τ

t1−τ

ωα−2
∣
∣
∣Eα,α−1(−m

β
j ωα)

∣
∣
∣ dω

∣
∣
∣
∣

2
⎫
⎬

⎭

1/2

dτ

and so

‖I1‖V−βq′ ≤ ĉαm
−βq ′−βp

1

1 − αq
(t2 − t1)

s |||F |||X2,αq−s
. (3.70)

On the other hand, the inequality (3.63) also holds for all 0 ≤ t1 < t2 ≤ T . Hence,
the same way as in the proof (3.63) shows that

‖I2‖V−βq′ ≤
∫ t2

t1

∥
∥
∥
∥
∥
∥

∞∑

j=1

Fj (τ)Eα,α(−m
β
j (t2 − τ)α)ej

∥
∥
∥
∥
∥
∥
V−βq′

(t2 − τ)α−1dτ

≤ m
−βq ′
1 ĉα(t2 − t1)

αp+s |||F |||X2,αq−s

≤ m
−βq ′
1 ĉαT αp(t2 − t1)

s |||F |||X2,αq−s
.

Now, we will establish estimates for ‖I3‖V−βq′ and ‖I4‖V−βq′ . Indeed, we have

∣
∣
∣
∣
∣

Ẽα,α(−m
β
j ωα)

Eα,1(−m
β
j T α)

∣
∣
∣
∣
∣
≤ĉαc−1

α

[
1 + m

β
j T α

1 + m
β
j ωα

]p−p′ [
1 + m

β
j T α

1 + m
β
j ωα

]q+p′

ωα−1,
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≤ĉαc−1
α (m

−β
1 + T α)p−p′

m
β(p−p′)
j T α(q+p′)ω−α(q+p′)ωα−1.

Thus, we can derive

∣
∣
∣
∣
∣

Ẽα,α(−m
β
j ωα)

Eα,1(−m
β
j T α)

∣
∣
∣
∣
∣
≤ M14m

β(p−p′)
j ωα(p−p′)−1, (3.71)

where we let

M14 = ĉαc−1
α (m

−β
1 + T α)p−p′

T α(q+p′).

This leads to

‖I3‖V−βq′ ≤
⎧
⎨

⎩

∞∑

j=1

ϕ2
j m

2β
j m

−2βq ′
j

[∫ t2

t1

∣
∣
∣
∣
∣

Ẽα,α(−m
β
j ωα)

Eα,1(−m
β
j T α)

∣
∣
∣
∣
∣
dω

]2
⎫
⎬

⎭

1/2

≤M14

⎧
⎨

⎩

∞∑

j=1

ϕ2
j m

2β
j m

−2βq ′
j

[∫ t2

t1

m
β(p−p′)
j ωα(p−p′)−1dω

]2
⎫
⎬

⎭

1/2

≤M14

⎧
⎨

⎩

∞∑

j=1

ϕ2
j m

2βp
j

[∫ t2

t1

ωα(p−p′)−1dω

]2
⎫
⎬

⎭

1/2

.

Thus, by letting M15 = M14
α(p−p′)T

α(p−p′)−s , we obtain the estimate

‖I3‖V−βq′ ≤ M14

α(p − p′)
‖ϕ‖Vβp

(
t
α(p−p′)
2 − t

α(p−p′)
1

)

≤ M15 ‖ϕ‖Vβp
(t2 − t1)

s,

(3.72)

where we have used that

t
α(p−p′)
2 − t

α(p−p′)
1 ≤ (t2 − t1)

α(p−p′) ≤ T α(p−p′)−s(t2 − t1)
s,

for p′ ≤ p − s
α
. By employing (3.71) and following the same way as in (3.72), we

have

‖I4‖V−βq′

≤
∫ T

0

∥
∥
∥
∥
∥
∥
L β

∞∑

j=1

∫ t2

t1

Fj (τ)Ẽα,α(−m
β
j (T − τ)α)

Ẽα,α(−m
β
j ωα)

Eα,1(−m
β
j T α)

dωej

∥
∥
∥
∥
∥
∥
V−βq′

dτ
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≤
∫ T

0

⎧
⎨

⎩

∞∑

j=1

m
2βp′
j F 2

j (τ )

[∫ t2

t1

∣
∣
∣
∣
∣
Ẽα,α(−m

β
j (T − τ)α)

Ẽα,α(−m
β
j ωα)

Eα,1(−m
β
j T α)

∣
∣
∣
∣
∣
dω

]2
⎫
⎬

⎭

1/2

dτ

≤ĉαM14

∫ T

0

⎧
⎨

⎩

∞∑

j=1

m
2βp′
j F 2

j (τ )

[∫ t2

t1

(T − τ)αq−1m
−βp′
j ωα(p−p′)−1dω

]2
⎫
⎬

⎭

1/2

dτ

≤ĉα

M14

α(p − p′)

(
t
α(p−p′)
2 − t

α(p−p′)
1

) ∫ T

0
‖F(τ, ·)‖ (T − τ)αq−1dτ,

where

|Ẽα,α(−m
β
j (T − τ)α)| ≤ m

−βp
j (T − τ)αq−1.

This implies that

‖I4‖V−βq′ ≤ M16(t2 − t1)
s |||F |||X2,αq−s

, (3.73)

where M16 = ĉαT sM15. Combining the above arguments guarantees that u belongs
to Cs([0, T ]; V−βq ′). Moreover, there also exists a positive constant M17 such that

|||u|||Cs([0,T ];V−βq′ ) ≤ M17 ‖ϕ‖Vβp
+ M17|||F |||X2,αq−s

. (3.74)

Finally, the inequality (3.56) is obtained by taking the inequalities (3.60), (3.69),
and (3.74) together. The proof is completed.

In the next theorem, we will investigate the time-space fractional derivative of the
mild solution u. More specifically, we investigate C

0D
α
t L −β(q−q̂)u, for a suitably

chosen number q̂ ≤ q. We also establish the continuity of C
0D

α
t L −βqu on the

interval (0, T ]without establishing it at t = 0 since this requires a strong assumption
of F , for example, F must be continuous on whole interval [0, T ].
Theorem 3.6 Let p, q, s, p′, q ′, p̂, q̂, r, r̂ be defined by (R1), (R3), (R4), (R5).

(a) If ϕ ∈ Vβ(p+q̂) and F ∈ L
1

αq−s
+r̂

(0, T ;L2(D)), then FVP (3.47) has a unique
solution u such that

u ∈ L
1

αq′ −r
(0, T ;Vβ(p−p′)) ∩ Cαq

w ((0, T ];L2(D)) ∩ Cs([0, T ];V−βq ′),

C
0D

α
t u ∈ L

1
α
−r̂ (0, T ;V−β(q−q̂)).

Moreover, there exists a positive constant C3 such that
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||C0Dα
t u||

L
1
α −r̂ (0,T ;V−β(q−q̂))

≤C3 ‖F‖
L

1
αq−s +r̂

(0,T ;L2(D))
+ C3 ‖ϕ‖Vβ(p+q̂)

.

(3.75)

(b) If ϕ ∈ Vβ(p+q̂) and F ∈ L
1

αq−s
+r̂

(0, T ;L2(D)) ∩ Cα
w((0, T ];V−βq), then

FVP (3.47) has a unique solution u such that

u ∈ L
1

αq′ −r
(0, T ;Vβ(p−p′)) ∩ Cαq

w ((0, T ];L2(D)) ∩ Cs([0, T ];V−βq ′),

C
0D

α
t u ∈ L

1
α
−r̂ (0, T ;V−β(q−q̂)) ∩ Cα

w((0, T ];V−βq).

Moreover, there exists a positive constant C4 such that

||C0Dα
t u||

L
1
α −r̂ (0,T ;V−β(q−q̂))

+ ||C0Dα
t u||Cα

w((0,T ];V−βq )

≤C4 ‖ϕ‖Vβ(p+q̂)
+ C4 ‖F‖

L
1

αq−s +r̂
(0,T ;L2(D))

+ C4 ‖F‖Cα
w((0,T ];V−βq ) .

Proof (a) By (R3), we have 0 < αq − s < 1, and 1
αq−s

+ r̂ > 1
αq−s

> 1. Thus, one
can deduce from (3.40) that

L
1

αq−s
+r̂

(0, T ;L2(D)) ⊂ X2,αq−s(J × D), (3.76)

where we have used the inclusion (3.39). Moreover, the Sobolev embedding
Vβ(p+q̂) ↪→ Vβp holds. Therefore, the assumptions of this theorem also fulfill part
(b) of Theorem 3.5. Hence, FVP (3.47) has a unique solution

u ∈ L
1

αq′ −r
(0, T ;Vβ(p−p′)) ∩ Cαq

w ((0, T ];L2(D)) ∩ Cs([0, T ];V−βq ′).

Now, we prove that C
0D

α
t u exists and belongs to L

1
α
−r̂ (0, T ;V−β(q−q̂)). It follows

from the identities

C
0D

α
t Eα,1(−m

β
j tα) = − m

β
j Eα,1(−m

β
j tα),

C
0D

α
t Ẽα,α(−m

β
j tα) = − m

β
j Ẽα,α(−m

β
j tα),

see, for example, [52, 180, 187], and Eq. (3.44) that

C
0D

α
t uj (t) =C

0D
α
t

[
Fj (t) ∗ Ẽα,α(−m

β
j tα)

]

+
[
ϕj − (

Fj (r) ∗ Ẽα,α(−m
β
j rα)

)∣∣
∣
r=T

]C
0D

α
t Eα,1(−m

β
j tα)

Eα,1(−m
β
j T α)
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=Fj (t) − m
β
j Fj (t) ∗ Ẽα,α(−m

β
j tα) − ϕj

m
β
j Eα,1(−m

β
j tα)

Eα,1(−m
β
j T α)

+ (
Fj (r) ∗ Ẽα,α(−m

β
j rα)

)∣∣
∣
r=T

m
β
j Eα,1(−m

β
j tα)

Eα,1(−m
β
j T α)

=:Fj (t) + ψ
(1)
j (t) + ψ

(2)
j (t) + ψ

(3)
j (t),

for all j ∈ N
+. Firstly, let us consider the sum

∑
n1≤j≤n2

ψ
(1)
j (t)ej , for n1, n2 ∈

N
+, 1 ≤ n1 < n2. By the definition of the dual space V−β(q−q̂) of Vβ(q−q̂) and the

identity (3.37) of their dual inner product, we have
∥
∥
∥
∥

∑

n1≤j≤n2

ψ
(1)
j (t)ej

∥
∥
∥
∥
V−β(q−q̂)

≤
∫ t

0

∥
∥
∥
∥

∑

n1≤j≤n2

m
β
j Fj (τ )Ẽα,α(−m

β
j (t − τ)α)ej

∥
∥
∥
∥
V−β(q−q̂)

dτ

=
∫ t

0

{ ∞∑

i=1

m
2β(p+q̂)
i

( ∑

n1≤j≤n2

Fj (τ)Ẽα,α(−m
β
j (t−τ)α)ej , ei

)2

−β(q−q̂),β(q−q̂)

}1/2

dτ

=
∫ t

0

{ ∑

n1≤j≤n2

m
2β(p+q̂)
j F 2

j (τ )Ẽ2
α,α(−m

β
j (t − τ)α)

}1/2

dτ.

Assumption (R5) shows that 0 < p+q̂ < 1. Hence, by using the inequalities (3.46),
we have |Ẽα,α(−m

β
j (t−τ)α)| ≤ ĉαm

−β(p+q̂)
j (t−τ)−α(p+q̂)(t−τ)α−1. This together

with the above argument gives

∥
∥
∥
∥
∥
∥

∑

n1≤j≤n2

ψ
(1)
j (t)ej

∥
∥
∥
∥
∥
∥
V−β(q−q̂)

≤M18t
−α

∫ t

0
(t − τ)α(q−q̂)−1

⎧
⎨

⎩

∑

n1≤j≤n2

F 2
j (τ )

⎫
⎬

⎭

1/2

dτ,

(3.77)

where M18 = ĉαT α . Secondly, we proceed to establish an estimate for the sum
∑

n1≤j≤n2
ψ

(2)
j (t)ej . Using the inequality (3.46), the absolute value of

Eα,1(−m
β
j tα)

Eα,1(−m
β
j T α)

is bounded by ĉαc−1
α T αt−α . Therefore, we derive

∥
∥
∥
∥
∥
∥

∑

n1≤j≤n2

ψ
(2)
j (t)ej

∥
∥
∥
∥
∥
∥
V−β(q−q̂)

=
⎧
⎨

⎩

∑

n1≤j≤n2

m
2β(p+q̂)
j ϕ2

j

E2
α,1(−m

β
j tα)

E2
α,1(−m

β
j T α)

⎫
⎬

⎭

1/2

≤ĉαc−1
α T α

⎧
⎨

⎩

∑

n1≤j≤n2

m
2β(p+q̂)
j ϕ2

j t−2α

⎫
⎬

⎭

1/2

,
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which shows that

∥
∥
∥
∥
∥
∥

∑

n1≤j≤n2

ψ
(2)
j (t)ej

∥
∥
∥
∥
∥
∥
V−β(q−q̂)

≤M19t
−α

⎧
⎨

⎩

∑

n1≤j≤n2

m
2β(p+q̂)
j ϕ2

j

⎫
⎬

⎭

1/2

, (3.78)

where M19 = ĉαc−1
α T α . Thirdly, we proceed to establish an estimate for the sum

∑
n1≤j≤n2

ψ
(3)
j (t)ej . By a similar argument as in (3.78), we have

∥
∥
∥
∥
∥
∥

∑

n1≤j≤n2

ψ
(3)
j (t)ej

∥
∥
∥
∥
∥
∥
V−β(q−q̂)

≤
∫ T

0

∥
∥
∥
∥
∥
∥

∑

n1≤j≤n2

Fj (τ)Ẽα,α(−m
β
j (T − τ)α)

m
β
j Eα,1(−m

β
j tα)

Eα,1(−m
β
j T α)

ej

∥
∥
∥
∥
∥
∥
V−β(q−q̂)

dτ

≤
∫ T

0

⎧
⎨

⎩

∑

n1≤j≤n2

m
2β(p+q̂)
j F 2

j (τ )Ẽ2
α,α(−m

β
j (T − τ)α)

E2
α,1(−m

β
j tα)

E2
α,1(−m

β
j T α)

⎫
⎬

⎭

1/2

dτ

≤ĉαM19t
−α

∫ T

0

⎧
⎨

⎩

∑

n1≤j≤n2

m
2β(p+q̂)
j F 2

j (τ )m
−2β(p+q̂)
j (T − τ)2α(q−q̂)−2

⎫
⎬

⎭

1/2

dτ.

Therefore, we obtain the following estimate:

∥
∥
∥
∥
∥
∥

∑

n1≤j≤n2

ψ
(3)
j (t)ej

∥
∥
∥
∥
∥
∥
V−β(q−q̂)

≤ĉαM19t
−α

∫ T

0
(T − τ)α(q−q̂)−1

⎧
⎨

⎩

∑

n1≤j≤n2

F 2
j (τ )

⎫
⎬

⎭

1/2

dτ.

(3.79)

For almost every τ in the interval (0, T ), by (3.76), we have that F(τ, ·) belongs
to L2(D). This implies

∑
1≤j≤n Fj (τ )ej is a Cauchy sequence in L2(D). This

together with the embedding

L2(D) ↪→ V−β(q−q̂)

implies that
∑

1≤j≤n Fj (τ )ej is also a Cauchy sequence in V−β(q−q̂). On the other
hand, it follows from ϕ ∈ Vβ(p+q̂) that
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lim
n1,n2→∞

∑

n1≤j≤n2

ϕ2
j m

2β(p+q̂)
j = 0.

By (R5), 0 ≤ q̂ ≤ s
α
, and we obtain the inclusionX2,αq−s(J×D) ⊂ X2,α(q−q̂)(J×

D). We deduce that F ∈ X2,α(q−q̂)(J × D), and

lim
n1,n2→∞

∫ T

0
(T − τ)α(q−q̂)−1

⎧
⎨

⎩

∑

n1≤j≤n2

F 2
j (τ )

⎫
⎬

⎭

1/2

dτ = 0,

by the dominated convergence theorem. Combining these with the esti-
mates (3.77), (3.78), and (3.79), we have that

lim
n1,n2→∞

∥
∥
∥
∥
∥
∥

∑

n1≤j≤n2

C
0D

α
t uj (t)ej

∥
∥
∥
∥
∥
∥
V−β(q−q̂)

= 0.

Hence
∑n

j=1
C
0D

α
t uj (t)ej is a Cauchy sequence and a convergent sequence in

V−β(q−q̂). We then conclude that C
0D

α
t u(t, ·) = ∑∞

j=1
C
0D

α
t uj (t)ej finitely exists in

the space V−β(q−q̂). Moreover, by taking the inequalities (3.77), (3.78), and (3.79),
there exist constants M20 > 0 and M ′

20 > 0 such that

||C0Dα
t u(t, ·)||V−β(q−q̂)

≤M20 ‖F(t, ·)‖V−β(q−q̂)
+ M20

(
‖ϕ‖Vβ(p+q̂)

+ |||F |||X2,α(q−q̂)

)
t−α

≤M ′
20 ‖F(t, ·)‖ + M20

(
‖ϕ‖Vβ(p+q̂)

+ |||F |||X2,α(q−q̂)

)
t−α.

(3.80)

Now, it follows from 0 < r̂ ≤ 1−α
α

and 0 < αq − s < α that 1 ≤ 1
α

− r̂ < 1
αq−s

+ r̂ .
This implies the following Sobolev embedding:

L
1

αq−s
+r̂

(0, T ;V−β(q−q̂)) ↪→ L
1
α
−r̂ (0, T ;V−β(q−q̂)).

Moreover, by the assumption (R5), q̂ < s
α
, we have 1

αq−s
+r̂ > 1

α(q−q̂)
. This implies

that there exists a constant C∗ > 0 such that

|||F |||X2,α(q−q̂)
≤ C∗ ‖F‖

L
1

αq−s +r̂
(0,T ;L2(D))

. (3.81)

Hence, we deduce from (3.80) that there exists a constant M21 > 0 satisfying

||C0Dα
t u||

L
1
α −r̂ (0,T ;V−β(q−q̂))

≤M21 ‖F‖
L

1
αq−s +r̂

(0,T ;L2(D))
+ M21 ‖ϕ‖Vβ(p+q̂)

,
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where we note that ||t−α||
L

1
α −r̂ (0,T ;R)

< ∞. The inequality (3.75) is proved by

letting C3 = M21.
(b) It is clear that the assumptions of this part also satisfy part (a). Therefore, by

part (a), it is necessary to prove C
0D

α
t u ∈ Cα

w((0, T ];V−βq), i.e.,

lim
t2−t1→0

||C0Dα
t u(t2, ·) − C

0D
α
t u(t1, ·)||V−βq

= 0, (3.82)

where we note 0 < t1 < t2 ≤ T . After some simple computations, we find that

C
0D

α
t u(t2, x) − C

0D
α
t u(t1, x) = F(t2, x) − F(t1, x) +

∑

1≤n≤4

Jn, (3.83)

whereJn = −L βIn, andIn is defined by (3.61). Since F is inCα
w((0, T ];V−βq),

we have just to prove ||Jn||V−βq
approaches 0 as t2 − t1 approaches 0. Let us first

consider ||J1||V−βq
. The inequality (3.46) yields that

||J1||V−βq

≤
∫ t1

0

∥
∥
∥
∥
∥
∥
L β

∞∑

j=1

∫ t2−τ

t1−τ

Fj (τ )ωα−2Eα,α−1(−m
β
j ωα)dωej

∥
∥
∥
∥
∥
∥
V−βq

dτ

≤
∫ t1

0

⎧
⎨

⎩

∞∑

j=1

m
2β
j m

−2βq
j F 2

j (τ )

∣
∣
∣
∣

∫ t2−τ

t1−τ

ωα−2
∣
∣
∣Eα,α−1(−m

β
j ωα)

∣
∣
∣ dω

∣
∣
∣
∣

2
⎫
⎬

⎭

1/2

dτ

≤ĉα

∫ t1

0

⎧
⎨

⎩

∞∑

j=1

m
2β
j m

−2βq
j F 2

j (τ )

∣
∣
∣
∣

∫ t2−τ

t1−τ

ωα−2m
−βp
j ω−αpdω

∣
∣
∣
∣

2
⎫
⎬

⎭

1/2

dτ.

We recall that, by (3.76), F belongs to X2,αq−s(J ×D). Thus, we can deduce from
the above inequality that

||J1||V−βq
≤ĉα

∫ t1

0
‖F(τ, ·)‖

∣
∣
∣
∣

∫ t2−τ

t1−τ

ωαq−2dω

∣
∣
∣
∣ dτ

≤ ĉα

1 − αq
|||F |||X2,αq−s

(t2 − t1)
s,

(3.84)

where we have used the same argument as in the estimate (3.62). Let us secondly
consider ||J2||V−βq

. We have
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||J2||V−βq
≤
∫ t2

t1

∥
∥
∥
∥
∥
∥
L β

∞∑

j=1

Fj (τ)Eα,α(−m
β
j (t2 − τ)α)ej

∥
∥
∥
∥
∥
∥
V−βq

(t2 − τ)α−1dτ

≤ĉα

∫ t2

t1

⎧
⎨

⎩

∞∑

j=1

m
2β
j m

−2βq
j F 2

j (τ )m
−2βp
j (t2 − τ)−2αp

⎫
⎬

⎭

1/2

(t2 − τ)α−1dτ

≤ĉα

∫ t2

t1

‖F(τ, ·)‖ (t2−τ)αq−s−1(t2−τ)sdτ ≤ ĉα|||F |||X2,αq−s
(t2−t1)

s,

(3.85)

where (3.46) has been used. Thirdly, we consider the norm ||J3||V−βq
. It is clear

that

J3 = L βI3 = L 2β
∞∑

j=1

ϕj

∫ t2

t1

Ẽα,α(−m
β
j ωα)

Eα,1(−m
β
j T α)

dωej .

Hence, we deduce

||J3||V−βq
=

⎧
⎨

⎩

∞∑

j=1

m
4β
j m

−2βq
j ϕ2

j

∣
∣
∣
∣
∣

∫ t2

t1

Ẽα,α(−m
β
j ωα)

Eα,1(−m
β
j T α)

dω

∣
∣
∣
∣
∣

2
⎫
⎬

⎭

1/2

.

By applying (3.64) and (3.65), we obtain

||J3||V−βq
≤ĉαc−1

α (m
−β
1 +T α)

⎧
⎨

⎩

∞∑

j=1

m
4β
j m

−2βq
j ϕ2

j

∣
∣
∣
∣

∫ t2

t1

m
−β
j ω−2αωα−1dω

∣
∣
∣
∣

2
⎫
⎬

⎭

1/2

≤M23

α
t−2α
1 ‖ϕ‖Vβp

(
tα2 − tα1

)
,

(3.86)

where M23 = ĉαc−1
α (m

−β
1 + T α). Finally, we can look at ||J4||V−βq

as follows:

||J4||V−βq

≤
∫ T

0

∥
∥
∥
∥
∥
∥
L 2β

∞∑

j=1

∫ t2

t1

Fj (τ)Ẽα,α(−m
β
j (T − τ)α)

Ẽα,α(−m
β
j ωα)

Eα,1(−m
β
j T α)

dωej

∥
∥
∥
∥
∥
∥
V−βq

dτ

≤
∫ T

0

⎧
⎨

⎩

∞∑

j=1

m
4β
j m

−2βq
j F 2

j (τ )

∣
∣
∣
∣
∣

∫ t2

t1

Ẽα,α(−m
β
j (T −τ)α)

Ẽα,α(−m
β
j ωα)

Eα,1(−m
β
j T α)

dω

∣
∣
∣
∣
∣

2
⎫
⎬

⎭

1/2

dτ
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≤M24

∫ T

0

⎧
⎨

⎩

∞∑

j=1

m
4β
j m

−2βq
j F 2

j (τ )

∣
∣
∣
∣

∫ t2

t1

m
−βp
j (T −τ)αq−1m

−β
j ω−α−1dω

∣
∣
∣
∣

2
⎫
⎬

⎭

1/2

dτ,

where the fraction
Ẽα,α(−m

β
j ωα)

Eα,1(−m
β
j T α)

can be estimated in the same way as in the proof

of (3.86) and M24 = ĉαM23. This leads to

||J4||V−βq
≤M24

α
t−2α
1 (tα2 − tα1 )

∫ T

0
‖F(τ, ·)‖ (T − τ)αq−1dτ,

which shows that

||J4||V−βq
≤M24

α
t−2α
1 |||F |||X2,αq

(tα2 − tα1 ). (3.87)

This implies (3.82) by taking (3.83)–(3.87) together. Thus, C
0D

α
t u is contained in

C((0, T ];V−βq).
On the other hand, it is easy to see that the estimates (3.77)–(3.79) also hold for

q̂ = 0. Hence, we deduce from (3.80) and (3.81) that

tα||C0Dα
t u(t, ·)||V−βq

≤M20t
α ‖F(t, ·)‖V−βq

+ M20

(

‖ϕ‖Vβp
+ C∗ ‖F‖

L
1

αq−s +r̂
(0,T ;L2(D))

)

.

Now C
0D

α
t u ∈ Cα

w((0, T ];V−βq). In addition, there exists a positive constant C′ > 0
such that

||C0Dα
t u||Cα

w((0,T ];V−βq ) ≤M20 ‖F‖Cα
w((0,T ];V−βq )

+ C′M20 ‖ϕ‖Vβ(p+q̂)
+ C∗M20 ‖F‖

L
1

αq−s +r̂
(0,T ;L2(D))

.

We can complete the proof by taking (3.75) and the above inequality together.

3.2.4 Final Value Problem with a Nonlinear Source

In this subsection, we study the existence, uniqueness, and regularity of mild
solutions of FVP (3.32)–(3.34) corresponding to the nonlinear source function
F(t, x, u(t, x)). It is suitable considering assumption that u(t, ·) and F(t, ·, u(t, ·))
belong to the same spatial space H . In view of most considerations of PDEs, we let
H = L2(D).

We introduce the following assumptions on the numbers p, q, p′, q ′, p̂, q̂, r, r̂:
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(R1b) 0 < q < p < 1 such that p + q = 1.
(R4b) 0 < p′ < p, q ′ = 1 − p′, 0 < r ≤ 1−αq ′

αq ′ .

(R4c) 0 < p′ ≤ p − q, q ′ = 1 − p′, 0 < r ≤ 1−αq ′
αq ′ .

(R5b) 0 ≤ q̂ < q, p̂ = 1 − q̂, 0 < r̂ ≤ 1−α
α

.

In our work, we will assume on F(t, ·, u(t, ·)) the following assumptions:

(A1) F(t, ·, 0) = 0, and there exists a constant K > 0 such that, for all v1, v2 ∈
L2(D) and t ∈ J ,

‖F(t, ·, v1) − F(t, ·, v2)‖ ≤ K ‖v1 − v2‖ .

(A2) F(t, ·, 0) = 0, and there exists a constant K∗ > 0 such that, for all v1, v2 ∈
L2(D) and t1, t2 ∈ J ,

||F(t1, ·, v1) − F(t2, ·, v2)|| ≤ K∗ (|t1 − t2| + ||v1 − v2||) .

Note that the assumption (A1) and (A2) imply that, for v ∈ L2(D),

||F(t, ·, v)|| ≤ K ‖v‖ . (3.88)

We try to develop the ideas of the linear FVP (3.47) to deal with the nonlinear
FVP (3.32) and (3.34). In Sect. 3.2.3, for the linear function F(t, x), we assume that

F ∈ X2,αq(J × D), or F ∈ X2,αq−s(J × D), or F ∈ L
1

αq−s
+r̂

(0, T ;L2(D)),

(3.89)

where p, q, s, r̂ are defined by (R1), (R3), (R5). However, we cannot suppose that
the nonlinear source function F(t, x, u(t, x)) satisfies the same assumptions as
in (3.89) and then find the solution u. A natural idea might be to combine the idea
of Lemma 3.1 with the inequality (3.88), i.e., we predict the solution u may be
contained in the set

Wρ
γ,η(J × D) :=

{
w ∈ X2,η(J × D) : ‖w(t, ·)‖ ≤ ρt−γ , for 0 < t ≤ T

}
,

for ρ > 0, 0 < γ ≤ η < 1.
The prediction will be proved in the next lemma. However, it is necessary to give

some useful notes on Wρ
γ,η(J × D) as follows. For w ∈ Wρ

γ,η(J × D), we see

esssup0≤t≤T

∫ t

0
‖w(τ, ·)‖ (t − τ)η−1dτ ≤ ρesssup0≤t≤T

∫ t

0
τ−γ (t − τ)η−1dτ.
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The function τ → τ−γ (t −τ)η−1 is integrable on (0, t) since both numbers −γ and

η−1 are greater than−1. In addition, we have
∫ t

0
τ−γ (t−τ)η−1dτ = tη−γ B(η, 1−

γ ), where B(·, ·) is the Beta function, see, for example, [52, 180, 187]. Hence, we
have

|||w|||X2,η ≤ ρT η−γ B(η, 1 − γ ). (3.90)

Moreover, if γ < η, then there always exists a real number p such that 1 < 1
η

<

p < 1
γ
. This implies that the function t−γ belongs to Lp(0, T ;L2(D)). Therefore,

we can obtain the following inclusions:

Wρ
γ,η(J × D) ⊂ Lp(0, T ;L2(D)) ⊂ X2,η(J × D).

In the following lemma, we will consider the case γ = η, which we will denote by
Wρ

γ (J × D) := Wρ
γ,η(J × D).

Now, the Sobolev embedding Vβp ↪→ L2(D) shows that there exists a positive
constant CD depending on D,β, q such that ‖v‖ ≤ CD ‖v‖Vβp

for all v ∈ Vβp. In
this subsection, we let

k0(T ) = KB(αq, 1 − αq)T αq
[
ĉαm

−βp

1 + ĉ2αc−1
α (m

−β
1 + T α)p

]

and

M0 = CDT αq + ĉαc−1
α T αq(m

−β
1 + T α)p.

Lemma 3.2 Let p, q be defined by (R1) and φ be a function on D. Let
{
w(n)

}

n≥0
be defined by w(0) = φ,

w(n)(t, x) =(Ow(n−1))(t, x)

=(O1F(w(n−1)))(t, x) + O2(t)φ(x) + (O3F(w(n−1)))(t, x), n ∈ N
+.

(3.91)

If φ belongs to Vβp, F satisfies (A1), and k0(T ) < 1, then

{
w(n)

}

n≥0 ⊂ WĈ0
αq(J × D), (3.92)

where Ĉ0 := C̃0 ‖φ‖Vβp
and C̃0 = M0

1−k0(T )
.

Proof First, we have

||w(0)|| = ||φ|| ≤ CD||φ||Vβp
≤ M0 ‖φ‖Vβp

t−αq ≤ Ĉ0t
−αq .
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Hence, inequality (3.90) and αq < 1 imply w(0) ∈ WĈ0
αq(J × D). Now, we assume

that w(n−1) belongs toW
Ĉ0
αq(J ×D) for some n ≥ 1. Then, by using (3.90), we have

|||w(n−1)|||X2,αq
≤ Ĉ0B(αq, 1 − αq). (3.93)

By induction, the inclusion (3.92) will be proved by showing that w(n) belongs to

WĈ0
αq(J × D). Indeed, by using the same arguments as in the proof of (3.52), we

have

‖(O1F(w(n−1)))(t, ·)‖ ≤ĉαm
−βp

1

∫ t

0
‖F(τ, ·, w(n−1)(τ, ·))‖(t − τ)αq−1dτ,

≤Kĉαm
−βp

1 |||w(n−1)|||X2,αq
≤ M26Ĉ0t

−αq,

(3.94)

where we have used (3.88) and (3.93), and let M26 = Kĉαm
−βp

1 B(αq, 1−αq)T αq .
On the other hand, the norm ‖O2(t)φ‖ is estimated by (3.53), i.e.,

‖O2(t)φ‖ ≤ M0‖φ‖Vβp
t−αq,

where we note that

M2 = ĉαc−1
α T αq(m

−β
1 + T α)p ≤ M0.

The norm ‖(O3F(w(n−1)))(t, ·)‖ can be estimated in the same way as in the proof
of (3.54); that is,

‖(O3F(w(n−1)))(t, ·)‖ ≤M3t
−αq

∫ T

0
‖F(τ, ·, w(n−1)(τ, ·))‖(T − τ)αq−1dτ

≤KM3t
−αq |||w(n−1)|||X2,αq

≤ M27Ĉ0t
−αq,

(3.95)

where (3.88) and (3.93) have been used. Here,

M27 = KM3B(αq, 1 − αq), M3 = ĉ2αc−1
α T αq(m

−β
1 + T α)p.

We deduce from the above arguments and w(n)(t, ·) = (Ow(n−1))(t, ·) that

‖w(n)(t, ·)‖ ≤‖(O1F(w(n−1)))(t, ·)‖ + ‖O2(t)φ‖ + ‖(O3F(w(n−1)))(t, ·)‖
≤k0(T )Ĉ0t

−αq + M0‖φ‖Vβp
t−αq,

(3.96)
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by noting that k0(T ) = M26 + M27. Since Ĉ0 = M0
1−k0(T )

‖φ‖Vβp
, the above

inequality implies that ‖w(n)(t, ·)‖ ≤ Ĉ0t
−αq . Therefore, from αq < 1, we obtain

the inclusion (3.92).

Next, it is necessary to give a definition of mild solutions of FVP (3.32)
and (3.34).

Definition 3.4 Let F be defined by (A1) or (A2). If a function u belongs to
Lp2(0, T ;Lp1(D)), for some p1, p2 ≥ 1, and satisfies equation (3.45) where F

stands for the nonlinear source function F(t, x, u(t, x)), then u is said to be a mild
solution of FVP (3.32) and (3.34).

The following theorem presents existence, uniqueness, and regularity of a mild
solution of FVP (3.32) and (3.34).

Theorem 3.7

(a) Let p, q, r, p′, q ′ be defined by (R1), (R4b). If ϕ belongs to Vβp, F satisfies
(A1), and k0(T ) < 1, then FVP (3.32)–(3.34) has a unique solution

u ∈ L
1

αq′ −r
(0, T ;Vβ(p−p′)) ∩ Cαq

w ((0, T ];L2(D)),

and there exists a positive constant C5 such that

‖u‖
L

1
αq′ −r

(0,T ;Vβ(p−p′))
+ ‖u‖C

αq
w ((0,T ];L2(D)) ≤C5 ‖ϕ‖Vβp

.

(b) Let p, q, r, p′, q ′ be defined by (R1b), (R4c). If ϕ belongs to Vβp, F satisfies
(A1), and k0(T ) < 1, then FVP (3.32) and (3.34) has a unique solution

u ∈ L
1

αq′ −r
(0, T ;Vβ(p−p′)) ∩ Cαq

w ((0, T ];L2(D)) ∩ Cαq([0, T ];V−βq ′),

and there exists a positive constant C6 such that

‖u‖
L

1
αq′ −r

(0,T ;Vβ(p−p′))
+ ‖u‖C

αq
w ((0,T ];L2(D)) + |||u|||Cαq

w ([0,T ];V−βq′ )

≤C6 ‖ϕ‖Vβp
.

Proof

(a) We divide the proof of this part into the following steps.

Step 1. We prove the existence and uniqueness of a mild solution.
In order to prove the existence of a mild solution of FVP (3.32) and (3.34), we

will construct a convergent sequence in L
1

αq
−r

(0, T ;L2(D)) whose limit will be
a mild solution of the problem. Here, r is defined by (R2). Let

{
w(n)

}

n≥0 be a
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sequence defined by Lemma 3.2 with respect to φ = ϕ ∈ Vβp; then
{
w(n)

}

n≥0 ⊂
WĈ0

αq(J × D), where Ĉ0 := M0
1−k0(T )

‖ϕ‖Vβp
. Therefore,

‖w(n)(t, ·)‖ ≤ Ĉ0t
−αq, 0 < t ≤ T ,

for all n ≥ 1. This together with t−αq belonging to L
1

αq
−r

(0, T ;R) implies that
{
w(n)

}

n≥0 is a bounded sequence in L
1

αq
−r

(0, T ;L2(D)). Now, we will show that
{
w(n)

}

n≥0 is convergent by proving that it is also a Cauchy sequence. For fixed

n ≥ 1 and k ≥ 1, the definition (3.91) of
{
w(n)

}

n≥0 yields that

w(n+k) − w(n) =O1
[
F(w(n−1+k)) − F(w(n−1))

]

+ O3
[
F(w(n−1+k)) − F(w(n−1))

]
.

Since F satisfies Lemma 3.2, the latter equation shows that we can apply the same
arguments as in Lemma 3.2 with φ = 0. Hence, one can deduce

‖w(1+k)(t, ·) − w(1)(t, ·)‖
≤ ∥
∥
(
O1

[
F(w(0+k)) − F(w(0))

])
(t, ·)∥∥ + ∥

∥
(
O3

[
F(w(0+k)) − F(w(0))

])
(t, ·)∥∥

≤ĉαm
−βp

1

∫ t

0

∥
∥F(τ, ·, w(0+k)(τ, ·)) − F(τ, ·, w(0)(τ, ·))

∥
∥ (t − τ)αq−1dτ

+ M3t
−αq

∫ T

0

∥
∥F(τ, ·, w(0+k)(τ, ·)) − F(τ, ·, w(0)(τ, ·))

∥
∥ (T − τ)αq−1dτ,

where we combined the estimates (3.94) and (3.95). From
{
w(n)

}

n≥0 ⊂ WĈ0
αq(J ×

D), we have

∥
∥w(0+k)(τ, ·) − w(0)(τ, ·)

∥
∥ ≤ 2Ĉ0t

−αq .

Thus, by noting the identity

∫ t

0
(t − τ)a−1τb−1dτ = ta+b−1B(a, b),

where a, b > 0 and B(·, ·) is the Beta function, we find that

∥
∥w(1+k)(t, ·) − w(1)(t, ·)

∥
∥

≤ĉαm
−βp

1 K

∫ t

0

∥
∥w(0+k)(τ, ·) − w(0)(τ, ·)

∥
∥ (t − τ)αq−1dτ

+ M3Kt−αq

∫ T

0

∥
∥w(0+k)(τ, ·) − w(0)(τ, ·)

∥
∥ (T − τ)αq−1dτ
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≤ĉαm
−βp

1 K(2Ĉ0)

∫ t

0
τ−αq(t − τ)αq−1dτ + M3K(2Ĉ0)t

−αq

∫ T

0
τ−αq(T − τ)αq−1dτ

≤
(
ĉαm

−βp

1 KT αqB(αq, 1 − αq) + M3KB(αq, 1 − αq)
)

(2Ĉ0)t
−αq .

From the definition of k0(T ), we conclude that

∥
∥w(1+k)(t, ·) − w(1)(t, ·)

∥
∥ ≤ k0(T )(2Ĉ0)t

−αq .

Iterating this method n times shows

∥
∥w(n+k)(t, ·) − w(n)(t, ·)

∥
∥ ≤ kn

0 (T )(2Ĉ0)t
−αq .

Taking the L
1

αq
−r

(0, T ;R)-norm of both sides of the above inequality directly
implies

∥
∥w(n+k) − w(n)

∥
∥

L
1

αq −r
(0,T ;L2(D))

≤ kn
0 (T )(2Ĉ0)

∥
∥t−αq

∥
∥

L
1

αq −r
(0,T ;R)

. (3.97)

Here, we emphasize that the constants in (3.97) also do not depend on (n, k).
Therefore, by letting n go to infinity, we obtain

lim
n→∞

∥
∥w(n+k) − w(n)

∥
∥

L
1

αq −r
(0,T ;L2(D))

= 0,

i.e.,
{
w(n)

}

n≥0 is a bounded Cauchy sequence in L
1

αq
−r

(0, T ;L2(D)). Hence, there

exists a function u in L
1

αq
−r

(0, T ;L2(D)) such that

u = lim
n→∞ w(n) in L

1
αq

−r
(0, T ;L2(D)),

and u satisfies equation (3.45), i.e., u is a mild solution of FVP (3.32) and (3.34).
Moreover, the boundedness (3.96) of

{
w(n)

}

n≥0 gives

‖u(t, ·)‖ ≤ C̃0 ‖ϕ‖Vβp
t−αq, (3.98)

and so that

‖u‖
L

1
αq −r

(0,T ;L2(D))
≤ M28 ‖ϕ‖Vβp

,

where M28 = C̃0
∥
∥t−αq

∥
∥

L
1

αq −r
(0,T ;R)

.
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Now, we show the uniqueness of the solution u. Assume that ũ is another solution
of FVP (3.32) and (3.34). Then, by applying the same argument as in (3.97), we also
have

‖u − ũ‖
L

1
αq −r

(0,T ;L2(D))
≤ kn

0 (T )(2Ĉ0)
∥
∥t−αq

∥
∥

L
1

αq −r
(0,T ;R)

,

for all n ∈ N
+. Thus ‖u − ũ‖

L
1

αq −r
(0,T ;L2(D))

= 0 by letting n go to infinity. Hence,

u = ũ in L
1

αq
−r

(0, T ;L2(D)).

Step 2. We prove that u ∈ L
1

αq′ −r
(0, T ;Vβ(p−p′)).

This will be proved by using the inequality (3.98). We now apply the same
arguments as in the proofs of (3.57) and (3.59) to estimate ‖u(t, ·)‖Vβ(p−p′) as
follows. First, we have

‖(O1F(u))(t, ·)‖Vβ(p−p′)

≤ĉα

∫ t

0

⎧
⎨

⎩

∞∑

j=1

F 2
j (τ, u(τ ))m

2β(p−p′)
j m

−2βp
j (t − τ)−2αp(t − τ)2α−2

⎫
⎬

⎭

1/2

dτ

≤ĉαm
−βp′
1

∫ t

0
‖F(τ, ·, u(τ, ·))‖ (t − τ)αq−1dτ

≤ĉαm
−βp′
1 K

∫ t

0
‖u(τ, ·)‖ (t − τ)αq−1dτ

≤ĉαm
−βp′
1 KĈ0

∫ t

0
τ−αq(t − τ)αq−1dτ ≤ M29 ‖ϕ‖Vβp

t−αq ′
,

where we let

M29 = ĉαm
−βp′
1 KC̃0B(αq, 1 − αq)T αq ′

.

Secondly,

‖(O3F(u))(t, ·)‖Vβ(p−p′) ≤M6t
−αq ′

∫ T

0
‖F(τ, ·, u(τ, ·))‖ (T − τ)αq−1dτ

≤M6t
−αq ′

K

∫ T

0
‖u(τ, ·)‖ (T − τ)αq−1dτ

≤M6t
−αq ′

KĈ0

∫ t

0
τ−αq(t − τ)αq−1dτ

≤M30 ‖ϕ‖Vβp
t−αq ′

,
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where we let M30 = M6KC̃0B(αq, 1 − αq). We recall that ‖O2(t)ϕ‖Vβ(p−p′)
have been estimated by (3.58). According to the above arguments, we arrive at the
estimate

‖u(t, ·)‖Vβ(p−p′) ≤ ‖(O1F(u))(t, ·)‖Vβ(p−p′) + ‖O2(t)ϕ‖Vβ(p−p′)

+ ‖(O3F(u))(t, ·)‖Vβ(p−p′)

≤M31 ‖ϕ‖Vβp
t−αq ′

,

for M31 = M29 + M5 + M30. By taking the L
1

αq′ −r
(0, T ;R)-norm, then the latter

inequalities can be transformed into the following estimate:

‖u‖
L

1
αq′ −r

(0,T ;Vβ(p−p′))
≤M32 ‖ϕ‖Vβp

, (3.99)

where M32 = M31

∥
∥
∥t−αq ′∥∥

∥
L

1
αq′ −r

(0,T ;R)

.

Step 3. We prove that u ∈ C
αq
w ((0, T ];L2(D)).

Let us consider 0 < t1 < t2 ≤ T . By the same arguments as in (3.61), we have

u(t2, x) − u(t1, x)

=
∞∑

j=1

∫ t1

0

∫ t2−τ

t1−τ

Fj (τ, u(τ ))ωα−2Eα,α−1(−m
β
j ωα)dωdτej (x)

+
∞∑

j=1

∫ t2

t1

Fj (τ, u(τ))Ẽα,α(−m
β
j (t2 − τ)α)dτej (x)

− L β
∞∑

j=1

ϕj

∫ t2

t1

Ẽα,α(−m
β
j ωα)

Eα,1(−m
β
j T α)

dωej (x)

+ L β
∞∑

j=1

∫ T

0

∫ t2

t1

Fj (τ, u(τ))Ẽα,α(−m
β
j (T − τ)α)

Ẽα,α(−m
β
j ωα)

Eα,1(−m
β
j T α)

dωdτej (x)

=:I N
1 + I N

2 + I N
3 + I N

4 .

(3.100)

Here, by (3.66),
∥
∥I N

3

∥
∥ tends to 0 as t2 − t1 tends to 0. In what follows, we will

establish the convergence for
∥
∥I N

n

∥
∥, n = 1, 2, 4, which can be treated similarly as

in (3.62), (3.63), and (3.67) based on the Lipschitzian assumption (A1). We first see
that
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∥
∥
∥I N

1

∥
∥
∥ ≤ĉαm

−βp

1

∫ t1

0

⎧
⎨

⎩

∞∑

j=1

F 2
j (τ, u(τ ))

∣
∣
∣
∣

∫ t2−τ

t1−τ

ωα−2ω−αpdω

∣
∣
∣
∣

2
⎫
⎬

⎭

1/2

dτ

≤ ĉαm
−βp

1

1 − αq

∫ t1

0
‖F(τ, ·, u(τ, ·))‖

[
(t1 − τ)αq−1 − (t2 − τ)αq−1

]
dτ

≤ ĉαm
−βp

1

1 − αq
K

∫ t1

0
‖u(τ, ·)‖

[
(t1 − τ)αq−1 − (t2 − τ)αq−1

]
dτ

≤ ĉαm
−βp

1

1 − αq
KC̃0 ‖ϕ‖Vβp

∫ t1

0
τ−αq

[
(t1 − τ)αq−1 − (t2 − τ)αq−1

]
dτ.

Note that

∫ t1

0
τ−αq(t1 − τ)αq−1dτ = B(αq, 1 − αq).

Thus, due to the substitution τ = t2μ, we have

∫ t1

0
τ−αq

[
(t1 − τ)αq−1 − (t2 − τ)αq−1

]
dτ

=B(αq, 1 − αq) −
∫ t1/t2

0
μ−αq(1 − μ)αq−1dμ

=B(αq, 1 − αq) −
[

B(αq, 1 − αq) −
∫ 1

t1/t2

μ−αq(1 − μ)αq−1dμ

]

≤
(

t2

t1

)αq ∫ 1

t1/t2

(1 − μ)αq−1dμ

= 1

αq

(
t2

t1
− 1

)αq

.

(3.101)

As a consequence, lim
t2−t1→0

∫ t1
0 τ−αq

[
(t1 − τ)αq−1 − (t2 − τ)αq−1

]
dτ = 0, and so

lim
t2−t1→0

∥
∥I N

1

∥
∥ = 0. Secondly we proceed to deal with I N

2 . Now 0 < p0 < p, and

by (3.46), we have

|Eα,α(−m
β
j (t2 − τ)α)| ≤ ĉαm

−β(p−p0)

1 (t2 − τ)−α(p−p0).

We deduce the following chain of estimates:
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∥
∥
∥I N

2

∥
∥
∥ ≤

∫ t2

t1

∥
∥
∥
∥
∥
∥

∞∑

j=1

Fj (τ, u(τ))Eα,α(−m
β
j (t2 − τ)α)ej

∥
∥
∥
∥
∥
∥

(t2 − τ)α−1dτ

≤ĉαm
−β(p−p0)

1

∫ t2

t1

‖F(τ, ·, u(τ, ·))‖ (t2 − τ)αq−1+αp0dτ

≤ĉαm
−β(p−p0)

1 K

∫ t2

t1

‖u(τ, ·)‖ (t2 − τ)αq−1dτ(t2 − t1)
αp0

≤ĉαm
−β(p−p0)

1 KC̃0 ‖ϕ‖Vβp

∫ t2

0
τ−αq(t2 − τ)αq−1dτ(t2 − t1)

αp0

≤ĉαm
−β(p−p0)

1 KC̃0 ‖ϕ‖Vβp
B(αq, 1 − αq)(t2 − t1)

αp0 .

(3.102)

This implies lim
t2−t1→0

∥
∥I N

2

∥
∥ = 0. Next, we thirdly proceed to consider I N

4 . The

same argument as in (3.67) gives

∥
∥
∥I N

4

∥
∥
∥ ≤ĉαM11

t
αq

2 − t
αq

1

t
2αq

1

∫ T

0
‖F(τ, ·, u(τ, ·))‖ (T − τ)αq−1dτ

≤ĉαM11KC̃0 ‖ϕ‖Vβp

t
αq

2 − t
αq

1

t
2αq

1

∫ T

0
τ−αq(T − τ)αq−1dτ

≤ĉαM11KC̃0B(αq, 1 − αq) ‖ϕ‖Vβp

t
αq

2 − t
αq

1

t
2αq

1

,

and we arrive at lim
t2−t1→0

∥
∥I N

4

∥
∥ = 0. The above arguments prove u ∈

C((0, T ];L2(D)). This combines with (3.98) so that u ∈ C
αq
w ((0, T ];L2(D))

and

‖u‖C
αq
w ((0,T ];L2(D)) ≤ C̃0 ‖ϕ‖Vβp

. (3.103)

We complete step 1 by combining the inequalities (3.99) and (3.103).

(b) According to part (a), we have just to prove that u ∈ Cαq([0, T ];V−βq ′). In this
part, we consider 0 ≤ t1 < t2 ≤ T . Let us first show

∥
∥
∥I N

1

∥
∥
∥
V−βq′

≤ M33 ‖ϕ‖Vβp
(t2 − t1)

αq, (3.104)

for some positive constant M33, where the case t1 = 0 is trivial. It is necessary to
prove (3.104) for t1 > 0. From the proof of the estimate (3.70), we have
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∥
∥
∥I N

1

∥
∥
∥
V−βq′

≤
∫ t1

0

⎧
⎨

⎩

∞∑

j=1

m
−2βq ′
j F 2

j (τ, u(τ ))

∣
∣
∣
∣

∫ t2−τ

t1−τ

ωα−2
∣
∣
∣Eα,α−1(−m

β
j ωα)

∣
∣
∣ dω

∣
∣
∣
∣

2
⎫
⎬

⎭

1/2

dτ.

In addition, the inequalities (3.46) yield that |Eα,α−1(−m
β
j ωα)| ≤ ĉαm

−βp′
j ω−αp′

.
This associates with αq ′ − 2 = αq − 2 + α(p − p′) so that

∥
∥
∥I N

1

∥
∥
∥
V−βq′

≤ĉαm
−β
1

∫ t1

0
‖F(τ, ·, u(τ, ·))‖

∣
∣
∣
∣

∫ t2−τ

t1−τ

ωαq−2+α(p−p′)dω

∣
∣
∣
∣ dτ

≤ ĉαm
−β
1

1 − αq ′ K
∫ t1

0
‖u(τ, ·)‖

[
(t1 − τ)αq−1+α(p−p′) − (t2 − τ)αq−1+α(p−p′)

]
dτ

≤ ĉαm
−β
1

1 − αq ′ KĈ0

∫ t1

0
τ−αq(t1 − τ)α(p−p′)

[
(t1 − τ)αq−1 − (t2 − τ)αq−1

]
dτ

≤ ĉαm
−β
1

1 − αq ′ KĈ0t
α(p−p′)
1

1

αq

(
t2

t1
− 1

)αq

≤M33 ‖ϕ‖Vβp
(t2 − t1)

αq,

where

M33 = ĉαm
−β
1

(1 − αq ′) αq
KC̃0T

α(p−p′)−αq .

Here, we have used (3.61), (3.101), and α(p−p′) ≥ αq by (R4b). Secondly, we are
going to consider I N

2 . The Sobolev embedding L2(D) ↪→ V−βq ′ yields that there
exists a positive constant M34 such that

∥
∥
∥I N

2

∥
∥
∥
V−βq′

≤M34

∥
∥
∥I N

2

∥
∥
∥

≤M34ĉαm
−βp′
1 KC̃0B(αq, 1 − αq) ‖ϕ‖Vβp

(t2 − t1)
α(p−p′)

≤M34ĉαm
−βp′
1 T α(p−p′)−αqKC̃0B(αq, 1 − αq) ‖ϕ‖Vβp

(t2 − t1)
αq,

where we applied (3.102) with respect to 0 < p0 = p − p′ < p. Thirdly, we now
consider I N

3 . By applying the same arguments as in (3.72), one can get
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∥
∥
∥I N

3

∥
∥
∥
V−βq′

≤ M14

α(p − p′)
‖ϕ‖Vβp

(
t
α(p−p′)
2 − t

α(p−p′)
1

)

≤ M14

α(p − p′)
T α(p−p′)−αq ‖ϕ‖Vβp

(t2 − t1)
αq .

Finally, the arguments proving (3.73) give

∥
∥
∥I N

4

∥
∥
∥
V−βq′

≤ĉα

M14

α(p − p′)

(
t
α(p−p′)
2 − t

α(p−p′)
1

)

∫ T

0
‖F(τ, ·, u(τ, ·))‖ (T − τ)αq−1dτ

≤ĉα

M14

α(p − p′) (t2 − t1)
α(p−p′) K

∫ T

0
‖u(τ, ·)‖ (T − τ)αq−1dτ

≤ĉα

M14

α(p − p′)
T α(p−p′)−αqKC̃0B(αq, 1 − αq) ‖ϕ‖Vβp

(t2 − t1)
αq .

Taking the above estimates for I N
n , 1 ≤ n ≤ 4, together, we conclude that u

belongs to Cαq([0, T ];V−βq ′). Moreover, there exists a positive constant M35 such
that

|||u|||Cαq([0,T ];V−βq′ ) ≤ M35 ‖ϕ‖Vβp
.

By combining this inequality with (3.99) and (3.103), we complete the proof.

Theorem 3.8 Let p, q, p′, q ′, p̂, q̂, r, r̂ be defined by (R1), (R4b), (R5b). If ϕ

belongs to Vβ(p+q̂), F satisfies the assumption (A2), and k0(T ) < 1, then
FVP (3.32)–(3.34) has a unique solution u satisfying that

u ∈ L
1

αq′ −r
(0, T ;Vβ(p−p′)) ∩ Cαq

w ((0, T ];L2(D)),

C
0D

α
t u ∈ L

1
αq̂

−r̂
(0, T ;V−β(q+p̂)) ∩ Cα

w((0, T ];V−βq).

Moreover, there exists a constant C7 > 0 such that

∥
∥
∥

C
0D

α
t u

∥
∥
∥

L
1
α −r̂ (0,T ;V−β(q−q̂))

+
∥
∥
∥

C
0D

α
t u(t, ·)

∥
∥
∥

Cα
w((0,T ];V−βq )

≤ C7 ‖ϕ‖Vβ(p+q̂)
.

(3.105)

Proof Since F satisfies (A2), F also satisfies (A1) with respect to the Lipschitz
constant K∗. In addition, the Sobolev embedding Vβ(p+q̂) ↪→ Vβp shows that ϕ

belongs toVβp. Hence, by Theorem 3.7, FVP (3.32) and (3.34) has a unique solution



3.2 Terminal Value Problem 141

u ∈ L
1

αq′ −r
(0, T ;Vβ(p−p′)) ∩ Cαq

w ((0, T ];L2(D)).

Moreover, the inequality (3.98) also holds. We deduce that, for 0 < t ≤ T ,

‖F(t, ·, u(t, ·))‖ ≤ K∗C̃0 ‖ϕ‖Vβp
t−αq ≤ M36K∗C̃0 ‖ϕ‖Vβ(p+q̂)

t−αq . (3.106)

The remainder of this proof falls naturally into two steps as follows.

Step 1. We prove that C
0D

α
t u finitely exists and belongs to L

1
α
−r̂ (0, T ;V−β(q−q̂)).

By the same way as in part (a) of Theorem 3.6, we have

C
0D

α
t uj (t) =Fj (t, u(t)) − m

β
j Fj (t, u(t)) ∗ Ẽα,α(−m

β
j tα) − ϕj

m
β
j Eα,1(−m

β
j tα)

Eα,1(−m
β
j T α)

+ (
Fj (r, u(r)) ∗ Ẽα,α(−m

β
j rα)

)∣∣
∣
r=T

m
β
j Eα,1(−m

β
j tα)

Eα,1(−m
β
j T α)

=:Fj (t, u(t)) + ψ
N,1
j (t) + ψ

N,2
j (t) + ψ

N,3
j (t),

for all j ∈ N
+. In view of (3.106), F(t, ·, u(t, ·)) is contained in L2(D)

for 0 < t ≤ T . This associates with the Sobolev embedding L2(D) ↪→
V−β(q−q̂) that F(t, ·, u(t, ·)) is contained in V−β(q−q̂), namely

∑∞
j=1 Fj (t, u(t))ej

is contained in V−β(q−q̂). On the other hand, ψ
N,2
j = ψ

(2)
j , and the

norm
∥
∥
∥
∑∞

j=1 ψ
N,2
j (t)ej

∥
∥
∥
V−β(q−q̂)

exists finitely by (3.78). Now, we consider
∥
∥
∥
∑∞

j=1 ψ
N,n
j (t)ej

∥
∥
∥
V−β(q−q̂)

, n = 1, 3. According to the estimates (3.77) and (3.79),

the following ones hold:

∥
∥
∥
∥
∥
∥

∑

n1≤j≤n2

ψ
N,1
j (t)ej

∥
∥
∥
∥
∥
∥
V−β(q−q̂)

≤ĉαT αt−α

∫ t

0
(t − τ)α(q−q̂)−1

⎧
⎨

⎩

∑

n1≤j≤n2

F 2
j (τ, u(τ ))

⎫
⎬

⎭

1/2

dτ,

∥
∥
∥
∥
∥
∥

∑

n1≤j≤n2

ψ
N,3
j (t)ej

∥
∥
∥
∥
∥
∥
V−β(q−q̂)

≤ĉαM19t
−α

∫ T

0
(T − τ)α(q−q̂)−1

⎧
⎨

⎩

∑

n1≤j≤n2

F 2
j (τ, u(τ ))

⎫
⎬

⎭

1/2

dτ.
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For 0 < τ < T , we have F(τ, ·, u(τ, ·)) belonging to L2(D). This follows that

the sequence
{
Gn(τ)

}
, which is defined by Gn(τ) =

{∑
j≥n F 2

j (τ, u(τ ))
}1/2

,

converges pointwise to 0 as n goes to infinity. Moreover, by (3.106), we have

∣
∣
∣(t − τ)α(q−q̂)−1Gn(τ)

∣
∣
∣ ≤M36K∗C̃0 ‖ϕ‖Vβ(p+q̂)

(t − τ)α(q−q̂)−1τ−αq .

The function τ → (t − τ)α(q−q̂)−1τ−αq is integrable on the open interval (0, t),
t > 0, since

∫ t

0
(t − τ)α(q−q̂)−1τ−αqdτ = t−αq̂B(α(q − q̂), 1 − αq).

Therefore, the dominated convergence theorem yields that

lim
n→∞

∫ t

0
(t − τ)α(q−q̂)−1Gn(τ)dτ = 0.

This together with
{∑

n1≤j≤n2
F 2

j (τ, u(τ ))
}1/2 ≤ Gn1(τ ) gives

lim
n1,n2→∞

∫ t

0
(t − τ)α(q−q̂)−1

⎧
⎨

⎩

∑

n1≤j≤n2

F 2
j (τ, u(τ ))

⎫
⎬

⎭

1/2

dτ = 0.

Similarly, we also have

lim
n1,n2→∞

∫ T

0
(T − τ)α(q−q̂)−1

⎧
⎨

⎩

∑

n1≤j≤n2

F 2
j (τ, u(τ ))

⎫
⎬

⎭

1/2

dτ = 0.

We deduce
∥
∥
∥
∑∞

j=1 ψ
N,n
j (t)ej

∥
∥
∥
V−β(q−q̂)

, n = 1, 3, exist finitely. Taking all the above

arguments together, we conclude that
∥
∥
∥
∑∞

j=1
C
0D

α
t uj (t)ej

∥
∥
∥
V−β(q−q̂)

finitely exists.

In addition, the Sobolev embedding L2(D) ↪→ V−β(q−q̂) yields that there exists a
positive constant M37 such that

‖F(t, ·, u(t, ·))‖V−β(q−q̂)
≤ M37 ‖F(t, ·, u(t, ·))‖ .

Hence,
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∥
∥
∥

C
0D

α
t u(t, ·)

∥
∥
∥
V−β(q−q̂)

≤‖F(t, ·, u(t, ·))‖V−β(q−q̂)
+

∑

1≤n≤3

∥
∥
∥
∥
∥
∥

∞∑

j=1

ψ
N,n
j (t)ej

∥
∥
∥
∥
∥
∥
V−β(q−q̂)

≤M37 ‖F(t, ·, u(t, ·))‖ + ĉα

∫ t

0
(t − τ)α(q−q̂)−1 ‖F(τ, ·, u(τ, ·))‖ dτ

+ M19t
−α ‖ϕ‖Vβ(p+q̂)

+ ĉαM19t
−α

∫ T

0
(T − τ)α(q−q̂)−1 ‖F(τ, ·, u(τ, ·))‖ dτ.

We now note that

∫ t

0
(t − τ)α(q−q̂)−1τ−αqdτ ≤ T α−αq̂B(α(q − q̂), 1 − αq)t−α

and

∫ T

0
(T − τ)α(q−q̂)−1τ−αqdτ = T −αq̂B(α(q − q̂), 1 − αq).

This combines with (3.106), and there exists a constant M38 > 0 such that

∥
∥
∥

C
0D

α
t u(t, ·)

∥
∥
∥
V−β(q−q̂)

≤ M38 ‖ϕ‖Vβ(p+q̂)
t−α, (3.107)

which leads to
∥
∥
∥

C
0D

α
t u

∥
∥
∥

L
1
α −r̂ (0,T ;V−β(q−q̂))

≤ M38
∥
∥t−α

∥
∥

L
1
α −r̂ (0,T ;R)

‖ϕ‖Vβ(p+q̂)
. (3.108)

Step 2. We prove C
0D

α
t u ∈ Cα

w((0, T ];V−βq).
We consider 0 < t1 < t2 ≤ T . A similar argument as in (3.83) yields

C
0D

α
t u(t2, x) − C

0D
α
t u(t1, x) = F(t2, x, u(t2, x)) − F(t1, x, u(t1, x)) +

∑

1≤n≤4

J N
n ,

where J N
n = −L βI N

n and I N
n is defined by (3.100). By applying the Sobolev

embedding L2(D) ↪→ V−βq , there exists a positive constant M39 such that

lim
t2−t1→0

‖F(t2, ·, u(t2, ·)) − F(t1, ·, u(t1, ·))‖V−βq

≤ lim
t2−t1→0

M39 ‖F(t2, ·, u(t2, ·)) − F(t1, ·, u(t1, ·))‖

≤ lim
t2−t1→0

M39K∗
(|t2 − t1| + ‖u(t2, ·) − u(t1, ·)‖

) = 0,
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where we note that u ∈ C
αq
w ((0, T ];L2(D)). From (3.84) and (3.101), we have

∥
∥
∥J N

1

∥
∥
∥
V−βq

≤ĉα

∫ t1

0
‖F(τ, ·, u(τ, ·))‖

∣
∣
∣
∣

∫ t2−τ

t1−τ

ωαq−2dω

∣
∣
∣
∣ dτ

≤ ĉαM36K∗C̃0

1 − αq
‖ϕ‖Vβ(p+q̂)

∫ t1

0
τ−αq

[
(t1 − τ)αq−1 − (t2 − τ)αq−1

]
dτ

≤ ĉαM36K∗C̃0

(1 − αq)αq
‖ϕ‖Vβ(p+q̂)

(
t2

t1
− 1

)αq

.

In addition, by

∫ t2

t1

τ−αq(t2 − τ)αq−1dτ =
∫ 1

t1/t2

μ−αq(1 − μ)αq−1dμ ≤ 1

αq

(
t2

t1
− 1

)αq

and (3.106), we can obtain the following chain of the inequalities:

∥
∥
∥J N

2

∥
∥
∥
V−βq

≤ĉα

∫ t2

t1

‖F(τ, ·, u(τ, ·))‖ (t2 − τ)αq−1dτ

≤ĉαM36K∗C̃0 ‖ϕ‖Vβ(p+q̂)

∫ t2

t1

τ−αq(t2 − τ)αq−1dτ

≤ĉαM36K∗C̃0 ‖ϕ‖Vβ(p+q̂)

1

αq
t
−αq

1 (t2 − t1)
αq .

Finally, the norm
∥
∥J N

3

∥
∥

V−βq
has been estimated by (3.86), and the norm

∥
∥J N

4

∥
∥

V−βq
can be estimated as follows:

∥
∥
∥J N

4

∥
∥
∥
V−βq

≤M24

α
t−2α
1 (tα2 − tα1 )

∫ T

0
‖F(τ, ·, u(τ, ·))‖ (T − τ)αq−1dτ

≤M24

α
t−2α
1 (tα2 − tα1 )M36K∗C̃0 ‖ϕ‖Vβ(p+q̂)

∫ T

0
τ−αq(T − τ)αq−1dτ

≤M24

α
t−2α
1 (tα2 − tα1 )M36K∗C̃0 ‖ϕ‖Vβ(p+q̂)

B(αq, 1 − αq).

It follows from the above arguments that C
0D

α
t u belongs to C((0, T ];V−βq). On the

other hand, the estimate (3.107) also holds for p̂ = 1 and q̂ = 0, i.e., we have

tα
∥
∥
∥

C
0D

α
t u(t, ·)

∥
∥
∥
V−βq

≤ M38 ‖ϕ‖Vβp
,
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for 0 < t ≤ T . Therefore, C
0D

α
t u ∈ Cα

w((0, T ];V−βq), and there exists a constant
M40 > 0 such that

∥
∥
∥

C
0D

α
t u(t, ·)

∥
∥
∥

Cα
w((0,T ];V−βq )

≤ M40 ‖ϕ‖Vβ(p+q̂)
, (3.109)

by the Sobolev embedding Vβ(p+q̂) ↪→ Vβp. The inequality (3.105) is derived by
taking the inequalities (3.108) and (3.109) together. The proof is completed.

Remark 3.4 At the beginning part of step 1 of the above proof, we recall that
ψ

N,2
j = ψ

(2)
j . This means that ψ

N,2
j (with respect to the nonlinear case) can be

similarly estimated in the same way as in the linear case. More precisely, this term
can be estimated as (3.77). Here, the formula of ψ

(2)
j is given by

ψ
(2)
j = −ϕj

m
β
j Eα,1(−m

β
j tα)

Eα,1(−m
β
j T α)

, (3.110)

see the proof of Theorem 3.6. The appearance of the factor m
β
j in (3.110) tells that

we need ϕ ∈ Vβ(p+q̂) to obtain (3.77). In summary, in order to bound the Caputo
fractional derivative C

0D
α
t u, we need the stronger assumption ϕ ∈ Vβ(p+q̂) rather

than ϕ ∈ Vβp.

3.2.5 Existence

In the previous subsection, we found a solution u of FVP (3.32)–(3.34) in the set

WĈ0
αq(J × D). This allows that ‖u(t, ·)‖ ≤ Ĉ0t

−αq for all 0 < t ≤ T . Then, we
obtain u ∈ C

αq
w ((0, T ];L2(D)) by establishing the time continuity of u, which

corresponds to the boundedness

sup
0<t≤T

tαq ‖u(t, ·)‖ < +∞. (3.111)

However, the existence given in Theorem 3.7 requires the assumption k0(T ) < 1,
which is equivalent to KT αq < M41, where M41 is a constant. This can occur if K

or T is small enough.
“Under what conditions is the contractivity condition k0(T ) < 1 satisfied?” This

motivates the result in this subsection.
The purpose of this subsection is to discuss global existence of solutions, namely,

the existence of solutions without any assumptions on K and T . To overcome the
difficulties of finding solutions in C

αq
w ((0, T ];L2(D)), we shall seek solutions in

a wider/weaker space than C
αq
w ((0, T ];L2(D)). The alternative solution space we

are going to find is to take inspiration from replacing the supremum (3.111) by the
following integral:
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∫ T

0

(
tbe−ρt

∥
∥u(t, ·)∥∥

)μ

dt < +∞, (3.112)

with suitable parameters b, ρ, and μ. We expect that the mapping O (formulated
by Lemma 3.2) on the alternative solution space is contracted as ρ tends to positive
infinity.

The above arguments motivate us to denote byL
μ
ρ,b(0, T ;L2(D)),μ ≥ 1, ρ > 0,

b > 0, the weighted Lebesgue space of all functions v : (0, T ) → L2(D) such that

∥
∥v

∥
∥

L
μ
ρ,b(0,T ;L2(D))

:=
(∫ T

0

(
tbe−ρt

∥
∥v(t, ·)∥∥

)μ

dt

) 1
μ

< ∞.

In the next theorem, we present global existence for FVP (3.32) and (3.34) in
L

μ
ρ,b(0, T ;L2(D)). It is helpful to introduce the following special function:

1F1(a, b, z) := Γ (b)

Γ (b − a)Γ (a)

∫ 1

0
(1 − τ)b−a−1τa−1ezτ dτ, b > a > 0, z ∈ C,

which is called the Kummer function or hypergeometric function. We recall the
following asymptotic behavior of this function:

1F1(a, b, z) := Γ (b)(Γ (a))−1ezz−(b−a)
(
1 + O|z|−1

)
,

see [37] (Lemma 8) or [2] (chapter 13). Due to a simple integration by substitution,
for all t ∈ (0, T ) we observe that

∫ t

0
(t − τ)a−1τb−1ezτ dτ =ta+b−1

∫ t

0
(1 − τ)a−1τb−1eztτ dτ

=ta+b−1Γ (a)Γ (b)

Γ (a + b)
1F1(b, a + b, zt)

=ta+b−1 eztΓ (a)

(zt)a

(
1 + O

(
|zt |−1

))
.

(3.113)

Theorem 3.9 Assume that 1
2 < α < 1. Let p and q be defined by (R1) such that

1
2α < q < 1. Let μ and b be such that 1

αq
< μ < 2, αq − 1

μ
< b < 1 − 1

μ
. If ϕ

belongs to Vβp and F satisfies (A1), then there exists ρ̂ > 0 such that FVP (3.32)–
(3.34) has a unique solution uG ∈ L

μ
ρ,b(0, T ;L2(D)) with ρ ≥ ρ̂, and furthermore

∫ T

0

(
tbe−ρt

∥
∥uG(t, ·)∥∥

)μ

dt < +∞.
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Proof For v1, v2 ∈ L
μ
b,ρ(0, T ;L2(D)), we first estimate the L

μ
b,ρ(0, T ;L2(D))-

norm of O1v1 − O1v2. The main idea is splitting the quantity ‖F(τ, ·, v1(τ, ·)) −
F(τ, ·, v2(τ, ·))‖(t − τ)αq−1 into the product of (t − τ)αq−1τ−beρτ and
τbe−ρτ‖F(τ, ·, v1(τ, ·)) − F(τ, ·, v2(τ, ·))‖. Then the L

μ
b,ρ(0, T ;L2(D))-norm

of ‖v1(τ, ·) − v2(τ, ·)‖ can be obtained by applying the Hölder inequality and the
Lipschitz assumption (A1). Indeed, one can see that

∫ T

0

(

tbe−ρt

∫ t

0

∥
∥v1(τ, ·) − v2(τ, ·)

∥
∥(t − τ)αq−1dτ

)μ

dt

≤
∫ T

0

(
tbe−ρt

)μ
(∫ t

0
(t − τ)

(αq−1)μ
μ−1 τ

− bμ
μ−1 e

ρμτ
μ−1 dτ

)μ−1

×
∫ T

0

(
τbe−ρτ

∥
∥v1(τ, ·) − v2(τ, ·)

∥
∥
)μ

dτdt

≤C
μ−1
1

∥
∥v1 − v2

∥
∥μ

L
μ
b,ρ(0,T ;L2(D))

∫ T

0

(
tbe−ρt

)μ

×
(

t
(αq−b)μ−1

μ−1 e
ρμt
μ−1 (ρt)

1−αqμ
μ−1

(
1 + t−1O(ρ−1)

))μ−1

dt

≤C
μ−1
1

∥
∥v1 − v2

∥
∥μ

L
μ
b,ρ(0,T ;L2(D))

(
T + O(ρ−1)

)μ−1
ρ1−αqμ

∫ T

0
t1−μdt,

where we denote C1 := Γ ((αqμ − 1)/(μ − 1)) ((μ − 1)/μ)(αqμ−1)/(μ−1). Here,
the asymptotic behavior (3.113) had been used in the second estimate, where we
note that

(αq − 1)μ

μ − 1
+ 1 = αqμ − 1

μ − 1
>

αq(1/(αq)) − 1

μ − 1
= 0,

as μ > 1/(αq), and 1− bμ/(μ − 1) > 0 as b < (μ − 1)/μ. Moreover, by taking ρ

large enough, we can bound
(
T + O(ρ−1)

)μ−1
by a constant independently of x, t .

Since μ > 1/(αq), the factor ρ1−αqμ obviously tends to zero as ρ tends to infinity.
Furthermore, the latter improper integral is convergent as μ < 2. Summarizing, we
can find a constant ρ1 > 0 such that

∥
∥O1v1 − O1v2

∥
∥μ

L
μ
b,ρ(0,T ;L2(D))

≤
(
ĉαm

−βp

1

)μ
∫ T

0

(

tbe−ρt

∫ t

0

∥
∥F(τ, ·, v1(τ, ·))−F(τ, ·, v2(τ, ·))

∥
∥

(t−τ)αq−1dτ
)μ

dt
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≤
(
Kĉαm

−βp

1

)μ
∫ T

0

(

tbe−ρt

∫ t

0

∥
∥v1(τ, ·) − v2(τ, ·)

∥
∥(t − τ)αq−1dτ

)μ

dt.

So we arrive at the following estimate:

∥
∥O1v1 − O1v2

∥
∥

L
μ
b,ρ(0,T ;L2(D))

≤ 1

4

∥
∥v1 − v2

∥
∥

L
μ
b,ρ(0,T ;L2(D))

, (3.114)

for all ρ ≥ ρ1, where we have used (3.94) in the first estimate and the Lipschitz
assumption (A1) in the second estimate.

Secondly, we will estimate the L
μ
b,ρ(0, T ;L2(D))-norm of the difference O3v1−

O3v2. Based on estimating the L
μ
b,ρ(0, T ;L2(D))-norm as above, this can be

treated by combining the Hölder inequality, the Lipschitz assumption (A1), and the
inequality (3.95). Indeed, we see that

∥
∥O3(t, ·)v1 − O3(t, ·)v2

∥
∥μ

L
μ
b,ρ(0,T ;L2(D))

≤M
μ
3

∫ T

0

(

tbe−ρt t−αq

∫ T

0

∥
∥F(τ, ·, v1(τ, ·))−F(τ, ·, v2(τ, ·))

∥
∥(T −τ)αq−1dτ

)μ

dt

≤ (KM3)
μ

∫ T

0

(

tbe−ρt t−αq

∫ T

0

∥
∥v1(τ, ·) − v2(τ, ·)

∥
∥(T − τ)αq−1dτ

)μ

dt

≤ (KM3)
μ C

μ−1
1

∥
∥v1 − v2

∥
∥μ

L
μ
b,ρ(0,T ;L2(D))

∫ T

0

(
tb−αqe−ρt

)μ
σb,ρ(T )dt,

where

σb,ρ(T ) :=
(

T
(αq−b)μ−1

μ−1 e
ρμT
μ−1 (ρT )

1−αqμ
μ−1

(
1 + T −1O(ρ−1)

))μ−1

,

and the asymptotic behavior (3.113) was employed. Let us denote by Ib,ρ the latter
integral; then

Ib,ρ = σb,ρ(T )

∫ T

0
t (b−αq)μe−ρμtdt.

Note that (b −αq)μ > ((αq − 1/μ)−αq)μ = −1 as b > αq − 1/μ. Hence, using
the asymptotic behavior (3.113), we have

Ib,ρ ≤σb,ρ(T )T (b−αq)μ+1e−ρμT (ρμT )−1
(
1 + O

(
(ρμT )−1

))

=
(
1 + T −1O(ρ−1)

)μ−1 (
1 + O

(
(ρμT )−1

)) μ−1T −αqμ

ραqμ
,
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where the latter right-hand side tends to zero as ρ tends to infinity. Thus, there exists
a ρ2 > 0 such that

∥
∥O3v1 − O3v2

∥
∥

L
μ
b,ρ(0,T ;L2(D))

≤ 1

4

∥
∥v1 − v2

∥
∥

L
μ
b,ρ(0,T ;L2(D))

, (3.115)

for all ρ ≥ ρ2. Taking the estimates (3.114) and (3.115) together gives

∥
∥Ov1 − Ov2

∥
∥

L
μ
b,ρ(0,T ;L2(D))

≤
∑

j∈{1;3}

∥
∥Oj v1 − Oj v2

∥
∥

L
μ
b,ρ(0,T ;L2(D))

≤ 1

2

∥
∥v1 − v2

∥
∥

L
μ
b,ρ(0,T ;L2(D))

,

for all ρ ≥ max{ρ1, ρ2}, namely, O : L
μ
b,ρ(0, T ;L2(D)) → L

μ
b,ρ(0, T ;L2(D))

is a contraction mapping. This means that O has only one fixed point in
L

μ
b,ρ(0, T ;L2(D)), and so FVP (3.32) and (3.34) has a unique solution uG in the

weighted Lebesgue space L
μ
b,ρ(0, T ;L2(D)). The desiblack inequality is obvious.

Remark 3.5 In fact, we tried to find solutions in the space

Cb,ρ
w ((0, T ];L2(D))

:=
{

v ∈ C((0, T ];L2(D))

∣
∣
∣
∣
∣

∥
∥v

∥
∥

C
b,ρ
w ((0,T ];L2(D))

:= sup
0<t≤T

tbe−ρt
∥
∥v(t, ·)∥∥ < ∞

}

.

Note that the following inclusion holds:

Cb,ρ
w ((0, T ];L2(D)) ⊂ L

μ
b,ρ(0, T ;L2(D)).

Indeed, if v ∈ C
b,ρ
w ((0, T ];L2(D)), then

∥
∥v

∥
∥

L
μ
ρ,b(0,T ;L2(D))

≤
(∫ T

0
dt

) 1
μ

(

sup
0<t≤T

tbe−ρt
∥
∥v(t, ·)∥∥

)

= T
1
μ
∥
∥v

∥
∥

C
b,ρ
w ((0,T ];L2(D))

< ∞.

In order to find solutions in this space, for all v1, v2 ∈ C
b,ρ
w ((0, T ];L2(D)), it

requires to bound the following quantities:

Q1(b, ρ) := sup
0<t≤T

tbe−ρt

∫ t

0

∥
∥v1(τ, ·) − v2(τ, ·)

∥
∥(t − τ)αq−1dτ,
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Q2(b, ρ) := sup
0<t≤T

tbe−ρt t−αq

∫ T

0

∥
∥v1(τ, ·) − v2(τ, ·)

∥
∥(T − τ)αq−1dτ,

by kj (ρ)‖v1 − v2‖C
b,ρ
w ((0,T ];L2(D))

with kj (ρ), j = 1, 2, tend to zero as ρ tends
to infinity. Unfortunately, it does not occur with the term Q2(b, ρ). Indeed, since
v1, v2 ∈ C

b,ρ
w ((0, T ];L2(D)), we have

∥
∥v1(t, ·) − v2(t, ·)

∥
∥ ≤ t−beρt‖v1 − v2‖C

b,ρ
w ((0,T ];L2(D))

,

which gives

Q2(b, ρ) ≤ sup
0<t≤T

σ̂b,ρ(t, T )
∥
∥v1 − v2

∥
∥

C
b,ρ
w ((0,T ];L2(D))

,

where

σ̂b,ρ(t, T ) := tbe−ρt t−αq

∫ T

0
τ−beρτ (T − τ)αq−1dτ.

The following conclusions are obvious.
Due to the asymptotic behavior (3.113), the supremum of σ̂b,ρ(t, T ) on (0, T ]

tends to infinity as ρ tends to infinity. Hence, O : L
μ
b,ρ(0, T ;L2(D)) →

L
μ
b,ρ(0, T ;L2(D)) cannot be a contraction mapping for arbitrary T . This is the main

reason why we did not find solutions in C
b,ρ
w ((0, T ];L2(D)).

The idea of using the space L
μ
ρ,b(0, T ;L2(D)) fortuitously came when we

realized that

∫ T

0

(
σ̂b,ρ(t, T )

)μ

dt → 0, as ρ → +∞

with a suitable number μ ≥ 1. Here, we replaced the supremum (3.111) by the
integral (3.112).

One can show thatQ1(b, ρ) is bounded by k1(ρ)‖v1−v2‖C
b,ρ
w ((0,T ];L2(D))

, where
k1(ρ) tends to zero as ρ tends to infinity. This means that we can establish the
existence of a mild solution to the initial value problem (3.32), (3.33), (3.35) in
C

b,ρ
w ((0, T ];L2(D)) without any assumptions on K and T .



Chapter 4
Well-Posedness and Regularity
of Fractional Wave Equations

4.1 Damped Wave Equations

4.1.1 Introduction

The main purpose of this section is to investigate the initial/boundary value
problems for time fractional damped wave equation

∂
β
t u + ∂α

t u = Δu + f (u), t > 0, (4.1)

subject to Dirichlet’s boundary condition

u(t, x) = 0, x ∈ ∂Ω, t > 0 (4.2)

and initial value conditions

u(0, x) = φ(x), ∂tu(0, x) = ψ(x), x ∈ Ω, (4.3)

where Ω ⊂ R
d (d ≥ 1) is a bounded domain with the sufficiently smooth boundary

∂Ω , and ∂
β
t , ∂α

t are standard fractional derivatives in the sense of Caputo type of
order β ∈ (1, 2] and α ∈ (0, 1], respectively. f is an appropriate force function
which will be special later. Taking the case of β = 2 and α = 1 in (4.1), it
becomes the standard damped wave equation, which is an important mathematical
model in studying many physic problems. Readers can easily find a large number of
related researches that are focused on the well-posedness of some linear or nonlinear
Cauchy problems. In addition, various papers have considered to establish the
asymptotic behavior and regularity estimates of the solutions; we refer to [8, 63, 93]
and the references therein. Observe that if β = 2α for α ∈ (1/2, 1] associated
with (4.1), this equation contains a typical time fractional telegraph equation, which
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is derived from the law of the iterated Brownian motion and Brownian time for the
telegraph process, see, e.g., [173].

A strong motivation for investigating Eq. (4.1) comes from physical phenomena.
The time fractional diffusion equation ∂

β
t u = Δu of order β ∈ (0, 1) can be used to

model anomalous diffusion phenomena, which was driven by fractional Brownian
motion, and it represents the subdiffusion behavior [234], while the time fractional
wave equation of order β ∈ (1, 2) will interpolate between the heat equation
(β = 1) and the wave equation (β = 2) that govern intermediate processes between
diffusion and wave propagation, and it is further interpreted as the superdiffusion
behavior. Moreover, fractional wave equation can also model a cable made with
special smart materials or a vibrating string in presence of a fractional friction
with power-law memory kernel. From these physical points of view, some partial
differential equations with fractional derivative will be more suitable to describe
practical problems.

As for the current problem, in fact, without the term ∂
β
t u associated with (4.1),

there are more researches concerning with this fractional diffusion equation, the
analysis of well-posedness, asymptotic analysis, decay estimates, and blow-up
solutions have been studied in [1, 34, 116, 128]. Without the forcing term f and
damped term ∂α

t u associated with (4.1), the analysis theories of fractional wave
equation have been studied by Luchko [143], Mainardi [144, 151], Sakamoto
and Yamamoto [186], Schneider and Wyss [190], etc. Recently, concerning with
fractional wave equation, Kian and Yamamoto [112] have investigated the existence
of weak solution and some Strichartz estimates under the case of semilinear force
function on bounded domain. The well-posedness results associated with a Dirichlet
space have been considered by Alvarez et al. [10]. In addition, Otarola and Salgado
[174] have studied the regularity of weak solutions and also discussed the spatial-
time regularities of the solution for an extended problem. Djida et al. [54] have
concerned with the well-posedness results on whole space R

N , and they derived
some Lp-Lr estimates of solution. Associated with an extra damping term in
fractional wave equation, which can describe the interaction between the vector
electric field and the electric and magnetic properties of the material (see, e.g., [73]),
we observe that there are still few researches addressing the following wave equation
with damping:

∂
β
t u + ∂α

t u − Δu = 0.

Alaimia and Tatar [6] and Tatar [204] investigated the blow-up for the wave equa-
tion with a fractional damping. In one dimensional unbounded domain, Stojanovic
and Gorenflo [200] obtained an upper viscosity solution for the case β ∈ (1, 2) and
α ∈ (0, 1), while on a bounded domain, Lin and Nakamura [137] investigated the
Carleman estimate that gives the unique continuation property of solutions for an
anomalous diffusion equation with multi-term time fractional Caputo derivative, as
well as the case for fractional diffusion equation [136]. Consequently, it is natural
to discuss the more general fractional wave equation with damping term.
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Motivated by the abovementioned works, in this section, we will focus on the
well-posedness and regularity of linear fractional damped wave equations; one
reason to consider these properties is that there are few papers to establish the
qualitative theory of damped wave equations in the sense of fractional versions.
Especially in nonlinear problem, there is an urgent need for existence results to
extend some known conclusions. The second reason is that the Laplacian operator
associated with Dirichlet’s boundary condition on a bounded domain with the
sufficiently smooth boundary on L2(Ω) can be expressed as a spectrum problem. It
will lead to that relative solution operators are compact and uniformly continuous
on their domains. According to these properties, we can get a general existence
result without the Lipschitz condition or the smoothness assumption on nonlinear
function.

This section is organized as follows. Section 4.1.2 recalls some concepts and
known results. In Sect. 4.1.3, we first introduce a suitable definition of mild solutions
for the linear problem, and then we obtain some existence and regularity of
mild solutions. In Sect. 4.1.4, some exact upper bounds of several Mittag-Leffler
functions are obtained. Under the local Lipschitz condition of nonlinear force
function, a well-posedness result of the problem (4.1)–(4.3) is established. Next,
we show the continuation and blow-up alternative of the solutions. In addition,
we also prove the compactness of solution operators, which allows us to study the
existence of mild solutions by removing the Lipschitz condition or higher regularity
hypothesis of force function. Finally, an application is introduced to verify our main
results.

4.1.2 Preliminary Results

Let us first recall the Riemann-Liouville fractional integral of order β ∈ R+ with
the lower limit zero for a function v ∈ L1(0, T ; X) and a Banach space X

J
β
t v(t) = 1

Γ (β)

∫ t

0
(t − s)β−1v(s)ds, t ≥ 0,

where Γ (β) is the Gamma function.
Let α ∈ (0, 1), β ∈ (1, 2), and T > 0. Consider a function v ∈ L1(0, T ; X) such

that J 1−α
t v ∈ W 1,1(0, T ; X) or J

2−β
t v ∈ W 2,1(0, T ; X). The representations

∂α
t v(t) = ∂t

(
J 1−α

t (v(t) − v(0))
)

and

∂
β
t v(t) = ∂2

t t

(
J

2−β
t (v(t) − v(0) − t ∂t v(0))

)
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are called the Caputo fractional derivative of order α and β, respectively. In
particular, when ρ = 0, one finds that J

ρ
t v(t) = v(t). Hence, if α = 1 or β = 2,

then the Caputo fractional derivatives commute with integer order derivatives,
respectively.

Let L2(Ω) be the standard real Hilbert space with the norm ‖ · ‖ and scalar
product (·, ·). Hl(Ω) and Hm

0 (Ω) denote the usual Sobolev spaces for l, m ≥ 0. Let
X be a Banach space equipped with norm | · |, and B(X) stands for the spaces of all
bounded linear operators from X into itself. Let C([0, T ]; X) be the Banach space
of all continuous functions from [0, T ] into X equipped with the supremum norm
‖u‖C = supt∈[0,T ] |u(t)|. The symbol Lp(0, T ; X) denotes the Banach space of all
p-integrable measurable functions u such that

‖u‖Lp(0,T ;X) =

⎧
⎪⎨

⎪⎩

(∫ T

0
|u(t)|pdt

)p

< ∞, if 1 ≤ p < ∞,

ess sup0≤t≤T |u(t)| < ∞, if p = ∞.

The symbol Wk,p(0, T ; X) (k ≥ 1) stands for the Banach space of all k-times
differentiable functions u such that

‖u‖Wk,p(0,T ;X) =
k∑

n=0

‖∂n
t u‖Lp(0,T ;X) < ∞.

It is well known that the Laplacian operator A = −Δ is nonnegative and self-
adjoint in Sobolev space H 1

0 (Ω), and there exists an orthonormal basis of L2(Ω)

consisting of eigenfunctions {en}∞n=1 ⊂ H 1
0 (Ω), which are corresponding to the

discrete positive eigenvalues {λn}∞n=1 for every n ∈ N
+, here 0 < λ1 ≤ λ2 ≤ . . .

with limn→∞ λn = ∞ satisfying

Aen = λnen, in Ω ; en = 0, on ∂Ω.

For any γ ≥ 0, let fractional power operator Aγ possess the following representa-
tion:

Aγ u =
∞∑

n=1

λ
γ
n (u, en)en, u ∈ D(Aγ ),

where

D(Aγ ) =
{

u ∈ L2(Ω) :
∞∑

n=1

λ
2γ
n |(u, en)|2 < ∞

}

,

as a Hilbert space of functions
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u :=
∞∑

n=1

unen =
∞∑

n=1

(u, en)en ∈ L2(Ω),

equipped with the norm

‖u‖γ := ‖u‖D(Aγ ) =
( ∞∑

n=1

λ
2γ
n |(u, en)|2

) 1
2

, u ∈ D(Aγ ).

By using the so-called Gelfand triple, we denote the duality space of D(Aγ ) by
D(A−γ ). It can be seen that D(A−γ ) is a Hilbert space endowed with the norm

‖u‖γ ∗ := ‖u‖D(A−γ ) =
( ∞∑

n=1

λ
−2γ
n |〈u, en〉−γ,γ |2

) 1
2

, u ∈ D(A−γ ),

under the duality bracket 〈·, ·〉−γ,γ . Furthermore, we notice that

〈u, v〉−γ,γ = (u, v), for u ∈ L2(Ω), v ∈ D(Aγ ).

Specially, one has D(Aγ ) ⊂ H 2γ (Ω) for γ > 0, D(A0) = L2(Ω), D(A
1
2 ) =

H 1
0 (Ω), see, e.g., [186].

4.1.3 Linear Problems

Consider the following linear problem:

∂
β
t u(t, x) + ∂α

t u(t, x) = Δu(t, x) + f (t, x), x ∈ Ω, t ∈ (0, T ), (4.4)

u(t, x) = 0, x ∈ ∂Ω, t ∈ (0, T ), (4.5)

u(0, x) = φ(x), ∂tu(0, x) = ψ(x), x ∈ Ω. (4.6)

Next, a suitable definition of mild solutions will be introduced to study the above
linear problem; furthermore, the existence and regularity of solutions are discussed.

4.1.3.1 Solution Representation Formula

Let φ ∈ D(Aγ ), ψ ∈ L2(Ω), with the aid of the spectrum property of operator A,
and observe that the equation

∂
β
t u(t, x) = −Au(t, x) + f (t, x), t > 0, x ∈ Ω (4.7)
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associated with initial/boundary value conditions (4.5)–(4.6) can be converted into

{
C
0D

β
t un(t) = −λnun(t) + fn(t),

un(0) = φn, u′
n(0) = ψn,

where φn = (φ, en), ψn = (ψ, en), fn(t) = (f (t, ·), en), and the solutions un(t)

are explicitly expressed as follows (see, e.g., [10, 112]):

un(t) =Eβ,1(−λntβ)φn + tEβ,2(−λntβ)ψn

+
∫ t

0
(t − s)β−1Eβ,β(−λn(t − s)β)fn(s)ds,

for all t ≥ 0. With the help of the identities in Proposition 1.15, one can derive that
the formula of first-order derivative with respect to t of un(t) is equal to

− λntβ−1Eβ,β(−λntβ)φn + Eβ,1(−λntβ)ψn

+
∫ t

0
(t − s)β−2Eβ,β−1(−λn(t − s)β)fn(s)ds.

In view of the definition of the Caputo fractional derivative and (1.13), by changing
the order of integration, one has

∫ t

0
(t − s)β−1Eβ,β(−λn(t − s)β)C0Dα

s un(s)ds

=
∫ t

0
(t − s)β−αEβ,β+1−α(−λn(t − s)β)u′

n(s)ds.

Therefore, after integration by parts in s, it follows that

∫ t

0
(t − s)β−αEβ,β+1−α(−λn(t − s)β)u′

n(s)ds

=
∫ t

0
(t − s)β−1−αEβ,β−α(−λn(t − s)β)un(s)ds

− tβ−αEβ,β+1−α(−λntβ)un(0).

(4.8)

By using the eigenfunction expansions, we set the operators

Sβ(t)v =
∞∑

n=1

Eβ,1(−λntβ)(v, en)en, Pβ(t)v =
∞∑

n=1

tEβ,2(−λntβ)(v, en)en
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and

Tβ(t)v =
∞∑

n=1

tβ−1Eβ,β(−λntβ)(v, en)en,

for all v ∈ L2(Ω) and t ≥ 0. In order to simplify the representation of solution,
we just focus on the dependence of time variable t and sometimes omit the space
variable x, writing u(t) = u(t, ·), f (t) = f (t, ·), and so on. Following the above
arguments, (4.7) associated with (4.5)–(4.6) has an equivalent integral form as
follows:

u(t) = Sβ(t)φ + Pβ(t)ψ +
∫ t

0
Tβ(t − s)f (s)ds.

Hence, the formal solution of linear problem (4.4)–(4.6) can be represented as
follows:

u(t) = Sβ(t)φ+Rβ(t)φ+Pβ(t)ψ −
∫ t

0
R ′

β(t −s)u(s)ds+
∫ t

0
Tβ(t −s)f (s)ds,

(4.9)
for t ≥ 0, where

Rβ(t)φ =
∞∑

n=1

tβ−αEβ,β+1−α(−λntβ)(φ, en)en,

R ′
β(t)u =

∞∑

n=1

tβ−α−1Eβ,β−α(−λntβ)(u, en)en.

As we can see, the damped term in linear problem can be regarded as a nonlinear
term in nonlinear problem, which will avoid a lot of computations to check the
properties of solution, for instance, when it is converted into a fundamental solution,
see an application below, it is not easy to discuss the existence and regularities
of solution and especially for considering nonlinear problem (4.1)–(4.3). For this
reason, it is worthwhile to consider that such damped term converts into an integral
representation at nonlinear term. Next, we shall introduce a suitable definition
of mild solutions to the problem (4.4)–(4.6) which involves the Mittag-Leffler
functions from the above arguments.

Definition 4.1 Let T > 0. If a function u ∈ C([0, T ]; L2(Ω)) satisfies (4.9), then
we say u is a mild solution of the problem (4.4)–(4.6).
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4.1.3.2 Existence and Regularity

In the sequel, we will prove the existence and regularity of mild solutions of linear
problem (4.4)–(4.6). The first result is concerned with the existence of the mild
solution, and the regularities of the solution are given in the rest of results.

Theorem 4.1 Let (φ, ψ) ∈ D(Aγ ) × L2(Ω) for γ ∈ (0, 1), and let f ∈
L1(0, T ; L2(Ω)). Then there exists a unique mild solution u to the problem (4.4)–
(4.6). Moreover,

‖u(t)‖ � ‖φ‖γ + ‖ψ‖ + ‖f ‖L1(0,T ;L2(Ω)). (4.10)

The hidden constant, in the above inequality, is independent of t and γ but may be
dependent on T .

Proof Let us first denote an operator Q on C([0, T ]; L2(Ω)) as follows:

(Qu)(t) =Sβ(t)φ + Rβ(t)φ + Pβ(t)ψ

−
∫ t

0
R ′

β(t − s)u(s)ds +
∫ t

0
Tβ(t − s)f (s)ds.

Clearly, there exists a mild solution of the problem (4.4)–(4.6) if and only if
operator Q has a fixed point in C([0, T ]; L2(Ω)). In what follows, we shall show
that operator Q is well defined on C([0, T ]; L2(Ω)). Firstly, for any ε > 0, let
0 ≤ t < t + ε ≤ T , we have

(Qu)(t + ε) − (Qu)(t)

=Sβ(t + ε)φ − Sβ(t)φ

+ Rβ(t + ε)φ − Rβ(t)φ + Pβ(t + ε)ψ − Pβ(t)ψ

−
∫ t+ε

0
R ′

β(t + ε − s)u(s)ds +
∫ t

0
R ′

β(t − s)u(s)ds

+
∫ t+ε

0
Tβ(t + ε − s)f (s)ds −

∫ t

0
Tβ(t − s)f (s)ds.

(4.11)

In view of Proposition 1.15 and (i) in Proposition 1.18, we know that

‖Sβ(t + ε)φ − Sβ(t)φ‖ =
( ∞∑

n=1

∣
∣
∣
∣

∫ t+ε

t

−λnsβ−1Eβ,β(−λnsβ)ds

∣
∣
∣
∣

2

|φn|2
)1/2

=
( ∞∑

n=1

(∫ t+ε

t

λ
1−γ
n sβ−1Eβ,β(−λnsβ)ds

)2

λ
2γ
n |φn|2

)1/2

�
(
(t + ε)βγ − tβγ

)
‖φ‖γ .
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From the definition of the fractional power space D(Aγ ) for γ > 0, in view of
the Sobolev embedding D(Aγ ) ⊂ L2(Ω), it follows that ‖φ‖ � ‖φ‖γ . Moreover,

‖Rβ(t + ε)φ − Rβ(t)φ‖ =
( ∞∑

n=1

∣
∣
∣
∣

∫ t+ε

t

sβ−α−1Eβ,β−α(−λnsβ)ds

∣
∣
∣
∣

2

|φn|2
)1/2

�
(
(t + ε)β−α − tβ−α

)
‖φ‖γ .

Propositions 1.15–1.16 imply

‖Pβ(t + ε)ψ − Pβ(t)ψ‖ =
( ∞∑

n=1

∣
∣
∣
∣

∫ t+ε

t

Eβ,1(−λnsβ)ds

∣
∣
∣
∣

2

|ψn|2
)1/2

� ε ‖ψ‖.

By virtue of Proposition 1.16 again, one obtains

‖Rβ(t)v‖ � tβ−α‖v‖, ‖R ′
β(t)v‖ � tβ−α−1‖v‖, v ∈ L2(Ω). (4.12)

Therefore, it yields

∫ t+ε

t

‖R ′
β(t + ε − s)u(s)‖ds � εβ−α ‖u‖C .

Moreover, by (i) in Proposition 1.18 with respect to μ = 1 − 1
β

, we have

∫ t

0
‖(R ′

β(t + ε − s) − R ′
β(t − s))u(s)‖ds

=
∫ t

0

( ∞∑

n=1

∣
∣
∣
∣

∫ t+ε−s

t−s

τ β−α−2Eβ,β−α−1(−λnτβ)dτ

∣
∣
∣
∣

2

(u(s), en)2

)1/2

ds

�
∫ t

0

∣
∣
∣
∣

∫ t+ε−s

t−s

τ−α−1dτ

∣
∣
∣
∣ ds ‖u‖C

�
(
ε1−α + t1−α − (t + ε)1−α

)
‖u‖C .

Noting that

‖Sβ(t)v‖ � ‖v‖, ‖Pβ(t)v‖ � t ‖v‖, ‖Tβ(t)v‖ � tβ−1‖v‖, (4.13)

for all v ∈ L2(Ω), we have

∫ t+ε

t

‖Tβ(t + ε − s)f (s)‖ds �
∫ t+ε

t

(t + ε − s)β−1‖f (s)‖ds

� εβ−1 ‖f ‖L1(0,T ;L2(Ω)).
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With the aid of Proposition 1.15, we deduce that

∫ t

0
‖(Tβ(t + ε − s) − Tβ(t − s))f (s)‖ds

�
∫ t

0

(
(t + ε − s)β−1 − (t − s)β−1

)
‖f (s)‖ds

� εβ−1 ‖f ‖L1(0,T ;L2(Ω)),

where we use the following inequality:

ξ
μ
1 − ξ

μ
2 ≤ (ξ1 − ξ2)

μ, μ ∈ (0, 1], and 0 ≤ ξ2 ≤ ξ1. (4.14)

Therefore, together with the triangle inequality and the above estimates, we
conclude that ‖(Qu)(t + ε) − (Qu)(t)‖ → 0 as ε tends to zero. An analogous
argument can show that ‖(Qu)(t) − (Qu)(t − ε)‖ → 0 as ε tends to zero for
0 ≤ t − ε < t ≤ T . Consequently, we obtain that Qu ∈ C([0, T ]; L2(Ω)) for any
u ∈ C([0, T ]; L2(Ω)).

We claim that Q has a unique fixed point. Indeed, for any u1, u2 ∈
C([0, T ]; L2(Ω)), by (4.12), we have

‖(Qu1)(t) − (Qu2)(t)‖ �
∫ t

0
‖R ′

β(t − s)(u1(s) − u2(s))‖ds

�
∫ t

0
(t − s)β−α−1‖u1(s) − u2(s)‖ds

≤ Γ (β − α)

Γ (β − α + 1)
tβ−α‖u1 − u2‖C .

By mathematical induction, it follows that

‖(Qj u1)(t) − (Qj u2)(t)‖ � (Γ (β − α))j

Γ (j (β − α) + 1)
tj (β−α)‖u1 − u2‖C . (4.15)

If j = 1, it has been proved. Assume that (4.15) holds for any j > 1. We will show
that (4.15) also holds for j + 1. For this purpose, by using (4.12) again, one has

‖(Qj+1u1)(t) − (Qj+1u2)(t)‖

�
∫ t

0
‖R ′

β(t − τ)((Qj u1)(τ ) − (Qj u2)(τ ))‖dτ

�
∫ t

0
(t − τ)β−α−1‖(Qj u1)(τ ) − (Qj u2)(τ )‖dτ
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� (Γ (β − α))j

Γ (j (β − α) + 1)

∫ t

0
(t − τ)β−α−1τ j (β−α)dτ‖u1 − u2‖C

= (Γ (β − α))j+1

Γ ((j + 1)(β − α) + 1)
t(j+1)(β−α)‖u1 − u2‖C .

Thus, the inequality (4.15) follows for any j + 1, and there exists a constant C > 0
such that

‖(Qj+1u1)(t) − (Qj+1u2)(t)‖ ≤ C(Γ (β − α))j+1

Γ ((j + 1)(β − α) + 1)
t(j+1)(β−α)‖u1 − u2‖C .

Let us choose j = ĵ large enough so that

ς := C(Γ (β − α))ĵ

Γ (ĵ (β − α) + 1)
T ĵ(β−α) < 1.

Therefore, one has

‖Qĵ u1 − Qĵ u2‖C ≤ ς‖u1 − u2‖C .

The contractility of Qĵ follows, and then Qĵ has a unique fixed point u∗ on

C([0, T ]; L2(Ω)). Since QQĵ = Qĵ+1 = QĵQ, one can see that Qĵ (Qu∗) =
Q(Qĵ u∗) = Qu∗ which deduce that Qu∗ is the fixed point of Qĵ . By virtue of the
uniqueness, we conclude that Qu∗ = u∗. Consequently, there exists a unique mild
solution.

Let us check (4.10). It follows from (4.12) and (4.13) that ‖Sβ(t)φ‖ � ‖φ‖γ ,
‖Pβ(t)ψ‖ � t ‖ψ‖, and ‖Rβ(t)φ‖ � tβ−α ‖φ‖γ . Hence, one obtains

‖u(t)‖ � ‖φ‖γ + tβ−α ‖φ‖γ + t‖ψ‖

+
∫ t

0
(t − τ)β−α−1‖u(τ)‖dτ +

∫ t

0
(t − s)β−1‖f (s)‖ds.

From the generalized Gronwall inequality (see, e.g., [233, Corollary 2]) and
Proposition 1.17, there exists a positive constant C such that

‖u(t)‖ � �(t) exp

(
(
CΓ (β − α)

) 1
β−α t

)

,

where

�(t) = ‖φ‖γ + tβ−α‖φ‖γ + t‖ψ‖ + tβ−1‖f ‖L1(0,T ;L2(Ω)).
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Thus, the main conclusion is obtained. We have completed this proof.

In what follows, we are in position to show the regularity of solution.

Theorem 4.2 Let (φ, ψ) ∈ D(Aγ ) × L2(Ω) for γ ∈ (0, 1), and let β − 1 > α,
f ∈ Lp(0, T ; L2(Ω)) for p > 1

β−1 . Then, the solution u of the problem (4.4)–(4.6)
satisfies

‖∂tu(t)‖ �
{ ‖φ‖γ + ‖ψ‖ + ‖f ‖Lp(0,T ;L2(Ω)), βγ ≥ 1,

tβγ−1 (‖φ‖γ + ‖ψ‖ + ‖f ‖Lp(0,T ;L2(Ω))

)
, βγ < 1.

(4.16)

Proof Theorem 4.1 ensures a mild solution of the problem (4.4)–(4.6). Hence, it
remains to check (4.16). For any v ∈ L2(Ω), let

S ′
β(t)v =

∞∑

n=1

−λntβ−1Eβ,β(−λntβ)(v, en)en,

T ′
β(t)v =

∞∑

n=1

tβ−2Eβ,β−1(−λntβ)(v, en)en,

and

R ′′
β(t)v =

∞∑

n=1

tβ−α−2Eβ,β−α−1(−λntβ)(v, en)en.

It is not difficult to check that ‖S ′
β(t)φ‖ � tβγ−1‖φ‖γ and ‖T ′

β(t)f (·)‖ �
tβ−2‖f (·)‖, respectively. It follows from (4.13) that ‖Sβ(t)ψ‖ � ‖ψ‖. As the
same argument, Proposition 1.16 shows that ‖R ′′

β(t)u(·)‖ � tβ−α−2‖u(·)‖. In view
of Proposition 1.15, we have

∂tu(t) = S ′
β(t)φ+R ′

β(t)φ+Sβ(t)ψ−
∫ t

0
R ′′

β(t−s)u(s)ds+
∫ t

0
T ′

β(t−s)f (s)ds.

(4.17)
Therefore, it follows that

‖∂tu(t)‖ � tβγ−1‖φ‖γ + tβ−α−1‖φ‖γ + ‖ψ‖

+
∫ t

0
(t − s)β−α−2‖u(s)‖ds + t

β−1− 1
p ‖f ‖Lp(0,T ;L2(Ω)).

Substituting (4.10) into the above inequality, we thus obtain the desired result.

Theorem 4.3 Let (φ, ψ) ∈ D(Aγ ) × L2(Ω) for γ ∈ (0, 1) satisfying 1
β

≤ γ <
β−α

β
, where β − 1 > α, and let f ∈ Lp(0, T ; L2(Ω)) for p > 1

β−βγ
. Then the

solution u belongs to C((0, T ]; H 2γ (Ω)) and satisfies
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‖u(t)‖H 2γ (Ω) � t−(βγ−1)
(‖φ‖γ + ‖ψ‖ + ‖f ‖Lp(0,T ;L2(Ω))

)
. (4.18)

Proof From the assumption of 1 ≤ βγ < β − α, one can see that there exists a
mild solution u such that u(t), ∂tu(t) ∈ L2(Ω) for t ∈ [0, T ] by Theorems 4.1 and
4.2. Consequently, by virtue of (4.8) and transposition of term, we have

∫ t

0
R ′

β(t − s)u(s)ds = Rβ(t)φ +
∫ t

0
Rβ(t − s)∂su(s)ds. (4.19)

Hence, we only need to consider u ∈ C((0, T ]; H 2γ (Ω)), and further it satis-
fies (4.18). Initially, the Sobolev embedding D(Aγ ) ⊂ H 2γ (Ω) for γ > 0 implies
that if u belongs to D(Aγ ), then one has u belonging to H 2γ (Ω). Repeating the
existence proof process of Theorem 4.1, we can verify u ∈ C((0, T ]; D(Aγ )). It
means u ∈ C((0, T ]; H 2γ (Ω)). Thus, it is sufficient to check the estimate (4.18).
Now, from the definition of fractional power operators, it follows that

Aγ Tβ(t)v = tβ−1
∞∑

n=1

λ
γ
nEβ,β(−λntβ)(v, en)en, t ≥ 0,

for any v ∈ L2(Ω) and γ ∈ (0, 1). By Proposition 1.18, we have

‖Aγ Tβ(t)v‖ � tβ−βγ−1‖v‖, t > 0. (4.20)

For t ∈ (0, T ], we set

χ(t) =
∫ t

0
Aγ Rβ(t − s)∂su(s)ds, ϕ(t) =

∫ t

0
Aγ Tβ(t − s)f (s)ds.

Applying (4.9) and (4.19), we conclude that

Aγ u(t) = Aγ Sβ(t)φ + Aγ Pβ(t)ψ − χ(t) + ϕ(t), t ∈ (0, T ].

On the other hand, Sobolev embedding theorem shows that ‖u(t)‖H 2γ (Ω) �
‖u(t)‖γ . Thus, it is sufficient to estimate these terms ‖Sβ(t)φ‖γ , ‖Pβ(t)ψ‖γ ,
‖χ(t)‖, and ‖ϕ(t)‖.

Proposition 1.16 implies

‖Sβ(t)φ‖γ =
( ∞∑

n=1

|Eβ,1(−λntβ)|2λ2γ
n |φn|2

)1/2

� ‖φ‖γ . (4.21)

With the help of (i) in Proposition 1.18, we get
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‖Pβ(t)ψ‖γ ≤
( ∞∑

n=1

∣
∣λ

γ
n tEβ,2(−λntβ)

∣
∣2 |ψn|2

)1/2

� t−(βγ−1)‖ψ‖. (4.22)

For the fourth term containing ϕ, by applying (4.20), we have the estimate

‖ϕ(t)‖ �
∫ t

0
(t − s)β−βγ−1‖f (s)‖ds � t

β−βγ− 1
p ‖f ‖Lp(0,T ;L2(Ω)). (4.23)

Therefore, it remains to verify the third term containing χ . Obviously, we get the
inequality

‖Aγ Rβ(t)v‖ � tβ−βγ−α−1‖v‖, v ∈ L2(Ω).

Therefore, one can see

‖χ(t)‖ �
∫ t

0
(t − s)β−βγ−α−1‖∂su(s)‖ds.

By virtue of (4.16) and βγ ≥ 1, the following estimate is established:

‖χ(t)‖ � tβ−βγ−α
(‖φ‖γ + ‖ψ‖ + ‖f ‖Lp(0,T ;L2(Ω))

)
. (4.24)

Together with (4.21) and (4.24), the proof is completed.

Using a similar argument as in Theorems 4.1 and 4.2, we can deduce the
following conclusion.

Theorem 4.4 Let (φ, ψ) ∈ D(Aγ ) × L2(Ω) for γ ∈ (0, 1) satisfying γ ≤ β−1
2β

,

and let f ∈ L∞(0, T ; D(A−γ )). Then the solution u of the problem (4.4)–(4.6)
belongs to L∞(0, T ; H 2γ (Ω)). Moreover,

‖u‖L∞(0,T ;H 2γ (Ω)) � ‖φ‖γ + ‖ψ‖ + ‖f ‖L∞(0,T ;D(A−γ )). (4.25)

Proof Indeed, noting that 2βγ ≤ β − 1, we get 0 < βγ < 1/2, β − βγ − 1 > 0
and

‖Tβ(t)v‖ ≤
( ∞∑

n=1

∣
∣
∣λ

γ
n tβ−1Eβ,β(−λntβ)

∣
∣
∣
2
λ

−2γ
n |(v, en)|2

)1/2

� tβ−βγ−1‖v‖γ ∗, v ∈ D(A−γ ).

From the assumption of f , by applying an analogous method of existence proof in
Theorem 4.1, one can easily check that there exists a unique mild solution u, which
satisfies
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‖u(t)‖ � ‖φ‖γ + ‖ψ‖ + ‖f ‖L∞(0,T ;D(A−γ )). (4.26)

On the other hand, by virtue of Proposition 1.16, we see that

‖Aγ Tβ(t)f (·)‖ � tβ−2βγ−1‖f (·)‖γ ∗.

Therefore, one has

∥
∥Aγ Sβ(t)φ+Aγ Pβ(t)ψ + ϕ(t)

∥
∥ � ‖φ‖γ + t1−βγ ‖ψ‖

+tβ−2βγ ‖f ‖L∞(0,T ;D(A−γ )),

where ϕ is defined in Theorem 4.3. Hence, it remains to estimate

Aγ Rβ(t)φ −
∫ t

0
Aγ R ′

β(t − s)u(s)ds. (4.27)

It is easy to estimate ‖Aγ Rβ(t)φ‖ � tβ−α‖φ‖γ . Now, we estimate another term
of (4.27). Indeed, by (ii) in Proposition 1.18, we have

∫ t

0
‖Aγ R ′

β(t − s)u(s)‖ds

=
∫ t

0

( ∞∑

n=1

|λγ
n (t − s)β−α−1Eβ,β−α(−λn(t − s)β)|2|un(s)|2

) 1
2

ds

�
∫ t

0
(t − s)β−βγ−α−1‖u(s)‖ds.

Noting the assumption 2βγ ≤ β − 1 and α ∈ (0, 1], by substituting (4.26) to
the above inequality, we thus immediately conclude that the assertion of (4.25) is
satisfied. This completes the proof.

In [186], the authors considered a fractional diffusion-wave problem, and further
they obtained that the regularity property in time is of infinity order which means
that u ∈ C∞ for t > 0. In [174], the authors derived some time regularity estimates
for a weak solution of fractional wave equation, and they also corrected some papers
including numerical technique, which ignores the situation that the solution will
blow up at point t = 0 for the time regularity u ∈ C3. Inspired by these works, we
establish the following regularity results for time fractional damped wave equations.

Theorem 4.5 Let (φ, ψ) ∈ D(Aγ ) × L2(Ω) for γ ∈ (0, 1) satisfying 1
β

≤ γ , and

let β − 1 > α. Assume that f (0) ∈ L2(Ω) is finite and f ∈ W 1,p(0, T ; L2(Ω)) for
p > 1

β−1 . Then the mild solution u of the problem (4.4)–(4.6) satisfies
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∥
∥
∥∂

2
t u(t)

∥
∥
∥ � t−1 (‖φ‖γ + ‖ψ‖ + ‖f ‖W 1,p(0,T ;L2(Ω)) + ‖f (0)‖) .

Proof By Theorems 4.1 and 4.2, the mild solution belongs to C1([0, T ]; L2(Ω)).
Hence, we can find a u satisfying (4.17). Invoking the initial value conditions u(0) =
φ and ∂tu(0) = ψ , by changing of variable and taking the derivative with respect to
t in (4.17), we conclude that for t > 0,

∂2
t u(t) =S ′′

β (t)φ + S ′
β(t)ψ −

∫ t

0
R ′′

β(s)∂tu(t − s)ds

+ T ′
β(t)f (0) +

∫ t

0
T ′

β(s)∂tf (t − s)ds.

On the other hand, Proposition 1.16 shows that

‖S ′′
β (t)φ‖ ≤ tβ−2

( ∞∑

n=1

(
λ

1−γ
n Eβ,β−1(−λntβ)

)2
λ

2γ
n |φn|2

)1/2

� tβ−2‖φ‖γ .

For t > 0, we have the following inequalities:

‖S ′′
β (t)ψ‖ � t−1‖ψ‖, ‖R ′′

β(t)v‖ � tβ−α−2‖v‖, ‖T ′
β(t)v‖ � tβ−2‖v‖,

for v ∈ L2(Ω). Hence, we obtain the estimate

∥
∥∂2

t u(t)
∥
∥ � tβ−2‖φ‖γ + t−1‖ψ‖ +

∫ t

0
sβ−α−2‖∂tu(t − s)‖ds

+ tβ−2‖f (0)‖ +
∫ t

0
sβ−2‖∂tf (t − s)‖ds,

which implies from (4.16) the desired result. The proof is completed.

Remark 4.1 Let us mention that the time regularity of mild solutions in the present
problem just achieves the second time derivative under the assumptions of Theo-
rem 4.5. This is the difference between our results and the previous papers [174, 186]
where they could establish more higher time regularity of solutions. Nevertheless,
if we alter the initial value of ψ belonging to D(Aγ ), f ∈ W 2,p(0, T ; L2(Ω)) such
that ∂tf (0) ∈ L2(Ω), by the Sobolev embedding relationship D(Aγ ) ⊂ L2(Ω) for
γ ∈ (0, 1), based on the existing assumptions in Theorem 4.5, we also establish a
unique mild solution on C1([0, T ]; L2(Ω)), and the solution will possess the third
time derivative
∥
∥
∥∂

3
t u(t)

∥
∥
∥ � tβ−α−3 (‖φ‖γ + ‖ψ‖γ + ‖f ‖W 2,p(0,T ;L2(Ω)) + ‖f (0)‖ + ‖∂tf (0)‖) .
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4.1.4 Nonlinear Problems

In this subsection, we will take into account of the nonlinear problem for fractional
wave equation with damping. Initially, as before, we introduce a suitable definition
of mild solutions to the nonlinear problem.

Definition 4.2 Let T > 0. A function u ∈ C([0, T ]; L2(Ω)) is said to be a mild
solution of the problem (4.1)–(4.3), if u satisfies the following equation:

u(t) =Sβ(t)φ + Rβ(t)φ + Pβ(t)ψ

−
∫ t

0
R ′

β(t − s)u(s)ds +
∫ t

0
Tβ(t − s)f (u(s))ds.

4.1.4.1 Well-Posedness

In the following part, we shall infer that the present problem is well-posed.

Lemma 4.1 Let β ∈ (1, 2). Then for z ∈ C, there are important formulas between
Mittag-Leffler functions, the Wright-type function, and sine/cosine functions given
by

Eβ,1(−z2) =
∫ ∞

0
Mβ/2(θ) cos(zθ)dθ, Eβ,β(−z2)

= β

2z

∫ ∞

0
θMβ/2(θ) sin(zθ)dθ.

Proof The first identity was proved in [151, pp. 252]. Hence, it is sufficient to verify
the second identity. Indeed, by developing the sine function in series, we get

1

z

∫ ∞

0
θMβ/2(θ) sin(zθ)dθ =

∞∑

k=0

(−1)kz2k

(2k + 1)!
∫ ∞

0
θ2k+2Mβ/2(θ)dθ, for z ∈ C.

Applying the formula in (W3) of Proposition 1.19, it is easily seen that

1

z

∫ ∞

0
θMβ/2(θ) sin(zθ)dθ =

∞∑

k=0

(−1)kz2k(2k + 2)

Γ (1 + (k + 1)β)
= 2

β
Eβ,β(−z2).

Consequently, we get the desired formulas.

It is interesting to notice that the Mittag-Leffer function has a strong connection
with the sine/cosine functions and the exponential function exp(z) (see, e.g., [128,
240]) such as
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Eα,1(z) =
∫ ∞

0
Mα(θ) exp(zθ)dθ,

Eα,α(z) = α

∫ ∞

0
θMα(θ) exp(zθ)dθ, z ∈ C, α ∈ (0, 1).

This means that the Wright-type function acts as a bridge between the classical and
fractional differential equations.

Lemma 4.2 Let β ∈ (1, 2], α ∈ (0, 1], and λ > 0. Then the following estimates
hold for t ≥ 0:

|Eβ,β ′(−λtβ)| ≤ 1

Γ (β ′)
, for β ′ = 1, 2, β; |Eβ,β−α(−λtβ)| ≤ 1

(β − 1)Γ (β − α)
.

Proof By properties of the Mittag-Leffler function in series, the case of t = 0 is
obvious. Hence, for any t > 0, z ∈ R

+, from the fact E2,1(−z2) = cos(z) and
zE2,2(−z2) = sin(z), by using the inequalities | cos(z)| ≤ 1 and sin(z) ≤ z, it is
easy to check the first inequality for β = 2, β ′ = 1, 2. By Lemma 4.1, it yields from
(W3) of Proposition 1.19 and | cos(z)| ≤ 1 that |Eβ,1(−λtβ)| ≤ 1. Proposition 1.15
checks d

dt
(tEβ,2(−λtβ)) = Eβ,1(−λtβ), and hence |Eβ,2(−λtβ)| ≤ 1 follows.

Lemma 4.1 implies

tβ−1Eβ,β(−λtβ) = 1√
λ

β

2
t

β
2 −1

∫ ∞

0
θMβ/2(θ) sin

(√
λt

β
2 θ
)

dθ. (4.28)

We notice that the left side of the above equation tends to zero when t → 0 and the
right-hand side of (4.28), because of the fact limz→0

sin(z)
z

= 1. Consequently, by
using sin(z) ≤ z for z ∈ R

+ and (W3) of Proposition 1.19, we get

|Eβ,β(−λtβ)| ≤ β

2

∫ ∞

0
θ2Mβ/2(θ)dθ = 1

Γ (β)
.

Taking the derivative with respect to t in (4.28), noting that

d

dt

(
tβ−1Eβ,β(−λtβ)

)

=tβ−2 β2

4

∫ ∞

0
θ2Mβ/2(θ) cos

(√
λt

β
2 θ
)

dθ

− t
β
2 −2 1√

λ

β

2

(

1 − β

2

)∫ ∞

0
θMβ/2(θ) sin

(√
λt

β
2 θ
)

dθ,

(4.29)

in view of (1.13) and Proposition 1.15, we find
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tβ−α−1Eβ,β−α(−λtβ) = 1

Γ (1 − α)

∫ t

0
(t − s)−α d

ds

(
sβ−1Eβ,β(−λsβ)

)
ds.

Substituting (4.29) into (4.28) implies

|tβ−α−1Eβ,β−α(−λtβ)| ≤ 1

(β − 1)Γ (β − α)
tβ−α−1, t > 0.

Hence, it remains to check the case of β = 2, α ∈ (0, 1). Indeed, note that

t1−αE2,2−α(−λt2) = 1

Γ (1 − α)

∫ t

0
(t − s)−αE2,1(−λs2)ds,

which is easy to deduce that |E2,2−α(−λt2)| ≤ 1/Γ (2 − α). Thus, we obtain the
desired results.

On the basis of the above arguments, we now show that the problem (4.1)–(4.3)
is well-posed.

Theorem 4.6 Let γ ∈ (0, 1). Assume that there exist two positive constants
a, b such that the nonlinear function f ∈ L1(R, L2(Ω)) satisfies the following
conditions:

‖f (u) − f (v)‖ ≤ a
(‖u‖ϑ−1 + ‖v‖ϑ−1)‖u − v‖,

‖f (u)‖ ≤ b
(
1 + ‖u‖ϑ

)
,

for each u, v ∈ L2(Ω), where ϑ ≥ 1 is a constant. Then for φ ∈ D(Aγ ),
ψ ∈ L2(Ω), the problem (4.1)–(4.3) possesses a unique mild solution on
C([0, T0]; L2(Ω)) for some T0 ∈ (0, T ]. Moreover, let (u, ũ) be two mild solutions
of the problem (4.1)–(4.3) associated with the initial conditions (φ, φ̃) and (ψ, ψ̃);
then,

‖u(t) − ũ(t)‖ � ‖φ − φ̃‖γ + ‖ψ − ψ̃‖. (4.30)

Proof For fixed r > 0, let us introduce a metric space:

Br(φ, ψ) = {
u ∈ C([0, T ]; L2(Ω)) : ρT

(
u, Sβ(t)φ + Rβ(t)φ + Pβ(t)ψ

) ≤ r
}
,

where

ρT (u1, u2) = sup
t∈[0,T ]

‖u1(t) − u2(t)‖.

It is not difficult to check that Br(φ, ψ) is a complete metric space with the above
metric.
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Let us consider an operator Q given by

(Qu)(t) =Sβ(t)φ + Pβ(t)ψ + Rβ(t)φ

−
∫ t

0
R ′

β(t − s)u(s)ds +
∫ t

0
Tβ(t − s)f (u(s))ds,

(4.31)

for any u ∈ Br(φ, ψ). Clearly, Q is well defined in C([0, T ]; L2(Ω)), as it
follows from the assumptions of f . Next, we are planning to show the existence and
uniqueness. It is sufficient to verify that Q has a unique fixed point in Br(φ, ψ).

In view of Lemma 4.2, for t ∈ [0, T ], we get some exact upper bounds

‖Sβ(t)v‖ ≤ ‖v‖, ‖Pβ(t)v‖ ≤ t ‖v‖, ‖Tβ(t)v‖ ≤ tβ−1

Γ (β)
‖v‖ (4.32)

and ‖R ′
β(t)v‖ ≤ σ tβ−α−1‖v‖, ‖Rβ(t)v‖ ≤ � tβ−α‖v‖ for any v ∈ L2(Ω), where

σ := 1/((β − 1)Γ (β − α)), � = σ/(β − α). In view of the Sobolev embedding
D(Aγ ) ⊂ L2(Ω), γ ∈ (0, 1), one finds that ‖φ‖ ≤ λ

−γ

1 ‖φ‖γ , where λ1 is the first
eigenvalue of operator A. Hence, taking

Lr := r + (1 + �T β−α)λ
−γ

1 ‖φ‖γ + T ‖ψ‖, (4.33)

the following estimate is established:

‖u(t)‖ ≤ ∥∥u(t) − Sβ(t)φ − Rβ(t)φ − Pβ(t)ψ
∥
∥

+ ‖Sβ(t)φ‖ + ‖Rβ(t)φ‖ + ‖Pβ(t)ψ‖
≤Lr.

Choose T0 ∈ (0, T ] such that

� LrT
β−α
0 + b

Γ (β + 1)

(
1 + Lϑ−1

r

)
T

β
0 ≤ r (4.34)

and

�T
β−α
0 + 2a

Γ (β + 1)
Lϑ−1

r T
β
0 ≤ 1

2
. (4.35)

Therefore, from (4.34), we get

‖(Qu)(t) − Sβ(t)φ − Rβ(t)φ − Pβ(t)ψ‖

≤
∫ t

0
‖R ′

β(t − s)u(s)‖ds +
∫ t

0
‖Tβ(t − s)f (u(s))‖ds
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≤σ

∫ t

0
(t − s)β−α−1‖u(s)‖ds + b

Γ (β)

∫ t

0
(t − s)β−1(1 + ‖u(s)‖ϑ)ds

≤�LrT
β−α

0 + b

Γ (β + 1)

(
1 + Lϑ−1

r

)
T

β
0 ≤ r.

This implies that Q maps Br(φ, ψ) into itself. In addition, for any u, v ∈ Br(φ, ψ),
by the assumption of f , we have

‖(Qu)(t) − (Qv)(t)‖

≤
∥
∥
∥
∥

∫ t

0
R ′

β(t − s)
(
u(s) − v(s)

)
ds

∥
∥
∥
∥

+
∥
∥
∥
∥

∫ t

0
Tβ(t − s)(f (u(s)) − f (v(s)))ds

∥
∥
∥
∥

≤σ

∫ t

0
(t − s)β−α−1 ‖u(s) − v(s)‖ ds

+ a

Γ (β)

∫ t

0
(t − s)β−1

(
‖u(s)‖ϑ−1 + ‖v(s)‖ϑ−1

)
‖u(s) − v(s)‖ds

≤�tβ−αρt (u, v) + 2a

Γ (β + 1)
Lϑ−1

r tβρt (u, v)

≤
(

�T
β−α
0 + 2a

Γ (β + 1)
Lϑ−1

r T
β
0

)

ρT0(u, v).

Hence, in view of (4.35), we conclude that Q is a contraction on Br(φ, ψ). Thus,
according to Banach fixed point theorem, the operator Q has a unique fixed point
that is the mild solution of the problem (4.1)–(4.3) on [0, T0].

We next show the continuous dependence of the mild solution on the initial data.

‖u(t) − ũ(t)‖
≤‖Sβ(t)φ − Sβ(t)φ̃‖ + ‖Rβ(t)φ − Rβ(t)φ̃‖ + ‖Pβ(t)ψ − Pβ(t)ψ̃‖

+
∫ t

0

∥
∥
∥R ′

β(t − s)
(
u(s) − ũ(s)

)∥∥
∥ ds

+
∫ t

0

∥
∥Tβ(t − s)(f (u(s)) − f (̃u(s)))

∥
∥ ds

≤ζ(t) ‖φ − φ̃‖γ + t ‖ψ − ψ̃‖ + σ

∫ t

0
(t − s)β−α−1 ‖u(s) − ũ(s)‖ ds

+ a

Γ (β)

∫ t

0
(t − s)β−1

(
‖u(s)‖ϑ−1 + ‖ũ(s)‖ϑ−1

)
‖u(s) − ũ(s)‖ds

≤Φ(t) + Φr(t)

∫ t

0
‖u(s) − ũ(s)‖ds,
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where ζ(t) = λ
−γ

1

(
1 + �tβ−α

)
and

Φ(t) = ζ(t) ‖φ − φ̃‖γ + t ‖ψ − ψ̃‖, Φr(t) =
(

σ + 2a

Γ (β)
Lϑ−1

r tα
)

.

Thus, the generalized Gronwall inequality implies that

‖u(t) − ũ(t)‖ � Φ(t) exp

(
(
Φr(t)Γ (β − α)

) 1
β−α t

)

,

which means that the solution is continuous dependence on the initial conditions for
any positive real number r . We thus have proved this theorem.

Remark 4.2 Noting that if the assumption of nonlinear function f is replaced by
another local Lipschitz condition: There exists a nondecreasing function Lf (·) ∈
L∞(R+) such that the nonlinear mapping f is continuous with respect to t and
satisfies the condition

‖f (u) − f (v)‖ ≤ Lf (r)‖u − v‖, r > 0,

for each u, v ∈ L2(Ω) satisfying ‖u‖, ‖v‖ ≤ r . Then, for some T0 ∈ (0, T ), we get
an analogous result of Theorem 4.6 on the following Banach space:

Br(T0, φ) = {
u ∈ C([0, T0]; L2(Ω)) : sup

t∈[0,T0]
‖u(t)‖ ≤ r

}
,

that is, for φ ∈ D(Aγ ), ψ ∈ L2(Ω), γ ∈ (0, 1), the problem (4.1)–(4.3)
possesses a unique mild solution on C([0, T0]; L2(Ω)). Moreover, the solution
depends continuously on the initial conditions.

4.1.4.2 Continuation and Blow-Up Alternative

Given a mild solution u ∈ C([0, T0]; L2(Ω)) of the problem (4.1)–(4.3), we say
that ū : [0, T1] → L2(Ω) is a continuation of u with T1 > T0 if ū is a mild solution,
and u(t) = ū(t) whenever t ∈ [0, T0].
Theorem 4.7 Let the assumptions of Theorem 4.6 hold and u be a mild solution of
the problem (4.1)–(4.3) on [0, T0]. Then u can be uniquely continued up a time T1.

Proof Fix R > 0. Taking T1 > T0, we denote a metric space:

BR = {
v ∈ C([0, T1]; L2(Ω)) : ρT1 (v, u(T0)) ≤ R, and v(t) = u(t), t ∈ [0, T0]

}
,

equipped with the metric
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ρT1 (v, u) = sup
t∈[0,T1]

‖v(t) − u(t)‖.

It is not difficult to check that BR is a complete metric space. Let us define G :
BR → BR by

(G v)(t) = (G1v)(t) + (G2v)(t),

where

(G1v)(t) = Sβ(t)φ + Rβ(t)φ + Pβ(t)ψ,

(G2v)(t) = −
∫ t

0
R ′

β(t − s)v(s)ds +
∫ t

0
Tβ(t − s)f (v(s))ds.

If v ∈ BR , it is clear to obtain that G v(t) = u(t) for any t ∈ [0, T0]. Let t ∈ [T0, T1].
For any v ∈ BR , by some simple computations, we get

‖(G v)(t) − u(T0)‖ ≤‖(G1v)(t) − (G1v)(T0)‖

+
∫ T0

0
‖(R ′

β(t − s) − R ′
β(T0 − s))u(s)‖ds

+
∫ T0

0
‖(Tβ(t − s) − Tβ(T0 − s))f (u(s))‖ds

+
∫ t

T0

‖R ′
β(t − s)v(s)‖ds +

∫ t

T0

‖Tβ(t − s)f (v(s))‖ds.

Since the mappings t �→ Sβ(t)φ, t �→ Rβ(t)φ, and t �→ Pβ(t)ψ belong to
C([0, T ]; L2(Ω)) for every t ∈ [0, T ] with T > T0, it means that we can pick
Ta ∈ [T0, T ) such that for t ∈ [T0, Ta],

‖(G1v)(t) − (G1v)(T0)‖ ≤ R

3
.

Processing as the proof of Theorem 4.1, one can see that for t ∈ [T0, T ),
Proposition 1.16, and by (i) in Proposition 1.18 with respect to μ = 1 − 1

β
, we

have

∫ T0

0
‖(R ′

β(t − s) − R ′
β(T0 − s))u(s)‖ds

+
∫ T0

0
‖(Tβ(t − s) − Tβ(T0 − s))f (u(s))‖ds

�
∫ T0

0

∣
∣
∣
∣

∫ t−s

T0−s

τ−α−1dτ

∣
∣
∣
∣ ‖u(s)‖ds +

∫ T0

0

∣
∣
∣
∣

∫ t−s

T0−s

τ β−2dτ

∣
∣
∣
∣ ‖f (u(s))‖ds
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� r
(
T 1−α

0 + (t − T0)
1−α − t1−α

)
+ (t − T0)

βLϑ
r

→ 0, as t → T0,

where r is picked as in Theorem 4.6 and Lr is defined in (4.33). Therefore, we can
choose Tb ∈ [T0, T ) such that for t ∈ [T0, Tb],

∫ T0

0
‖(R ′

β(t − s) − R ′
β(T0 − s))u(s)‖ds

+
∫ T0

0
‖(Tβ(t − s) − Tβ(T0 − s))f (u(s))‖ds ≤ R

3
.

On the other hand, it is easy to see that

∫ t

T0

‖R ′
β(t − s)v(s)‖ds +

∫ t

T0

‖Tβ(t − s)f (v(s))‖ds

≤σ

∫ t

T0

(t − s)β−α−1‖v(s)‖ds + 1

Γ (β)

∫ t

T0

(t − s)β−1‖f (v(s))‖ds

≤�(t − T0)
β−α(R + Lr) + b

Γ (β)
(t − T0)

β(1 + Lϑ
r ),

where we use the fact ‖u(T0)‖ ≤ Lr . With the same argument, one can choose
Tc ∈ [T0, T ) such that for t ∈ [T0, Tc],

∫ t

T0

‖R ′
β(t − s)v(s)‖ds +

∫ t

T0

‖Tβ(t − s)f (v(s))‖ds ≤ R

3
.

Consequently, let T1 := min{Ta, Tb, Tc} and then

‖(G v)(t) − u(T0)‖ ≤ R.

We thus prove that G maps BR into itself. Now, for any v, w ∈ BR , one has

‖(G v)(t) − (G w)(t)‖ =‖(G2v)(t) − (G2w)(t)‖

=
∫ t

0
‖R ′

β(t − s)(v(s) − w(s))‖ds

+
∫ t

0
‖Tβ(t − s)(f (v(s)) − f (w(s))‖ds.

By the uniqueness, clearly for t ∈ [0, T0], G is contractive on BR. Let t ∈ [T0, T1],
and from the assumption of f , we have
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‖(G v)(t) − (G w)(t)‖

≤ σ

∫ t

T0

(t − s)β−α−1‖v(s) − w(s)‖ds

+ a

Γ (β)

∫ t

T0

(t − s)β−1(‖v(s)‖ϑ + ‖w(s)‖ϑ)‖v(s) − w(s)‖ds

≤ �(t − T0)
β−αρT1(v, w) + 2a

Γ (β)
(t − T0)

β(R + Lr)
ϑρT1(v, w).

Therefore, choosing T1 such that for t ∈ [T0, T1],

�(t − T0)
β−α + 2a

Γ (β)
(t − T0)

β(R + Lr)
ϑ < 1,

we thus conclude that G is a contraction map on BR . This implies that G has a
unique fixed point v on BR . We have finished this proof.

Theorem 4.8 Let the assumptions of Theorem 4.6 hold and u ∈ C([0, Tmax);
L2(Ω)) be a mild solution of the problem (4.1)–(4.3) defined on the maximal
interval [0, Tmax) of existence. Then Tmax = +∞ or lim

t→T −
max

‖u(t)‖ = ∞ if

Tmax < +∞.

Proof Let Tmax = sup{T ∈ [0, ∞) : ∃ unique local solution u to (4.1)–(4.3) in
(0, T )}. Suppose that Tmax < ∞, and there exists a positive constant M < ∞ such
that ‖u(t)‖ ≤ M for any t ∈ [0, Tmax). Let {ti}i∈N+ be a sequence of [0, Tmax) such
that ti → T −

max as i → ∞, we now consider the sequence {u(ti)}i∈N+ ∈ L2(Ω),
and we will check that it is a Cauchy sequence in the space L2(Ω). Setting ti > tj ,
we get

u(ti) − u(tj ) =Sβ(ti)φ − Sβ(tj )φ + Rβ(ti)φ − Rβ(tj )φ + Pβ(ti)ψ − Pβ(tj )ψ

−
∫ ti

tj

R ′
β(ti − s)u(s)ds −

∫ tj

0
(R ′

β(ti − s) − R ′
β(tj − s))u(s)ds

+
∫ ti

tj

Tβ(ti − s)f (u(s))ds +
∫ tj

0
(Tβ(ti − s)

− Tβ(tj − s))f (u(s))ds.

Therefore, the same reasoning used as (4.11) in Theorem 4.1 and the similar process
in Theorem 4.7 ensure that

‖u(ti) − u(tj )‖ → 0, as i, j → ∞.

Hence, {u(ti)}i∈N+ is a Cauchy sequence, and then there exists the limit
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lim
i→∞ u(ti) =: u(Tmax) ∈ L2(Ω).

For the above reasons, we may extend u over a large interval [0, Tmax]. This shows
a contradiction with the maximality of Tmax . The proof is completed.

4.1.4.3 Compactness Method

In the sequel, we remove the Lipschitz condition or higher smoothness assumption
of f ∈ C1(R), and we also consider a more general condition. For this purpose, we
need the following lemma.

Lemma 4.3 ([218]) Let X be a Banach space, and let R(Q) be the range of
operator Q. Assume that Q : X → X is linear.

(i) If the dimension of R(Q) is finite, then Q is compact.
(ii) If {Qn}n∈N+ is a sequence of compact operators in B(X) that converge

uniformly to Q, then Q is compact.

Definition 4.3 Let X be a Banach space. An operator-valued function T (·) defined
on R+ is said to be:

(i) Uniformly continuous, if the map t �→ T (t)x from R+ to B(X) is continuous
with respect to the operator topology.

(ii) Strongly continuous, if the map t �→ T (t)x from R+ to X is continuous for
every x ∈ X.

Lemma 4.4 Operator Tβ(t) is compact for every t ≥ 0 and is uniformly
continuous on L2(Ω) for all t ≥ 0.

Proof It is clear that Tβ(0) is a zero operator, which is trivial involving with the
compactness result. Let t > 0 be fixed, and let ΩN = span{e1(x), . . . , eN (x)},
for every N ∈ N

+. It is easy to see that L2(Ω) can be expressed by
span{e1(x), . . . , eN(x), . . .}. Obviously, ΩN is a finite dimensional subspace of
L2(Ω). For all N ∈ N

+, we denote operators T N
β (t)· : L2(Ω) → ΩN by

T N
β (t)v =

N∑

n=1

tβ−1Eβ,β(−λntβ)(v, en)en(x).

Clearly, T N
β (t) is also a linear finite dimensional operator. Applying (i) in Proposi-

tion 1.18 with respect to μ = 1 − 1
β

, we have

‖T N
β (t)v‖ =

(
N∑

n=1

λ−μ
n

(
λμ

n tβ−1Eβ,β(−λntβ)
)2

(v, en)2

)1/2

� ‖v‖.
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This yields that T N
β (t) is well defined in B(L2(Ω)). Thus, R(T N

β (t)) is finite, we

conclude from (i) in Lemma 4.3 that the operator T N
β (t) is a compact operator for

every N ∈ N
+.

Now, we shall prove that T N
β (t) converges uniformly to Tβ(t) whenever N tends

to infinite. By applying the above argument, it is noticed that from the asymptotic
property of the eigenvalues λn → ∞ as n → ∞, we have when N → ∞,

‖Tβ(t)v − T N
β (t)v‖ ≤

( ∞∑

n=N+1

(
tβ−1Eβ,β(−λntβ)

)2
(v, en)2

)1/2

� λ
−μ
N+1‖v‖ → 0.

It means from (ii) in Lemma 4.3 that the operator Tβ(t) is a compact operator on
B(L2(Ω)) for every t ≥ 0.

In addition, in view of Proposition 1.15 and (4.14), for any v ∈ L2(Ω), for
t1, t2 ∈ R+ with t1 < t2, we find

‖Tβ(t2)v − Tβ(t1)v‖ � (t2 − t1)
β−1 ‖v‖ → 0, as t2 → t1.

Therefore, we conclude that Tβ(t)v is strong continuous for all t ≥ 0. Combined
with the compactness of Tβ(t), this implies the desired result. The proof is
completed.

Remark 4.3 It is notice that, by using the method of finite dimensional approxima-
tion and the compact results, Lemma 4.3, one can easily prove that operators Sβ(t),
Pβ(t), and Rβ(t) are compact for every t ≥ 0 and are uniformly continuous for
all t ≥ 0. Additionally, R ′

β(t) is also compact for every t > 0 since it may be

unbounded at time t = 0 on B(L2(Ω)) for β − α < 1 and is uniformly continuous
for all t > 0.

Theorem 4.9 Let (φ, ψ) ∈ D(Aγ ) × L2(Ω) for γ ∈ (0, 1). Assume that f is
Lebesgue measurable with respect to t and is continuous with respect to u, and
there exists a nonnegative nondecreasing function W(·) : R+ → R

+ such that

‖f (u(t))‖ ≤ W(‖u(t)‖).

Assume further that

lim inf
r→∞

W(r)

r
= � < ∞

and the following inequality

T β−α

(β − 1)Γ (β − α + 1)
+ �T β

Γ (β + 1)
≤ 1. (4.36)
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Then the problem (4.1)–(4.3) possesses at least one mild solution on C([0, T ];
L2(Ω)).

Proof For each r > 0, let us set

Br = {u ∈ C([0, T ]; L2(Ω)) : ‖u‖C ≤ r}.

Then Br is a bounded closed and convex subset of C([0, T ]; L2(Ω)). Consequently,
we need to show that the operator equation u = Qu has a solution where Q is
defined in Theorem 4.6.

Let us first check that operator Q maps Br into itself. In fact, if this is not true,
then for each r > 0, there exists ur ∈ Br such that ‖(Qur)(t∗)‖ > r for some
t∗ ∈ [0, T ]. In view of Lemma 4.2 and (4.32), one finds

r <‖(Qur)(t∗)‖
≤‖Sβ(t∗)φ‖ + ‖Rβ(t∗)φ‖ + ‖Pβ(t∗)ψ‖

+
∫ t∗

0
‖R ′

β(t∗ − s)ur(s)‖ds +
∫ t∗

0
‖Tβ(t∗ − s)f (ur(s))‖ds

≤λ
−γ

1 ‖φ‖γ + t∗‖ψ‖ + σ (‖φ‖ + r)
t
β−α∗

β − α
+ 1

Γ (β)

×
∫ t∗

0
(t∗ − s)β−1W(‖ur(s)‖)ds

≤λ
−γ

1 ‖φ‖γ + T ‖ψ‖ + σ
(
λ

−γ

1 ‖φ‖γ + r
) T β−α

β − α
+ T β

Γ (β + 1)
W(r),

where σ = 1/((β − 1)Γ (β − α)). Dividing both sides by r and taking the lower
limit as r → ∞, we obtain that

1 <
σ

β − α
T β−α + �

Γ (β + 1)
T β,

which contradicts (4.36). Therefore, one can select r such that ‖Qu‖C ≤ r . This
implies that Q(Br) ⊆ Br .

We claim that operator Q is completely continuous. To prove this property, we
will divide the proof into three steps. First, we show that the set Θ = {Qu, u ∈ Br}
is equicontinuous. Indeed, for 0 ≤ t1 < t2 ≤ T , and we have

‖(Qu)(t2) − (Qu)(t1)‖
≤‖Sβ(t2)φ − Sβ(t1)φ‖ + ‖Rβ(t2)φ − Rβ(t1)φ‖ + ‖Pβ(t2)ψ − Pβ(t1)ψ‖

+
∥
∥
∥
∥

∫ t2

0
R ′

β(t2 − s)u(s)ds −
∫ t1

0
R ′

β(t1 − s)u(s)ds

∥
∥
∥
∥
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+
∥
∥
∥
∥

∫ t2

0
Tβ(t2 − s)f (u(s))ds −

∫ t1

0
Tβ(t1 − s)f (u(s))ds

∥
∥
∥
∥

=:J1 + J2 + J3.

From Remark 4.3, we get

J1 =‖Sβ(t2)φ − Sβ(t1)φ‖ + ‖Rβ(t2)φ − Rβ(t1)φ‖ + ‖Pβ(t2)ψ − Pβ(t1)ψ‖
→ 0, as t2 → t1.

As for J2, for any ε > 0, we estimate

J2 ≤
∫ t1−ε

0

∥
∥
∥

(
R ′

β(t2 − s) − R ′
β(t1 − s)

)
u(s)

∥
∥
∥ ds

+
∫ t1

t1−ε

∥
∥
∥

(
R ′

β(t2 − s) − R ′
β(t1 − s)

)
u(s)

∥
∥
∥ ds +

∫ t2

t1

∥
∥
∥R ′

β(t2 − s)u(s)

∥
∥
∥ ds

≤
∫ t1−ε

0
‖u(s)‖ ds sup

s∈[0,t1−ε]

∥
∥
∥R ′

β(t2 − s) − R ′
β(t1 − s)

∥
∥
∥
B(L2(Ω))

+ σ

∫ t2

t1−ε

(t2 − s)β−α−1‖u(s)‖ds + σ

∫ t1

t1−ε

(t1 − s)β−α−1‖u(s)‖ds

� r sup
s∈[0,t1−ε]

∥
∥
∥R ′

β(t2 − s) − R ′
β(t1 − s)

∥
∥
∥

B(L2(Ω))

+ (‖φ‖ + r)((t2 − t1 + ε)β−α + εβ−α)

→ 0, as t2 → t1, ε → 0.

Next, we estimate J3. In fact, Lemma 4.2 shows that

J3 ≤
∫ t1

0
W(‖u(s)‖)ds sup

s∈[0,t1]
∥
∥Tβ(t2 − s) − Tβ(t1 − s)

∥
∥

B(L2(Ω))

+ 1

Γ (β)

∫ t2

t1

(t2 − s)β−1W(‖u(s)‖)ds

�W(r) sup
s∈[0,t1]

∥
∥Tβ(t2 − s) − Tβ(t1 − s)

∥
∥

B(L2(Ω))
+ W(r)(t2 − t1)

β

→ 0, as t2 → t1.

Hence, it follows that ‖(Qu)(t2) − (Qu)(t1)‖ tends to zero as t2 − t1 → 0
independent of u ∈ Br . Thus, we conclude that the set Θ is equicontinuous.

Secondly, we show that Q is continuous. For any {um}∞m=1 ⊂ Br , u ∈ Br with
um → u as m → ∞. In view of the assumptions of f , one has
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lim
m→∞ f (um(t)) = f (u(t)).

On the other hand, one has the inequalities

(t − s)β−α−1‖um(s) − u(s)‖ ≤ 2(t − s)β−α−1r

and

(t − s)β−1‖f (um(s)) − f (u(s))‖ ≤ 2(t − s)β−1W(r)

which are integrable with respect to a.e. s ∈ [0, t] and t ∈ [0, T ]. Therefore,
Lebesgue’s dominated convergence theorem implies

∫ t

0
(t−s)β−1‖um(s)−u(s)‖ds → 0,

∫ t

0
(t−s)β−1‖f (um(s))−f (u(s))‖ds → 0,

as m → ∞. Consequently, we get

‖(Qum)(t) − (Qu)(t)‖

≤σ

∫ t

0
(t − s)β−α−1‖um(s) − u(s)‖ds

+ 1

Γ (β)

∫ t

0
(t − s)β−1‖f (um(s)) − f (u(s))‖ds → 0, as m → ∞.

This proves that Qum → Qu pointwise on [0, T ] as m → ∞, which follows from
the equicontinuity of Θ that Qum → Qu uniformly on [0, T ] as m → ∞. Thus, Q
is continuous.

Finally, we show that operator Q is compact. It is sufficient to prove that for any
t ∈ [0, T ], Θ(t) is relatively compact in L2(Ω). Obviously, for the case t = 0, it is
easy to see that Θ(0) is relatively compact. Let t ∈ (0, T ] be fixed, and since R ′

β(t)

and Tβ(t) are compact for every t > 0 in view of Lemma 4.2 and Remark 4.3, we
can structure a family of finite dimensional compact operators as the same way in
Lemma 4.2 by

(QNu)(t) =Sβ(t)φ + Rβ(t)φ + Pβ(t)ψ

−
∫ t

0
R ′N

β (t − s)u(s)ds +
∫ t

0
T N

β (t − s)f (u(s))ds,

for every N ∈ N
+, in which T N

β (·) is defined as in Lemma 4.2 and

R ′N
β (t)u =

N∑

n=1

tβ−α−1Eβ,β−α(−λntβ)(u, en)en.
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Obviously, one can repeat the above proof process, and then the relatively com-
pactness of set ΘN = {QNu : u ∈ Br} follows. On the other hand, by virtue of
Proposition 1.16 and (i) in Proposition 1.18 with respect to μ ∈ (0,

β−α
β

)
, it yields

‖(Qu)(t) − (QNu)(t)‖ ≤
∫ t

0
‖(R ′

β(t − s) − R ′N
β (t − s))u(s)‖ds

+
∫ t

0
‖(Tβ(t − s) − T N

β (t − s))f (u(s))‖ds

�λ
−μ
N+1

∫ t

0
(t − s)β(1−μ)−α−1‖u(s)‖ds

+ λ
−μ
N+1

∫ t

0
(t − s)β(1−μ)−1‖f (u(s))‖ds.

Hence, it is easy to show that

‖(Qu)(t) − (QNu)(t)‖ → 0, as N → ∞.

This means that there are relatively compact sets arbitrarily close to the set Θ(t).
Therefore, Θ(t) is relatively compact in L2(Ω), and we derive that Q is a compact
operator.

Now, let us finish this proof. By the above arguments and the Arzelà-Ascoli
theorem, we know that Q is completely continuous. Therefore, the Schauder fixed
point theorem implies that Q has at least one fixed point, which means that there
exists at least one mild solution to the problem (4.1)–(4.3). The proof is completed.

Remark 4.4 Concerning the well-posedness in Theorem 4.6, it is indeed a local
result corresponding existence interval (0, T0) sufficiently small such that (4.34)
and (4.35) must be satisfied. Despite all of this, it is a new result to some special
nonlinear functions, such as f (u) = |u|ϑ−1u, ϑ ≥ 1. Besides, the existence interval
of Theorem 4.9 is not needed to make sufficiently small since we can get the exact
interval of time from the exact upper bounds of Mittag-Leffler functions by (4.36)
and Lemma 4.2, and it means that there may appear multiple solutions. Thus this
conclusion extends certain results in literatures.

4.1.5 An Application

Let us take into account of the following time fractional telegraph equation:

∂2α
t u(t, x) + ∂α

t u(t, x) = uxx(t, x) + f (u(t, x)), 0 < x < 1, t > 0,
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where ∂2α
t and ∂α

t are fractional derivatives in the sense of Caputo type with respect
to t of order 1/2 < α ≤ 1. Specially, the case α = 1 is related to the well-
known telegraph process, which describes the propagation process of electron in
telegraph cable, and it can be regarded as an integral order wave equation with
damped term ∂tu.

In the sequel, let us consider the boundary conditions u(0, t) = u(1, t) = 0, and
let λn = n2π2 and en = sin(nπx), n ∈ N

+, Ω = [0, 1]; obviously, {−λn, en}∞n=1 is

the eigensystem in L2(Ω) associated with operator A = ∂2

∂x2 . If φ(x) = cos (xπ/2),

ψ(x) = x, and linear function f (t, x) = t2 sin(xπ/2), then it is easy to check that
φ ∈ D(Aγ ) for 0 < γ < 1, ψ ∈ L2(Ω), and f ∈ L1(0, T ; L2(Ω)); then from [36],
one can find a solution given by

u(t, x) =
∞∑

n=1

(∫ t

0
τ 2α−1E(α,2α),2α

(
−τα, −λnτ 2α

)
fn(t − τ)dτ

+ A1n(0)B1(t) + A2n(0)B2(t)

)

en(x),

where

fn(t) = 2
∫ 1

0
f (t, x)en(x)dx,

A1n(0) = 2
∫ 1

0
φ(x)en(x)dx, A2n(0) = 2

∫ 1

0
ψ(x)en(x)dx,

B1(t) = 1 − λnt2αE(α,2α),2α+1

(
−tα, −λnt2α

)
,

B2(t) = t − tα+1E(α,2α),2α+2

(
−τα, −λnτ 2α

)

− λnt2α+1E(α,2α),2α+2

(
−tα, −λnt2α

)
,

and for b > 0, ai > 0, |zi | < ∞, i = 1, 2, the multivariate Mittag-Leffler function
is defined as

E(·),b(·) = E(a1,a2),b (z1, z2) =
∞∑

k=0

∑

l1+l2=k
l1≥0,l2≥0

k!
l1! × l2!

z
l1
1 z

l2
2

Γ (b + a1l1 + a2l2)
.

This ensures that the above solution also belongs to C([0, T ]; L2(Ω)) according to
Theorem 4.1, and further the solution will satisfy (4.10). Nevertheless, if nonlinear
function f (u) = |u|ϑ−1u for ϑ ≥ 1 or f (u) = sin(u), then we cannot use the
method of [36] to establish the existence of solution, while there will exist a solution
to the current problem by Theorem 4.6 and Theorem 4.9. Consequently, this extends
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the results in [36], and we will get a more general existence result for the case from
the exponent β = 2α to β ∈ (1, 2], α ∈ (0, 1].

4.2 Wave Equations on R
N

4.2.1 Introduction

In this section, we focus on the following time fractional wave equation:

∂
β
t u − Δu = f (u), t > 0, (4.37)

supplemented with the initial conditions

u(0, x) = φ(x), ∂tu(0, x) = ψ(x), x ∈ R
N, (4.38)

where ∂
β
t stands for the Caputo fractional derivative operator of order β ∈ (1, 2),

Δ is the Laplacian operator, f is the semilinear data to be specified later, and φ

and ψ are given initial data on some fractional Sobolev spaces, likely (φ, ψ) ∈
Hs(RN) × Hs−1(RN) for s ∈ R.

The time fractional partial differential equation ∂
β
t u = Δu of order β ∈ (0, 1)

models anomalous diffusion phenomena ensuring the behavior of a subdiffusion
process driven by a fractional Brownian motion [161]. The case of order β ∈ (1, 2)

will govern intermediate processes between diffusion and wave propagation, for
example, see [151], and it also ensures the behavior of superdiffusion process, for
instance, see [14]. For the cases β → 1+ and β → 2−, the equation corresponds
to the diffusion equation (heat equation) and ballistic diffusion (wave equation),
respectively. Besides, in anomalous diffusion equations of order β ∈ (0, 1) or
β ∈ (1, 2), the mean squared displacement of a diffusive particle behaves likes
〈x2(t)〉 ∼ tβ , in contrast to normal diffusion behavior (Brownian motion) of the
form 〈x2(t)〉 ∼ t .

There are many interesting works about time fractional wave equation. One of
the most favorable reasons is that the integral kernel in time fractional derivative
represents memory of a long-time tail of the power order. The investigation of
existence and uniqueness of solutions for a low regularity initial data is a matter
of interest in the mathematical analysis. For instance, Kian and Yamamoto [112]
investigated a weak solution for semilinear case of (4.37) in bounded domain Ω

for dimension n = 2, 3. By using the technique of eigenvalue expansion together
with the properties of Mittag-Leffler functions, they established the existence and
uniqueness results, which shall lie in Lp(0, T ; Lq(Ω))∩C([0, T ]; H 2r (Ω)) for r =
min{1 − 1/β, γ } with some 1 ≤ p, q ≤ ∞, 0 < γ < 1. Following this technique,
Alvarez et al. [10] considered the well-posedness for an abstract Cauchy problem
in a Hilbert space, where the solutions will lie in Lrq(0, T ; L2r (X)) associated
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with initial data (φ, ψ) ∈ D(Aγ ) × L2(X), D(Aγ ) is the fractional power spaces
with spectrum form of A (nonnegative self-adjoint operator) for some β ∈ (1, 2),
γ = 1/β, X is a (relatively) compact metric space, and q ∈ (1/(β − 1), ∞], r > 1.
Moreover, Otarola and Salgado [174] studied the time and space regularities of weak
solutions for the space-time fractional wave equation, Zhou and He [242] discussed
well-posedness and time regularity of mild solutions for time fractional damped
wave equations, etc.

However, few results discuss the unbounded domain case, likely the whole
Euclidean space R

N . This is due to the difficulty to establish the relevant estimates
on solution operators, and also the method of eigenvalue expansion is not appro-
priate to such a problem. As we know, Alemida and Precioso [44] investigated
the global existence with large initial data in the framework of Besov-Morrey
spaces, and Alemida and Viana [45] studied existence, stability, self-similarity, and
symmetries of solutions with initial data in Sobolev-Morrey space. Zhang and Li
[238] studied the local existence on C([0, T ]; Lq(RN)) for αN(p − 1)/2 < q for
a special semilinear function f ∼ |u|p, and also the critical exponents of the global
existence and blow-up solutions are determined when ψ ≡ 0 and ψ �≡ 0. Djida et
al. [54] worked on a well-posedness result for semilinear space-time fractional wave
equation, by adopting the method of the Laplace-Fourier transforms, the properties
of the Mittag-Leffler functions, and Fox H-functions.

Our goal in this section is to establish the well-posedness results for time
fractional wave equation with initial conditions in certain function spaces. More
precisely, we consider linear and semilinear problems on R

N and present a general
assumption in semilinear function and a special case λ|u|αu to deal with the
current problem. In addition, this section is devoted to studying the well-posedness
of mild solutions to the problems. In order to obtain the solution operators for
time fractional wave equation and their properties, we establish some useful
estimates about solution operators that should be required for the estimates of wave
operators. We remark that our proof and results are completely different from the
previous mentioned works. We will concern about the local/global well-posedness
of solutions. Let us now enlist the main results presented in this section.

I. The solution operators of Eq. (4.37). Let � = (−Δ)1/2, and we know that
the wave operators can be given by cos(�t) and �−1 sin(�t). Concerning
the principle of subordination, two inherent relationships between probability
density function and wave operators are presented. More precisely, we get

Cσ (t) =
∫ ∞

0
Mσ (θ) cos(�tσ θ)dθ,

Sσ (t) = σ tσ−1
∫ ∞

0
θMσ (θ)�−1 sin(�tσ θ)dθ.

These forms of solution operators relied upon the estimates of wave operators,
which are completely different from previous literatures. Based on this, some
useful estimates of solution operators can be derived, which provide very helpful
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tools for the proof. Observe that the probability density function builds a bridge
between integer wave equations and the fractional one.

II. The well-posedness results on R
N . We first establish some estimates on several

spaces for the linear problem with initial data (φ, ψ) ∈ Hs(RN) × Hs−1(RN),
and then an existence of L2-solution is established on a space of continuous
functions. Next, under the case that the semilinear function f : L2(RN) ∩
Lr(RN) → Lr ′

(RN) and satisfies

‖f (u) − f (v)‖
Lr′ (RN )

≤ Cα(R)
(
‖u‖α

Lr (RN )
+ ‖v‖α

Lr (RN )

)
‖u − v‖Lr(RN ),

where constants r and α satisfy some restriction requirements, the local well-
posedness results of mild solutions are established in the framework of Lγ (Lγ ′

)

spaces; here γ and γ ′ are the conjugate indices. By concerning a special
semilinear data f ∼ λ|u|αu, we show the local well-posedness on Besov spaces
Bs

r,2(R
N). Furthermore, when ψ ≡ 0, we also show the global existence to the

Cauchy problem (4.37)–(4.38).

The rest of this section is divided into three subsections. In Sect. 4.2.2, some
basic notations and useful preliminaries are introduced. In Sect. 4.2.3, for the linear
problem, we derive the solution operators and establish their some properties.
In addition, an existence of L2-solutions is given. In Sect. 4.2.4, we prove some
local/global well-posedness results on Lebesgue and Besov spaces for the semilinear
problems.

4.2.2 Preliminaries

In this subsection, some notations and preliminaries related to our work will be
introduced.

Denote by Lq(RN) (q ≥ 1) the Lebesgue space of q-integrable functions with
the norm ‖ · ‖Lq(RN ). Let S (RN) be the Schwartz space, and S ′(RN) be its
topological dual; for any v ∈ S (RN), F represents the Fourier transform

v̂(ξ) = F (v)(ξ) = (2π)−N/2
∫

RN

e−ix·ξ v(x)dx,

with its inverse

v̌(x) = F−1(v)(x) = (2π)−N/2
∫

RN

eiξ ·xv(ξ)dξ.

Define the Sobolev space by

Hs,q(RN) = {u ∈ S ′(RN) : F−1[(1 + |ξ |2) s
2 F (u)] ∈ Lq(RN)},
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which is equipped with the norm

‖u‖Hs,q (RN ) := ‖F−1[(1 + |ξ |2) s
2 F (u)]‖Lq(RN ),

for s ∈ R, 1 ≤ q ≤ ∞. We also use the Besov space Bs
p,q := Bs

p,q(RN) and

homogeneous Besov space Ḃs
p,q := Ḃs

p,q(RN), for s ∈ R, 1 ≤ p, q ≤ ∞. For the
definitions and properties of Besov spaces, we refer to see [18, 32]. In particular, it
yields H 0,p(RN) = Lp(RN) and Hs(RN) = Hs,2(RN) = Bs

2,2(R
N) for p ≥ 1

and s ∈ R. Throughout this section, we denote the notation a � b that stands for
a ≤ Cb, with a positive generic constant C that does not depend on a, b, and the
notations ∨ and ∧ stand for a ∨ b = max{a, b} and a ∧ b = min{a, b}, respectively.
Let p and p′ be the conjugate indices such that 1/p + 1/p′ = 1.

Let T > 0, and let X be a usual Banach space. For any u ∈ L1(0, T ; X) and
v ∈ L1(0, T ; X), denote ∗ the convolution by

(u ∗ v)(t) =
∫ t

0
u(t − s)v(s)ds, t ≥ 0

and for β ≥ 0. Let the weak singular kernel gβ(·) be defined by

gβ(t) = tβ−1/Γ (β), t > 0,

where Γ (·) is the Gamma function. Next, let us recall the concepts of fractional
calculus and Mittag-Leffler functions. The Riemann-Liouville fractional integral of
order β ≥ 0 for a function v ∈ L1(0, T ; X) is defined as

J
β
t v(t) = 1

Γ (β)

∫ t

0
(t − s)β−1v(s)ds = (gβ ∗ v)(t), t > 0.

Definition 4.4 Let β ∈ (1, 2) and T > 0. Consider a function v ∈ L1(0, T ; X)

such that convolution g2−β ∗ v ∈ W 2,1(0, T ; X). The representation

∂
β
t v(t) = ∂2

t t

(
g2−β ∗ [v(t) − v(0) − t ∂t v(0)])

is called the Caputo fractional derivative of order β.

An important special function for the fractional differential equations involving
the Caputo fractional derivative is the Mittag-Leffler function, which is defined by

Eν,μ(z) =
∞∑

k=0

zk

Γ (νk + μ)
, z ∈ C, ν > 0, μ ∈ R.

Note that if w(t) := Eν,1(atν), ν ∈ (0, 2), a ∈ R, then one can check that w is the
solution of the equation C

0Dν
t w(t) = aw(t).
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Let Mυ(·) be the Wright-type function as in Definition 1.8. For θ > 0, Mυ(·)
has the properties

Mυ(θ) ≥ 0,

∫ ∞

0
θδMυ(θ)dθ = Γ (1 + δ)

Γ (1 + υδ)
, for − 1 < δ < ∞. (4.39)

Next, we see that the Wright-type function can be viewed as a bridge between
the classical and fractional wave equations.

Lemma 4.5 ([242]) Let β ∈ (1, 2). Then for z ∈ C, the following formulas
expressing the Mittag-Leffler function in terms of probability density function hold:

Eβ,1(−z2)=
∫ ∞

0
Mβ/2(θ) cos(zθ)dθ, Eβ,β(−z2)= β

2z

∫ ∞

0
θMβ/2(θ) sin(zθ)dθ.

Lemma 4.6 ([115]) Let f ∈ L1(0, T ;R). The unique solution of the fractional
order problem

{
C
0D

β
t u(t) + au(t) = f (t), a ≥ 0, t ≥ 0,

u(0) = u0, u′(0) = u1

is given by

u(t) = Eβ,1(−atβ)u0 + tEβ,2(−atβ)u1 +
∫ t

0
(t − s)β−1Eβ,β(−a(t − s)β)f (s)ds.

In particular,

u(t) = cos(
√

a t)u0 + 1√
a

sin(
√

a t)u1 + 1√
a

∫ t

0
sin(

√
a (t − s))f (s)ds,

which is the unique solution to the corresponding classical wave equation, i.e., β =
2.

4.2.3 Local/Global Solutions of Linear Problems

In this subsection, we are concerned with the following linear Cauchy problem:

{
∂

β
t u(t, x) − Δu(t, x) = f (t, x), t > 0, x ∈ R

N,

u(0, x) = φ(x), ∂tu(0, x) = ψ(x).
(4.40)
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Without loss of generality, the solutions in this subsection are defined as mild
solutions associated with the corresponding initial data.

4.2.3.1 Solution Representation

We first establish the solution representation of linear problem (4.40). Let u

satisfy (4.40); taking the Fourier transform of both sides in (4.40) with respect to
x ∈ R

N , we obtain

⎧
⎨

⎩

∂
β
t û(t, ξ) + |ξ |2û(t, ξ) = f̂ (t, ξ), t > 0,

û(0, ξ) = φ̂(ξ), ∂t û(0, ξ) = ψ̂(ξ).

It follows from [180, (1.100)] that

tEβ,2(−tβ |ξ |2) = 1

Γ (2 − β)

∫ t

0
(t − s)1−βEβ,β(−sβ |ξ |2)sβ−1ds.

Therefore, by virtue of Lemma 4.6, we get

û(t, ξ) = ϕ̂(t, ξ)φ̂(ξ) + (ϑ̂(·, ξ) ∗ g2−β)(t)ψ̂(ξ) + (ϑ̂(·, ξ) ∗ f̂ )(t),

where

ϕ̂(t, ξ) = Eβ,1(−tβ |ξ |2), ϑ̂(t, ξ) = tβ−1Eβ,β(−tβ |ξ |2).

By using the inverse Fourier transform, we get

u(t, x) =
∫

RN

ϕ(t, x − y)φ(y)dy +
∫ t

0

∫

RN

g2−β(t − s)ϑ(s, x − y)ψ(y)dyds

+
∫ t

0

∫

RN

ϑ(t − s, x − y)f (s, y)dyds,

where

ϕ(t, x) = (2π)−N/2
∫

RN

eix·ξEβ,1(−tβ |ξ |2)dξ,

ϑ(t, x) = (2π)−N/2
∫

RN

eix·ξ tβ−1Eβ,β(−tβ |ξ |2)dξ.

On the other hand, set σ = β/2 ∈ (1/2, 1), and it follows from Lemma 4.5 that
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ϕ(t, x) = (2π)−N/2
∫ ∞

0

∫

RN

eix·ξMσ (θ) cos(tσ θ |ξ |)dξdθ

and

ϑ(t, x) =tσ−1 (2π)−N/2
∫ ∞

0

∫

RN

eix·ξ σθMσ (θ)
sin(tσ θ |ξ |)

|ξ | dξdθ.

Let

K̇(t)v = F−1[cos(t |ξ |)v̂(ξ)], K(t)v = F−1
[

sin(t |ξ |)
|ξ | v̂(ξ)

]

and

Sσ (t)v = σ tσ−1
∫ ∞

0
θMσ (θ)K(tσ θ)vdθ.

Rewriting u(t) for the function u(t, ·), we get an equivalent integral representation
for the problem (4.40) by

u(t) = Cσ (t)φ + Pσ (t)ψ +
∫ t

0
Sσ (t − s)f (s)ds, (4.41)

where solution operators Cσ (·) and Pσ (·) are defined by

Cσ (t)φ =
∫ ∞

0
Mσ (θ)K̇(tσ θ)φdθ, Pσ (t)ψ = (g2−2σ ∗ Sσ )(t)ψ.

4.2.3.2 Some Properties of Solution Operators

Let α(r) = 1
2 − 1

r
for r ∈ [2, ∞], and

β(r) = N + 1

2
α(r), γ (r) = (N − 1)α(r), δ(r) = Nα(r).

Let us recall the following two results in [176], which play a key role in proving the
general results on the solution operators.

Lemma 4.7 Let 2 ≤ p < ∞ and 2β(p) ≤ ν ≤ 2δ(p). Then for t �= 0, it follows
that

∥
∥
∥F−1

[
|ξ |−νeit |ξ |v̂(ξ)

]∥
∥
∥

Lp(RN )
� |t |ν−2δ(p)‖v‖

Lp′
(RN )

.

Lemma 4.8 Let 2 ≤ p < ∞ and 2β(p) ≤ ν ≤ 2δ(p), 0 ≤ μ ≤ s + ν. Then for
1 ≤ q ≤ ∞, t �= 0, it follows that
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∥
∥
∥F−1

[
|ξ |−μeit |ξ |v̂(ξ)

]∥
∥
∥

Bs
p,q (RN )

� |t |ν−2δ(p)‖v‖
B

s+ν−μ

p′,q (RN )
.

In the sequel, we set � = (−Δ)
1
2 and U(t) = exp(i� t) = F−1[exp(i|ξ |t)F ],

so that K(t) = �−1 sin(�t), K̇(t) = cos(�t). Hence, it follows that

K(t) = �−1 U(t) − U(−t)

2i
, K̇(t) = U(t) + U(−t)

2
.

Lemma 4.9 Let N ≥ 2, 2N/(N − 1) ≤ p ≤ 2(N + 1)/(N − 1), then Sσ (t) :
Lp′

(RN) → Lp(RN), and moreover

‖Sσ (t)v‖Lp(RN ) � t2σ−2σδ(p)−1‖v‖
Lp′

(RN )
, v ∈ Lp′

(RN), t > 0.

Proof Obviously, the condition 2N
N−1 ≤ p ≤ 2(N+1)

N−1 for N ≥ 2 implies that 1/2 ≤
δ(p) ≤ N/(N + 1). Hence, it follows from Lemma 4.7 that

‖K(t)v‖Lp(RN ) � t1−2δ(p)‖v‖
Lp′

(RN )
.

By the definition of Sσ (t) and (4.39), we obtain

‖Sσ (t)v‖Lp(RN ) ≤ σ tσ−1
∫ ∞

0
θMσ (θ)‖K(tσ θ)v‖Lp(RN )dθ

� σ tσ−1+σ(1−2δ(p))

∫ ∞

0
θ2−2δ(p)Mσ (θ)dθ‖v‖

Lp′
(RN )

� t2σ−2σδ(p)−1‖v‖
Lp′

(RN )
.

Consequently, we get the desired inequality.

Lemma 4.10 Let 2 ≤ p < ∞, 1 ≤ q ≤ ∞, s ∈ R, t > 0.
If (−s) ∨ (2δ(p) − 1) ∨ (2β(p)) ≤ ν ≤ 2δ(p), then

‖Cσ (t)v‖Bs
p,q (RN ) � t

σ
(
ν−2δ(p)

)

‖v‖Bs+ν

p′,q (RN ).

If (1 − s) ∨ (2δ(p) − 2) ∨ (2β(p)) ≤ ν ≤ 2δ(p), then

‖Sσ (t)v‖Bs
p,q (RN ) � t

σ
(
ν−2δ(p)+1

)
−1‖v‖

Bs+ν−1
p′,q (RN )

.

Proof From Lemma 4.8, for t > 0 we have the following estimates:

∥
∥K̇(t)v

∥
∥

Bs
p,q (RN )

� tν−2δ(p)‖v‖Bs+ν

p′,q (RN ), 0 ≤ s + ν,
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∥
∥K(t)v

∥
∥

Bs
p,q (RN )

� tν−2δ(p)‖v‖
Bs+ν−1

p′,q (RN )
, 1 ≤ s + ν.

Therefore, using the same argument as employed in Lemma 4.9, we obtain the
desired results.

4.2.3.3 The Existence Results

Let σ = β/2 for β ∈ (1, 2). We now introduce an operator Qσ defined by

(Qσ f )(t) =
∫ t

0
Sσ (t − s)f (s)ds.

In order to obtain the existence of L2-solution, we need the following lemma.

Lemma 4.11 ([236]) For each h ∈ Lp(0, T ; X) with 1 ≤ p < +∞, we have

lim
τ→0

∫ T

0
|h(t + τ) − h(t)|pdt = 0,

where we suppose that h(s) = 0 for s not belonging to [0, T ].
Lemma 4.12 For any q and μ with 1 < q ≤ 2 and μ = N(1/q − 1/2 − 1/N),
N ≥ 1, let f ∈ Lr(0, T ; Hμ,q(RN)), and then

‖Qσ f ‖L∞(0,T ;L2(RN )) � ‖f ‖Lr(0,T ;Hμ,q (RN )),

for r > 1/σ . Furthermore, let q = 2N/(N + 2) for N ≥ 3, and f ∈
Lr(0, T ; Lq(RN)), then

‖Qσ f ‖L∞(0,T ;L2(RN )) � ‖f ‖Lr(0,T ;Lq(RN )).

Moreover the operator Qσ maps Lr(0, T ; H−1(RN)) into C([0, T ]; L2(RN)).

Proof The inequality | sin α| ≤ 1 ∧ |α| for any α ∈ R implies

|(sin(t |ξ |)〈ξ 〉)/|ξ || ≤(1 ∧ (t |ξ |)) · 〈ξ 〉/|ξ | ≤ (1 + t) · (1 ∧ |ξ |) · 〈ξ 〉/|ξ |
≤√

2(1 + t),

(4.42)

where 〈ξ 〉 = √
1 + |ξ |2, for t ≥ 0, ξ ∈ R

N . Let g(t, s, ξ) = sin((t −
s)σ θ |ξ |)f̂ (s, ξ)/|ξ | and y(t, x) = 〈x〉−1f̂ (s, x), for s ∈ (0, t), ξ, x ∈ R

N . It is
clear by (4.42) that

|g(t, s, ξ)| ≤ √
2(1 + (t − s)σ θ)|y(s, ξ)|, for s ∈ (0, t), ξ ∈ R

N.
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Then it follows from the Plancherel theorem (see, e.g., [59]) that

∥
∥ǧ(t, s, ·)∥∥

L2(RN )

= ‖g(t, s, ·)‖L2(RN )

≤√
2(1 + (t − s)σ θ)‖y(s, ·)‖L2(RN ) = √

2(1 + (t − s)σ θ)‖y̌(s, ·)‖L2(RN ).

Therefore, we have

‖(Qσ f )(t)‖L2(RN )

≤
∫ t

0
‖Sσ (t − s)f (s, ·)‖L2(RN )ds

≤
∫ t

0

∫ ∞

0
σ(t − s)σ−1θMσ (θ)

∥
∥ǧ(t, s, ·)∥∥

L2(RN )
dθds

≤√
2
∫ t

0

∫ ∞

0
σ(t − s)σ−1θMσ (θ)(1 + (t − s)σ θ)‖y̌(s, ·)‖L2(RN )dθds.

Due to ‖y̌(s, ·)‖L2(RN ) = ‖F−1[〈ξ 〉−1f̂ (s, ξ)]‖L2(RN ) = ‖f (s, ·)‖H−1(RN ), in
view of (4.39) and Hölder’s inequality, for r > 1/σ , we get

‖(Qσ f )(t)‖L2(RN ) ≤√
2
∫ t

0

∫ ∞

0
σ(t − s)σ−1θMσ (θ)‖f (s, ·)‖H−1(RN )dθds

+ √
2
∫ t

0

∫ ∞

0
σ(t − s)2σ−1θ2Mσ (θ)‖f (s, ·)‖H−1(RN )dθds

=√
2
∫ t

0
gσ (t − s)‖f (s, ·)‖H−1(RN )ds

+ √
2
∫ t

0
g2σ (t − s)‖f (s, ·)‖H−1(RN )ds

≤
(
Cr1T

σ−1/r + Cr2T
2σ−1/r

)
‖f ‖Lr(0,T ;H−1(RN )),

(4.43)

where constants Cr1 = √
2[(r − 1)/(σ r − 1)]1−1/r/Γ (σ ) and Cr2 = √

2[(r −
1)/(2σr − 1)]1−1/r/Γ (2σ).

Now, let us show the first estimate. Due to the embedding Hs,p(RN) ↪→
Hs1,p1(RN) for 1 < p ≤ p1 < ∞, s, s1 ∈ R, and s −N/p = s1 −N/p1, (see, e.g.,
[18, 32]), we know that Hμ,q(RN) ↪→ H−1(RN) for μ = N(1/q − 1/2 − 1/N).
This means that

‖(Qσ f )(t)‖L2(RN ) � ‖f ‖Lr(0,T ;Hμ,q (RN )),
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where C depends on σ, r, N , and T . Hence, the first estimate holds. On the other
hand, since Bs

2,2(R
N) = Hs,2(RN) for s ∈ R, recall the embedding Hs,q(RN) ↪→

Bs
q,2(R

N) for 1 < q ≤ 2 and the embedding (see, e.g., [18, 32])

Bs0
p0,q0

(RN) ↪→ Bs1
p1,q1

(RN), for s0 − N/p0 = s1 − N/p1, (4.44)

for any s0, s1 ∈ R, 1 ≤ p0 ≤ p1 ≤ ∞, 1 ≤ q0 ≤ q1 ≤ ∞, we have

B0
q,2(R

N) ↪→ B−1
2,2(RN), for q = 2N

N + 2
.

By virtue of H 0,q (RN) ↪→ B0
q,2(R

N) and H 0,q (RN) = Lq(RN) for q ≥ 1, we

obtain the embedding Lq(RN) ↪→ H−1(RN) when q = 2N/(N + 2). This means
that

‖(Qσ f )(t)‖L2(RN ) � ‖f ‖Lr(0,T ;Lq(RN )).

Hence, the second estimate holds.
In order to obtain the conclusion that the operator Qσ maps Lr(0, T ; H−1(RN))

into C([0, T ]; L2(RN)), by (4.43) it suffices to prove the continuity of operator Qσ

for any f ∈ Lr(0, T ; H−1(RN)). That means we need to check that for 0 ≤ t <

t + h ≤ T ,

‖(Qσ f )(t + h) − (Qσ f )(t)‖L2(RN ) → 0, as h → 0.

In fact, we first have

‖(Qσ f )(t + h) − (Qσ f )(t)‖L2(RN )

≤
∥
∥
∥
∥

∫ t+h

t

Sσ (t + h − s)f (s, ·)ds

∥
∥
∥
∥

L2(RN )

+
∥
∥
∥
∥

∫ t

0

∫ ∞

0
σ((t + h − s)σ−1 − (t − s)σ−1)θMσ (θ)ǧ(t + h, s, ·)dθds

∥
∥
∥
∥

L2(RN )

+
∥
∥
∥
∥

∫ t

0

∫ ∞

0
σ(t − s)σ−1θMσ (θ)

(
ǧ(t + h, s, ·) − ǧ(t, s, ·))dθds

∥
∥
∥
∥

L2(RN )

=:I1 + I2 + I3.

Obviously, applying (4.39) and Hölder’s inequality, it follows that

I1 ≤√
2
∫ t+h

t

∫ ∞

0
σ(t + h − s)σ−1θMσ (θ)‖f (s, ·)‖H−1(RN )dθds

+ √
2
∫ t+h

t

∫ ∞

0
σ(t + h − s)2σ−1θ2Mσ (θ)‖f (s, ·)‖H−1(RN )dθds
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=√
2
∫ t+h

t

gσ (t + h − s)‖f (s, ·)‖H−1(RN )ds

+ √
2
∫ t+h

t

g2σ (t + h − s)‖f (s, ·)‖H−1(RN )ds

� hσ−1/r‖f ‖Lr(0,T ;H−1(RN )) + h2σ−1/r‖f ‖Lr(0,T ;H−1(RN ))

→0, as h → 0.

For the second term I2, similarly to (4.43) we have

I2 ≤√
2
∫ t

0

∫ ∞

0
σ |(t + h − s)σ−1 − (t − s)σ−1|θMσ (θ)‖f (s, ·)‖H−1(RN )dθds

+ √
2
∫ t

0

∫ ∞

0
σ |(t + h − s)σ−1 − (t − s)σ−1|

× (t + h − s)σ θ2Mσ (θ)‖f (s, ·)‖H−1(RN )dθds

=Ch

∫ t

0
|(t + h − s)σ−1 − (t − s)σ−1|‖f (s, ·)‖H−1(RN )ds

≤Ch

(∫ t

0
|(t + h − s)σ−1 − (t − s)σ−1|r/(r−1)ds

)1−1/r

‖f ‖Lr(0,T ;H−1(RN )),

where Ch =
(√

2/Γ (σ) + √
2(T + h)σ /Γ (2σ)

)
. Using Lebesgue’s dominated

convergence theorem and Lemma 4.11, we find that I2 → 0 as h → 0.
For estimating the third term I3, by virtue of (4.42), we first have

∥
∥ǧ(t + h, s, ·) − ǧ(t, s, ·)∥∥

L2(RN )
≤ 2

√
2(1 + (t + h − s)σ θ)‖f (s, ·)‖H−1(RN ),

which means that

I3 ≤
∫ t

0

∫ ∞

0
σ(t − s)σ−1θMσ (θ)

∥
∥ǧ(t + h, s, ·) − ǧ(t, s, ·)∥∥

L2(RN )
dθds

≤2
√

2
∫ t

0

∫ ∞

0
σ(t − s)σ−1θMσ (θ)‖f (s, ·)‖H−1(RN )dθds

+ 2
√

2
∫ t

0

∫ ∞

0
σ(t − s)σ−1(t + h − s)σ θ2Mσ (θ)‖f (s, ·)‖H−1(RN )dθds

� ‖f ‖Lr(0,T ;H−1(RN )).

Hence, by Lebesgue’s dominated convergence theorem, we conclude that I3 → 0
as h → 0. Similarly, for any 0 ≤ t − h < t ≤ T , it is not difficult to verify that
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‖(Qσ f )(t) − (Qσ f )(t − h)‖L2(RN ) → 0, as h → 0. Thus, we obtain the desired
result.

Lemma 4.13 For any s ∈ R, operators Cσ (·) and Pσ (·) satisfy

‖Cσ (·)φ‖C([0,T ];Hs(RN )) ≤ ‖φ‖Hs(RN ), ‖Pσ (·)ψ‖C([0,T ];Hs(RN )) � ‖ψ‖Hs−1(RN ),

for any (φ, ψ) ∈ Hs(RN) × Hs−1(RN).

Proof By virtue of | cos(t |x|)| ≤ 1 for all t ≥ 0, x ∈ R
N , we have

‖K̇(t)φ‖Hs(RN ) ≤ ‖φ‖Hs(RN ). In fact, for any φ ∈ Hs(RN), we have

‖K̇(t)φ‖Hs(RN ) = ‖F−1[cos(t | · |)φ̂]‖Hs(RN )

= ‖F−1[(1 + | · |2)s/2 cos(t | · |)φ̂]‖L2(RN ).

The Plancherel theorem implies

‖F−1[(1 + | · |2)s/2 cos(t | · |)φ̂]‖L2(RN ) =‖(1 + | · |2)s/2 cos(t | · |)φ̂‖L2(RN )

≤‖(1 + | · |2)s/2φ̂‖L2(RN )

=‖F−1[(1 + | · |2)s/2φ̂]‖L2(RN ),

which means that ‖K̇(t)φ‖Hs(RN ) ≤ ‖φ‖Hs(RN ). In addition, by virtue of the
inequality | sin(t |x|)| ≤ t |x|, for all t ≥ 0, x ∈ R

N , as repeating the above pro-
cesses, by (4.42) it is easy to check that ‖K(t)ψ‖Hs(RN ) ≤ √

2(1 + t)‖ψ‖Hs−1(RN )

for any ψ ∈ Hs−1(RN).
Let us show that ‖Cσ (t)φ‖Hs(RN ) ≤ ‖φ‖Hs(RN ). In fact, from the definition of

operator Cσ (·), we have

‖Cσ (t)φ‖Hs(RN ) ≤
∫ ∞

0
Mσ (θ)‖K̇(tσ θ)φ‖Hs(RN )dθ ≤ ‖φ‖Hs(RN ),

where we have used the identity (4.39). Moreover, from the definition of operator
Sσ (·) and the semigroup (ga ∗ gb)(t) = ga+b(t) for a, b > 0, we have

‖Pσ (t)ψ‖Hs(RN )

≤
∫ t

0
g2−2σ (t − s)‖Sσ (s)ψ‖Hs(RN )ds

≤
∫ t

0

∫ ∞

0
g2−2σ (t − s)σ sσ−1θMσ (θ)‖K(sσ θ)ψ‖Hs(RN )dθds

≤√
2
∫ t

0

∫ ∞

0
g2−2σ (t − s)σ sσ−1(1 + sσ θ)θMσ (θ)‖ψ‖Hs−1(RN )dθds
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=√
2((g2−2σ ∗ gσ )(t) + (g2−2σ ∗ g2σ )(t))‖ψ‖Hs−1(RN )

�‖ψ‖Hs−1(RN ),

where (g2−2σ ∗ gσ )(t) + (g2−2σ ∗ g2σ )(t) ≤ g2−σ (T ) + g2(T ). Hence, it yields
‖Pσ (t)ψ‖Hs(RN ) � ‖ψ‖Hs−1(RN ). To end this proof, it suffices to check the
continuity of Cσ (t)φ and Pσ (t)ψ .

By the continuity of cos(t |ξ |), for h > 0 and 0 ≤ t < t + h ≤ T , by the
Plancherel theorem we know that

‖K̇((t + h)σ θ)φ − K̇(tσ θ)φ‖Hs(RN )

=‖F−1[〈·〉s(cos((t + h)σ θ | · |) − cos(tσ θ | · |))φ̂]‖L2(RN )

=‖〈·〉s(cos((t + h)σ θ | · |) − cos(tσ θ | · |))φ̂‖L2(RN )

≤2‖〈·〉s φ̂‖L2(RN ) = 2‖φ‖Hs(RN ).

Hence, passing to the Fourier representation and the Lebesgue dominated conver-
gence theorem, we have the pointwise convergence

‖K̇((t + h)σ θ)φ − K̇(tσ θ)φ‖Hs(RN ) → 0, as h → 0, a.e. θ ∈ (0, ∞).

On the other hand, by (4.39), we have

Mσ (θ)‖K̇((t + h)σ θ)φ − K̇(tσ θ)φ‖Hs(RN ) ≤ Mσ (θ)‖φ‖Hs(RN ),

which is integrable for a.e. θ ∈ (0, ∞). Hence, Lebesgue’s dominated convergence
theorem implies

‖Cσ (t + h)φ − Cσ (t)φ‖Hs(RN )=
∥
∥
∥
∥

∫ ∞

0
Mσ (θ)(K̇((t+h)σ θ)φ

−K̇(tσ θ)φdθ
∥
∥

Hs(RN )

→0, as h → 0.

This means that Cσ (·)φ ∈ C([0, T ]; Hs(RN)). Furthermore, as repeating the
above processes, we also get the continuity of Pσ (t)ψ . Hence, Pσ (·)ψ ∈
C([0, T ]; Hs(RN)). The proof is completed.

Remark 4.5 Obviously, in view of the inequality | sin(t |x|)| ≤ t |x|, for all t ≥ 0,
x ∈ R

N , from the same way as in Lemma 4.13, we get

‖Qσ f ‖C([0,T ];L2(RN )) � ‖f ‖L∞(0,T ;L2(RN )).
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By using Lemma 4.12 and Lemma 4.13, it is not difficult to obtain the existence
theorem to the problem (4.40).

Theorem 4.10 Given (φ, ψ) ∈ Hs(RN) × Hs−1(RN) for s ∈ R, let r > 2/β and
f ∈ Lr(0, T ; Hμ,q(RN)), for any q and μ satisfying 1 < q ≤ 2 and μ = N(1/q −
1/2 − 1/N), N ≥ 1, and then there exists a unique solution u ∈ C([0, T ]; L2(RN))

to the linear problem (4.40), and moreover

‖u‖L∞(0,T ;L2(RN )) � ‖φ‖Hs(RN ) + ‖ψ‖Hs−1(RN ) + ‖f ‖Lr(0,T ;Hμ,q(RN )).

Let q = 2N/(N + 2) for N ≥ 3; if f ∈ Lr(0, T ; Lq(RN)), then

‖u‖L∞(0,T ;L2(RN )) � ‖φ‖Hs(RN ) + ‖ψ‖Hs−1(RN ) + ‖f ‖Lr(0,T ;Lq(RN )).

In the sequel, we consider the global existence to the linear Cauchy prob-
lem (4.40).

Theorem 4.11 Given φ ∈ Hs(RN), ψ ≡ 0 for s ∈ R. Let N ≥ 2, σ = β/2 for
β ∈ (1, 2) and f ∈ Cσ ([0, ∞); Hs−1(RN)), where the Banach space

Cσ ([0, ∞); Hs−1(RN))

={u ∈ C([0, ∞); Hs−1(RN)) : tσ ‖u(t)‖Hs−1(RN ) < ∞, t ≥ 0},

equipped with its natural norm ‖u‖σ = supt∈[0,∞) tσ ‖u(t)‖Hs−1(RN ). Then there
exists a unique solution u ∈ C([0, ∞); Hs(RN)) to the linear problem (4.40), and
moreover

‖u‖L∞(0,∞;Hs(RN )) � ‖φ‖Hs(RN ) + ‖f ‖Cσ ([0,∞);Hs−1(RN )). (4.45)

Proof Observe that, for t ≥ 0, from Lemma 4.13, ‖Cσ (t)φ‖Hs(RN ) ≤ ‖φ‖Hs(RN ).
Moreover, for any v ∈ Hs−1(RN), Lemma 4.10 implies

‖Sσ (t)v‖Bs
2,2(RN ) � tσ−1‖v‖

Bs−1
2,2 (RN )

,

which means that ‖Sσ (t)v‖Hs(RN ) � tσ−1‖v‖Hs−1(RN ). Hence, we have

‖Cσ (t)φ‖Hs(RN ) + ‖(Qσ f )(t)‖Hs(RN )

� ‖φ‖Hs(RN ) +
∫ t

0
‖Sσ (t − s)f (s, ·)‖Hs(RN )ds

� ‖φ‖Hs(RN ) +
∫ t

0
(t − s)σ−1‖f (s)‖Hs−1(RN )ds

� ‖φ‖Hs(RN ) + ‖f ‖Cσ ([0,∞);Hs−1(RN )),
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where we have used the semigroup (ga ∗ gb)(t) = ga+b(t) for a, b > 0. Similarly
to Lemma 4.12 and Lemma 4.13, the continuity is easy to check, where we can
use the Plancherel theorem and the Lebesgue dominated convergence theorem, and
we need to require function f ∈ Cσ ([0, ∞); Hs−1(RN)) such that the time T can
tend to infinity. Consequently, there exists a solution satisfying (4.41), its values lie
in C([0, ∞); Hs(RN)), and (4.45) holds. Moreover, the uniqueness follows (4.45).
The proof is completed.

4.2.4 Results of Semilinear Problems

In this subsection, we focus on the well-posedness results of the semilinear problem,
we first establish a local well-posedness result of L2-solution that also belongs to the
setting of Lγ (0, T ; Lr(RN)), and furthermore, by a similar way, another conclusion
will be given in the framework of C([0, T ]; Hs(RN)). In the sequel, for a given
semilinear function, we obtain the well-posedness results in the setting of Besov
space Bs

r,2.

Theorem 4.12 Let N ≥ 2 and (φ, ψ) ∈ Hs(RN) × Hs−1(RN) for any s ∈
(1/2, N/2). Assume that

f : L2(RN) ∩ Lr(RN) → Lr ′
(RN),

where index r satisfies

2N

N − 1
≤ r ≤ 2(N + 1)

N − 1

∣
∣
∣
N≥2

∧ 2N

N − 2s

∣
∣
∣
N>2s

∧ 2N

N − 2

∣
∣
∣
N≥3

.

For every R > 0, there exist α ≥ 0 and constant Cα(R) ∈ (0, ∞) such that

‖f (u) − f (v)‖
Lr′ (RN )

≤ Cα(R)
(
‖u‖α

Lr (RN )
+ ‖v‖α

Lr (RN )

)
‖u − v‖Lr(RN ),

for all u, v ∈ L2(RN) ∩ Lr(RN) with ‖u‖L2(RN ), ‖v‖L2(RN ) ≤ R. Let γ > 0 be an
element of the admissible set

{γ ∈ R
+ : γ > 2 + α, γ (β − 2) + 2 > 0, γ (σN − 1) + 1 > 0},

where σN = β(1 − δ(r)). Then there exists a unique mild solution u ∈
C([0, T ]; L2(RN)) ∩Lγ (0, T ; Lr(RN)) of the problem (4.37)–(4.38) for some T >

0. Moreover, u depends continuously on φ, ψ in the following sense. If φm → φ

in Hs(RN) and ψm → ψ in Hs−1(RN) and if um denotes the solution of the
problem (4.37)–(4.38) with the initial values φm, ψm, then for all sufficiently large
m, um converges to u in C([0, T ]; L2(RN)) ∩ Lγ (0, T ; Lr(RN)).
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Proof Let σ = β/2 for β ∈ (1, 2). We want to construct a local (in t) solution to
the integral equation

(Φu)(t) = Cσ (t)φ + Pσ (t)ψ + (Qσ f )(u)(t).

By applying Lemma 4.12, Lemma 4.13, and Remark 4.5, it is clear that Φ is well
defined. We shall next use a fixed point theorem to verify this proof. Fixed T , R > 0
and set a space by

UT ={u ∈ L∞(0, T ; L2(RN)) ∩ Lγ (0, T ; Lr(RN)) : d(u, 0) ≤ R},

where d(·, ·) is the distance to the space UT given by

d(u, v) = ‖u − v‖L∞(0,T ;L2(RN )) + ‖u − v‖Lγ (0,T ;Lr(RN )), for u, v ∈ UT .

Obviously, (UT , d) is a complete metric space.
For u ∈ UT and every R > 0, from the assumption of nonlinearity f , by the

trigonometric inequality we first have

‖f (u)‖
Lr′ (RN )

≤‖f (u) − f (0)‖
Lr′ (RN )

+ ‖f (0)‖
Lr′ (RN )

≤Cα(R)‖u‖α+1
Lr(RN )

+ ‖f (0)‖
Lr′ (RN )

.

Therefore, for γ > α + 2, Hölder’s inequality yields

‖f (u)‖
Lγ ′

(0,T ;Lr′ (RN ))
≤Cα(R)‖u‖α+1

L(α+1)γ ′
(0,T ;Lr(RN ))

+ T
1
γ ′ ‖f (0)‖

Lr′ (RN )

≤Cα(R)T
γ−(α+2)

γ ‖u‖α+1
Lγ (0,T ;Lr(RN ))

+ T
γ−1

γ ‖f (0)‖
Lr′ (RN )

.

Similarly, for u, v ∈ UT , we have

‖f (u) − f (v)‖
Lγ ′

(0,T ;Lr′ (RN ))

≤Cα(R)

(∫ T

0

(
‖u(t)‖α

Lr (RN )
+ ‖v(t)‖α

Lr (RN )

)γ ′
‖u(t) − v(t)‖γ ′

Lr(RN )
dt

)1/γ ′

,

which, by Hölder’s inequality and Minkowski’s inequality, leads to

‖f (u) − f (v)‖
Lγ ′

(0,T ;Lr′ (RN ))

≤Cα(R)
(∥
∥‖u‖α

Lr (RN )
+ ‖v‖α

Lr (RN )

∥
∥

L
γ

γ−2 (0,T )

)
‖u − v‖Lγ (0,T ;Lr(RN ))

≤2Cα(R)T
γ−(α+2)

γ Rα‖u − v‖Lγ (0,T ;Lr(RN )).

(4.46)
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Next, we obtain the existence and uniqueness result for T small. By Lemma 4.9, for
2N/(N − 1) ≤ r ≤ 2(N + 1)/(N − 1) and (σN − 1)γ + 1 > 0, we have

‖(Qσ f )(u)(t)‖Lr(RN ) �
∫ t

0
(t − s)σN−1‖f (u)(s)‖

Lr′ (RN )
ds

� t
σN−1+ 1

γ ‖f (u)‖
Lγ ′

(0,T ;Lr′ (RN ))
.

Observe the embedding Hs(RN) ↪→ Lr(RN) for s ∈ [0, N/2), 2 ≤ r < 2N/(N −
2s), and we have

‖Φ(u)(t)‖Lr(RN ) � ‖Cσ (t)φ‖Hs(RN )+‖Pσ (t)ψ‖Hs(RN )+ ‖(Qσ f )(u)(t)‖Lr(RN ) .

Therefore, we have

‖Φ(u)‖Lγ (0,T ;Lr(RN ))

� T
1
γ ‖φ‖Hs(RN ) + T

1
γ ‖ψ‖Hs−1(RN ) + ‖(Qσ f )(u)(t)‖Lγ (0,T ;Lr(RN ))

� T
1
γ ‖φ‖Hs(RN ) + T

1
γ ‖ψ‖Hs−1(RN ) + T σN ‖f (0)‖

Lr′ (RN )

+ Cα(R)T
σN− α+1

γ Rα+1.

On the other hand, by Lemma 4.12, for any u ∈ UT , we have

‖Φ(u)‖L∞(0,T ;L2(RN )) � ‖φ‖Hs(RN ) + ‖ψ‖Hs−1(RN ) + ‖(Qσ f )(u)‖L∞(0,T ;L2(RN ))

� ‖φ‖Hs(RN ) + ‖ψ‖Hs−1(RN ) + ‖f (u)‖
Lγ ′

(0,T ;Lr′ (RN ))

� ‖φ‖Hs(RN ) + ‖ψ‖Hs−1(RN )

+ T
γ−1

γ ‖f (0)‖
Lr′ (RN )

+ Cα(R)T
γ−(α+2)

γ Rα+1.

Therefore, there exists a constant C ≥ 1 such that

‖Φ(u)‖L∞(0,T ;L2(RN )) + ‖Φ(u)‖Lγ (0,T ;Lr(RN ))

≤C(1 + T
1
γ )(‖φ‖Hs(RN ) + ‖ψ‖Hs−1(RN )) + C(T

γ−1
γ + T σN )‖f (0)‖

Lr′ (RN )

+ CCα(R)(T
γ−(α+2)

γ + T
σN− α+1

γ )Rα+1.

Fixed R > 0 satisfying C(‖φ‖Hs(RN )+‖ψ‖Hs−1(RN )) ≤ R/4, let T be small enough
such that

CT := CCα(R)Rα
(
T

γ−(α+2)
γ + T

σN− α+1
γ

)
<

1

2
, (4.47)
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C
(‖φ‖Hs(RN ) + ‖ψ‖Hs−1(RN )

)
T

1
γ + C

(
T σN + T

γ−1
γ

)
‖f (0)‖

Lr′ (RN )
<

R

4
.

Hence, it follows that Φ(u) ∈ UT for any u ∈ UT . Moreover, from Lemma 4.12,
we deduce

‖Φ(u) − Φ(v)‖L∞(0,T ;L2(RN )) =‖(Qσ f )(u) − (Qσ f )(v)‖L∞(0,T ;L2(RN ))

�‖f (u) − f (v)‖
Lγ ′

(0,T ;Lr′ (RN ))
,

where γ ′ > 1/σ , 1 < r ′ ≤ 2 for N = 1, 2 and 2N/(N + 2) ≤ r ′ ≤ 2 for N ≥ 3.
Hence, by selecting T small enough so that (4.47) holds, by virtue of (4.46), we
have

‖Φ(u) − Φ(v)‖L∞(0,T ;L2(RN )) ≤1

3
d(u, v),

for all u, v ∈ UT . Since

‖(Qσ f )(u)(t) − (Qσ f )(v)(t)‖Lr(RN ) � t
σN−1+ 1

γ ‖f (u) − f (v)‖
Lγ ′

(0,T ;Lr′ (RN ))
,

for T small enough so that (4.47) holds, by virtue of (4.46), it follows that

‖Φ(u)−Φ(v)‖Lγ (0,T ;Lr(RN ))= ‖(Qσ f )(u)−(Qσ f )(v)‖Lγ (0,T ;Lr(RN )) ≤ 1

3
d(u, v).

Consequently, Φ is a strict contraction on UT . From the similar proof of continuity
in Theorem 4.10 taking on Φ(u), it follows that Φ has a fixed point u ∈
C([0, T ]; L2(RN)) ∩ Lγ (0, T ; Lr(RN)), which is the unique mild solution of the
problem (4.37)–(4.38).

For the choice of T (independent of ‖φ‖Hs(RN ) and ‖ψ‖Hs−1(RN )), as before,
R is determined only by the size of the norm of initial data. Hence T and R are
independent of um ∈ UT for m sufficiently large. Suppose φm→φ in Hs(RN) and
ψm→ψ in Hs−1(RN) when m → ∞. Now, let m be large enough; then

‖u − um‖L∞(0,T ;L2(RN ))

� ‖φ − φm‖Hs(RN ) + ‖ψ − ψm‖Hs−1(RN ) + ‖Qσ (f (u) − f (um))‖L∞(0,T ;L2(RN ))

� ‖φ − φm‖Hs(RN ) + ‖ψ − ψm‖Hs−1(RN ) + ‖f (u) − f (um)‖
Lγ ′

(0,T ;Lr′ (RN ))
.

By the same argument, one can conclude that

‖u − um‖Lγ (0,T ;Lr(RN )) � T
1
γ ‖φ − φm‖Hs(RN ) + T

1
γ ‖ψ − ψm‖Hs−1(RN )

+ T
σN−1+ 1

γ ‖f (u) − f (um)‖
Lγ ′

(0,T ;Lr′ (RN ))
.
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Then, (4.46) implies that

d(u, um) �
(

1 + T
1
γ

)
‖φ − φm‖Hs(RN ) +

(
1 + T

1
γ

)
‖ψ − ψm‖Hs−1(RN )

+ 2Cα(R)T
γ−(α+2)

γ Rα
(

1 + T
σn−1+ 1

γ

)
d(u, um).

Let T be chosen so small so that (4.47) holds; then

(1 − CT )d(u, um) �
(

1 + T
1
γ

) (‖φ − φm‖Hs(RN ) + ‖ψ − ψm‖Hs−1(RN )

)
.

Consequently, we deduce that d(u, um) → 0 as m → ∞. The proof is completed.

Remark 4.6 From the above theorem, we have the following remarks:

(i) The admissible set of γ is not empty. Indeed, for α = 2, r = 3, N = 3 and
taking initial values (φ, ψ) ∈ H 1(R3) × L2(R3), for a suitable semilinear
function f (u) satisfying the assumptions in Theorem 4.12, likely f (u) =
λ|u|2u for λ > 0, it follows that 4 < γ < 2/(2 − β) for β ∈ (3/2, 2).

(ii) Let α, r, N , and f satisfy the assumptions of Theorem 4.12, noting that
if δ(r) ≤ 1/2, then the restrictions in the admissible set of γ reduce to
2 + α < γ < 2/(2 − β) or if 0 ≤ α < 2(β − 1)/(2 − β) and 1/2 <

δ(r) < 1 − (1 + α)/(β(2 + α)), then the restrictions in the admissible set of γ

reduce to 2 + α < γ < 1/(1 − σN).
(iii) By the embedding Hs(RN) ↪→ Lr(RN) for s ∈ [0, N/2), the requirement

2N/(N −1) ≤ r < 2N/(N −2s) implies that the conclusion fails for 0 ≤ s ≤
1/2, and thus the assumption s > 1/2 is needed in the initial value conditions.

Noting that, by virtue of the critical embedding Hs(RN) ↪→ Lr(RN), for 2 ≤
r < ∞, s = N/2, we obtain a weaken requirement of index r in Theorem 4.12.

Corollary 4.1 Let N ≥ 2 and (φ, ψ) ∈ HN/2(RN) × HN/2−1(RN). Assume that

f : L2(RN) ∩ Lr(RN) → Lr ′
(RN),

where index r satisfies

2N

N − 1
≤ r ≤ 2(N + 1)

N − 1

∣
∣
∣
N≥2

∧ 2N

N − 2

∣
∣
∣
N≥3

.

For every R > 0, there exist α ≥ 0 and constant Cα(R) ∈ (0, ∞) such that

‖f (u) − f (v)‖
Lr′ (RN )

≤ Cα(R)
(
‖u‖α

Lr (RN )
+ ‖v‖α

Lr (RN )

)
‖u − v‖Lr(RN ),

for all u, v ∈ L2(RN) ∩ Lr(RN) with ‖u‖L2(RN ), ‖v‖L2(RN ) ≤ R. Let γ > 0 be an
element of the admissible set
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{γ ∈ R
+ : γ > 2 + α, γ (β − 2) + 2 > 0, γ (β(1 − δ(r)) − 1) + 1 > 0}.

Then the problem (4.37)–(4.38) is local well-posed on C([0, T ]; L2(RN)) ∩
Lγ (0, T ; Lr(RN)).

By using the embedding

Hs(RN) ↪→ L2(RN) ∩ L∞(RN), for s > N/2,

one can prove the following result by employing the arguments used in the proof of
Theorem 4.12.

Corollary 4.2 Let s > N/2. Assume that for every R > 0, there exists C(R) < ∞
such that

‖f (u)‖Hs(RN ) ≤ C(R)‖u‖Hs(RN ),

‖f (u) − f (v)‖L2(RN ) ≤ C(R)‖u − v‖L2(RN ),

for all u, v ∈ Hs(RN) and that of ‖u‖L∞(RN ) ≤ R, ‖v‖L∞(RN ) ≤ R. Then for
(φ, ψ) ∈ Hs(RN) × Hs−1(RN), the problem (4.37)–(4.38) is local well-posed on
u ∈ (WT,R, d) for some T , R > 0, where (WT,R, d) is the metric space given by

WT,R =
{
u ∈ L∞(0, T ; Hs(RN)) : ‖u‖L∞(0,T ;Hs(RN )) ≤ R

}
,

equipped with the distance

d(u, v) = ‖u − v‖L∞(0,T ;L2(RN )), for u, v ∈ WT,R.

In the sequel, we consider a semilinear function of the form f (u) = λ|u|αu for
λ ∈ R, and for α ≥ 0, a well-posedness result on Besov setting is also established.
In order to complete the proof, we need the following result [33].

Lemma 4.14 Let f (u) = λ|u|αu for λ ∈ R and for α ≥ 0. If 0 < s < N/2,
2 ≤ ρ ≤ ρ∗ = N(α + 2)/(N − 2s), then

‖f (u)‖Bs
ρ′,2 � ‖u‖α+1

Bs
ρ,2

and

‖f (u) − f (v)‖
Lρ′

(RN )
�
(
‖u‖α

Bs
ρ,2

+ ‖v‖α
Bs

ρ,2

)
‖u − v‖Lρ(RN ),

for any u, v ∈ Bs
ρ,2.
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Proof Noting that

∣
∣|u|αu − |v|αv

∣
∣ ≤ (α + 1)(|u|α + |v|α)|u − v|,

we obtain by the Hölder inequality and the embedding Ḃs
ρ,2(R

N) ↪→ Lρ∗
(RN) that

‖f (u)‖
Lρ′

(RN )
� ‖u‖α

Ḃs
ρ,2

‖u‖Lρ(RN )

and

‖f (u) − f (v)‖
Lρ′

(RN )
�
(
‖u‖α

Ḃs
ρ,2

+ ‖v‖α

Ḃs
ρ,2

)
‖u − v‖Lρ(RN ).

In view of the inequality

‖f (u)‖Ḃs
ρ′,2

� ‖u‖α+1
Ḃs

ρ,2

and the interpolation property Bs
ρ′,2(R

N) = Lρ′
(RN) ∩ Ḃs

ρ′,2(R
N), the desired

inequalities follow.

Theorem 4.13 Let N ≥ 2, s ∈ (0, N/2), and f (u) = λ|u|αu for α ≥ 0, λ ∈ R. Let

2N

N − 1
≤ r ≤ 2(N + 1)

N − 1
∧ N(α + 2)

N − 2s
,

given (φ, ψ) ∈ Hs+1,r ′
(RN) × Hs,r ′

(RN). Moreover, let γ > 0 being an element
of the set

{γ ∈ R
+ : γ > α + 2, γ (β(2 − 2δ(r)) − 2) + 2 > 0}. (4.48)

Then the problem (4.37)–(4.38) is local well-posed on Lγ (0, T ; Bs
r,2).

Proof Following the method of proof for Theorem 4.12, we just need to construct
a local solution to the operator equation (Φu)(t) = u(t) for t ∈ [0, T ] in a suitable
ball in Lγ (0, T ; Bs

r,2), where the ball is defined by

BM = {
u ∈ Lγ (0, T ; Bs

r,2) : ‖u‖Lγ (0,T ;Bs
r,2) ≤ M

}
,

with the radius M > 0. Note that this space is not trivial. Indeed, for φ ∈
Hs+1,r ′

(RN), by virtue of Lemma 4.10, the embedding (4.44), and Hs1,r ′
(RN) ↪→

Hs0,r ′
(RN) for s1 ≥ s0, s1, s0 ∈ R, we have

‖Cσ (t)φ‖Bs
r,2

� ‖φ‖
B

s+δ(r)

r′,2
� ‖φ‖

Hs+δ(r),r′ (RN )
� ‖φ‖

Hs+1,r′ (RN )
,
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which shows that ‖Cσ (·)φ‖Lγ (0,T ;Bs
r,2) � ‖φ‖

Hs+1,r′ (RN )
. Similarly, by (g2−2σ ∗

gσ )(t) = g2−σ (t) ∈ Lγ (0, T ;R), we also get ‖Pσ (·)ψ‖Lγ (0,T ;Bs
r,2) �

‖ψ‖
Hs,r′ (RN )

. Thus, u(t) = Cσ (t)φ is in BM if φ ∈ Hs+1,r ′
(RN) and

‖φ‖
Hs+1,r′ (RN )

is small enough. Endowed with the metric

d(u, v) = ‖u − v‖Lγ (0,T ;Lr(RN )),

then (BM, d) is a complete metric space. Indeed, since Lγ (0, T ; Bs
r,2) is reflexive,

the closed ball of radius M is weakly compact; for details, see [33].
From Lemma 4.14, we get ‖f (u)‖Bs

r′,2 � ‖u‖α+1
Bs

r,2
, for all u ∈ Bs

r,2. Thus, it

remains to consider the case Φu ∈ Lγ (0, T ; Bs
r,2) for some T > 0. Noting that

from the requirements of index r , it yields 1/2 ≤ δ(r) ≤ N/(N + 1), consider any
u ∈ Bs

r,2, and then it follows from (4.48) that

‖(Φu)(t)‖Bs
r,2

≤‖Cσ (t)φ‖Bs
r,2

+ ‖Pσ (t)ψ‖Bs
r,2

+ ‖(Qσ f )(u)(t)‖Bs
r,2

� ‖Cσ (t)φ‖
Hs+1,r′ (RN )

+ ‖Pσ (t)ψ‖
Hs,r′ (RN )

+
∫ t

0
‖Sσ (t − s)f (u)(s)‖Bs

r,2
ds

� ‖φ‖
Hs+1,r′ (RN )

+ ‖ψ‖
Hs,r′ (RN )

+
∫ t

0
(t − s)σ(2−2δ(r))−1‖u(s)‖α+1

Bs
r,2

ds.

Noting that

‖|u|αu‖
Lγ ′

(0,t;Bs
r,2)

≤ t
γ−(α+2)

γ ‖u‖α+1
Lγ (0,t;Bs

r,2)
,

we obtain

‖Φ(u)‖Lγ (0,T ;Bs
r,2) � T

1
γ ‖φ‖

Hs+1,r′ (RN )
+ T

1
γ ‖ψ‖

Hs,r′ (RN )

+ T
σ(2−2δ(r))− α+1

γ ‖u‖α+1
Lγ (0,T ;Bs

r,2)
.

On the other hand, from Lemma 4.14, for any u, v ∈ BM , we get

‖f (u) − f (v)‖
Lγ ′

(0,T ;Lr′ (RN ))
� T

γ−(α+2)
γ Mα‖u − v‖Lγ (0,T ;Lr(RN )).

Therefore, we have
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‖Φ(u) − Φ(v)‖Lγ (0,T ;Lr(RN )) =‖(Qσ f )(u) − (Qσ f )(v)‖Lγ (0,T ;Lr(RN ))

� T
σN−1+ 1

γ ‖f (u) − f (v)‖
Lγ ′

(0,T ;Lr′ (RN ))

� T
σN− α+1

γ Mα‖u − v‖Lγ (0,T ;Lr(RN )).

This means that there exists a constant C > 0 such that

‖Φ(u)‖Lγ (0,T ;Bs
r,2) ≤CT

1
γ (‖φ‖

Hs+1,r′ (RN )
+ ‖ψ‖

Hs,r′ (RN )
)

+ CT
σ(2−2δ(r))− α+1

γ Mα+1

and

‖Φ(u) − Φ(v)‖Lγ (0,T ;Lr(RN )) ≤ CT
σN− α+1

γ Mα‖u − v‖Lγ (0,T ;Lr(RN )).

Hence, fixed M > 0, let T be small enough such that

CT
1
γ (‖φ‖

Hs+1,r′ (RN )
+ ‖ψ‖

Hs,r′ (RN )
) < M/2,

CMα(T
σ(2−2δ(r))− α+1

γ + T
σN− α+1

γ ) < 1/2.

Then Φ maps BM into itself, and we obtain

d(Φ(u), Φ(v)) <
1

2
d(u, v).

Thus, there exists a unique solution of the problem (4.37)–(4.38). The remaining
proof is similar to that of Theorem 4.12. So we omit its details. The proof is
completed.

Remark 4.7 Observe that the embedding Hs,r ′
(RN) ↪→ Bs

r ′,2(R
N), and

Lemma 4.10 yields

‖Cσ (t)φ‖Bs
r,2

� t−βδ(r)‖φ‖
Hs,r′ (RN )

,

which belongs to Lγ (0, T ;R). Hence, it shall possess a decay rate βδ(r), which
implies that the solution does not belong to C([0, T ]; Bs

r,2) ∪ L∞(0, T ; Bs
r,2).

Concerning with Remark 4.7, in the sequel, we establish the global well-
posedness results for a special initial data.

Theorem 4.14 Let N ≥ 2, β ∈ (1, 4/3), s ∈ (0, N/2), δ(r) = 1/2, and f (u) =
λ|u|2u for λ ∈ R. Given φ ∈ Hs+ 1

2 ,r ′
(RN) with ‖φ‖

H
s+ 1

2 ,r′
(RN )

≤ ε for some

ε > 0 and ψ ≡ 0, then the problem (4.37)–(4.38) is global well-posed on YR ,
where (YR, d) (R > 0) is the metric space given by
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YR =
{
u ∈ C((0, ∞); Bs

r,2(R
N)) : sup

t∈[0,∞)

tβ/4‖u(t)‖Bs
r,2

≤ R
}
,

equipped with the distance

d(u, v) = sup
t∈[0,∞)

tβ/4‖u(t) − v(t)‖Lr(RN ), for u, v ∈ YR.

Proof Let σ = β/2 for β ∈ (1, 2). We next verify that the operator Φ maps YR into
itself. Indeed, for u ∈ YR , by virtue of Lemma 4.10, we have

‖(Φu)(t)‖Bs
r,2

�t−σ/2‖φ‖
H

s+ 1
2 ,r′

(RN )
+
∫ t

0
‖Sσ (t − s)f (u)(s)‖Bs

r,2
ds

�t−σ/2ε +
∫ t

0
(t − s)σ−1‖f (u)(s)‖3

B
s− 1

2
r′,2

ds

�t−σ/2ε +
∫ t

0
(t − s)σ−1‖u(s)‖3

Bs
r,2

ds

�t−σ/2ε +
∫ t

0
(t − s)σ−1s−3σ/2dsR3,

where we have used the embedding B
s0
r ′,2 ↪→ B

s1
r ′,2 for s0 ≥ s1, s0, s1 ∈ R.

Therefore, there exists a constant C > 0 such that

tσ/2‖(Φu)(t)‖Bs
r,2

≤ Cε + CR3.

Taking ε ≤ R/(2C) for R ≤ (1/(2C))1/2, due to the Fourier representation
of operators and Lebesgue’s dominated convergence theorem, the proof of the
continuity of Φ is similar to Lemma 4.12. Hence, we deduce that Φ(u) ∈ YR for
any u ∈ YR .

Next, we show that Φ is a contraction on YR . Indeed, for any u, v ∈ YR ,
combining the requirement of δ(r) = 1/2 and Lemma 4.9 imply

‖(Φu)(t) − (Φv)(t)‖Lr(RN ) ≤
∫ t

0
‖Sσ (t − s)(f (u)(s) − f (v)(s))‖Lr(RN )ds

�
∫ t

0
(t − s)σ−1‖f (u)(s) − f (v)(s)‖

Lr′ (RN )
ds.

Lemma 4.14 shows that

‖(Φu)(t) − (Φv)(t)‖Lr(RN ) �
∫ t

0
(t − s)σ−1

(
‖u‖2

Bs
r,2

+ ‖v‖2
Bs

r,2

)
‖u − v‖Lr(RN )ds

�
∫ t

0
(t − s)σ−1s−3σ/2dsR2d(u, v).
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Therefore, there exists a constant C > 0 for R ≤ (2/C)1/2 (may be the same
constant as above) such that

d(Φ(u), Φ(v)) ≤CR2d(u, v) ≤ 1

2
d(u, v).

Consequently, Φ is a strict contraction on YR . This means that Φ has a unique fixed
point u ∈ YR . The proof is completed.

4.3 Wave Equations with Exponential Nonlinearity

4.3.1 Introduction

In this section, we study a Cauchy problem for fractional wave equation

∂α
t u − Δu = f (u), (t, x) ∈ (0, ∞) × R

d , (4.49)

with the initial conditions

u(0, x) = u0(x), ∂tu(0, x) = 0, x ∈ R
d , (4.50)

where the symbol Δ stands for the Laplace operator, f is an exponential nonlinear
term which will be special later, and the notation ∂α

t is the standard Caputo fractional
derivative order α ∈ (1, 2).

Due to the applications in diffusion phenomena and the heat conduction with
memory, for the linear case of Eq. (4.49), Fujita [64] obtained a representation
formula of the fundamental solution by terms of probability density, and the author
found that the fundamental solution has the similar property to that of the wave
equation. Mainardi [151] has also proved that Eq. (4.49) controls the propagation
of mechanical diffusion waves in viscoelastic media. More recently, Kim et al.
[116] showed the BMO and Lp-Lq estimates of solutions, and they worked on the
existence result for time fractional evolution equations with variable coefficients.
Han et al. [79] concerned a Muckenhoupt Ap weights to the unique solvability
of solutions. Dong and Liu [56] studied weighted mixed-norm estimates and the
solvability of solutions. For the polynomial cases to Eq. (4.49), for example,

∂α
t u − Δu = |u|p−1u, (t, x) ∈ (0, ∞) × R

d , (4.51)

considered by [87], where they handled this equation on Hörmender spaces. Zhang
and Li [238] discussed the well-posedness and blow-up results in the Lp(Rd)

framework for nonlinearity f (u) ∼ |u|p. For a different polynomial nonlinearity
and fractional Laplace operator, Djida et al. [54] proved the local existence of
solutions by Fox H-functions and Fourier transform techniques.
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In the semilinear cases of exponential nonlinearity, Ioku [94, 95] considered a
heat equation, in which the global existence of solutions for the higher dimensions
d ≥ 5 and the lower dimensions 1 ≤ d ≤ 4 on the small initial data in
exp L2(Rd) were obtained, respectively. Furioli et al. [65] studied the asymptotic
behavior and decay estimates for the critical nonlinearity. Suzuki [202] studied
the existence/nonexistence of a local classical solution both in R

d and in a
bounded domain. Ghoul et al. [71] investigated the existence of a stable blow-up
solutions parabolic system. Fino and Kirane [62] concerned with the existence of
local/global solutions with fractional Laplace operator. Furthermore, for the wave
operators concerned with exponential nonlinearity, Ibrahim et al. [92] investigated
the existence and asymptotic completeness of the wave operators with a defocusing
exponential nonlinearity in two space dimensions. Saanouni [185] obtained a
blowing-up result for arbitrary positive initial energy in two dimension, which
is based on the previous global well-posedness results given by Mahouachi and
Saanouni [148]. Struwe [199] established global well-posedness in the supercritical
regime of large energies for smooth, radially symmetric data for similar nonlinearity
f (u) ∼ ueu2

in two space dimensions. However, the result of factional version is
very rare. Bekkai et al. [17] concerned with local existence and blow-up of a unique
solution to a time fractional diffusion equation with nonlocal exponent nonlinearity
f (u) ∼ J 1−α

t (eu). It is thus a natural question whether there exist the local/global
solvability results for the problem (4.49)–(4.50) of exponential nonlinearity.

For proving our main results, we will focus on the framework of Lp-Lq estimates
and the analyticity of Mittag-Leffler functions, it is noticed that there are some
differences in cases of the equation with polynomial nonlinear term, and we know
that for the polynomial case of power nonlinearity f (u) ∼ |u|p−1u with p > 1,
the problem (4.49)–(4.50) satisfies a scale invariance property. In fact, for λ > 0,

if u is a solution, then uλ(t, x) := λ
2

p−1 u(λ
2
α t, λx) is also a solution with initial

data u0λ(x) := λ
2

p−1 u0(λx) and ∂tu(0, λx) = 0. However, one finds that there is
no scale invariance property of exponential nonlinearity, likely growth f (u) ∼ eu2

.
Additionally, for studying the existence of solution to the problem (4.49)–(4.50),
the Orlicz space exp L2(Rd) shall be introduced, which is a subspace of L1

loc(R
d),

and it is more appropriate to handle the exponential nonlinear problem compared
to Lp(Rd) framework. Note that C∞

0 (Rd) is not dense in exp L2(Rd), in order to
achieve the global solutions, it should be considered the definition of solutions under
a weak mild sense, and we find that the order of fractional derivative is restricted in
α ∈ (1, 4

3 ) for the lower dimensional case 1 ≤ d ≤ 3. The minimum conditions are
required to obtain a local solution for d ≥ 1, and a dense subspace exp L2

0(R
d) is

also introduced to overcome the missing problem for aforementioned denseness.
This section is organized as follows. In Sect. 4.3.2, we introduce some prelim-

inaries for the problem (4.49)–(4.50), including fractional calculus, the Mittag-
Leffler function, and the Orlicz spaces. Moreover, we discuss some estimates
in the framework on the Orlicz spaces about solution operators derived by the
problem (4.49)–(4.50). We establish the local/global existence criteria, and we show
the relevant proofs in Sect. 4.3.3.
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4.3.2 Preliminaries

In this section we present some well-known concepts and properties about fractional
calculus and the Orlicz spaces. Moreover, we recall and prove the properties of the
Mittag-Leffler functions. Firstly, let S (Rd) stand for the Schwartz classification,
and we also set the notations ∨ and ∧ by a ∨ b = max{a, b}, a ∧ b = min{a, b}
for any a, b ∈ R, respectively. Let T ∈ (0, +∞] (if T = +∞, we write [0, T ] :=
[0, ∞)). We next recall the definitions of fractional calculus briefly; for more details,
we refer to see [165, 180].

The Riemann-Liouville fractional integral of order α > 0 for a function u ∈
L1(0, T ;S (Rd)) is defined by

Jα
t u(t, x) = 1

Γ (α)

∫ t

0
(t − s)α−1u(s, x)ds, t > 0, x ∈ R

d ,

where Γ (·) is the Gamma function. The Caputo fractional derivative of order α ∈
(1, 2) for a function u ∈ L1(0, T ;S (Rd)) such that fractional integral J 2−α

t u ∈
W 2,1(0, T ;S (Rd)) is defined by

∂α
t u(t, x) = ∂2

t

(
J 2−α

t (u(t, x) − u(0, x) − t ∂tu(0, x))
)
, t > 0, x ∈ R

d .

Lemma 4.15 Let d
2 < p < +∞, d ≥ 1, α ∈ (0, 2), β ∈ R. Then Eα,β(−| · |2) ∈

Lp(Rd).

Proof By virtue of Lemma 1.12, it is easy to check this argument. Indeed, from the
fact

|Eα,β(−|x|2)| ≤ C(1 + |x|2)−1, for all x ∈ R
d ,

using the polar coordinates, we have

∫

Rd

|Eα,β(−|x|2)|pdx ≤Cp

∫

Rd

(1 + |x|2)−pdx

=Cpwd−1

∫ ∞

0

rd−1

(1 + r2)p
dr

=Cpwd−1

∫ π/2

0
(sin θ)d−1(cos θ)2p−d−1dθ

=Cpπd/2Γ
( 2p−d

2

)

Γ (p)
,

where wd−1 is the surface of the unit sphere Sd−1. Hence, we deduce the desired
result.
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Recall that an Orlicz space is defined as follows:

exp Lp(Rd) =
{

u ∈ L1
loc(R

d) :
∫

Rn

(

exp

( |u(x)|p
λp

)

− 1

)

dx < +∞
}

,

for some λ > 0 endowed with the Luxemburg norm

‖u‖exp Lp(Rd ) := inf

{

λ > 0 :
∫

Rd

(

exp

( |u(x)|p
λp

)

− 1

)

dx < 1

}

.

Clearly, it is a Banach space. Since C∞
0 (Rd) is not dense in exp Lp(Rd), in order to

analyze the local existence, we also use the dense subspace of exp Lp(Rd) given by

exp L
p

0 (Rd) =
{
u ∈ exp Lp(Rd) : there exists {un}∞n=1 ⊂ C∞

0 (Rd),

s.t. lim
n→∞ ‖un − u‖exp Lp(Rd ) = 0

}
,

which can be expressed by (see, e.g., [62, 95, 156, 157])

exp L
p

0 (Rd) =
{

u ∈ L1
loc(R

d) :
∫

Rd

exp
(
α|u(x)|p − 1

)
dx < +∞

}

,

for every α > 0.

Lemma 4.16 ([94]) For every 2 ≤ p < ∞, the following inequality holds:

‖u‖Lp(Rd ) ≤ (Γ (p/2 + 1))1/p ‖u‖exp L2(Rd ).

Lemma 4.17 ([62]) For every 1 ≤ q ≤ p < ∞, the embeddings Lq(Rd) ∩
L∞(Rd) ↪→ exp L

p

0 (Rd) ↪→ exp Lp(Rd) hold, more precisely

‖u‖exp Lp(Rd ) ≤ (ln 2)
− 1

p (‖u‖Lq(Rd ) + ‖u‖L∞(Rd )).

Lemma 4.18 ([65]) For any p ≥ 1 and r ≥ 1, there exists a constant C > 0
(independent of p and r), such that

Γ (rp + 1)
1
p ≤ CΓ (r + 1)pr .

We next prove several useful estimates in the frameworks of L∞-Lp and
exp L2(Rd) estimates. For any f ∈ S (Rd), we set the following two families of
operators {Qα(t)}t≥0 and {Pα(t)}t≥0:

Qα(t)f (x) =F−1[Eα,1(−tα|ξ |2)f̂ (ξ)](x),

Pα(t)f (x) =tα−1F−1[Eα,α(−tα|ξ |2)f̂ (ξ)](x).
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In fact, because of Lemma 1.12, these operator families are well defined. In
particular, we have the next framework of Lp-Lq estimate of these operator families.

Lemma 4.19 ([45]) Let 1 < p ≤ q < +∞. Then, there is a constant C > 0 such
that for all f ∈ Lp(Rd), t > 0,

‖Qα(t)f ‖Lq(Rd ) ≤ Ct
− αd

2

(
1
p

− 1
q

)

‖f ‖Lp(Rd ),
d

2

(
1

p
− 1

q

)

< 1

and

‖Pα(t)f ‖Lq(Rd ) ≤ Ct
α−1− αd

2

(
1
p

− 1
q

)

‖f ‖Lp(Rd ), 1 − 1

α
<

d

2

(
1

p
− 1

q

)

< 1.

Note that the above estimates of constant C > 0 can be removed at the first
inequality and be modified by 1/Γ (α) at the second inequality in the framework
of Lp-Lp estimates. Indeed, from the definitions of Qα(t) and Pα(t), by using
(vii) in Lemma 1.14 and 0 < Γ (α0) ≤ Γ (α) < 1 for α ∈ (1, 2) with Γ (α0) =
min

α∈(1,2)
Γ (α), it is easy to check this argument. We next fill the gap of L∞(Rd) for

the families of operators {Qα(t)}t≥0 and {Pα(t)}t≥0.

Lemma 4.20 Let 1 ∨ d
2 ≤ p ≤ 2 for d = 1, 2, 3. Then, there is a constant C > 0

such that for all f ∈ Lp(Rd), t > 0,

‖Qα(t)f ‖L∞(Rd ) ≤ Ct
− αd

2p ‖f ‖Lp(Rd ), and ‖Pα(t)f ‖L∞(Rd )

≤ Ct
α−1− αd

2p ‖f ‖Lp(Rd ).

Proof Using the definitions of Qα(t) and Pα(t), it suffices to prove the first
estimate since the proof of second estimate is similar. In fact, by Hölder’s inequality,
we have

‖Qα(t)f ‖L∞(Rd ) =‖F−1[Eα,1(−|ξ |2tα)Ff ]‖L∞(Rd )

≤
∫

Rd

|Eα,1(−|ξ |2tα)f̂ (ξ)|dξ

≤‖f̂ ‖
Lp′

(Rd )

(∫

Rd

|Eα,1(−|ξ |2tα)|pdξ

)1/p

.

The Hausdorff-Young inequality implies that

‖f̂ ‖
Lp′

(Rd )
≤ ‖f ‖Lp(Rd ), for 1 ≤ p ≤ 2.

Therefore, there exists a positive constant C = C(α, d, p) such that
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‖Qα(t)f ‖L∞(Rd ) ≤t
− αd

2p ‖f ‖Lp(Rd )

(∫

Rd

|Eα,1(−|ξ |2)|pdξ

)1/p

≤Ct
− αd

2p ‖f ‖Lp(Rd ),

where we have used the condition d/2 ≤ p ≤ 2 and Lemma 4.15. The proof is
completed.

Lemma 4.21 Let 1 ∨ d
2 ≤ p, q ≤ 2 for d = 1, 2, 3. Then the following Lp-expL2

estimates hold for t > 0:

‖Qα(t)f ‖exp L2(Rd ) ≤ ‖f ‖exp L2(Rd ), for f ∈ exp L2(Rd),

‖Qα(t)f ‖exp L2(Rd ) ≤ Ct
− αd

2p (ln(t−
αd
2 + 1))−

1
2 ‖f ‖Lp(Rd ), for f ∈ Lp(Rd),

‖Qα(t)f ‖exp L2(Rd ) ≤ Ct
− αd

2q ‖f ‖Lq(Rd )+2‖f ‖L2(Rd ), for f ∈ Lq(Rd)∩L2(Rd),

where the constant C > 0 may depend on α, d, p, q.

Proof The first inequality is showed by the standard Lp-Lp estimates of
Lemma 4.19 and the Taylor expansion. In fact, for any λ > 0, we have

∫

Rd

(
exp (|Qα(t)f |/λ)2 − 1

)
dx =

∞∑

k=1

‖Qα(t)f ‖2k
L2k(Rd )

k!λ2k

≤
∞∑

k=1

‖f ‖2k
L2k(Rd )

k!λ2k
=
∫

Rd

(
exp (|f |/λ)2 − 1

)
dx.

Therefore we have

‖Qα(t)f ‖exp L2(Rd ) = inf

{

λ > 0 :
∫

Rd

(
exp (|Qα(t)f |/λ)2 − 1

)
dx ≤ 1

}

≤ inf

{

λ > 0 :
∫

Rd

(
exp (|f |/λ)2 − 1

)
dx ≤ 1

}

=‖f ‖exp L2(Rd ),

which proves the first inequality. Next, by Lemma 4.19, we have

∫

Rd

(
exp (|Qα(t)f |/λ)2 − 1

)
dx =

∞∑

k=1

‖Qα(t)f ‖2k
L2k(Rd )

k!λ2k
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≤
∞∑

k=1

C2kt
− αd

2

(
1
p

− 1
2k

)
2k‖f ‖2k

Lp(Rd )

k!λ2k

= t
αd
2

(

exp
(
Ct

− αd
2p ‖f ‖Lp(Rd )/λ

)2 − 1

)

,

and then

‖Qα(t)f ‖exp L2(Rd ) = inf

{

λ > 0 :
∫

Rd

(
exp (|Qα(t)f |/λ)2 − 1

)
dx ≤ 1

}

≤ inf

{

λ > 0 : t
αd
2

(

exp
(
Ct

− αd
2p ‖f ‖Lp(Rd )/λ

)2 − 1

)

≤ 1

}

=Ct
− αd

2p (ln(t−
αd
2 + 1)−

1
2 ‖f ‖Lp(Rd ).

We have shown the second inequality. The last inequality is proved easily
by Lemma 4.20, the standard Lp-Lq estimate, and the embedding L2(Rd) ∩
L∞(Rd) ↪→ exp L2(Rd) in Lemma 4.17 for (ln 2)− 1

2 < 2 as

‖Qα(t)f ‖exp L2(Rd ) ≤2(‖Qα(t)f ‖L2(Rd ) + ‖Qα(t)f ‖L∞(Rd ))

≤Ct
− βd

2q ‖f ‖Lq(Rd ) + 2‖f ‖L2(Rd ).

The proof is completed.

Lemma 4.22 Let α ∈ (1, 4
3 ), 1 ∨ d

2 ≤ p < 2αd
(4+d)α−4 , and 1 ∨ d

2 < q ≤ 2 for
d = 1, 2, 3. Then the following estimates hold for t > 0:

‖Pα(t)f ‖exp L2(Rd ) ≤ tα−1

Γ (α)
‖f ‖exp L2(Rd ), f or f ∈ exp L2(Rd),

‖Pα(t)f ‖exp L2(Rd ) ≤ Ct
α−1− αd

2p (ln(t−
αd
2 +1))−

1
2 ‖f ‖Lp(Rd ), f or f ∈ Lp(Rd),

‖Pα(t)f ‖exp L2(Rd ) ≤ Ct
α−1− αd

2q ‖f ‖Lq(Rd ) + 2‖f ‖L2(Rd ), f or f ∈ Lq(Rd ) ∩ L2(Rd ),

where the constant C > 0 may depend on α, d, p, q.

Proof By applying the similar arguments as in Lemma 4.21, it is not difficult to
show the first and third Lp-expL2 estimates for the family of operator {Pα(t)}t≥0,
while there is few slight revision on previous results for the second estimate. In fact,
we have
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∫

Rd

(
exp (|Pα(t)f |/λ)2 − 1

)
dx =

∞∑

k=1

‖Pα(t)f ‖2k
L2k(Rd )

k!λ2k

≤
∞∑

k=1

C2kt
(α−1)2k− αd

2

(
1
p

− 1
2k

)
2k‖f ‖2k

Lp(Rd )

k!λ2k

=t
αd
2

(

exp
(
Ct

α−1− αd
2p ‖f ‖Lp(Rd )/λ

)2 − 1

)

,

for any 1 − 1
α

< d
2

(
1
p

− 1
2k

)
< 1 which holds for the condition d

2 ≤ p < 2αd
(4+d)α−4

and all k ∈ N
+, and then

‖Pα(t)f ‖exp L2(Rd ) = inf

{

λ > 0 :
∫

Rn

(
exp (|Pα(t)f |/λ)2 − 1

)
dx

}

≤ inf

{

λ > 0 : t αd
2

(

exp
(
Ct

α−1− αd
2p ‖f ‖Lp(Rd )/λ

)2 −1

)

≤ 1

}

=Ct
α−1− αd

2p (ln(t−
αd
2 + 1))−

1
2 ‖f ‖Lp(Rd ).

We thus prove the second inequality.

Lemma 4.23 Let g ∈ L1(0, T ; exp L2(Rd)); then

∫ t

0
Pα(t − s)g(s)ds ∈ C([0, T ]; exp L2(Rd)).

Moreover,

∥
∥
∥
∥

∫ t

0
Pα(t − s)g(s)ds

∥
∥
∥
∥

L∞(0,T ;exp L2(Rd ))

≤ C‖g‖L1(0,T ;exp L2(Rd )), (4.52)

where the constant C > 0 may depend on α, d, p, q, T .

Proof By Lemma 4.22, it is not difficult to check the estimate (4.52). Hence, we
next show the continuity. Let h > 0 such that 0 ≤ t < t + h ≤ T , and then

∫ t+h

0
Pα(t + h − s)g(s)ds −

∫ t

0
Pα(t − s)g(s)ds

=
∫ t+h

t

Pα(t + h − s)g(s)ds +
∫ t

0
(Pα(t + h − s) − Pα(t − s))g(s)ds

=:g1(t) + g2(t).
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Therefore, by Lemma 4.22 for α ∈ (1, 2), we have

‖g1(t)‖exp L2(Rd ) ≤
∫ t+h

t

‖Pα(t + h − s)g(s)‖exp L2(Rd )ds

≤ 1

Γ (α)

∫ t+h

t

(t + h − s)α−1‖g(s)‖exp L2(Rd )ds

≤ hα−1

Γ (α)
‖g‖L1(0,T ;exp L2(Rd )) → 0, as h → 0.

On the other hand, for any f ∈ S (Rd), from the Fubini theorem and the definition
of Pα(t), Proposition 1.14 implies that

(Pα(t) − Pα(s))f =F−1[tα−1Eα,α(−tα|ξ |2) − sα−1Eα,α(−sα|ξ |2)F (f )]

=F−1
[∫ t

s

τ α−2Eα,α−1(−τα|ξ |2)dτF (f )

]

=
∫ t

s

τ α−2F−1
[
Eα,α−1(−τα|ξ |2)F (f )

]
dτ.

Hence, in view of Proposition 1.12, one has

‖g2(t)‖exp L2(Rd ) ≤
∫ t

0
‖(Pα(t + h − s) − Pα(t − s))g(s)‖exp L2(Rd )ds

≤ 1

Γ (α)

∫ t

0

∫ t+h

t

(τ − s)α−2‖g(s)‖exp L2(Rd )dτds

≤ 1

(α − 1)Γ (α)

∫ t

0
((t+h−s)α−1−(t−s)α−1)‖g(s)‖exp L2(Rd )ds

≤ hα−1

(α − 1)Γ (α)
‖g‖L1(0,T ;exp L2(Rd )) → 0, as h → 0,

where we have used 0 ≤ ac − bc ≤ (a − b)c for any 0 ≤ b ≤ a and c ∈ [0, 1] in
the above last inequality. We thus get the desired results. The proof is completed.

4.3.3 Existence Analysis

In this subsection, we prove the local and global existence results. In order to achieve
this goal, we first consider the linear case of the problem (4.49)–(4.50), that is,
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{
∂α
t u(t, x) − Δu(t, x) = f (t, x), (t, x) ∈ (0, T ) × R

d ,

u(0, x) = u0(x), ut (0, x) = 0.
(4.53)

Next, we establish the solution representation of linear problem (4.53). Now, let
u0 ∈ S (Rd) and f ∈ L1(0, T ;S (Rd)), and firstly taking the Laplace transform
L of both sides of (4.53) with respect to t ∈ [0, T ), it follows that

λαL [u(·, x)](λ) − λα−1u0(x) − L [Δu(·, x)](λ) = L [f (·, x)](λ).

Next, taking the Fourier transform F = ·̂ of both sides of (4.53) with respect to
x ∈ R

d and using the properties of Mittag-Leffler functions, we obtain

û(t, ξ) = Eα,1(−tα|ξ |2)û0(ξ) +
∫ t

0
(t − s)α−1Eα,α(−(t − s)α|ξ |2)f̂ (s, ξ)ds.

Therefore, similarly to [87, Proposition 2.1], there exists a solution u belonging to
space C([0, T );S (Rd)) as follows:

u(t) = Qα(t)u0 +
∫ t

0
Pα(t − s)f (s)ds.

In the sequel, we concern with the exponential nonlinearity, which is also
considered in [94] for the heat equations as follows:

f (u) =
⎧
⎨

⎩

u(eu2 − 1), d = 2, 3,

u(eu2 − 1 − u2), d = 1.

(4.54)

4.3.3.1 Local Existence of Solutions

In this sequel, we prove the local existence result. To begin with, we introduce a
definition of mild solutions to the problem (4.49)–(4.50).

Definition 4.5 Let u0 ∈ exp L2
0(R

d) and T > 0. We say that u is a mild solution
for the problem (4.49)–(4.50) if u ∈ C([0, T ]; exp L2

0(R
d)) satisfying

u(t) = Qα(t)u0 +
∫ t

0
Pα(t − s)f (u(s))ds. (4.55)

In the sequel, according to the technique as in [62], we shall split the initial data
u0 ∈ exp L2

0(R
d) into two parts: a small data in exp L2(Rd) and another smooth

part from the density of C∞
0 (Rd) in exp L2

0(R
d). First we solve the initial value

problem with smooth initial data to obtain a local and bounded solution v. Then we
consider the perturbed equation satisfied by w := u − v with small initial data. In
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fact, for ε > 0 to be chosen later, we write u0 = v0 + w0, where v0 ∈ C∞
0 (Rd) and

‖w0‖exp L2(Rd ) ≤ ε. Hence, the problem (4.49)–(4.50) may split into the following
two Cauchy problems:

{
∂α
t v − Δv = f (v),

v(0) = v0, ∂tv(0) = 0
(4.56)

and
{

∂α
t w − Δw = f (w + v) − f (v),

w(0) = w0, ∂tw(0) = 0.
(4.57)

Lemma 4.24 If φ ∈ exp L2
0(R

d), then Qα(·)φ ∈ C([0, ∞); exp L2
0(R

d)).

Proof Let φ ∈ exp L2
0(R

d). By (i) of Lemma 4.21 and the definition of exp L2
0(R

d),
we have Qα(t)φ ∈ exp L2

0(R
d) for every t > 0. Thus, by the linearity of Qα(t), it

remains to prove the continuity at t = 0 in exp L2
0(R

d), i.e., it remains to get

lim
t→0

‖Qα(t)φ − φ‖exp L2(Rd ) = 0.

Since φ ∈ exp L2
0(R

d), there exists a sequence {φn}∞n=1 ⊂ C∞
0 (Rd) such that

lim
n→∞ ‖φn − φ‖exp L2(Rd ) = 0.

By embeddings L2(Rd) ∩ L∞(Rd) ↪→ exp L2
0(R

d) ↪→ exp L2(Rd) in Lemma 4.17
and estimation (i) of Lemma 4.21, it yields

‖Qα(t)φ − φ‖exp L2(Rd )

≤‖Qα(t)(φ − φn)‖exp L2(Rd ) + ‖Qα(t)φn − φn‖exp L2(Rd ) + ‖φn − φ‖exp L2(Rd )

≤2‖Qα(t)φn − φn‖L2(Rd ) + 2‖Qα(t)φn − φn‖L∞(Rd ) + 2‖φn − φ‖exp L2(Rd ).

Since φn ∈ C∞
0 (Rd), Plancherel’s identity shows that

‖Qα(t)φn − φn‖L2(Rd ) =
∥
∥
∥F−1[Eα,1(−tα|ξ |2)F (φn)(ξ)](x) − φn(x)

∥
∥
∥

L2(Rd )

=
∥
∥
∥F−1[(Eα,1(−tα|ξ |2) − 1)F (φn)(ξ)](x)

∥
∥
∥

L2(Rd )

=
∥
∥
∥(Eα,1(−tα|ξ |2) − 1)F (φn)(ξ)

∥
∥
∥

L2(Rd )
.
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From the Hausdorff-Young inequality and Proposition 1.12, it follows that

∥
∥
∥(Eα,1(−tα|ξ |2) − 1)F (φn)(ξ)

∥
∥
∥

L2(Rd )
≤2‖φn‖L2(Rd ).

By the Lebesgue dominated convergence theorem, we have

‖Qα(t)φn − φn‖L2(Rd ) ≤
∥
∥
∥(Eα,1(−tα|ξ |2) − 1)F (φn)(ξ)

∥
∥
∥

L2(Rd )
→ 0,

as t → 0. Since |Eα,1(−tα|ξ |2)| ≤ 1 for t > 0, |ξ | > 0 from Proposition 1.14, and
Eα,1(−tα|ξ |2) is close to 1 for small enough 0 < t � 1 and fixed |ξ | > 0, it yields
that

1 − Eα,1(−tα|ξ |2) ≤ Eα,1(−tα|ξ |2).

By virtue of the fact that C∞
0 (Rd) is dense in L2(Rd) and then

‖Qα(t)φn − φn‖L∞(Rd ) ≤
∫

Rd

∣
∣
∣(Eα,1(−tα|ξ |2) − 1)F (φn)(ξ)

∣
∣
∣ dξ

≤
(∫

Rd

|Eα,1(−tα|ξ |2)|2dξ

)1/2

‖φ̂n‖L2(Rd ),

in which the Plancherel identity and the Hausdorff-Young inequality deduce the
boundedness of the above last right-hand inequality for small enough 0 < t �
1, moreover Lebesgue’s dominated convergence theorem implies ‖Qα(t)φn −
φn‖L∞(Rd ) → 0 as t → 0. Hence, Qα(t) is strongly continuous on L2(Rd) ∩
L∞(Rd); it means that

lim
t→0

(‖Qα(t)φn − φn‖L2(Rd ) + ‖Qα(t)φn − φn‖L∞(Rd )

) = 0.

Hence, we have

lim sup
t→0

‖Qα(t)φ − φ‖exp L2(Rd ) ≤ 2‖φn − φ‖exp L2(Rd ),

for every n ∈ N
+. This finishes the proof of the lemma.

Next, we obtain the local existence of solution for the problem (4.56) as follows.

Lemma 4.25 Let v0 ∈ L2(Rd) ∩ L∞(Rd). Then there exist a time T > 0 and a
mild solution v ∈ C([0, T ]; exp L2

0(R
d)) ∩ L∞(0, T ; L∞(Rd)).

Proof We first introduce a Banach space as follows:

YM := {v ∈ C([0, T ]; exp L2
0(R

d))∩L∞(0, T ; L∞(Rd)) : ‖v‖YM
≤ 4‖v0‖L2∩L∞},
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where

‖v‖YM
:= ‖v‖L∞(0,T ;exp L2

0(Rd )) + ‖v‖L∞(0,T ;L∞(Rd )),

‖v0‖L2∩L∞ := ‖v0‖L2(Rd ) + ‖v0‖L∞(Rd ).

For any v ∈ YM , define an operator T on YM by

(T v)(t) = Qα(t)v0 +
∫ t

0
Pα(t − s)f (v(s))ds.

In order to use the Banach fixed point theorem, it suffices to show that T is a
contraction from YM into itself for small T > 0.

Claim I. T : YM → YM . Since v0 ∈ L2(Rd) ∩ L∞(Rd), it follows from
Lemma 4.17 that v0 ∈ exp L2

0(R
d) and from Lemma 4.24 that Qα(t)v0 ∈

C([0, T ]; exp L2
0(R

d)).
In addition, from (4.54) we have

‖f (v)‖L2(Rd ) ≤ Ce
‖v‖2

L∞(Rd )‖v‖L2(Rd ) ≤ Ce
‖v‖2

L∞(Rd )‖v‖L2∩L∞ ,

which implies that f (v) ∈ exp L2
0(R

d) by Lemma 4.17 for any v ∈ L∞(Rd).
Moreover, we also have f (v) ∈ L1(0, T ; exp L2

0(R
d)). Lemma 4.23 implies that

∫ t

0
Pα(t − s)f (v(s))ds ∈ C([0, T ]; exp L2

0(R
d)).

This means that T (v) ∈ YM enjoys the following estimates:

‖T (v)‖exp L2(Rd ) ≤‖v0‖exp L2(Rd ) + 1

Γ (α)

∫ t

0
(t − s)α−1‖f (v)‖exp L2(Rd )ds

≤2‖v0‖L2∩L∞ + C

∫ t

0
(t − s)α−1e

‖v(s)‖2
L∞(Rd )‖v(s)‖L2∩L∞ds

≤2‖v0‖L2∩L∞ + C

∫ t

0
(t − s)α−1e4‖v0‖L2∩L∞ ‖v0‖L2∩L∞ds,

and then

‖T (v)‖exp L2(Rd ) ≤2‖v0‖L2∩L∞ + Ctαe4‖v0‖L2∩L∞ ‖v0‖L2∩L∞

≤4‖v0‖L2∩L∞ ,

for some small T > 0 such that CT αe4‖v0‖L2∩L∞ ≤ 2. Therefore, using
Lemma 4.20 for any v ∈ YM , similarly we have
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‖T (v)‖L∞(Rd ) ≤2‖v0‖L2∩L∞ + 1

Γ (α)

∫ t

0
(t − s)α−1− αd

4 ‖f (v)‖L2(Rd )ds

≤2‖v0‖L2∩L∞ + C

∫ t

0
(t − s)α−1− αd

4 e
‖v(s)‖

L∞(Rd )‖v(s)‖L2∩L∞ds

≤2‖v0‖L2∩L∞ + Ctα(4−d)/4e4‖v0‖L2∩L∞ ‖v0‖L2∩L∞

≤4‖v0‖L2∩L∞ ,

for some small T > 0. This proves that T (v) ∈ YM .
Claim II. T is a contraction. From the assumption of f , we first obtain

f (0) = 0, |f (u) − f (v)| ≤ C(|u2eλu2 + v2eλv2 ||u − v|), (4.58)

for some C > 0 and λ > 0. For any v1, v2 ∈ YM , by (4.58) it follows that

‖f (v1) − f (v2)‖L2(Rd )

≤C‖v1 − v2‖L2(Rd )(‖v1‖2
L∞(Rd )

e
λ‖v1‖2

L∞(Rd ) + ‖v2‖2
L∞(Rd )

e
λ‖v2‖2

L∞(Rd ) )

≤C‖v1 − v2‖L2(Rd )‖v0‖2
L2∩L∞e

16λ‖v0‖2
L2∩L∞

≤C‖v1 − v2‖YM
‖v0‖2

L2∩L∞e
16λ‖v0‖2

L2∩L∞ ,

which means that

‖T (v1) − T (v2)‖YM
≤ 1

Γ (α)

∫ t

0
(t − s)α−1‖f (v1) − f (v2)‖YM

ds

≤C

∫ t

0
(t − s)α−1‖v0‖2

L2∩L∞e
16λ‖v0‖2

L2∩L∞ ‖v1 − v2‖YM
ds

≤CT α‖v0‖2
L2∩L∞e

16λ‖v0‖2
L2∩L∞ ‖v1 − v2‖YM

,

for T > 0 small enough such that CT α‖v0‖2
L2∩L∞e

16λ‖v0‖2
L2∩L∞ < 1

2 . Then

‖T (v1) − T (v2)‖YM
≤ 1

2
‖v1 − v2‖YM

.

This shows the desired conclusion.

Lemma 4.26 Let v ∈ L∞(0, T ; L∞(Rd)) for some T > 0. Let 2 ≤ r < +∞, and
w1, w2 ∈ exp L2(Rd) with sufficiently small ‖w1‖exp L2(Rd ) ≤ M , ‖w2‖exp L2(Rd ) ≤
M for some M > 0 and λ > 0 such that 2λM2r < 1. Then, there exists a constant
C > 0 such that
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‖f (w1 + v) − f (w2 + v)‖Lr(Rd )

≤Cr
1
2

( ∞∑

k=1

(2λ)kM2krk + e
2λ‖v‖2

L∞(Rd )

)

‖w1 − w2‖exp L2(Rd ).

Proof By the assumption on f in (4.58), there is a λ > 0 such that

|f (u) − f (v)| ≤ C|u − v|
∞∑

k=1

λk

k! (|u|2k + |v|2k).

Therefore, we have

|f (w1 + v) − f (w2 + v)| ≤C|w1 − w2|
∞∑

k=1

λk

k!
(
|w1 + v|2k + |w2 + v|2k

)

≤C|w1 − w2|
∞∑

k=1

(2λ)k

2k!
(
|w1|2k + |w2|2k + 2|v|2k

)

≤C|w1 − w2|
( ∞∑

k=1

(2λ)k

2k! (|w1|2k + |w2|2k) + e2λ|v|2
)

,

where we have used the inequality

(a + b)r ≤ 2r−1(ar + br), a, b ≥ 0, r ≥ 1.

The Hölder inequality shows that

∥
∥
∥|w1 − w2|(|w1|2k + |w2|2k)

∥
∥
∥

Lr(Rd )
≤‖w1 − w2‖L2r (Rd )‖|w1|2k + |w2|2k‖L2r (Rd ),

and then for v ∈ L∞(Rd), we have

‖f (w1 + v) − f (w2 + v)‖Lr(Rd )

≤C

∞∑

k=1

(2λ)k

2k! ‖w1 − w2‖L2r (Rd )‖|w1|2k

+ |w2|2k‖L2r (Rd ) + Ce
2λ‖v‖2

L∞(Rd )‖w1 − w2‖Lr(Rd ).

By virtue of Lemma 4.16, we have

‖w1 − w2‖L2r (Rd ) ≤ (Γ (r + 1))
1
2r ‖w1 − w2‖exp L2(Rd )
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and

‖w1 − w2‖Lr(Rd ) ≤ (Γ (r/2 + 1))
1
r ‖w1 − w2‖exp L2(Rd ).

Together with Lemma 4.16 again and Lemma 4.18, we have the estimates

‖f (w1 + v) − f (w2 + v)‖Lr(Rd )

≤Cr
1
2

( ∞∑

k=1

(2λ)k

2k! (‖w1‖2k
L2kr (Rd )

+‖w2‖2k
L2rk(Rd )

)+e
2λ‖v‖2

L∞(Rd )

)

‖w1−w2‖exp L2(Rd )

≤Cr
1
2

( ∞∑

k=1

(2λ)k

2k! Γ (kr + 1)
1
r (‖w1‖2k

exp L2(Rd )
+ ‖w2‖2k

exp L2(Rd )
) + e

2λ‖v‖2
L∞(Rd )

)

× ‖w1 − w2‖exp L2(Rd )

≤Cr
1
2

( ∞∑

k=1

(2λ)kM2krk + e
2λ‖v‖2

L∞(Rd )

)

‖w1 − w2‖exp L2(Rd ).

Consequently, the proof is completed.

Next, we establish the existence of solution for the problem (4.57) as follows.

Lemma 4.27 Let w0 ∈ exp L2
0(R

d). Let T > 0, and let v ∈ L∞(0, T ; L∞(Rd)) be
given by Lemma 4.25. Then, for ‖w0‖exp L2(Rd ) ≤ ε, with ε > 0 small enough, there

exists a mild solution w ∈ C([0, T∗]; exp L2
0(R

d)) for some T∗ = T (w0, ε, v) > 0.

Proof For any ε > 0, let T > 0, we define the following complete metric space:

ZM := {w ∈ C([0, T ]; exp L2
0(R

d)) : ‖w‖L∞(0,T ;exp L2
0(Rd )) ≤ 2ε},

and we consider a mapping F on ZM by

(Fw)(t) = Qα(t)w0 +
∫ t

0
Pα(t − s)(f (w(s) + v(s)) − f (v(s)))ds.

Claim I. F is a contraction. Let w1, w2 ∈ ZM . By Lemma 4.17, we first have

‖F (w1)−F (w2)‖exp L2(Rd ) ≤ 2‖Fw1−Fw2‖L2(Rd ) + 2‖Fw1 − Fw2‖L∞(Rd ).

Hence, one yields from Lemma 4.20

‖F (w1) − F (w2)‖L∞(Rd )

=
∥
∥
∥
∥

∫ t

0
Pα(t − s)(f (w1(s) + v(s)) − f (w2(s) + v(s)))ds

∥
∥
∥
∥

L∞(Rd )
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≤C

∫ t

0
(t − s)α−1− αd

4 ‖f (w1(s) + v(s)) − f (w2(s) + v(s))‖L2(Rd ) ds.

Applying Lemma 4.26 with r = 2 and under the condition 16λε2 < 1 for λ > 0
given in (4.58), we obtain

‖F (w1) − F (w2)‖L∞(Rd )

≤C

( ∞∑

k=1

(4λ)k(2ε)2k + e
2λ‖v‖2

L∞(0,T ;L∞(Rd ))

)

×
∫ t

0
(t − s)α−1− αd

4 ‖w1(s) − w2(s)‖exp L2(Rd )ds

≤CαT
α
(

1− d
4

)

‖w1 − w2‖L∞(0,T ;exp L2(Rd )),

where positive constant Cα may depend on α, λ, ε, d, and ‖v‖L∞(0,T ;L∞(Rd )).
On the other hand, by Lemma 4.21 and Lemma 4.26 with r = 2, we also have

‖F (w1) − F (w2)‖L2(Rd )

=
∥
∥
∥
∥

∫ t

0
Pα(t − s)(f (w1(s) + v(s)) − f (w2(s) + v(s)))ds

∥
∥
∥
∥

L2(Rd )

≤ 1

Γ (α)

∫ t

0
(t − s)α−1 ‖f (w1(s) + v(s)) − f (w2(s) + v(s))‖L2(Rd ) ds

≤C

( ∞∑

k=1

(4λ)k(2ε)2k+e
2λ‖v‖2

L∞(0,T ;L∞(Rd ))

)∫ t

0
(t−s)α−1 ‖w1(s)

−w2(s)‖exp L2(Rd ) ds

≤C′
αT α‖w1 − w2‖L∞(0,T ;exp L2(Rd )),

where positive constant C′
α may depend on α, λ, ε, d, and ‖v‖L∞(0,T ;L∞(Rd )).

Therefore, it follows that

‖F (w1)−F (w2)‖exp L2(Rd ) ≤ (CαT
α
(

1− d
4

)

+C′
αT α)‖w1 − w2‖L∞(0,T ;exp L2(Rd )).

By choosing T small enough such that

CαT
α
(

1− d
4

)

+ C′
αT α ≤ 1

2
, (4.59)

then, one finds ‖F (w1)−F (w2)‖L∞(0,T ;exp L2(Rd )) ≤ 1
2‖w1−w2‖L∞(0,T ;exp L2(Rd )).
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Claim II. F : ZM → ZM . Let w ∈ ZM . As w0 ∈ exp L2
0(R

d) and Lemma 4.24,
it follows that

Qα(t)w0 ∈ C([0, T ]; exp L2
0(R

d)).

Next, let w1 = w and w2 = 0 in the above estimates in Claim I. Under the condition
16λε2 < 1, the nonlinear term satisfies

F (w) − Qα(t)w0 ∈ L∞(0, T ; exp L2(Rd)).

By the standard smoothing effects of Qα(t) and Pα(t), we obtain

F (w) − Qα(t)w0 ∈ C([0, T ]; exp L2(Rd)).

This means that for T small enough

‖F (w1)‖exp L2(Rd ) ≤ ‖w0‖exp L2(Rd ) + 1

2
‖w1‖L∞(0,T ;exp L2(Rd )) ≤ ε + 1

2
(2ε) ≤ 2ε.

This proves that F maps ZM into itself.

Under the assumption of f satisfying (4.54), we get the local existence result of
this section as follows.

Theorem 4.15 (Local Existence) Let u0 ∈ exp L2
0(R

d); then for a time T =
T (u0) > 0, there exists a mild solution u ∈ C([0, T ]; exp L2

0(R
d)) of the

problem (4.49)–(4.50).

Proof We choose T and ε small enough in the following sense and fix ε > 0 such
that 16λε2 < 1 with λ > 0 given in (4.58).

By analyzing arguments above, one can decompose u0 = w0 + v0 with w0 ∈
C∞

0 (Rd) and ‖v0‖exp L2(Rd ) ≤ ε. By Lemma 4.25, we know that there exist a time

0 < T1 = T1(‖w0‖L2∩L∞) and a mild solution v ∈ C([0, T1]; exp L2
0(R

d)) ∩
L∞(0, T1; L∞(Rd)) such that ‖v‖L∞(0,T ;L2∩L∞) ≤ 4‖v0‖L2∩L∞ . By choosing T ∈
(0, T1) small enough such that (4.59) satisfies, by using Lemma 4.27, it follows that
there exists a mild solution w ∈ C([0, T ]; exp L2

0(R
d)). Therefore, we derive that

u := w + v is a mild solution in C([0, T ]; exp L2
0(R

d)). The proof is completed.

4.3.3.2 Global Existence of Solutions

In the sequel, we prove the global existence result. In order to do this, for M > 0,
set operator

F(u)(t) := Qα(t)u0 +
∫ t

0
Pα(t − s)f (u(s))ds,
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and we introduce a space

XM := {u ∈ L∞(0, ∞; exp L2(Rd)) : supt>0 tσ ‖u(t)‖Lr(Rd )

+‖u‖L∞(0,∞;exp L2(Rd )) ≤ M},

where σ = αd
2 ( 1

2 − 1
r
) for some r > 3. The space XM is a complete metric space

with the distance

d(u, v) = sup
t>0

tσ ‖u(t) − v(t)‖Lr(Rd ).

It needs to point out that C∞
0 (Rd) is not dense in exp L2(Rd), which implies that

Qα(t)u0 is not continuous at t = 0 in exp L2(Rd), i.e., for any u0 ∈ exp L2(Rd),
the following inequality may hold:

lim
t→0

‖Qα(t)u0 − u0‖exp L2(Rd ) ≥ 1. (4.60)

In fact, for any λ > 0, let μv(λ) := |{x ∈ R
d : |v(x)| > λ}| be a distribution

function of v. We next use the rearrangement technique developing by [94], i.e., it
yields

‖Qα(t)u0 − u0‖exp L2(Rd ) ≥ C sup
0<r<1

(Qα(t)u0 − u0)
∗∗(r)

√
ln e

r

,

where C > 0 and we have used the properties (see, e.g., [94, Lemma 5.2], [120])

C1‖v‖exp L2(Rd ) ≤ sup
0<r<1

v∗∗(r)
√

ln e
r

+ ‖v‖L2(Rd ) ≤ C2‖v‖exp L2(Rd ),

for some constants C1, C2 > 0, and notation v∗∗ stands for the maximal function of
v∗ given by v∗∗(r) = 1

r

∫ r

0 v∗(s)ds, with v∗ being a nonincreasing rearrangement
of v by v∗(r) := inf{λ > 0 : μv(λ) ≤ r}. Therefore, due to the triangle inequality
of v∗∗, we have

(u0 − Qα(t)u0)
∗∗(r)

√
ln e

r

≥ (u0)
∗∗(r) − (Qα(t)u0)

∗∗(r)
√

ln e
r

,

which implies from the nonnegative property of v∗ that

‖Qα(t)u0 − u0‖exp L2(Rd ) ≥C sup
0<r<1

(Qα(t)u0 − u0)
∗∗(r)

√
ln e

r
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≥C lim
t→0

(Qα(t)u0 − u0)
∗∗(r)

√
ln e

r

≥C lim
t→0

(u0)
∗∗(r) − (Qα(t)u0)

∗∗(r)
√

ln e
r

.

According to Lemma 4.20, since Qα(t)u0 ∈ L∞(Rd) for all t ≥ ε with any ε > 0,
it yields that (Qα(t)u0)

∗∗(r) ∈ L∞(0, ∞) for all t ≥ ε. Therefore one has

lim
r→0

(Qα(t)u0)
∗∗(r)

√
ln e

r

= 0.

Let u0(x) = 1√
dBd |x|d for 0 < |x| < 1

dBd
, and it is zero for otherwise, where Bd is

the measure of the unit ball in R
d ; it yields (u0)

∗∗(r) = 1√
r

for 0 < r < 1. Hence
we get

‖Qα(t)u0 − u0‖exp L2(Rd ) ≥C lim
r→0

(u0)
∗∗(r)

√
ln e

r

= +∞ � 1.

The inequality (4.60) is showed. Therefore we shall consider the global existence
of solution to the Cauchy problem (4.49)–(4.50) by a weak form at continuity on
initial value term as follows.

Definition 4.6 We say that u ∈ L∞(0, ∞; exp L2(Rd)) is a weak mild solution for
the problem (4.49)–(4.50) if u satisfies the integral equation (4.55) in exp L2(Rd)

for almost all t > 0, and it also satisfies the continuity to initial data in the sense
that

w∗ − lim
t→0

u(t) = u0, in expL2(Rd).

Here we say that u(t) → u0 in weak* sense in exp L2(Rd) if and only if

lim
t→0

∫

Rd

[u(t, x)φ(x) − u0(x)φ(x)]dx = 0, for φ ∈ L1(ln L)1/2(Rd),

where L1(ln L)1/2(Rd) is a predual space of exp L2(Rd) given by

L1(ln L)1/2(Rd) =
{

f ∈ L1
loc(R

d) :
∫

Rd

|f (x)|(ln(2 + |f (x)|))1/2dx < +∞
}

.

Lemma 4.28 Let α ∈ (1, 4
3 ). Then
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∥
∥
∥
∥

∫ t

0
Pα(t − s)f (u(s))ds

∥
∥
∥
∥

L∞(0,∞;exp L2(Rd ))

≤ H(M)

and

sup
t>0

tσ
∥
∥
∥
∥

∫ t

0
Pα(t−s)(f (u(s))−f (v(s)))ds

∥
∥
∥
∥

Lr(Rd )

≤ C(M) sup
t>0

tσ ‖u(t)−v(t)‖Lr(Rd ),

where

H(M) = o(M), C(M) =
{

O(M2), d = 2, 3,

O(M4), d = 1.

Proof We first concern the dimensions d = 2, 3. Let 1 ∨ d
2 ≤ p < 2αd

(4+d)α−4 , and
for each k ∈ N

+,

� = 2d((2k + 1)(r − 2) − br)

(d + 4)(r − 2) − dbr
, θ = br

(r − 2)(2k + 1)
,

1

p
= 1

2
+ 2

d
− b

2
,

for some 4−d
d

< b < 4
αd

∧ (d+4)(r−2)
dr

with r > 3. Therefore, � ≥ 2 and θ ∈ [0, 1].
In addition, let a be the smallest positive number satisfying a = 2 ln(a+1). We first
have

(ln((t − s)−
αd
2 + 1))−

1
2 ≤ √

2(t − s)
αd
4 , for 0 ≤ s ≤ t − a− 2

αd

and

(ln((t − s)−
αd
2 + 1))−

1
2 ≤

√
2a

2
, for t − a− 2

αd ≤ s ≤ t.

Therefore, by the second estimate in Lemma 4.22, we have

∥
∥
∥
∥

∫ t

0
Pα(t − s)f (u(s))ds

∥
∥
∥
∥

exp L2(Rd )

≤C

∫ t

0
(t − s)

α−1− αd
2p (ln((t − s)−

αd
2 + 1))−

1
2 ‖f (u(s))‖Lp(Rd )ds

=C

∫ t−a
− 2

αd

0
(t − s)

α−1− αd
2p (ln((t − s)−

αd
2 + 1))−

1
2 ‖f (u(s))‖Lp(Rd )ds

+ C

∫ t

t−a
− 2

αd

(t − s)
α−1− αd

2p (ln((t − s)−
αd
2 + 1))−

1
2 ‖f (u(s))‖Lp(Rd )ds
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≤√
2C

∫ t−a
− 2

αd

0
(t − s)

α−1− αd
2p

+ αd
4 ‖f (u(s))‖Lp(Rd )ds

+
√

2aC

2

∫ t

t−a
− 2

αd

(t − s)
α−1− αd

2p ‖f (u(s))‖Lp(Rd )ds

≤C

∫ t

0
(t − s)

α−1− αd
2p

+ αd
4 ‖f (u(s))‖Lp(Rd )ds + C sup

t>0
‖f (u(t))‖Lp(Rd ) =: I + II.

By estimating f it yields

|f (u)| ≤
∞∑

k=1

1

k! |u|2k+1.

The Hölder interpolation inequality implies for each k ∈ N
+ that

‖u‖L(2k+1)p(Rd ) ≤ C‖u‖θ
Lr (Rd )

‖u‖1−θ

L� (Rd )
,

1

(2k + 1)p
= θ

r
+ 1 − θ

�
.

Using Lemma 4.16, we thus obtain

∫ t

0
(t − s)

α−1− αd
2p

+ αd
4 ‖u(s)‖2k+1

L(2k+1)p(Rd )
ds

≤Γ
(�

2
+ 1

) (2k+1)(1−θ)
�

∫ t

0
(t − s)

α−1− αd
2p

+ αd
4 ‖u(s)‖(2k+1)θ

Lr (Rd )
‖u(s)‖(2k+1)(1−θ)

exp L2(Rd )
ds

≤Γ
(�

2
+ 1

) (2k+1)(1−θ)
�

M2k+1
∫ t

0
(t − s)

α−1− αd
2p

+ αd
4 s−(2k+1)θσ ds

≤Ckk!M2k+1t
α− αd

2p
+ αd

4 −(2k+1)θσ
B

(

α − αd

2p
+ αd

4
, 1 − (2k + 1)θσ

)

,

for u ∈ XM and Γ (�/2 + 1)
2k(1−θ)

� ≤ Ckk! by Lemma 4.18 (see, e.g., [94]).
Therefore, we obtain

I ≤
∞∑

k=1

Ck+1M2k+1t
α− αd

2p
+ αd

4 −(2k+1)θσ
B

(

α − αd

2p
+ αd

4
, 1 − (2k + 1)θσ

)

.

Together with exponents �, p, α, r, θ , and σ , one finds that these exponents are
ready to satisfy

α − αd

2p
+ αd

4
− (2k + 1)θσ = 0, 0 < α − αd

2p
+ αd

4
, � ≥ 2, 0 ≤ θ ≤ 1,
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0 < 1 − (2k + 1)θσ, 1 < p <
2αd

(4 + d)α − 4
,

1

(2k + 1)p
= θ

r
+ 1 − θ

�
.

Therefore, we get

B

(

α − αd

2p
+ αd

4
, 1 − (2k + 1)θσ

)

= Γ

(

α − αd

2p
+ αd

4

)

Γ

(

1 − aαd

4

)

≤ C,

and then we have

I ≤ C

∞∑

k=1

1

k!M
2k+1Ckk! ≤ CM3,

for some small M > 0.
Let us prove the second Claim II. In fact, by the assumption of f , the Hölder

inequality also implies

‖f (u)‖Lp(Rd ) ≤ ‖u(eu2 − 1)‖Lp(Rd ) ≤ C‖u‖L2p(Rd )‖eu2 − 1‖L2p(Rd ). (4.61)

Therefore, we have

‖eu2 − 1‖L2p(Rd ) ≤
∞∑

k=1

1

k! ‖u‖2k
L4kp(Rd )

≤
∞∑

k=1

1

k!Γ (2kp + 1)
1

2p ‖u‖2k
exp L2(Rd )

,

which from Lemma 4.18 yields that

‖eu2 − 1‖L2p(Rd ) ≤ C

∞∑

k=1

(2p)k‖u‖2k
exp L2(Rd )

≤ C

∞∑

k=1

(2p)kM2k.

Let M > 0 small enough, and it yields that

sup
t>0

‖f (u)‖Lp(Rd ) ≤ Γ (p + 1)
1

2p ‖u‖exp L2(Rd ) · C

∞∑

k=1

(2p)kM2k ≤ CM3.

For the case d = 1, the proof is similar to that under assumption of the function
f given by

f (u) = u(eu2 − 1 − u2) =
∞∑

k=2

1

k!u
2k+1,

so that the exponent � ≥ 2, i.e., exp L2(Rd) ↪→ L� (Rd).
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From (4.58), clearly for some λ > 0 and C > 0 we also have

|f (u) − f (v)| ≤ C|u − v|
∞∑

k=1

λk

k! (|u|2k + |v|2k).

By virtue of the Hölder inequality and the standard estimates in Lemma 4.19, we
have
∥
∥
∥
∥

∫ t

0
Pα(t − s)(f (u) − f (v))ds

∥
∥
∥
∥

Lr(Rd )

≤C

∫ t

0
(t − s)

α−1− αd
2

(
1
l
− 1

r

)

‖f (u) − f (v)‖Ll(Rd )ds

≤C

∞∑

k=1

λk

k!
∫ t

0
(t − s)

α−1− αd
2

(
1
l
− 1

r

)

‖|u − v|(|u|2k + |v|2k)‖Ll(Rd )ds

≤C

∞∑

k=1

λk

k!
∫ t

0
(t − s)

α−1− αd
2

(
1
l
− 1

r

)

‖u − v‖Lr(Rd )

(
‖u‖2k

L2kγ (Rd )
+ ‖v‖2k

L2kγ (Rd )

)
ds,

where

1 − 1

α
<

d

2

(
1

l
− 1

r

)

< 1,
1

l
= 1

r
+ 1

γ
, for

d

2
< γ <

αd

2(α − 1)
.

Applying the Hölder interpolation inequality, we get

‖u‖L2kγ (Rd ) ≤ ‖u‖ϑ
Lr (Rd )

‖u‖1−ϑ

Lζ (Rd )
,

1

2kγ
= ϑ

r
+ 1 − ϑ

ζ
,

where we set

ζ = 2d(2k(r − 2) − cr)

(4 − cd)r − 8
, ϑ = cr

2k(r − 2)
,

1

γ
= 2

d
− c

2
,

for some 0 < c <
(4−αd)r+2αd

αdr
with d = 2, 3. Therefore, Lemma 4.17 shows that

∥
∥
∥
∥

∫ t

0
Pα(t − s)(f (u) − f (v))ds

∥
∥
∥
∥

Lr(Rd )

≤C

∞∑

k=1

λk

k!
∫ t

0
(t − s)

α−1− αd
2

(
1
l
− 1

r

)

‖u − v‖Lr(Rd )

×
(
‖u‖2kϑ

Lr (Rd )
‖u‖2k(1−ϑ)

Lζ (Rd )
+ ‖v‖2kϑ

Lr (Rd )
‖v‖2k(1−ϑ)

Lζ (Rd )

)
ds
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≤C

∞∑

k=1

λk

k!
∫ t

0
(t − s)

α−1− αd
2

(
1
l
− 1

r

)

‖u − v‖Lr(Rd )

×
(

Γ

(
ζ

2
+ 1

)) 2k(1−ϑ)
ζ (

‖u‖2kϑ
Lr (Rd )

‖u‖2k(1−ϑ)

exp L2(Rd )
+ ‖v‖2kϑ

Lr (Rd )
‖v‖2k(1−ϑ)

exp L2(Rd )

)
ds,

for ζ ≥ 2. Now, for any u ∈ XM , it yields

tσ
∥
∥
∥
∥

∫ t

0
Pα(t − s)(f (u) − f (v))ds

∥
∥
∥
∥

Lr(Rd )

≤Ctσ
∞∑

k=1

λk

k! Γ

(
ζ

2
+ 1

) 2k(1−ϑ)
ζ

∫ t

0
(t − s)

α−1− αd
2

(
1
l
− 1

r

)

s−σ(1+2kϑ)ds

× M2k sup
s>0

sσ ‖u(s) − v(s)‖Lr(Rd )

≤
∞∑

k=1

Ck+1λkB

(

α − αd

2

(
1

l
− 1

r

)

, 1 − σ(1 + 2kϑ)

)

× M2k sup
s>0

sσ ‖u(s) − v(s)‖Lr(Rd ),

where Γ (ζ/2 + 1)
2k(1−ϑ)

ζ ≤ Ckk! and the exponents r, γ, l, ϑ, ζ satisfy

1 < l ≤ r < +∞, α + σ − αd

2

(
1

l
− 1

r

)

− σ(1 + 2kϑ) = 0,

1 − σ(1 + 2kϑ) > 0, α − αd

2

(
1

l
− 1

r

)

> 0, 0 ≤ ϑ ≤ 1,

ζ ≥ 2, 1 − 1

α
<

d

2

(
1

l
− 1

r

)

< 1,
1

l
= 1

r
+ 1

γ
,

1

2kγ
= ϑ

r
+ 1 − ϑ

ζ
.

For those exponents, we obtain that

B

(

α−αd

2

(
1

l
−1

r

)

, 1−σ(1 + 2kϑ)

)

=
Γ (α − αd

2γ
)Γ
(

(1−αd−cαd)r+2αd
4r

)

Γ (1 − σ)
≤ C,

for some constant C > 0. Hence, it follows that

tσ
∥
∥
∥
∥

∫ t

0
Pα(t − s)(f (u) − f (v))ds

∥
∥
∥
∥

Lr(Rd )

≤
∞∑

k=1

λkCk+1B

(

α − αd

2γ
, 1 − σ(1 + 2kϑ)

)

M2k sup
s>0

sσ ‖u(s) − v(s)‖Lr(Rd )
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≤C

∞∑

k=1

λkCkM2k sup
s>0

sσ ‖u(s) − v(s)‖Lr(Rd ),

for some small M > 0. This proves the case of d = 2, 3.
For the case d = 1, the method in the proof is similar to the assumption of

function f so that the exponent ζ ≥ 2 and exp L2(Rd) ↪→ Lζ (Rd). The proof is
completed.

Theorem 4.16 (Global Existence) Let α ∈ (1, 4/3) and d = 1, 2, 3. If there exists
ε > 0 such that for all u0 ∈ exp L2(Rd) with ‖u0‖exp L2(Rd ) ≤ ε, then there exists a

solution u ∈ L∞(0, ∞; exp L2(Rd)) satisfying

lim
t→0

‖u(t) − Qα(t)u0‖exp L2(Rd ) = 0.

Proof By Lemma 4.28, the map F(u) is onto XM for any u ∈ XM . In fact, we first
obtain

‖F(u)(t)‖exp L2(Rd ) ≤‖Qα(t)u0‖exp L2(Rd ) +
∥
∥
∥
∥

∫ t

0
Pα(t − s)f (u(s))ds

∥
∥
∥
∥

exp L2(Rd )

≤‖u0‖exp L2(Rd ) + H(M),

which follows from Lemma 4.21. Moreover, Lemma 4.16 and Lemma 4.19 show
that

‖F(u)(t)‖Lr(Rd ) ≤‖Qα(t)u0‖Lr(Rd ) +
∥
∥
∥
∥

∫ t

0
Pα(t − s)f (u(s))ds

∥
∥
∥
∥

Lr(Rd )

≤t−σ ‖u0‖exp L2(Rd ) + C(M)t−σ sup
t>0

tσ ‖u(t)‖Lr(Rd ).

Thus, together with the arguments mentioned above, we obtain that F is a map on
XM to itself if M and ‖u0‖exp L2(Rd ) are small enough. Similarly, it is not difficult to
show that F is also a contraction mapping by the second inequality in Lemma 4.28.
Consequently, the contraction mapping principle derives that F has a fixed point to
the current problem.

In the sequel, let u be the fixed point of operator F defined on XM ; then by using
Lemma 4.17 and according to the third inequality in Lemma 4.22, we have

‖u(t) − Qα(t)u0‖exp L2(Rd )

≤
∫ t

0
‖Pα(t − s)f (u)‖exp L2(Rd )ds

≤C

∫ t

0
(t − s)α−1− αd

4 ‖f (u)‖L2(Rd )ds + 2
∫ t

0
‖f (u)‖L2(Rd )ds.
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To estimate ‖f (u)‖L2(Rd ), let p = 2 in (4.61), and we have for d = 2, 3,

‖f (u)‖L2(Rd ) ≤ C‖u‖L4(Rd )‖eu2 − 1‖L4(Rd ) ≤ C‖u‖exp L2(Rd ),

and also for d = 1, we have

‖f (u)‖L2(Rd ) ≤ C‖u‖L4(Rd )‖eu2 − 1 − u2‖L4(Rd ) ≤ C‖u‖exp L2(Rd ).

Therefore, it follows that

‖u(t) − Qα(t)u0‖exp L2(Rd )

≤C

∫ t

0
(t − s)α−1− αd

4 ‖u(s)‖exp L2(Rd )ds + C

∫ t

0
‖u(s)‖exp L2(Rd )ds

≤Ct
α
(

1− d
4

)

‖u‖L∞(0,∞;exp L2(Rd )) + Ct‖u‖L∞(0,∞;exp L2(Rd ))

→0, as t → 0.

The proof of continuity of solution on initial data is completed.
To finish the proof, let X := L1(ln L)1/2(Rd), and it is known that X is a Banach

space and C∞
0 (Rd) is dense in X. The problem is continuous at t = 0 in the weak*

sense. In fact, let φ ∈ X. By the Hölder inequality of the Orlicz space, we have

∣
∣
∣
∣

∫

Rd

(Qα(t)u0(x) − u0(x))φ(x)dx

∣
∣
∣
∣ =

∣
∣
∣
∣

∫

Rd

u0(x)(Qα(t)φ(x) − φ(x))dx

∣
∣
∣
∣

≤‖u0‖exp L2(Rd )‖Qα(t)φ − φ‖X.

As for the similar manner as in Lemma 4.24, by the density of C∞
0 (Rd) in X, it is

easy to check that

lim
t→0

‖Qα(t)φ − φ‖X = 0.

This completes the weak* convergence. Thus, the proof is completed.



Chapter 5
Inverse Problems of Fractional Wave
Equations

5.1 Backward Problem

5.1.1 Introduction

Let Ω ⊂ R
n be a bounded domain with sufficient smooth boundary ∂Ω . We shall

consider the following backward problem for time fractional wave equation

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

∂αt u−Δu = f (t, x, u), x ∈ Ω, t ∈ (0, T ],
u(t, x) = 0, x ∈ ∂Ω, t ∈ (0, T ],
∂tu(0, x) = 0, x ∈ Ω,
u(T , x) = g(x), x ∈ Ω,

(5.1)

where ∂t = ∂/∂t and ∂αt is the Caputo fractional derivative of order α ∈ (1, 2)
defined by

∂αt u(t, x) = 1

Γ (2 − α)

∫ t

0
(t − s)1−α ∂

2

∂s2
u(s, x)ds, t > 0,

provided that the right-hand side is pointwise defined on [0,∞), where Γ (·) stands
for the Gamma function. f is a nonlinear function that will satisfy some suitable
assumptions.

As for the fractional wave equation while sometimes it is called the superdiffu-
sion equation, it is also substituted for modeling the propagation of diffusive waves
in viscoelastics solids frequently, see e.g., [151, 154]. This is one of the reasons that
many researchers pay attention to study these problems, see, e.g., [10, 81, 116, 186]
and the related references therein.
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If the final value condition u(T , x) = g(x) in the problem (5.1) is replaced by an
initial value condition u(0, x) = y(x), then the problem (5.1) is called the forward
problem of time fractional wave equation. As we know, there are many papers
coping with forward problems of time fractional wave equation, for examples, Li
and Wang [133] studied some regularity properties of time fractional stochastic
wave equation which is forced by an additive space-time white noise. The regularity
of weak solutions for time fractional wave equation has been studied by Otárola
and Salgado [174]. As for backward problem, which is one of the main topics of
inverse problem, we find that there are still few papers about backward problem
for time fractional wave equation, Wei and Zhang [226] studied the existence,
uniqueness, and conditional stability for the backward problem, and the Tikhonov
regularization method has been used to solve regularized solution. Following this
paper, Tuan et al. [208] considered some existence and regularity results for final
value problems (also called backward problems) with respect to linear function.
Huynh et al. [91] studied the regularized solution for an inhomogeneous problem
in a general bounded domain by applying the fractional Landweber regularization
method. Inspired by the above research studies, we will consider some existence
results under some different conditions of nonlinear function.

On the contrary, another issue which is worthy of consideration for the backward
problem about fractional wave equation is seriously ill-posed in the sense of
Hadamard, that is, even if a solution will exist and it is unique, but it is not stable,
in a word, it does not depend continuously on the given data. In order to achieve
it at practical applications, some numerical methods are proposed to study the
ill-posed behavior, the regularization solution, and some error analyses are given.
Additionally, one can find that the backward problem has emerged in optimal
control, mathematical finance, and then some theoretical analyses are established
to study these problems contained with the properties of solution of existence,
uniqueness, regularity, and convergence that reflect the nature of the problem more
clearly. In fact, our problem is seriously ill-posed, and it urges us to prove the
convergence rate for the regularized solutions. For more details about backward
problems, we refer to [38, 90, 101, 177, 207, 222, 245] and the related references
therein.

The rest of this section is as follows. In Sect. 5.1.2, we introduce some concepts,
preliminaries, and the properties of the Mittag–Leffler functions. In Sect. 5.1.3, we
derive the solution representation of the problem (5.1), and some useful properties
of solution operators will also be discussed. Furthermore, several existence results
without Lipschitz condition are obtained in Sect. 5.1.4. In Sect. 5.1.5, a regulariza-
tion method is proposed to approximate the solutions.

5.1.2 Preliminaries

In this subsection, some preliminaries will be presented in order to derive the
solution representation as well as our main results.
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We adopt the eigenvalues of the Laplacian operator L = −Δ. Since the
operator L is nonnegative and self-adjoint in Sobolev space H 1

0 (Ω), there exists
an orthonormal basis of L2(Ω) consisting of eigenfunctions φk ∈ H 1

0 (Ω), k =
1, 2, . . ., that correspond to eigenvalues

0 < λ1 ≤ λ2 ≤ ... ≤ λk ≤ ... → ∞,

which satisfies

Lφk = λkφk, in Ω, φk = 0, on ∂Ω.

We first take the domain H s(Ω) = D(Ls) of the fractional power operator Ls , for
s ≥ 0, and the space is introduced by

H s(Ω) =
{

u ∈ L2(Ω) :
∞∑

k=1

λ2sk |uk|2 < ∞
}

,

as the Hilbert space of functions

u :=
∞∑

k=1

ukφk =
∞∑

k=1

(u, φk)φk ∈ L2(Ω), (5.2)

equipped with norm

‖u‖2H s (Ω) =
∞∑

k=1

λ2sk |uk|2.

Let E, Y be two Banach spaces, and B(E, Y ) stands for the space of all linear
bounded operators from E into Y . Now, we consider a space E with the norm | · |,
specially, let the norm of space L2(Ω) be given by ‖ ·‖, and inner product is defined
as (·, ·). We denote by C([0, T ];E) a Banach space of continuous maps from [0, T ]
into E with supt∈[0,T ] |u(t)| < ∞, Cη((0, T ];E) stands for a Banach space of
weight continuous functions on (0, T ] into E with exponent η ∈ (0, α] as follows:

Cη((0, T ];E) = {
u ∈ C((0, T ];E) : lim

t→0+ t
η|u(t)| exists and finite

}
,

equipped with the norm

‖u‖Cη((0,T ];E) = sup
0≤t≤T

tη|u(t)|.

Let 1 ≤ p < ∞ and let Lp(0, T ;E) denote all the p-integrable Lebesgue measure
functions equipped with the norm
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‖u‖Lp(0,T ;E) =
(∫ T

0
|u(t)|pdt

) 1
p

< ∞.

Let Eα,β(z) be the Mittag–Leffler function as in Definition 1.7.

Lemma 5.1 ([10]) Let 1 < β < 2, β ′ ∈ R, and λ > 0. Assume that 0 ≤ μ ≤ 1,
0 < ν < β. Then there exists a positive constant C1 such that

∣
∣λμtνEβ,β ′(−λtβ)∣∣ ≤ C1 t

ν−βμ, t > 0.

Lemma 5.2 ([226, Lemma 3.2]) For 1 < α < 2 and any fixed T > 0, there is at
most a finite index set Θ = {k1, k2, ..., kn} such that Eα,1(−λkT α) = 0 for k ∈ Θ

and Eα,1(−λkT α) 
= 0 for k ∈ N
+ \Θ .

Lemma 5.3 ([226, Lemma 3.6]) Let 1 < α < 2. Then there exist positive
constants M−,M+ depending on α, T , and finite eigenvalues λk with k ∈
{k1, k2, . . . , kn+m} \Θ , m ∈ N0 such that

M−
λk

≤ |Eα,1(−λkT α)| ≤ M+
λk
, k ∈ N

+ \Θ.

Noting that, in view of the approximation form of the Mittag–Leffler function
(1.12) and Lemma 5.2, there exists L0 > 0 such that

Eα,1(−λkT α) ≤ 1

2Γ (1 − α)λkT α
< 0, λkT

α > L0, (5.3)

for 1 < α < 2, and thus Eα,1(−λkT α) = 0 only if λkT α ≤ L0. Since limk→∞ λk =
+∞, there are only finite λk satisfying λkT α ≤ L0 with k ∈ Θ . According to the
abovementioned discussions and related lemmas, we know that there exist some
finite λk and T such that Eα,1(−λkT α) = 0, for every k ∈ Θ . Thus, throughout
this section, we shall get rid of the part of k ∈ Θ in λk and set Eα(−λkT α) :=
Eα,1(−λkT α) 
= 0 for k ∈ N

+ \ Θ , with using these notations Eα(−λktα) :=
Eα,1(−λktα) and Eα,β(−λktα) := Eα,β(−λktα), for k ∈ N

+ \ Θ . Consequently,
similarly to Lemma 5.2, Lemma 5.3, and (5.3), together with above arguments as
well as (i) and (ii) of Proposition 1.13, one can check the following inequalities
obviously, for k ∈ N

+ \Θ , t ≥ 0,

c−
1 + λkT α

≤ |Eα(−λkT α)| ≤ c+
1 + λkT α

, |Eα,ζ (−λktα)| ≤ c+
1 + λktα

, (5.4)

where ζ ∈ R,

c− := min
{
(2|Γ (1 − α)|)−1,M−,M−T α

}
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and

c+ := max{M,C1,M+,M+(T α + λ−1
1 )}.

Clearly, we have c− < c+.
In the sequel, set Π = N

+ \Θ , and we will assume k ∈ Π all the time.

5.1.3 Solution Representation

In the subsection, we first give a suitable definition of mild solution of the problem
(5.1), and we will further study the properties of solution operators that are derived
from solution representation.

5.1.3.1 Definition of Mild Solution

Let u be the solution of initial-boundary value problems with respect to forward
time fractional wave equation, and multiplying φk of both sides of the problem (5.1)
yields

C
0D

α
t uk(t)+ λkuk(t) = fk(t, u)

associated with the initial conditions uk(0) = u0k = (u0, φk), u′
k(0) = u1k =

(u1, φk) = 0 and fk(t, u) = (f (t, u), φk). Then, from Theorem 5.15 in [115], one
obtains

uk(t) =Eα(−λktα)u0k +
∫ t

0
(t − τ)α−1Eα,α(−λk(t − τ)α)fk(τ, u)dτ. (5.5)

By substituting t = T into (5.5), it yields

uk(T ) =Eα(−λkT α)u0k +
∫ T

0
(T − τ)α−1Eα,α(−λk(T − τ)α)fk(τ, u)dτ.

Let gk = (g, φk), since Eα(−λkT α) may be equal to zero for some k ∈ Θ , and
then, for k ∈ N

+ \Θ , we have

uk(t) = Eα(−λktα)
Eα(−λkT α)

(

gk −
∫ T

0
(T − τ)α−1Eα,α(−λk(T − τ)α)fk(τ, u)dτ

)

+
∫ t

0
(t − τ)α−1Eα,α(−λk(t − τ)α)fk(τ, u)dτ.
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Let us simplify u(t, x) with u(t). For any v ∈ L2(Ω), denote two operators by

Sα(t)v =
∞∑

k=1,k∈Π

Eα(−λktα)
Eα(−λkT α) (v, φk)φk

and

Pα(t)v = tα−1
∞∑

k=1,k∈Π
Eα,α(−λktα)(v, φk)φk.

From the above arguments, let symbol ◦ be a composition operator as follows:

Sα(t)◦Pα(ς)v = ςα−1
∞∑

k=1,k∈Π

Eα(−λktα)
Eα(−λkT α)Eα,α(−λkς

α)(v, φk)φk, v ∈ L2(Ω),

for t, ς ∈ [0, T ]. Hence, we can find a mild solution of the problem (5.1) in which
its definition is given below.

Definition 5.1 For every η ∈ (0, α], a function u is called a mild solution of the
problem (5.1) if u ∈ Cη((0, T ];L2(Ω)) and it satisfies the integral equation

u(t) =Sα(t)g −
∫ T

0
Sα(t) ◦ Pα(T − τ)f (τ, u)dτ +

∫ t

0
Pα(t − τ)f (τ, u)dτ.

(5.6)

5.1.3.2 Some Properties

Property 5.1 Sα(t) is a unbounded operator at the time t = 0 in L2(Ω), while it

belongs to B(H 1(Ω), L2(Ω)).

Proof Obviously, Sα(t) is linear operator. If taking vn = φn(x), n ∈ Π , in view of
(5.4) and limt→0 Eα(−λktα) = 1, we deduce that ‖vn‖ = 1 and

‖Sα(0)vn‖2 =
∞∑

k=1,k∈Π

1

|Eα(−λkT α)|2
|(vn, φk)|2

≥ 1

c2+

∞∑

k=1,k∈Π

(
1 + λkT

α
)2 |(vn, φk)|2

≥ 1

c2+
+ T 2α

c2+
λ2n.
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Therefore, it follows that ‖Sα(0)vn‖ > T αλn/c+. From λn → ∞ as n → ∞, it
shows that Sα(t) is unbounded in L2(Ω) at time t = 0. On the contrary, for any
v ∈ H 1(Ω), the Sobolev embedding H 1(Ω) ↪→ L2(Ω) implies

‖Sα(0)v‖2 ≤ 1

c2−

∞∑

k=1,k∈Π

(
1 + λkT

α
)2 |(v, φk)|2

≤ 2

c2−
‖v‖2 + 2T 2α

c2−

∞∑

k=1,k∈Π
λ2k|(v, φk)|2

≤2C2
2

c2−
‖v‖2

H 1(Ω)
+ 2T 2α

c2−
‖v‖2

H 1(Ω)
,

where C2 is a positive constant, and in addition, we use the inequality (1 + a)2 ≤
2(1 + a2), a ∈ R. Thus, we show the desired results.

Property 5.2 Let v ∈ L2(Ω). Then Sα(t)v is continuous on L2(Ω) for all t ∈
(0, T ], that is Sα(t)v ∈ C((0, T ];L2(Ω)).

Proof In fact, we just need to show that the series

∞∑

k=1,k∈Π

Eα(−λktα)
Eα(−λkT α) (v, φk)φk(x)

is uniformly convergent on L2(Ω) for any v ∈ L2(Ω) and any t ∈ [δ, T ] with
δ > 0.

By virtue of (5.4), we get

∣
∣
∣
∣
Eα(−λktα)
Eα(−λkT α)

∣
∣
∣
∣ ≤ c+

c−
1 + λkT

α

1 + λktα
≤ c+T α

c−tα
, for all t ∈ (0, T ]. (5.7)

In the following, we know that Eα(−λktα) is uniform continuous since the identity

Eα,1(−z2) =
∫ ∞

0
Mα/2(θ) cos(zθ)dθ, z ∈ C, α ∈ (1, 2). (5.8)

This above identity can be founded in [151], whereM�(·)(� ∈ (0, 1)) is the Wright-
type function defined as in Definition 1.8.

In fact, from the uniform continuity of cos(
√
z) for z ∈ R+, we know that for

any ε > 0 and each k ∈ N
+, there exists a δ > 0 such that, for t1, t2 ∈ R+ with

|t2 − t1| < δ,

∣
∣
∣cos

(√

λkt
α
2 θ
)

− cos
(√

λkt
α
1 θ
)∣
∣
∣ < ε.
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Therefore, by virtue of (5.8), we have

|Eα(−λktα2 )− Eα(−λktα1 )|

=
∣
∣
∣
∣

∫ ∞

0
Mα/2(θ)

(
cos

(√

λkt
α
2 θ
)

− cos
(√

λkt
α
1 θ
))
dθ

∣
∣
∣
∣

<ε,

where we use the property

M�(θ) ≥ 0,
∫ ∞

0
M�(θ)dθ = 1.

It allows us to obtain that the desired series is uniformly convergent on [δ, T ] by
using the Cauchy convergence criterion. Now, for any ε > 0, there exists M > 0
such that for all positive integers p whereas m ∈ Π and m > M

m+p∑

k=m+1

|(v, φk)|2 <
(
c−tα

c+T α

)2

ε, for all t ∈ [δ, T ].

Let

Sm(t)v =
m∑

k=1

Eα(−λktα)
Eα(−λkT α) (v, φk)φk(x).

Therefore, it yields that

‖Sm+p(t)v − Sm(t)v‖2 =
m+p∑

k=m+1

∣
∣
∣
∣
Eα(−λktα)
Eα(−λkT α) (v, φk)

∣
∣
∣
∣

2

≤
(
c+T α

c−tα

)2 m+p∑

k=m+1

|(v, φk)|2 < ε.

By the arbitrariness of ε, we deduce that the conclusion holds.

In the sequel, for convenience, we set X := Cη((0, T ];L2(Ω)), η = αγ for
γ ∈ (0, 1], and let operator Tα be defined by

(Tαv)(t) =
∫ T

0
Sα(t) ◦ Pα(T − τ)v(τ )dτ, v ∈ X.

Lemma 5.4 Let γ ∈ (
0, 1

α

)
such that η ∈ (0, 1). Then operator Tα is a completely

continuous operator from X into X.
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Proof For every n ∈ Π , let Φn = span{φ1(x), ..., φn(x)}, and since {φk}∞k=1
is an orthonormal basis in L2(Ω), one finds that L2(Ω) can be expressed by
span{φ1(x), ..., φn(x), ...}. Obviously, Φn is a finite dimensional subspace of
L2(Ω). For every n ∈ Π , denote operators Sα,n(t, ς) : L2(Ω) → Φn by

Sα,n(t, ς)v = ςα−1
n∑

k=1,k∈Π

Eα(−λktα)
Eα(−λkT α)Eα,α(−λkς

α)(v, φk)φk(x),

for t ∈ (0, T ], ς := T − τ with τ ∈ [0, T ]. Observe that Sα,n(t, ς) are linear finite
dimensional operators. Next, for every n ∈ Π , we define linear operators Tα,n in
the same way by

(Tα,nv)(t) =
∫ T

0
Sα,n(t, T − τ)v(τ )dτ, v ∈ X.

Obviously, Tα,nv are well defined on X. Denote a bounded set on X by Ur = {v ∈
X : ‖v‖X ≤ r} for each positive constant r . We shall prove that for any positive
constant r , the set {tη(Tα,nv)(t), v ∈ Ur} is relatively compact in X.

For any v ∈ X, it follows from the fact |Eα,ζ (−λkzα)| ≤ c+, ζ ∈ R, z > 0 and
(5.4) that

‖Sα,n(t, ς)v(τ )‖2

=ς2(α−1)
n∑

k=1

∣
∣
∣
∣
∣

E
γ
α (−λktα)

E
γ
α (−λkT α)

E
1−γ
α (−λktα)

E
1−γ
α (−λkT α)

E γα,α(−λkςα)E 1−γ
α,α (−λkςα)

∣
∣
∣
∣
∣

2

|(v(τ ), φk)|2

≤c
4+
c2−
ς2(α−1)

n∑

k=1

(
1 + λkT

α

1 + λktα

)2γ (1 + λkT
α

1 + λkςα

)2−2γ

|(v(τ ), φk)|2

≤c
4+
c2−
T 2αt−2αγ ς2(αγ−1)‖v(τ)‖2.

(5.9)
Therefore, by the assumption of η ∈ (0, 1), we have

‖(Tα,nv)(t)‖ ≤
∫ T

0
‖Sα,n(t, T − τ)v(τ )‖dτ

≤c
2+
c−
T αt−η

∫ T

0
(T − τ)η−1‖v(τ)‖dτ

≤ c2+π
c− sin(πη)

T αt−η‖v‖X,

(5.10)
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where we use B(η, 1 − η) = π/ sin(πη), and B(·, ·) is the Beta function. To begin
with, we deduce that limt→0+ tη(Tα,nv)(t) exists and is finite. In fact, from (5.9),
one can see that the representation

tηςα−1
n∑

k=1,k∈Π

Eα(−λktα)
Eα(−λkT α)Eα,α(−λkς

α)(v, φk)φk(x)

is bounded and integrable for ς = T − τ with respect to a.e. τ ∈ [0, T ] on L2(Ω),
which implies that tη(Tα,nv)(t) is uniformly bounded on L2(Ω). It follows from
the uniform continuity of Eα(−λktα) that tηSα,n(t, ·)v is uniformly continuous
for t ∈ (0, T ]. Thus tη(Tα,n)v(t) is uniformly continuous for t ∈ (0, T ], which
implies from (5.10) that limt→0+ tη(Tα,nv)(t) exists and is finite. Let z(0) :=
limt→0+ tη(Tα,nv)(t); hence we deduce z(0) is well defined.

For any w ∈ Ur := {y ∈ C([0, T ];L2(Ω)) : ‖y‖C([0,T ];L2(Ω)) ≤ r}, r > 0, set

v(t) = t−ηw(t), for t ∈ (0, T ].

Thus, v ∈ Ur . Define

(Tα,nw)(t) =
{
tη(Tα,nv)(t), for t ∈ (0, T ],
z(0), for t = 0.

Thenceforth, it remains to show that {Tα,nw : w ∈ Ur} is relatively compact.
Observe that, from (5.10), ‖Tα,nw‖C([0,T ];L2(Ω)) ≤ c2+T αrπ/(c− sin(πη)). Thus,
we conclude that the set Ur is uniformly bounded. In order to prove that the set
{Tα,nw, w ∈ Ur} is equicontinuous, we need to prove that Sα,n(t, ·) is continuous
in the uniform operator topology on L2(Ω) for all t > 0. For this purpose, we need
to show the compactness and strong continuity of this operator. By applying (5.4),
for any v ∈ L2(Ω) and any δ > 0 such that t ∈ [δ, T ], it follows that

‖Sα,n(t, ·)v‖2 ≤T 2(α−1)
n∑

k=1,k∈Π

c4+
c2−

(
1 + λkT

α

1 + λktα

)2

|(v, φk)|2

≤
(
c2+T 2α−1

c−δα

)2

‖v‖2.
(5.11)

By virtue of the range R(Sα,n(t, ·)v) finite, we conclude that the operator Sα,n(t, ·)
is compact operator on L2(Ω) for every n ∈ Π . In addition, in view of (5.8) and
(5.11), for any v ∈ L2(Ω) and any δ > 0, for t1, t2 ∈ [δ, T ] with t1 < t2, we get
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‖Sα,n(t2, ·)v − Sα,n(t1, ·)v‖2

≤c2+T 2(α−1)
n∑

k=1,k∈Π

∣
∣
∣
∣
Eα(−λktα2 )− Eα(−λktα1 )

Eα(−λkT α)
∣
∣
∣
∣

2

|(v, φk)|2

≤2

(
c2+T 2α−1

c−δα

)2

‖v‖2.

Therefore, in view of uniform continuity of Eα(−λktα), by applying the property of
series, we thus obtain

‖Sα,n(t2, ·)v − Sα,n(t1, ·)v‖ → 0, as t2 → t1,

which shows that Sα,n(t, ·)v are strongly continuous for all t ∈ [δ, T ]. Conse-
quently, we conclude the desired result.

Now, for t1 = 0, 0 < t2 ≤ T , it is easy to see that

‖(Tα,nw)(t2)− (Tα,nw)(0)‖ → 0, as t2 → 0.

For any 0 < t1 < t2 ≤ T , we have

‖(Tα,nw)(t2)− (Tα,nw)(t1)‖
=‖tη2 (Tα,nv)(t2)− t

η
1 (Tα,nv)(t1)‖

≤|tη2 − t
η
1 |‖(Tα,nv)(t2)‖ + t

η
1 ‖(Tα,nv)(t2)− (Tα,nv)(t1)‖

=:I1 + I2.

By the inequality aρ − bρ ≤ (a − b)ρ for 0 < b < a and ρ ∈ [0, 1], obviously,
from (5.10) and |tη2 − t

η
1 | ≤ (t2 − t1)

η, we get I1 → 0 as t2 → t1. As for I2, by
virtue of the continuity in the uniform operator topology of Sα,n(t, ·) for all t > 0,
we obtain

‖(Tα,nv)(t2)− (Tα,nv)(t1)‖ ≤
∫ T

0
‖(Sα,n(t2, T − τ)− Sα,n(t1, T − τ))v(τ )‖dτ

≤T
1−ηr

1 − η
sup

ς∈[0,T ]
‖Sα,n(t2, ς)− Sα,n(t1, ς)‖B(L2(Ω))

→ 0, as t2 → t1.

That means I2 → 0 as t2 → t1. Therefore, the right-hand side of the aforementioned
inequality tends to zero. From above arguments, one can easily deduce that the
set {Tα,nw, w ∈ Ur} is equicontinuous. Thus, according to the Arzelà–Ascoli
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theorem, we conclude that operators Tα,n are compact on C([0, T ];L2(Ω)) as well
as operators Tα,n are compact on X.

Now, we prove that Tα,n converge uniformly to Tα whenever n tends to infinite.
Indeed, for any υ ∈ L2(Ω) and any γ ∈ (0, 1), by applying Lemma 5.1 with respect
to μ ∈ (0, 1) and ς = T − τ ∈ (0, T ], we first have

‖Sα,n(t, ς)υ − Sα(t) ◦ Pα(ς)υ‖2

≤ς2(α−1)
∞∑

k=n+1

∣
∣
∣
∣
Eα(−λktα)
Eα(−λkT α)Eα,α(−λkς

α)

∣
∣
∣
∣

2

|(υ, φk)|2

≤c
4−2γ
+
c2−

T 2αt−2ης2(η−1)
∞∑

k=n+1

∣
∣
∣λ

−μγ
k (λ

μ
k Eα,α(−λkςα))γ

∣
∣
∣
2 |(υ, φk)|2

≤c
6−2γ
+
c2−

T 2αt−2ης2(η−1)−2ημλ
−2μγ
n+1 ‖υ‖2.

Therefore, for any v ∈ X, by the Hölder’s inequality, we get

‖(Tαv)(t)− (Tα,nv)(t)‖

≤
∫ T

0
‖(Sα,n(t, T − τ)− Sα(t) ◦ Pα(T − τ))v(τ )‖dτ

≤c
3−γ
+
c−

T αt−ηλ−μγ
n+1

∫ T

0
(T − τ)η(1−μ)−1‖v(τ)‖dτ

≤c
3−γ
+
c−

T α−ημt−ηλ−μγ
n+1 B

(
η(1 − μ), 1 − η

)‖v‖X,

(5.12)

which implies that

‖Tαv − Tα,nv‖X ≤ c
3−γ
+
c−

T α−ημλ−μγ
n+1 B

(
η(1 − μ), 1 − η

)‖v‖X.

Noting the asymptotic property of the eigenvalue with λn+1 → ∞ as n → ∞, we
thus get Tα,nv → Tαv in X. It means that the operator Tα is a compact operator
from X into X.

Next, we show that Tα is a continuous operator. In fact, let {vi}∞i=1 ⊂ Ur and
v ∈ Ur with limi→∞ vi = v in Ur . Similarly to (5.9), it yields

‖Sα(t) ◦ Pα(ς)v(τ )‖ ≤ c2+
c−
T αt−ηςη−1‖v(τ)‖. (5.13)

Hence, we get
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‖Sα(t) ◦ Pα(T − τ)(vi(τ )− v(τ))‖2

≤2c2+
c2−

T αt−η(T − τ)η−1(‖vi(τ )‖2 + ‖v(τ)‖2),

together with the Lebesgue’s dominated convergence theorem and the same way as
in above arguments, we get

‖(Tαvi)(t)− (Tαv)(t)‖ ≤
∫ T

0
‖Sα(t) ◦ Pα(T − τ)(vi(τ )− v(τ))‖dτ

→ 0, as i → ∞.

Hence, Tαvi → Tαv as i → ∞. Then, Tα is continuous, and we conclude that Tα
is completely continuous. The proof is completed.

Similarly to Property 5.2 and Lemma 5.4, it is not difficult to check the following
lemma.

Lemma 5.5 The operator Sα(t) is compact for every t ∈ (0, T ] and continuous
in the uniform operator topology on B(L2(Ω)) for all t ∈ (0, T ], and Pα(t)

is compact for every t ≥ 0 and continuous in the uniform operator topology on
B(L2(Ω)) for all t ≥ 0, respectively.

5.1.4 Existence and Uniqueness

In this subsection, the existence and uniqueness results of mild solutions for the
present problem are considered. To achieve this goal, we need the following
assumption.

(Hf1) f : (0, T ] × L2(Ω) → L2(Ω) is continuous with respect to u and is
measurable with respect to t , and there exists a positive constant Lf such that

‖f (t, u)‖ ≤ Lf ‖u‖, ∀u ∈ L2(Ω).

Theorem 5.1 Let γ ∈ (
0, 1

α

)
and g ∈ H 1−γ (Ω). Assume that (Hf1) holds. Then

the problem (5.1) has at least one mild solution provided with

κ := c+Lf T α−ηB(α, 1 − η)+ c2+π
c− sin(πη)

Lf T
α ≤ 1

2
.

Proof For each r > 0, denote a set

Br = {u ∈ X : ‖u‖X ≤ r}.



248 5 Inverse Problems of Fractional Wave Equations

Clearly, Br is a bounded closed and convex subset of X. To achieve the aim of this
theorem, we need to show that the operator equation u = Fu has a solution in Br ,
where F is defined as

(Fu)(t) = Sα(t)g − (Tαf )(t)+ (Qαf )(t)

and Qα is defined by

(Qαf )(t) =
∫ t

0
Pα(t − τ)f (τ, u(τ ))dτ.

Claim I. The operator F : C((0, T ];L2(Ω)) → C((0, T ];L2(Ω)) is well
defined.

Indeed, from Property 5.2, we know that Sα(t)g ∈ C((0, T ];L2(Ω)) for g ∈
L2(Ω), so it still holds for g ∈ H 1−γ (Ω). In view of Lemma 5.4, we see that
(Tαf )(t) ∈ C((0, T ]; L2(Ω)). From the assumption of f , for any t1, t2 ∈ [0, T ]
with t1 < t2, it yields

‖(Qαf )(t2)− (Qαf )(t1)‖ ≤
∥
∥
∥
∥

∫ t1

0
(Pα(t2 − τ)− Pα(t1 − τ))f (τ, u(τ ))dτ

∥
∥
∥
∥

+
∥
∥
∥
∥

∫ t2

t1

Pα(t2 − τ)f (τ, u(τ ))dτ

∥
∥
∥
∥

=:J1 + J2.

For J1, from Lemma 5.5, we have

J1 ≤
∫ t1

0
‖(Pα(t2 − τ)− Pα(t1 − τ))f (τ, u(τ ))‖dτ

≤Lf t
1−η
1

1 − η
‖u‖X sup

τ∈[0,t1]
‖Pα(t2 − τ)− Pα(t1 − τ)‖B(L2(Ω)),

which implies that J1 → 0 as t2 → t1. As for J2, we have

J2 ≤
∫ t2

t1

(t2 − τ)α−1

√
√
√
√

∞∑

k=1,k∈Π

∣
∣Eα,α(−λk(t2 − τ)α)

∣
∣2 |fk(τ, u(τ ))|2dτ

≤Lf c+
∫ t2

t1

(t2 − τ)α−1‖u(τ)‖dτ

≤Lf c+
1 − η

‖u‖X(t2 − t1)
α−η → 0, as t2 → t1.
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Thus, Qαf ∈ C([0, T ];L2(Ω)). Combining with above arguments, for any u ∈
C((0, T ];L2(Ω)), we obtain Fu ∈ C((0, T ];L2(Ω)).

Claim II. The operator Fu ∈ Br for any u ∈ Br .
From the inequality (1 + a)b ≤ 1 + ab and (1 + c)2 ≤ 2(1 + c2) for a, c ≥ 0

and b ∈ [0, 1], it is clear from Lemma 5.1 and (5.4) that

‖Sα(t)g‖2 ≤c
2+
c2−

∞∑

k=1,k∈Π

(
1 + λkT

α

1 + λktα

)2

|(g, φk)|2

≤c
2+
c2−
T 2ηt−2η

∞∑

k=1,k∈Π

(
1 + λkT

α

1 + λktα

)2(1−γ )
λ

−2(1−γ )
k λ

2(1−γ )
k |(g, φk)|2

≤2c2+
c2−

T 2ηt−2η
∞∑

k=1,k∈Π

(
λ

−2(1−γ )
k + T 2α(1−γ )) λ2(1−γ )k |(g, φk)|2

≤C2
T t

−2η‖g‖2
H 1−γ (Ω),

(5.14)

where CT = c+T η
c−

√

2(λ−2(1−γ )
1 + T 2α(1−γ )). Therefore, we deduce that

‖Sα(·)g‖X ≤ CT ‖g‖H 1−γ (Ω).
It is similar to (5.10), for any u ∈ Br , that

‖(Tαf )(t)‖ ≤ c2+
c−
T αLf t

−η
∫ T

0
(T − τ)η−1‖u(τ)‖dτ

≤ c2+π
c− sin(πη)

T αLf t
−η‖u‖X,

which deduces ‖Tαf ‖X ≤ c2+Lf T απ r/(c− sin(πη)). Moreover, from (5.4), we
have

‖(Qαf )(t)‖ ≤c+Lf
∫ t

0
(t − τ)α−1‖u(τ)‖dτ ≤ c+Lf T α−ηB(α, 1 − η) r.

Therefore, one can choose r large enough such that

CT ‖g‖H 1−γ (Ω) + c2+π
c− sin(πη)

Lf T
αr + c+Lf T αB(α, 1 − η)r ≤ r,

and then we get

‖Fu‖X ≤ ‖Sα(·)g‖X + ‖Tαf ‖X + ‖Qαf ‖X ≤ r.

This implies that F (Br) ⊆ Br .
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Claim III. Operator F is completely continuous.
Obviously, from Lemmas 5.4 and 5.5, we just need to show that F is a

completely continuous operator. Indeed, by Lemma 5.4, for every t ∈ [0, T ], it is
sufficient to prove that Qα is completely continuous in X. Since Pα(t) is compact
for every t ∈ [0, T ] in view of Lemma 5.5, we can structure a family of finite
dimensional compact operators as the same way in Lemma 5.4 by

(Qα,nf )(t) =
∫ t

0
Pα,n(t − τ)f (τ, u(τ ))dτ

for every n ∈ Π , in which

Pα,n(t)v = tα−1
n∑

k=1,k∈Π
Eα,α(−λktα)(v, φk)φk, v ∈ L2(Ω).

It is clear that the Hn(t) = {tη(Qα,nf )(t) : u ∈ Br} are relatively compact for
every t ∈ [0, T ].

On the contrary, applying Lemma 5.1 with respect to μ ∈ (0, 1), and (5.4), we
get

‖(Qαf )(t)− (Qα,nf )(t)‖ =
∥
∥
∥
∥

∫ t

0
(Pα(t − τ)− Pα,n(t − τ))f (τ, u(τ ))dτ

∥
∥
∥
∥

≤c+Lf λ−μ
n+1

∫ t

0
(t − τ)α−1−αμ ‖u(τ)‖ dτ

≤c+LfB(α(1 − μ), 1 − η)tα(1−μ)−ηλ−μ
n+1 r,

which implies that ‖Qαf − Qα,nf ‖X → 0, as n → ∞. Consequently, we derive
that {Hn(t)} is arbitrarily close to the set H(t) = {tη(Qαf )(t) : u ∈ Br}. Thus,
H(t) is relatively compact in X for every t ∈ [0, T ]. Therefore, Qα is a compact
operator.

Furthermore, by using the same ways as in Claim I and Lemma 5.4, one can
check that the setH(t) is equicontinuous. Next, we will show thatQα is continuous.

Let {um}∞m=1 ⊂ Br and u ∈ Br such that limm→∞ um = u; hence from the
continuity assumption of f , it yields

lim
m→∞ f (t, um(t)) = f (t, u(t)), t ∈ (0, T ]

and

‖f (τ, um(τ))− f (τ, u(τ))‖ ≤ Lf ‖um(τ)‖ + Lf ‖u(τ)‖ ≤ 2Lf τ
−η r.

Therefore, from the fact that (t − τ)α−1τ−η ∈ L1(0, t) for a.e., τ ∈ (0, t) and the
Lebesgue’s dominated convergence theorem implies
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‖(Qαfm)(t)− (Qαf )(t)‖ =
∥
∥
∥
∥

∫ t

0
Pα(t − τ)(f (τ, um(τ))− f (τ, u(τ)))dτ

∥
∥
∥
∥

≤c+
∫ t

0
(t − τ)α−1 ‖f (τ, um(τ))− f (τ, u(τ))‖ dτ

→ 0, as m → ∞.

Hence, ‖Qαfm − Qαf ‖X → 0 as m → ∞, which shows that Qα is continuous,
and then operator F is also continuous. By the Arzelà–Ascoli theorem, we know
that F is completely continuous. Consequently, the Schauder fixed point theorem
shows that F has at least one fixed point on Br , and then problem (5.1) has a mild
solution. The proof is completed.

Remark 5.1 Noting that the above existence result does not need to assume the
Lipschitz type condition or smoothness of nonlinear functions, that is, the assumed
condition of existence result is weaker than which in paper [91]. On the other hand,
PDE can be abstracted to an abstract differential equation. We pay attention to study
the existence of mild solutions of such abstract problem. From this point of view, it
is not necessary to assume that the function f is continuously differentiable shown
in [10].

Remark 5.2 If the following condition

‖f (t, u)‖ ≤ L′
f ‖u‖X, ∀u ∈ X, (5.15)

substitutes for (Hf1) for some constant L′
f > 0, then the operator Tα is also com-

pletely continuous. Obviously, the above condition is stronger than the condition
(Hf1). However, we can pick a different range of η by η ∈ [1, α], that is, γ ∈ [ 1

α
, 1].

By repeating the above proof process in Theorem 5.1, we also establish an existence
result of mild solutions (see below). In addition, we also remark that there exists a
solution on Cα((0, T ];L2(Ω)) for η = α (γ = 1).

Theorem 5.2 Let γ ∈ [ 1
α
, 1
]
and g ∈ H 1−γ (Ω). Assume that (Hf1) holds with

respect to f satisfying (5.15). Then the problem (5.1) has at least one mild solution
provided with

c2+
c−η

L′
f T

η+α + c+L′
f T

α+η ≤ 1

2
.

(Hf2) There exists a positive constantL′′
f such that f : (0, T ]×L2(Ω) → L2(Ω)

satisfies the following condition

‖f (t, u)− f (t, v)‖ ≤ L′′
f ‖u− v‖, ∀u, v ∈ L2(Ω).

Theorem 5.3 Assume that the hypotheses of Theorem 5.1 and (Hf2) hold, and
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C′
T = c+L′′

f T
αB(α, 1 − η)+ c2+L′′

f π/(c− sin(πη)) < 1.

Then the problem (5.1) has a unique mild solution.

Proof Define operator F as in Theorem 5.1; obviously, F maps Br into itself. For
any u, v ∈ X, similarly to (5.10), we have

‖(Fu)(t)− (Fv)(t)‖ =
∥
∥
∥
∥

∫ t

0
Pα(t − τ)(f (τ, u(τ ))− f (τ, v(τ )))dτ

∥
∥
∥
∥

+
∥
∥
∥
∥

∫ T

0
Sα(t) ◦ Pα(T − τ)(f (τ, u(τ ))

−f (τ, v(τ )))dτ‖

≤c+L′′
f

∫ t

0
(t − τ)α−1 ‖u(τ)− v(τ)‖ dτ

+ c2+
c−
T αL′′

f t
−η
∫ T

0
(T − τ)η−1 ‖u(τ)− v(τ)‖ dτ,

which implies that ‖Fu − Fv‖X ≤ C′
T ‖u− v‖X , where C′

T < 1. Thus, F is a
contraction operator. Therefore, problem (5.1) has a unique mild solution.

(Hf3) f : (0, T ] × L2(Ω) → L2(Ω) is continuous with respect to u, and
it is measurable with respect to t . There exist a positive constant p with p >

max{1/η, 1} and a positive function ϑ(·) ∈ Lp(0, T ) such that

‖f (t, u)‖ ≤ ϑ(t), ∀u ∈ X, t ∈ (0, T ]. (5.16)

Theorem 5.4 Let g ∈ H 1−γ (Ω) for γ ∈ (0, 1]. Assume that (Hf3) holds.
Then problem (5.1) has at least one mild solution u ∈ Cη((0, T ];L2(Ω)) ∩
Lq(0, T ;L2(Ω)) for 1 < q < 1/η.

Proof Let us begin the proof of the compactness of Tα . By repeating the proving
process of Lemma 5.4, there is a similar method to show that Tα,n converge
uniformly to Tα as n → ∞. Indeed, for any u ∈ L2(Ω), by applying Lemma 5.1
with respect to μ ∈ (

0, 1 − 1
pη

)
, one can use the same way as in (5.12) that

‖(Tαf )(t)− (Tα,nf )(t)‖

≤c
2+
c−
T αt−ηλ−γμ

n+1

∫ T

0
(T − τ)η(1−μ)−1‖f (τ, u(τ))‖dτ

≤c
2+
c−
T αt−ηλ−γμ

n+1

∫ T

0
(T − τ)η(1−μ)−1ϑ(τ)dτ

≤c
2+
c−

(
p − 1

ηp(1 − μ)− 1

)1− 1
p

T
α+η(1−μ)− 1

p t−ηλ−γμ
n+1 ‖ϑ‖Lp(0,T ),

(5.17)
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which implies that ‖Tαf − Tα,nf ‖X → 0 as n → ∞.
Next, we just show that the operator F maps Br into itself. In fact, for any

u ∈ Br , in view of (5.13), we have

‖(Tαf )(t)‖ ≤c
2+
c−
T αt−η

∫ T

0
(T − τ)η−1ϑ(τ)dτ

≤c
2+
c−

(
p − 1

ηp − 1

)1− 1
p

T
α+η− 1

p t−η‖ϑ‖Lp(0,T ).
(5.18)

Moreover, from (5.4), we get

‖(Qαf )(t)‖ ≤ c+
∫ t

0
(t − τ)α−1ϑ(τ)dτ ≤ c+tα− 1

p ‖ϑ‖Lp(0,T ). (5.19)

Therefore, one can select r large enough such that

CT ‖g‖H s(1−γ )(Ω) + c2+
c−

(
p − 1

ηp − 1

)1− 1
p

T
α+η− 1

p ‖ϑ‖Lp(0,T )

+ c+T α+η− 1
p ‖ϑ‖Lp(0,T ) ≤ r,

and then we get that F (Br) ⊆ Br . The remains of the proof of existence result are
similar to Theorem 5.1.

Finally, we will check that u ∈ Lq(0, T ;L2(Ω)). In fact, one sees from (5.4) the
assumptions of f , (5.14), (5.18), and (5.19), that

‖Sα(t)g‖Lq(0,T ;L2(Ω)) + ‖(Tαf )(t)‖Lq(0,T ;L2(Ω)) + ‖(Qαf )(t)‖Lq(0,T ;L2(Ω))

≤
(

1

1 − ηq

)1/q (

CT T
1
q
−η‖g‖H 1−γ (Ω) + c+T α+ 1

q
− 1
p ‖ϑ‖Lp(0,T )

+ c2+
c−

(
p − 1

ηp − 1

)1− 1
p

T
α+ 1

q
− 1
p ‖ϑ‖Lp(0,T )

)

< ∞,

which implies u ∈ Lq(0, T ;L2(Ω)). Hence, the proof is completed.

(Hρ) There exists a positive function ρ(t) ∈ L1(0, T ) such that

Λρ :=
∫ T

0
(T − τ)−1ρ(τ)dτ < ∞.

Noting that this function of (Hρ) will exist, for example, ρ(t) = T −t for t ∈ (0, T ].
Theorem 5.5 Let g ∈ H 1(Ω). Suppose that there exists a positive function ϑ(·)
satisfying (Hρ) such that f : (0, T ]×L2(Ω) → L2(Ω) is continuous with respect to
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u and it is measurable with respect to t and satisfies (5.16). Then the mild solutions
belong to C([0, T ];L2(Ω)) for some η ∈ (0, α).
Proof According to the assumptions of f , it is not difficult to check that there exists
at least one mild solution u ∈ Cη((0, T ];L2(Ω)). In the sequel, we shall show
u ∈ C([0, T ];L2(Ω)). Now, for any 0 ≤ t1 < t2 ≤ T , it follows that

‖u(t2)− u(t1)‖ ≤‖Sα(t2)g − Sα(t1)g‖ + ‖(Tαf )(t1)− (Tαf )(t2)‖
+ ‖(Qαf )(t2)− (Qαf )(t1)‖.

(5.20)

Noting that if g ∈ H 1(Ω), then by Property 5.1, Sα(t)g is bounded in L2(Ω) for
all t ∈ [0, T ]. Hence, we first obtain that Sα(·)g ∈ C([0, T ];L2(Ω)).

On the contrary, by using (i) in Proposition 1.14, we have

‖(Tαf )(t1)− (Tαf )(t2)‖ ≤C
∣
∣
∣
∣

∫ t2

t1

(t2 − z)1−αzα−2dz

∣
∣
∣
∣

×
∫ T

0
(T − τ)−1‖f (τ, u(τ))‖dτ

≤C
∫ t2

t1

(t2 − z)1−αzα−2dzΛϑ,

for constant C = 2c+/Γ (2 − α), where we have used the estimate

|Eα(−λktα2 )− Eα(−λktα1 )| ≤ 2c+
Γ (2 − α)

∫ t2

t1

(t2 − z)1−αzα−2dz.

Next, we shall estimate the last term in (5.20). To begin with, by using (ii) in
Proposition 1.14, it follows that

∥
∥(Qαf )(t2)− (Qαf )(t1)

∥
∥ ≤c+

∫ t2

t1

(t2 − s)α−1ϑ(τ)dτ

+ c+
∫ t1

0

∣
∣
∣
∣

∫ t2−τ

t1−τ
zα−2dz

∣
∣
∣
∣ϑ(τ)dτ

≤ c+α
α − 1

(t2 − t1)
α−1‖ϑ‖L1(0,T ).

Thus, together with arguments above, let t2 → t1, and it is clear that u(t2) → u(t1)

in L2(Ω).
Moreover, setting ς = T − τ , for any v ∈ L2(Ω), it yields

‖Sα(t) ◦ Pα(ς)v‖2 ≤c
4+
c2−
ς2(α−1)

∞∑

k=1,k∈Π

(
1 + λkT

α

1 + λkςα

)2

|(v, φk)|2
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≤c
4+
c2−
T 2ας−2‖v‖2.

Therefore, we have

‖(Tαf )(t)‖ ≤c
2+
c−
T α

∫ T

0
(T − τ)−1 ‖f (τ, u(τ))‖ dτ ≤ c2+

c−
T αΛϑ.

In addition, one has

‖(Qαf )(t)‖ ≤c+
∫ t

0
(t − τ)α−1ϑ(τ)dτ ≤ c+T αΛϑ.

Consequently, we deduce that u ∈ C([0, T ];L2(Ω)). The proof is completed.

5.1.5 Regularization

Let R(ε, λk) be identity to

R(ε, λk) = |Eα(−λkT α)|2
|Eα(−λkT α)|2 + ελ2k

, ε > 0, k ∈ Π = N
+ \Θ

and let

Cε =
{
C1ε

σ
4 , 0 < σ < 4,

C2ε, σ ≥ 4,

where C1 = C(σ, c−), C2 = C(σ, c−, λ1) > 0 for σ > 0.
Since Sα(t) is not bounded linear operator on L2(Ω) at time t = 0, it means

that problem (5.1) is not stable on L∞(0, T ;L2(Ω)), and it can lead to the general
ill-posed problem, in the sequel, we define a family of regularizing operators S ε

α (t)

with the main idea of a general filter regularization method by

S ε
α (t)v =

∞∑

k=1,k∈Π
R(ε, λk)

Eα(−λktα)
Eα(−λkT α) (v, φk)φk.

Then we can obtain the following regularized solution by the same way as in above
theorems

uε(t) = S ε
α (t)g

ε − (T ε
α f )(t,u

ε)+ (Qαf )(t,uε),
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where gε is a noisy final data and ε > 0 is a noise level which is assumed to satisfy

‖gε − g‖ ≤ ε, (5.21)

and hence we can rewrite it as follows:

uε(t, x) =
∞∑

k=1,k∈Π
R(ε, λk)

Eα(−λktα)
Eα(−λkT α)g

ε
kφk(x)

−
∞∑

k=1,k∈Π
R(ε, λk)

Eα(−λktα)
Eα(−λkT α)

×
[ ∫ T

0
(T − τ)α−1Eα,α(−λk(T − τ)α)fk(τ,uε(τ ))dτ

]

φk(x)

+
∞∑

k=1,k∈Π

[ ∫ t

0
(t − τ)α−1Eα,α(−λk(T − τ)α)fk(τ,uε(τ ))dτ

]

φk(x).

Let us introduce the function uα by

uα(t, x) =
∞∑

k=1,k∈Π
R(ε, λk)

Eα(−λktα)
Eα(−λkT α)gkφk(x)

−
∞∑

k=1,k∈Π
R(ε, λk)

Eα(−λktα)
Eα(−λkT α)

×
[ ∫ T

0
(T − τ)α−1Eα,α(−λk(T − τ)α)fk(τ, u(τ ))dτ

]

φk(x)

+
∞∑

k=1,k∈Π

[ ∫ t

0
(t − τ)α−1Eα,α(−λk(T − τ)α)fk(τ, u(τ ))dτ

]

φk(x).

Theorem 5.6 Assume that ψ(x) := u(0, x) ∈ H σ (Ω) for any σ > 0 satisfies an
a priori bound condition

‖ψ‖H σ (Ω) ≤ M,

for a positive constant M. Furthermore, let f satisfy that i) f is continuous with
respect to u and is measurable with respect to t , ii) there exists a positive function
ϑ(·) satisfying (Hρ) such that (5.16) and the following condition hold

‖f (t, u)− f (t, v)‖ ≤ ϑ(t)‖u− v‖, ∀u, v ∈ L2(Ω), t ∈ (0, T ].
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If

(
c2+
c− + c+T α

)

Λϑ < 1, then

‖uε − u‖L∞(0,T ;L2(Ω)) ≤
[

1 −
(
c2+
c−

+ c+T α
)

Λϑ

]−1 [
c2+

√
ε

2c−
+ c+MCε

]

.

Proof According to the assumptions of f , it is easy to check that there is a unique
solution uε ∈ L∞(0, T ;L2(Ω)). We next show that uε −u ∈ L∞(0, T ;L2(Ω)) for
each ε > 0 and its exact upper bound.

By the triangle inequality, we have

‖uε(t)− u(t)‖ ≤‖uε(t)− uα(t)‖ + ‖uα(t)− u(t)‖.

Firstly, we estimate ‖uε(t)− uα(t)‖.
Indeed, in view of the inequalities in Lemma 5.3, we have

1

|Eα(−λkT α)|2 + ελ2k

≤ 1
c2−
λ2k

+ ελ2k

≤ 1

2c−
√
ε
.

Thus, by virtue of inequality z/(z+ a) ≤ 1 for any z, a ≥ 0, it yields that

|R(ε, λk)| ≤ 1,

∣
∣
∣
∣R(ε, λk)

Eα(−λktα)
Eα(−λkT α)

∣
∣
∣
∣ ≤ c2+

2c−
√
ε
,

which implies from (5.16) and (5.21) that

‖uε(t)− uα(t)‖ ≤ c2+
2c−

√
ε
‖gε − g‖ + c2+

c−

∫ T

0
(T − τ)−1

× ‖f (τ,uε(τ ))− f (τ, u(τ))‖dτ

+ c+
∫ t

0
(t − τ)α−1‖f (τ,uε(τ ))− f (τ, u(τ))‖dτ

≤ c2+
2c−

√
ε
‖gε − g‖ + 2c2+

c−

∫ T

0
(T − τ)−1ϑ(τ)dτ

+ 2c+
∫ t

0
(t − τ)α−1ϑ(τ)dτ

≤c
2+
√
ε

2c−
+
(
2c2+
c−

+ 2c+T α
)

Λϑ.

Next, we estimate ‖uα(t)− u(t)‖.
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Obviously, from the initial value uk(0), we know

uk(0) = 1

Eα(−λkT α)
(

gk −
∫ T

0
(T − τ)α−1Eα,α(−λk(T − τ)α)fk(τ, u)dτ

)

,

and it yields

‖uα(t)− u(t)‖ =
√
√
√
√

∞∑

k=1,k∈Π

∣
∣
∣
∣(R(ε, λk)− 1)

Eα(−λktα)
Eα(−λkT α)

∣
∣
∣
∣

2

×
[

gk −
∫ T

0
(T − τ)α−1Eα,α(−λk(T − τ)α)fk(τ, u(τ ))dτ

]2

≤c+

√
√
√
√
√

∞∑

k=1,k∈Π

∣
∣
∣
∣
∣

ελ2k

|Eα(−λkT α)|2 + ελ2k

∣
∣
∣
∣
∣

2

|uk(0)|2

≤c+ sup
k∈N+∩Π

A(k)‖ψ‖H σ (Ω),

where

A(k) = ελ2−σk

|Eα(−λkT α)|2 + ελ2k

.

It follows from [225, Lemma 2.5] and Lemma 5.3 that

A(k) ≤ ελ4−σk

c2− + ελ4k

≤
{
C1 ε

σ
4 , 0 < σ < 4,

C2 ε, σ ≥ 4.

Therefore, uε − u ∈ L∞(0, T ;L2(Ω)) for each ε > 0 follow. In particular, by the
same way as the proof in ‖uε(t)− uα(t)‖, we have

‖uε(t)− uα(t)‖ ≤ c2+
2c−

√
ε
‖gε − g‖ + c2+

c−

∫ T

0
(T − τ)−1ϑ(τ)‖uε(τ )− u(τ)‖dτ

+ c+
∫ t

0
(t − τ)α−1ϑ(τ)‖uε(τ )− u(τ)‖dτ

≤c
2+
√
ε

2c−
+
(
c2+
c−

+ c+T α
)

Λϑ‖uε − u‖L∞(0,T ;L2(Ω)).

Therefore, we have
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‖uε − u‖L∞(0,T ;L2(Ω)) ≤ c2+
√
ε

2c−
+
(
c2+
c−

+ c+T α
)

Λϑ‖uε − u‖L∞(0,T ;L2(Ω))

+ c+MCε.

Consequently, since

(
c2+
c− + c+T α

)

Λϑ < 1, we deduce the desired conclusions.

The proof is completed.

5.2 Initial Inverse Problem

5.2.1 Introduction

Consider the time fractional wave equation

⎧
⎪⎪⎨

⎪⎪⎩

C
0D

β
t u(t, x)− L u(t, x) = G(t, x), (t, x) ∈ (0, T0)×Ω,

u(t, x) = 0, (t, x) ∈ (0, T0)× ∂Ω,

u(0, x) = u0(x), x ∈ Ω,
ut (0, x) = 0, x ∈ Ω,

(5.22)

where the domain Ω is a subset of d-dimensional space R
d , which is a bounded

domain with sufficient smooth boundary ∂Ω; d = 1, 2, 3 is the dimension of the
domain Ω , T0 > 0 is fixed (we let IT0 := [0, T0]), and β ∈ (1, 2) is the fractional

order of the time derivative. Here, C0D
β
t refers to the (left-sided) Caputo fractional

derivative of order β with respect to t ∈ (0, T0]:

C
0D

β
t u(t, x) := ∂βu

∂tβ
=

⎧
⎪⎨

⎪⎩

1
Γ (2−β)

∫ t

0
(t − s)1−β ∂

2

∂s2
u(s, x)ds, 1 < β < 2,

∂2u(t,x)

∂t2
= 0, β = 2.

(5.23)

The operator −L in (5.22) represents the unbounded uniformly elliptic operator
with domain D(−L ) = H 1

0 (Ω) ∩H 2(Ω) defined in [188] (see p.427).
If the initial data u0 and the source termG are given, the problem (5.22) is called

the direct problem. In [188], Yamamoto proved that the direct problem (5.22) has a
unique weak solution, and for other results, see for example [4, 52, 180, 188, 226].
The inverse problem for (5.22) is less known. Inverse problems occur when we do
not know all the given data (the initial data, boundary value, diffusion coefficient, or
source term). By adding some given data, we can have inverse problems such as the
backward problem (recovering the initial data) and the source identification problem
(recovering the source function), see, for example, [96, 147, 206, 207, 209, 223] and
the references therein.
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In this section, we consider the backward problem (the initial inverse problem)
of the inhomogeneous time fractional wave equation:

⎧
⎪⎪⎨

⎪⎪⎩

C
0D

β
t u(t, x)− L u(t, x) = G(t, x), (t, x) ∈ (0, T0] ×Ω,

u(t, x) = 0, (t, x) ∈ IT0 × ∂Ω,

u(T0, x) = h(x), x ∈ Ω,
ut (T0, x) = 0, x ∈ Ω.

(5.24)

Our goal is to construct the initial data f (x) = u(0, x) from given data (h,G). We
show that this problem is ill-posed (see Sect. 5.2.2). Note that we cannot observe the
data (h,G), so we only get approximate data (hε,Gε) such that

‖h− hε‖L2(Ω) + ‖G−Gε‖L1(0,T0;L2(Ω)) ≤ ε, (5.25)

where ε > 0 is the noise level (in this section we will also let ‖ · ‖ denote the
L2(Ω)-norm). A regularization method is required for constructing approximations
of stability for a sought solution. There are only a few results on inverse problems
for fractional wave equation such as inverse source problems on a bounded domain
[28, 146, 196, 208, 226], and recently, Tuan et al. in [208] considered existence and
regularity of final value problems for time fractional wave equation.

We use the fractional Landweber method to find a regularized solution. This
method was introduced by Klann and Ramlau [119] to consider linear ill-posed
problem. The main idea of the fractional Landweber method is based on iterative
sequences, which is similar to the classical iterative method. Using this method,
some authors established a fractional method for solving some linear ill-posed
models, see, for example, [88, 167, 229]. We will consider regularized solutions and
regularity for the regularized solutions. Also we will present an error estimate of
the fractional Landweber regularized solution to the exact solution under an a priori
assumption using a priori and a posteriori regularization parameter choice rules.

The rest of the section is organized as follows. In the next subsection, some
preliminaries are presented, and a mild solution of our backward problem is
discussed. In Sect. 5.2.3, we present a regularized problem and consider the well-
posedness of the regularized solutions. In Sect. 5.2.4, error estimates under two
parameter choice rules are considered.

5.2.2 Preliminaries

Consider the operator −L on L2(Ω) with domain D(−L ) = H 2(Ω) ∩ H 1
0 (Ω).

Assume that −L has an eigenvalue ãk with corresponding eigenfunction ek ∈
H 2(Ω) ∩H 1

0 (Ω). Note

0 < ã1 ≤ ã2 ≤ ã3 ≤ ... ≤ ãk ≤ ...
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and ãk → ∞ as k → ∞. Moreover

{
L ek(x) = −ãkek(x), x ∈ Ω,
ek(x) = 0, x ∈ ∂Ω,

and we note that there exists a positive constant C such that ãk ≥ Ck
2
d for k ∈ N

+,
where d is the dimension of the domain Ω , see [42].

For r ≥ 0, consider the Hilbert scale space (see [159])

H r (Ω) =
{

v ∈ L2(Ω) :
∞∑

k=1

ãrk |〈v, ek〉|2 < +∞
}

(5.26)

with norm

‖v‖H r (Ω) =
( ∞∑

k=1

ãrk |〈v, ek〉|2
) 1

2

.

If r = 0, we have H 0(Ω) = L2(Ω).
For a given real number 1 ≤ p < ∞, let Lp(0, T0;L2(Ω)) be the space of all

functions such that

‖v‖Lp(0,T0;L2(Ω)) :=
(∫ T0

0
‖v(t)‖p

L2(Ω)
dt

) 1
p

< +∞.

LetEα,β(z) be the Mittag–Leffler function as in Definition 1.7. Note thatEα,β(z)
is an entire function in z ∈ C.

Lemma 5.6 ([180]) For c > 0, β > 0, and a positive integer n ∈ N
+, we have

dn

dtn
Eβ,1(−ctβ) = −ctβ−nEβ,β−n+1(−ctβ), t > 0.

Lemma 5.7 ([141, 213]) For 0 < λ < 1, r > 0, and n ∈ N
+, we have

(1 − λ)nλr ≤ rr (n+ 1)−r < rrn−r .

From result in [188], the direct problem (5.22) exists a unique weak solution u ∈
C
(
IT0 , L

2(Ω)
) ∩ C((0, T0];H 2(Ω) ∩ H 1

0 (Ω)
)
with C

0D
β
t u ∈ C

(
(0, T0];L2(Ω)

)
.

Using the Fourier series expansion, the formal solution of the direct problem (5.22)
can be constructing in the following form [188]:
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u(t, x) =
∞∑

k=1

[
Eβ,1(−ãktβ)fk + Fβ,k(t)

]
ek(x), (5.27)

where fk = 〈f, ek〉, Gk(t) = 〈G(t, ·), ek〉 , f (x) := u(0, x), and Fβ,k(t) =〈
Fβ(t), ek

〉
with

Fβ(t) :=
∞∑

k=1

∫ t

0
(t − τ)β−1Eβ,β(−ãk(t − τ)β)Gk(τ)dτek(x). (5.28)

Using Proposition 1.16, we have the following lemma.

Lemma 5.8 Let 1 < β < 2, for all 0 ≤ t ≤ T0 and k ∈ N
+. There exist two

positive constants M ,Mβ,+ such that

∣
∣
∣Eβ,1(−ãktβ)

∣
∣
∣ ≤ Mβ,+

1 + ãktβ
,

∣
∣
∣Eβ,β(−ãktβ)

∣
∣
∣ ≤ M

1 + ãktβ
.

Next, we will consider the mild solution of the problem (5.24). Assume the problem
(5.24) has a unique solution u.

Let t = T0 in (5.27), and we obtain

hk = Eβ,1(−ãkT β0 )fk + Fβ,k(T0), (5.29)

where hk = 〈h, ek〉, with k ∈ N
+. From Lemma 3.2 in [226], there exists a positive

constant L0 > 0 which does not depend on k such that

Eβ,1(−ãkT β0 ) ≤ 1

2Γ (1 − β)̃akT
β
0

< 0, ãkT
β
0 > L0,

for 1 < β < 2. Therefore, if T0 is large enough such that

T
β
0 ≥ L0(̃a1)

−1, (5.30)

then T β0 ≥ L0(̃ak)
−1, for all k ∈ N

+. Therefore

Eβ,1(−ãkT β0 ) 
= 0, (5.31)

for all k ∈ N
+. In this section, we assume that T0 always satisfies (5.31).

From Lemma 2.5 in [115], Lemma 5.8, and (5.31), we have the following lemma.

Lemma 5.9 Let 1 < β < 2 and T β0 ≥ L0(̃ak)
−1, for all k ∈ N

+. Then there exist
positive constants M β,−, M β,+ depending on β, T0, ãk such that:
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M β,−
ãk

≤ |Eβ,1(−ãkT β0 )| ≤ M β,+
ãk

.

It follows from (5.29) that

fk = 1

Eβ,1(−ãkT β0 )
[
hk − Fβ,k(T0)

]
. (5.32)

By substituting fk into (5.27), we obtain

u(t, x) =
∞∑

k=1

[ Eβ,1(−ãktβ)
Eβ,1(−ãkT β0 )

[
hk − Fβ,k(T0)

]
+ Fβ,k(t)

]
ek(x). (5.33)

Lemma 5.10 Let G ∈ L1(0, T0;L2(Ω)) and Fβ(t) is defined as in (5.28). Then
there exists a positive constant Λ such that

‖Fβ(t)‖L2(Ω) =
∥
∥
∥
∥

∞∑

k=1

∫ t

0
(t − τ)β−1Eβ,β(−ãk(t − τ)β)Gk(τ)dτek(x)

∥
∥
∥
∥
L2(Ω)

≤Λ‖G‖L1(0,T0;L2(Ω)).

Proof First note

‖Fβ(t)‖L2(Ω) =
∥
∥
∥
∥

∞∑

k=1

∫ t

0
(t − τ)β−1Eβ,β(−ãk(t − τ)β)Gk(τ)dτek(x)

∥
∥
∥
∥
L2(Ω)

≤
∫ t

0

√
√
√
√

∞∑

k=1

(t − τ)2(β−1)
∣
∣
∣Eβ,β(−ãk(t − τ)β)Gk(τ)

∣
∣
∣
2
dτ.

Using Lemma 5.8, we obtain

‖Fβ(t)‖L2(Ω) ≤M

∫ t

0
(t − τ)β−1‖G(τ, ·)‖L2(Ω)dτ

≤MT
β−1
0 ‖G‖L1(0,T0;L2(Ω)) (5.34)

and so

‖Fβ(t)‖L2(Ω) ≤ Λ‖G‖L1(0,T0;L2(Ω))

with Λ = MT
β−1
0 .
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The solution u(t, x) of the problem (5.24) for 1 < β < 2 is given by (5.33). For
t = 0, we get

f (x) := u(0, x) =
∞∑

k=1

Ψk

Eβ,1(−ãkT β0 )
ek(x), (5.35)

where

Ψ (x) :=
∞∑

k=1

Ψkek(x), with Ψk := hk − Fβ,k(T0). (5.36)

Our main goal is to find the initial data f (x) from the final data h(x) and the source
term G(t, x). To find f (x), we need to solve an operator equation:

K f = Ψ,

where K : L2(Ω) → L2(Ω) is the integral operator defined by

(K f )(x) :=
∞∑

k=1

Eβ,1(−ãkT β0 ) 〈f, ek〉 ek =
∫

Ω

κ(ζ, x)f (ζ )dζ

with kernel κ(·, ·), i.e.,

κ(x, ζ ) :=
∞∑

k=1

Eβ,1(−ãkT β0 )ek(ζ )ek(x).

Since κ(x, ζ ) = κ(ζ, x), it is easy to see that the operator K is self-adjoint.

Lemma 5.11 Let h ∈ L2(Ω) and G ∈ L1(0, T0;L2(Ω)). Then Ψ as in (5.36)
belongs to L2(Ω) and

‖Ψ ‖L2(Ω) ≤ ‖h‖L2(Ω) +Λ‖G‖L1(0,T0;L2(Ω)).

Proof We have

‖Ψ ‖L2(Ω) =
∥
∥
∥

∞∑

k=1

(
hk − Fβ,k(T0)

)
ek(x)

∥
∥
∥
L2(Ω)

≤
∥
∥
∥

∞∑

k=1

hkek(x)

∥
∥
∥
L2(Ω)

+
∥
∥
∥

∞∑

k=1

Fβ,k(T0)ek(x)

∥
∥
∥
L2(Ω)

.

Using Lemma 5.10 we obtain
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‖Ψ ‖L2(Ω) ≤ ‖h‖L2(Ω) +Λ‖G‖L1(0,T0;L2(Ω)).

This completes the proof.

One can show that κ(·, ·) ∈ L2(Ω × Ω). Therefore, K : L2(Ω) → L2(Ω) is
compact operator of finite rank. Hence K does not have a continuous inverse [169].

To illustrate the ill-posedness of the backward problem, we give an example. Let

(h,G) = (0, 0) and (h,G) =
(

1√
ãl
el,

1√
ãl
el

)

, where l ∈ N
+. It is easy to see

that

‖h− h‖L2(Ω) = 1√
ãl

and ‖G−G‖L2(Ω) = 1√
ãl
.

Hence

lim
l→∞ ‖h− h‖L2(Ω) = 0 and lim

l→∞ ‖G−G‖L2(Ω) = 0, (5.37)

so (h,G) is an approximation of (h,G) when l is large enough. Using (h,G), we
get the corresponding initial data f and the equation Ψ as follows:

Ψ (x) :=
∞∑

k=1

(

hk −
∫ T0

0
(T0 − τ)β−1Eβ,β(−ãk(T0 − τ)β)Gk(τ)dτ

)

ek(x),

f (x) :=
∞∑

k=1

1

Eβ,1(−ãkT β0 )

×
(

hk −
∫ T0

0
(T0 − τ)β−1Eβ,β(−ãk(T0 − τ)β)Gk(τ)dτ

)

ek(x).

From the Parseval’s equality and Lemma 5.6, we obtain

‖Ψ − Ψ ‖2
L2(Ω)

=
∞∑

k=1

[

〈h− h, ek〉 −
∫ T0

0
(T0 − τ)β−1Eβ,β(−ãk(T0 − τ)β)〈G−G, ek〉dτ

]2

=
[

1√
ãl

− 1√
ãl

∫ T0

0
(T0 − τ)β−1Eβ,β(−ãl(T0 − τ)β)dτ

]2

= 1

ãl

[

1 −
∫ T0

0
τβ−1Eβ,β(−ãlτ β)dτ

]2

= 1

ãl

[

1 − 1

ãl
+ 1

ãl
Eβ,1(−ãlT β0 )

]2

.

(5.38)
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This gives

lim
l→∞ ‖Ψ − Ψ ‖L2(Ω) = 0. (5.39)

On the other hand, we have

‖f − f ‖2
L2(Ω)

=
∞∑

k=1

1

E2
β,1(−ãkT β0 )

[

〈h− h, ek〉

−
∫ T0

0
(T0 − τ)β−1Eβ,β(−ãk(T0 − τ)β)〈G−G, ek〉dτ

]2

= 1

E2
β,1(−ãlT β0 )

[
1√
ãl

− 1√
ãl

∫ T0

0
(T0 − τ)β−1

× Eβ,β(−ãl(T0 − τ)β)dτ

]2

≥ ã2l

M
2
β,+

1

ãl

[

1 −
∫ T0

0
τβ−1Eβ,β(−ãlτ β)dτ

]2

≥ ãl

M
2
β,+

[

1 − 1

ãl
+ 1

ãl
Eβ,1(−ãlT β0 )

]2

.

Therefore

lim
l→∞ ‖f − f ‖L2(Ω) = +∞. (5.40)

We conclude that the backward problem is ill-posed in the sense of Hadamard.
Hence a regularization method is necessary.

Now we give a stability estimate.

Theorem 5.7 Suppose f ∈ H r (Ω) satisfies ‖f ‖H r (Ω) ≤ P for any r > 0. Then

‖f ‖L2(Ω) ≤ M
−r
r+2
β,−‖Ψ ‖

r
r+2

L2(Ω)
P

2
r+2 ,

where P is a positive constant.

Proof Using (5.35) and the Hölder’s inequality, we get

‖f ‖2
L2(Ω)

=
∞∑

k=1

Ψ 2
k

E2
β,1(−ãkT β0 )

≤
[ ∞∑

k=1

Ψ 2
k

] r
r+2
[ ∞∑

k=1

Ψ 2
k

Er+2
β,1 (−ãkT β0 )

] 2
r+2

.
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Hence

‖f ‖L2(Ω) ≤ ‖Ψ ‖
r
r+2

L2(Ω)
Υ

1
r+2 , (5.41)

where

Υ :=
∞∑

k=1

Ψ 2
k

Er+2
β,1 (−ãkT β0 )

.

Using Lemma 5.9 and (5.35), we get

Υ =
∞∑

k=1

Ψ 2
k

Er+2
β,1 (−ãkT β0 )

≤
∞∑

k=1

ãrk

M
r

β,−
f 2
k ≤ 1

M
r

β,−
‖f ‖2H r (Ω).

This implies that

‖f ‖L2(Ω) ≤ M
−r
r+2
β,−‖Ψ ‖

r
r+2

L2(Ω)
P

2
r+2 .

5.2.3 Regularization Method

In this subsection, we introduce the fractional Landweber regularization method,
and we also analyze convergence properties of regularization methods under two
parameter choice rules.

From [118], the operator equation K f = Ψ is equivalent to the following
equation:

f =
(
I − aK ∗K

)
f + aK ∗Ψ, (5.42)

for any a > 0. Here, K ∗ is the adjoint operator of K , and a satisfies 0 < a <
1

‖K ‖2
L(L2(Ω))

. The iterative implementation of the fractional Landweber method was

considered in [119]. Denote the fractional Landweber regularization solution by

fn,�(x) =
∞∑

k=1

1

Eβ,1(−ãkT β0 )
[
1 −

(
1 − aE2

β,1(−ãkT β0 )
)n]� 〈Ψ, ek〉 ek, (5.43)

and the fractional Landweber regularization solution with the noisy data by

f εn,�(x) =
∞∑

k=1

1

Eβ,1(−ãkT β0 )
[
1 −

(
1 − aE2

β,1(−ãkT β0 )
)n]� 〈

Ψ ε, ek
〉
ek,

(5.44)
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where � ∈ (
1

2
, 1] is called the fractional parameter, and n = 1, 2, ... is a

regularization parameter. When � = 1, this is the classical Landweber method.
Hence, we get the fractional Landweber regularization solution of the problem

(5.24)

un,�(t, x)

=
∞∑

k=1

[
Eβ,1(−ãktβ)
Eβ,1(−ãkT β0 )

[
1 −

(
1 − aE2

β,1(−ãkT β0 )
)n]� 〈Ψ, ek〉 + Fβ,k(t)

]

ek(x)

and the fractional Landweber regularization solution of the problem (5.24) with the
noisy data

uεn,�(t, x)

=
∞∑

k=1

[
Eβ,1(−ãktβ)
Eβ,1(−ãkT β0 )

[
1 −

(
1 − aE2

β,1(−ãkT β0 )
)n]� 〈

Ψ ε, ek
〉+ F ε

β,k(t)

]

ek(x)

=
∞∑

k=1

[
Eβ,1(−ãktβ)
Eβ,1(−ãkT β0 )

[
1 −

(
1 − aE2

β,1(−ãkT β0 )
)n]�

hεk

− Eβ,1(−ãktβ)
Eβ,1(−ãkT β0 )

[
1 −

(
1 − aE2

β,1(−ãkT β0 )
)n]�

F ε
β,k(T0)+ F ε

β,k(t)

]

ek(x)

=:φ1(t, x)− φ2(t, x)+ φ3(t, x),

where

φ1(t, x) =
∞∑

k=1

Eβ,1(−ãktβ)
Eβ,1(−ãkT β0 )

[
1 −

(
1 − aE2

β,1(−ãkT β0 )
)n]�

hεkek(x),

φ2(t, x) =
∞∑

k=1

Eβ,1(−ãktβ)
Eβ,1(−ãkT β0 )

[
1 −

(
1 − aE2

β,1(−ãkT β0 )
)n]�

F ε
β,k(T0)ek(x),

φ3(t, x) =
∞∑

k=1

F ε
β,k(t)ek(x)

with

F ε
β,k(t) :=

∫ t

0
(t − τ)β−1Eβ,β(−ãk(t − τ)β)Gεk(τ )dτ.

Next, we consider the regularity of the solution uεn,�.
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Theorem 5.8 Let hε ∈ L2(Ω), for 1 < β < 2, and assume (5.30) holds.
Furthermore, suppose that Gε ∈ L1(0, T0;L2(Ω)). Then (the regularized solution)
uεn,� ∈ L∞(0, T0;L2(Ω)) and

‖uεn,�‖L∞(0,T0;L2(Ω)) ≤Mβ,+a
1
2 n

1
2 ‖hε‖L2(Ω)

+
(
Mβ,+a

1
2 n

1
2 + 1

)
Λ‖Gε‖L1(0,T0;L2(Ω)).

Proof From Lemma 5.8, we get

Eβ,1(−ãktβ)
Eβ,1(−ãkT β0 )

[
1 −

(
1 − aE2

β,1(−ãkT β0 )
)n]�

≤a 1
2 Mβ,+

(
a

1
2Eβ,1(−ãkT β0 )

)−1[
1 −

(
1 − aE2

β,1(−ãkT β0 )
)n]�

.

(5.45)

Let ϑ := a
1
2Eβ,1(−ãkT β0 ) and

φ(ϑ) = ϑ−2
[
1 −

(
1 − ϑ2

)n]2�
.

Since 0 < a <
1

‖K ‖2
L(L2(Ω))

, we have 0 < aE2
β,1(−ãkT β0 ) < 1. Hence, the

function is continuous when ϑ ∈ (0, 1).
For � ∈ ( 12 , 1) and ϑ ∈ (0, 1), using Lemma 3.3 in [119] :

φ(ϑ) ≤ n. (5.46)

Combining (5.45) and (5.46), we deduce that

sup
ãk>0

Eβ,1(−ãktβ)
Eβ,1(−ãkT β0 )

[
1 −

(
1 − aE2

β,1(−ãkT β0 )
)n]� ≤ Mβ,+a

1
2 n

1
2 . (5.47)

First note

‖φ1(t, ·)‖L2(Ω)

=
√
√
√
√

∞∑

k=1

(
Eβ,1(−ãktβ)
Eβ,1(−ãkT β0 )

[
1 −

(
1 − aE2

β,1(−ãkT β0 )
)n]�

hεk

)2

≤ sup
ãk>0

[
Eβ,1(−ãktβ)
Eβ,1(−ãkT β0 )

[
1 −

(
1 − aE2

β,1(−ãkT β0 )
)n]�

]
√
√
√
√

∞∑

k=1

(
hεk

)2

≤Mβ,+a
1
2 n

1
2 ‖hε‖L2(Ω).

(5.48)
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By a similar method, we obtain

‖φ2(t, ·)‖L2(Ω)

=
∥
∥
∥

∞∑

k=1

Eβ,1(−ãktβ)
Eβ,1(−ãkT β0 )

[
1 −

(
1 − aE2

β,1(−ãkT β0 )
)n]�

F ε
β,k(T0)ek(x)

∥
∥
∥
L2(Ω)

≤Mβ,+a
1
2 n

1
2 ‖F ε

β (T0)‖L2(Ω).

(5.49)

Using Lemma 5.10, we get

‖φ2(t, ·)‖L2(Ω) ≤ Mβ,+a
1
2 n

1
2Λ‖Gε‖L1(0,T0;L2(Ω)). (5.50)

On the other hand, from Lemma 5.10, we obtain

‖φ3(t, ·)‖L2(Ω) = ‖F ε
β (t)‖L2(Ω) ≤ Λ‖Gε‖L1(0,T0;L2(Ω)). (5.51)

Combining (5.48), (5.50), and (5.51), we have

‖uεn,�‖L∞(0,T0;L2(Ω)) ≤Mβ,+a
1
2 n

1
2 ‖hε‖L2(Ω)

+
(
Mβ,+a

1
2 n

1
2 + 1

)
Λ‖Gε‖L1(0,T0;L2(Ω)).

Now, we give the regularity of the solution at t = 0.

Theorem 5.9 Let f εn,�(x) := uεn,�(0, x) and assume that hε ∈ H r+2(Ω) and

Gε ∈ L∞(0, T0;H r+1(Ω)). Then

‖f εn,�‖H r (Ω) ≤ 1

M β,−
‖hε‖H r+2(Ω) + MT

β−1
2

0

2M β,−
√
β − 1

‖Gε‖L∞(0,T0;H r+1(Ω)).

Proof Since � ∈ (1
2
, 1] and 0 < aE2

β,1(−ãkT β0 ) < 1, it is easy to see that

‖f εn,�‖H r (Ω)

=
∥
∥
∥
∥

∞∑

k=1

1

Eβ,1(−ãkT β0 )
[
1 −

(
1 − aE2

β,1(−ãkT β0 )
)n]� 〈

Ψ ε, ek
〉
ek

∥
∥
∥
∥

H r (Ω)

≤
∥
∥
∥
∥

∞∑

k=1

ãk

M β,−

〈
hε − F ε

β (T0), ek

〉
ek

∥
∥
∥
∥

H r (Ω)
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≤
∥
∥
∥
∥

∞∑

k=1

ãk

M β,−
hεkek

∥
∥
∥
∥

H r (Ω)

+
∥
∥
∥
∥

∞∑

k=1

ãk

M β,−
F ε
β,k(T0)ek

∥
∥
∥
∥

H r (Ω)

.

A direct calculation gives

∥
∥
∥
∥

∞∑

k=1

ãk

M β,−
hεkek

∥
∥
∥
∥

H r (Ω)

= 1

M β,−

√
√
√
√

∞∑

k=1

ã2k ã
r
k

(
hεk

)2 = 1

M β,−
‖hε‖H r+2(Ω).

On the other hand

∥
∥
∥
∥

∞∑

k=1

ãk

M β,−
F ε
β,k(T0)ek

∥
∥
∥
∥

H r (Ω)

=
∥
∥
∥
∥

∞∑

k=1

ãk

M β,−

∫ T0

0
(T0 − τ)β−1Eβ,β(−ãk(T0 − τ)β)Gεk(τ )dτek

∥
∥
∥
∥

H r (Ω)

≤ 1

M β,−

√
√
√
√

∞∑

k=1

ãr+2
k

∫ T0

0
(T0 − τ)2(β−1)|Eβ,β(−ãk(T0 − τ)β)|2|Gεk(τ )|2dτ .

From Lemma 5.8 and the inequality (a + b)2 ≥ 4ab for any a, b ∈ R, we obtain

∥
∥
∥
∥

∞∑

k=1

ãk

M β,−
F ε
β,k(T0)ek

∥
∥
∥
∥

H r (Ω)

≤ 1

M β,−

√
√
√
√

∞∑

k=1

ãr+2
k

∫ T0

0
(T0 − τ)2(β−1)

(
M

1 + ãk(T0 − τ)β

)2

|Gεk(τ )|2dτ

≤ M

2M β,−

√
√
√
√

∞∑

k=1

ãr+2
k

∫ T0

0
(T0 − τ)2(β−1) 1

ãk(T0 − τ)β
|Gεk(τ )|2dτ

≤ M

2M β,−
‖Gε‖L∞(0,T0;H r+1(Ω))

√
∫ T0

0
(T0 − τ)β−2dτ

= MT
β−1
2

0

2M β,−
√
β − 1

‖Gε‖L∞(0,T0;H r+1(Ω)),

where we note that for 0 ≤ t ≤ T0 and

ãr+1
k |Gεk(t)|2 ≤

∞∑

k=1

ãr+1
k | 〈Gε(t, ·), ek

〉 |2 ≤ ‖Gε‖L∞(0,T0;H r+1(Ω)).
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Thus

‖f εn,�‖H r (Ω) ≤ 1

M β,−
‖hε‖H r+2(Ω) + MT

β−1
2

0

2M β,−
√
β − 1

‖Gε‖L∞(0,T0;H r+1(Ω)).

5.2.4 Convergence Analysis and Error Estimate

In this subsection, we choose a regularization parameter n := n(ε) such that ‖u −
uεn,�‖L2(Ω) → 0 as ε → 0, and we also consider the convergence analysis between
the regularized solution uεn,� and the exact solution u.

Theorem 5.10 Let h ∈ L2(Ω) and G ∈ L1(0, T0;L2(Ω)). Assume the a priori
bound condition ‖f ‖H r (Ω) ≤ P holds. If we choose the regularization parameter

n =
⌊(
P

ε

) 4
r+2
⌋

,

then we get the following error estimate between the exact solution and its
regularization solution with noisy data

‖uεn,� − u‖L2(Ω) ≤ Mβ,+a
1
2

(
1 +Λ

)
P

2
r+2 ε

r
r+2 +Λε

+ a− r
4

Mβ,+
M

r
2
β,−

(
r

4

) r
4

P
2
r+2 ε

r
r+2 ,

where �x� denotes the largest integer less than or equal to x.

Proof From the triangle inequality, we get

‖u− uεn,�‖L2(Ω) ≤ ‖un,� − uεn,�‖L2(Ω) + ‖u− un,�‖L2(Ω).

Using result (i) in Theorem 5.8:

‖un,� − uεn,�‖L2(Ω) ≤‖un,� − uεn,�‖L∞(0,T0;L2(Ω))

≤Mβ,+a
1
2 n

1
2 ‖hε − h‖L2(Ω)

+
(
Mβ,+a

1
2 n

1
2 + 1

)
Λ‖Gε −G‖L1(0,T0;L2(Ω))

≤Mβ,+a
1
2 n

1
2 ε
(
1 +Λ

)
+Λε.

(5.52)
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On the other hand, we have

u(t, x) =
∞∑

k=1

[
Eβ,1(−ãktβ)
Eβ,1(−ãkT β0 )

〈Ψ, ek〉 + Fβ,k(t)

]

ek(x).

Note � ∈ (1
2
, 1] and 0 < aE2

β,1(−ãkT β0 ) < 1, so it follows that

‖u− un,�‖L2(Ω)

=
∥
∥
∥
∥

∞∑

k=1

Eβ,1(−ãktβ)
Eβ,1(−ãkT β0 )

(

1 −
[
1 −

(
1 − aE2

β,1(−ãkT β0 )
)n]�

)

〈Ψ, ek〉 ek(x)
∥
∥
∥
∥
L2(Ω)

≤
∥
∥
∥
∥

∞∑

k=1

Eβ,1(−ãktβ)
Eβ,1(−ãkT β0 )

(
1 − aE2

β,1(−ãkT β0 )
)n 〈Ψ, ek〉 ek(x)

∥
∥
∥
∥
L2(Ω)

.

From the definition of f in (5.35) and using Lemma 5.8, we deduce that

‖u− un,�‖L2(Ω)

≤
∥
∥
∥
∥

∞∑

k=1

Eβ,1(−ãktβ)
(
1 − aE2

β,1(−ãkT β0 )
)n 〈f, ek〉 ek(x)

∥
∥
∥
∥
L2(Ω)

≤
√
√
√
√

∞∑

k=1

(
Mβ,+

)2(
1 − aE2

β,1(−ãkT β0 )
)2n
(̃ak)−r (̃ak)r | 〈f, ek〉 |2

≤
√
√
√
√

∞∑

k=1

M 2
β,+

M
r

β,−

(
1 − aE2

β,1(−ãkT β0 )
)2n
Erβ,1(−ãkT β0 )(̃ak)r | 〈f, ek〉 |2

≤ Mβ,+
M

r
2
β,−

sup
ãk>0

(
1 − aE2

β,1(−ãkT β0 )
)n
E

r
2
β,1(−ãkT β0 )‖f ‖H r (Ω).

Using Lemma 5.7, we have

‖u− un,�‖L2(Ω)

≤a− r
4

Mβ,+
M

r
2
β,−

sup
ãk>0

(
1 − aE2

β,1(−ãkT β0 )
)n(

aE2
β,1(−ãkT β0 )

) r
4 ‖f ‖H r (Ω)

≤a− r
4

Mβ,+
M

r
2
β,−

(
r

4

) r
4

(n+ 1)−
r
4P.

(5.53)
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Combining the above two inequalities (5.52) and (5.53), we obtain

‖u− uεn,�‖L2(Ω) ≤ Mβ,+a
1
2 n

1
2 ε
(
1 +Λ

)
+Λε + a− r

4
Mβ,+
M

r
2
β,−

(
r

4

) r
4

(n+ 1)−
r
4P.

Choosing the regularization parameter n := �(P
ε
)

4
r+2 �, we obtain the error estimate

‖u− uεn,�‖L2(Ω) ≤ Mβ,+a
1
2

(
1 +Λ

)
P

2
r+2 ε

r
r+2 +Λε

+ a− r
4

Mβ,+
M

r
2
β,−

(
r

4

) r
4

P
2
r+2 ε

r
r+2 .

In the above result, we obtained an error estimate between the exact solution
and its regularization solution with noisy data by choosing the a priori parameter n,
and this n depends on the noise level ε and the a priori bound condition P . Now,
from results in Morozov’s discrepancy principal [58], we choose the regularization
parameter n by using an a posteriori choice rule.

The general a posteriori rule can be formulated as follows:

‖K f εn,� − Ψ ε‖L2(Ω) ≤ ηε ≤ ‖K f εn−1,� − Ψ ε‖L2(Ω), (5.54)

where ‖Ψ ε‖L2(Ω) ≥ ηε, η is a constant independent of ε, and n > 0 is the
regularization parameter which makes (5.54) hold at the first iteration time.

Choosing η > 1, the following lemma gives a bound for n in terms of ε and P .

Lemma 5.12 Let η > 1 + Λ and n satisfies (5.54). Assume the a priori bound
condition ‖f ‖H r (Ω) ≤ P holds. Then

n ≤ r + 2

4a

(
1

M
r
2
β,−(η −Λ− 1)

) 4
r+2
(
P

ε

) 4
r+2

.

Proof From the definition of n, we get

‖K f εn−1,� − Ψ ε‖L2(Ω)

=
∥
∥
∥
∥

∞∑

k=1

([
1 −

(
1 − aE2

β,1(−ãkT β0 )
)n−1]� − 1

) 〈
Ψ ε, ek

〉
ek

∥
∥
∥
∥
L2(Ω)

≤
∥
∥
∥
∥

∞∑

k=1

([
1 −

(
1 − aE2

β,1(−ãkT β0 )
)n−1]� − 1

) 〈
Ψ ε − Ψ, ek

〉
ek

∥
∥
∥
∥
L2(Ω)
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+
∥
∥
∥
∥

∞∑

k=1

([
1 −

(
1 − aE2

β,1(−ãkT β0 )
)n−1]� − 1

)
〈Ψ, ek〉 ek

∥
∥
∥
∥
L2(Ω)

.

Since � ∈ (1
2
, 1] and 0 < aE2

β,1(−ãkT β0 ) < 1, we get

‖K f εn−1,� − Ψ ε‖L2(Ω)

≤
∥
∥
∥Ψ

ε − Ψ

∥
∥
∥
L2(Ω)

+
∥
∥
∥
∥

∞∑

k=1

(
1 − aE2

β,1(−ãkT β0 )
)n−1 〈Ψ, ek〉 ek

∥
∥
∥
∥
L2(Ω)

.

Using Lemma 5.7, we have

∥
∥
∥
∥

∞∑

k=1

(
1 − aE2

β,1(−ãkT β0 )
)n−1 〈Ψ, ek〉 ek

∥
∥
∥
∥
L2(Ω)

≤
√
√
√
√

∞∑

k=1

(
1 − aE2

β,1(−ãkT β0 )
)2(n−1)

(̃ak)−r (̃ak)r | 〈Ψ, ek〉 |2

≤
√
√
√
√

∞∑

k=1

1

M
r

β,−

(
1 − aE2

β,1(−ãkT β0 )
)2(n−1)

Er+2
β,1 (−ãkT β0 )(̃ak)r | 〈f, ek〉 |2

≤ a
− r+2

4

M
r
2
β,−

sup
ãk>0

(
1 − aE2

β,1(−ãkT β0 )
)n−1(

aE2
β,1(−ãkT β0 )

) r+2
4 ‖f ‖H r (Ω)

≤ a
− r+2

4

M
r
2
β,−

(
r + 2

4

) r+2
4

n− r+2
4 ‖f ‖H r (Ω).

Using Lemma 5.11, we get

‖K f εn−1,� − Ψ ε‖L2(Ω) ≤‖hε − h‖L2(Ω) +Λ‖Gε −G‖L1(0,T0;L2(Ω))

+ a− r+2
4

M
r
2
β,−

(
r + 2

4

) r+2
4

n− r+2
4 ‖f ‖H r (Ω).

This implies that

ηε ≤ (1 +Λ)ε + 1

M
r
2
β,−

(
r + 2

4a

) r+2
4

n− r+2
4 P.
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Thus

n ≤ r + 2

4a

(
1

M
r
2
β,−(η −Λ− 1)

) 4
r+2
(
P

ε

) 4
r+2

.

Theorem 5.11 Let n be as in Lemma 5.12. Assume the a priori bound condition
‖f ‖H r (Ω) ≤ P holds. Then

‖u− uεn,�‖L2(Ω) ≤
(
I1 + I2

)
ε

r
r+2P

2
r+2 +Λε,

where

I1 := Mβ,+a
1
2

(
1 +Λ

)( r + 2

4a

) 1
2
(

1

M
r
2
β,−(η −Λ− 1)

) 2
r+2

,

I2 := Mβ,+
(
η + 1 +Λ

M β,−

) r
r+2

.

Proof From the triangle inequality, we get

‖u− uεn,�‖L2(Ω) ≤ ‖un,� − uεn,�‖L2(Ω) + ‖u− un,�‖L2(Ω).

Using the result of Theorem 5.10, we obtain

‖un,� − uεn,�‖L2(Ω) ≤ Mβ,+a
1
2 n

1
2 ε(1 +Λ)+Λε.

From Lemma 5.12, we deduce that

‖un,� − uεn,�‖L2(Ω)

≤Mβ,+a
1
2 n

1
2 ε
(
1 +Λ

)
+Λε

≤Mβ,+a
1
2

(
1 +Λ

)( r + 2

4a

) 1
2
(

1

M
r
2
β,−(η −Λ− 1)

) 2
r+2

P
2
r+2 ε

r
r+2 +Λε.

Using the Hölder’s inequality, we get

‖u− un,�‖L2(Ω)

≤
∥
∥
∥
∥

∞∑

k=1

Eβ,1(−ãktβ)
Eβ,1(−ãkT β0 )

(

1 −
[
1 −

(
1 − aE2

β,1(−ãkT β0 )
)n]�

)

〈Ψ, ek〉 ek(x)
∥
∥
∥
∥
L2(Ω)
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≤Mβ,+
∥
∥
∥
∥

∞∑

k=1

1

Eβ,1(−ãkT β0 )

×
(

1 −
[
1 −

(
1 − aE2

β,1(−ãkT β0 )
)n]�

)

〈Ψ, ek〉 ek(x)
∥
∥
∥
∥

r
r+2

L2(Ω)

×
∥
∥
∥
∥

∞∑

k=1

(

1 −
[
1 −

(
1 − aE2

β,1(−ãkT β0 )
)n]�

)

〈f, ek〉 ek(x)
∥
∥
∥
∥

2
r+2

L2(Ω)

.

On the other hand, since � ∈ (1
2
, 1] and 0 < aE2

β,1(−ãkT β0 ) < 1, we deduce that

∥
∥
∥
∥

∞∑

k=1

(

1 −
[
1 −

(
1 − aE2

β,1(−ãkT β0 )
)n]�

)

〈f, ek〉 ek(x)
∥
∥
∥
∥

2
r+2

L2(Ω)

≤
∥
∥
∥
∥

∞∑

k=1

ã
− r

2
k ã

r
2
k 〈f, ek〉 ek(x)

∥
∥
∥
∥

2
r+2

L2(Ω)

≤ sup
ãk>0

(
1

ãk

) r
r+2

‖f ‖
2
r+2
H r (Ω)

.

This implies that

‖u− un,�‖L2(Ω)

≤Mβ,+ sup
ãk>0

(
1

ãkEβ,1(−ãkT β0 )

) r
r+2

P
2
r+2

(∥
∥
∥
∥

∞∑
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〈
Ψ − Ψ ε, ek

〉
ek(x)

∥
∥
∥
∥
L2(Ω)

+
∥
∥
∥
∥
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β,1(−ãkT β0 )
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Ψ ε, ek

〉
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∥
∥
∥
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) r
r+2

≤Mβ,+ sup
ãk>0

(
1

ãkEβ,1(−ãkT β0 )

) r
r+2
(

η + 1 +Λ

) r
r+2

ε
r
r+2P

2
r+2

≤Mβ,+
(
η + 1 +Λ

M β,−

) r
r+2

ε
r
r+2P

2
r+2 .

From the above arguments, we deduce the desired inequality.
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5.3 Terminal Value Problem

5.3.1 Introduction

5.3.1.1 Statement of the Problem

In this section, we consider the following fractional wave equation:

⎧
⎪⎪⎨

⎪⎪⎩

∂αt u(x, t) = −A u(x, t)+G(t, u(x, t)), x ∈ Ω, 0 < t ≤ T ,

u(x, t) = 0, x ∈ ∂Ω, 0 < t < T,

ut (x, 0) = 0, x ∈ Ω,
(5.55)

where G is called a source function which will be defined later. The time fractional
derivative ∂αt , 1 < α < 2, is understood as the left-sided Caputo fractional derivative
of order α with respect to t, which is defined by

∂ αt v(x, t) = 1

Γ (2 − α)

∫ t

0
(t − s)1−α ∂

2

∂s2
v(x, s)ds,

where Γ (·) is the Gamma function. For α = 2, we recover the usual time derivative
of second order ∂2

∂t2
. Let us assume that Ω is a non-empty open set and possesses a

Lipschitz continuous boundary in R
N , N ≥ 1, T > 0, and let A be a symmetric

and uniformly elliptic operator on Ω defined by

A v(x) = −
N∑

m=1

∂

∂xm

(
N∑

n=1

amn(x)
∂

∂xn
v(x)

)

+ q(x)v(x), x ∈ Ω,

where aij ∈ C1
(
Ω
)
, q ∈ C

(
Ω; [0,+∞)

)
, and amn = anm, 1 ≤ m, n ≤ N .

We also assume that there exists a constant b0 > 0 such that, for x ∈ Ω , y =
(y1, y2, ..., yN ) ∈ R

N ,

∑

1≤m,n≤N
amn(x)ymyn ≥ b0|y|2.

This section considers the inverse problem of determining the initial value
u(x, 0) = u0(x) from its final value u(x, T ). We focus to study existence,
uniqueness, and regularity of mild solutions of the problem (5.55) associated with
the final value condition

u(x, T ) = f (x), x ∈ Ω, (5.56)

where f belongs to an appropriate space.
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The study of (5.55) is mainly motivated by problems arising in anomalous
diffusion phenomena. Anomalous diffusion and wave equations are of great interest
in physics. They are frequently used for the superdiffusive models of anomalous
diffusion such as diffusion in heterogeneous media. These fractional differen-
tial equations have another important issue in the probability theory related to
non-Markovian diffusion processes with memory. Fractional wave equation also
describes evolution processes intermediate between diffusion and wave propagation
[150–152]. In [151], it has been shown that the fractional wave equation governs the
propagation of mechanical diffusion waves in viscoelastic media. Such waves are
relevant in acoustics, seismology, medical imaging, etc. The physical background
for a time-space fractional diffusion-wave equation can be seen in [35].

5.3.1.2 Motivations

If the condition (5.56) is replaced by

u(x, 0) = f̄ (x), x ∈ Ω, (5.57)

then we have the direct problem or initial value problem (IVP) of (5.55). Some
quasi-linear equations of the form (5.55) and (5.57) with standard time derivative
(α = 2) have been extensively studied in the published literature. The global well-
posedness has been proved both in the subcritical case by Ginibre and Velo [70] and
in the critical case by Grillarkis [74], Shatah and Struwe [193, 194], and references
therein.

In fractional derivative cases, such as the Caputo or Riemann–Liouville deriva-
tive, the problem (5.55) and (5.57) has been considered withG = 0 orG = G(x, t)

by some authors, see, e.g., [26, 52, 55, 126, 180, 187] and also [61, 76, 125].
To our knowledge, the study of the initial value problem for the fractional wave

equation in the nonlinear case is still limited. Recently, Kian and Yamamoto [112]
studied the problem (5.55) and (5.57) with an inhomogeneous source, i.e., G =
G(x, t), and then further investigated local solutions with a nonlinear source. Warma
et al. [10] considered the existence and regularity of local and global weak solutions
with a suitable growth assumption on the nonlinearity G. Very recently, the authors
have studied the uniqueness of inverse problems for a fractional equation with a
single measurement in [113].

In practice, there are some physical models which are not subjected to initial
value problem. Some phenomena cannot be observed at the time t = 0 and only can
be measured at a terminal time t = T > 0. Hence, a final value condition appears
instead of the respectively initial value one. It has great importance in engineering
areas and aimed at detecting the previous state of a physical field from its present
information. In a few sentences, we explain the presence of the equation ut (x, 0) =
0. By Yang and Liu [232], the system (5.55) and (5.56) in the two-dimensional case
can be considered as description for an imaging process, namely, to recover an exact
picture from its blurry form. The condition ut (x, 0) = 0 means that the distribution
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does not change on the interval (0, t0) when t0 is near zero. Therefore, the necessity
of studying terminal value problems or final value problems (FVPs) or backward
problems is out of any doubt.

The FVP (5.55) and (5.56) with derivatives of integer orders has been treated for
a long time, e.g., see [16, 29, 195]. In [29], Carasso considered the following final
value problem for classical wave equation (i.e., α = 2)

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

utt = (Δ+ k)2u, x ∈ Ω, 0 < t < T,

u = Δu = 0, x ∈ ∂Ω, 0 < t < T,

ut (x, 0) = g(x), x ∈ Ω,
u(x, T ) = f (x), x ∈ Ω,

where k is a given positive number which may equal several eigenvalues of −Δ,
and f , g are given functions. Up to date, little research has been done on the inverse
problems of time-space fractional diffusion equations. FVPs for fractional PDEs
can be roughly divided into two topics. The first one contains problems related to
the ill-posedness and proposes some regularization methods for approximating a
sought solution. We can list some well-known results, for example, Jia et al. [101],
Wang and Liu [220], some papers of Yamamoto and his group, see [102, 127, 130,
145, 166], Kaltenbacher and Rundell [107, 108], Rundell and Zhang [183, 184],
Janno and Kinash, see [97, 98], etc. The second topic contains problems concerning
the existence and regularity of solutions such as [147]. Investigating the existence
and regularity of solutions of ODE/PDE models plays an important role in both the
development of the ODE/PDE theory and their applications in real-life problems.
Furthermore, studying regularity helps to improve the smoothness and stability of
solutions in different spaces and hence makes the numerical simulations valuable.
This second topic has not been treated well in the literature.

As far as we know, there are only a few works analyzing the problem (5.55) and
(5.56), which provides existence, uniqueness, and some regularity estimates. The
main difficulty in the analysis of the problem (5.55) and (5.56) and the essential
difference from the traditional problems come from the nonlocality of the time
fractional derivative ∂αt . The major question for this work in our mind is: What is
the regularity of the corresponding solution u (output data ) if the given data (input
data) f,G are regular?

Our goal in this section is to find suitable Banach spaces for the given data
(f,G) in order to obtain regularity results for the corresponding solution. The
regularity estimates are important in the analysis of time discretization schemes for
the problems (5.55) and (5.56) in the future.

The difficulties of a final value problem can be briefly described as follows.
Firstly, since the fractional derivative ∂ αt is nonlocally defined on the time interval
(0, t), we cannot convert a final value problem for fractional wave equation into an
initial value problem by using some substitution methods. Secondly, the formulation
of mild solutions of a final value problem is more complex than the corresponding
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initial problem. This positively promotes us to construct new solution techniques to
deal with problem (5.55) and (5.56). Some more details can be found in Sect. 5.3.3,
where the explicit representation of solutions relies on the eigenfunctions expansion
and the Mittag–Leffler functions.

Let us describe the main results of this section in two cases as follows. The
first case is related to the properties of solutions under a globally Lipschitz (GL)
assumption on the nonlinearity corresponding to two theorems, while the second
one concerns a critical nonlinearity corresponding to the third theorem. In the first
theorem, we obtain the regularity results of solutions and their derivatives of first
and fractional orders under the (GL) assumption (H1). The key idea is based on a
Picard iteration argument and techniques to find appropriate spaces for f . Choosing
spaces of f and G is a difficult and nontrivial task when we study the regularity
of the solution. Although applications of our problem under (H1) are not wide, the
analysis and techniques here are helpful tools to study the next result. Moreover, the
existence of a mild solution in the space L∞ may not be obtained by considering
(H1). This can be overcome by considering the (GL) assumption (H2) of the
nonlinearity which is presented in the second theorem. The third theorem uses the
contraction mapping principle to prove the existence of a mild solution in the critical
case. As we know, nonlinear PDEs with critical nonlinearities are an interesting
topic. We can mention [47] and references therein. Studying the IVP for (5.55) in
the critical case is also a challenging problem. Therefore, investigating the regularity
of the mild solution and its derivatives is very difficult.

The outline of this section is as follows. In Sect. 5.3.2, we introduce some ter-
minology used throughout this work. Moreover, we obtain a precise representation
of solutions by using the Mittag–Leffler functions. In Sect. 5.3.3, we investigate
the well-posedness, and regularity of the mild solutions of the problem (5.55) and
(5.56). Three main results on the existence, uniqueness (in some suitable class
of functions), regularity of the mild solution, and its derivative are proved under
some suitable assumptions on the terminal data and nonlinearity. In Sect. 5.3.4, we
apply the theoretical results to some typical time fractional diffusion equation: time
fractional Ginzburg–Landau equation and Burger equation. Finally, in Sect. 5.3.5,
we provide full proofs of the main theorems established in Sect. 5.3.3.

5.3.2 Preliminaries

In this subsection we will recall some properties that will be useful for the study
of the well-posedness of the problem (5.55) and (5.56). We start by introducing
some functional spaces. Then we will recall some properties of Mittag–Leffler
functions. Let the operator L be considered on L2(Ω) with respect to domain
D(L ) = W

1,2
0 (Ω) ∩ W 2,2(Ω), where L2(Ω), W 1,2

0 (Ω), W 2,2(Ω) are usual
Sobolev spaces. Then the spectrum of L is a nondecreasing sequence of positive
real numbers {λj }j=1,2,... satisfying limj→∞ λj = ∞. Moreover, there exists a
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positive constant cL such that λj ≥ cL j
2/d , for all j ≥ 1, see [42]. Let us denote

by {ϕj }j=1,2,... ⊂ D(L ) the set of eigenfunctions of L , i.e., L ϕj = λjϕj , and
ϕj = 0 on ∂Ω , for all j ≥ 1. The sequence {ϕk}k=1,2,... forms an orthonormal basis
of L2(Ω), see, e.g., [109]. For a given real number γ ≥ 0, the Hilbert scale space

H
γ (Ω) :=

{

v ∈ L2(Ω) :
∞∑

j=1

λ
2γ
j |〈v, ϕj 〉|2 < ∞

}

endows with the norm

‖v‖2
Hγ (Ω) :=

∞∑

j=1

λ
2γ
j

∣
∣〈v, ϕj 〉

∣
∣2 ,

where 〈·, ·〉 is the usual product of L2(Ω). We have H0(Ω) = L2(Ω) if γ = 0, and

H
1
2 (Ω) = W

1,2
0 (Ω). We denote byH−γ (Ω) the dual space ofHγ (Ω) provided that

the dual space of L2(Ω) is identified with itself, e.g., see [159]. The space H−γ (Ω)
is a Hilbert space with respect to the norm ‖v‖2

H−γ (Ω) = ∑∞
j=1 λ

−2γ
j 〈v, ϕj 〉2−γ,γ ,

for v ∈ H
−γ (Ω), where 〈·, ·〉−γ,γ is the dual product betweenH−γ (Ω) andHγ (Ω).

We note that

〈ṽ, v〉−γ,γ = 〈ṽ, v〉, for ṽ ∈ L2(Ω), v ∈ H
γ (Ω). (5.58)

By identifying L2(Ω) with its dual space, and making use of the inclusion
H
γ (Ω) ↪→ L2(Ω), the embedding H

γ (Ω) ↪→ L2(Ω) ↪→ H
−γ (Ω) holds for

γ ≥ 0. Hence, it is suitable to call the space H
s(Ω), s ∈ R, by a Hilbert scale

space. For given numbers p ≥ 1 and ν ∈ R, let Lp(0, T ;Hν(Ω)) be the space of
all functions w : (0, T ) → H

ν(Ω) such that

‖w‖Lp(0,T ;Hν (Ω)) :=
(∫ T

0
‖w(t)‖p

Hν (Ω)
dt

)1/p

< ∞.

We denote by C([0, T ];Hν(Ω)) the space of all continuous functions from [0, T ] to
H
ν(Ω) corresponding to the usual supremum norm ‖w‖C([0,T ];Hν (Ω)) := sup0≤t≤T

‖w(t)‖Hν (Ω); and denote by Cδ([0, T ];Hν(Ω)), δ ∈ (0, 1), the space of all Hölder
continuous functions from [0, T ] toHν(Ω)with exponent δ, namely,w ∈ C([0, T ];
H
ν(Ω)) satisfies that

‖w‖Cδ([0,T ];Hν (Ω)) := sup
0≤t,s≤T ,t 
=s

‖w(t)− w(s)‖Hν (Ω)
|t − s|δ < ∞.

Let us denote by C((0, T ];Hν(Ω)) the set of all continuous functions which map
(0, T ] into H

ν(Ω). For a given number η > 0, we denote by Cη((0, T ];Hν(Ω))
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the space of all functions w in C((0, T ];Hν(Ω)) such that ‖w‖Cη((0,T ];Hν (Ω)) :=
sup0<t≤T tη‖w(t)‖Hν (Ω) < ∞, see [43].

We recall some Sobolev embeddings as follows. Let Ω be a non-empty open set
with a Lipschitz continuous boundary in R

N , N ≥ 1. Let us recall that the notation
Ws,p(Ω), s ∈ {0, 1, 2, ...}, p ≥ 1, denotes by the standard Sobolev space, e.g., see
[3]. In the case 0 ≤ s ≤ 1, the intermediary spaceWs,p(Ω) = [

Lp(Ω);W 1,p(Ω)
]

s
can be defined by

Ws,p(Ω) =
{

u ∈ Lp(Ω) : |u(x)− u(x′)|
|x − x′|Np +s ∈ Lp(Ω ×Ω)

}

.

Since Ω is a non-empty open set and possesses a Lipschitz continuous boundary in
R
N , then the following Sobolev embedding holds

Wσ,p(Ω) ↪→ Wγ,q(Ω) if

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

1 ≤ p, q < ∞,

0 ≤ γ ≤ σ < ∞,

σ − γ ≥ N

p
− N

q
.

(5.59)

By letting p = 2, γ = 0 in (5.59), one obtains that Wσ,2(Ω) ↪→ Lq(Ω) with
1 ≤ q < ∞, 0 ≤ σ < ∞, and σ ≥ N

2 − N
q
. Henceforth, setting 0 ≤ σ < N

2 infers

that 1 ≤ q ≤ 2N
N−2σ . Summarily, we obtain the following embedding:

Wσ1,2(Ω) ↪→ Lq1(Ω) if 0 ≤ σ1 <
N

2
, 1 ≤ q1 ≤ 2N

N − 2σ1
. (5.60)

This implies Wσ1,2
0 (Ω) ↪→ Lq1(Ω), and so Lq

∗
1 (Ω) = [Lq1(Ω)]∗ ↪→

[Wσ1,2
0 (Ω)]∗ = W−σ1,2(Ω) with respect to −N

2 < −σ1 ≤ 0 and q∗
1 ≥

( 2N
N−2σ1

){( 2N
N−2σ1

)− 1}−1 = 2N
N+2σ1

. Thus,

Lq2(Ω) ↪→ Wσ2,2(Ω) if − N

2
< σ2 ≤ 0, q2 ≥ 2N

N − 2σ2
. (5.61)

On the other hand, the Hilbert scale spaces and the fractional Sobolev space are
related to each other by the following embeddings:

H
s(Ω) ↪→ W 2s,2(Ω) ↪→ L2(Ω), if s ≥ 0. (5.62)

Let Eα,β(z) be the Mittag–Leffler function as in Definition 1.7. In this section,
we always consider T satisfies the following assumption (5.63).

Lemma 5.13 ([226]) Given 1 < α < 2, if the number T is large enough, then
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Eα,1(−λjT α) 
= 0, for all j ∈ N
+, (5.63)

and there exist two positive constants mα andMα such that

mα

1 + λjT α
≤
∣
∣
∣Eα,1(−λjT α)

∣
∣
∣ ≤ Mα

1 + λjT α
.

Lemma 5.14 Given 1 < α < 2 and 0 < θ < 1, for j ∈ N
+ and t ∈ (0, T ], there

hold that:

(a) zα−1Eα,α(−λj zα) ≤ Mαλ
−θ
j zα(1−θ)−1.

(b) Eα,T (−λj tα) := Eα,1(−λj tα)
Eα,1(−λjT α) ≤ Mαm

−1
α T α(1−θ)

(
T αθ + λ−θ

1

)
λθj t

−α(1−θ).

Proof The first inequality is estimated as follows:

zα−1Eα,α(−λj zα) ≤ Mαz
α−1 1

1 + λj zα

= Mαz
α−1

( 1

1 + λj zα

)θ( 1

1 + λj zα

)1−θ

≤ Mαλ
−θ
j zα(1−θ)−1,

(5.64)

and the second inequality is shown as follows:

Eα,T (−λj tα) =
∣
∣
∣
∣
Eα,1(−λj tα)
Eα,1(−λjT α)

∣
∣
∣
∣ ≤ Mα

mα

(
1 + λjT

α

1 + λj tα

)1−θ (1 + λjT
α

1 + λj tα

)θ

≤ Mα

mα
T α(1−θ)(1 + λjT

α)θ t−α(1−θ)

≤ Mαm
−1
α T α(1−θ)

(
T αθ + λ−θ

1

)
λθj t

−α(1−θ).

The proof is completed.

From now on, we will use a � b to denote the existence of a constant C > 0,
which may depend only on α, T such that a ≤ Cb.

5.3.3 Existence and Regularity

5.3.3.1 Mild Solutions

Solutions of partial differential equations can be considered in the classical, weak,
or mild sense. In this chapter, we will study mild solutions of FVP (5.55)–(5.56).
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There are many works considering the precise formulation of mild solutions to
IPVs for time fractional wave equation, such as [10, 35, 46, 112, 114, 128, 150,
172, 188], by using complex integral representations on Banach spaces or spectral
representations on Hilbert scale spaces of the Mittag–Leffler operators. In studying
FVPs for time fractional wave equation, the precise formulation of mild solutions
can be derived by using spectral representations of the inverse Mittag–Leffler
operators, such as [48, 97, 101, 107, 145, 184, 208, 220]. In what follows, we give a
definition of mild solutions to FVP (5.55)–(5.56) where the precise formulation can
be obtained by some simple computations.

In extra, for a given two-variables function w = w(x, t), we will write w(t)
instead of w(·, t) and understand w(t) as a function of the spatial variable x.

Definition 5.2 A function u inLp(0, T ;Hν(Ω)) orCη((0, T ];Hν(Ω)) (with some
suitable numbers p ≥ 1, ν ≥ 0 and η > 0) is called a mild solution of the problem
(5.55)–(5.56) if it satisfies the following equation:

u(t) =Bα(t, T )f +
∫ t

0
Pα(t − r)G(r, u(r))dr

−
∫ T

0
Bα(t, T )Pα(T − r)G(r, u(r))dr

(5.65)

in the sense of Hν(Ω), where, for 0 ≤ t ≤ T , the solution operators Bα , Pα are
given by

Bα(t, T )v :=
∞∑

j=1

Eα,1(−λj tα)
Eα,1(−λjT α) 〈v, ϕj 〉ϕj ,

Pα(t)v :=
∞∑

j=1

tα−1Eα,α(−λj tα)〈v, ϕj 〉ϕj ,
(5.66)

where v = ∑∞
j=1〈v, ϕj 〉ϕj .

Remark 5.3 A mild formulation of this IVP (5.55), (5.57) is given by

u(t) = Bα(t)u0 +
∫ t

0
Pα(t − r)G(r, u(r))dr, (5.67)

where Bα(t)w := ∑∞
j=1 Eα,1(−λj tα)〈w, ϕj 〉ϕj , see [35, 46, 112, 114, 134, 150,

172, 188], etc. It should be pointed out some core differences between the IVP
(5.55), (5.57), and the FVP (5.55)–(5.56) for fractional wave equation as what
follows.

• The solution operator Bα(t, T ) is weaker than Bα(t). Indeed, one can see that if
v ∈ L2(Ω), then Bα(t)v ∈ L∞(0, T ;L2(Ω)) and
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Bα(t, T )v /∈ L∞(0, T ;L2(Ω)) ∪ C([0, T ];L2(Ω)).

Therefore, it is actually difficult to establish the existence of mild solutions,
especially in the critical nonlinear case.

• Mild formulation of the FVP (5.55)–(5.56) contains more terms than the IVP
(5.55), (5.57). In particular, estimating the last term of (5.65) requires very clever
techniques in acting Bα(t, T ), Pα(t − r) on G(r, u(r)). In the critical nonlinear
case, it is very difficult to determine where the quantity

Bα(t, T )Pα(t − r)G(r, u(r))

belongs to and also how to bound this quantity such that its integration on the
whole interval (0, T ) is convergent.

• The Gronwall’s inequality is available to apply when we estimate solutions of the
IVP (5.55), (5.57). However, it is not available when we estimate solutions of the
FVP (5.55)–(5.56) since (5.65) contains the integral on (0, T ).

Hence, studying FVP (5.55)–(5.56) is a difficult task.

5.3.3.2 Well-Posedness of the Problem (5.55) and (5.56) Under Globally
Lipschitz Case

In the following, we study the well-posedness of the problem (5.55) and (5.56)
and regularity of the solution when we consider the following globally Lipschitz
assumptions on G:

(H1) The function G : [0, T ] × H
ν(Ω) → H

ν(Ω) satisfies G(t, 0) = 0, and
there exists a nonnegative function L1 ∈ L∞(0, T ) such that

‖G(t,w1)−G(t,w2)‖Hν (Ω) ≤L1(t)‖w1 − w2‖Hν (Ω), (5.68)

for all 0 ≤ t ≤ T , and w1, w2 ∈ H
ν(Ω).

(H2) The function G : [0, T ] × C ([0, T ];Hν(Ω)) ∩ Lq(0, T ;Hσ (Ω)) →
H
ν+1(Ω) satisfies G(t, 0) = 0, and there exists a nonnegative function L2 ∈

L∞(0, T ) such that

‖G(w1)−G(w2)‖Hν+1(Ω) ≤L2

∥
∥
∥w1 − w2

∥
∥
∥
C([0,T ];Hν (Ω))∩Lq(0,T ;Hσ (Ω)),

(5.69)

for all 0 ≤ t ≤ T , and w1, w2 ∈ C ([0, T ];Hν(Ω)) ∩ Lq(0, T ;Hσ (Ω)), where
∥
∥w1 − w2

∥
∥
C([0,T ];Hν (Ω))∩Lq(0,T ;Hσ (Ω)) =∥∥w1 − w2

∥
∥
C([0,T ];Hν (Ω))

+ ∥
∥w1 − w2

∥
∥
Lq(0,T ;Hσ (Ω)),
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and ν ≥ 0, q ≥ 1, σ ≥ 0.

In order to establish our main results, it is useful to note that

0 <
α − 1

α
<

1

2
<

1

α
< 1, as 1 < α < 2.

Besides, we recall that the Sobolev embeddingHν+θ (Ω) ↪→ H
ν(Ω) holds as ν ≥ 0

and θ ≥ 0, so there exists a positive constant C1(ν, θ) such that

∥
∥v̄
∥
∥
Hν (Ω)

≤ C1(ν, θ)
∥
∥v̄
∥
∥
Hν+θ (Ω), (5.70)

for all v̄ ∈ H
ν+θ (Ω). In addition, for the convenience purpose, the important

constants (which may appear in some proofs) are summarily given by (AP.) in the
Appendix.

The first result in Theorem 5.12 ensures the existence of a mild solution in
Lp(0, T ;Hν(Ω)) under appropriate assumptions on p, the final value data f , and
the assumption (H1) on the nonlinearity G. The idea is to construct a Cauchy
sequence in Lp(0, T ;Hν(Ω)) which will be bounded by a power function and
converge to a mild solution of the problem (5.55)–(5.56). The solution is then
bounded by the power function. After that, time continuity and spatial regularities
can be consequently derived. Furthermore, we also discuss on the existence of the
derivatives ∂t , ∂αt of the mild solution in some appropriate spaces.

Theorem 5.12 Assume that f ∈ H
ν+θ (Ω) and G satisfies (H1) such that

‖L1‖L∞(0,T ) ∈ (
0,U −1

1

)
with ν ≥ 0 and θ satisfies that α−1

α
< θ < 1, where

the constant U1 is given by (AP.) in the Appendix. Then the problem (5.55)–(5.56)
has a unique mild solution

u ∈ Lp(0, T ;Hν(Ω)) ∩ Cα(1−θ)((0, T ];Hν(Ω)),

for all p ∈
[
1, 1

α(1−θ)
)
, which corresponds to the estimate

‖u(t)‖Hν (Ω) � t−α(1−θ)‖f ‖Hν+θ (Ω). (5.71)

We also have the following spatial and time regularities:

(a) Let θ ′ satisfy that
α − 1

α
< θ ′ ≤ θ . Then u ∈ Lp(0, T ;Hν+θ−θ ′

(Ω)), for all

p ∈
[
1, 1

α(1−θ ′)

)
, which corresponds to the estimate

‖u(t)‖
Hν+θ−θ ′ (Ω) � t−α(1−θ ′)‖f ‖Hν+θ (Ω).

(b) Let 1 − θ < ν′ ≤ 2 − θ . Then u ∈ C ηglo

(
[0, T ];Hν−ν′

(Ω)
)
and
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∥
∥u(̃t)− u(t)

∥
∥
Hν−ν′ (Ω) � (̃t − t) ηglo‖f ‖Hν+θ (Ω),

and here ηglo is defined in the Appendix.

(c) Let 0 ≤ ν1 < min
{
1 − θ, α−1

α

}
. Then ∂tu ∈ Lp(0, T ;Hν−ν1− 1

α (Ω)), for all

p ∈
[
1, 1

α(1−θ−ν1)
)
, which corresponds to the estimate

‖∂tu(t)‖
H
ν−ν1− 1

α (Ω)
� t−α(1−θ−ν1)‖f ‖Hν+θ (Ω).

(d) Let 2(α−1)
α

− θ < να < 2 − 1
α

− θ . Then ∂αt u ∈ Lp(0, T ;Hν−να− 1
α (Ω)), for

any p ∈
[

1, 1

αmax
{
2−θ−να− 1

α
,1−θ

}

)

, which corresponds to the estimate

‖∂αt u(t)‖
H
ν−να− 1

α (Ω)
� t

−αmax
{
2−θ−να− 1

α
,1−θ

}

‖f ‖Hν+θ (Ω).

The hidden constants (as using the notation �) depend only on α, ν, θ, T in the
inequality (5.71), on α, ν, θ, θ ′, T in Part (a), on α, ν, θ, ν′, T in Part (b), on
α, ν, θ, ν1, T in Part (c), on α, ν, θ, να, T , λ1 in Part (d).

Proposition 5.1 By Theorem 5.12, the smoothness of the mild solution can be
summarized together as

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

u ∈
{ ⋃

1≤p< 1
α(1−θ ′)

Lp(0, T ;Hν+θ−θ ′
(Ω))

}⋂
Cα(1−θ)

(
(0, T ];Hν(Ω)),

∂tu ∈
⋃

1≤p< 1
α(1−θ−ν1)

Lp(0, T ;Hν−ν1− 1
α (Ω)),

∂αt u ∈ ⋃
1≤p< 1

αmax
{
2−θ−να− 1

α ,1−θ
} L

p(0, T ;Hν−να− 1
α (Ω)),

where values of the parameters are given by Theorem 5.12. Moreover, the spatial
regularity in Part (b) shows how the best spatial regularity of the mild solution u
can achieve. Then, by using some suitable Sobolev embeddings, one can derive the
Gradient and Laplacian estimates for the solution on Lq spaces.

Remark 5.4 In fact, one can investigate the continuity of the first order derivative
∂tu which is established in Part (d) of the above theorem. Moreover, if the
nonlinearity G is continuous in the time variable t , for instance, G verifies that

‖G(t1, v1)−G(t2, v2)‖Hν (Ω) � |t1 − t2|positive exponent + ‖v1 − v2‖Hν (Ω) ,

then one can establish the continuity of the fractional derivative ∂αt of the solution.
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In Theorem 5.12, under assumption (H1), we do not get the regularity results
of u in C ([0, T ];Hν(Ω)) or L∞(0, T ;Hν(Ω)). The main reason is that the
information at the initial time u(0) does not actually exist on H

ν(Ω). To overcome
this restriction, we are going to consider the existence of a mild solution in the
spaces C ([0, T ];Hν(Ω)) or L∞(0, T ;Hν(Ω)) by imposing the assumption (H2)
on the nonlinearityG. In addition, it is necessary to suppose a smoother assumption
on the final value data f . In the following theorem, we will build up this existence
and also a regularity result for the mild solution by using the Banach fixed point
theorem. Let us recall the fact that the embedding H

ν+1(Ω) ↪→ H
σ (Ω) holds as

0 ≤ σ ≤ ν + 1. So, there exists a positive constant C2(ν, σ ) such that

∥
∥v̄
∥
∥
Hσ (Ω)

≤ C2(ν, σ )
∥
∥v̄
∥
∥
Hν+1(Ω)

, (5.72)

for all v̄ ∈ H
ν+1(Ω).

Theorem 5.13 Let α−1
α

< θ < 1, 0 ≤ ν ≤ σ ≤ ν + 1, and 1 ≤ q < 1
α(1−θ) .

Assume that f ∈ H
ν+θ+1(Ω), and G satisfies (H2) with L2 ∈

(
0,U −1

2

)
where

U2 is given by (AP.) in the Appendix. Then, the problem (5.55)–(5.56) has a unique
mild solution

u ∈ C ([0, T ];Hν(Ω)) ∩ Lq(0, T ;Hσ (Ω)).

Moreover, we have

sup
0≤t≤T

∥
∥u(t)

∥
∥
Hν (Ω)

+
(∫ T

0

∥
∥u(t)

∥
∥q
Hσ (Ω)

dt

)1/q

� ‖f ‖Hν+θ+1(Ω). (5.73)

5.3.3.3 Well-Posedness of the Problem (5.55)–(5.56) Under Critical
Nonlinearities Case

Theorems 5.12 and 5.13 state the results in the globally Lipschitz case, and they
cannot virtually be applied in many models such as time fractional Ginzburg–
Landau, Allen–Cahn, Burger, Navier–Stokes, Schrödinger, etc., equations. In the
following, we state the well-posedness of the problem (5.55)–(5.56) under the
critical nonlinearities case.

Theorem 5.14 Assume that α ∈ (1, 2), σ ∈ (−1, 0), 0 < ν < 1 + σ , and s > 0.
Let ϑ such that ϑ ∈ (ν − σ, 1) and set μ = ν − σ . Let ζ satisfy that

ζ < min
{
α−1 − (1 + s)ϑ, ϑ(1 − s)− ν + σ

}
. (5.74)

The function G satisfies the next assumption (H3), that is, G : [0, T ] × H
ν(Ω) →

H
σ (Ω), G(0) = 0 and
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‖G(v1)−G(v2)‖Hσ (Ω) ≤ L3(t)
(
1 + ‖v1‖sHν (Ω) + ‖v2‖sHν (Ω)

)
‖v1 − v2‖Hν (Ω),

(5.75)

where L3 satisfies that L3(t)t
αζ ∈ L∞(0, T ). Set

Xα,ϑ,ν,T (R) :=
{
w ∈ Cαϑ((0, T ];Hν(Ω)), ‖w‖Cαϑ ((0,T ];Hν (Ω)) ≤ R

}
.

If f ∈ H
ν+(1−ϑ)(Ω) and K0T

sαϑ ∈ (
0,min

{ 1
2N2

−1
,Nf

})
with K0 =

‖L3(t)t
αζ‖L∞(0,T ), where the constants are formulated by (AP.) in the Appendix,

then the problem (5.55)–(5.56) has a unique mild solution u ∈ Xα,ϑ,ν,T (R̂) with
respect to the estimate

‖u(t)‖Hν (Ω) � t−αϑ ‖f ‖
Hν+(1−ϑ)(Ω) . (5.76)

Moreover, we get the following spatial and time regularities:

(a) Let ϑ ≤ ϑ ′ ≤ 1 and αϑ − 1 ≤ β ≤ αϑ; then tβu ∈ Lp(0, T ;Hν+(ϑ ′−ϑ)(Ω))
for all p ∈

[
1, 1

αϑ−β
)
, with respect to the estimate

∥
∥u(t)

∥
∥
Hν+(ϑ ′−ϑ)(Ω) � t−αϑ ′ ‖f ‖

Hν+(1−ϑ)(Ω) .

(b) Let ϑ < η ≤ ϑ + 1 and then u ∈ C ηcri
([0, T ];Hν−η(Ω)) and

∥
∥u(̃t)− u(t)

∥
∥
Hν−η(Ω) � ( t̃ − t) ηcri ‖f ‖

Hν+(1−ϑ)(Ω) ,

where ηcri is defined in the Appendix.

The hidden constants (as using the notation�) depend only on α,μ, ϑ, ζ, s, T in the
inequality (5.76), on α,μ, ϑ, ϑ ′, ζ, s, T in Part (a), on α,μ, ϑ, η, ζ, s, T in Part (b).

Remark 5.5 One can actually establish the existence of the derivatives ∂tu and ∂αt
of the solution as follows.

(i) Assume that ϑ <
μ+1
2 and let ϑ1 ∈

[
ϑ, ν−σ+1

2

)
, and then ∂tu(t) ∈

H
σ+ϑ1−1(Ω) for each t > 0, which corresponds to the estimate

‖∂tu(t)‖Hσ+ϑ1−1(Ω) � t
−α

(
2ϑ1−μ− α−1

α

)

‖f ‖
Hν+(1−ϑ)(Ω) . (5.77)

(ii) Assume that ϑ ≤ 2ν−2σ+1
3 and let ϑα ∈

[
ν−σ+2

3 , ν−σ+5
3

)
, and then ∂αt u(t) ∈

H
σ+ϑα−2(Ω) for each t > 0, which corresponds to the estimate

∥
∥∂αt u(t)

∥
∥
Hσ+ϑα−2(Ω)

� t
−max

{
α
(
ϑα−μ+2

3

)
,α(2ϑ−μ)

}

‖f ‖
Hν+(1−ϑ)(Ω). (5.78)
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The above results are weaker than Parts (c), (d) of Theorem 5.12 since the powers
in (5.77), (5.78) are really less than −1. So, we cannot obtain the existence of ∂tu,
∂αt u in the Lp space with respect to the time variable. This obviously comes from
the critical property of the nonlinearity.

5.3.4 Applications

In this subsection we apply the theory developed in this work to some well-
known equations. The classes of time fractional Ginzburg–Landau equation and
time fractional Burger equation are studied in Lq (q ≥ 1) settings via interpolation–
extrapolation scales and dual interpolation–extrapolation scales of Sobolev spaces.
We will discuss both time and spatial regularity of solutions by considering:

• The time continuities of solutions on Lq spaces with respect to the intervals
(0, T ], [0, T ]

• The Gradient and Laplacian estimates for the solutions on Lq spaces

5.3.4.1 Time Fractional Ginzburg–Landau Equation

We discuss now an application of our methods to a final value problem for a time
fractional Ginzburg–Landau equation which is stated as follows:

⎧
⎪⎪⎨

⎪⎪⎩

∂ αt u(x, t)+ L u(x, t) = ρ(t)|u(x, t)|su(x, t), x ∈ Ω, t ∈ (0, T ),
u(x, t) = 0, x ∈ ∂Ω, t ∈ (0, T ),
∂tu(x, 0) = 0, x ∈ Ω

(5.79)

associated with the final value data (5.56) and where s > 0 is a given number.

Theorem 5.15 Assume that 2 ≤ N ≤ 4:

(a) The case 0 < s <
4

N
.

Let the numbers κ , ν, σ , μ, ϑ , ϑ ′, respectively, satisfy that

κ ∈
(

0,
Ns

8

]

, ν ∈
[
N

4
− κ

s
,
N

4

)

, μ ∈
(

μ0,
N + 4

8

)

,

ϑ ∈
(

μ,
N + 4

8

)

, ϑ ′ ∈
[

ϑ + 4 −N

8
, 1

)

,
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where μ = ν − σ and μ0 := max
{
ν, s

(
N
4 − ν

)}
. If f ∈ H

ν+(1−ϑ)(Ω), and
ρ(t) ≤ Cρt

αb with b > −min
{
1
α

− (1 + s)ϑ, (ϑ − μ)− sϑ
}
and Cρ is small

enough, then the problem (5.79) has a unique mild solution u such that:

(Time regularity) u ∈ Cαϑ((0, T ];L4(Ω)) ∩ C ηcri
([0, T ];Hν−η(Ω)), where

ϑ < η ≤ ϑ + 1. This solution satisfies the estimate

tαϑ ‖u(t)‖L4(Ω) 1t>0 + ‖u(t + γ )− u(t)‖Hν−η(Ω)
γ ηcri

1t≥0 � ‖f ‖
Hν+(1−ϑ)(Ω) .

(5.80)

(Spatial regularity) For each t > 0, u(t) belongs toW 1, 4N
3N−8ν (Ω) and verifies the

estimate

tαϑ
′∥∥∇u(t)∥∥

L
4N

3N−8ν (Ω)
+ tαϑ

′∥∥(−Δ)ϑ ′−ϑu(t)
∥
∥
L4(Ω)

� ‖f ‖
Hν+(1−ϑ)(Ω) .

(5.81)

(b) The case s ≥ 4

N
.

Let the numbers ν, σ , μ, ϑ , ϑ ′, respectively, satisfy that

ν ∈
[
N

4
− 1

2s
,
N

4

)

, μ ∈
(

μ0,
N + 4

8

)

,

ϑ ∈
(

μ,
N + 4

8

)

, ϑ ′ ∈
[

ϑ + 4 −N

8
, 1

)

,

whereupon μ = ν − σ and μ0 := max
{
ν, s

(
N
4 − ν

)}
. If f ∈ H

ν+(1−ϑ)(Ω), and
ρ(t) ≤ Cρt

αb such that b > −min
{
1
α

− (1 + s)ϑ, (ϑ − μ)− sϑ
}
and Cρ is small

enough, then the problem (5.79) has a unique mild solution u such that:

(Time regularity) u ∈ Cαϑ((0, T ];LNs(Ω)) ∩ C ηcri
([0, T ];Hν−η(Ω)), where

ϑ < η ≤ ϑ + 1. This solution satisfies the estimate

tαϑ ‖u(t)‖LNs(Ω) 1t>0 + ‖u(t + γ )− u(t)‖Hν−η(Ω)
γ ηcri

1t≥0 � ‖f ‖
Hν+(1−ϑ)(Ω) .

(5.82)

(Spatial regularity) For each t > 0, u(t) belongs toW 1, 4N
3N−8ν (Ω) and verifies the

estimate

tαϑ
′∥∥∇u(t)∥∥

L
4N

3N−8ν (Ω)
+ tαϑ

′∥∥(−Δ)ϑ ′−ϑu(t)
∥
∥
LNs(Ω)

� ‖f ‖
Hν+(1−ϑ)(Ω) .

(5.83)
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Proof

(a) This proof will be based on applying and improving Theorem 5.14 actually. We
firstly give some explanations that the assumptions in this part are suitable:

• 0 < κ <
1

2
since

Ns

8
<
N
(

4
N

)

8
= 1

2
as the assumption s <

4

N
.

• 0 < κ ≤ 3N − 4

8
s since

Ns

8
≤ Ns(

8N
3N−4

) = 3N − 4

8
by the fact that 8 ≥

8N

3N − 4
.

• ν ≥ N

8
since ν ≥ N

4
− κ

s
≥ N

4
− N

8
= N

8
as the assumption ν ≥ N

4
− κ

s

and κ ≤ Ns

8
.

• The interval

(

μ0,
N + 4

8

)

is not really empty. Indeed, it is easy to see from

ν <
N

4
and

N

4
<
N + 4

8
that ν <

N + 4

8
. Moreover, we have

s

(
N

4
− ν

)

≤ s

(
N

4
−
(
N

4
− κ

s

))

= κ <
1

2
<
N + 4

8
,

by using the assumption ν >
N

4
− κ

s
and noting that κ <

1

2
.

• The interval

[

ϑ + 4 −N

8
, 1

)

is also not empty as ϑ <
N + 4

8
.

• The number σ belongs to

(

−N
4
, 0

)

since σ = ν − μ ≤ μ0 − μ < 0, and

furthermore

ν − μ >
N

4
− κ

s
− N + 4

8
≥ N

4
− 3N − 4

8
− N + 4

8
= −N

4
,

by using the assumption ν ≥ N

4
− κ

s
and the fact that κ <

3N − 4

8
s.

Secondly, we obtain some important Sobolev embeddings which help to
establish the existence of a mild solution. By applying the embeddings (5.61)–
(5.62), and the dualities

[
H

−σ (Ω)
]∗ = H

σ (Ω),
[
W−2σ,2(Ω)

]∗ = W 2σ,2(Ω),
one can see that:
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• The Sobolev embedding L
2N

N−4σ (Ω) ↪→ W 2σ,2(Ω) holds as −N
2
< 2σ <

0,
2N

N − 4σ
= 2N

N − 2(2σ)
.

• The Sobolev embedding H
−σ (Ω) ↪→ W−2σ,2(Ω) holds as −σ > 0, which

implies thatW 2σ,2(Ω) ↪→ H
σ (Ω) holds.

As a consequence of the above embeddings, we obtain the following Sobolev
embedding:

L
2N

N−4σ (Ω) ↪→ H
σ (Ω). (5.84)

By the assumption s
(
N
4 − ν

) ≤ μ0 < μ, we have

2N(1 + s)

N − 4σ
= 2N(1 + s)

N − 4(ν − μ)
≤ 2N(1 + s)

N − 4ν + 4s
(
N
4 − ν

) = 2N

N − 4ν
.

Therefore, using (5.61) yields that

W 2ν,2(Ω) ↪→ L
2N(1+s)
N−4σ (Ω) since 0 ≤ 2ν <

N

2
,
2N(1 + s)

N − 4σ
≤ 2N

N − 4ν
.

Besides, using (5.62) invokes that Hν(Ω) ↪→ W 2ν,2(Ω), as ν ≥ 0, which
consequently infers the embedding

H
ν(Ω) ↪→ L

2N(1+s)
N−4σ (Ω). (5.85)

Thirdly, let us set the nonlinearity G(v) := ρ(t)|v|sv, and show that G
satisfies H3. Indeed, it is obvious that |G(v1) − G(v2)| is pointwise bounded
by (1 + s) (|v1|s + |v2|s) |v1 − v2|, and so one can derive the following chain
of the estimates:

‖G(v1)−G(v2)‖Hσ (Ω)
� ‖G(v1)−G(v2)‖

L
2N

N−4σ (Ω)

� ρ(t)

[
∥
∥|v1|s |v1 − v2|

∥
∥
L

2N
N−4σ (Ω)

+ ∥
∥|v2|s |v1 − v2|

∥
∥
L

2N
N−4σ (Ω)

]

� ρ(t)

(

‖v1‖s
L

2N(1+s)
N−4σ (Ω)

+ ‖v2‖s
L

2N(1+s)
N−4σ (Ω)

)

‖v1 − v2‖
L

2N(1+s)
N−4σ (Ω)

� ρ(t)
(
‖v1‖sHν (Ω) + ‖v2‖sHν (Ω)

)
‖v1 − v2‖Hν (Ω) ,
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where the embedding (5.84) has been used in the first estimate, the pointwise
boundedness in the second estimate, the Hölder’s inequality in the third esti-
mate, and the embedding (5.85) in the last estimate. Therefore, we can take the
Lipschitz coefficient in the form K(t) = KGinρ(t) with some positive constant

KGin. Furthermore, the assumption b > −min
{
1
α

− (1 + s)ϑ, (ϑ − μ)− sϑ
}

ensures that there always exists a real constant ζ such that

−b < ζ < min

{
1

α
− (1 + s)ϑ, (ϑ − μ)− sϑ

}

,

and then one derives K(t) ≤ CρKGint
−αζ tα(b+ζ ) ≤ K0t

−αζ , where K0 =
CρKGinT

α(b+ζ ). We conclude that ζ and G satisfy the assumptions of The-
orem 5.14. It is obvious that all assumptions of this theorem also fulfill the
assumptions of Theorem 5.14. Thus, applying Theorem 5.14 invokes that
the problem (5.79) has a unique mild solution u ∈ Cαϑ((0, T ];Hν(Ω)) ∩
C ηcri

([0, T ];Hν−η(Ω)) with Cρ is small enough. Now, the assumption ν ≥
N

4
− κ

s
invokes that

2N

N − 4ν
≥ 2N

N − 4
(
N
4 − κ

s

) = 2N
(
4 κ
s

) ≥ 2N
(
4N8

) = 4, (5.86)

where
κ

s
≤ N

8
. Hence, we infer from Ω is a bounded domain that

L
2N
N−4ν (Ω) ↪→ L4(Ω). Besides, applying the embedding (5.60) again combined

with the above embedding to allow that

W 2ν,2(Ω) ↪→ L
2N
N−4ν (Ω) ↪→ L4(Ω),

where we note that 0 < 2ν < N
2 ,

2N
N−4ν = 2N

N−2(2ν) . Therefore, we deduce that

u ∈ Cαϑ((0, T ];L4(Ω)) ∩ C ηcri
([0, T ];Hν−η(Ω)) ,

where ϑ < η ≤ ϑ + 1 as in Part (b) of Theorem 5.14 and

tαϑ ‖u(t)‖L4(Ω) 1t>0 + ‖u(t + γ )− u(t)‖Hν−η(Ω)
γ ηcri

1t≥0 � ‖f ‖
Hν+(1−ϑ)(Ω) .

This shows the inequality (5.80). Finally, we need to prove the inequality (5.81).
Indeed, we have

ϑ ′ − ϑ ≥ 4 −N

8
as ϑ ′ ∈

[

ϑ + 4 −N

8
, 1

)

, (5.87)
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which associates with ν ≥ N

8
that ν+(ϑ ′ −ϑ) ≥ N

8
+ 4 −N

8
= 1

2
. Therefore,

we obtain:

• The Sobolev embedding H
ν+(ϑ ′−ϑ)(Ω) ↪→ W 2ν+2(ϑ ′−ϑ),2(Ω) holds as ν +

(ϑ ′ − ϑ) > 0.

• The Sobolev embedding W 2ν+2(ϑ ′−ϑ),2(Ω) ↪→ W 1, 4N
3N−8ν (Ω) holds by

using the embedding (5.59) as
4N

3N − 8ν
≥ 1 and 2ν + 2(ϑ ′ − ϑ) ≥ 1,

where we note from (5.87) that

2ν + 2(ϑ ′ − ϑ)− 1 ≥ 2ν + 2

(
4 −N

8

)

− 1 = 2ν − N

4
= N

2
− N
(

4N
3N−8ν

) .

Two above embeddings consequently infer that the Sobolev embedding

H
ν+(ϑ ′−ϑ) (Ω) ↪→ W 1, 4N

3N−8ν (Ω) holds. Hence, we deduce from Part (a)

of Theorem 5.14 that u(t) ∈ W 1, 4N
3N−8ν (Ω) with respect to the estimate

tαϑ
′∥∥∇u(t)∥∥

L
4N

3N−8ν (Ω)
+ tαϑ

′∥∥(−Δ)ϑ ′−ϑu(t)
∥
∥
L4(Ω)

� ‖f ‖
Hν+(1−ϑ)(Ω) ,

which finalizes the proof of Part (a) of this theorem.

(b) We note from Part (a) that the mediate number κ belongs to the interval
(
0, 12

)
.

In this part, we try to extend the method in Part (a) with κ = 1
2 . It is important

to explain the similarities and differences between the numbers in this part from
Part (a) as follows:

• ν ≥ N

8
since ν ≥ N

4
− 1

2s
≥ N

4
− 1

2
(

4
N

) = N

8
by employing ν ≥ N

4
− 1

2s

and s ≥ 4

N
.

• The interval

(

μ0,
N + 4

8

)

is not really empty since

s

(
N

4
− ν

)

≤ s

(
N

4
−
(
N

4
− 1

2s

))

= 1

2
<
N + 4

8
.

• The number σ belongs to

(

−N
4
, 0

)

since

ν − μ >
N

4
− 1

2s
− N + 4

8
≥ N

4
− 1

2
(

4
N

) − N + 4

8
= −1

2
≥ −N

4
,
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by also employing ν ≥ N

4
− 1

2s
and s ≥ 4

N
.

By using the same methods as Part (a), one can establish the existence and
uniqueness of a mild solution u to the problem (5.79) in Cαϑ((0, T ];Hν(Ω)) ∩
C ηcri ([0, T ]; Hν−η(Ω)) with Cρ is small enough. Next, the inequality (5.86) can
be modified as

2N

N − 4ν
≥ 2N

N − 4
(
N
4 − 1

2s

) = Ns.

Hence, we obtain the Sobolev embedding

W 2ν,2(Ω) ↪→ L
2N
N−4ν (Ω) ↪→ LNs(Ω),

which deduces the inequality (5.82). Moreover, we also have ν + (ϑ ′ − ϑ) ≥ 1
2 by

noting the assumption ϑ ′ ∈
[
ϑ + 4−N

8 , 1
)
and the fact that ν ≥ N

8 . Then, we obtain

the Sobolev embedding

H
ν+(ϑ ′−ϑ)(Ω) ↪→ W 1, 4N

3N−8ν (Ω),

and the inequality (5.83) also holds. We finally complete the proof.

5.3.4.2 Time Fractional Burgers Equation

In the following, we deal with a terminal value problem for a time fractional Burgers
equation which is given by

⎧
⎪⎪⎨

⎪⎪⎩

∂ αt u(x, t)+ ρ(t)(u · ∇)u(x, t) = Δu(x, t), x ∈ Ω, 0 < t < T,

u(x, t) = 0, x ∈ ∂Ω, 0 < t < T,

∂tu(x, 0) = 0, x ∈ Ω
(5.88)

associated with the final value data (5.56). Here f and ρ are given functions, and the
operator A is −Δ which acts on L2(Ω) with its domain W 1,2

0 (Ω) ∩W 2,2(Ω). In
the following, we will apply Theorem 5.14 to obtain a mild solution of the problem
(5.88) and then obtain the spatial regularity with an Lq(Ω)-estimate for ∇u and an
H
ν(Ω)-estimate for (−Δ)ϑ ′−ϑu.

Theorem 5.16 Assume that 3 ≤ N ≤ 4 (N is the dimension ofΩ). Let the numbers
ν, σ , μ, ϑ , ϑ ′, respectively, satisfy that
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ν ∈
[
1

2
,
N

4

)

,

μ ∈
[

μ2,
N + 4

8

)

, ϑ ∈
(

μ,
N + 4

8

)

, ϑ ′ ∈
[

ϑ + 4 −N

8
, 1

)

,

where μ = ν − σ and μ2 := max
{
ν, N+2

4 − ν
}
.

If ρ(t) ≤ Cρt
b with b > −min

{
−μ, 1

α
− 2ϑ

}
, f ∈ H

ν+(1−ϑ)(Ω), and Cρ is

small enough, then the problem (5.88) has a unique mild solution u such that the
following conclusions hold:

(a) (Time regularity) Let ϑ < η ≤ ϑ + 1. Then we have

u ∈ Cαϑ((0, T ];L 2N
4μ−2 (Ω)) ∩ C ηcri

([0, T ];Hν−η(Ω)) ,

and time regularity result for u holds

tαϑ ‖u(t)‖
L

2N
4μ−2 (Ω)

+ ‖u(t + γ )− u(t)‖Hν−η(Ω)
γ ηcri

� ‖f ‖
Hν+(1−ϑ)(Ω) . (5.89)

(b) (Spatial regularity) For each t > 0, u(t) belongs toW 1, 4N
3N−4 (Ω) and satisfies

the following estimate:

tαϑ
′∥∥∇u(t)∥∥

L
4N

3N−4 (Ω)
+ tαϑ

′∥∥(−Δ)ϑ ′−ϑu(t)
∥
∥
Hν (Ω)

� ‖f ‖
Hν+(1−ϑ)(Ω) .

(5.90)

Proof In order to prove this theorem, we will apply Theorem 5.14 and then improve
the time and spatial regularities of the mild solution. Let us set G(t, v) = ρ(t)(v ·
∇)v and show that G satisfies the assumption (H3) corresponding to s = 1. Firstly,
we analyze the values of the numbers ν, σ , μ, ϑ , ϑ ′ as follows:

• The interval

[

μ2,
N + 4

8

)

is not empty since ν <
N + 4

8
as ν <

N

4
≤ N + 4

8
(here N ≤ 4), and N+2

4 − ν < N+2
4 − 1

2 <
N+2
4 − N

8 = N+4
8 .

• The numbers
N − 4σ

4μ− 2
,
N − 4σ

N + 2 − 4ν
are greater than 1. Indeed, μ > μ2 ≥ ν ≥ 1

2
and

N − 4σ

4μ− 2
= N + 2 − 4ν

4μ− 2
+ 1 >

N + 2 − 4
(
N
4

)

4μ− 2
+ 1 > 1,

N − 4σ

N + 2 − 4ν
= 4μ− 2

N + 2 − 4ν
+ 1 > 1.
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Moreover, these are the dual numbers of each other.

Therewith, one can obtain the following chains of the Sobolev embeddings by
applying (5.59), (5.60), and (5.61):

• The Sobolev embedding L
2N

N−4σ (Ω) ↪→ W 2σ,2(Ω) holds as −N
2
< 2σ ≤ 0,

2N

N − 4σ
= 2N

N − 2(2σ)
, andW 2σ,2(Ω) ↪→ H

σ (Ω) as σ ≤ 0, and so that

L
2N

N−4σ (Ω) ↪→ W 2σ,2(Ω) ↪→ H
σ (Ω). (5.91)

• The Sobolev embedding H
ν(Ω) ↪→ W 2ν,2(Ω) holds as ν ≥ 0, and

W 2ν,2(Ω) ↪→ W 1, 2N
N+2−4ν (Ω) as ν ≥ 1

2
, 2ν − 1 = N

2
− N/

(
2N

N+2−4ν

)
,

which implies that the following Sobolev embedding

H
ν(Ω) ↪→ W 2ν,2(Ω) ↪→ W 1, 2N

N+2−4ν (Ω). (5.92)

• The Sobolev embedding W 2ν,2(Ω) ↪→ L
2N

4μ−2 (Ω) holds as 0 < 2ν <
N

2
, 1 ≤

2N

4μ− 2
≤ 2N

N − 4ν
(ν < μ), and henceforth

H
ν(Ω) ↪→ W 2ν,2(Ω) ↪→ L

2N
4μ−2 (Ω). (5.93)

• The Sobolev embedding H
ν+(ϑ ′−ϑ)(Ω) ↪→ W 2ν+2(ϑ ′−ϑ),2(Ω) ↪→ W 2−N

4 ,2(Ω)

holds since ν + (ϑ ′ − ϑ) ≥ 1

2
+ 4 −N

8
= 1 − N

8
by using the assumption

ϑ ′ ∈
[

ϑ + 4 −N

8
, 1

)

. In addition,W 2−N
4 ,2(Ω) ↪→ W 1, 4N

3N−4 (Ω) as 2−N

4
≥ 1,

2 − N

4
− 1 = N

2 −N/

(
4N

3N − 4

)

. Therefore, we obtain the following Sobolev

embedding:

H
ν+(ϑ ′−ϑ)(Ω) ↪→ W 2ν+2(ϑ ′−ϑ),2(Ω) ↪→ W 2−N

4 ,2(Ω) ↪→ W 1, 4N
3N−4 (Ω).

(5.94)

On account of the above embeddings, and the Hölder’s inequality, we deduce the
following chain of the estimates:

‖G(v1)−G(v2)‖Hσ (Ω)
� ρ(t)

(‖(v1 · ∇)(v1 − v2)‖Hσ (Ω) + ‖((v1 − v2) · ∇)v2‖Hσ (Ω)
)
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� ρ(t)

(

‖(v1 · ∇)(v1 − v2)‖
L

2N
N−4σ (Ω)

+ ‖((v1 − v2) · ∇)v2‖
L

2N
N−4σ (Ω)

)

� ρ(t)

(

‖v1‖
L

2N
N−4σ

N−4σ
4μ−2 (Ω)

‖∇(v1 − v2)‖
L

2N
N−4σ

N−4σ
N+2−4ν (Ω)

+ ‖v1 − v2‖
L

2N
N−4σ

N−4σ
4μ−2 (Ω)

‖∇v2‖
L

2N
N−4σ

N−4σ
N+2−4ν (Ω)

)

= ρ(t)

(

‖v1‖
L

2N
4μ−2 (Ω)

‖∇(v1 − v2)‖
L

2N
N+2−4ν (Ω)

+ ‖v1 − v2‖
L

2N
4μ−2 (Ω)

‖∇v2‖
L

2N
N+2−4ν (Ω)

)

� ρ(t)
(‖v1‖Hν (Ω) + ‖v2‖Hν (Ω)

) ‖v1 − v2‖Hν (Ω) ,

where the chain (5.91) has been used in the first estimate, the triangle inequality in
the second estimate, the Hölder’s inequality with the dual numbers N−4σ

4μ−2 ,
N−4σ
N+2−4ν

in the third one, and the chains (5.92) and (5.93) in the last one. This means that G
is really a critical nonlinearity from H

ν(Ω) to H
σ (Ω) with respect to s = 1 and

N(v1, v2) = ‖v1‖Hν (Ω) + ‖v2‖Hν (Ω). Furthermore, we can write K(t) = ρ(t)KBur
with a positive constant KBur. Let us take ζ satisfies that

−b < ζ < min

{

−μ, 1
α

− 2ϑ

}

,

and then one has K(t) ≤ K0t
−αζ , where K0 = CρKBurT

α(b+ζ ). Due to the above
arguments, we consequently conclude that G fulfills the assumption (H3). One
can check that all numbers in this theorem obviously satisfy the assumptions of
Theorem 5.14. Hence, we can apply Theorem 5.14, and the chain (5.93) ensures
that the problem (5.88) has a unique mild solution

u ∈ Cαϑ((0, T ];L 2N
4μ−2 (Ω)) ∩ C ηcri

([0, T ];Hν−η(Ω)) ,

with Cρ is small enough. Besides, the boundedness (5.76) and Part (b) of Theo-
rem 5.14 can be combined to allow the following estimate:

tαϑ ‖u(t)‖
L

2N
4μ−2 (Ω)

+ ‖u(t + γ )− u(t)‖Hν−η(Ω)
γ ηcri

� ‖f ‖
Hν+(1−ϑ)(Ω) ,

i.e., the inequality (5.89) is easily obtained. We now prove the spatial regularity.
Indeed, Part (a) of Theorem 5.14 can be rewritten as (−Δ)ϑ ′−ϑu(t) ∈ H

ν(Ω) with
respect to the estimate

∥
∥(−Δ)ϑ ′−ϑu(t)

∥
∥
L

2N
4μ−2 (Ω)

�
∥
∥(−Δ)ϑ ′−ϑu(t)

∥
∥
Hν (Ω)

� t−αϑ ′ ‖f ‖
Hν+(1−ϑ)(Ω) .
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On the other hand, by using the chain (5.94), we deduce that

∥
∥∇u(t)∥∥

L
4N

3N−4 (Ω)
�
∥
∥(−Δ)ϑ ′−ϑu(t)

∥
∥
Hν (Ω)

� t−αϑ ′ ‖f ‖
Hν+(1−ϑ)(Ω) ,

which implies the inequality (5.90).

5.3.5 Proof of Theorems

In this subsection, we give full proofs for Theorem 5.12, Theorem 5.13, and
Theorem 5.14. We prove Theorem 5.12 by using some new techniques of the Picard
approximation method. We show Theorem 5.13 by applying Banach fixed point
theorem. And we end the subsection by proving Theorem 5.14. For the sake of
convenience, some important constants, which will be used in the proofs, will be
listed in part (AP.) of the Appendix.

5.3.5.1 Proof of Theorem 5.12

Let us begin with the proof of Theorem 5.12 by using Picard approximation method.
We construct a Picard sequence defined by Lemma 5.15. With some appropriate
assumptions, we will bound the sequence by a power function. Then, we can prove
it is a Cauchy sequence in a Banach space as Lemma 5.16. Now, we consider two
following lemmas.

Lemma 5.15 Let the Picard sequence {w(k)}k=1,2,... be defined by w(1)(t) = f,

and

w(k+1)(t) =Bα(t, T )f +
∫ t

0
Pα(t − r)G(r,w(k)(r))dr

−
∫ T

0
Bα(t, T )Pα(T − r)G(r,w(k)(r))dr, 0 ≤ t ≤ T .

(5.95)

Then, for all t > 0, k ∈ N
+ it holds

∥
∥
∥w

(k)(t)

∥
∥
∥
Hν (Ω)

≤ N1t
−α(1−θ)‖f ‖Hθ+ν (Ω), (5.96)

where N1 is given by (AP.) in the Appendix.

Lemma 5.16 Let {u(k)}k=1,2,... be the sequence defined by Lemma 5.15, and then
it is a bounded and Cauchy sequence in the Banach space Lp(0, T ;Hν(Ω)) with
p ∈

[
1, 1

α(1−θ)
)
.



302 5 Inverse Problems of Fractional Wave Equations

Proof of Lemma 5.15 Let us consider the case k = 1. First, ‖f ‖Hν (Ω) is bounded
by C1(ν, θ)‖f ‖Hν+θ (Ω) upon the embedding (5.70). Furthermore, it is obvious to
see from (AP.) in the Appendix that N1 ≥ C1(ν, θ)t

α(1−θ) by noting the number
α(1−θ) be contained in the interval (0, 1). These easily imply the desired inequality
(5.96) for k = 1. Assume that (5.96) holds for k = n. This means that

∥
∥
∥w

(n)(t)

∥
∥
∥
Hν (Ω)

≤ N1t
−α(1−θ)‖f ‖Hν+θ (Ω). (5.97)

We show that (5.96) holds for k = n+ 1. Thanks to the definition (5.66), using the
fact that {ϕj } is an orthonormal basis of L2(Ω), and then using Lemma 5.14, one
arrives at

∥
∥
∥Bα(t, T )f

∥
∥
∥
Hν (Ω)

≤Mαm
−1
α T α(1−θ)

(
T αθ + λ−θ

1

)
t−α(1−θ)

( ∞∑

j=1

λ
2(ν+θ)
j 〈f, ϕj 〉2

)1/2

=Mαm
−1
α T α(1−θ)

(
T αθ + λ−θ

1

)
t−α(1−θ) ‖f ‖Hν+θ (Ω) .

Next, let us estimate the integrals by using the assumption (H1). The idea is to try
to bound them by the convergent improper integrals. Indeed, one can show that

∥
∥
∥
∥

∫ t

0
Pα(t − r)G(r,w(n)(r))dr

∥
∥
∥
∥
Hν (Ω)

≤
∫ t

0

∥
∥
∥
∥

∞∑

j=1

(t − r)α−1Eα,α(−λj (t − r)α)Gj (r, w
(n)(r))ϕj

∥
∥
∥
∥
Hν (Ω)

dr

≤Mαλ
−θ
1

∫ t

0
(t − r)α(1−θ)−1

∥
∥
∥G(r,w

(n)(r))

∥
∥
∥
Hν (Ω)

dr

≤‖L1‖L∞(0,T )Mαλ
−θ
1

∫ t

0
(t − r)α(1−θ)−1

∥
∥
∥w

(n)(r)

∥
∥
∥
Hν (Ω)

dr.

(5.98)

On the other hand, the quantity Eα,T (−λj tα)(T − r)α−1Eα,α(−λj (T − r)α) is
obviously bounded by M1(T − r)α(1−θ)−1t−α(1−θ) due to applying Lemma 5.14.
Here, the constant M1 is given by (AP.) in the Appendix. We then get the following
estimate
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∥
∥
∥
∥

∫ T

0
Bα(t, T )Pα(T − r)G(r,w(n)(r))dr

∥
∥
∥
∥
Hν (Ω)

≤
∫ T

0

∥
∥
∥
∥

∞∑

j=1

(T − r)α−1Eα,T (−λj tα)Eα,α(−λj (T − r)α)Gj (r, w
(n)(r))ϕj

∥
∥
∥
∥
Hν (Ω)

dr

≤‖L1‖L∞(0,T )M1t
−α(1−θ)

∫ T

0
(T − r)α(1−θ)−1

∥
∥
∥w

(n)(r)

∥
∥
∥
Hν (Ω)

dr.

(5.99)

According to the above inequalities, we need to estimate the integral

∫ t

0
(t − r)α(1−θ)−1‖w(n)(r)‖Hν (Ω)dr.

To do this, we will apply the inductive hypothesis (5.97). Moreover, by also
using the facts that 1 ≤ T α(1−θ)t−α(1−θ) for all 0 < t ≤ T , and

∫ t
0 (t −

r)α(1−θ)−1r−α(1−θ)dr is equal to π/ sin(πα(1 − θ)), we consequently obtain the
following estimates:

∫ t

0
(t − r)α(1−θ)−1‖w(n)(r)‖Hν (Ω)dr

≤N1‖f ‖Hν+θ (Ω)
∫ t

0
(t − r)α(1−θ)−1r−α(1−θ)dr

≤N1‖f ‖Hν+θ (Ω)
πT α(1−θ)

sin(πα(1 − θ))
t−α(1−θ).

(5.100)

Here, in the last inequality, we use (AP.1) in the Appendix. By similar arguments as
above, we get

∥
∥
∥
∥

∫ t

0
Pα(t − r)G(r,w(n)(r))dr

∥
∥
∥
∥
Hν (Ω)

+
∥
∥
∥
∥

∫ T

0
Bα(t, T )Pα(T − r)G(r,w(n)(r))dr

∥
∥
∥
∥
Hν (Ω)

≤‖L1‖L∞(0,T )U1N1t
−α(1−θ)‖f ‖Hν+θ (Ω).

(5.101)

From some preceding estimates and by some simple computations, we can find that

‖w(n+1)(t)‖Hν (Ω) ≤
∥
∥
∥Bα(t, T )f

∥
∥
∥
Hν (Ω)

+
∥
∥
∥

∫ t

0
Pα(t − r)G(r,w(n)(r))dr

∥
∥
∥
Hν (Ω)
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+
∥
∥
∥
∥

∫ T

0
Bα(t, T )Pα(T − r)G(r,w(n)(r))dr

∥
∥
∥
∥
Hν (Ω)

≤
(
M1M

−1
α + ‖L1‖L∞(0,T )U1N1

)
t−α(1−θ)‖f ‖Hν+θ (Ω)

≤N1t
−α(1−θ)‖f ‖Hν+θ (Ω).

By inductive method, we deduce that (5.97) holds for any k = n ∈ N
+.

Proof of Lemma 5.16 Since p ∈ [1, 1
α(1−θ) ), we know that the function t �→

t−α(1−θ) is Lp(0, T )-integrable which implies that
{
u(n)

}
is a bounded sequence

in Lp(0, T ;Hν(Ω)). Hence, it is necessary to prove
{
u(n)

}
is a Cauchy sequence.

By using the notation u(n,k) := u(n+k) − u(n) and using triangle inequality, one has
the following estimate:

∥
∥
∥u(n+1,k)(t)

∥
∥
∥
Hν (Ω)

≤‖L1‖L∞(0,T )Mαλ
−θ
1

∫ t

0
(t − r)α(1−θ)−1

∥
∥u(n,k)(r)

∥
∥
Hν (Ω)

dr

+ ‖L1‖L∞(0,T )M1t
−α(1−θ)

∫ T

0
(T − r)α(1−θ)−1

∥
∥u(n,k)(r)

∥
∥
Hν (Ω)

dr.

Similarly as the proof of Lemma 5.15, one can use the inductive hypothe-
sis to estimate the above right-hand side. Then by iterating the same com-
putations in Lemma 5.15, we can bound ‖u(n+1,k)(·, t)‖Hν (Ω) by the quantity
2N1(‖L1‖L∞(0,T )U1)

n t−α(1−θ)‖f ‖Hν+θ (Ω). Summarily, one can obtain the follow-
ing conclusion by the inductive method:

∥
∥u(n,k)(t)

∥
∥
Hν (Ω)

≤ 2N1

(
‖L1‖L∞(0,T )U1

)n−1
t−α(1−θ)‖f ‖Hν+θ (Ω), (5.102)

which completed the proof by letting n → ∞.

Proof of Theorem 5.12 We firstly prove the existence of a mild solution u in the
space Lp(0, T ;Hν(Ω)) and then obtain its continuity in the following steps (1 and
2). After that, we will present the proofs the Parts (a)–(d) in the sequel.

Step 1. Prove the existence of a mild solution u in the space Lp(0, T ;Hν(Ω)).
Since Lp(0, T ;Hν(Ω)) is a Banach space and {u(n)} is a Cauchy sequence

in Lp(0, T ;Hν(Ω)), thanks to Lemmas 5.15, 5.16, we deduce that there exists a
function u ∈ Lp(0, T ;Hν(Ω)) such that limn→+∞ u(n) = u. Now, we show that u
is a mild solution of the problem (5.55)–(5.56) by showing that u = Ju, where
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Ju(t) :=Bα(t, T )f +
∫ t

0
Pα(t − r)G(r, u(r))dr

−
∫ T

0
Bα(t, T )Pα(T − r)G(r, u(r))dr.

(5.103)

Since the sequence {u(n)} converges to u in Lp(0, T ;Hν(Ω))-norm, there exists a
sub-sequence {u(nm)} that pointwise converges to u, i.e., u(nm)(t) → u(t) inHν(Ω)-
norm for almost everywhere t in (0, T ). Let us denote by v(nm) := u(nm) − u. This
fact and taking k → ∞ in the estimate (5.102) allow us to obtain

∥
∥v(nm)(t)

∥
∥
Hν (Ω)

≤ 2N1

(
‖L1‖L∞(0,T )U1

)nm−1
t−α(1−θ)‖f ‖Hν+θ (Ω), (5.104)

for almost everywhere t in (0, T ). Moreover, we note from Lemma 5.15 that this
sub-sequence is also bounded by the power function t �→ t−α(1−θ). These help us
to apply dominated convergence theorem as follows. Indeed, it is obvious that the
quantities

∫ t

0
(t − r)α(1−θ)−1

∥
∥v(nm)(r)

∥
∥
Hν (Ω)

dr,

t−α(1−θ)
∫ T

0
(T − r)α(1−θ)−1

∥
∥v(nm)(r)

∥
∥
Hν (Ω)

dr

pointwise converge to zero by (5.104) as nm → ∞ and are bounded by Lp(0, T )-
integrable functions. Thus, the same computations as (5.98) show

∥
∥
∥
∥

∫ t

0
Pα(t − r)

(
G(r, u(nm)(r))−G(r, u(r))

)
dr

∥
∥
∥
∥

p

Lp(0,T ;Hν (Ω))

=
∫ T

0

∥
∥
∥
∥

∫ t

0
Pα(t − r)

(
G(r, u(nm)(r))−G(r, u(r))

)
dr

∥
∥
∥
∥

p

Hν (Ω)

dt

≤
∫ T

0

{∫ t

0
(t − r)α(1−θ)−1

∥
∥v(nm)(r)

∥
∥
Hν (Ω)

dr

}p

dt,

(5.105)

and by using a similar way as in (5.99), we have the following bound:

∥
∥
∥
∥

∫ T

0
Bα(t, T )Pα(T − r)

(
G(r, u(nm)(r))−G(r, u(r))

)
dr

∥
∥
∥
∥

p

Lp(0,T ;Hν (Ω))

=
∫ T

0

∥
∥
∥
∥

∫ T

0
Bα(t, T )Pα(T − r)

(
G(r, u(nm)(r))−G(r, u(r))

)
dr

∥
∥
∥
∥

p

Hν (Ω)

dt

≤
∫ T

0

{

t−α(1−θ)
∫ T

0
(T − r)α(1−θ)−1

∥
∥v(nm)(r)

∥
∥
Hν (Ω)

dr

}p

dt.

(5.106)
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The right-hand sides of (5.105) and (5.106) tend to zero when nm goes to positive
infinity. The above arguments conclude that u = Ju, and so that is a mild solution of
the problem (5.55)–(5.56) in Lp(0, T ;Hν(Ω)). By taking the limit of the left-hand
side of (5.96), we obtain

‖u(t)‖Hν (Ω) � t−α(1−θ)‖f ‖Hν+θ (Ω). (5.107)

Step 2. Prove u ∈ Cα(1−θ)((0, T ];Hν(Ω)).
We need to estimate u(̃t) − u(t) in H

ν-norm, for all 0 < t ≤ t̃ ≤ T . By the
formulation (5.65), the triangle inequality yields that

∥
∥
∥u(̃t)− u(t)

∥
∥
∥
Hν (Ω)

≤
∥
∥
∥

(
Bα(̃t, T )− Bα(t, T )

)
f

∥
∥
∥
Hν (Ω)

+
∥
∥
∥
∥

∫ t

0

(
Pα(̃t − r)− Pα(t − r)

)
G(r, u(r))dr

∥
∥
∥
∥
Hν (Ω)

+
∥
∥
∥
∥

∫ t̃

t

Pα(̃t − r)G(r, u(r))dr

∥
∥
∥
∥
Hν (Ω)

+
∥
∥
∥
∥

∫ T

0

(
Bα(̃t, T )− Bα(t, T )

)
Pα(T − r)G(r, u(r))dr

∥
∥
∥
∥
Hν (Ω)

=:‖M1‖Hν (Ω) + ‖M2‖Hν (Ω) + ‖M3‖Hν (Ω) + ‖M4‖Hν (Ω).

(5.108)

In what follows, we will estimate the termsMj for 1 ≤ j ≤ 4.

Estimate of M1. Using the fact that
d

dt
Eα,1(−λj tα) = −λj tα−1Eα,α(−λj tα),

we find that

Eα,1(−λj t̃α)− Eα,1(−λj tα)
Eα,1(−λjT α) =

∫ t̃

t

−λj rα−1 Eα,α(−λj rα)
Eα,1(−λjT α)dr.

This leads to
∥
∥
∥

(
Bα(̃t, T )− Bα(t, T )

)
f

∥
∥
∥
Hν (Ω)

�
∫ t̃

t

∥
∥
∥
∥

∑

j∈N
λj r

α−1 Eα,α(−λj rα)
Eα,1(−λjT α)fjϕj

∥
∥
∥
∥
Hν (Ω)

dr

�
(∫ t̃

t

rα(θ−1)−1dr

)

‖f ‖Hν+θ (Ω)

= t̃ α(1−θ) − tα(1−θ)

α(1 − θ)tα(1−θ )̃tα(1−θ)
‖f ‖Hν+θ (Ω),

(5.109)
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where we have used the fact that

λj r
α−1 Eα,α(−λj rα)

Eα,1(−λjT α) � λj r
α−1 1 + λjT

α

1 + (λj rα)2
� λθj r

α(θ−1)−1. (5.110)

By noting that 0 < α(1−θ) < 1, we now have t̃ α(1−θ)− tα(1−θ) ≤ (̃t− t)α(1−θ) and
furthermore α(1 − θ)tα(1−θ )̃tα(1−θ) ≥ α(1 − θ)t2α(1−θ). Consequently, employing
the estimate (5.109), we arrive at

‖M1‖Hν (Ω) � t−2α(1−θ)(̃t − t)α(1−θ)‖f ‖Hν+θ (Ω). (5.111)

Estimate of M2. In virtue of d
dρ

(
ρα−1Eα,α(−λjρα)

) = ρα−2Eα,α−1(−λjρα), for
all ρ > 0 (see Proposition 1.14), we obtain that

∫ t

0

(

(̃t − r)α−1Eα,α(−λj (̃t − r)α)− (t − r)α−1Eα,α(−λj (t − r)α)

)

×Gj(r, u(r))dr

=
∫ t

0

∫ t̃−r

t−r
ρα−2Eα,α−1(−λjρα)Gj (r, u(r))dρdr.

(5.112)

This implies that

‖M2‖Hν (Ω) �
∫ t

0

∫ t̃−r

t−r
ρα−2 ‖G(r, u(r))‖Hν (Ω) dρdr

�(̃t − t)α−1
∫ t

0
‖u(r)‖Hν (Ω) dr

�(̃t − t)α−1‖u‖Lp(0,T ;Hν (Ω))

�(̃t − t)α−1‖f ‖Hν+θ (Ω),

(5.113)

where we note that

∫ t̃−r

t−r
ρα−2dρ = (̃t − r)α−1 − (t − r)α−1

α − 1
≤ (̃t − t)α−1

α − 1
,

ρα−2Eα,α−1(−λjρα) � ρα−2 1

1 + λjρα
� ρα−2.

Estimate of M3. For all t < r < t̃ , using the inequality |Eα,α(−λj (̃t − r)α)| ≤ Mα

and the fact that (̃t − r)α−1 ≤ (̃t − t)α−1, we have
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∥
∥
∥M3

∥
∥
∥
Hν (Ω)

≤Mα(̃t − t)α−1
∫ t̃

t

‖G(r, u(r))‖Hν (Ω) dr

�(̃t − t)α−1‖f ‖Hν+θ (Ω).
(5.114)

Estimate of M4. Using (5.110), we get

∥
∥
∥
∥

∞∑

j=1

(T − r)α−1λjρ
α−1Eα,α(−λjρα)

Eα,1(−λjT α)Eα,α(−λj (T − r)α)Gj (r, u(r))ϕj

∥
∥
∥
∥
Hν (Ω)

�(T − r)α(1−θ)−1ρα(θ−1)−1 ‖G(r, u(r))‖Hν (Ω) .

By using the fact that t̃ α(1−θ) − tα(1−θ) ≤ (̃t − t)α(1−θ) and tα(1−θ )̃tα(1−θ) ≥
t2α(1−θ), we get that

‖M4‖Hν (Ω)

�
∫ T

0

∫ t̃

t

(T − r)α(1−θ)−1ξα(θ−1)−1 ‖G(r, u(r))‖Hν (Ω) dξdr

= t̃ α(1−θ) − tα(1−θ)

α(1 − θ)tα(1−θ )̃tα(1−θ)

∫ T

0
(T − r)α(1−θ)−1 ‖G(r, u(r))‖Hν (Ω) dr

�t−2α(1−θ)(̃t − t)α(1−θ)
∫ T

0
(T − r)α(1−θ)−1 ‖G(r, u(r))‖Hν (Ω) dr.

(5.115)

It is easy to see that

∫ T

0
(T − r)α(1−θ)−1 ‖G(u(r))‖Hν (Ω)

�
∫ T

0
(T − r)α(1−θ)−1 ‖u(r)‖Hν (Ω) dr

� ‖f ‖Hν+θ (Ω)
∫ T

0
(T − r)α(1−θ)−1r−α(1−θ)dr

� ‖f ‖Hν+θ (Ω).

The latter estimate together with (5.115) leads to

‖M4‖Hν (Ω) � t−2α(1−θ)(̃t − t)α(1−θ)‖f ‖Hν+θ (Ω). (5.116)

Estimate u(̃t)−u(t). Combining with (5.108), (5.111), (5.113), (5.114), and (5.116),
we deduce that

‖u(̃t)− u(t)‖Hν (Ω) �
[
t−2α(1−θ)(̃t − t)α(1−θ) + (̃t − t)α−1

]
‖f ‖Hν+θ (Ω),
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which implies that u ∈ Cα(1−θ)
(
(0, T ];Hν(Ω)), and so that the inequality (5.71)

can be obtained by using (5.107) .
In what follows, we give the proofs of Part (a), (b), (c), (d).

Part (a). Prove u ∈ Lp(0, T ;Hν+θ−θ ′
(Ω)), for any p ∈

[
1, 1

α(1−θ ′)

)
.

Lemma 5.14 yields the estimate

∥
∥
∥Bα(t, T )f

∥
∥
∥
2

Hν+θ−θ ′ (Ω)
=

∞∑

j=1

λ2ν+2θ−2θ ′
j

∣
∣
∣Eα,T (−λj tα)

∣
∣
∣
2〈f, ϕj 〉2

� t−2α(1−θ ′)
∞∑

j=1

λ2ν+2θ−2θ ′
j λ2θ

′
j 〈f, ϕj 〉2.

(5.117)

Therefore, Bα(t, T )f ∈ Lp(0, T ;Hν+θ−θ ′
(Ω)). Further, from assumption (H1)

and the estimate (t − r)α−1Eα,α(−λj (t − r)α) � λ
−(θ−θ ′)
j (t − r)α(1−(θ−θ ′))−1 as in

Lemma 5.14, we infer that

∥
∥
∥
∥

∫ t

0
Pα(t − r)G(r, u(r))dr

∥
∥
∥
∥
Hν+θ−θ ′ (Ω)

�
∫ t

0
(t − r)α(1−θ+θ ′)−1 ‖G(r, u(r))‖Hν (Ω) dr

�
∫ t

0
(t − r)α(1−θ+θ ′)−1r−α(1−θ)dr‖f ‖Hν+θ (Ω)

�t−α(1−θ ′)‖f ‖Hν+θ (Ω),

(5.118)

where we used the definition of the Beta function as (AP.1) in the Appendix, and
the fact that tαθ

′ = t−α(1−θ ′)tα � t−α(1−θ ′). Now, we proceed to estimate the last
term of u. Lemma 5.14 yields that

Eα,T (−λj tα)(T − r)α−1Eα,α(−λj (T − r)α) � λθ
′−θ
j t−α(1−θ ′)(T − r)α(1−θ)−1.

This invokes from assumption (H1) that

∥
∥
∥
∥

∫ T

0
Bα(t, T )Pα(T − r)G(r, u(r))dr

∥
∥
∥
∥
Hν+θ−θ ′ (Ω)

�t−α(1−θ ′)
∫ T

0
(T − r)α(1−θ)−1 ‖G(r, u(r))‖Hν (Ω) dr

�t−α(1−θ ′)
∫ T

0
(T − r)α(1−θ)−1r−α(1−θ)dr‖f ‖Hν+θ (Ω)

�t−α(1−θ ′)‖f ‖Hν+θ (Ω).

(5.119)
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Taking the above estimates (5.117)–(5.119) together, we obtain that u ∈ Lp(0, T ;
H
ν+θ−θ ′

(Ω)), for all p ∈
[
1, 1

α(1−θ ′)

)
, and complete this part.

Part (b). Show that u ∈ Cηglo
(
[0, T ];Hν−ν′

(Ω)
)
.

Let t and t̃ satisfy that 0 ≤ t < t̃ ≤ T . By using the equation (5.108) and the
embedding H

ν(Ω) ↪→ H
ν−ν′

(Ω), we obtain

‖u(̃t)− u(t)‖
Hν−ν′ (Ω)

≤‖M1‖Hν−ν′ (Ω) + ‖M2‖Hν−ν′ (Ω) + ‖M3‖Hν−ν′ (Ω) + ‖M4‖Hν−ν′ (Ω)
�‖M1‖Hν−ν′ (Ω) + |M4‖Hν−ν′ (Ω) + ‖M2‖Hν (Ω) + ‖M3‖Hν (Ω).

(5.120)

For the right-hand side of (5.108), we thus need to estimate the terms ‖M1‖Hν−ν′ (Ω),|M4‖Hν−ν′ (Ω). We now continue to consider the following estimates.
Estimate ‖M1‖Hν−ν′ (Ω). It is easy to show that

‖M1‖Hν−ν′ (Ω) � (̃t − t)α(θ+ν′−1)‖f ‖Hν+θ (Ω).

Estimate ‖M4‖Hν−ν′ (Ω). By a similar argument as in (5.115), we obtain

‖M4‖Hν−ν′ (Ω) �
∫ T

0

∫ t̃

t

(T − r)α(1−θ)−1ρα(θ+ν′−1)−1 ‖G(r, u(r))‖Hν (Ω) dρdr.
(5.121)

Since 0 < α(θ + ν′ − 1) < 2, we divide into two following cases.
Case 1. If 0 < α(θ + ν′ − 1) ≤ 1, then applying (a + b)σ ≤ aσ + bσ , a, b ≥

0, 0 < σ < 1, we get

(̃t)α(θ+ν′−1) − tα(θ+ν′−1) ≤ (̃t − t)α(θ+ν′−1). (5.122)

From two latter observations, we find that

‖M4‖Hν−ν′ (Ω)

�
∫ T

0

∫ t̃

t

(T − r)α(1−θ)−1ρα(θ+ν′−1)−1 ‖G(r, u(r))‖Hν (Ω) dρdr

= (̃t)
α(θ+ν′−1) − tα(θ+ν′−1)

α(θ + ν′ − 1)

∫ T

0
(T − r)α(1−θ)−1 ‖G(r, u(r))‖Hν (Ω) dr

�(̃t − t)α(θ+ν′−1)
∫ T

0
(T − r)α(1−θ)−1 ‖G(r, u(r))‖Hν (Ω) dr

�(̃t − t)α(θ+ν′−1)‖f ‖Hν+θ (Ω).
(5.123)
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Case 2. If 1 < α(θ + ν′ − 1) ≤ 2, for 0 ≤ t ≤ t̃ ≤ T , we get

(̃t)α(θ+ν′−1) − tα(θ+ν′−1)

=
[
(̃t)α(θ+ν′−1) − tα(θ+ν′−1)−1̃t

]
+
[
tα(θ+ν′−1)−1̃t − tα(θ+ν′−1)

]

=̃t
[
(̃t)α(θ+ν′−1)−1 − tα(θ+ν′−1)−1

]
+ (̃t − t)tα(θ+ν′−1)−1

≤max
{
T , T α(θ+ν′−1)−1

}[
(̃t − t)α(θ+ν′−1)−1 + (̃t − t)

]
.

(5.124)

Therefore

‖M4‖Hν−ν′ (Ω) �
{
(̃t − t)α(θ+ν′−1)10<α(θ+ν′−1)≤1(
(̃t − t)α(θ+ν′−1)−1 + (̃t − t)

)
11<α(θ+ν′−1)<2

}

‖f ‖Hν+θ (Ω).
(5.125)

Collecting the results (5.113), (5.114), (5.120), (5.121),(5.123), and (5.125), we
deduce that u ∈ Cηglo ([0, T ];Hν−ν′

(Ω)) and finish the desired inequality.
Part (c). Show that

‖∂tu(t)‖
H
ν−ν1− 1

α (Ω)
� t−α(1−θ−ν1)‖f ‖Hν+θ (Ω).

In order to establish the result, let us define the following projection operator, for
any v = ∑∞

j=1〈v, ϕj 〉ϕj and anyM > 0,

PMv :=
M∑

j=1

〈v, ϕj 〉ϕj ,

and two following operators:

D1,α(t, T )v :=
∞∑

j=1

−λj tα−1Eα,α(−λj tα)
Eα,1(−λjT α) 〈v, ϕj 〉ϕj , (5.126)

D2,α(t)v :=
∞∑

j=1

tα−2Eα,α−1(−λj tα)〈v, ϕj 〉ϕj . (5.127)

Noting that PM has the finite rank, we have the following equality after some
simple computations



312 5 Inverse Problems of Fractional Wave Equations

∂tPMu(t) =D1,α(t, T )PMf +
∫ t

0
D2,α(t − r)PMG(r, u(r))dr

−
∫ T

0
D1,α(t, T )Pα(T − r)PMG(r, u(r))dr.

(5.128)

One can infer from 0 ≤ ν1 ≤ 1 − θ that 0 ≤ ν1 <
2α−1
α

− θ . Hence, this can be
associated with α−1

α
< θ < 1 that 1 < θ + ν1 + 1

α
< 2, and this implies that

tα−1
∣
∣
∣
∣
Eα,α(−λj tα)
Eα,1(−λjT α)

∣
∣
∣
∣ � tα−1

(
1 + λjT

α

1 + λj tα

)2−θ−ν1− 1
α
(
1 + λjT

α

1 + λj tα

) 1
α
+ν1+θ−1

� t−α(1−θ−ν1)λ
1
α
+ν1+θ−1

j .

(5.129)

It is easy to see that

∥
∥
∥
∥D1,α(t, T )

(
PM ′ − PM

)
f

∥
∥
∥
∥

2

H
ν−ν1− 1

α (Ω)

=
M ′
∑

j=M+1

λ
2ν−2ν1− 2

α

j

∣
∣
∣
−λj tα−1Eα,α(−λj tα)

Eα,1(−λjT α) 〈f, ϕj 〉
∣
∣
∣
2

�t−2α(1−θ−ν1)
M ′
∑

j=M+1

λ2ν+2θ
j

∣
∣〈f, ϕj 〉

∣
∣2 .

(5.130)

On the other hand, it is certain that

∥
∥
∥
∥

∫ t

0
D2,α(t − r)

(
PM ′ − PM

)
G(r, u(r))dr

∥
∥
∥
∥
H
ν−ν1− 1

α (Ω)

�
∫ t

0
(t − r)α−2

⎛

⎝
M ′
∑

j=M+1

λ
2ν−2ν1− 2

α

j G2
j (r, u(r))

⎞

⎠

1/2

dr

�
∫ t

0
(t − r)α−2

⎛

⎝
M ′
∑

j=M+1

λ2νj G
2
j (r, u(r))

⎞

⎠

1/2

dr.

(5.131)

Now, let us estimate the third term on the right-hand side of (5.128). We see that
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∥
∥
∥
∥

∫ T

0
D1,α(t, T )Pα(T − r)

(
PM ′ − PM

)
G(r, u(r))dr

∥
∥
∥
∥
H
ν−ν1− 1

α (Ω)

�
∫ T

0
(T − r)α−1

( M ′
∑

j=M+1

λ
2ν−2ν1− 2

α

j

×
∣
∣
∣
∣t

−α(1−θ−ν1)λ
1
α
+ν1+θ

j λ−θ
j (T − r)−αθGj (r, u(r))

∣
∣
∣
∣

2) 1
2

dr

�t−α(1−θ−ν1)
∫ T

0
(T − r)α(1−θ)−1

( M ′
∑

j=M+1

λ2νj G
2
j (r, u(r))

) 1
2

dr,

(5.132)

where we have used the estimates
∣
∣
∣Eα,α(−λj (T − r)α)

∣
∣
∣ � λ−θ

j (T − r)−αθ and

∣
∣
∣
∣λ
ν−ν1− 1

α

j

−λj tα−1Eα,α(−λj tα)
Eα,1(−λjT α) Eα,α(−λj (T − τ)α)Gj (r, u(r))

∣
∣
∣
∣

�(T − r)−αθ t−α(1−θ−ν1)λνj
∣
∣
∣Gj(r, u(r))

∣
∣
∣.

(5.133)

Applying the Lebesgue’s dominated convergence theorem, we deduce that three
terms

D1,α(t, T )PMf,

∫ t

0
D2,α(t − r)PMG(r, u(r))dr

and

∫ T

0
D1,α(t, T )Pα(T − r)PMG(r, u(r))dr

are the Cauchy sequences in the space H
ν−ν1− 1

α (Ω). Then, we obtain three

convergences in the space Hν−ν1− 1
α (Ω) as follows:

lim
M→∞ D1,α(t, T )PMf = D1,α(t, T )f,

lim
M→∞

∫ t

0
D2,α(t − r)PMG(r, u(r))dr =

∫ t

0
D2,α(t − r)G(r, u(r))dr,

lim
M→∞

∫ T

0
D1,α(t, T )Pα(T − r)PMG(r, u(r))dr

=
∫ T

0
D1,α(t, T )Pα(T − r)G(r, u(r))dr.

(5.134)
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The above equalities imply that ∂tPMu(t) consequently converges to ∂tu(t) in

H
ν−ν1− 1

α (Ω). Further, the following estimates also hold

‖D1,α(t, T )f ‖
H
ν−ν1− 1

α (Ω)
� t−α(1−θ−ν1)‖f ‖Hν+θ (Ω),

∥
∥
∥
∥

∫ t

0
D2,α(t − r)G(r, u(r))dr

∥
∥
∥
∥
H
ν−ν1− 1

α (Ω)

�
∫ t

0
(t − r)α−2 ‖G(r, u(r))‖Hν (Ω) dr

�‖f ‖Hν+θ
∫ t

0
(t − r)α−2r−α(1−θ)dr

�t−α(1−θ−ν1)‖f ‖Hν+θ

and

∥
∥
∥
∥

∫ T

0
D1,α(t, T )Pα(T − r)G(r, u(r))dr

∥
∥
∥
∥
H
ν−ν1− 1

α (Ω)

�t−α(1−θ−ν1)
∫ T

0
(T − r)α(1−θ)−1 ‖G(r, u(r))‖Hν (Ω) dr

�t−α(1−θ−ν1)‖f ‖Hν+θ (Ω)
∫ T

0
(T − r)α(1−θ)−1r−α(1−θ)dr

�t−α(1−θ−ν1)‖f ‖Hν+θ (Ω).

Here, we note that

∫ t

0
(t − r)α−2r−α(1−θ)dr � tαθ−1.

By using (AP.1) and noting that 1 − ν1 − 1
α

≥ 0 as ν1 ≤ α−1
α

, we have

tαθ−1 = t−α(1−θ−ν1)tα
(
1−ν1− 1

α

)

� t−α(1−θ−ν1).

Consolidating all the above arguments, we obtain that

∥
∥
∥∂tu(t)

∥
∥
∥
H
ν−ν1− 1

α (Ω)
≤
∥
∥
∥D1,α(t, T )f

∥
∥
∥
H
ν−ν1− 1

α (Ω)

+
∥
∥
∥
∥

∫ T

0
D1,α(t, T )Pα(T − r)G(r, u(r))dr

∥
∥
∥
∥
H
ν−ν1− 1

α (Ω)
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+
∥
∥
∥
∥

∫ t

0
D2,α(t − r)G(r, u(r))dr

∥
∥
∥
∥
H
ν−ν1− 1

α (Ω)

�t−α(1−θ−ν1)‖f ‖Hν+θ (Ω).

Since ν1 ≤ 1 − θ and 1 < θ + ν1 + 1
α
, these straightforwardly imply that 0 ≤

α(1 − θ − ν1) < 1 and ∂tu ∈ Lp(0, T ;Hν−ν1− 1
α (Ω)), for all p ∈

[
1, 1

α(1−θ−ν1)
)
.

This ends up Part (c).
Part (d). Show that

‖∂αt u(t)‖
H
ν−να− 1

α (Ω)
� t

−αmax
{
2−θ−να− 1

α
,1−θ

}

‖f ‖Hν+θ (Ω).

To study the fractional derivative of order α of the mild solution u, let us denote
some operators by

D3,α(t, T )w :=
∞∑

j=1

−λjEα,1(−λj tα)
Eα,1(−λjT α) 〈w, ϕj 〉ϕj ,

D4,α(t)w := −
∞∑

j=1

λj t
α−1Eα,α(−λj tα)〈w, ϕj 〉ϕj .

By applying the projection PM to the solution u, and then calculating the fractional
differentiation ∂αt , one can get that

∂ αt PMu(t) =D3,α(t, T )PMf +
∫ t

0
D4,α(t − r)PMG(r, u(r))dr

−
∫ T

0
D3,α(t, T )Pα(T − r)PMG(r, u(r))dr + PMG(t, u(t)).

(5.135)

From the assumption 2(α−1)
α

− θ < να < 2− 1
α

− θ , we find that 1 < να + θ + 1
α
<

2. Therewith, the same techniques as (5.130) invoke that D3,α(t, T )f exists in the

space Hν−να− 1
α (Ω) if f ∈ H

ν+θ (Ω), and

‖D3,α(t, T )f ‖
H
ν−να− 1

α (Ω)
� t

−α
(
2−θ−να− 1

α

)

‖f ‖Hν+θ (Ω). (5.136)

The proof for integrals

∫ t

0
D4,α(t − r)G(r, u(r))dr
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and

∫ T

0
D3,α(t, T )Pα(T − r)G(r, u(r))dr

in the space Hν−να− 1
α (Ω) can be done by using the same arguments of (5.131) and

(5.132) by using assumption (H1) and the argument of Cauchy sequences. Aside
from the above existence results, we can also verify the following estimates:

∥
∥
∥
∥

∫ t

0
D4,α(t − r)G(r, u(r))dr

∥
∥
∥
∥
H
ν−να− 1

α (Ω)

�
∫ t

0
(t − r)α−2 ‖G(r, u(r))‖Hν (Ω) dr

� tαθ−1‖f ‖Hν+θ (Ω),
(5.137)

where να − 1 + 2
α
> 0 as να >

2(α−1)
α

− θ and θ < 1, and by a similar argument,
we get

∥
∥
∥
∥

∫ T

0
D3,α(t, T )Pα(T − r)G(r, u(r))dr

∥
∥
∥
∥
H
ν−να− 1

α (Ω)

� t
−α

(
2−θ−να− 1

α

)

‖f ‖Hν+θ (Ω). (5.138)

Since να < 2 − 1
α

− θ , we have α
(
2 − θ − να − 1

α

)
> 0. In addition, it can

be deduced from 2(α−1)
α

− θ < να that α
(
2 − θ − να − 1

α

)
< 1. Hence, we

straightforwardly infer that 0 < α
(
2 − θ − να − 1

α

)
< 1. Moreover, it results from

να >
2(α−1)
α

− θ that ν − να − 1
α
< ν − (1 − 1

α
)− (1 − θ) < ν, and then Sobolev

embedding H
ν(Ω) ↪→ H

ν−να− 1
α (Ω) holds. This implies that

‖G(t, u(t))‖
H
ν−να− 1

α (Ω)
� ‖G(t, u(t))‖Hν (Ω) � t−α(1−θ)‖f ‖Hν+θ (Ω).

Combining the above inequalities and αθ − 1 > −α(1 − θ), we finally show that

‖∂αt u(t)‖
H
ν−να− 1

α (Ω)
� t

−αmax
{
2−θ−να− 1

α
,1−θ

}

‖f ‖Hν+θ (Ω)

and ∂αt u ∈ Lp(0, T ;Hν−να− 1
α (Ω)), for all p ∈

[

1, 1

αmax
{
2−θ−να− 1

α
,1−θ

}

)

. The

proof is accomplished.
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5.3.5.2 Proofs of Theorem 5.13

The proof of Theorem 5.13 relies on a contraction mapping principle. In order to
prove this, we have to prove the following lemma.

Lemma 5.17 Let us take α−1
α

< θ < 1, 0 ≤ ν ≤ σ ≤ ν + 1, and 1 ≤ q <
1

α(1−θ) . Assume that f ∈ H
ν+θ+1(Ω) and G sastisfies (H2) with ‖L2‖L∞(0,T ) ∈

(
0,U −1

2

)
. Set

T v(t) :=Bα(t, T )f +
∫ t

0
Pα(t − r)G(r, v(r))dr

−
∫ T

0
Bα(t, T )Pα(T − r)G(r, v(r))dr,

(5.139)

and then for any v ∈ C ([0, T ];Hν(Ω)) ∩ Lq(0, T ;Hσ (Ω)), it holds that

T v ∈ C ([0, T ];Hν(Ω)) ∩ Lq(0, T ;Hσ (Ω)).

Proof of Lemma 5.17 We divide this proof into the following steps as follows.
Prove T v ∈ C ([0, T ];Hν(Ω)). Namely, we need to estimate the norm ‖T v(̃t)−
T v(t)‖Hν (Ω) for all 0 ≤ t < t̃ ≤ T . For more convenience, we will use notation
Mj , 1 ≤ j ≤ 4 as (5.108) again. However, the estimates for Mj in Step 2 of the
proof of Theorem (5.12) will be modified suitably to fit the assumptions of f and
G in this theorem. Indeed, a slight modification of the techniques in the estimates
(5.109) and (5.110) invokes that

‖M1‖Hν (Ω) ≤
∫ t̃

t

∥
∥
∥
∥

∞∑

j=1

λj r
α−1 Eα,α(−λj rα)

Eα,1(−λjT α)fjϕj
∥
∥
∥
∥
Hν (Ω)

dτ

�
(∫ t̃

t

rαθ−1dr

)

‖f ‖Hν+θ+1(Ω)

�
{
(̃t − t)αθ10<αθ≤1(
(̃t − t)αθ−1 + (̃t − t)

)
11<αθ<2

}
∥
∥f
∥
∥
Hν+θ+1(Ω)

,

where we note that 1−θ
2 belongs to (0, 1), and it notes that 0 < α−1 < αθ < α < 2

as α−1
α
< θ < 1. Next, estimates for the terms Mj , 2 ≤ j ≤ 4 will be based on the

assumption (H2) of the nonlinearity G. We see that
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‖M2‖Hν (Ω) �
∫ t

0

∫ t̃−r

t−r
ρα−2 ‖G(r, u(r))‖Hν (Ω) dρdr

�
∫ t

0

∫ t̃−r

t−r
ρα−2 ‖G(r, v(r))‖Hν+1(Ω) dρdr

�
∥
∥v
∥
∥
C([0,T ];Hν (Ω))∩Lq(0,T ;Hσ (Ω))

∫ t

0

∫ t̃−r

t−r
ρα−2dρdr,

where the norm ‖G(r, u(r))‖Hν (Ω) is certainly �-bounded by ‖G(r, v(r))‖Hν+1(Ω)

due to the embedding H
ν+1(Ω) ↪→ H

ν(Ω). Observation from the above estimate
that the last right-hand side clearly tends to zero as t̃ tends to t . Hence, the
preceding estimate implies the continuity of the term M2 on H

ν(Ω). In addition,
the continuity of the term M3 is obvious by using similar arguments as in (5.114)
and the assumption (H2). Precisely,

‖M3‖Hν (Ω) �
∫ t̃

t

‖G(r, v(r))‖Hν+1(Ω) dr � (̃t−t)∥∥v∥∥
C([0,T ];Hν (Ω))∩Lq(0,T ;Hσ (Ω)).

Finally, we consider the term ‖M4‖Hν (Ω). The idea is combining similar arguments
as in Step 2 and the modification in the above estimates forM1. Here, the maximum
of the spatial smoothness of G should be estimated in the space Hν+1. Indeed, the
following chain of the estimates can be checked

‖M4‖Hν (Ω)

≤
∫ T

0

∫ t̃

t

( ∞∑

j=1

∣
∣
∣λ
ν
j (T − τ)α−1λjρ

α−1Eα,T (−λjρα)

× Eα,α(−λj (T − r)α)Gj (r, u(r))

∣
∣
∣
2
) 1

2

dρdr

�
∫ T

0

∫ t̃

t

(T − r)α(1−θ)−1ραθ−1‖G(r, v(r))‖Hν+1(Ω)dρdr

�
∥
∥v
∥
∥
C([0,T ];Hν (Ω))∩Lq(0,T ;Hσ (Ω))

[
(̃t)αθ − tαθ

]

�
∥
∥v
∥
∥
C([0,T ];Hν (Ω))∩Lq(0,T ;Hσ (Ω))

{
(̃t − t)αθ10<αθ≤1(
(̃t − t)αθ−1 + (̃t − t)

)
11<αθ<2

}

.

The preceding estimates lead to T v ∈ C ([0, T ];Hν(Ω)).
Prove T v ∈ Lq(0, T ;Hσ (Ω)). We observe that
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∥
∥
∥Bα(t, T )f

∥
∥
∥
2

Hσ (Ω)
=

∞∑

j=1

λ2σj

∣
∣
∣
∣
Eα,1(−λj tα)
Eα,1(−λjT α)

∣
∣
∣
∣

2

〈f, ϕj 〉2

�t−2α(1−θ)
∞∑

j=1

λ2θ+2σ
j 〈f, ϕj 〉2

�t−2α(1−θ)
∞∑

j=1

λ2θ+2ν+2
j 〈f, ϕj 〉2

=t−2α(1−θ)‖f ‖2
Hν+θ+1 .

(5.140)

Thus, Bα(t, T )f ∈ Lq(0, T ;Hσ (Ω)) since t−α(1−θ) ∈ Lq(0, T ;R).
Next, will estimate the second term of T v where we will bound the oper-

ator norm of Pα(t − r) on H
σ (Ω) by Mα(t − r)α−1, and then we estimate

‖G(r, v(r))‖Hσ (Ω) by ‖G(r, v(r))‖Hν+1(Ω) upon the assumption (H2) and the
embedding H

ν+1(Ω) ↪→ H
σ (Ω) as 0 ≤ σ ≤ ν + 1, see (5.72). Precisely, these

arguments can be performed as follows:

∥
∥
∥
∥

∫ t

0
Pα(t − r)G(r, v(r))dr

∥
∥
∥
∥

q

Lq(0,T ;Hσ (Ω))

=
∫ T

0

∥
∥
∥
∥

∫ t

0
Pα(t − r)G(r, v(r))dr

∥
∥
∥
∥

q

Hσ (Ω)

dt

≤(C2(ν, σ )Mα

)q
∫ T

0

(∫ t

0
(t − r)α−1 ‖G(r, v(r))‖Hν+1(Ω) dr

)q

dt

≤
(
‖L2‖L∞(0,T )M 1

)q∥
∥v
∥
∥q
C([0,T ];Hν (Ω))∩Lq(0,T ;Hσ (Ω)),

(5.141)

where the constant M 1 is given by (AP.) in the Appendix.
Next, we will estimate the Lq(0, T ;Hσ (Ω))-norm of the last term of T v. The

idea is trying to combine estimates for the operators Bα(t, T ) and Pα(T − r). We
can estimate that the operator Bα(t, T ) maps Hσ+θ into H

σ (Ω), and the operator
Pα(T − r) maps Hσ (Ω) into H

σ+θ (Ω). Therefore, by using the assumption (H2),
this term can be estimated on the space H

σ . In the technical aspect, we also note
that the assumption 1 − 1/(αq) < θ < 1 guarantees that (α − 1)/α < θ < 1, and
so α(1 − θ) ∈ (0, 1). Moreover, the power function t−α(1−θ)q is clearly integrable
on (0, T ). Indeed, one can show the following chain of the estimates:
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∥
∥
∥
∥

∫ T

0
Bα(t, T )Pα(T − r)G(r, v(r))dr

∥
∥
∥
∥

q

Lq(0,T ;Hσ (Ω))

=
∫ T

0

∥
∥
∥
∥

∫ T

0
Bα(t, T )Pα(T − r)G(r, v(r))dr

∥
∥
∥
∥

q

Hσ (Ω)

dt

≤M
q
α,T ,θ

∫ T

0
t−α(1−θ)q

(∫ T

0
‖Pα(T − r)G(r, v(r))‖Hσ+θ (Ω)dr

)q

dt

≤M
q

α,T ,θ

∫ T

0
t−α(1−θ)q

(∫ T

0
(T − τ)α(1−θ)−1 ‖G(r, v(r))‖Hσ (Ω) dr

)q

dt

≤
(
‖L2‖L∞(0,T )M 2

)q∥
∥v
∥
∥q
C([0,T ];Hν (Ω))∩Lq(0,T ;Hσ (Ω)),

(5.142)

where Mα,T ,θ := T α(1−θ)(T αθ + λ−θ
1 ), M α,T ,θ = Mα,T ,θMα , and the constant

M 2 is given by (AP.) in the Appendix. A collection of the derived estimates (5.140),
(5.141), (5.142) reveals T v ∈ Lq(0, T ;Hσ (Ω)). Finally, we wrap up the proof.

Proof of Theorem 5.13 In order to show that the problem (5.55)–(5.56) has a
unique mild solution, we will prove the operator T has a unique fixed point
in C ([0, T ];Hν(Ω)) ∩ Lq(0, T ;Hσ (Ω)). The proof is based on the Banach
contraction principle. We have

∥
∥
∥T v1 − T v2

∥
∥
∥
C([0,T ];Hν (Ω))∩Lq(0,T ;Hσ (Ω))

= ‖T v1 − T v2‖Lq(0,T ;Hσ (Ω)) + ‖T v1 − T v2‖C([0,T ];Hν (Ω))
=:M5 + M6.

(5.143)

For estimatingM5, we applied the previous results in estimating (5.141) and (5.142)
to get

M5 ≤
∥
∥
∥
∥

∫ t

0
Pα(t − r)(G(r, v1(r))−G(r, v2(r)))dr

∥
∥
∥
∥
Lq(0,T ;Hσ (Ω))

+
∥
∥
∥
∥

∫ T

0
Bα(t, T )Pα(T − r)(G(r, v1(r))−G(r, v2(r)))dr

∥
∥
∥
∥
Lq(0,T ;Hσ (Ω))

≤‖L2‖L∞(0,T )
(
M 1 + M 2

)∥
∥v1 − v2

∥
∥
C([0,T ];Hν (Ω))∩Lq(0,T ;Hσ (Ω)).

(5.144)

On the other hand, to estimate the termM6, we estimate the operator norm of Pα(t−
r) acting onHν(Ω) byMα(t−r)α−1, and of Bα(t, T )Pα(T −r) acting fromH

ν(Ω)

toHν+1(Ω) byM2
αm

−1
α (T α+λ−1

1 ). Applying the embeddingHν(Ω) ↪→ H
ν+1(Ω)

and the assumption (H2) consequently deduces the following estimates:
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M6 ≤
∥
∥
∥
∥

∫ t

0
Pα(t − r) (G(r, v1(r))−G(r, v2(r))) dr

∥
∥
∥
∥
C([0,T ];Hν (Ω))

+
∥
∥
∥
∥

∫ T

0
Bα(t, T )Pα(T − r) (G(v1(r))−G(v2(r))) dr

∥
∥
∥
∥
C([0,T ];Hν (Ω))

≤Mα sup
0≤t≤T

(∫ t

0
(t − r)α−1 ‖G(r, v1(r))−G(r, v2(r))‖Hν(Ω) dr

)

+ M2
α

mα
(T α + λ−1

1 )

∫ T

0
(T − r)α−1 ‖G(r, v1(r))−G(r, v2(r))‖Hν+1(Ω) dr

≤‖L2‖L∞(0,T )M 3
∥
∥v1 − v2

∥
∥
C([0,T ];Hν (Ω))∩Lq(0,T ;Hσ (Ω)).

(5.145)

A collection of the estimates (5.143), (5.144), (5.145) reveals that

∥
∥
∥T v1 − T v2

∥
∥
∥
C([0,T ];Hν (Ω))∩Lq(0,T ;Hσ (Ω))

≤‖L2‖L∞(0,T )U2‖v1 − v2‖C([0,T ];Hν (Ω))∩Lq(0,T ;Hσ (Ω)).

Since ‖L2‖L∞(0,T )U2 < 1, we conclude that T is a contraction in
C ([0, T ];Hν(Ω))∩Lq(0, T ;Hσ (Ω)), which ensures the existence and uniqueness
of a fixed point. The desired inequality is easy to obtain. Hence, we finalize the
proof.

5.3.5.3 Proof of Theorem 5.14

To start with, let us proceed the following lemma.

Lemma 5.18 Assume that all assumptions of Theorem 5.14 are fulfilled:

(a) For t > 0, and N2 is given by (AP.) in the Appendix, then

‖Bα(t, T )f ‖Hν (Ω) ≤ N2t
−αϑ‖f ‖

Hν+(1−ϑ)(Ω). (5.146)

Moreover, the following convergence holds

Bα(̃t, T )f
t̃→t−−→ Bα(t, T )f, in H

ν(Ω). (5.147)

(b) For t > 0, w ∈ Xα,ϑ,ν,T , and N2 is given by (AP.) in the Appendix, then
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∥
∥
∥
∥

∫ t

0
Pα(t − r)G(r,w(r))dr

∥
∥
∥
∥
Hν (Ω)

≤N2K0
(
T sαϑ + Rs

)
t−αϑ‖w‖Cαϑ ((0,T ];Hν (Ω)).

(5.148)

Moreover, the following convergence holds

∫ t̃

0
Pα(̃t − r)G(r,w(r))dr

t̃→t−−→
∫ t

0
Pα(t − r)G(r,w(r))dr, in H

ν(Ω).

(5.149)

(c) For t > 0, w ∈ Xα,ϑ,ν,T , then

∥
∥
∥
∥

∫ t

0
Pα(t − r)G(r,w(r))dr

∥
∥
∥
∥
Hν+1−ϑ (Ω)

≤N2K0
(
T sαϑ + Rs

)
t−αϑ‖w‖Cαϑ ((0,T ];Hν (Ω)).

(5.150)

Proof Proof of Part (a). By applying the first part of Lemma 5.14, we obtain

∥
∥
∥Bα(t, T )f

∥
∥
∥
2

Hν (Ω)
=

∞∑

j=1

∣
∣
∣
∣
Eα,1(−λj tα)
Eα,1(−λjT α)

∣
∣
∣
∣

2

f 2
j ≤ N 2

2 t
−2αϑ ‖f ‖2

Hν+(1−ϑ)(Ω) ,

where N2 is given by (AP.) in the Appendix. This directly implies the inequal-
ity (5.146). Let us proceed to prove the convergence (5.147). By the fact that
Eα,α(−z) � (1 + z2)−1 for all z ≥ 0, see, e.g., [52, 180, 187], one can apply
the same techniques as (5.110) to show the following inequalities:

∣
∣
∣
∣
Eα,α(−λj rα)
Eα,1(−λjT α)

∣
∣
∣
∣ �

1 + λjT
α

[
1 + (λj rα)2

]1− 1−ϑ
2

� λj

[
(λj r

α)2
] 1−ϑ

2 −1
, (5.151)

where 0 < (1 − ϑ)/2 < (1 − μ)/2 < 1. Hence, we derive that

∥
∥
∥Bα(̃t, T )f − Bα(t, T )f

∥
∥
∥
Hν (Ω)

≤
∫ t̃

t

rα−1

∥
∥
∥
∥
∥
∥

∞∑

j=1

λj
Eα,α(−λj rα)
Eα,1(−λjT α)fjϕj

∥
∥
∥
∥
∥
∥
Hν (Ω)

dr,

� ‖f ‖
Hν+(1−ϑ)(Ω)

∫ t̃

t

r−αϑ−1dr.

Since the integral in the above inequality tends to zero as t approaches t̃ from the
right, we obtain (5.147) and finish the proof of Part (a).
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Proof of Part (b). We divide this proof into two parts as follows.
Step 1. Prove the inequality (5.148).
It follows from Eα,α(−λj (t − r)α) ≤ Mαλ

−μ
j (t − r)−αμ that

∥
∥
∥
∥

∫ t

0
Pα(t − r)G(r,w(r))dr

∥
∥
∥
∥
Hν (Ω)

≤
∫ t

0
(t − r)α−1

∥
∥
∥
∥
∥
∥

∞∑

j=1

Eα,α(−λj (t − r)α)Gj (w(r))ϕj

∥
∥
∥
∥
∥
∥
Hν (Ω)

dr

≤Mα

∫ t

0
(t − r)α(1−μ)−1 ‖G(r,w(r))‖Hσ (Ω) dr, (5.152)

where σ = ν − μ. Since w ∈ Xα,ϑ,ν,T (R), we see that ‖w(r)‖Hν (Ω) ≤ Rr−αϑ .
Thus, we have in view of (5.75) that

‖G(r,w(r))‖Hσ (Ω) ≤ L3(r)
(
1 + ‖w(r)‖s

Hν (Ω)

)
‖w(r)‖Hν (Ω).

It follows from (5.152) that

∥
∥
∥
∥

∫ t

0
Pα(t − r)G(r,w(r))dr

∥
∥
∥
∥
Hν (Ω)

≤ Mα‖w‖Cαϑ ((0,T ];Hν (Ω))L̂3(t), (5.153)

where

L̂3(t) :=
∫ t

0
(t − r)α(1−μ)−1

(
r−αϑ + Rsr−(1+s)αϑ

)
L3(r)dr. (5.154)

Our next purpose is to find an upper bound of L̂3(t). In order to control this term,
we observe from 0 < r < T that r−αϑ ≤ T sαϑr−(1+s)αϑ , and from K0 =
‖L3(t)t

αζ‖L∞(0,T ) that L3(r) ≤ K0r
−αζ , which yields the following estimates:

L̂3(t) ≤ (
T sαϑ + Rs

)
∫ t

0
(t − r)α(1−μ)−1r−(1+s)αϑL3(r)dr

≤ K0
(
T sαϑ + Rs

)
∫ t

0
(t − r)α(1−μ)−1r−α((1+s)ϑ+ζ )dr.

By noting min{α(1 − μ) − 1, − α ((1 + s)ϑ + ζ )} > −1 as 0 < μ < 1, ζ <
α−1 − (1 + s)ϑ , and using (AP.1), we find that

∫ t

0
(t − r)α(1−μ)−1r−α((1+s)ϑ+ζ )dr ≤ N1t

α((1−μ)−(1+s)ϑ−ζ ).
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This implies that

L̂3(t) ≤ K0
(
T sαϑ + Rs

)
N1T

α((1−μ)−sϑ−ζ ) t−αϑ ,

where we have noted that ζ ≤ (1−μ)−sϑ since ζ < α−1−ϑ−sϑ ≤ (1−μ)−sϑ
as α−1 < 1 and ϑ > μ. The latter estimate together with (5.153) and (5.154) that

∥
∥
∥
∥

∫ t

0
Pα(t − r)G(r,w(r))dr

∥
∥
∥
∥
Hν (Ω)

≤ N2K0
(
T sαϑ + Rs

)
t−αϑ

∥
∥w

∥
∥
Cαϑ ((0,T ];Hν (Ω)),

where we recall that N2 is given by (AP.) in the Appendix.
Step 2. Show that (5.149) holds.
By dealing with ‖G(r,w(r))‖Hσ (Ω) as the same arguments in Step 1, we derive

that

‖M2‖Hν (Ω) ≤
∫ t

0

∫ t̃−r

t−r
ρα−2

∥
∥
∥
∥
∥
∥

∞∑

j=1

Eα,α−1(−λjρα)Gj (r, u(r))ϕj
∥
∥
∥
∥
∥
∥
Hν (Ω)

dρdr

�
∫ t

0

∫ t̃−r

t−r
ρα(1−μ)−2‖G(r, u(r))‖Hσ (Ω)dρdr

�
∫ t

0

∫ t̃−r

t−r
ρα(1−μ)−2

(
Rr−αϑ + R1+sr−(1+s)αϑ

)
L3(r)dρdr

�
∣
∣
∣
∣

∫ t

0

(
(̃t − r)α(1−μ)−1 − (t − r)α(1−μ)−1

)
r−α((1+s)ϑ+ζ )dr

∣
∣
∣
∣ ,

where M2 is formulated by (5.108). By the fact that α(1 − μ) > 0 and 1 −
α ((1 + s)ϑ + ζ ) > 0 and using (AP.2) in Appendix, we know that the right-hand
side of the latter inequality tends to zero, as t̃ approaches t . Hence, ‖M2‖Hν (Ω)
t̃→t−−→ 0. Now, by the same way as the above arguments, we get

‖M3‖Hν (Ω) ≤
∫ t̃

t

(̃t − r)α−1

∥
∥
∥
∥
∥
∥

∞∑

j=1

Eα,α(−λj (̃t − τ)α)Gj (r, u(r))ϕj

∥
∥
∥
∥
∥
∥
Hν (Ω)

dr

�
∫ t̃

t

(̃t − r)α(1−μ)−1‖G(r, u(r))‖Hσ (Ω)dr

�
∫ t̃

t

(̃t − r)α(1−μ)−1r−α((1+s)ϑ+ζ )dr, (5.155)
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where M3 is formulated by (5.108). From that (̃t − r)α(1−ϑ) ≤ (̃t − t)α(1−ϑ) as
t ≤ r ≤ t̃ , we bound the right-hand side of the (5.155) as follows:

(RHS) of (5.155) ≤ (̃t − t)α(1−ϑ)
∫ t̃

0
(̃t − r)α(ϑ−μ)−1r−α((1+s)ϑ+ζ )dr

� (̃t − t)α(1−ϑ)
∫ t̃

0
(̃t − r)α(ϑ−μ)−1r−α((1+s)ϑ+ζ )dr.

Noting that α(ϑ − μ) > 0 and 1 − α ((1 + s)ϑ + ζ ) > 0, we ensure that

∫ t̃

0
(̃t − r)α(ϑ−μ)−1r−α((1+s)ϑ+ζ )dr

is convergent. The above observations imply that ‖M3‖Hν (Ω) t̃→t−−→ 0. Since the fact
that

∫ t̃

0
Pα(̃t − r)G(r,w(r))dr −

∫ t

0
Pα(t − r)G(r,w(r))dr = M2 + M3,

we finish this step.
Proof of Part (c).

In view of 0 ≤ 1 + [(ν − σ)− ϑ] ≤ 1, one can see that

∥
∥
∥
∥

∫ t

0
Pα(t − r)G(r,w(r))dr

∥
∥
∥
∥
Hν+(1−ϑ)(Ω)

≤Mα

∫ t

0
(t − r)α(ϑ−μ)−1 ‖G(r,w(r))‖Hσ (Ω) dr

≤MαK0(T
sαϑ + Rs)‖w‖Cαϑ ((0,T ];Hν (Ω))

∫ t

0
(t − r)α(ϑ−μ)−1r−α((1+s)ϑ+ζ )dr

≤MαK0(T
sαϑ + Rs)‖w‖Cαϑ ((0,T ];Hν (Ω))N1t

α((ϑ−μ)−(1+s)ϑ−ζ )

≤N2K0
(
T sαϑ + Rs

)
t−αϑ‖w‖Cαϑ ((0,T ];Hν (Ω)),

where we also recall that N2 is given by (AP.) in the Appendix. This completes the
proof.

Proof of Theorem 5.14 The proof will be based on contraction mapping theorem
on the Banach space. For this purpose, let us define the mapping

Q : Xα,ϑ,ν,T (R) −→ Xα,ϑ,ν,T (R)

given by
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Qw = Bα(t, T )f +
∫ t

0
Pα(t − r)G(r,w(r))dr

−
∫ T

0
Bα(t, T )Pα(T − r)G(r,w(r))dr. (5.156)

Since f ∈ H
ν+(1−ϑ)(Ω), the convergence (5.147) in Part (a) of Lemma 5.18 yields

that the first term of Q is time continuous for all 0 < t ≤ T . The estimate (5.146)
deduces that this term belongs to Cαϑ((0, T ];Hν(Ω)). Similarly, we observe from
G satisfies assumption (H3) and the estimate (5.148), the convergence (5.149) in
Part (b) of Lemma 5.18 that the second term of Q belongs to Cαϑ((0, T ];Hν(Ω)).
On the other hand, using in Part (c) of Lemma 5.18 shows that the integral
∫ T
0 Pα(T − r)G(r,w(r))dr belongs toHν+(1−ϑ)(Ω), so we deduce from Part (a) of
Lemma 5.18 that

Bα(t, T )
∫ T

0
Pα(T − r)G(r,w(r))dr belongs to Cαϑ((0, T ];Hν(Ω)).

(5.157)
Therefore, the last term of Q also belongs to Cαϑ((0, T ];Hν(Ω)).

In the following, we prove Q maps Xα,ϑ,ν,T (R) into itself. Indeed, let w†, w‡ ∈
Xα,ϑ,ν,T (R). By using the formula (5.156), we have

tαϑ
∥
∥
∥Qw†(t)− Qw‡(t)

∥
∥
∥
Hν (Ω)

≤tαϑ
∥
∥
∥
∥

∫ t

0
Pα(t − r)

(
G(r,w†(r))−G(r,w‡(r))

)
dr

∥
∥
∥
∥
Hν (Ω)

+ tαϑ
∥
∥
∥
∥Bα(t, T )

∫ T

0
Pα(T − r)

(
G(r,w†(r))−G(r,w‡(r))

)
dr

∥
∥
∥
∥
Hν (Ω)

≤N2K0(T
sαϑ + Rs)

∥
∥
∥w

† − w‡
∥
∥
∥
Cαϑ ((0,T ];Hν (Ω))

+ N2

∥
∥
∥
∥

∫ T

0
Pα(T − r)

(
G(r,w†(r))−G(r,w‡(r))

)
dr

∥
∥
∥
∥
Hν+(1−ϑ)(Ω)

≤N2K0(T
sαϑ + Rs)‖w† − w‡‖Cαϑ ((0,T ];Hν (Ω)),

where on the right-hand side of (5.156), we have used the inequalities (5.146) of
Lemma 5.18, (5.148) of Lemma 5.18 in the first estimate, and the inequality (5.150)
of Lemma 5.18 in the second estimate. This implies that

∥
∥
∥Qw† − Qw‡

∥
∥
∥
Cαϑ ((0,T ];Hν (Ω)) ≤ N2K0(T

sαϑ + Rs)‖w† − w‡‖Cαϑ ((0,T ];Hν (Ω)).
(5.158)
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By letting w‡ = 0 into the latter inequality and noting that Qw‡(t) = Bα(t, T )f if
w‡ = 0 , we derive

∥
∥
∥Qw† − Bα(t, T )f

∥
∥
∥
Cαϑ ((0,T ];Hν (Ω)) ≤ N2K0(T

sαϑ + Rs)‖w†‖Cαϑ ((0,T ];Hν (Ω)).

From (5.146) and using the triangle inequality, we know that

∥
∥
∥Qw†

∥
∥
∥
Cαϑ ((0,T ];Hν (Ω)) ≤

∥
∥
∥Qw† − Bα(t, T )f

∥
∥
∥
Cαϑ ((0,T ];Hν (Ω))

+ sup
0≤t≤T

tαϑ‖Bα(t, T )f ‖Hν (Ω)

≤N2K0(T
sαϑ + Rs)‖w†‖Cαϑ ((0,T ];Hν (Ω))

+ N2‖f ‖
Hν+(1−ϑ)(Ω).

Since w† ∈ Xα,ϑ,ν,T (R), we have ‖w†‖Cαϑ ((0,T ];Hν (Ω)) ≤ R. It implies that

∥
∥
∥Qw†

∥
∥
∥
Cαϑ ((0,T ];Hν (Ω)) ≤ N2K0(T

sαϑ + Rs)R + N2‖f ‖
Hν+(1−ϑ)(Ω)

=: π(R). (5.159)

Due to the assumption K0T
sαϑ ∈ (

0,min
{ 1
2N2

−1
,Nf

})
, we now show that

there exists 0 < R < R̂ which is a solution to the equation π(R) = R, where we
denote by the constant

R̂ :=
(
1 − N2K0T

sαϑ

(1 + s)N2K0

)1/s

.

We note that the function R �→ π̂(R) := π(R)− R is continuous on (0, R̂) with
the terminal values π̂(0) = N2‖f ‖

Hν+(1−ϑ)(Ω) and

π̂(R̂) = N2K0(T
sαϑ + R̂s)R̂ + N2‖f ‖

Hν+(1−ϑ)(Ω) − R̂

=
(
N2K0R̂

s − (1 − N2K0T
sαϑ)

)
R̂ + N2‖f ‖

Hν+(1−ϑ)(Ω)

=
(
1 − N2K0T

sαϑ
)( 1

1 + s
− 1

)

R̂ + N2‖f ‖
Hν+(1−ϑ)(Ω)

= N2‖f ‖
Hν+(1−ϑ)(Ω) − s

1 + s

(
1 − N2K0T

sαϑ
)

R̂

= N2‖f ‖
Hν+(1−ϑ)(Ω) − s

1 + s

(
1 − N2K0T

sαϑ
)1+1/s

(1 + s)1/s(N2K0)1/s
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< N2‖f ‖
Hν+(1−ϑ)(Ω)

(

1 − s

1 + s

(1/2)1+1/s

(1 + s)1/ss
(2(1 + s))1+1/s

)

= 0,

where we note that 1 − N2K0T
sαϑ > 1

2 . Therefore, there exists 0 < R < R̂ such
that π(R) = R. So it follows from (5.159) that Q maps Xα,ϑ,ν,T (R) into itself.

In the following, we prove Q is a contraction mapping and then establish the
existence of the mild solution. We note that

N2K0(T
sαϑ + R̂s) = N2K0

(

T sαϑ + 1 − N2K0T
sαϑ

(1 + s)N2K0

)

= 1 − N2K0T
sαϑ

1 + s
−
(
1 − N2K0T

sαϑ
)

+ 1

= 1 − s

1 + s

(
1 − N2K0T

sαϑ
)
<

2 + s

2 + 2s
.

Hence, we can imply from (5.158) that

∥
∥
∥Qw† − Qw‡

∥
∥
∥
Cαϑ ((0,T ];Hν (Ω)) ≤ N2K0(T

sαϑ + R̂s)‖w† − w‡‖Cαϑ ((0,T ];Hν (Ω))

≤ 2 + s

2 + 2s
‖w† − w‡‖Cαϑ ((0,T ];Hν (Ω)).

We imply that Q is a contraction mapping on Xα,ϑ,ν,T (R) which has a unique fixed
point u in this space. This fixed point is the unique mild solution of the problem
(5.55)–(5.56). In addition, the inequality (5.76) can be easily obtained. The remain
of the proof is split as the following steps.

Part (a). Show that u ∈ Lp(0, T ;Hν+(ϑ ′−ϑ)(Ω)) for all 1 ≤ p < 1
αϑ ′ . It is

easy to see that the estimate ‖Bα(t, T )f ‖
Hν+(ϑ ′−ϑ)(Ω) � t−αϑ ′ ‖f ‖

Hν+(1−ϑ)(Ω) for
all t > 0. Moreover, using this estimate combines with Lemma 5.18, the inequality
(5.76) to invoke that

∥
∥
∥
∥Bα(t, T )

∫ T

0
Pα(T − r)G(r, u(r))dr

∥
∥
∥
∥
Hν+(ϑ ′−ϑ)(Ω)

�t−αϑ ′
∥
∥
∥
∥

∫ T

0
Pα(T − r)G(r, u(r))dr

∥
∥
∥
∥
Hν+(1−ϑ)(Ω)

�t−αϑ ′ ‖f ‖
Hν+(1−ϑ)(Ω) .

On the other hand, it follows from ν + (ϑ ′ − ϑ) ≤ ν + (1 − ϑ) that the Sobolev
embedding H

ν+(1−ϑ)(Ω) ↪→ H
ν+(ϑ ′−ϑ)(Ω) holds. Hence, we can infer from

Lemma 5.18 that
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∥
∥
∥
∥

∫ t

0
Pα(t − r)G(r, u(r))dr

∥
∥
∥
∥
Hν+(ϑ ′−ϑ)(Ω)

�
∥
∥
∥
∥

∫ t

0
Pα(t − r)G(r, u(r))dr

∥
∥
∥
∥
Hν+(1−ϑ)(Ω)

� t−αϑ ‖f ‖
Hν+(1−ϑ)(Ω)

� t−αϑ ′ ‖f ‖
Hν+(1−ϑ)(Ω) .

Summarily, the solution u ∈ Lp(0, T ;Hν+(ϑ ′−ϑ)(Ω)) for all 1 ≤ p < 1
αϑ ′ since

t−αϑ ′
clearly belongs to Lp(0, T ;R) for all 1 ≤ p < 1

αϑ ′ . The proof is finalized.
Part (b). Show that u ∈ C ([0, T ];Hν−η(Ω)). Let t , t̃ such that 0 ≤ t ≤ t̃ ≤ T .

Our purpose here is to find a upper bound of the norm
∥
∥
∥u(̃t)− u(t)

∥
∥
∥
Hν−η(Ω)

. Since

ϑ < η ≤ ϑ + 1 and 0 < ϑ < 1, the number 1+ϑ−η
2 consequently belongs to

[0, 1]. Hence, replacing 1− 1−ϑ
2 by 1+ϑ−η

2 helps to improve the inequalities (5.151).
Indeed, we have

∣
∣
∣
∣
Eα,α(−λj rα)
Eα,1(−λjT α)

∣
∣
∣
∣ � rα(η−ϑ−1)λ

η−ϑ
j . (5.160)

As a consequence of the above inequality, we have

∥
∥
∥Bα(̃t, T )f − Bα(t, T )f

∥
∥
∥
Hν−η(Ω)

� ‖f ‖
Hν+(1−ϑ)(Ω)

∫ t̃

t

rα(η−ϑ)−1dr

� ‖f ‖
Hν+(1−ϑ)(Ω)

{
(̃t − t)α(η−ϑ)10<α(η−ϑ)≤1(
(̃t − t)α(η−ϑ)−1 + (̃t − t)

)
11<α(η−ϑ)<2

}

,

where the number α(η − ϑ) includes in (0, 2). Employing Lemma 5.18 allows that

∥
∥M4

∥
∥
Hν−η(Ω) �

∥
∥
∥
∥

∫ T

0
Pα(T − r)G(r, u(r))dr

∥
∥
∥
∥
Hν+(1−ϑ)(Ω)

×
{
(̃t − t)α(η−ϑ)10<α(η−ϑ)≤1(
(̃t − t)α(η−ϑ)−1 + (̃t − t)

)
11<α(η−ϑ)<2

}

� ‖f ‖
Hν+(1−ϑ)(Ω)

{
(̃t − t)α(η−ϑ)10<α(η−ϑ)≤1(
(̃t − t)α(η−ϑ)−1 + (̃t − t)

)
11<α(η−ϑ)<2

}

,
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provided that notation M4 is given by (5.108). Now, let us consider the terms M2
and M3. It indicates from μ < ϑ and ϑ < η that 0 ≤ −σ ≤ η − ν, and it results
H
σ (Ω) ↪→ H

ν−η(Ω). This suggests to estimate the termM2. In fact, we have

‖M2‖Hν−η(Ω) �
∫ t

0

∫ t ′−r

t−r
ρα−2 ‖G(r, u(r))‖Hσ (Ω) dρdr

� ‖f ‖
Hν+(1−ϑ)(Ω)

∫ t

0

∫ t̃−r

t−r
ρα−2

(
r−αϑ + r−(1+s)αϑ

)
L3(r)dρdr

� ‖f ‖
Hν+(1−ϑ)(Ω) (̃t − t)α−1

∫ t

0

(
r−α(ϑ+ζ ) + r−α((1+s)ϑ+ζ )) dr,

provided that L3(t) ≤ K0t
−αζ as G satisfies (5.75). Since ζ <

1

α
− (1 + s)ϑ , we

derive that the integral on the right-hand side of the previous express is convergent.
Hence, we get immediately the estimate

‖M2‖Hν−η(Ω) � ‖f ‖
Hν+(1−ϑ)(Ω) (̃t − t)α−1,

and from the locally property of G as in (5.75), we find that

‖M3‖Hν−η(Ω) �
∫ t̃

t

(̃t − r)α−1‖G(r, u(r))‖Hσ (Ω)dr

� ‖f ‖
Hν+(1−ϑ)(Ω)

∫ t̃

t

(̃t − r)α−1
(
r−αϑ + r−(1+s)αϑ

)
L3(r)dr

� ‖f ‖
Hν+(1−ϑ)(Ω)

∫ t̃

t

(̃t − r)α−1
(
r−α(ϑ+ζ ) + r−α((1+s)ϑ+ζ )) dr

� ‖f ‖
Hν+(1−ϑ)(Ω) (̃t − t)α−1.

The above explanations deduce u ∈ C
([0, T ];Hν−η(Ω)). This part is accom-

plished.

Appendix

(AP.) List of Important Constants

Here, we list some important constants appeared in this section, where some of them
contain the constant C1(ν, θ), C2(ν, σ ) in the embeddings (5.70) and (5.72).
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⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

M1 = M1(α, θ, T ) := M2
αm

−1
α T α(1−θ)(T αθ + λ−θ

1 ),

M2 = M2(α, θ, T ) := M2
α

mα

T α(1−θ)
α2θ(1−θ) (T

α + λ−1
1 ),

U1 = U1(α, θ, T ) := πMαλ
−θ
1 T α(1−θ)+πM1

sin(πα(1−θ)) ,

M 1 = M 1(q, α, ν, σ, T ) := C2(ν, σ )Mα
T α+1/q

α(αq+1)1/q
,

M 2 = M 2(q, α, θ, T ) := T α(1−θ)(T αθ+1/q+λ−θ
1 )

(1−α(1−θ)q)1/qα(1−θ) ,

M 3 = M 3(α, T ) := MαT
α

α

(
1 + Mα

mα
(T α + λ−1

1 )
)
,

U2 = U2(q, α, ν, σ, T ) := ‖L2‖L∞(0,T )
∑

1≤j≤3 M j ,

N1 = N1(α, θ, ν, T ) := M1M
−1
α max{1,(T αθ+λ−θ

1 )−1}C1(ν,θ)

1−‖L1‖L∞(0,T )U1
,

N2 = N2(α, ϑ, T ) := Mαm
−1
α T αϑ(T α(1−ϑ) + λϑ−1

1 ),

N1 = N1(α, μ, ϑ, ζ ) := max{B(αzj , 1 − α(1 + s)ϑ − αζ), j = 1, 2},
{
z1 = ϑ − μ,

z2 = 1 − μ,

N2 = N2(α, μ, ϑ, ζ, s, T ) := MαN1 max{T α(zj−sϑ−ζ), j = 1, 2},
N2 = N2(α, μ, ϑ, ζ, s, T ) := N2(1 + N2T

−αϑ),

Nf = Nf (α, ν, ϑ, T , s) :=
(

s
N2‖f ‖

Hν+(1−ϑ)(Ω)

)s
1

(2+2s)1+s ,

R̂ = R̂(α, μ, ϑ, ζ, s, T ) :=
(
1−N2K0T

sαϑ

(1+s)N2K0

)1/s
,

ηglo = ηglo(α, θ, ν
′) :=

⎧
⎪⎨

⎪⎩

min
{
α(θ + ν′ − 1), α − 1

}
10<α(θ+ν′−1)≤1

min
{
α(θ + ν′ − 1)− 1, α − 1

}
11<α(θ+ν′−1)<2

⎫
⎪⎬

⎪⎭
,

ηcri = ηglo(α, η, ϑ) :=

⎧
⎪⎨

⎪⎩

min
{
α(η − ϑ), α − 1

}
10<α(η−ϑ)≤1

min
{
α(η − ϑ)− 1, α − 1

}
11<α(η−ϑ)<2

⎫
⎪⎬

⎪⎭
.

(AP.1) A Singular Integral

It is useful to recall some basic properties of a singular integral. For given z1 > 0,
z2 > 0, and 0 ≤ a < b ≤ T , we denote by



332 5 Inverse Problems of Fractional Wave Equations

K (z1, z2, a, b) :=
∫ b

a

(b − τ)z1−1(τ − a)z2−1dτ = (b − a)z1+z2−1B(z1, z2),

(5.161)

where B is the Beta function, B(z1, z2) := ∫ 1
0 t

z1−1(1 − t)z2−1dt . Moreover, a
special case of the Beta function is B(z, 1− z) = π/ sin(πz), see, e.g., [26, 52, 126,
180, 187].

(AP.2) A Useful Limit

For a > 0, b > 0, t > 0, h > 0, the following convergence holds

∫ t

0
(t + h− r)a−1rb−1dr

h→0+−−−→
∫ t

0
(t − r)a−1rb−1dr.

Indeed, it can be proved by noting that
∫ t
0 (t − r)a−1rb−1dr = ta+b−1B(a, b) and

∫ t

0
(t + h− r)a−1rb−1dr = (t + h)a+b−1

∫ t/(t+h)

0
(1 − s)a−1sb−1ds

h→0+−−−→ ta+b−1B(a, b).
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